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A B S T R A C T

Stable integration schemes are critically important for rate-dependent constitutive models, serving as a
cornerstone for ensuring accuracy, efficiency, and robustness in finite element implementations. This paper
investigates the numerical performance of explicit stress integration schemes with adaptive substepping for
integrating a newly proposed fractional consistency two-surface viscoplastic model for saturated clays. The in-
cremental stress–strain-strain rate relation of the model can be linearized following the consistency condition of
the rate-dependent loading surface and subsequently integrated using four distinct explicit Runge-Kutta sub-
stepping integration algorithms (i.e., RK12, RK23, RK34, RK45) with automatic error control and stress drift
correction techniques. The overall numerical performance of the algorithms in terms of accuracy and efficiency is
evaluated at both the material point level (i.e., isotropic, oedometric, and triaxial compression tests) and the
boundary-value problem level (i.e., piezocone penetration and underground gallery excavation), which dem-
onstrates that the RK23 and RK34 algorithms perform excellently in balancing accuracy and computational cost.
The proposed algorithms provide a versatile and adaptive framework for integrating time-dependent constitutive
equations, particularly those based on the consistency viscoplastic approaches commonly used in advanced rate-
dependent modeling, allowing for a wide range of geotechnical engineering applications.

1. Introduction

In geotechnical numerical analysis, the mechanical response of soils
is fundamentally characterized by the stress–strain relationships defined
through constitutive models. To achieve accurate and reliable outcomes
across diverse engineering scenarios, it is necessary to employ, based on
the specific characteristics of the problem being analyzed, advanced soil
constitutive models capable of capturing multifaceted soil behaviors,
including nonlinearity, dilatancy, rate dependency, temperature sensi-
tivity, degradation of inherent structure, anisotropy, unsaturated effects,
and cyclic accumulation etc. Integrating these stress–strain relationships
within a general-purpose nonlinear finite element framework presents a
formidable challenge, as it requires simultaneous consideration of such
complexities while ensuring precision, computational efficiency, and
robustness in advanced constitutive modeling.

Over recent decades, significant advancements have proliferated in
phenomenological soil constitutive modelling, spanning frameworks of
elastoplasticity, viscoplasticity, hypoplasticity, and hyperplasticity,
with seminal contributions including the modified Cam-clay model

(Roscoe and Burland, 1968), bounding/subloading surface models
(Dafalias, 1986; Hashiguchi, 1989), the unsaturated soil models (Alonso
et al., 1990), and the thermomechanical models (Hueckel and Borsetto,
1990). In these widely adopted phenomenological constitutive models,
the deformation behavior of soils is governed by the coexistence of
elastic and plastic mechanisms. This introduces loading/unloading
inequality constraints, which are mathematically formulated as the
Karush-Kuhn-Tucker (KKT) complementarity conditions. To enable
efficient numerical integration of the stress–strain relationships under
such inequality constraints, numerous general strategies have been
developed, broadly categorized as explicit and implicit integration
schemes. Implicit integration methods typically employ an elastic–-
plastic operator splitting technique with the elastic prediction by
freezing the plastic flow, and correct the plastic parts by the backward
Euler or midpoint/ trapezoidal rule method (Simo and Hughes, 1998)
using returning mapping algorithms to ensure the model satisfies KKT
conditions, including closest point projection method (Borja and Lee,
1990; Borja et al., 2001; Rouainia and Muir Wood, 2001; Foster et al.,
2005; Hu and Liu, 2014; Zhang and Buscarnera, 2016; Zhao et al., 2018;
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Marinelli and Buscarnera, 2019; Petalas and Dafalias, 2019; Carow and
Rackwitz, 2021; Zhou et al., 2022a; Su et al., 2023; Tian et al., 2024;
Zhou et al., 2025), cutting plane method (Starman et al., 2014; Zhao
et al., 2018; Yin et al., 2019; Li and Yin, 2020, 2021; Zhao et al., 2023),
radial return method (Borja and Lee, 1990; Versino and Bennett, 2018),
etc. Among these, the closest point projection method is one of the most
widely used; it yields unconditionally stable stress updates by solving,
via Newton–Raphson iterations, a set of nonlinear equations built from
the yield (or plastic potential) function and its first-order derivatives
with respect to stresses and internal variables, while second-order de-
rivatives of the yield function enter only in the derivation of the
consistent tangent operator for global Newton iterations. By contrast,
the cutting plane algorithm obtains a simpler and more flexible formu-
lation by evaluating derivatives at trial points. All these categories,
however, rely on first-order derivatives of the residual functions and
neglect higher-order terms, inherently limiting efficiency compared
with the latest trust region-based returning-mapping algorithms (Lester
and Scherzinger, 2017; Zhou et al., 2022b) and second-order cone
programming-based approaches (Krabbenhoft and Lyamin, 2012).
Additionally, the second-order derivatives of yield surfaces and plastic
potential functions in complex constitutive models may be difficult or
impractical to derive analytically, making the computation of a consis-
tent tangent operator challenging.

Traditional explicit integration schemes, e.g., the forward Euler
approach, the modified Euler approach, and Runge-Kutta methods, are
intuitive and easy to implement. However, when faced with large strain
increments, they often incur significant errors or even numerical fail-
ures, making it difficult to guarantee stability and convergence. To
address this issue, Sloan (1987) and Sloan et al. (2001) proposed the use
of an automatic substepping explicit integration method incorporating
the relative error control through two lower-order and high-order single
steps and a drift correction of stress point back to the yield surface at the
end of each substep, thereby markedly improving the accuracy and
convergence of the explicit algorithms in integrating MCC-type models.
Pérez-Foguet et al. (2001) provided the consistent tangent matrix cor-
responding to explicit substepping schemes, thereby further improving
the computational efficiency of constitutive models in finite element
analyses. These approaches (Sloan et al., 2001) were subsequently
extended to more complex constitutive models (Zhao et al., 2005;
Pedroso et al., 2008; Farias et al., 2009; Andrianopoulos et al., 2010;
Sołowski and Gallipoli, 2010a, 2010b; Hong et al., 2012; Hu and Liu,
2014; Zhou and Zhang, 2015; Zhang and Zhou, 2016; Lloret-Cabot et al.,
2016; Sun et al., 2021; Carow and Rackwitz, 2021; Lloret-Cabot et al.
2021; Dong, 2023), becoming a key means to enhance the stability and
reliability of explicit methods. Among those approaches, Pedroso et al.
(2008) established a general root-finding framework based on the
Kronecker-Picard formula to accurately locate all intersection points,
while Zhou and Zhang (2015) employed a double cosine function
method for their thermo-mechanical model for reliable stress integration
with non-convex yield surfaces; Sołowski and Gallipoli (2010) and Hong
et al. (2012) addressed cross-hardening issues between intersecting
yield surfaces; Andrianopoulos et al. (2010) and Hu and Liu (2014) were
the first to extend adaptive explicit integration algorithms to the inte-
gration of constitutive models of cyclic plasticity; Lloret-Cabot et al.
(2016) and Lloret-Cabot and Sheng (2022) systematically explored the
efficiency, error, and performance of different order explicit adaptive
Runge-Kutta schemes in solving MCC model at the element level, and
Dong (2023) further extended these discussions to the more complex
MIT-E3 model at both the element and boundary-value problem levels.
This approach remains viable within the rate-independent elastoplastic
framework, even for moderately complex constitutive models.
Certainly, there are other promising stress integration/updating algo-
rithms (Scalet and Auricchio, 2018), including, but not limited to,
mathematical programming, incremental energy minimization, and
deep learning methods. It should be noted that the deep learning
methods, gaining immense popularity, primarily utilize artificial neural

networks to approximate the existing stress–strain equations or training
data byminimizing the loss function towards zero, thereby achieving the
update of stresses and internal variables. This approach aligns with
solving the unconstrained optimization problems, but shows much less
efficiency in direct solving forward problems. Its main advantages lie in
providing an excellent surrogate model or computational framework for
both forward and inverse problems (Zhang, 2026).

Adaptive explicit integration schemes have been demonstrated to be
effective for rate-independent models and offer clear advantages as an
efficient integration framework. However, their applications to rate-
dependent models (Perzyna, 1963; Wang et al., 1997; Shi et al., 2019;
Cheng and Yin, 2024, 2025; Cheng et al., 2024) require further discus-
sion and refinement, and they have not been fully implemented suc-
cessfully in finite element codes. This paper fully linearizes the novel
simplified fractional consistency isotach two-surface viscoplastic model
(FVP) into a system of nonlinear equations via its rate-dependent
loading surface, subsequently solved through various adaptive explicit
integration algorithms with dynamic adjustment of the substep size to
ensure robust convergence and computational efficiency with minimal
modifications. After this introduction, the following Section 2 in-
troduces the general framework and existing limitations of consistency
rate-dependent models. Section 3 presents the incremental stress–strain-
strain rate relationship of the FVP model. Section 4 details the iterative
procedures for various explicit adaptive Runge-Kutta substepping inte-
gration algorithms and implements their code within a commercial
finite element software ABAQUS. All integration strategies are employed
and tested by solving material point analyses under diverse rate-
dependent loading paths in Section 5. Section 6 further simulates two
initial boundary value problems (IBVPs) of piezocone penetration and
gallery excavation to assess the performance of the algorithms, followed
by conclusions in Section 7. It should be noted that bold-faced letters
denote tensors and vectors, stress and strain in compression are positive,
and stress quantities are to be defined as effective stress quantities.

2. Constitutive modeling of rate-sensitive geomaterials

For classical consistency elasto-viscoplastic constitutive models
(Qiao et al., 2016; Shi et al., 2019; Cheng and Yin, 2024; Zambrano-
Cruzatty et al., 2024), the progressive evolution of stresses and inter-
nal variables is conveniently described by an algebraic constraint,
defined as:

Eσ =
{
(σʹ,H, ε̇vp) : fLS(σʹ,H, ε̇vp) ≤ 0

}
(1)

where σʹ denotes the general effective stress tensor, H represents a set of
internal variables, ε̇vp signifies the viscoplastic strain rate; fLS(σʹ,H, ε̇vp)
defines the rate-dependent actual/loading yield surface; the admissible
region Eσ encompasses the elastic domain, meaning that any admissible
state (σʹ,H, ε̇vp) must lie strictly within the interior of Eσ ; the yield
function fLS(σʹ,H, ε̇vp) explicitly depends on (σʹ,H, ε̇vp) and evolves
continuously along the boundary of Eσ , which is defined as ∂Eσ =

{
(σʹ,H,

ε̇vp) : fLS(σʹ,H, ε̇vp) = 0
}
.

Given the standard small strain assumption, the total strain incre-
ment (dε) is additively decomposed into elastic (dεe) and viscoplastic
(dεvp) components. This allows the effective stress increment (dσʹ) to be
described by an incremental Hooke’s law, namely,

dσʹ = De : dεe = De : (dε − dεvp) (2)

where De denotes the elastic stiffness tensor, and it is typically consid-
ered to be rate-independent.

Furthermore, within the framework of elasto-viscoplasticity, the
increment of internal variables (dH) and viscoplastic strain rate (dε̇vp)
are defined to depend on viscoplastic strain (εvp), specifically,

dH =
∂H
∂εvp dεvp and dε̇vp = dεvp

dt
− ε̇vpn (3)
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where dt is the given time increment, and ε̇vpn is the viscoplastic strain
rate at the previous step.

The viscoplastic strain increment (dεvp) is determined by a specific
form of viscoplastic potential function (g). If the form of g is the same as
fLS(σʹ,H, ε̇vp), the viscoplastic flow rule is associated; otherwise, it is non-
associated.

The fractional viscoplastic flow rule is a special type of non-
orthogonal flow rule, based on the fractional order derivative of stress
corresponding to fLS(σʹ,H, ε̇vp), which is the form adopted in our paper as
follows:

dεvp = Λ⋅m = Λ⋅
(

∂μfLS
∂ṕ μ

∂pʹ

∂σʹ +
∂μfLS
∂qμ

∂q
∂σʹ

)

(4)

where q =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
3/2⋅s : s

√
and s = σʹ − ṕ 1 is the deviatoric stress invariant

and tensor, respectively; μ is the fractional order, Λ is the viscoplastic
multiplier, and m is actually the non-orthogonal gradient of
fLS(σʹ,H, ε̇vp). When the fractional order μ = 1, this non-orthogonal
gradient reduces to the conventional first-order gradient, which co-
incides with the classical associated viscoplastic flow formulation. When
μ ∕= 1, however, the flow direction is no longer strictly normal to the
loading surface. In other words, the “fractional viscoplastic flow rule”
provides, through the additional parameter μ, a tunable degree of
freedom to capture the dilatancy behaviors that are commonly observed
in overconsolidated clays. It should be noted that the fractional visco-
plastic flow rule here is a simplified formulation, which does not account
for the effect of Lode’s angle and is primarily employed for the purpose
of algorithm verification.

The consistency elasto-viscoplastic model is completed subject to the
standard KKT complementarity inequality condition regarding the vis-
coplastic multiplier and the yield function:

Λ ≥ 0, fLS(σ ',H, ε̇vp) ≤ 0, and Λ⋅fLS(σ ',H, ε̇vp) = 0 (5)

The presence of the complementarity inequality condition makes it
indispensable to enhance the operator splitting technique to freeze the
viscoplastic strain components before performing the elastic prediction,
particularly in the explicit substepping integration schemes for rate-
dependent elasto-viscoplastic problems.

3. Formulation of a fractional consistency two-surface
viscoplastic model

Based on the modified isotach viscosity, a fractional consistency two-
surface viscoplastic model (FVP) that strictly adheres to the KKT con-
ditions has been proposed to characterize the mechanical behaviors of
overconsolidated clay (Cheng et al., 2024). In the present study, this FVP
model serves as the vehicle for testing the proposed integration algo-
rithms. Its fundamental theoretical framework and systematic

experimental validation have been detailed in the aforementioned in-
dependent study. The focus here is to outline its core formulations
pertinent to numerical implementation, and subsequently, to conduct a
performance analysis of the proposed integration schemes. Here, we
have simplified the rate-dependent model by neglecting temperature
effects. The schematic plots of the rate-dependent model are presented
in Fig. 1, and the corresponding constitutive equations are encapsulated
in Eqs. 6–20. In this model, the viscoplastic strain rate tensor (ε̇vp) in
general form is replaced by a generalized viscoplastic strain rate ε̇vpm .

Within the FVP model formulation, a linear isotropic elastic defor-
mation is postulated, with the elastic stiffness tensor De defined by

De = (K − 2/3G)1⊗ 1+2GI (6)

where K and G are the elastic bulk modulus and the elastic shear
modulus of soils, respectively, and I is the fourth-order identity tensor
defined as Iljkl =

(
δikδjl + δilδjk

)
/2, where δij is the Kronecker delta. With

a pressure-dependent isotropic hypoelastic formulation, the expression
of K and G is presented as follows:

K =
(1+ e0)p'

κ
and G =

3(1 − 2v)(1+ e0)p'

2(1+ v)κ
(7)

with e0 being the initial void ratio, ṕ = tr(σʹ)/3 being the mean effective
stress, κ being the swelling slope in (υ , lnṕ ) plane, and v being the
constant drained Poisson’s ratio.

In the viscoplastic mechanism, a loading surface (LS), connected to a
yield surface (YS) by the radial mapping rule (r = ṕ /ṕ = q/q = ṕc/ṕ c),
is adopted to describe the progressive hardening behaviors at over-
consolidated states:

fLS(σʹ, r, pʹ
c) =

q2

M2
f
+ pʹ(pʹ − rpʹ

c) (8)

with Mf being the stress ratio corresponding to the apex of the loading
surface; the yield ratio r and the pre-consolidation pressure ṕ c being the
two internal variables regarding to the viscoplastic strain increment.
When the soil turns into a normally consolidated state (r = 1), LS will
coincide with YS using the same formulation of fYS(σʹ, ṕ c) = fLS(σʹ, r,
ṕ c) = q2/M2

f + ṕ (ṕ − ṕ c).
The modified exponential formed isotach viscosity is defined on the

evolution of pre-consolidation pressure, where the current pre-
consolidation pressure increases with the increase in the ratio of the
current generalized viscoplastic strain rate ε̇vpm to the reference gener-
alized viscoplastic strain rate ε̇vpmref :

pʹ
c = pʹ

cref

⎛

⎝ ε̇vpm
ε̇vpmref

⎞

⎠

α

(9)

Fig. 1. Schematic plots of the fractional consistency two-surface viscoplastic model: (a) (p', q, ε̇vpm ) space; (b) dilatancy equation in (η, d) plane.
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with

ε̇vpm =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

ε̇vpv
)2

+
(
Mg ε̇vps

)2
√

, ε̇vpv = tr(ε̇vp), and ε̇vps

=
̅̅̅̅̅̅̅̅
2/3

√ ⃦
⃦
⃦ε̇vp − 1

/
3ε̇vpv 1

⃦
⃦
⃦ (10)

being the generalized, volumetric, deviatoric viscoplastic strain rate,
α = β{κ /(λ − κ ) + 1/[1 − sL(1 − 1/r) ] } being the creep index associ-
ated with the overconsolidation ratio, β being a material parameter
controlling the creep rate, λ being the slope of the normal compression
line in (υ , lnṕ ) plane, sL being the parameter controlling the hardening
rate of LS approaching YS.

Mg is the critical state ratio that defined through the internal fric-
tional angle φ. The values ofMg andMf satisfy a certain relation ofMf =
̅̅̅̅̅̅̅̅̅̅̅̅
2 − μ

√
⋅Mg with μ being the fractional order, and the viscoplastic flow

direction is defined through the dilatancy ratio (d) and the stress ratio
(η) expressed in terms of fractional-order derivatives:

d =
dεvpv
dεvps

=
∂μfLS

/
∂p μ́

∂μfLS
/

∂qμ =
M2

f − (2 − μ)η2

(3 − μ)η2− μ (11)

The increments of two internal variables H =
{
ṕ cref , r

}
, namely the

reference pre-consolidation pressure (ṕcref ) and the yield stress ratio (r)
at the reference generalized viscoplastic strain rate (ε̇vpmref ) are presented
as follows:

dpʹ
cref =

1+ e0
λ − κ

ṕcrefdεvpv (12)

dr =
1+ e0
λ − κ

sL(1 − r)
(
dεvpv + Addεvps

)
(13)

with Ad being the parameter controlling the contribution of the visco-
plastic deviatoric strain in the hardening process.

By applying the consistency condition for LS in the FVP model, the
following expression can be derived at a given strain increment dε and
time increment dt:

dfLS =
∂fLS
∂σ : De[dε − dεvp] + ∂fLS

∂H :
∂H
∂εvp : dεvp + ∂fLS

∂ε̇vp :
[
dεvp
dt

− ε̇vpn
]

= 0

(14)

By incorporating the consistency equation (Eq. (14) and the current
viscoplastic strain increment (Eq. (4) into Eq. (2), we can derive the
complete general incremental form of the stress–strain-strain rate rela-
tionship and the change in the viscoplastic multiplier:

dσʹ = Dep : dε+Der : ε̇vpn (15)

with

Dep = De −
De : m : bT : De

bT : De : m+ h
(16)

Der =
De : m : dT

bT : De : m+ h
(17)

Λ =
bT : De : dε − dT : ε̇vpn
bT : De : m+ h

(18)

where:
b = ∂fLS/∂σ,m = ∂μfLS/∂ṕ μ ⋅∂ṕ /∂σʹ + ∂μfLS/∂qμ⋅∂q/∂σʹ, d = ∂fLS/∂ε̇vp,

j = ∂H/∂εvp, and.
h is the viscoplastic modulus giving the expression of

h = − dT : j : m −
1
dt
dT : m (19)

It should be noted that this model comprises 9 parameters (listed in
Table. 2), the majority of which can be determined either by direct
calibration or by fitting results from conventional drained/undrained
triaxial tests and oedometric/isotropic compression tests. The detailed
calibration procedure can be found in Cheng et al. (2024).

4. Explicit integration of constitutive equations

This section extends the explicit adaptive substepping integration
algorithm, originally developed for rate-independent elastoplasticity, to
the fractional consistency viscoplastic model (FVP). This extension re-
tains the two core advantages inherent in the forward integration
scheme with minimal modifications, namely substepping strategy with
automatic error control and accurate stress drift correction to the rate-
dependent loading surface, while, for the first time, systematically
implementing and assessing different–order Runge–Kutta substepping
schemes (RK12, RK23, RK34, RK45) for a fractional two–surface vis-
coplastic model at both the material–point and boundar-
y–value–problem levels..

4.1. Main phase assessment

During the initialization phase of the stress updating, the prescribed
total strain increment (Δε) and time increment (Δt) obtained from the
finite element iteration are utilized for the elastic trial calculation on the
current stress state (σʹ

0, H0, ε̇vp0 ):

Δσʹtr = De : Δεcosθ =
∂fLS
/

∂σʹ : Δσʹtr
⃦
⃦∂fLS

/
∂σʹ⃦⃦⋅‖Δσʹtr‖

(20)

where Δε is assumed purely elastic, and θ denotes the angle between
the loading surface gradient and the trial stress increment Δσʹtr.

The current phase is determined by comparing the relative magni-
tudes of fLS

(
σʹ
0 + Δσʹtr,H0, ε̇vp0

)
and cosθ against the tolerance limits

FTOL and LTOL. Correspondingly, three scenarios are possible, namely.
(i) IffLS

(
σʹ
0 + Δσʹtr,H0, ε̇vp0

)
< -FTOL, the stress state undergoes a

purely elastic stage, the trial stress can be directly accepted as the
updated stress. In this case, because the present FVPmodel is formulated
within a rate-independent elastic and rate-dependent viscoplastic
framework, no viscous strain is generated in scenario (i). For more
general situations, one could adopt a viscoelastic-viscoplastic formula-
tion, in which time-dependent deformation may also occur within the
nominally elastic regime.

(ii) IffLS
(
σʹ
0 + Δσʹtr,H0, ε̇vp0

)
> -FTOL andcosθ < -LTOL, the stress

state transitions from elasticity to elasto-viscoplasticity, and the itera-
tive interpolation is then applied to ensure the con-
dition

⃒
⃒fLS
(
σʹ
0 + α Δσʹtr,H0, ε̇vpn

) ⃒
⃒< FTOL is satisfied. Here, the parameter

α is the strain proportion factor for transitioning from an elastic state to
the yield surface. It is determined by solving the nonlinear equation
fLS
(
σʹ
0 + α Δσʹtr,H0, ε̇vpn

)
= 0 via an iterative interpolation method, such

as the Pegasus algorithm (Sloan et al., 2001).
(iii) IffLS

(
σʹ
0 + Δσʹtr,H0, ε̇vp0

)
> -FTOL andcosθ > -LTOL are satisfied,

the stress state is purely elasto-viscoplastic. In this case, the stress
updating requires the explicit substepping stress integration method
detailed in Section 4.2, followed by the drift correction scheme
described in Section 4.3 to ensure the stress point remains on the loading
surface. The complete computational procedure is systematically out-
lined in Table 1. It is noteworthy that under certain loading paths (e.g.,
undrained creep), the imposed total strain increment (Δε) is zero. In this
special case, the elastic trial stress increment vanishes (Δσʹtr = 0), and
the stress state should be directly via the purely viscoplastic substepping
procedure describe above.

W. CHENG and Z.-Y. YIN
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4.2. Explicit substepping integration schemes

By employing the smoothing technique, the differential stress–strain-
strain rate relationship of the FVP model is generally formulated as Eq.
(15). Thus, the relevant constitutive equations are linearized and solved
by introducing a pseudo-time T for a given strain increment Δε and a
given real time increment Δ t:

⎧
⎪⎪⎨

⎪⎪⎩

dσʹ

dT
= Dep : Δε + Der :

ε̇vpn
dT

dH
dT

= Λj

dε̇vp

dT
= Λm − ε̇vpn

de
dT

= − (1+ e)Δ εv
(21)

where pseudo-time T(0 < T ≤ 1) is defined as T = (t − t0)/Δt with t0
and t0 +Δt being the start time and the end time of the imposed loading
increment, andΔ εv is the volumetric strain increment. Here, the pseudo-
time T is introduced purely as a numerical parameter to describe the
progression of stress integration within a given loading increment, and it
does not possess any independent physical meaning beyond the imposed
real time increment Δt. For each increment, the stress update is per-
formed by scaling both the strain increment Δε and the real time
increment Δt by T (i.e., using T⋅Δε and T⋅Δt), so that the evolution of all
internal variables remains consistent with the actual strain–time path
while enabling convenient step-size control and error estimation in the
numerical integration.

Following the general computational process of the explicit sub-
stepping integration, the given step size (strain increment and real time
increment) is typically divided into several substeps by using four
different order Runge-Kutta algorithms (RK12, RK23, RK34, and RK45)
with truncation error control techniques. Under the known initial state
(σʹ

n, Hn, ε̇vpn , en) and given pseudo-time increment ΔT, the explicit
substepping calculations are completed for s iterations and summed up:
{ σʹ

n+1 = σʹ
n +

∑s

i=1
biΔ σʹ

i Hn+1 = Hn +
∑s

i=1
biΔHi

ε̇vpn,n+1 = ε̇vpn,n +
∑s

i=1
biΔ ε̇vpn,i en+1 = (en + 1)exp( − ΔT⋅Δ εv) − 1

(22)

where s is determined by the specific order of the Runge-Kutta algorithm
(s = 2, 3, 5, 6 corresponds to RK12, RK23, RK34, and RK45, respec-
tively). bi is a set of summation coefficients for calculating the current
state (σʹ

n+1,Hn+1, ε̇vpn,n + 1, en + 1), and b̃i represents an alternative set of bi

to compute the current trial state (σ̃ʹn+1, H̃n+1, ̃̇ε
vp
n,n + 1, ẽn + 1). The stress

and state variable increments (Δσʹ
i, ΔHi, Δε̇vpn,i) at i stage (i = 1,…, s) are

calculated as follows:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Δσ́ i = Dep
(

σ̃́ i, H̃i, ̃̇ε
vp
n,i, ẽi

)

:ΔTn⋅Δε + Der
(

σ̃́ i, H̃i, ̃̇ε
vp
n,i, ẽi

)

: ̃̇ε
vp
n,i

ΔHi = Λ̃i

(

σ̃́ i, H̃i, ̃̇ε
vp
n,i, ẽi

)

j
(

σ̃́ i, H̃i, ̃̇ε
vp
n,i, ẽi

)

Δε̇vpn,i = Λ̃i

(

σ̃́ i, H̃i, ̃̇ε
vp
n,i, ẽi

)/

(ΔTn⋅Δt)⋅m
(

σ̃́ i, H̃i, ̃̇ε
vp
n,i, ẽi

)

− ̃̇ε
vp
n,i

(23)

with
⎧
⎪⎪⎨

⎪⎪⎩

σ̃ʹ
i = σʹ

n+
∑i− 1

k=1
aikΔσʹ

k H̃i =Hn+
∑i− 1

k=1
aikΔHk

̃̇ε
vp
n,i = ε̇vpn,n+

∑i− 1

k=1
aikΔε̇vpn,k ẽi =(en+1)exp

(

−
∑i− 1

k=1
aik⋅ΔT⋅Δεv

)

− 1

(24)

where aik denotes a matrix of summation coefficients employed to
determine the intermediate trial state (σ̃ʹi, H̃i, ̃̇ε

vp
n,i, ẽi). The three coeffi-

cient vectors/matrices (aik, bi, b̃i) used in different Runge-Kutta order
methods by Fehlberg (1969) are recommended and detailed in Appendix
A.

Noting that the local truncation errors in the current state (σʹ
n+1,

Hn+1, ε̇vpn,n + 1, en + 1) and the current trial state (σ̃ʹn+1, H̃n+1, ̃̇ε
vp
n,n + 1,

ẽn + 1) are O((ΔT)s ) and O
(
(ΔT)s+1

)
, respectively, an estimate of the

relative error Rn is defined to adjust the size of the substep:

Table 1
Procedures for explicit adaptive Runge-Kutta substepping with error control.

Step Description

1 Enter initial state: effective stress σʹ
n, internal variablesHn, viscoplastic strain

rate ε̇vpn , void ratio en; Enter total strain increment Δε, real time increment Δ t,
local error tolerance STOL; Set the order of the Runge-Kutta method s;
Initialize the accumulated pseudo-time T = 0 and the pseudo-step size ΔT =

1.0
2 If T < 1.0, continue the integration (proceed to Steps 3–9)
3 For a given pseudo-step size ΔT, the strain increment and real time increment

are subdivided into sub-increments: Δεj = ΔT⋅Δε and Δtj = ΔT⋅Δt
4 According to the selected RK order s, compute the intermediate states (σ̃ʹi, H̃i,

̃̇ε
vp
n,i, ẽi) and the corresponding increments (Δσʹ

i, ΔHi, Δε̇vpn,i) for each stage i =
1,…, s using Eqs. together with the coefficients listed in Appendix A.

5 Assemble the lower-order solution (σʹ
n+1, Hn+1, ε̇vpn,n+1, en+1) and the higher-

order reference solution (σ̃ʹn+1, H̃n+1, ̃̇ε
vp
n,n+1, ẽn+1) via Eq. (22)

6 Estimate the relative local error Rn for the current pseudo-step according to
the chosen RK order s.
If Rn ≤ STOL: the substep is accepted. Update the stress and state variables,
apply the drift correction described in Section 4.3, and advance the
accumulated pseudo-time T←T + ΔT

7 If Rn > STOL: the substep is rejected. First compute the scaling factor:

ρ = max

{

0.9
(
STOL
Rn

)1/s
, 0.1

}

Then update the pseudo-step size:

ΔT←max{ ρ⋅ΔT, ΔTmin }Return to step 2 to recompute the substep.
8 After a substep is accepted, predict the size of the next pseudo-step:

ρ = min

{

0.9
(
STOL
Rn

)1/s
, 1.1

}

If the previous substep is rejected, limit the

growth:ρ←min{ ρ, 1.0 }
Update the pseudo-step:ΔT←ρ⋅ΔT

9 To ensure numerical stability and to prevent the pseudo–time from exceeding
1.0, impose the following constraints:
ΔT←max{ΔT, ΔTmin },ΔT←min{ΔT, 1.0 − T }

Return to Step 2 and continue until T = 1.0.
10 When T = 1.0, the stress and state variables are all updated.

Table 2
Model parameters and state variables for both element tests and boundary value
problems.

Definition Value

Model
parameter

λ Slope of the reference compression line 0.18

κ Initial slope of the swelling line in υ − ln p'
space

0.02

v The vertical Poisson’s ratio 0.3
φ Internal frictional angle 18.5
μ Fractional order 0.6
sL Isotropic progressive hardening rate 8
Ad Relative ratio of viscoplastic shear to

volumetric strain in deviatoric loading paths
1

β The ratio of secondary compression index to
current tangent compression slope

0.06

ε̇vpmref Reference generalized viscoplastic strain rate
after primary consolidation

8 × 10− 8

s− 1

State
variables

e Current void ratio −

ṕ cref The reference pre-consolidation pressure −

r The yield ratio −

ε̇vpm Current generalized viscoplastic strain rate −
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Rn = max

⎧
⎨

⎩

‖σ̃ʹ
n+1 − σʹ

n+1‖

‖σ̃ʹ
n+1‖

,

⃦
⃦
⃦H̃n+1 − Hn+1

⃦
⃦
⃦

⃦
⃦
⃦H̃n+1

⃦
⃦
⃦

,

⃦
⃦̃̇ε

vp
n,n+1 − ε̇vpn,n+1

⃦
⃦

⃦
⃦̃̇ε

vp
n,n+1

⃦
⃦

,EPS

⎫
⎬

⎭
(25)

where EPS is a machine constant that denotes the minimum relative
error calculable. The current substep is accepted if its relative error
meets a small positive local tolerance STOL, and rejected if it does not. In
both cases, the next pseudo-step size is updated according to

ΔTi+1 = ρ⋅ΔTi (26)

with a required factor ρ given by

ρ = min
{

ρmax, max
{

ρmin, (STOL/Rn)
1/s } } (27)

withρmin = 0.1, ρmax=1.1. To start the whole integration procedure, ΔTn
is initially set to 1. If a substep is rejected with Rn > STOL, its size would
be reduced with Eqs. (26) and (27) for a new integration until

∑
ΔTn =

1. The complete algorithmic workflow, including error control and
step–size adaptation, is summarized in Table 1.

4.3. Drift correction to the rate-dependent loading surface

After completing a successful pseudo-substep (i.e., accepted step 6 in
Table.1), the updated stress state must strictly remain on the rate-
dependent loading surface. However, due to the linearization inherent
in the explicit Runge-Kutta integration of Eq. (23), the computed stress
may drift away from the loading surface. This drift violates the KKT
complementarity condition (Eq. (5) and can accumulate numerical er-
rors if left uncorrected
⃒
⃒
⃒fLS
(

σʹ
n+1,Hn+1, ε̇vpn,n+1

) ⃒
⃒
⃒ > FTOL (28)

Consequently, various correction techniques, e.g., consistent
correction (Potts and Gens, 1985), and normal correction scheme, are
strongly recommended to project the stress point back onto the loading
surface. In this work, a normal correction scheme (Sloan and Randolph,
1982) is employed after each accepted pseudo-substep to project the
stress point back onto the current loading surface while keeping fixed
the total strain increment Δε, the real time increment Δt, and the newly
updated internal variables Hn+1 and viscoplastic strain rate ε̇vpn,n+1.
Because the preceding substepping integration already enforces the
evolution laws for hardening and viscoplastic flow within a controlled
error tolerance, the drift from the loading surface in each step is kept
within a very small tolerance. This “stress–only” correction, with in-
ternal variables and viscoplastic strain rate kept fixed, simply projects
this small drift back onto the loading surface in stress space. For such
small drifts, its effect on the hardening law and flow rule is of the same
order as the integration error and does not systematically distort the
material response.

The step-by-step correction procedure is as follows:
Step 1: Evaluation surface violation
Let σʹ

n+1 be the stress obtained from the substepping algorithm.
Compute

fLS,0 = fLS
(

σʹ
n+1,Hn+1, ε̇vpn,n+1

)
(29)

If
⃒
⃒
⃒fLS,0 = fLS

(
σʹ

n+1,Hn+1, ε̇vpn,n+1
) ⃒
⃒
⃒ < FTOL, the stress is already suffi-

ciently close to the surface and no correction is needed. Otherwise,
proceed.
Step 2: Compute the correction direction and magnitude.
A first-order Taylor expansion about the drifted stress gives

fLS
(

σʹ
corrected,Hn+1, ε̇vpn,n+1

)
≈ fLS,0 +

∂fLS
∂σʹ

⃒
⃒
⃒
⃒(

σʹn+1 ,Hn+1 ,ε̇vpn,n+1
):δ σʹ = 0 (30)

The correction is applied in the direction normal to the loading surface
at the drifted point, i.e.,

δσʹ = − δΛ
∂fLS
∂σʹ

⃒
⃒
⃒
⃒(

σʹn+1 ,Hn+1 ,ε̇vpn,n+1
) (31)

where is a scalar multiplier. Substituting Eq. into Eq. yields the explicit
stress correction:

δσʹ = −
fLS,0

(
∂fLS
∂σʹ :

∂fLS
∂σʹ

)
∂fLS
∂σʹ

⃒
⃒
⃒
⃒(

σʹn+1 ,Hn+1 ,ε̇vpn,n+1
) (32)

Step 3: Apply the correction and update the stress
The corrected stress state is then:

σʹ
corrected = σʹ

n+1 + δ σʹ (33)

This corrected stress is guaranteed to satisfy fLS
(

σʹ
corrected,Hn+1,

ε̇vpn,n+1
)
= 0 to first-order accuracy. It replaces σʹ

n+1 as the updated stress

for the next computational step.
The combination of the explicit Runge-Kutta substepping (Section

4.2) with this efficient normal drift correction provides a complete,
robust, and accurate stress-updating procedure for the fractional con-
sistency viscoplastic model within an explicit finite element framework.

5. Numerical results: Element test Analyses

This section evaluates the numerical performance of the explicit
substepping algorithms (e.g., RK12, RK23, RK34, and RK45) by con-
ducting a series of rate-dependent element tests on saturated clays using
the fractional consistency two-surface viscoplastic model. For each test,
the results obtained from the explicit algorithms are validated by com-
parison with a highly accurate reference solution. The reference solution
is generated using an adaptive high-order Runge-Kutta integration
method (RK45), which ensures the required accuracy by enforcing
stringent relative error tolerances (Δtmin = 10− 12, LTOL = 1.0 × 10− 12,
FTOL= 1.0× 10− 12, and STOL= 1.0× 10− 12), and is therefore regarded
as exact. Meanwhile, the model parameters employed in the simula-
tions, calibrated based on experimental data for natural Boom clay
(Cheng et al, 2024), are listed in Table. 2.

5.1. Simulations of rate-dependent element tests

In this section, we first demonstrate the capabilities of the employed
fractional consistency viscoplastic model in capturing time-dependency,
nonlinearity, strain and strain-rate softening, and non-associativity of
highly overconsolidated clays. It should be noted that all simulations are
conducted under the initial conditions of an isotropic effective stress of
ṕ = 1.5 MPa, an initial void ratio of e0 = 0.6, and an initial over-
consolidation ratio (OCR) of 4. Four typical element tests are used for
simulation validation, including: (1) odeometric compression tests
under stepwise strain rates or interrupted by drained creep phases; (2)
isotropic compression tests under stepwise stress rates or interrupted by
undrained stress relaxation phases; (3) triaxial drained triaxial
compression tests under alternating axial strain loading rates; and (4)
triaxial undrained shear tests at alternating axial strain loading rates.
For the sake of clarity and conciseness, only the numerical results from
RK23 (Δtmin = 10− 6, LTOL = 1.0 × 10− 9, FTOL = 10− 6, and STOL =

10− 6) and the reference RK45 are respectively presented in Figs. 2-5.
The odeometric compression simulation results show that during the

interrupted drained creep phases in Fig. 2(a), the compressive strain
continues to develop under constant vertical effective stress, successfully
reproducing the secondary compression observed in geomaterials.
Similarly, when a constant volumetric strain is applied in Fig. 3(a), the
mean effective stress exhibits a continuous decrease. During stepwise
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rate transitions in Figs. 2(b) and 3(b), both odeometric and isotropic
compression tests exhibit isotach viscosity, which is generally consistent
with experimental observations on natural Boom clays under isothermal
conditions.

Under highly overconsolidated stress states, saturated clays typically
exhibit pronounced nonlinearity and dilatancy behaviors. The

numerical results in Figs. 4 and 5 effectively capture the stepwise fea-
tures of deviatoric stress, volumetric strain, and excess pore pressure
under varying axial strain rates. It should be noted that the drained
triaxial test results in Fig. 4 do not fully satisfy the isotach phenomenon,
which is closely related to the non-associativity of saturated clays. This
aspect is well represented in the employed viscoplastic model through

Fig. 2. Drained strain-rate controlled odeometric compression test results in (εv, lnσv́) plane: (a) interrupted drained creep; (b) stepwise strain rates.

Fig. 3. Drained stress-rate controlled isotropic compression test results in (εv, lnpʹ) plane: (a) interrupted undrained stress relaxation; (b) stepwise strain rates.

Fig. 4. Drained alternating strain-rate triaxial compression test: (a) Deviatoric stress-axial strain; (b) Volumetric strain-axial strain.
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the non-orthogonal viscoplastic flow rule.
The comparison between the simulation results of the RK23 and

reference RK45 methods shows that the two sets of results completely
overlap, which also demonstrates the applicability and effectiveness of
the explicit substepping integration algorithms when extended to rate-
dependent viscoplastic model integration.

5.2. Efficiency and accuracy analysis of the explicit substepping
algorithms

To quantitatively assess the applicability of explicit substepping
integration algorithms for rate-dependent constitutive models, a
detailed analysis is conducted to examine the influence of different
Runge Kutta orders, error tolerance STOL, and imposed strain rates on
accuracy and efficiency of the rate-dependent stress–strain responses.

Fig. 5. Undrained alternating strain-rate triaxial compression test: (a) Deviatoric stress-axial strain; (b) Excess pore pressure-axial strain.

Fig. 6. Variation in the global error with axial strain rate and STOLs under drained isotropic loading paths: (a) RK12 with substepping; (b) RK23 with substepping;
(c) RK34 with substepping; (d) RK45 with substepping.
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Here, a relative error (ϑ) is defined as the ratio between each effective
stress state computed by the current (σʹ) and the reference (σʹ

ref ) solu-
tion, namely

ϑ =

⃦
⃦σʹ

ref − σʹ⃦⃦
⃦
⃦σʹref

⃦
⃦

(34)

In a given stress path containing m stress sampling points, a global error
function (ϑT) is given by

ϑT =
∑m

i=1
|ϑi| (35)

First, the strain rate-controlled isotropic compression paths with an axial
strain increment of 0.1 interpolated at 100 stress sampling points are
used as examples to investigate the global cumulative error values
generated by the same given strain increment under different STOLs and
strain rates. The corresponding three-dimensional global error plots
with four stress integration algorithms-RK12, RK23, RK34, and RK45-
are presented and compared in Fig. 6. It is found that all four integration
algorithms of different orders are applicable to the rate-dependent
model and can maintain the global error ϑT at a relatively low level.
As the value of STOL decreases, the global error ϑT correspondingly
decreases rapidly; as the axial strain rate decreases, the global error ϑT
would also slightly decrease, except for RK45.

To more thoroughly analyze the accuracy of the four different inte-
gration algorithms under rate-dependent stress paths, the global isoerror
maps, an effective and reliable tool, are introduced to further evaluate
the numerical results under different strain rate-controlled triaxial
compression tests. Based on this method in Figs. 7 and 8, two typical
STOL values, 10− 4 and 10− 6, are chosen; the assigned axial strain rate
spans a range from 10− 8 min− 1 to 10− 3 min− 1; and the applied total axial
strain varies from 0.005 to 0.1, with each incremental step set to be

0.005. In general, the global error ϑT increases with either an increase in
the prescribed total axial strain or a decrease in the applied axial strain
rate. When STOL is set to be 10− 4, the global error ϑT produced by the
four integration algorithms is at a similar level, with the maximum
global error ϑT ranging between 0.02 and 0.04 (the average relative
error per stress point between 0.001 and 0.002). As STOL decreases
exponentially to 10− 6, the maximum global errors ϑT among the four
schemes would differ more noticeably but also decrease significantly to
a range of 0.0002 to 0.002 (the average relative errors between 0.00001
and 0.0001). Notably, the errors associated with RK45 do not decrease
despite its higher order, and it maintains a relatively small and tolerable
error without further reduction. This is likely because the linearization
of the plastic strain rate increment in Eq. (14) does not fully satisfy the
first-order Taylor series expansion of the loading surface. The combined
results from Figs. 7 and 8 highlight the importance of choosing an
appropriate error tolerance and integration scheme to achieve reason-
ably accurate solutions.

In the assessment of computational costs associated with various
integration algorithms, a common approach (Lloret-Cabot and Sheng,
2022; Dong, 2023) is to quantify the total number of the incremental
constitutive relation evaluations required per computational step,
explicitly incorporating both rejected substeps and subsequent stress
drift correction iterations: the RK12 scheme necessitates two constitu-
tive evaluations per substep; the RK23 requires three evaluations; the
RK34 demands five evaluations; and the RK45 involves six constitutive
evaluations per substep within this comprehensive assessment frame-
work. Fig. 9 shows the relationship between the computational cost and
the input axial strain increment size along two CRS odeometric loading
paths, with the plots on the left representing the results under high strain
rates and the plots on the right as the low strain rates. To illustrate the
impact of the allowable error tolerance on computational cost in the
substepping algorithms, different substepping tolerance values of STOL

Fig. 7. Global cumulative iso-error maps with STOL = 10− 4 for different strain rate-controlled drained triaxial loading paths: (a) RK12 with substepping; (b) RK23
with substepping; (c) RK34 with substepping; (d) RK45 with substepping.
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= 10-2, 10-4, 10-6, and 10-8 are selected.
Overall, the computational cost of explicit stress integration algo-

rithms increases significantly as the value of the allowable error toler-
ance STOL decreases, which is especially evident in lower-order
substepping algorithms (e.g., RK12, RK23), as they require more eval-
uations of the constitutive equations to meet the accuracy requirements.
For the same input axial strain increment size, the number of constitu-
tive relation evaluations decreases progressively as the order of the
substepping integration method increases. For example, when Δεa = 0.1
and STOL = 10-6, RK12 requires 3900 evaluations of the constitutive
relations, RK23 requires 585, RK34 requires 300, and RK45 requires
only 336; the difference becomes even more pronounced as the allow-
able error tolerance STOL becomes stricter. In other words, despite
requiring one additional evaluation of the constitutive relation during
each substep calculation, RK23 would reduce the overall computational
cost by a factor of six. Similarly, RK34 would reduce the total compu-
tational cost by nearly half compared to RK23, even though it involves
two more evaluations. RK45 and RK34 have similar computational costs
and performance, indicating that simply increasing the order of the
substepping scheme does not necessarily lead to improved computa-
tional efficiency and may instead increase the complexity of the inte-
gration code.

Regardless of the orders of the integration algorithms, slower loading
rates would slightly increase the number of constitutive evaluations
required, and this difference becomes particularly noticeable when the
given axial strain increments are relatively small (e.g. Δεa = 10− 4,
10− 5). Therefore, in terms of integration efficiency and ease of code
implementation, RK23 and RK34 are the substepping schemes that
deserve more attention.

6. Numerical simulation: Boundary Value Problems

The principal objective of the simulation is to comprehensively
evaluate the performance of the representative explicit RK23 and RK34
substepping integration schemes for solving time-dependent viscoplastic
initial boundary value problems within the finite element framework.
For this purpose, the finite element code ABAQUS/CAE is employed
under quasi-static conditions to analyze the response of over-
consolidated soils in two typical time-dependent scenarios: the pene-
tration of a piezocone, as shown in Fig. 10, and the excavation of an
underground gallery, as depicted in Fig. 14. In both cases, a typical set of
model parameters and all state variables that evolve together with the
stress and strain fields for overconsolidated soils are summarized and
described in Table. 2. Meanwhile, it should be noted that the inertial
effect is neglected for the sake of simplicity.

6.1. Piezocone penetration

The first numerical example is a piezocone (CPTU) penetration in an
overconsolidated clay layer (OCR = 3), which is widely adopted to
assess the numerical stability and efficiency of the integration algo-
rithms for the rate-dependent model due to the significant principal
stress rotation and the singularity at the edge of the cone. As plotted in
Fig. 10, the ground surface load on the top of the soil layer is set to 5 kPa,
the effective unit weight is 10 kN/m3, the K0 value is 0.8, the void ratio is
2, and the permeability is 1 × 10− 7 m/s. The CPTU probe has a standard
diameter of 35.7 mm (cross-sectional area 100 mm2), a cone angle of
60◦, and a penetration depth of 20 times the diameter, with two pene-
tration speeds of 0.01 m/s (T0 = 714 s) and 0.001 m/s (T0 = 7140 s) to
examine the rate effects. To preserve axisymmetry and improve
computational efficiency, the finite element model is axisymmetric with

Fig. 8. Global cumulative iso-error maps with STOL = 10− 6 for different strain rate-controlled drained triaxial loading paths: (a) RK12 with substepping; (b) RK23
with substepping; (c) RK34 with substepping; (d) RK45 with substepping.
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the domain dimensions 1.5 m by 1.2 m, and the mesh sizes are refined
linearly from 5 mm near the symmetry axis to 20 mm at the outer
boundary. Meanwhile, to enhance the numerical stability of the contact
analysis, an extremely small initial gap (e.g. 0.05 mm) is introduced
between the cone and the soil to facilitate penetration. The soil domain
comprises 2,690 CAX4P elements, the cone uses 85 CAX4 elements, and

the normal contact between the cone and soil is modeled with a hard-
contact formulation, allowing normal stress transmission only when
the interfacing bodies are in compression.

Fig. 11 presents the development and distributions of excess pore
pressure during different stages of piezocone penetration (0.25T0, 0.5T0,
0.75T0, and T0). Fig. 11(a-d) and 11(e-h) correspond to high and low

Fig. 9. Computational cost for two strain rates against imposed axial strain increment sizes: (a), (c), (e), (g) RK12, RK23, RK34, RK45 at a high strain rate of 10− 4

min− 1; (b), (d), (f), (h) RK12, RK23, RK34, RK45 at a low strain rate of 10− 6 min− 1.
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penetration rates, respectively. The simulations indicate that loading
rate has a pronounced effect on the results: at higher rates, negative pore
pressure tends to form ahead of the cone tip and positive excess pore
pressure tends to develop along the sidewalls, with a wider range of pore
pressure changes and stronger local concentration near the cone tip. In
contrast, slower penetration allows excess pore pressure to develop
more gradually and distribute over a broader region, reducing localized
concentrations and producing more uniform diffusion of excess pore
pressure.

Fig. 12 illustrates the time evolution of the radial effective stress at
three observation points, A1, A2, and A3, during the piezocone pene-
tration, where these points are initially characterized by an approxi-
mately linear increase of p' and q with depth under a constant OCR of 3.
Overall, for each observation point, the radial effective stress increases
with penetration depth, then decreases and tends to stabilize. At the high
penetration rate in Fig. 12(a), the magnitude of stress changes across
stages is slightly greater, as reflected by wider spacing between the
curves, indicating more pronounced nonuniformity in stress distribu-
tion. Additionally, the change in radial effective stress exhibits a clear
lag with depth: deeper observation points experience later and larger
changes. Additionally, under both high and low penetration rates, the
simulation results obtained from RK23 and RK34 are in excellent

agreement.
The computed results from Fig. 13 show that, under different pene-

tration rates, the number of constitutive equation evaluations for the
same observation point increases rapidly at first and then gradually
levels off as time progresses. Eventually, the total counts stabilize within
the ranges of 4,500 to 6,500 for the RK23 algorithm and 2,000 to 3,200
for the RK34 algorithm. There is also a noticeable lag effect with depth:
deeper observation points require more equation evaluations. Further-
more, slower penetration rates tend to increase the number of consti-
tutive equation calls required at each observation point, thereby
extending the overall computation time.

In order to better highlight the sensitivity of the algorithms to
penetration rates and convergence tolerances (STOL), Table. 3 compares
the computational costs of RK23 and RK34 for solving piezocone pore
pressure tests, including the total number of constitutive equation
evaluations for all integration points and CPU time. Overall, tightening
the convergence tolerance leads to substantial increases in both the
number of constitutive-equation calls and CPU time. Lower penetration
rates tend to produce more constitutive-equation evaluations and longer
CPU time. Moreover, under looser tolerances (10− 4 and 10− 6), RK34
requires more total constitutive equation evaluations than RK23. This is
largely because under a given small step, large amounts of integration

Fig. 9. (continued).

Fig. 10. Schematic representation of piezocone penetration: (a) piezocone penetration model; (b) Finite element discretization.
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points far from the CPTU region must be iterated five times (RK23 uses
three iterations), reducing RK34′s efficiency. Conversely, when the
tolerance is very small (10− 8), even a small given step demands more
constitutive-equation evaluations, further elevating the computational
cost (as illustrated in Fig. 9).

6.2. Underground gallery excavation

In the second case, a quarter-domain, two-dimensional axisymmetric
plane strain finite element model, as illustrated in Fig. 14, with domain
dimensions of 100 m in width and 100 m in height and exhibiting
symmetry about both the x- and y-axes, is developed to eliminate
boundary effects induced by underground gallery excavation. For the
sake of simplicity, the surrounding soil is fully saturated with in-situ

vertical effective stress of 2.3 MPa, pore pressure of 2.2 MPa, K0 value
(σx́x/σýy) of 0.8, initial void ratio of 0.61, initial isotropic pre-
consolidation pressure of 6 MPa, and saturated permeability of 3 ×

10− 12 m/s. The soil layer is discretized into 2720 four-node quadrilateral
plane strain elements (CPE4P), each containing four integration points,
with mesh refinement applied near the excavation region to improve
computational accuracy. Hydro-mechanical boundary conditions
enforce fixed horizontal displacements along boundaries BE and CD,
fixed vertical displacements along boundaries AC and DE, and prescribe
hydraulic impermeability at all boundaries. The excavation gallery has a
diameter of 2.94 mwith a radial inward contraction of 0.09 m. Given the
extremely low permeability and rate-dependent behaviors of deeply
buried overconsolidated clay, the excavation process can be suitably
approximated as an undrained contraction of a cylindrical cavity (Cheng

Fig. 11. Effect of penetration rates on the development of pore pressure (uw) during piezocone penetration: (a), (b), (c) and (d) high penetration rate (0.01 m/s); (e),
(f), (g) and (h) low penetration rate (0.001 m/s).

Fig. 12. Evolution of radial effective stresses for observation points A1, A2, A3 during piezocone penetration: (a) high penetration rate (0.01 m/s); (b) low penetration
rate (0.001 m/s).
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et al., 2022). Two different contraction rates, namely 1× 10− 4 m/s (high
rate) maintained for 900 s, and 1 × 10− 6 m/s (low rate) maintained for
90,000 s, are applied to equivalently simulate varying excavation rates.

Fig. 15 illustrates the distribution of deviatoric stress, pore pressure,
and pre-consolidation pressure at the end of underground gallery
excavation under two different loading rates. The comparison clearly
shows that the loading rate markedly influences the simulation results.

Overall, under high excavation rates in Fig. 15(a)-(c), the distributions
of pore pressure, deviatoric stress, and pre-consolidation pressure all
exhibit more pronounced localized concentrations, with steeper spatial
gradients and greater non-uniformity. Specifically, high pore pressure is
concentrated near the horizontal profile and the boundaries of the gal-
lery for both rates, but this effect is notably amplified when the loading
rate is higher. For deviatoric stress, the maximum values consistently
appear at the gallery boundaries, though the peak value under high rate
is approximately 20% greater than that under low rate. Additionally, a
high excavation rate promotes the accumulation of pre-consolidation
pressure in local regions, resulting in a distinctly uneven distribution
and thereby intensifying the tendency of arching effects to develop.

Fig. 16 illustrates the distribution of three principal effective stresses
along the horizontal profile (AC) after the excavation of the under-
ground gallery. As the radial distance increases, both tangential prin-
cipal effective stress σý and the intermediate principal effective stress σź

gradually decrease to their initial values, whereas radial principal
effective stress σx́ first decreases and then increases back to the initial
value. A higher excavation rate leads to greater maximum values of σý

and σź, but has relatively little influence on σx́. Fig. 17 presents the
effective stress path of point A at the gallery wall in the horizontal
profile during the underground gallery excavation process. Starting

Fig. 13. Computational cost for observation points A1, A2, A3 during piezocone penetration: (a) high penetration rate (0.01 m/s); (b) low penetration rate (0.001
m/s).

Fig. 14. Schematic representation of underground gallery excavation: (a) underground gallery model; (b) Finite element discretization.

Table. 3
. Computational costs of different substepping methods in solving piezocone
penetration.

Numerical
information

RK23 RK34

penetration
rate

STOL Number of
evaluations

CPU
time /s

Number of
evaluations

CPU
time /s

High (0.01
m/s)

10− 4 2,648,157 1304.8 4,190,135 1873.3
10− 6 4,309,653 1864.5 4,713,315 2110.8
10− 8 12,322,728 1994.2 7,017,955 2269.8

Low (0.001
m/s)

10− 4 2,888,046 1716.9 4,602,995 2256.0
10− 6 4,594,206 2051.4 5,125,165 2369.4
10− 8 13,074,807 2151.8 7,504,895 2615.8
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from the same initial stress state, the stress state traverses the critical
state line, moving from the shear contraction zone into dilatancy. A
higher excavation rate results in greater values of mean effective stress
(pʹ), deviatoric stress (q), pre-consolidation pressure (ṕ cref ), yield ratio
(r), and the generalized viscoplastic strain rate (ε̇vpm ). In addition, the
simulated results for RK23 and RK34 in Figs. 16 and 17 are fully
consistent under both high and low excavation rates.

Fig. 18 shows the number of constitutive equation evaluations per
step required at point A on the gallery wall during excavation at
different rates, which exhibits a trend similar to that in Fig. 9. It can be
observed that RK23 requires more model evaluations than RK34, espe-
cially during the early excavation stage, where this difference is more
pronounced. Under the same excavation rate, the CPU time required by

RK34 is approximately 2/3 of that needed by RK23. Furthermore, a
higher excavation rate leads to fewer constitutive model evaluations and
less CPU time consumption.

7. Conclusion

This paper presents an efficient and robust explicit adaptive nu-
merical integration framework for rate-dependent constitutive models,
systematically evaluating the performance of explicit stress integration
schemes of varying orders applied to a fractional consistency two-
surface viscoplastic model (FVP). Based on an explicit substepping
strategy, we firstly reformulate the general stress–strain-strain rate in-
cremental form of the FVP model, and subsequently explore the

Fig. 15. Effect of excavation rates on the distribution of pore pressure (uw), deviatoric stress (q) and pre-consolidation pressure (ṕ cref ) after underground gallery
excavation: (a), (c) and (e) high excavation rate (1 × 10− 4 m/s); (b), (d) and (f) low excavation rate (1 × 10− 6 m/s).

Fig. 16. Distributions of three principal effective stresses along horizontal profile after underground gallery excavation: (a) high excavation rate (1 × 10− 4 m/s); (b)
low excavation rate (1 × 10− 6 m/s).
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accuracy and efficiency of different substepping methods with regard to
the typical element tests and initial boundary-value problems. General
conclusions can be drawn as follows:

(1) In contrast to Perzyna’s typed viscoplastic models based on
overstress concepts, the rate-dependent models formulated using a
general consistency approach strictly adhere to the Karush-Kuhn-Tucker
(KKT) complementarity condition, thereby providing a more direct
evaluation of main phases through the explicit stress integration
algorithm.

(2) As a representation of consistency viscoplastic models, the
adopted fractional consistency two-surface viscoplastic model (FVP) is
explicitly linearized into an incremental form of the stress–strain-strain
rate relation following the consistency conditions of the loading surface
in the elastic/elasto-viscoplastic steps.

(3) Four different order explicit stress integration algorithms (i.e.,
RK12, RK23, RK34, and RK45) are effectively integrated for the rate-
dependent model integration. With adaptive step size adjustments and
local error control, the accuracy and efficiency of the algorithms are
ensured. From the numerical analysis (computational costs and error
accumulation) of element tests (isotropic or triaxial compressions
interrupted by creep/stress relaxation), RK23 and RK34 are the two
recommended robust and efficient algorithms for balancing efficiency
and accuracy.

(4) Two typical time-dependent scenarios, namely piezocone pene-
tration and underground gallery excavation, effectively demonstrate the
stability and flexibility of the explicit adaptive substepping algorithm in
solving complex boundary-value problems using advanced consistency
viscoplastic models. This approach also ensures an accurate represen-
tation of rate-dependent behaviors, making it well-suited for practical
geotechnical applications requiring multi-stage analyses.
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Fig. 18. Computational cost at point A for different excavation rates during underground gallery excavation: (a) high excavation rate (1 × 10− 4 m/s); (b) low
excavation rate (1 × 10− 6 m/s).
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Appendix A

For Runge-Kutta methods of different orders (RK12, RK23, RK34, and RK45), the common coefficients are given separately in the A-1, A-2, A-3, and
A-4 expressions:

a =

[
0 0
1 0

]

, b =

[
1
0

]

, b̃ =

[
1/2
1/2

]

(A-1)

a =

⎡

⎣
0 0
1 0
1/4 1/4

⎤

⎦, b =

⎡

⎣
1/2
1/2
0

⎤

⎦, b̃ =

⎡

⎣
1/6
1/6
2/3

⎤

⎦ (A-2)

a =

⎡

⎢
⎢
⎢
⎢
⎣

0 0 0 0
1/4 0 0 0
4/81 32/81 0 0
57/98 − 432/343 1053/686 0
1/6 0 27/52 49/156

⎤

⎥
⎥
⎥
⎥
⎦
, b =

⎡

⎢
⎢
⎢
⎢
⎣

1/6
0

27/52
49/156

0

⎤

⎥
⎥
⎥
⎥
⎦
, b̃ =

⎡

⎢
⎢
⎢
⎢
⎣

43/288
0

243/416
343/1872
1/12

⎤

⎥
⎥
⎥
⎥
⎦

(A-3)

a =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0 0
1/2 0 0 0 0
1/4 1/4 0 0 0
0 − 1 2 0 0
7/27 10/27 0 1/27 0
28/625 − 125/625 546/625 54/625 − 378/625

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

, b =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1/6
0
4/6
1/6
0
0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

, b̃ =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

14/336
0
0

35/336
162/336
125/336

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(A-4)

Data availability

Data will be made available on request.
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