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1. Introduction

The Vlasov-Maxwell-Boltzmann (VMB) system is a fundamental model in plasma 
physics describing the time evolution of dilute charged particles, such as electrons and 
ions, under the influence of the self-induced Lorentz forces governed by Maxwell equa
tions, cf. [7] for derivation and the physical background. The rescaled two-species VMB 
system in the incompressible diffusive regime takes the form [2]

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tF
+
ϵ + 1

ϵ 
v · ∇xF

+
ϵ + 1

ϵ 
(αEϵ + βv ×Bϵ) · ∇vF

+
ϵ = 1 

ϵ2
Q(F+

ϵ , F+
ϵ ) + δ2

ϵ2
Q(F+

ϵ , F−
ϵ ),

∂tF
−
ϵ + 1

ϵ 
v · ∇xF

−
ϵ − 1

ϵ 
(αEϵ + βv ×Bϵ) · ∇vF

−
ϵ = 1 

ϵ2
Q(F−

ϵ , F−
ϵ ) + δ2

ϵ2
Q(F−

ϵ , F+
ϵ ),

γ∂tEϵ −∇x ×Bϵ = − β

ϵ2

∫︂
R3

(F+
ϵ − F−

ϵ )vdv,

γ∂tBϵ + ∇x ×Eϵ = 0,

∇x · Eϵ = α

ϵ2

∫︂
R3

(F+
ϵ − F−

ϵ )dv, ∇x ·Bϵ = 0,

(1.1)
where ϵ > 0 is a small parameter proportional to the mean free path, δ > 0 measures 
the strength of interactions, and α, β, γ have the following physical meanings:

• α measures the electric repulsion according to Gauss law;
• β measures the magnetic induction according to Ampère law;
• γ is the ratio of the bulk velocity to the speed of light.
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Notice that the parameters α, β, γ satisfy the relation

β = αγ

ϵ 
.

In addition, in (1.1), F±
ϵ = F±

ϵ (t, x, v) are the density distribution functions of charged 
particles at (t, x, v) ∈ R+×R3

x×R3
v, and Eϵ(t, x), Bϵ(t, x) denote the electro and magnetic 

fields respectively. Since we study the diffusive limit when ϵ tends to zero, we assume 
ϵ ∈ (0, 1) in the following analysis. As usual, Q(F,G) is the Boltzmann collision operator 
for hard sphere model given by

Q(F,G) =
∫︂
R3

∫︂
S2

|(v − v∗) · ω|(F (v′)G(v′∗) − F (v)G(v∗))dv∗dω, (1.2)

where v, v∗ are the velocities of gas particles before collision and v′, v′∗ are the velocities 
after collision:

v′ = v − [(v − v∗) · ω]ω, v′∗ = v∗ + [(v − v∗) · ω]ω, ω ∈ S2.

That is, the collisions are elastic so that the following conservation of momentum and 
energy hold

v + v∗ = v′ + v′∗, |v|2 + |v∗|2 = |v′|2 + |v′∗|2. (1.3)

In [2], the authors considered different ciritical scalings in the incompressible diffusive 
regime and studied the diffusive limits of the VMB systems. In this paper, we consider 
a typical case when α = ϵ, β = 1, γ = 1, δ = 1, i.e.,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tF
+
ϵ + 1

ϵ 
v · ∇xF

+
ϵ + 1

ϵ 
(ϵEϵ + v ×Bϵ) · ∇vF

+
ϵ = 1 

ϵ2
[Q(F+

ϵ , F+
ϵ ) + Q(F+

ϵ , F−
ϵ )],

∂tF
−
ϵ + 1

ϵ 
v · ∇xF

−
ϵ − 1

ϵ 
(ϵEϵ + v ×Bϵ) · ∇vF

−
ϵ = 1 

ϵ2
[Q(F−

ϵ , F+
ϵ ) + Q(F−

ϵ , F−
ϵ )],

∂tEϵ −∇x ×Bϵ = − 1 
ϵ2

∫︂
R3

(F+
ϵ − F−

ϵ )vdv,

∂tBϵ + ∇x ×Eϵ = 0,

∇x · Eϵ = 1
ϵ 

∫︂
R3

(F+
ϵ − F−

ϵ )dv, ∇x ·Bϵ = 0.

(1.4)
The Vlasov-Maxwell-Boltzmann system has been intensively studied and much im

portant progress has been made in [12,8,15,20,32]. For instance, the global existence of 
unique strong solution with initial data near the normalized global Maxwellian was ob
tained in spatial period domain [15] and in three dimensional space [32] for hard sphere 
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collision, and then in [11,10] for general collision kernels with or without angular cut-off 
assumption. For the long time behaviors, it was shown in [8] that the total energy of the 
linearized one-species VMB system decays at the rate (1+t)− 3

8 , and in [12] that the total 
energy of nonlinear two-species VMB system decays at the rate (1+ t)− 3

4 . The spectrum 
structure and the optimal decay rate of the global solution to the VMB systems for both 
one-spices and two-spices were investigated in [25].

The diffusive limit for two-species VMB system was shown in [2,20,22]. Precisely, the 
diffusive limits of the renormalized solutions under different scalings were studied in [2]. 
Moreover, the diffusive limit of the strong solution to the incompressible NSMF system 
(1.24) with (α, β, γ, δ) = (ϵ, 1, 1, 1) was proved in [22], and to an incompressible NSPF 
system with (α, β, γ, δ) = (ϵ, ϵ, ϵ, 1) was proved in [20]. However, the convergence rate 
and initial layer of the diffusive limits have not been studied in the previous works.

On the other hand, the diffusion limit to the Boltzmann equation is a classical problem 
with pioneer work by Bardos-Golse-Levermore in [3], and significant progress on the limit 
of renormalized solutions to Leray solution to Navier-Stokes system in [14]. One effective 
approach to study the fluid dynamic in the perturbative framework is based on the 
spectral analysis. For example, Ellis-Pinsky [13] first studied the linear compressible 
Euler limit of the linear Boltzmann equation and showed the convergence rate outside 
the initial layer. The initial layer in the fluid limit arises from the incompatibility of the 
initial data, in particular due to the high oscillation of the eigen-modes in the system. 
For the Boltzmann equation, Bardos-Ukai [5] firstly studied the incompressible Navier
Stokes limit with the estimation on the initial layer for the linear Boltzmann equation. 
The analysis in [5] uses an estimate on the semigroup with highly oscillating eigen-modes 
in [34] which is about the incompressible limit of the compressible Euler equation. Note 
that the estimation on the initial layer is not optimal in these papers. In contrast to the 
extensive study on Boltzmann equation [3--5,16,28,30], the VPB system [17,27,35] and 
the VMB system [2,20,22], the convergence rate of the classical solution to the VMB 
system (1.4) towards its fluid dynamical limits and the estimation of the initial layer 
have not been given despite of its importance.

Let Fϵ = F+
ϵ + F−

ϵ and Gϵ = F+
ϵ − F−

ϵ . Then the system (1.4) becomes to

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tFϵ + 1
ϵ 
v · ∇xFϵ + 1

ϵ 
(ϵEϵ + v ×Bϵ) · ∇vGϵ = 1 

ϵ2
Q(Fϵ, Fϵ),

∂tGϵ + 1
ϵ 
v · ∇xGϵ + 1

ϵ 
(ϵEϵ + v ×Bϵ) · ∇vFϵ = 1 

ϵ2
Q(Gϵ, Fϵ),

∂tEϵ −∇x ×Bϵ = − 1 
ϵ2

∫︂
R3

Gϵvdv,

∂tBϵ + ∇x × Eϵ = 0,

∇x ·Eϵ = 1
ϵ 

∫︂
R3

Gϵdv, ∇x ·Bϵ = 0.

(1.5)
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In this paper, we study the diffusion limit of the strong solution to the rescaled VMB 
system (1.5) with initial data near the equilibrium (F∗, G∗, E∗, B∗) = (M(v), 0, 0, 0), 
where M(v) is the normalized Maxwellian given by

M = M(v) = 1 
(2π)3/2

e−
|v|2
2 , v ∈ R3.

Hence, we define the perturbation of (Fϵ, Gϵ, Eϵ, Bϵ) as

Fϵ = M + ϵ
√
Mfϵ, Gϵ = ϵ

√
Mgϵ.

Then Cauchy problem of the VMB system (1.5) for (fϵ, gϵ, Eϵ, Bϵ) can be rewritten as

∂tfϵ + 1
ϵ 
v · ∇xfϵ −

1 
ϵ2
Lfϵ = H1

ϵ , (1.6)

∂tgϵ + 1
ϵ 
v · ∇xgϵ −

1 
ϵ2
L1gϵ −

1
ϵ 
v
√
M ·Eϵ = H2

ϵ , (1.7)

∂tEϵ −∇x ×Bϵ = −1
ϵ 

∫︂
R3

gϵv
√
Mdv, (1.8)

∂tBϵ + ∇x × Eϵ = 0, (1.9)

∇x ·Eϵ =
∫︂
R3

gϵ
√
Mdv, ∇x ·Bϵ = 0, (1.10)

where the nonlinear terms H1
ϵ , H

2
ϵ are defined by

H1
ϵ = 1

2(v · Eϵ)gϵ −
(︃
Eϵ + 1

ϵ 
v ×Bϵ

)︃
· ∇vgϵ + 1

ϵ 
Γ(fϵ, fϵ), (1.11)

H2
ϵ = 1

2(v · Eϵ)fϵ −
(︃
Eϵ + 1

ϵ 
v ×Bϵ

)︃
· ∇vfϵ + 1

ϵ 
Γ(gϵ, fϵ). (1.12)

The initial condition is given by

(fϵ, gϵ)(0, x, v) = (f0, g0)(x, v), (Eϵ, Bϵ)(0, x) = (E0, B0)(x), (1.13)

which is independent of ϵ. On the other hand, the initial data should satisfy the com
patibility conditions

∇x · E0(x) =
∫︂
R3

g0
√
Mdv, ∇x ·B0(x) = 0. (1.14)

In (1.6)--(1.12), the linear operators L,L1 and the nonlinear operator Γ(f, g) are defined 
by
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⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Lf = 1 √
M

[Q(M,
√
Mf) + Q(

√
Mf,M)],

L1f = 1 √
M

Q(
√
Mf,M),

Γ(f, g) = 1 √
M

Q(
√
Mf,

√
Mg).

(1.15)

As usual, the linearized operators L and L1 can be written as (cf. [6,1])

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(Lf)(v) = (Kf)(v) − ν(v)f(v), (L1f)(v) = (K1f)(v) − ν(v)f(v),

(Kf)(v) =
∫︂
R3

k(v, v∗)f(v∗)dv∗, (K1f)(v) =
∫︂
R3

k1(v, v∗)f(v∗)dv∗,

ν(v) =
√

2π
(︃
e−

|v|2
2 +

(︃
|v| + 1 

|v|

)︃ |v| ∫︂
0 

e−
|u|2
2 du

)︃
,

k(v, v∗) = 2 √
2π|v − v∗|

e
− (|v|2−|v∗|2)2

8|v−v∗|2 − |v−v∗|2
8 − |v − v∗|

2
√

2π
e−

|v|2+|v∗|2
4 ,

k1(v, v∗) = 2 √
2π|v − v∗|

e
− (|v|2−|v∗|2)2

8|v−v∗|2 − |v−v∗|2
8 ,

(1.16)

where ν(v) is the collision frequency, K and K1 are self-adjoint compact operators on 
L2(R3

v) with real symmetric integral kernels k(v, v∗) and k1(v, v∗). In addition, ν(v)
satisfies

ν0(1 + |v|) ≤ ν(v) ≤ ν1(1 + |v|). (1.17)

The nullspace of the operator L denoted by N0 is a subspace spanned by the orthonor
mal basis {χj , j = 0, 1, · · · , 4} given by

χ0 =
√
M, χj = vj

√
M (j = 1, 2, 3), χ4 = (|v|2 − 3)

√
M√

6
, (1.18)

and the null space of the operator L1 denoted by N1 is spanned only by 
√
M .

Let L2(R3) be a Hilbert space of complex-value functions f(v) on R3 with the inner 
product and the norm

(f, g) =
∫︂
R3

f(v)g(v)dv, ∥f∥ =

⎛
⎝ ∫︂

R3

|f(v)|2dv

⎞
⎠

1/2

.

And let P0, Pd be the projection operators from L2(R3
v) to the subspace N0, N1 with



T. Yang, M. Zhong / Advances in Mathematics 489 (2026) 110800 7

P0f =
4 ∑︂

j=0 
(f, χj)χj , P1 = I − P0, (1.19)

Pdf = (f,
√
M)

√
M, Pr = I − Pd. (1.20)

For any U = (g,X, Y ) ∈ L2 ×R3 ×R3, we denote

P2U = (Pdg,X, Y ), P3U = (I − P2)U = (Prg, 0, 0). (1.21)

By Boltzmann H-theorem, the linearized collision operators L and L1 are non-positive. 
Precisely, there is a constant μ > 0 such that

(Lf, f) ≤ −μ∥P1f∥2, f ∈ D(L), (1.22)

(L1f, f) ≤ −μ∥Prf∥2, f ∈ D(L1), (1.23)

where D(L) and D(L1) are the domains of L and L1 given by

D(L) = D(L1) =
{︁
f ∈ L2(R3) | ν(v)f ∈ L2(R3)

}︁
.

Without the loss of generality, we assume ν(0) ≥ ν0 ≥ μ > 0.
This paper aims to study the optimal convergence rate of the classical solution 

(fϵ, gϵ, Eϵ, Bϵ) of the system (1.6)--(1.13) to (u1, u2, E,B), where u1 = nχ0+m·vχ0+qχ4

and u2 = ρχ0 with (n,m, q, ρ, E,B)(t, x) being the solution of the following bipolar in
compressible Navier-Stokes-Maxwell-Fourier (NSMF) system:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∇x ·m = 0, n +
√︂

2
3q = 0,

∂tm− κ0Δxm + ∇xp = ρE + j ×B −∇x · (m⊗m),

∂tq − κ1Δxq = −∇x · (qm),

∂tE −∇x ×B = −j, ∇x · E = ρ,

∂tB + ∇x ×E = 0, ∇x ·B = 0,

j = −η(∇xρ− E) + (ρm− ηm×B).

(1.24)

Here, p is the pressure and the initial data (n,m, q, ρ, E,B)(0) satisfies

⎧⎪⎨
⎪⎩

m(0) = (f0, vχ0) − Δ−1
x ∇xdivx(f0, vχ0),

n(0) = −
√︂

2
3q(0) =

√︂
2
5 (f0,

√︂
2
5χ0 −

√︂
3
5χ4),

ρ(0) = divxE0, E(0) = E0, B(0) = B0.

(1.25)

Correspondingly, the viscosity coefficients κ0, κ1, η > 0 are defined by
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⎧⎨
⎩
κ0 = −(L−1P1(v1χ2), v1χ2), κ1 = −3

5(L−1P1(v1χ4), v1χ4),

η = −(L−1
1 (v1χ0), v1χ0).

(1.26)

There have been extensive studies on the existence and solution behavior about the 
incompressible Navier-Stokes-Maxwell system. Precisely, the existence, uniqueness and 
an exponential growth estimate of global strong solutions were proved in [29] for a slightly 
different system. And the existence of global small mild solution was given in [19]. In 
addition, the authors in [23,21,39] studied the global classical solutions to the twofluid 
incompressible Navier-Stokes-Fourier-Maxwell system with Ohm’s law with small initial 
data. Regularity results for the Cauchy problem of the incompressible Navier-Stokes
Maxwell system with Ohm’s law in two and three space dimensions were given in [36].

On the other hand, for the compressible Navier-Stokes-Maxwell system, the Green’s 
function to the linearized system with applications were obtained in [9]. The existence 
and uniqueness of global strong solutions with large initial data and vacuum were given 
in [18]. And the large-time behavior of solutions to the outflow problem was studied in 
[37]. Moreover, the authors in [38] studied the large-time asymptotic behavior of solutions 
to the superposition of a viscous contact wave with two rarefaction waves.

Back to the convergence of VMB to NSMF, the convergence is not uniform near 
t = 0 because of initial layer unless we impose extra assumption on the initial data 
(f0, g0, E0, B0):

⎧⎪⎨
⎪⎩

f0(x, v) = n0(x)χ0 + m0(x) · vχ0 + q0(x)χ4,

g0(x, v) = ρ0(x)χ0, ∇x · E0(x) = ρ0(x),
∇x ·m0 = 0, n0 +

√︂
2
3q0 = 0, ∇x ·B0 = 0.

(1.27)

In order to estimate the initial layer, we need the following decomposition. For U =
U(x) ∈ R3, we denote the Helmholtz’s decomposition U = U|| + U⊥ with

U|| = Δ−1
x ∇xdivxU, U⊥ = Δ−1

x (∇x ×∇x × U). (1.28)

Correspondingly, for f = f(x, v) ∈ L2, we define the following projections

{︄
P||f = (f, vχ0)||vχ0 + (f, h̃1)h̃1,

P⊥f = (f, vχ0)⊥vχ0 + (f, h̃0)h̃0 + P1f,
(1.29)

where

h̃0 =
√︃

2
5χ0 −

√︃
3
5χ4, h̃1 =

√︃
3
5χ0 +

√︃
2
5χ4. (1.30)

To state the main results, we need the following notations. First of all, C, c denote 
some generic constants. For any α = (α1, α2, α3) ∈ N3 and β = (β1, β2, β3) ∈ N3, set
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∂α
x = ∂α1

x1
∂α2
x2

∂α3
x3

, ∂β
v = ∂β1

v1
∂β2
v2
∂β3
v3
.

The Fourier transform of h = h(x) is denoted by

ĥ(ξ) = ℱh(ξ) = 1 
(2π)3/2

∫︂
R3

h(x)e−ix·ξdx,

where and throughout this paper we denote i =
√
−1.

For any q ∈ [1,∞], the Sobolev Space Lq = Lq
x(L2

v) for function f = f(x, v) or 
Lq = Lq

x(L2
v) × Lq

x × Lq
x for vector U = (g(x, v), E(x), B(x)) is defined with the norms

∥f∥Lq =
(︃∫︂
R3

(︃∫︂
R3

|f(x, v)|2dv
)︃q/2

dx

)︃1/q

,

∥U∥Lq =
(︃∫︂
R3

(︃∫︂
R3

|g(x, v)|2dv
)︃q/2

dx

)︃1/q

+
(︃∫︂
R3

(|E(x)|q + |B(x)|q)dx
)︃1/q

.

Also for an integer k ≥ 1 and q ∈ [1,∞], the Sobolev Space Hk = Hk
x (L2

v) (or Hk =
Hk

x (L2
v)×Hk

x ×Hk
x ) for a function f = f(x, v) (or a vector U = (g(x, v), E(x), B(x))) is 

defined with the norms

∥f∥Hk =

⎛
⎝ ∫︂

R3

(1 + |ξ|2)k
∫︂
R3

|f̂ |2dvdξ

⎞
⎠

1/2

,

∥U∥Hk =

⎛
⎝ ∫︂

R3

(1 + |ξ|2)k
⎛
⎝ ∫︂

R3

|ĝ|2dv + |Ê|2 + |B̂|2
⎞
⎠ dξ

⎞
⎠

1/2

;

and the Sobolev space W k,q = W k,q
x (L2

v) (or W k,q = W k,q
x (L2

v)×W k,q
x ×W k,q

x ) is defined 
with the norms

∥f∥Wk,q =
∑︂
|α|≤k

⎛
⎜⎝∫︂

R3

⎛
⎝ ∫︂

R3

|∂α
x f |2dv

⎞
⎠

q/2

dx

⎞
⎟⎠

1/q

,

∥U∥Wk,q =
∑︂
|α|≤k

⎛
⎜⎝∫︂

R3

⎛
⎝ ∫︂

R3

|∂α
x g|2dv + |∂α

xE|2 + |∂α
xB|2

⎞
⎠

q/2

dx

⎞
⎟⎠

1/q

.

Some weighted Sobolev space Dk
l (Dk = Dk

0 ) will also be used with the norms given by
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∥f∥Dk
l

=
∑︂

|α|+|β|≤k

∥νl∂α
x ∂

β
v f∥L2 ,

∥U∥Dk
l

=
∑︂

|α|+|β|≤k

∥νl∂α
x ∂

β
v g∥L2 +

∑︂
|α|≤k

(∥∂α
xE∥2

L2
x

+ ∥∂α
xB∥2

L2
x
)

We now state the following two main results in this paper.

Theorem 1.1. For any ϵ ∈ (0, 1), there exists a small constant δ0 > 0 such that if the 
initial data U0 = (f0, g0, E0, B0) satisfy that ∥U0∥D6

1
+ ∥U0∥L1 ≤ δ0, then the VMB 

system (1.6)--(1.13) admits a unique global solution Uϵ(t, x, v) = (fϵ, gϵ, Eϵ, Bϵ) satisfying 
the following time-decay estimate:

∥Uϵ(t)∥D4
1
≤ Cδ0(1 + t)− 3

4 . (1.31)

Also, there exists a small constant δ0 > 0 such that if ∥U0∥H4 +∥U0∥L1 ≤ δ0, then the 
NSMF system (1.24)--(1.25) admits a unique global solution Ũ(t, x) = (n,m, q, ρ, E,B)
satisfying the following time-decay estimate:

∥Ũ(t)∥H4
x
≤ Cδ0(1 + t)− 3

4 . (1.32)

Theorem 1.2. There exist small positive constants δ0 and ϵ0 such that if the initial data 
U0 = (f0, g0, E0, B0) satisfies that ∥U0∥D9

1
+ ∥U0∥L1 ≤ δ0, then there exists a unique 

function U1 = (u1, V1) such that for any ϵ ∈ (0, ϵ0), the solution Uϵ = (fϵ, Vϵ) with 
Vϵ = (gϵ, Eϵ, Bϵ) to the VMB system (1.6)--(1.13) satisfies

∥P||fϵ(t)∥W 2,∞ + ∥P⊥fϵ(t) − u1(t)∥H2 + ∥Vϵ(t) − V1(t)∥H2

≤ Cδ0

(︃
ϵ| ln ϵ|2(1 + t)− 1

2 +
(︃

1 + t 
ϵ

)︃−1 )︃
, (1.33)

where u1 = nχ0 + m · vχ0 + qχ4 and V1 = (ρχ0, E,B) with (n,m, q, ρ, E,B)(t, x) being 
the solution to the incompressible NSMF system (1.24)--(1.25).

Moreover, if the initial data U0 satisfies (1.27) and ∥U0∥H9 + ∥U0∥L1 ≤ δ0, then we 
have

∥P||fϵ(t)∥W 2,∞ + ∥P⊥fϵ(t)−u1(t)∥H2 + ∥Vϵ(t)−V1(t)∥H2 ≤ Cδ0ϵ| ln ϵ|(1+ t)− 1
2 . (1.34)

Remark 1.3. By Sobolev Embedding Theorem, we have the following estimates.
(1) Under the first assumption in Theorem 1.2, the solution Uϵ to the VMB system 

(1.6)--(1.13) satisfies

∥Uϵ(t) − U1(t)∥L∞ ≤ Cδ0

(︃
ϵ| ln ϵ|2(1 + t)− 1

2 +
(︃

1 + t 
ϵ

)︃−1 )︃
. (1.35)
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(2) Under the second assumption of Theorem 1.2, it holds that

∥Uϵ(t) − U1(t)∥L∞ ≤ Cδ0ϵ| ln ϵ|(1 + t)− 1
2 . (1.36)

Remark 1.4. Under the first assumption in Theorem 1.2, we have

∥fϵ(t) − u1(t) − Uosc
ϵ (t) − e

t 
ϵ2 BϵP1f0∥L∞ + ∥Vϵ(t) − V1(t) − e

t 
ϵ2 AϵP3V0∥L∞

≤ Cδ0ϵ| ln ϵ|(1 + t)− 1
2 , (1.37)

where Uosc
ϵ (t) = Uosc

ϵ (t, x, v) is the high oscillation part of fϵ defined by (3.113). Hence, 
Uosc
ϵ (t), e

t 
ϵ2 BϵP1f0 and e

t 
ϵ2 AϵP3V0 are the essential components for generating the initial 

layer.

Remark 1.5. The global existence of the rescaled VMB system can be obtained by stan
dard energy method in solution space D4

k (k ≥ 0), namely (cf. Lemma 4.3)

sup 
0≤s<+∞

∥Uϵ(s)∥D4
k
≤ C∥U0∥D4

k
.

Note that the VMB system has the property of regularity loss. Precisely, the eigen
values of the linear VMB operator in high frequency behave like Reλj(ξ, ϵ) ∼ − 1 

ϵ|ξ|
for ϵ|ξ| ≫ 1. To obtain the decay rate, we need to compensate the regularity of ini
tial data. That is, when the initial data U0 ∈ D6

k (k ≥ 1), the solution satisfies (cf. 
Lemma 4.4)

∥Uϵ(t)∥D4
k
≤ C∥U0∥D6

k
(1 + t)− 3

4 .

Furthermore, we establish the convergence rate of the diffusion limit by using the decay 
estimate of the solution and the convergence rate of the semigroup corresponding to its 
fluid limit. Since the convergence of the fluid limit of the semigroup e

t 
ϵBϵ in a L2 − L∞

norm requires higher regularity (cf. Lemma 3.9), we need higher regularity on initial 
data to obtain the convergence rate of the diffusion limit. The main reason for requir
ing the initial data U0 ∈ D9

1 is to make sure that the terms ∥(v × Bϵ) · ∇vfϵ∥H6 and 
∥Γ(gϵ, fϵ)∥H6 decay at the rate (1 + t)− 3

2 , as shown in (4.81), so that we can close the 
priori assumption.

Before the rest of the introduction, we will briefly present the main ideas and the 
approach of the analysis in the proof. The convergence rates given in Theorem 1.2 of 
diffusion limit of the VMB system are proved based on the spectral analysis [26] and 
the ideas inspired by [5,27]. First of all, the solution Uϵ(t) = (fϵ, Vϵ)(t) with Vϵ(t) =
(gϵ, Eϵ, Bϵ)(t) to the VMB system (1.6)--(1.13) can be represented by
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⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

fϵ(t) = e
t 
ϵ2 Bϵf0 +

t ∫︂
0 

e
t−s

ϵ2 BϵH1
ϵ (s)ds,

Vϵ(t) = e
t 
ϵ2 AϵV0 +

t ∫︂
0 

e
t−s

ϵ2 Aϵ(H2
ϵ (s), 0, 0)ds;

and the solution U(t) = (u1, V1)(t) with u1 = nχ0 +m · vχ0 + qχ4 and V1 = (ρχ0, E,B)
to the NSMF system (1.24)--(1.25) can be represented by

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

u1(t) = Y1(t)P0f0 +
t ∫︂

0 

Y1(t− s)H4(s)ds,

V1(t) = Y2(t)P2V0 +
t ∫︂

0 

Y2(t− s)H5(s)ds,

where Bϵ and Aϵ are the linear Boltzmann and VMB operators defined by (2.3) and 
(2.4), Y1(t) and Y2(t) are two semigroups defined in (3.5) and (3.6), and H4, H5 are 
nonlinear terms given by

H4 = (ρE + j ×B) · vχ0 −∇x · (m⊗m) · vχ0 −
5
3∇x · (qm)χ4,

H5 = −(∇x · (ρm− ηm×B)χ0, ρm− ηm×B, 0).

The main idea of the proof is to first estimate the convergence rates from e
t 
ϵ2 Bϵ to 

Y1(t) and from e
t 
ϵ2 Aϵ to Y2(t) separately by using spectral analysis. Then to obtain the 

convergence rates from (fϵ, Vϵ)(t) to (u1, V1)(t) is based on the convergence rates on 
semigroups and a bootstrap argument. Note that the a priori estimates on the solutions 
u1(t) and V1(t) can be closed in H2. However, even though L∞-norm also works for 
u1(t), it is not suitable for V1(t).

Note that the linear Boltzmann operator Bϵ(ξ) given by (2.7) satisfies the scaling 
transformation Bϵ(ξ) = B1(ϵξ). This implies that the eigenvalues γj(|ξ|, ϵ) of Bϵ(ξ) de
pend only on ϵ|ξ| and satisfy γj(|ξ|, ϵ) = γ̃j(ϵ|ξ|) for ϵ|ξ| small, where γ̃j(|ξ|) are the 
eigenvalues of B1(ξ) in the low frequency regime. Precisely, there exist five eigenvalues 
γj(|ξ|, ϵ) for ϵ|ξ| small and they satisfy

γj(|ξ|, ϵ) = iμjϵ|ξ| − ajϵ
2|ξ|2 + O

(︁
ϵ3|ξ|3

)︁
, (1.38)

where μ±1 = ±
√︂

5
3 , μk = 0 (k = 0, 2, 3), and aj > 0 are some constants.

Moreover, we can decompose the semigroup e
t 
ϵ2Bϵ(ξ) into the fluid part and the re

mainder part, where the remainder part has the decay rate e−
bt 
ϵ2 (see Theorem 2.19). 

Then by applying the expansion (1.38) to the fluid part, we can rewrite e
t 
ϵ2 Bϵ(ξ) as
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P||(e
t 
ϵ2 Bϵ(ξ)f̂0) =

∑︂
j=±1

e
iμj |ξ|

ϵ t−aj |ξ|2tP0j f̂0 + O(ϵe−c|ξ|2t) + O(e−
bt 
ϵ2 ),

P⊥(e
t 
ϵ2 Bϵ(ξ)f̂0) =

∑︂
j=0,2,3

e−aj |ξ|2tP0j f̂0 + O(ϵe−c|ξ|2t) + O(e−
bt 
ϵ2 ),

where P0j , j = −1, 0, 1, 2, 3 are the first order eigenprojections corresponding to γj. Thus, 
by using the following key estimate:

⃦⃦⃦
ℱ−1

(︂
e

±i|ξ|
ϵ t(1 + |ξ|)−3

)︂⃦⃦⃦
L∞

x

≤ C

(︃
t 
ϵ

)︃−1

,

we can establish the optimal convergence rate of the semigroup e
t 
ϵ2Bϵ to its first and 

second order fluid limits in a combination of L2 − L∞ norm (L∞ norm for P|| part and 
L2 norm for P⊥ part) as given in Lemma 3.9.

On the other hand, due to the influence of the electric-magnetic field, the linear 
VMB operator Aϵ(ξ) given in (2.8) has no scaling property. To study the corresponding 
eigenvalue problem, we will use a new non-local implicit function theorem to show that 
there exist five eigenvalues λj(|ξ|, ϵ), j = 0, 1, 2, 3, 4 of Aϵ(ξ) for ϵ(1 + |ξ|) being small 
and they satisfy (see Lemma 2.11):

λ0(|ξ|, ϵ) = ϵ2b0(|ξ|) + O(ϵ4(1 + |ξ|2)2), (1.39)

λk(|ξ|, ϵ) = ϵ2bk(|ξ|) +
{︄

O(ϵ4|bk(|ξ|)|), |η2 − 4|ξ|2| ≥ r0,

O(ϵ3), |η2 − 4|ξ|2| < r0,
(1.40)

where k = 1, 2, 3, 4, and bj(|ξ|) are defined by (2.85).
Moreover, we can decompose the semigroup e

t 
ϵ2Aϵ(ξ) into two fluid parts for low fre

quency and high frequency and the remainder part, where the remainder part has the 
decay rate e−

bt 
ϵ2 (see Theorem 2.15). Then by applying the expansion (1.39)--(1.40) to 

the fluid part, we obtain

e
t 
ϵ2 Aϵ(ξ)V̂0 =

4 ∑︂
j=0 

ebj(|ξ|)tP̃0j V̂0 + O(ϵe−Rebjt) + O(e−
ct 

ϵ|ξ| )1{|ξ|≥ r1
ϵ } + O(e−

bt 
ϵ2 ),

where P̃0j , j = 0, 1, 2, 3, 4 are first order eigenprojections corresponding to λj. Thus, we 
can establish the optimal convergence rate of the semigroup e

t 
ϵ2 Aϵ to its first and second 

order fluid limits in L2 norm as listed in Lemmas 3.3 and 3.5.
By using the estimates on the convergence rates for the fluid limits of the linear 

Boltzmann and VMB systems, we can prove the convergence and establish the optimal 
convergence rate of the strong solution (fϵ, Vϵ) to the nonlinear VMB system towards 
the solution (u1, V1) to the NSMF system. Hence, we obtain the precise estimation on 
the initial layer. To illustrate why the Helmholtz’s decomposition (1.29) is necessary, we 
consider the term
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t ∫︂
0 

Y1(t− s)(jϵ ×Bϵ − j ×B)ds =
t ∫︂

0 

Y1(t− s)(∇x(ρϵ − ρ) ×Bϵ)ds + · · · .

If we directly estimate this term in L∞, we have non-integrability in time because

⃦⃦⃦
⃦⃦⃦ t ∫︂

0 

Y1(t− s)(∇x(ρϵ − ρ) ×Bϵ)ds

⃦⃦⃦
⃦⃦⃦
W 2,∞

≤
t ∫︂

0 

(t− s)− 5
4 ∥ρϵ − ρ∥H2∥Bϵ∥H2ds.

However, if we apply the L2 − L∞ by noting that P||Y1(t) = 0, P⊥Y1(t) = Y1(t), then 
the time integrability holds because

⃦⃦⃦
⃦⃦⃦ t ∫︂

0 

Y1(t− s)(∇x(ρϵ − ρ) ×Bϵ)ds

⃦⃦⃦
⃦⃦⃦
H2

≤
t ∫︂

0 

(t− s)− 1
2 ∥ρϵ − ρ∥H2∥Bϵ∥H2ds.

The rest of this paper will be organized as follows. In Section 2, we will present the 
results about the spectrum analysis of the linear operator related to the linearized VMB 
system. In Section 3, we will establish the first and second order fluid approximations of 
the solution to the linearized VMB system. In Section 4, we will prove the convergence 
and establish the convergence rate of the global solution to the original nonlinear VMB 
system to the solution to the nonlinear NSMF system.

2. Spectral analysis

In this section, we will study the spectral analysis of the linear VMB operator Aϵ(ξ)
defined in (2.10). From the system (1.6)--(1.10), we have the following linearized VMB 
system for fϵ and Uϵ = (gϵ, Eϵ, Bϵ)T :

{︄
ϵ2∂tfϵ = Bϵfϵ, t > 0,

fϵ(0, x, v) = f0(x, v),
(2.1)

and
⎧⎪⎪⎨
⎪⎪⎩
ϵ2∂tUϵ = AϵUϵ, t > 0,

∇x ·Eϵ = (gϵ, χ0), ∇x ·Bϵ = 0,

Uϵ(0, x, v) = U0(x, v) = (g0, E0, B0),

(2.2)

where

Bϵ = L− ϵv · ∇x, (2.3)
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Aϵ =

⎛
⎜⎝L1 − ϵv · ∇x ϵvχ0 0

−ϵPm 0 ϵ2∇x×
0 −ϵ2∇x× 0

⎞
⎟⎠ (2.4)

with Pmh = (h, vχ0) for any h ∈ L2(R3
v).

Taking Fourier transform to (2.1) and (2.2) in x yields
{︄
ϵ2∂tf̂ϵ = Bϵ(ξ)f̂ϵ, t > 0,

f̂ϵ(0, ξ, v) = f̂0(ξ, v),
(2.5)

and ⎧⎪⎪⎨
⎪⎪⎩
ϵ2∂tÛϵ = Aϵ(ξ)Ûϵ, t > 0,

iξ · Êϵ = (ĝϵ, χ0), iξ · B̂ϵ = 0,

Ûϵ(0, ξ, v) = Û0(ξ, v) = (ĝ0, Ê0, B̂0),

(2.6)

where

Bϵ(ξ) = L− iϵv · ξ, (2.7)

Aϵ(ξ) =

⎛
⎜⎝L1 − iϵv · ξ ϵvχ0 0

−ϵPm 0 iϵ2ξ×
0 −iϵ2ξ× 0

⎞
⎟⎠ . (2.8)

By the identity X = (X ·y)y−y×y×X for any X ∈ R3 and y ∈ S2, we can transform 
the system (2.6) to a new system for V̂ϵ = (ĝϵ, ω × Êϵ, ω × B̂ϵ) with ω = ξ/|ξ| as

{︄
∂tV̂ϵ = Ãϵ(ξ)V̂ϵ, t > 0,

V̂ϵ(0, ξ, v) = V̂0(ξ, v) = (ĝ0, ω × Ê0, ω × B̂0),
(2.9)

with

Ãϵ(ξ) =

⎛
⎜⎝ B̃ϵ(ξ) −ϵvχ0 · ω× 0

−ϵω × Pm 0 iϵ2ξ×
0 −iϵ2ξ× 0

⎞
⎟⎠ . (2.10)

Here, for ξ ̸= 0,

B̃ϵ(ξ) = L1 − iϵv · ξ − iϵ
v · ξ
|ξ|2 Pd. (2.11)

Remark 2.1. The eigenvalues of the operator Aϵ(ξ) are same as those of Ãϵ(ξ), and the 
eigenfunctions of Aϵ(ξ) can be obtained as linear combinations of those for Ãϵ(ξ). In 
fact, let β be an eigenvalue with the corresponding eigenvector denoted by 𝒰 = (ϕ,E,B)
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of Ãϵ(ξ). Then U = (ϕ,−i ξ
|ξ|2 (ϕ, χ0)− ξ

|ξ| ×E,− ξ
|ξ| ×B) is the corresponding eigenvector 

with the eigenvalue β for Aϵ(ξ).

2.1. Spectrum structure of Aϵ(ξ)

2.1.1. Spectrum structure
As usual, we denote a weighted Hilbert space L2

ξ(R3) for ξ ̸= 0 as

L2
ξ(R3) = {f ∈ L2(R3) | ∥f∥ξ =

√︂
(f, f)ξ < ∞},

with the inner product defined by

(f, g)ξ = (f, g) + 1 
|ξ|2 (Pdf, Pdg).

For any fixed ξ ̸= 0, we define a subspace of C3 by

C3
ξ = {y ∈ C3 | y · ξ = 0}.

For any vectors U = (f,E1, B1), V = (g,E2, B2) ∈ L2
ξ(R3

v) × C3 × C3, a weighted 
inner product with the corresponding norm is defined by

(U, V )ξ = (f, g)ξ + (E1, E2) + (B1, B2), ∥U∥ξ =
√︂

(U,U)ξ.

Another L2 inner product and norm is denoted by

(U, V ) = (f, g) + (E1, E2) + (B1, B2), ∥U∥ =
√︁

(U,U).

Since Pd is a self-adjoint projection operator, it follows that (Pdf, Pdg) = (Pdf, g) =
(f, Pdg) and hence

(f, g)ξ = (f, g + 1 
|ξ|2Pdg) = (f + 1 

|ξ|2Pdf, g). (2.12)

By (2.12), we have for any f, g ∈ L2
ξ(R3

v) ∩D(B̃ϵ(ξ)),

(B̃ϵ(ξ)f, g)ξ = (B̃ϵ(ξ)f, g + 1 
|ξ|2Pdg) = (f, B̃ϵ(−ξ)g)ξ. (2.13)

Moreover, B̃ϵ(ξ) is a dissipate operator in L2
ξ(R3):

Re(B̃ϵ(ξ)f, f)ξ = (L1f, f) ≤ 0. (2.14)
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Note that B̃ϵ(ξ) is a linear operator from the space L2
ξ(R3) to itself, and for y ∈ C3

ξ ,

ξ

|ξ| ×
ξ

|ξ| × y = −y. (2.15)

Hence, L2
ξ(R3

v) × C3
ξ × C3

ξ is an invariant subspace of the operator Ãϵ(ξ). Thus, Ãϵ(ξ)
can be regarded as a linear operator on L2

ξ(R3
v) × C3

ξ × C3
ξ and it satisfies for any 

U = (g,X, Y ) ∈ L2
ξ(R3

v) ×C3
ξ ×C3

ξ that

Re(Ãϵ(ξ)U,U)ξ = (L1g, g) ≤ 0. (2.16)

Denote the spectrum of the operator A by σ(A). The essential spectrum of A, denoted 
by σess(A), is the set {λ ∈ C | λ−A is not a Fredholm operator} (cf. [24]). The discrete 
spectrum of A, denoted by σd(A), is the set σ(A) \ σess(A) which consists of all isolated 
eigenvalues with finite multiplicity. And ρ(A) denotes its resolvent set.

We first have the following lemma about Ãϵ(ξ).

Lemma 2.2. The operator Ãϵ(ξ) generates a strongly continuous contraction semigroup 
on L2

ξ(R3) ×C3
ξ ×C3

ξ , which satisfies

∥etÃϵ(ξ)U∥ξ ≤ ∥U∥ξ, ∀ t > 0, U ∈ L2
ξ(R3

v) ×C3
ξ ×C3

ξ .

Moreover, ρ(Ãϵ(ξ)) ⊃ {λ ∈ C | Reλ > 0}.

Proof. We first show that both Ãϵ(ξ) and Ã∗
ϵ (ξ) are dissipative operators on L2

ξ(R3
v) ×

C3
ξ ×C3

ξ . By (2.13), for any U, V ∈ D(B̃ϵ(ξ)) ×C3
ξ ×C3

ξ it holds that

(Ãϵ(ξ)U, V )ξ = (U, Ã∗
ϵ (ξ)V )ξ,

where

Ã∗
ϵ (ξ) =

⎛
⎜⎝ B̃ϵ(−ξ) ϵvχ0 · ω× 0

ϵω × Pm 0 −iϵ2ξ×
0 iϵ2ξ× 0

⎞
⎟⎠ . (2.17)

By (2.16), both Ãϵ(ξ) and Ã∗
ϵ (ξ) are dissipative, namely,

Re(Ãϵ(ξ)U,U)ξ = Re(Ã∗
ϵ (ξ)U,U)ξ = (L1g, g) ≤ 0, ∀ U = (g,X, Y ).

Since Ãϵ(ξ) is a densely defined closed operator, it follows from Corollary 4.4 in [31] 
that the operator Ãϵ(ξ) generates a C0-contraction semigroup on L2

ξ(R3
v)×C3

ξ ×C3
ξ . In 

addition, it holds that ρ(Ãϵ(ξ)) ⊃ {λ ∈ C | Reλ > 0}. □
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Now we denote by T a linear operator on L2(R3
v) or L2

ξ(R3
v) with norms by

∥T∥ = sup 
∥f∥=1

∥Tf∥, ∥T∥ξ = sup 
∥f∥ξ=1

∥Tf∥ξ.

Obviously,

(1 + |ξ|−2)−1/2∥T∥ ≤ ∥T∥ξ ≤ (1 + |ξ|−2)1/2∥T∥. (2.18)

Set

Dϵ(ξ) = −ν(v) − iϵv · ξ, B2(ξ) =
(︄

0 iξ×
−iξ× 0

)︄
6×6

. (2.19)

Since C3
ξ ×C3

ξ is an invariant subspace of the operator B2(ξ), we can regard B2(ξ) as an 
operator on C3

ξ ×C3
ξ . Moreover, the operator λ−B2(ξ) is invertible on C3

ξ ×C3
ξ for any 

λ ̸= ±i|ξ| and satisfies (cf. [26])

∥(λ− B2(ξ))−1∥ = max 
j=±1

|λ− ji|ξ||−1. (2.20)

We now study the spectrum of Ãϵ(ξ).

Lemma 2.3. The following statements hold for all ξ ̸= 0 and ϵ ∈ [0, 1).

(1) σess(Ãϵ(ξ)) ⊂ {λ ∈ C | Reλ ≤ −ν0} and σ(Ãϵ(ξ)) ∩ {λ ∈ C | − ν0 < Reλ ≤ 0} ⊂
σd(Ãϵ(ξ)).

(2) If λ is an eigenvalue of Ãϵ(ξ), then Reλ < 0 for any ϵ ̸= 0 and λ = 0 if and only if 
ϵ = 0.

Proof. We decompose Ãϵ(ξ) into

Ãϵ(ξ) = G1
ϵ(ξ) + G2

ϵ(ξ), (2.21)

where

G1
ϵ(ξ) =

⎛
⎜⎝Dϵ(ξ) 0 0

0 0 iϵ2ξ×
0 −iϵ2ξ× 0

⎞
⎟⎠ , (2.22)

G2
ϵ(ξ) =

⎛
⎜⎝K1 − iϵ v·ξ 

|ξ|2Pd −ϵvχ0 · ω× 0
−ϵω × Pm 0 0

0 0 0

⎞
⎟⎠ . (2.23)
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By (2.20) and (1.17), the operator λ − G1
ϵ(ξ) is invertible on L2

ξ(R3
v) × C3

ξ × C3
ξ for 

Reλ > −ν0 and λ ̸= ±iϵ2|ξ|, and it satisfies

(λ−G1
ϵ(ξ))−1 =

(︄
(λ−Dϵ(ξ))−1 0

0 (λ− ϵ2B2(ξ))−1

)︄
7×7

.

Since G2
ϵ(ξ) is a compact operator on L2

ξ(R3
v) ×C3

ξ ×C3
ξ for any fixed ξ ̸= 0, Ãϵ(ξ) is a 

compact perturbation of G1
ϵ(ξ). Hence, it follows from Weyl’s Theorem (Theorem 5.35 

in [24]) that

σess(Ãϵ(ξ)) = σess(G1
ϵ(ξ)) = R(Dϵ(ξ)) ⊂ {λ ∈ C | Reλ ≤ −ν0}.

Thus the spectrum of Ãϵ(ξ) in the domain Reλ > −ν0 consists of discrete eigenvalues 
with possible accumulation points only on the line Reλ = −ν0. This and Lemma 2.2
prove the part (1).

We claim that for any λ ∈ σd(Ãϵ(ξ)) in the region Reλ > −ν0, it holds that Reλ < 0
for ϵ ̸= 0. Indeed, set ξ = sω and let U = (f,E,B) ∈ L2

ξ(R3
v)×C3

ξ×C3
ξ be the eigenvector 

corresponding to the eigenvalue λ so that⎧⎪⎨
⎪⎩

λf = L1f − iϵs(v · ω)(f + 1 
s2Pdf) − ϵvχ0 · (ω × E),

λE = −ϵω × (f, vχ0) + iϵ2ξ ×B,

λB = −iϵ2ξ ×E.

(2.24)

Taking the inner product (2.24)1 with f + 1 
s2Pdf , we have

Reλ
(︁
∥f∥2

ξ + |E|2 + |B|2
)︁

= (L1f, f) ≤ 0,

which implies Reλ ≤ 0.
Furthermore, if there exists an eigenvalue λ with Reλ = 0, then it follows from the 

above that (L1f, f) = 0, namely, f = C0
√
M ∈ N1. Substitute this into (2.24), we obtain

λC0
√
M = −iϵ(v · ω)

(︂
s + 1

s 

)︂
C0χ0 − ϵvχ0 · (ω × E),

which implies that C0 ̸= 0 and ω × E ̸= 0 unless ϵ = 0 and λ = 0. When ϵ ̸= 0, it holds 
that C0 = 0 and ω × E = 0 and hence f = 0 and E = 0. Substitute this into (2.24), we 
obtain B ≡ 0. This is a contradiction and thus it holds Reλ < 0 for ϵ ̸= 0. This proves 
the part (2) and then it completes the proof of the lemma. □

We now consider the spectrum and resolvent sets of Ãϵ(ξ) for ϵ|ξ| large. For Reλ > −ν0
and λ ̸= ±iϵ2|ξ|, we decompose λ− Ãϵ(ξ) into

λ− Ãϵ(ξ) = λ−G1
ϵ(ξ) −G2

ϵ(ξ)

=
(︁
I −G2

ϵ(ξ)(λ−G1
ϵ(ξ))−1)︁ (︁λ−G1

ϵ(ξ)
)︁
, (2.25)
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where G1
ϵ(ξ) and G2

ϵ(ξ) are defined by (2.22) and (2.23) respectively. A direct computa
tion shows that

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

G2
ϵ(ξ)(λ−G1

ϵ(ξ))−1 =
(︄
X1

ϵ (λ, ξ) X2
ϵ (λ, ξ)

X3
ϵ (λ, ξ) 0

)︄
7×7

,

X1
ϵ (λ, ξ) =

(︃
K1 − iϵ

v · ξ
|ξ|2 Pd

)︃
(λ−Dϵ(ξ))−1,

X2
ϵ (λ, ξ) = (ϵvχ0 · ω×, 01×3)1×6 (λ− ϵ2B2(ξ))−1,

X3
ϵ (λ, ξ) =

(︄
−ϵω × Pm(λ−Dϵ(ξ))−1

03×1

)︄
6×1

.

(2.26)

Then, we have the estimates on the terms on the right hand side of (2.26) as follows.

Lemma 2.4. The following estimates hold.

(1) For any δ > 0, if Reλ ≥ −ν0 + δ, then we have

∥K1(λ−Dϵ(ξ))−1∥ ≤ Cδ−
1
2 (1 + ϵ|ξ|)− 1

2 . (2.27)

(2) For any δ > 0, τ0 > 0, if Reλ ≥ −ν0 + δ and ϵ|ξ| ≤ τ0, then we have

∥K1(λ−Dϵ(ξ))−1∥ ≤ Cδ−1(1 + τ0)
1
2 (1 + |Imλ|)− 1

2 . (2.28)

(3) For any δ > 0, if Reλ ≥ −ν0 + δ, then we have

∥Pm(λ−Dϵ(ξ))−1∥ ≤ Cδ−
1
2 (1 + ϵ|ξ|)− 1

2 , (2.29)

∥Pm(λ−Dϵ(ξ))−1∥ ≤ C(δ−1 + 1)(1 + ϵ|ξ|)|λ|−1. (2.30)

(4) For any δ > 0, if Reλ ≥ −ν0 + δ, then we have

∥(v · ξ)|ξ|−2Pd(λ−Dϵ(ξ))−1∥ ≤ Cδ−1|ξ|−1, (2.31)

∥(v · ξ)|ξ|−2Pd(λ−Dϵ(ξ))−1∥ ≤ C(δ−1 + 1)(|ξ|−1 + 1)|λ|−1. (2.32)

Proof. The estimates (2.29)--(2.32) are proved in Lemma 3.5 of [26]. Thus, we only prove 
(2.27) and (2.28) in the following. Let λ = x + iy with (x, y) ∈ R×R. Then

∥K1(λ−Dϵ(ξ))−1f∥2

=
∫︂
R3

⃓⃓⃓
⃓⃓⃓ ∫︂
R3

k1(v, u)(ν(u) + λ + iϵu · ξ)−1f(u)du

⃓⃓⃓
⃓⃓⃓
2

dv
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≤
∫︂
R3

⎛
⎝ ∫︂

R3

k1(v, u) 1 
|ν(u) + λ + iϵu · ξ|2 du

⎞
⎠
⎛
⎝ ∫︂

R3

k1(v, u)|f(u)|2du

⎞
⎠ dv

≤C sup 
v∈R3

∫︂
R3

k1(v, u) 1 
(ν(u) + x)2 + (y + ϵu · ξ)2 du∥f∥

2. (2.33)

From (1.16), one has

|k1(v, u)| ≤ C
1 

|v̄ − ū|e
− |v−u|2

8 , ū = (u2, u3). (2.34)

Let O be a rotation in R3 satisfying OT ξ = (|ξ|, 0, 0). By changing variables v → Ov, 
u → Ou, we obtain from (2.33) and (2.34) that for δ = ν0 + x > 0,

∥K1(λ−Dϵ(ξ))−1f∥2

≤C sup 
v∈R3

∫︂
R3

k1(v, u) 1 
(ν(u) + x)2 + (y + ϵu1|ξ|)2

du∥f∥2

≤C sup 
v∈R3

∫︂
R 

1 
(ν0 + x)2 + (y + ϵu1|ξ|)2

du1

∫︂
R2

1 
|v̄ − ū|e

− |v̄−ū|2
8 dū∥f∥2

≤C
1 
ϵ|ξ|

∫︂
R 

1 
(ν0 + x)2 + u2

1
du1∥f∥2 ≤ Cδ−1(ϵ|ξ|)−1∥f∥2.

This gives (2.27).
For (2.28), we first decompose

∥K1(λ−Dϵ(ξ))−1f∥2 ≤ 2
∫︂
R3

⃓⃓⃓
⃓⃓⃓
⃓

∫︂
|u|≤R

k1(v, u)(ν(u) + λ + iϵu · ξ)−1f(u)du

⃓⃓⃓
⃓⃓⃓
⃓
2

dv

+ 2
∫︂
R3

⃓⃓⃓
⃓⃓⃓
⃓

∫︂
|u|≥R

k1(v, u)(ν(u) + λ + iϵu · ξ)−1f(u)du

⃓⃓⃓
⃓⃓⃓
⃓
2

dv

=: I1 + I2. (2.35)

For I1, it holds that

I1 ≤C sup 
v∈R3

∫︂
|u|≤R

k1(v, u) 1 
(ν(u) + x)2 + (y + ϵu1|ξ|)2

du∥f∥2

≤C sup 
v∈R3

R∫︂
−R

1 
(ν0 + x)2 + (y + ϵu1|ξ|)2

du1

R∫︂
−R

R∫︂
−R

k1(v, u)dū∥f∥2
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≤C

R∫︂
−R

1 
(ν0 + x)2 + (y + ϵu1|ξ|)2

du1∥f∥2.

If ϵ|ξ| ≤ τ0, |u| ≤ R and |y| ≥ 2τ0R, we have

|y + ϵu1|ξ|| ≥ |y| − τ0R ≥ |y|
2 
.

Thus

I1 ≤ C

R∫︂
−R

1 
δ2 + y2 du1∥f∥2 = C

1 
δ2 + y2R∥f∥2. (2.36)

For I2, since
∫︂
R3

k1(v, u)du ≤ C(1 + |v|)−1,

we obtain

I2 ≤
∫︂
R3

⎛
⎜⎝ ∫︂

|u|≥R

k1(v, u)δ−2du

⎞
⎟⎠
⎛
⎜⎝ ∫︂

|u|≥R

k(v, u)|f(u)|2du

⎞
⎟⎠ dv

≤Cδ−2
∫︂

|u|≥R

⎛
⎝ ∫︂

R3

k1(v, u)dv

⎞
⎠ |f(u)|2du

≤Cδ−2
∫︂

|u|≥R

(1 + |u|)−1|f(u)|2du ≤ Cδ−2R−1∥f∥2. (2.37)

By choosing R = |y|/max{2, 2τ0}, (2.28) follows from (2.35)--(2.37). And this completes 
the proof of the lemma. □

We now state a lemma from [26].

Lemma 2.5 ([26]). Let K1,K4 be the operators on the space X and Y , and K2,K3 be 
the operators Y → X and X → Y respectively. Let K be a matrix operator on X × Y

defined by

K =
(︄
K1 K2
K3 K4

)︄
.

If the norms of K1,K2,K3 and K4 satisfy
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∥K1∥ < 1, ∥K4∥ < 1, ∥K2∥∥K3∥ < (1 − ∥K1∥)(1 − ∥K4∥),

then the operator I + K is invertible on X × Y .

By Lemmas 2.4 and 2.5, we have the following lemma about the spectrum structure 
of the operator Ãϵ(ξ) for ϵ|ξ| being large.

Lemma 2.6. Fixed ϵ ∈ (0, 1). The following statements hold.

(1) For any δ > 0, there exists R1 = R1(δ) > 0 such that for ϵ|ξ| > R1,

σ(Ãϵ(ξ)) ∩ {λ ∈ C | Reλ ≥ −ν0

2 
} ⊂

∑︂
j=±1

{λ ∈ C | |λ− ϵ2ji|ξ|| ≤ ϵ2δ}. (2.38)

(2) For any r1 > r0 > 0, there exists α = α(r0, r1) > 0 such that for r0 ≤ ϵ|ξ| ≤ r1,

σ(Ãϵ(ξ)) ⊂ {λ ∈ C | Reλ < −α}. (2.39)

Proof. We prove (2.38) first. By Lemma 2.4, (2.26), (2.20) and (2.18), there exists R1 =
R1(δ) > 0 such that for Reλ ≥ −ν0/2, |λ− ϵ2ji|ξ|| > ϵ2δ and ϵ|ξ| > R1,

∥X1
ϵ (λ, ξ)∥ξ ≤ 1/2, ∥X2

ϵ (λ, ξ)∥ ≤ ϵ−1δ−1, ∥X3
ϵ (λ, ξ)∥ ≤ ϵδ/4.

This and Lemma 2.5 imply that the operator I − G2
ϵ(ξ)(λ − G1

ϵ(ξ))−1 is invertible on 
L2
ξ(R3

v) ×C3
ξ ×C3

ξ and thus λ− Ãϵ(ξ) is invertible on L2
ξ(R3

v) ×C3
ξ ×C3

ξ and satisfies

(λ− Ãϵ(ξ))−1 =
(︁
λ−G1

ϵ(ξ)
)︁−1 (︁

I −G2
ϵ(ξ)(λ−G1

ϵ(ξ))−1)︁−1
.

Therefore, it holds that for ϵ|ξ| > R1,

ρ(Ãϵ(ξ)) ⊃ {λ ∈ C | min 
j=±1

|λ− ϵ2ji|ξ|| > ϵ2δ, Reλ ≥ −ν0

2 
}, (2.40)

which implies (2.38).
Next, we turn to prove (2.39). By Lemma 2.4, (2.20) and (2.18), there exists y1 =

y1(r0, r1) > 0 large enough such that for Reλ ≥ −ν0/2, |Imλ| > y1 and r0 ≤ ϵ|ξ| ≤ r1,

∥X1
ϵ (λ, ξ)∥ξ ≤ 1/6, ∥X2

ϵ (λ, ξ)∥ ≤ 1/6, ∥X3
ϵ (λ, ξ)∥ ≤ 1/6.

This implies that the operator I−G2
ϵ(ξ)(λ−G1

ϵ(ξ))−1 is invertible on L2
ξ(R3

v)×C3
ξ ×C3

ξ , 
which together with (2.25) yield that λ − Ãϵ(ξ) is also invertible on L2

ξ(R3
v) × C3

ξ × C3
ξ

when Reλ ≥ −ν0/2, |Imλ| > y1 and r0 ≤ ϵ|ξ| ≤ r1. Hence, for r0 ≤ ϵ|ξ| ≤ r1 we have

σ(Ãϵ(ξ)) ∩ {λ ∈ C | Reλ ≥ −ν0

2 
} ⊂ {λ ∈ C | Reλ ≥ −ν0

2 
, |Imλ| ≤ y1}. (2.41)
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By (2.41), it is sufficient to prove (2.39) holds for |Imλ| ≤ y1. We prove this by 
contradiction. If it does not hold, then there exists a sequence of {(ξn, λn, Un)} satisfying 
ϵ|ξn| ∈ [r0, r1], Un = (fn, En, Bn) ∈ L2

ξn
(R3)×C3

ξn
×C3

ξn
with ∥Un∥ξn = 1, and λnUn =

Ãϵ(ξn)Un with |Imλn| ≤ y1 and Reλn → 0 as n → ∞. That is,

⎧⎪⎨
⎪⎩

λnfn = (L1 − iϵv · ξn − iϵ v·ξn
|ξn|2Pd)fn − ϵvχ0 · (ωn × En),

λnEn = −ϵωn × (fn, vχ0) + iϵ2ξn ×Bn,

λnBn = −iϵ2ξn ×En.

Rewrite the first equation as

(λn + ν + iϵv · ξn)fn = K1fn − iϵ
v · ξn
|ξn|2

Pdfn − ϵvχ0 · (ωn ×En).

Since K1 is a compact operator on L2(R3), there exists a subsequence {fnj
} of {fn} and 

g1 ∈ L2(R3) such that

K1fnj
→ g1 as j → ∞.

By using the fact that ϵ|ξn| ∈ [r0, r1] and Pdfn = Cn
0
√
M with |Cn

0 |2 + |En|2 + |Bn|2 ≤ 1, 
there exists a subsequence of (still denoted by) {(ξnj

, fnj
, Enj

, Bnj
)}, and (ξ0, C0, E0, B0)

with ϵ|ξ0| ∈ [r0, r1] and |C0|2 + |E0|2 + |B0|2 ≤ 1 such that (ξnj
, C

nj

0 , Enj
, Bnj

) →
(ξ0, C0, E0, B0) as j → ∞. In particular,

v · ξnj

|ξnj
|2 Pdfnj

→ v · ξ0
|ξ0|2

C0
√
M =: g2, 

ξnj

|ξnj
| ×Enj

→ ξ0
|ξ0|

× E0 =: Y0 as j → ∞.

Since |Imλn| ≤ y1 and Reλn → 0, we can extract a subsequence of (still denoted by) 
{λnj

} such that λnj
→ λ0 with Reλ0 = 0. Then

lim 
j→∞

fnj
= lim 

j→∞

g1 − ϵg2 − ϵ(v · Y0)χ0

λnj
+ ν + iϵ(v · ξnj

) = g1 − ϵg2 − ϵ(v · Y0)χ0

λ0 + ν + iϵ(v · ξ0) 
=: f0 in L2.

It follows that Ãϵ(ξ0)U0 = λ0U0 with U0 = (f0, E0, B0) ∈ L2
ξ0

(R3) × C3
ξ0

× C3
ξ0

and λ0
is an eigenvalue of Ãϵ(ξ0) with Reλ0 = 0. This contradicts to the fact that Reλ < 0 for 
ϵ ̸= 0 as stated in Lemma 2.3. Thus, the proof the lemma is completed. □

We now investigate the spectrum and resolvent sets of Ãϵ(ξ) for ϵ(1+ |ξ|) small. Based 
on macro-micro decomposition, we can split B̃ϵ(ξ) into

⎧⎪⎨
⎪⎩

B̃ϵ(ξ) = Qϵ(ξ) + ϵB3(ξ),
Qϵ(ξ) = L1 − iϵPr(v · ξ)Pr,

B3(ξ) = iPd(v · ξ)Pr + i(1 + 1 
|ξ|2 )Pr(v · ξ)Pd.

(2.42)
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Thus, we can decompose λ− Ãϵ(ξ) into

λ− Ãϵ(ξ) = λ−G3
ϵ(ξ) −G4

ϵ(ξ), (2.43)

where

G3
ϵ(ξ) =

⎛
⎜⎝Qϵ(ξ) 0 0

0 0 iϵ2ξ×
0 −iϵ2ξ× 0

⎞
⎟⎠ , (2.44)

G4
ϵ(ξ) =

⎛
⎜⎝ ϵB3(ξ) −ϵvχ0 · ω× 0

−ϵω × Pm 0 0
0 0 0

⎞
⎟⎠ . (2.45)

Lemma 2.7. Let ξ ̸= 0 and Qϵ(ξ) defined by (2.42). We have

(1) If λ ̸= 0, then
⃦⃦⃦
⃦λ−1

(︃
1 + 1 

|ξ|2
)︃
Pr(v · ξ)Pd

⃦⃦⃦
⃦
ξ

≤ C(|ξ| + 1)|λ|−1. (2.46)

(2) If Reλ > −μ, then the operator λPr −Qϵ(ξ) is invertible on N⊥
1 and satisfies

∥(λPr −Qϵ(ξ))−1∥ ≤ (Reλ + μ)−1, (2.47)

∥Pd(v · ξ)(λPr −Qϵ(ξ))−1Pr∥ξ ≤ C(Reλ + μ)−1(1 + |ξ|)[1 + (1 + ϵ|ξ|)−1|λ|]−1,

(2.48)

∥Pm(λPr −Qϵ(ξ))−1Pr∥ ≤ C(Reλ + μ)−1[1 + (1 + ϵ|ξ|)−1|λ|]−1. (2.49)

Proof. The estimates (2.46) and (2.47) are proved in Lemma 3.5 of [25]. By (2.47) and 
the fact that ∥Pd(v · ξ)Prf∥ξ ≤ C(|ξ| + 1)∥Prf∥, we have

∥Pd(v · ξ)(λPr −Qϵ(ξ))−1Prf∥ξ ≤ C(|ξ| + 1)(Reλ + μ)−1∥Prf∥. (2.50)

We now decompose the operator Pd(v · ξ)(λPr −Qϵ(ξ))−1Pr as

Pd(v · ξ)(λPr −Qϵ(ξ))−1Pr = 1 
λ
Pd(v · ξ)Pr + 1 

λ
Pd(v · ξ)Qϵ(ξ)(λPr −Qϵ(ξ))−1Pr.

This together with (2.47) and the fact that ∥Pd(v ·ξ)Qϵ(ξ)f∥ξ ≤ C(|ξ|+1)(1+ϵ|ξ|)∥Prf∥
give

∥Pd(v · ξ)(λPr −Qϵ(ξ))−1Prf∥ξ ≤ C(|ξ|+ 1)(1 + ϵ|ξ|)|λ|−1[(Reλ+μ)−1 + 1]∥f∥. (2.51)

The combination of the two cases (2.50) and (2.51) yields (2.48). (2.49) can be proved 
similarly. This completes the proof of the lemma. □
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Lemma 2.8. For fixed ϵ ∈ (0, 1), the following holds.

(1) For any δ > 0, there are two constants r1 = r1(δ), y1 = y1(δ) > 0 such that for all 
|ξ| ̸= 0,

ρ(Ãϵ(ξ)) ⊃

⎧⎪⎨
⎪⎩
{λ ∈ C | Reλ ≥ −ν0

2 
, |λ± ϵ2i|ξ|| ≥ ϵ2δ} ∪C+, ϵ|ξ| ≥ r1;

{λ ∈ C | Reλ ≥ −μ

2 
, |Imλ| ≥ y1} ∪C+, ϵ|ξ| ≤ r1,

(2.52)

where C+ = {λ ∈ C | Reλ > 0}.
(2) For any δ > 0, there exists r0 = r0(δ) > 0 such that for ϵ(1 + |ξ|) ≤ r0,

σ(Ãϵ(ξ)) ∩ {λ ∈ C | Reλ ≥ −μ

2 
} ⊂ {λ ∈ C | |λ| ≤ δ}. (2.53)

Proof. By (2.40), there exists r1 = r1(δ) > 0 such that the first part of (2.52) holds. 
Thus, we only need to prove the second part of (2.52). By Lemma 2.7, we have for 
Reλ > −μ and λ ̸= 0 that the operator λ−Qϵ(ξ) = λPd + λPr −Qϵ(ξ) is invertible on 
L2
ξ(R3

v) and it satisfies

(λ−Qϵ(ξ))−1 = λ−1Pd + (λPr −Qϵ(ξ))−1Pr.

Here, we have used the fact that the operator λPd is orthogonal to λPr−Qϵ(ξ). Thus, for 
Reλ ≥ −μ/2 and λ ̸= 0,±ϵ2i|ξ|, the operator λ−G3

ϵ(ξ) is invertible on L2
ξ(R3

v)×C3
ξ ×C3

ξ

and satisfies

(λ−G3
ϵ(ξ))−1 =

(︄
λ−1Pd + (λPr −Qϵ(ξ))−1Pr 0

0 (λ− ϵ2B2(ξ))−1

)︄
7×7

.

Therefore, we can rewrite (2.43) as

λ− Ãϵ(ξ) =
(︁
I −G4

ϵ(ξ)(λ−G3
ϵ(ξ))−1)︁ (︁λ−G3

ϵ(ξ)
)︁
,

where

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

G4
ϵ(ξ)(λ−G3

ϵ(ξ))−1 =
(︄
X4

ϵ (λ, ξ) X2
ϵ (λ, ξ)

X5
ϵ (λ, ξ) 0

)︄
7×7

,

X4
ϵ (λ, ξ) = iϵPd(v · ξ)(λPr −Qϵ(ξ))−1Pr + iϵλ−1

(︃
1 + 1 

|ξ|2
)︃
Pr(v · ξ)Pd,

X5
ϵ (λ, ξ) =

(︄
−ϵω × Pm(λPr −Qϵ(ξ))−1Pr

03×1

)︄
6×1

.

(2.54)
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For ϵ|ξ| ≤ r1, by (2.26), (2.54) and (2.46)--(2.49) we can choose y1 = y1(r1) > 0 such 
that it holds for Reλ ≥ −μ/2 and |Imλ| ≥ y1 that

∥X4
ϵ (λ, ξ)∥ξ + ∥X2

ϵ (λ, ξ)∥ + ∥X5
ϵ (λ, ξ)∥ ≤ 1/2. (2.55)

This implies that the operator I−G4
ϵ (ξ)(λ−G3

ϵ(ξ))−1 is invertible on L2
ξ(R3

v)×C3
ξ ×C3

ξ

and thus λ− Ãϵ(ξ) is invertible on L2
ξ(R3

v) ×C3
ξ ×C3

ξ and it satisfies

(λ− Ãϵ(ξ))−1 =
(︁
λ−G3

ϵ(ξ)
)︁−1 (︁

I −G4
ϵ(ξ)(λ−G3

ϵ(ξ))−1)︁−1
.

Therefore, ρ(Ãϵ(ξ)) ⊃ {λ ∈ C | Reλ ≥ −μ/2, |Imλ| ≥ y1} for ϵ|ξ| ≤ r1. This and 
Lemma 2.2 prove (2.52).

Assume that |λ| > δ and Reλ ≥ −μ/2. Then, by (2.46)--(2.49) we can choose r0 =
r0(δ) > 0 small enough so that (2.55) still holds for ϵ(1+ |ξ|) ≤ r0. This implies that the 
operator λ − Ãϵ(ξ) is invertible on L2

ξ(R3) × C3
ξ × C3

ξ . Therefore, we have ρ(Ãϵ(ξ)) ⊃
{λ ∈ C | |λ| > δ,Reλ ≥ −μ/2} for ϵ(1+ |ξ|) ≤ r0, which gives (2.53). And this completes 
the proof of the lemma. □
2.1.2. Eigenvalues in ϵ(1 + |ξ|) ≤ r0

Now we prove the existence and establish the asymptotic expansions of the eigenvalues 
of Ãϵ(ξ) for ϵ(1+|ξ|) being small. In terms of (2.10), the eigenvalue problem Ãϵ(ξ)U = λU

for U = (f,X, Y ) ∈ L2
ξ(R3

v) ×C3
ξ ×C3

ξ can be written as

λf =
(︃
L1 − iϵv · ξ − iϵ

v · ξ
|ξ|2 Pd

)︃
f − ϵvχ0 · (ω ×X), (2.56)

λX = −ϵω × (f, vχ0) + iϵ2ξ × Y, (2.57)

λY = −iϵ2ξ ×X, |ξ| ̸= 0.

We rewrite f in the form of f = f0 + f1, where f0 = Pdf = C0
√
M and f1 =

(I − Pd)f = Prf . Then (2.56) gives

λf0 = −iϵPd(v · ξ)(f0 + f1), (2.58)

λf1 = L1f1 − iϵPr(v · ξ)(f0 + f1) − iϵ
v · ξ
|ξ|2 f0 − ϵvχ0 · (ω ×X). (2.59)

By Lemma 2.7 and (2.59), the microscopic part f1 can be represented by

f1 = iϵR(λ, ϵξ)(v · ξ)
(︃

1 + 1 
|ξ|2

)︃
f0 + ϵR(λ, ϵξ)vχ0 · (ω ×X), Reλ > −μ, (2.60)

where

R(λ, ξ) = (L1 − λ− iPr(v · ξ))−1.
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Substituting (2.60) into (2.58) and (2.57), we obtain the eigenvalue problem for 
(λ,C0, X, Y ) as

λC0 =ϵ2(1 + |ξ|−2)(R(λ, ϵξ)(v · ξ)χ0, (v · ξ)χ0)C0

− iϵ2(R(λ, ϵξ)vχ0 · (ω ×X), (v · ξ)χ0), (2.61)

λX = − iϵ2ω × (1 + |ξ|−2)(R(λ, ϵξ)(v · ξ)χ0, vχ0)C0

− ϵ2ω × (R(λ, ϵξ)vχ0 · (ω ×X), vχ0) + iϵ2ξ × Y, (2.62)

λY = − iϵ2ξ ×X. (2.63)

Let O be a rotation in R3 satisfying OT ξ = (|ξ|, 0, 0). By changing variable v → Ov

and using the rotational invariance of the operator L1, we have the following transfor
mation:

(R(λ, ξ)χi, χj) = ωiωj(R(λ, se1)χ1, χ1) + (δij − ωiωj)(R(λ, se1)χ2, χ2), (2.64)

where e1 = (1, 0, 0), ξ = sω with s = |ξ|, ω ∈ S2.
Substituting (2.64) into (2.61) and (2.62), we obtain

λC0 =ϵ2(1 + s2)(R(λ, ϵse1)χ1, χ1)C0, (2.65)

λX =ϵ2(R(λ, ϵse1)χ2, χ2)X + iϵ2ξ × Y. (2.66)

Multiplying (2.66) by λ and using (2.63) and (2.15), we obtain

(λ2 − ϵ2(R(λ, ϵse1)χ2, χ2)λ + ϵ4s2)X = 0.

Denote

D0(z, s, ϵ) =: z − (1 + s2)(R(ϵ2z, ϵs)χ1, χ1), (2.67)

D1(z, s, ϵ) =: z2 − (R(ϵ2z, ϵs)χ2, χ2)z + s2. (2.68)

The eigenvalues λ = ϵ2z can be obtained by solving D0(z, s, ϵ) = 0 and D1(z, s, ϵ) = 0. 
The following two lemmas are about the solutions to the equations D0(z, s, ϵ) = 0 and 
D1(z, s, ϵ) = 0 respectively.

Lemma 2.9. There are two constants r0, r1 > 0 such that the equation D0(z, s, ϵ) = 0
has a unique solution z = z0(s, ϵ): I → J0 for I = {(s, ϵ) ∈ R2 | ϵ(1 + |s|) ≤ r0} and 
J0 = {z ∈ C | |z + η(1 + s2)| ≤ r1(1 + s2)}, which is a C∞ function of s, ϵ and satisfies

z0(s, 0) = −η(1 + s2), ∂ϵz0(s, 0) = 0, (2.69)

where η > 0 is a constant given by (1.26). In particular, z0(s, ϵ) satisfies the following 
expansion for ϵ(1 + |s|) ≤ r0:
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z0(s, ϵ) = −η(1 + s2) + O(ϵ2(1 + s2)2). (2.70)

Proof. By (2.67), the equation

D0(z, s, 0) = z + η(1 + s2) = 0 (2.71)

has a unique solution b0(s) = −η(1 + s2).
For any fixed s and ϵ, we define

D(z, s, ϵ) = (1 + s2)R11(ϵ2z, ϵs),

where R11(x, y) = ((L1 − x − iyPrv1)−1χ1, χ1). It is straightforward to check that for 
any fixed s and ϵ, a solution of D0(z, s, ϵ) = 0 is a fixed point of D(z, s, ϵ).

Since R11(x, y) is smooth for (x, y) ∈ C ×R and satisfies

{︄
∂1R11(0, 0) = (L−2

1 χ1, χ1) > 0,

∂2R11(0, 0) = i(v1L
−1
1 χ1, L

−1χ1) = 0,
(2.72)

it follows that

|D(z, s, ϵ) − b0(s)| = (1 + s2)
⃓⃓⃓
R11(ϵ2z, ϵs) −R11(0, 0)

⃓⃓⃓
≤ C(1 + s2)(|ϵ2z| + ϵ2s2) ≤ r1(1 + s2),

|D(z1, s, ϵ) −D(z2, s, ϵ)| ≤ Cϵ2(1 + s2)|z1 − z2| ≤
1
2 |z1 − z2|,

for |z − b0(s)| ≤ r1(1 + s2) and ϵ(1 + |s|) ≤ r0 with r0, r1 > 0 being sufficiently small.
Hence, by the contraction mapping theorem, there exists a unique fixed point z0(s, ϵ) :

I → J0 such that D(z0(s, ϵ), s, ϵ) = z0(s, ϵ) for (s, ϵ) ∈ I and z0(s, 0) = b0(s). This is 
equivalent to D0(z(s, ϵ), s, ϵ) = 0. Since D0(z, s, ϵ) is C∞ with respect to z ∈ J0 and 
(s, ϵ) ∈ I, it follows that z0(s, ϵ) is a C∞ function with respect to (s, ϵ) ∈ I. In particular, 
we obtain

∂zD0(z, s, 0) = 1, ∂ϵD0(z, s, 0) = −(1 + s2)s∂2R11(0, 0) = 0,

which gives

∂ϵz0(s, 0) = −∂ϵD0(b0(s), s, 0) 
∂zD0(b0(s), s, 0) = 0. (2.73)

Combining (2.71) and (2.73) yields (2.69).
For (2.70), by (2.72), we can obtain that for |z−b0(s)| ≤ r1(1+s2) and ϵ(1+ |s|) ≤ r0,

R11(ϵ2z, ϵs) = −η + O(1)(ϵ2|z| + ϵ2s2).
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Thus

z0(s, ϵ) = (1 + s2)R11(ϵ2z0(s, ϵ), ϵs)

= −η(1 + s2) + O(1)[ϵ2(|z0(s, ϵ)| + s2)(1 + s2)]

= −η(1 + s2) + O(ϵ2(1 + s2)2), ϵ(1 + |s|) ≤ r0.

Hence, the proof of the lemma is completed. □
Lemma 2.10. There are small constants r0, r1 > 0 such that the equation D1(z, s, ϵ) = 0
has two continuous solutions zj = zj(s, ϵ) : I → J1, j = ±1 for I = {(s, ϵ) ∈ R2 | ϵ(1 +
|s|) ≤ r0} and J1 = {z ∈ C | |z − bj(s)| ≤ r1|bj(s)|}. In particular, zj(s, ϵ) are C∞

functions in s, ϵ for ϵ(1 + |s|) ≤ r0 and |η2 − 4s2| ≥ r0, which satisfy

zj(s, 0) = bj(s), ∂ϵzj(s, 0) = 0, j = ±1, (2.74)

where

bj(s) = −η

2 
+ j

√︁
η2 − 4s2

2 
.

Moreover, zj(s, ϵ) satisfies the following expansion for ϵ(1 + |s|) ≤ r0:

zj(s, ϵ) = bj(s) +
{︄

O(ϵ2|bj(s)|), |η2 − 4s2| ≥ r0,

O(ϵ), |η2 − 4s2| < r0.
(2.75)

In addition, there exists a continuous real function ϑ0(ϵ) : (−r0, r0) → B(η/2, r1) such 
that z1(s, ϵ) = z−1(s, ϵ) if and only if (s, ϵ) = (ϑ0(ϵ), ϵ) and ϑ0(0) = η/2.

Proof. By (2.68) and noting that η = −(L−1
1 χ2, χ2), the equation

D1(z, s, 0) = z2 + ηz + s2 = 0

has two solutions bj(s) = −η/2 + j
√︁
η2 − 4s2/2 for j = ±1.

For any fixed s and ϵ, we define

Gj(z, s, ϵ) = 1
2

(︂
R22(ϵ2z, ϵs) + j

√︁
R22(ϵ2z, ϵs)2 − 4s2

)︂
, j = −1, 1, (2.76)

where R22(x, y) = ((L1 − x − iyPrv1)−1χ2, χ2). It is straightforward to check that for 
any fixed s and ϵ, a solution of D1(z, s, ϵ) = 0 is a fixed point of Gj(z, s, ϵ). We consider 
the existence of the solutions of D1(z, s, ϵ) = 0 for two case: (s, ϵ) ∈ I1 and (s, ϵ) ∈ I2
with
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I1 =
{︁
(s, ϵ) | ϵ(1 + |s|) ≤ r0, |η2 − 4s2| ≥ r0

}︁
,

I2 =
{︁
(s, ϵ) | ϵ(1 + |s|) ≤ r0, |η2 − 4s2| ≤ r0

}︁
.

First, we will study the existence of the solutions of D1(z, s, ϵ) = 0 for (s, ϵ) ∈ I1. 
Since R22(x, y) is smooth for (x, y) ∈ C ×R and satisfies

{︄
∂1R22(0, 0) = (L−2

1 χ2, χ2) > 0,

∂2R22(0, 0) = i(v1L
−1
1 χ2, L

−1
1 χ2) = 0,

(2.77)

it follows that for ϵ2|z| ≤ r0 and ϵ|s| ≤ r0 with r0 ≪ 1,

R22(ϵ2z, ϵs) = −η + O(1)(ϵ2|z| + ϵ2s2). (2.78)

Thus, it holds that for |z − bj(s)| ≤ r1|bj(s)|, ϵ(1 + |s|) ≤ r0 and |η2 − 4s2| ≥ r0 with 
r0, r1 ≪ 1,

|R22(ϵ2z, ϵs)2 − 4s2| ≥ |η2 − 4s2| − Cϵ2|z| − Cϵ2|s|2 ≥ 1
2r0. (2.79)

From (2.76)--(2.79), we obtain that for |z − bj(s)| ≤ r1|bj(s)|, ϵ(1 + |s|) ≤ r0 and 
|η2 − 4s2| ≥ r0 with r0, r1 ≪ 1,

|Gj(z, s, ϵ) − bj(s)| ≤
1
2
⃓⃓
R22(ϵ2z, ϵs) −R22(0, 0)

⃓⃓
+ |R22(ϵ2z, ϵs)2 −R22(0, 0)2| 

2|
√︁

R22(ϵ2z, ϵs)2 − 4s2| + 2|
√︁

R22(0, 0)2 − 4s2|
≤ Cϵ2(|z| + s2) ≤ r1|bj(s)|,

|Gj(z1, s, ϵ) −Gj(z2, s, ϵ)| ≤
1
2
⃓⃓
R22(ϵ2z1, ϵs) −R22(ϵ2z2, ϵs)

⃓⃓
+ |R22(ϵ2z, ϵs)2 −R22(ϵ2z1, ϵs)2| 

2|
√︁

R22(ϵ2z, ϵs)2 − 4s2| + 2|
√︁

R22(ϵ2z1, ϵs)2 − 4s2|

≤ Cϵ2|z1 − z2| ≤
1
2 |z1 − z2|.

Hence by contraction mapping theorem, there exists a unique fixed point zj(s, ϵ) : I1 →
J1, j = ±1 such that Gj(zj(s, ϵ), s, ϵ) = zj(s, ϵ) for (s, ϵ) ∈ I1 and zj(s, 0) = bj(s). 
This is equivalent to D1(zj(s, ϵ), s, ϵ) = 0. Since Gj(z, s, ϵ) is C∞ with respect to z ∈ J1
and (s, ϵ) ∈ I1, it follows that zj(s, ϵ) is a C∞ function with respect to (s, ϵ) ∈ I1. In 
particular, it holds that

∂zD1(z, s, 0) = 2z − η, ∂ϵD1(z, s, 0) = 0,

which leads to
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∂ϵzj(s, 0) = ∂ϵD1(bj(s), s, 0) 
∂zD1(bj(s), s, 0) = 0, 2|s| ̸= η.

Thus, we obtain (2.74). By (2.78), we obtain that for (s, ϵ) ∈ I1,

2zj(s, ϵ) = R22(ϵ2zj(s, ϵ), ϵs) + j
√︂
R22(ϵ2zj(s, ϵ), ϵs)2 − 4s2

= −η + O(1)(ϵ2|zj(s, ϵ)| + ϵ2s2) + j
√︁

η2 − 4s2

+ O(1)(ϵ2|zj(s, ϵ)| + ϵ2s2)/
√︁

η2 − 4s2

= 2bj(s) + O

(︄
ϵ2(|bj(s)| + s2)√︁

η2 − 4s2

)︄
, j = −1, 1, (2.80)

which gives (2.75) for |η2 − 4s2| ≥ r0.
Next, we will study the existence of the solutions of D1(z, s, ϵ) = 0 for (s, ϵ) ∈ I2. For 

any z, z1, z2 ∈ J1 and (s, ϵ) ∈ I2, we obtain

|Gj(z, s, ϵ) − bj(s)| ≤
1
2
⃓⃓
R22(ϵ2z, ϵs) −R22(0, 0)

⃓⃓
+ 1

2
√︁
|R22(ϵ2z, ϵs)2 −R22(0, 0)2|

≤ Cϵ
√︁
|z| + Cϵ|s|, (2.81)

|Gj(z1, s, ϵ) −Gj(z2, s, ϵ)| ≤
1
2
⃓⃓
R22(ϵ2z1, ϵs) −R22(ϵ2z2, ϵs)

⃓⃓
+ 1

2
√︁
|R22(ϵ2z1, ϵs)2 −R22(ϵ2z2, ϵs)2|

≤ Cϵ
√︁
|z1 − z2|, (2.82)

where we have used the inequality |√x − √
y| ≤

√︁
|x− y|. This implies that for any 

fixed (s, ϵ) ∈ I2, Gj(z, s, ϵ) is a continuous mapping in z ∈ J1. Hence by Brouwer fixed 
point theorem, there exists at least a fixed point zj(s, ϵ) : I2 → J1, j = ±1 such that 
Gj(zj(s, ϵ), s, ϵ) = zj(s, ϵ) for (s, ϵ) ∈ I2 and zj(s, 0) = bj(s). This is equivalent to 
D1(zj(s, ϵ), s, ϵ) = 0. Moreover, by (2.81) and (2.82), zj(s, ϵ) is a continuous function 
with respect to (s, ϵ) ∈ I2 and satisfies

2zj(s, ϵ) = 2bj(s) + O(1)(ϵ
√︂
|zj(s, ϵ)| + ϵ|s|) = 2bj(s) + O(ϵ), j = −1, 1,

which gives (2.75) for |η2 − 4s2| ≤ r0.
We claim that there are at most two different solutions zj = zj(s, ϵ), j = ±1 of the 

equation D1(z, s, ϵ) = 0 for (s, ϵ) ∈ I2. Indeed, it is easy to check that D1(z, s, ϵ) is C∞

with respect to (z, s, ϵ) ∈ C2 × (−1, 1) and satisfies

D1(−η/2, η/2, 0) = 0, ∂sD1(−η/2, η/2, 0) = η.
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Thus by the implicit function theorem, there exists a unique C∞ function s(z, ϵ) : (z, ϵ) ∈
B(−η/2, r0)×(−r0, r0) → B(η/2, r1) such that D1(z, s(z, ϵ), ϵ) = 0 and s(−η/2, 0) = η/2, 
where B(x, r) is a ball in C given by

B(x, r) = {y ∈ C | |y − x| < r}, (x, r) ∈ C ×R+.

In particular, it holds that

∂zD1(−η/2, η/2, 0) = 0, ∂zzD1(−η/2, η/2, 0) = 2,

which gives

∂zs(−η/2, 0) = 0, ∂zzs(−η/2, 0) = −2/η.

Moreover, if s(z, ϵ) is real, then z must be a solution of D1(z, s, ϵ) = 0.
If there are three different solution zj = zj(s, ϵ), j = 1, 2, 3 of D1(zj , s, ϵ) = 0 for 

(s, ϵ) ∈ I2, then there exists a point (s, ϵ) ∈ B(η/2, r0) × (−r0, r0) such that z1(s, ϵ) ̸=
z2(s, ϵ) ̸= z3(s, ϵ) ∈ B(−η/2, r0). Thus, there exists a function s(z, ϵ) defined as above 
satisfies that s(z1, ϵ) = s(z2, ϵ) = s(z3, ϵ). By mean value theorem, there exist z4, z5 ∈
B(−η/2, r0) such that ∂zs(z4, ϵ) = ∂zs(z5, ϵ), and then there exist z6 ∈ B(−η/2, r0) such 
that ∂zzs(z6, ϵ) = 0. This is a contradiction to ∂zzs(−η/2, 0) = −2/η. Thus, the equation 
D1(z, s, ϵ) = 0 admits exactly two continuous solutions zj(s, ϵ) : I2 → J1 for j = ±1.

Furthermore, it is straightforward to check that z1(s, ϵ) = z−1(s, ϵ) if and only if

z±1 = 1
2R22(ϵ2z±1, ϵs), R22(ϵ2z±1, ϵs)2 − 4s2 = 0,

which is equivalent to

z±1 = −s, R22(−ϵ2s, ϵs) + 2s = 0, s > 0.

Denote D2(s, ϵ) = R22(−ϵ2s, ϵs) + 2s with (s, ϵ) ∈ C × (−1, 1). It holds that

D2(η/2, 0) = 0, ∂sD2(η/2, 0) = 2.

By the implicit function theorem, there exist small constants r0, r1 > 0 such that the 
equation D2(s, ϵ) = 0 has a unique solution s = ϑ0(ϵ) : (−r0, r0) → B(η/2, r1). Since 
D2(s, ϵ) = D2(s, ϵ), it follows that ϑ0(ϵ) = ϑ0(ϵ). Thus, the solutions z1(s, ϵ) = z−1(s, ϵ)
if and only if s = ϑ0(ϵ) and ϵ ∈ (−r0, r0). This proves the lemma. □

With Lemmas 2.9 and 2.10, we have the following lemma about the eigenvalue λj(|ξ|, ϵ)
and the corresponding eigenfunction 𝒰j(ξ, ϵ) of the operator Ãϵ(ξ) for ϵ(1 + |ξ|) ≤ r0.
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Lemma 2.11. (1) There exists a small constant r0 > 0 such that σ(Ãϵ(ξ))∩{λ ∈ C | Reλ >

−μ/2} consists of five points {λj(s, ϵ), j = 0, 1, 2, 3, 4} for ϵ(1 + |s|) ≤ r0 and s = |ξ|. 
The eigenvalues λj(s, ϵ) are C∞ functions of s and ϵ, and admit the following asymptotic 
expansions for ϵ(1 + |s|) ≤ r0:

λ0(s, ϵ) = ϵ2b0(s) + O(ϵ4(1 + s2)2), (2.83)

λk(s, ϵ) = ϵ2bk(s) +
{︄

O(ϵ4|bk(s)|), |η2 − 4s2| ≥ r0,

O(ϵ3), |η2 − 4s2| < r0,
(2.84)

where k = 1, 2, 3, 4, λ1 = λ2 and λ3 = λ4, and

⎧⎪⎪⎨
⎪⎪⎩
b0 = −η(1 + s2), b1 = b2 = −η

2 
−

√︁
η2 − 4s2

2 
,

b3 = b4 = −η

2 
+

√︁
η2 − 4s2

2 
.

(2.85)

Moreover, λ1(s, ϵ) = λ3(s, ϵ) if and only if (s, ϵ) = (ϑ0(ϵ), ϵ) with ϑ0(ϵ) being a real 
continuous function given in Lemma 2.10.

(2) The eigenfunctions 𝒰j(ξ, ϵ) = (uj(ξ, ϵ), Xj(ξ, ϵ), Yj(ξ, ϵ)), j = 0, 1, 2, 3, 4 are C∞

in s and ϵ, and satisfy for ϵ(1 + |s|) ≤ r0 and (s, ϵ) ̸= (ϑ0(ϵ), ϵ):

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(𝒰i,𝒰∗
j )ξ =: (ui, uj)ξ − (Xi, Xj) − (Yi, Yj) = δij , 0 ≤ i, j ≤ 4,

u0 = Pdu0 + Pru0, (X0, Y0) ≡ (0, 0),

Pdu0 = s √
1 + s2

[︁
1 + O(ϵ2(1 + s2))

]︁
χ0,

Pru0 = iϵ
√︁

1 + s2L−1
1 (v · ω)χ0 + O(ϵ2(1 + s2)),

uk = ϵλkΘk√︁
λ1λ3 − λ2

k

[︁
L−1

1 (v · ek)χ0 + O(ϵ(1 + |s|))
]︁
,

(Xk, Yk) = λkΘk√︁
λ1λ3 − λ2

k

(︃
ω × ek,

iϵ2sek
λk

)︃
, k = 1, 2, 3, 4,

(2.86)

where 𝒰∗
j = (uj ,−Xj ,−Yj), and ek, k = 1, 2, 3, 4 are normal vectors satisfying e1 = e3, 

e2 = e4, and ek · ω = e1 · e2 = 0, and

Θk = 1 +
{︄

O(ϵ2), |η2 − 4s2| ≥ r0,

O(ϵ), |η2 − 4s2| < r0.
(2.87)

Proof. The eigenvalue λj(s, ϵ) and the eigenfunction 𝒰j(ξ, ϵ) for j = 0, 1, 2, 3, 4 can 
be constructed as follows. For j = 0, we take λ0 = ϵ2z0(s, ϵ) with z0(s, ϵ) being the 
solution of the equation D0(z, s, ϵ) = 0 given in Lemma 2.9, and choose X = Y = 0 in 
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(2.61)--(2.63). And the corresponding eigenfunction 𝒰0(ξ, ϵ) = (u0(ξ, ϵ), X0(ξ, ϵ), Y0(ξ, ϵ))
is defined by
⎧⎪⎨
⎪⎩

u0(ξ, ϵ) = a0(s, ϵ)χ0 + iϵ

(︃
s + 1

s 

)︃
a0(s, ϵ)(L1 − λ0 − iϵsPr(v · ω))−1(v · ω)χ0,

X0(ξ, ϵ) = Y0(ξ, ϵ) ≡ 0,
(2.88)

where a0(s, ϵ) is a complex value function determined later.
For j = 1, 2, 3, 4, we take λ1 = λ2 = ϵ2z−1(s, ϵ) and λ3 = λ4 = ϵ2z1(s, ϵ) with z±1(s, ϵ)

being the solution of the equation D1(z, s, ϵ) = 0 given in Lemma 2.10, and choose 
C0 = 0 in (2.61)--(2.63). Then we define the corresponding eigenfunction 𝒰j(ξ, ϵ) =
(uj(ξ, ϵ), Xj(ξ, ϵ), Yj(ξ, ϵ)) by

⎧⎪⎨
⎪⎩

uj(ξ, ϵ) = ϵaj(s, ϵ)(L1 − λj − iϵsPr(v · ω))−1(v · ej)χ0,

Xj(ξ, ϵ) = aj(s, ϵ)ω × ej , Yj(ξ, ϵ) = i
ϵ2saj(s, ϵ)
λj(s, ϵ) 

ej ,
(2.89)

where ej , j = 1, 2, 3, 4 are normal vectors satisfying e1 = e3, e2 = e4 and ek · ω =
e1 · e2 = 0, and aj(s, ϵ) is a complex value function determined later. It’s easy to verify 
that (𝒰1,𝒰∗

2 )ξ = (𝒰3,𝒰∗
4 )ξ = 0, where 𝒰∗

j = (uj ,−Xj ,−Yj) is the eigenvector of Ã∗
ϵ (ξ)

corresponding to the eigenvalue λj(s, ϵ).
Rewrite the eigenvalue problem as

Ãϵ(ξ)𝒰j(ξ, ϵ) = λj(s, ϵ)𝒰j(ξ, ϵ), j = 0, 1, 2, 3, 4.

Taking the inner product (·, ·)ξ of the above equation with 𝒰∗
k (ξ, ϵ) and using the facts 

that

(Ãϵ(ξ)U, V )ξ = (U, Ã∗
ϵ (ξ)V )ξ, U, V ∈ D(Ãϵ(ξ)),

Ã∗
ϵ (ξ)𝒰∗

j (ξ, ϵ) = λj(s, ϵ)𝒰∗
j (ξ, ϵ),

we have

(λj(s, ϵ) − λk(s, ϵ))(𝒰j(ξ, ϵ),𝒰∗
k (ξ, ϵ))ξ = 0, 0 ≤ j, k ≤ 4.

For ϵ(1 + |s|) ≤ r0 and (s, ϵ) ̸= (ϑ0(ϵ), ϵ), we have λj(s, ϵ) ̸= λk(s, ϵ) for j, k ∈ {0, 1, 3}
and j ̸= k. Thus,

(𝒰j(ξ, ϵ),𝒰∗
k (ξ, ϵ))ξ = 0, 0 ≤ j ̸= k ≤ 4.

We can normalize 𝒰j(ξ, ϵ) by taking

(︁
𝒰j(ξ, ϵ),𝒰∗

j (s, ϵ)
)︁
ξ

= 1, 0 ≤ j ≤ 4.
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The coefficients aj(s, ϵ), 0 ≤ j ≤ 4 satisfy the normalization conditions (𝒰j ,𝒰∗
j )ξ = 1

as

a0(s, ϵ)2
(︃

1 + 1 
s2 + ϵ2

(︃
s + 1

s 

)︃2

D0(s, ϵ)
)︃

= 1, (2.90)

ak(s, ϵ)2
(︃
− 1 + ϵ4s2

λk(s, ϵ)2
+ ϵ2Dkk(s, ϵ)

)︃
= 1, k = 1, 2, 3, 4, (2.91)

where

D0(s, ϵ) = (R(λ0, ϵse1)χ1, R(λ0,−ϵse1)χ1),

Djk(s, ϵ) = (R(λj , ϵse1)χ2, R(λk,−ϵse1)χ2), j, k = 1, 2, 3, 4.

Substituting (2.83) into (2.90), we obtain

a0(s, ϵ) = s √
1 + s2

(︂
1 + ϵ2(1 + s2)D0(s, ϵ)

)︂− 1
2

= s √
1 + s2

[︁
1 + O(ϵ2(1 + s2))

]︁
. (2.92)

Due to the fact that λ1 = λ2 and λ3 = λ4, we have a1 = a2 and a3 = a4. Note that

(𝒰1(ξ, ϵ),𝒰∗
3 (s, ϵ))ξ = 0 =⇒ −1 + ϵ4s2

λ1λ3
+ ϵ2D13(s, ϵ) = 0.

Thus, it follows that for λ1 ̸= λ3,

−1 + ϵ4s2

λ2
1

+ ϵ2D11 = ϵ4s2

λ2
1

− ϵ4s2

λ1λ3
+ ϵ2(D11 −D13)

= ϵ4s2

λ2
1λ3

(λ3 − λ1) + ϵ2D113(λ3 − λ1)

= λ3 − λ1

λ1

(︃
ϵ4s2

λ1λ3
+ ϵ2λ1D113

)︃
, (2.93)

where

Dijk(s, ϵ) = (R(λi, ϵs)χ2, R(λj ,−ϵs)R(λk,−ϵs)χ2).

Similarly,

−1 + ϵ4s2

λ2
3

+ ϵ2D33 = λ1 − λ3

λ3

(︃
ϵ4s2

λ1λ3
+ ϵ2λ3D313

)︃
. (2.94)

Thus, it follows from (2.91), (2.93) and (2.94) that
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ak(s, ϵ) = λk√︁
λ1λ3 − λ2

k

(︃
ϵ4s2

λ1λ3
+ ϵ2λkDk13

)︃− 1
2

, k = 1, 3. (2.95)

Let

Θk =
(︃

ϵ4s2

λ1λ3
+ ϵ2λkDk13

)︃− 1
2

, k = 1, 2, 3, 4. (2.96)

By (2.84), it holds for |η2 − 4s2| ≥ r0 that

Θk =
(︃

s2

(b1 + O(ϵ2|b1|))(b3 + O(ϵ2|b3|))
+ ϵ4bkDk13

)︃− 1
2

=
(︃

1 + 1 
b1
O(ϵ2|b1|) + 1 

b3
O(ϵ2|b3|) + O(ϵ4|bk|)

)︃− 1
2

= 1 + O(ϵ2), (2.97)

and for |η2 − 4s2| ≤ r0 it holds that

Θk =
(︃

s2

(b1 + O(ϵ))(b3 + O(ϵ)) + ϵ4bkDk13

)︃− 1
2

=
(︃

1 + 1 
b1
O(ϵ) + 1 

b3
O(ϵ) + O(ϵ4|bk|)

)︃− 1
2

= 1 + O(ϵ). (2.98)

By combining (2.88), (2.89), (2.92), (2.97) and (2.98), and using the fact that

R(λj , ϵs) = L−1
1 + λjR(λj , ϵs)L−1

1 + iϵsR(λj , ϵs)(v · ω)L−1
1

= L−1
1 + O(ϵ2|bk| + ϵ|s|),

we obtain the expansion of 𝒰j(ξ, ϵ) given in (2.86). This completes the proof of the 
lemma. □
2.1.3. Eigenvalues in ϵ|ξ| ≥ r1

We now turn to study the asymptotic expansions of the eigenvalues and eigenvectors 
in the high frequency regime. Firstly, recalling the eigenvalue problem

λf = B̃ϵ(ξ)f − ϵvχ0 · (ω ×X), (2.99)

λX = −ϵω × (f, vχ0) + iϵ2ξ × Y, (2.100)

λY = −iϵ2ξ ×X, |ξ| ̸= 0. (2.101)
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By Lemma 2.4, there exists a large constant R0 > 0 such that the operator λ− B̃ϵ(ξ)
is invertible on L2

ξ(R3) for Reλ ≥ −ν0/2 and ϵ|ξ| > R0. Then it follows from (2.99) that

f = ϵ(B̃ϵ(ξ) − λ)−1vχ0 · (ω ×X), ϵ|ξ| > R0. (2.102)

By a similar argument as (2.64), it holds that

(︁
(B̃ϵ(ξ) − λ)−1χi, χj

)︁
=ωiωj

(︁
(B̃ϵ(se1) − λ)−1χ1, χ1

)︁
+ (δij − ωiωj)

(︁
(B̃ϵ(se1) − λ)−1χ2, χ2

)︁
, (2.103)

where e1 = (1, 0, 0), s = |ξ| and ω = ξ/|ξ|. Substituting (2.102) and (2.103) into (2.100)
gives

λX = ϵ2((B̃ϵ(se1) − λ)−1χ2, χ2)X + iϵ2ξ × Y, ϵs > R0. (2.104)

By multiplying (2.104) by λ and using (2.101), we obtain

(︁
λ2 − ϵ2((B̃ϵ(se1) − λ)−1χ2, χ2)λ + ϵ4s2)︁X = 0, ϵs > R0.

Denote

D2(z, s, ϵ) = z2 − ((B̃ϵ(se1) − ϵ2z)−1χ2, χ2)z + s2, ϵs > R0. (2.105)

The eigenvalues λ = ϵ2z can be obtained by solving D(z, s, ϵ) = 0. Firstly, similar to 
Lemma 2.4, we can prove the following lemma.

Lemma 2.12. For ϵ ∈ (0, 1) and any δ > 0, if Reλ ≥ −ν0 + δ, then

∥(λ−Dϵ(ξ))−1K1∥ ≤ Cδ−
1
2 (1 + ϵ|ξ|)− 1

2 , (2.106)

∥(λ−Dϵ(ξ))−1χj∥ ≤ Cδ−
1
2 (1 + ϵ|ξ|)− 1

2 , (2.107)

where j = 0, 1, 2, 3, 4. Furthermore, there exists a sufficiently large R0 > 0 such that 
λ− B̃ϵ(ξ) is invertible for Reλ ≥ −ν0 + δ and ϵ|ξ| > R0, and

∥(λ− B̃ϵ(ξ))−1χj∥ ≤ Cδ−
1
2 (1 + ϵ|ξ|)− 1

2 . (2.108)

We now study the equation (2.105) as follows.

Lemma 2.13. There exists a large constant r1 > 0 such that the equation D2(z, s, ϵ) = 0
has two solutions zj(s, ϵ) = jis + yj(s, ϵ), j = ±1 for ϵs > r1, where yj(s, ϵ) is a C∞

function in s and ϵ for ϵs > r1 satisfying

C1

ϵs 
≤ −Reyj(s, ϵ) ≤

C2

ϵs 
, |Imyj(s, ϵ)| ≤ C3

ln ϵs

ϵs 
, (2.109)
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where C1, C2, C3 > 0 are some constants.

Proof. For any fixed (s, ϵ) satisfying ϵs > R0, we define a function of z as

Gj(z, s, ϵ) = 1
2

(︂
R0(z, s, ϵ) + j

√︁
R0(z, s, ϵ)2 − 4s2

)︂
, j = ±1, ϵ|s| > R0,

where R0(z, s, ϵ) = ((B̃ϵ(se1)−ϵ2z)−1χ2, χ2). It is straightforward to check that a solution 
of D2(z, s, ϵ) = 0 for any fixed s, ϵ is a fixed point of Gj(z, s, ϵ).

By (2.108), when R1 > 0 is large enough and δ > 0 is small enough, it holds for 
ϵs > R1 and z, z1, z2 ∈ B(jis, δ) that

|Gj(z, s, ϵ) − jis| ≤ 1
2 |R0(z, s, ϵ)| +

|R0(z, s, ϵ)2| 
2|
√︁
R0(z, s, ϵ)2 − 4s2 + 2is|

≤ δ, (2.110)

|Gj(z1, s, ϵ) −Gj(z2, s, ϵ)| ≤
1
2 |R0(z1, s, ϵ) −R0(z2, s, ϵ)|

+ |R0(z1, s, ϵ)2 −R0(z2, s, ϵ)2| 
2|
√︁
R0(z1, s, ϵ)2 − 4s2| + 2|

√︁
R0(z2, s, ϵ)2 − 4s2|

≤ Cϵ2|z1 − z2|
(︃

1 + 1
s 

)︃
≤ 1

2 |z1 − z2|.

Thus, by the contraction mapping theorem, there is a unique function zj(s, ϵ) satisfying 
that zj(s, ϵ) = Gj(z, s, ϵ), namely, zj(s, ϵ) is the solution of D2(z, s, ϵ) = 0. Set yj(s, ϵ) =
zj(s, ϵ) − jis. By (2.110) and (2.108), we have

|yj(s, ϵ)| ≤ C|R0(zj , s, ϵ)|
(︃

1 + 1
s 

)︃
≤ C|ϵs|− 1

2 → 0, ϵ|s| → ∞. (2.111)

We now turn to prove (2.109). We obtain from (2.76) that

yj(s, ϵ) = 1
2Rj(yj , s, ϵ) + 1

2
jRj(yj , s, ϵ)2√︁

Rj(yj , s, ϵ)2 − 4s2 + 2is
=: I1 + I2, (2.112)

where

Rj(yj , s, ϵ) = R0(zj , s, ϵ) = ((B̃ϵ(se1) − ϵ2jis− ϵ2yj)−1χ2, χ2).

First, we estimate I1. For this, we decompose

−
(︂
L1 − i(v1 + jϵ)ϵs− iϵ

v1

s 
Pd − ϵ2yj

)︂−1
= Xj(s, ϵ) + Zj(s, ϵ), (2.113)

where
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⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Xj(s, ϵ) = (ν(v) + i(v1 + jϵ)ϵs)−1,

Zj(s, ϵ) = (I − Yj(s, ϵ))−1Yj(s, ϵ)Xj(s, ϵ),

Yj(s, ϵ) = Xj(s, ϵ)
(︂
K1 − iϵ

v1

s 
Pd − ϵ2yj

)︂
.

(2.114)

By (2.113), we divide I1 into

I1 = − (Xj(s, ϵ)χ2, χ2) − (Zj(s, ϵ)χ2, χ2) =: I3 + I4. (2.115)

It holds that

I3 = −
∫︂
R3

ν

ν2 + (v1 ± ϵ)2ϵ2s2 v
2
2Mdv − i

∫︂
R3

(v1 ± ϵ)ϵs 
ν2 + (v1 ± ϵ)2ϵ2s2 v

2
2Mdv

= − ReI3 − iImI3. (2.116)

By changing variable (u1, u2, u3) = ((v1 ± ϵ)ϵs, v2, v3), we obtain for ϵs > 1 that

ReI3 ≤ C

∫︂
R3

1 
ν2
0 + (v1 ± ϵ)2ϵ2s2 e

− |v|2
4 dv

≤ C

ϵs

∫︂
R3

1 
ν2
0 + u2

1
e−

1
4 (u1

ϵs ∓ϵ)2e−
u2
2+u2

3
4 du

≤ C

ϵs

∫︂
R3

1 
ν2
0 + u2

1
e−

u2
1
4 du1 ≤ C1

ϵs 
, (2.117)

ReI3 ≥
∫︂
R3

ν0

ν2
1(1 + |v|2) + (v1 ± ϵ)2ϵ2s2 v

2
2Mdv

≥ 1 
ϵs

∫︂
R3

ν0

ν2
1(1 + (u1

ϵs ∓ ϵ)2 + u2
2 + u2

3) + u2
1
u2

2e
− 1

2 (u1
ϵs ∓ϵ)2e−

u2
2+u2

3
2 du

≥ C

ϵs

∫︂
R3

1 
ν2
1(3 + u2

1 + u2
2 + u2

3) + u2
1
u2

2e
−u2

1+u2
2+u2

3
2 du ≥ C2

ϵs 
, (2.118)

and

|ImI3| ≤
C

ϵs

∫︂
R3

|u1| 
ν2
0 + u2

1
e−

1
2 (u1

s ∓ϵ)2e−
u2
2+u2

3
2 du

≤C

ϵs

ϵs ∫︂
0 

u1

ν2
0 + u2

1
du1 + C

ϵ2s2

∞ ∫︂
ϵs 

e−
1
2 (u1

ϵs ∓ϵ)2du1

≤C3
ln ϵs

ϵs 
. (2.119)
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We now consider I4. By changing variable v2 → −v2, we obtain that (Xj(s, ϵ)χ2, χ0) =
0. This together with (2.114) implies that

Zj(s, ϵ)χ2 = (I − Yj)−1Xj(K1 − ϵ2yj)Xjχ2.

Since

|k1(v, u)| ≤ C
1 

|v̄ − ū|e
− |v−u|2

8 , ū = (u2, u3),

we can obtain from (2.117) and (2.119) that

|K1X±1χ2| ≤ C

∫︂
R 

e−
|v1−u1|2

8 ν + |(u1 ± ϵ)ϵs| 
ν2
0 + |(u1 ± ϵ)ϵs|2 e

−u2
1
4 du1

∫︂
R2

1 
|v̄ − ū|e

− |v̄−ū|2
8 e−

|ū|2
4 dū

≤ Ce−
|v|2
8 

∫︂
R 

1 + |(u1 ± ϵ)ϵs| 
ν2
0 + |(u1 ± ϵ)ϵs|2 e

−u2
1
8 du1 ≤ C

ln ϵs

ϵs 
e−

|v|2
8 .

This and (2.117) lead to

∥X±1K1X±1χ2∥2 ≤ C
ln2 ϵs

ϵ2s2

∫︂
R3

1 
ν2
0 + (v1 ± ϵ)2ϵ2s2 e

− |v|2
4 dv ≤ C

ln2 ϵs

|ϵs|3 . (2.120)

By (2.111) and Lemma 2.12, it holds that for ϵ|s| > R1,

∥(I − Yj(s, ϵ))−1∥ ≤ 2, j = ±1. (2.121)

Thus, it follows from (2.111), (2.117), (2.120) and (2.121) that

|I4| ≤
⃓⃓(︁
Xj(K1 − ϵ2yj)Xjχ2, (I − Y ∗

j )−1χ2
)︁⃓⃓

≤C(∥XjK1Xjχ2∥ + ϵ2|yj |∥X2
j χ2∥) ≤ C|ϵs|− 3

2 ln |ϵs|. (2.122)

Next, we estimate I2 as follows:

|I2| ≤
C

s 
|Rj(yj , s, ϵ)|2 ≤ C

s 
|I1|2 ≤ C

ln2 ϵs

ϵ2s3 . (2.123)

Combining (2.115)--(2.119), (2.122) and (2.123), we obtain (2.109). The proof of the 
lemma is then completed. □

With Lemma 2.13, we have the following lemma about the eigenvalues βj(|ξ|, ϵ) and 
the corresponding eigenvectors 𝒱j(ξ, ϵ) of the operator Ãϵ(ξ) for ϵ|ξ| ≥ r1.
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Lemma 2.14. (1) There exists a constant r1 > 0 such that the spectrum σ(Ãϵ(ξ)) ∩ {λ ∈
C | Reλ > −μ/2} consists of four eigenvalues {βj(s, ϵ), j = 1, 2, 3, 4} for ϵs > r1 and 
s = |ξ|. In particular, the eigenvalues βj(s, ϵ) are C∞ functions in s and ϵ and satisfy 
the following expansion for ϵs > r1:

{︄
β1(s, ϵ) = β2(s, ϵ) = −ϵ2is + ϵ2ζ−1(s, ϵ),

β3(s, ϵ) = β4(s, ϵ) = ϵ2is + ϵ2ζ1(s, ϵ),
(2.124)

where ζ±1(s, ϵ) is a C∞ function in s and ϵ for ϵs > r1 satisfying

C1

ϵs 
≤ −Reζ±1(s, ϵ) ≤

C2

ϵs 
, |Imζ±1(s, ϵ)| ≤ C3

ln ϵs

ϵs 
, (2.125)

with positive constants C1, C2 and C3.
(2) The eigenvectors 𝒱j(ξ, ϵ) = (wj(ξ, ϵ), Xj(ξ, ϵ), Yj(ξ, ϵ)), j = 1, 2, 3, 4 are C∞ in s

and ϵ, and satisfy for ϵs > r1:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(𝒱i,𝒱∗
j ) = (wi, wj) − (Xi, Xj) − (Yi, Yj) = δij , 1 ≤ i, j ≤ 4,

wj(ξ, ϵ) = ϵcj(s, ϵ)
(︂
βj(s, ϵ) − L1 + iϵs(v · ω) + iϵ

v · ω
s 

Pd

)︂−1
(v · ej)χ0,

Xj(ξ, ϵ) = cj(s, ϵ)ω × ej , Yj(ξ, ϵ) = iϵ2scj(s, ϵ)
βj(s, ϵ) 

ej ,

(2.126)

where 𝒱∗
j = (wj ,−Xj ,−Yj), and ek, k = 1, 2, 3, 4 are normal vectors satisfying e1 = e3, 

e2 = e4, and ek · ω = e1 · e2 = 0, and cj(s, ϵ) are C∞ functions of s and ϵ for ϵs > r1
satisfying

cj(s, ϵ) = i
1 √
2

+ ϵ2O

(︃
1 
ϵs

)︃
+ ϵO

(︃
ln ϵs

ϵ2s2

)︃
. (2.127)

Proof. The eigenvalues βj(s, ϵ) and the eigenvectors 𝒱j(ξ, ϵ) for j = 1, 2, 3, 4 can be 
constructed as follows. We take β1 = β3 = z−1(s, ϵ) and β2 = β4 = z1(s, ϵ) to be 
the solution of the equation D2(z, s, ϵ) = 0 defined in Lemma 2.13. The corresponding 
eigenvectors 𝒱j(ξ, ϵ) = (wj(ξ, ϵ), Xj(ξ, ϵ), Yj(ξ, ϵ)), 1 ≤ j ≤ 4 are given by

⎧⎪⎪⎨
⎪⎪⎩
wj(ξ, ϵ) = ϵcj(s, ϵ)

(︂
βj(s, ϵ) − L1 + iϵs(v · ω) + iϵ

v · ω
s 

Pd

)︂−1
(v · ejχ0)

Xj(ξ, ϵ) = cj(s, ϵ)ω × ej , Yj(ξ, ϵ) = iϵ2scj(s, ϵ)
βj(s, ϵ) 

ej ,

where ej , j = 1, 2, 3, 4 are normal vectors satisfying e1 = e3, e2 = e4, and ej ·ω = e1 ·e2 =
0. It is straightforward to check that (𝒱1,𝒱∗

2 ) = (𝒱3,𝒱∗
4 ) = 0, where 𝒱∗

j = (wj ,−Xj ,−Yj)
is the eigenvector of Ã∗

ϵ (ξ) corresponding to the eigenvalue βj.
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Rewrite the eigenvalue problem as

Ãϵ(ξ)𝒱j(ξ, ϵ) = βj(s, ϵ)𝒱j(ξ, ϵ), j = 1, 2, 3, 4.

By taking the inner product (·, ·)ξ of above equation with 𝒱∗
j (s, ϵ), and by using the fact 

that

(Ãϵ(ξ)U, V )ξ = (U, Ã∗
ϵ (ξ)V )ξ, U, V ∈ D(Ãϵ(ξ)),

Ã∗
ϵ (ξ)𝒱∗

j (ξ, ϵ) = βj(s, ϵ)𝒱∗
j (ξ, ϵ),

we have

(βi(s, ϵ) − βj(s, ϵ))
(︁
𝒱i(ξ, ϵ),𝒱∗

j (ξ, ϵ)
)︁
ξ

= 0, 1 ≤ i, j ≤ 4.

Since βk(s, ϵ) ̸= βj(s, ϵ) for k = 1, 3, j = 2, 4 and Pdwj(ξ, ϵ) = 0, we have the orthogonal 
relation

(︁
𝒱k(ξ, ϵ),𝒱∗

j (ξ, ϵ)
)︁
ξ

=
(︁
𝒱k(ξ, ϵ),𝒱∗

j (ξ, ϵ)
)︁

= 0, 1 ≤ k ̸= j ≤ 4.

By normalization, we have

(︁
𝒱j(ξ, ϵ),𝒱∗

j (ξ, ϵ)
)︁

= 1, j = 1, 2, 3, 4.

Precisely, the coefficient cj(s, ϵ) is determined by the normalization condition:

cj(s, ϵ)2
(︃
−1 + ϵ4s2

βj(s, ϵ)2
+ ϵ2Dj(s, ϵ)

)︃
= 1, j = 1, 2, 3, 4,

where Dj(s, ϵ) = ((B̃ϵ(se1) − βj)−1χ2, (B̃ϵ(−se1) − βj)−1χ2). Since

β2
j (s, ϵ)
ϵ4s2 =

(︃
i + O

(︃
ln ϵs

ϵs2

)︃)︃2

= −1 + O

(︃
ϵ ln ϵs

ϵ2s2

)︃
,

Dj(s, ϵ) = O(1)∥(B̃ϵ(se1) − βj)−1χ2∥2 = O

(︃
1 
ϵs

)︃
,

it follows that

c2j (s, ϵ) = −
(︃

2 −
(︃

s2

β2
j (s, ϵ)

+ 1
)︃
− ϵ2Dj(s, ϵ)

)︃−1

= − 1
2 + O

(︃
ϵ2

ϵs

)︃
+ O

(︃
ϵ ln ϵs

ϵ2s2

)︃
.

Thus, we obtain (2.126) and (2.127) so that the proof of the theorem is completed. □
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With Lemmas 2.6, 2.8, 2.11 and 2.14, similar to Theorem 3.4 in [26], we have the 

following decomposition of the semigroup e
t 
ϵ2 Ãϵ(ξ).

Theorem 2.15. The semigroup e
t 
ϵ2 Ãϵ(ξ) with ξ ̸= 0 can be decomposed into

e
t 
ϵ2 Ãϵ(ξ)U = S1(t, ξ, ϵ)U + S2(t, ξ, ϵ)U + S3(t, ξ, ϵ)U, ∀ U ∈ L2

ξ(R3
v) ×C3

ξ ×C3
ξ ,

(2.128)

where

S1(t, ξ, ϵ)U =
4 ∑︂

j=0 
e

t 
ϵ2 λj(|ξ|,ϵ) (︁U,𝒰∗

j (ξ, ϵ)
)︁
ξ
𝒰j(ξ, ϵ)1{ϵ(1+|ξ|)≤r0}, (2.129)

S2(t, ξ, ϵ)U =
4 ∑︂

k=1

e
t 
ϵ2 βk(|ξ|,ϵ) (U,𝒱∗

k (ξ, ϵ))𝒱k(ξ, ϵ)1{ϵ|ξ|≥r1}, (2.130)

with (λj(|ξ|, ϵ),𝒰j(ξ, ϵ)) and (βk(|ξ|, ϵ),𝒱k(ξ, ϵ)) being the eigenvalue and eigenvector of 
the operator Ãϵ(ξ) for ϵ(1+ |ξ|) ≤ r0 and ϵ|ξ| ≥ r1 respectively. And S3(t, ξ, ϵ)U satisfies

∥S3(t, ξ, ϵ)U∥ξ ≤ Ce−
bt 
ϵ2 ∥U∥ξ, (2.131)

where the two constants b > 0 and C > 0 are independent of ξ and ϵ.

2.2. Spectral structure of Bϵ(ξ)

The spectrum structure of Bϵ(ξ) is now well known. We just list the results in the 
following to be self-contained.

Lemma 2.16 ([13]). The operator Bϵ(ξ) generates a strongly continuous contraction semi
group on L2(R3

v), which satisfies

∥etBϵ(ξ)f∥ ≤ ∥f∥, ∀ t > 0, f ∈ L2(R3
v).

Lemma 2.17 ([5,33]). The following statements hold.

(1) For any δ > 0 and all ξ ∈ R3, there exists y1 = y1(δ) > 0 such that

ρ(Bϵ(ξ)) ⊃ {λ ∈ C | Reλ ≥ −ν0 + δ, |Imλ| ≥ y1} ∪ {λ ∈ C | Reλ > 0}.

(2) For any r1 > 0, there exists a constant α = α(r1) > 0 such that for ϵ|ξ| ≥ r1,

σ(Bϵ(ξ)) ⊂ {λ ∈ C | Reλ < −α}.
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Theorem 2.18 ([5,33]). (1) There exists a constant r0 > 0 such that for ϵ|ξ| ≤ r0,

σ(Bϵ(ξ)) ∩ {λ ∈ C | Reλ ≥ −ν0

2 
} = {γj(|ξ|, ϵ), j = −1, 0, 1, 2, 3}.

In particular, the eigenvalues γj(|ξ|, ϵ), j = −1, 0, 1, 2, 3 are analytic functions of ϵ|ξ|
and satisfy the following expansion for ϵ|ξ| ≤ r0:

γj(|ξ|, ϵ) = iμjϵ|ξ| − ajϵ
2|ξ|2 + O

(︁
ϵ3|ξ|3

)︁
, (2.132)

where

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

μ±1 = ±
√︂

5
3 , μk = 0, k = 0, 2, 3,

aj = −(L−1P1(v · ω)hj , (v · ω)hj) > 0,
h0(ξ) =

√︂
2
5χ0 −

√︂
3
5χ4,

h±1(ξ) =
√︂

3 
10χ0 ∓

√
2

2 (v · ω)χ0 +
√︂

1
5χ4,

hk(ξ) = (v ·W k)χ0, k = 2, 3,

(2.133)

and W j (j = 2, 3) are orthonormal vectors satisfying W j · ω = 0.
(2) The corresponding eigenfunctions ψj(ξ, ϵ) = ψj(ϵ|ξ|, ω), j = −1, 0, 1, 2, 3 satisfy

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(ψi(ξ, ϵ), ψj(ξ, ϵ)) = δij , −1 ≤ i, j ≤ 3,

ψj(ξ, ϵ) = P0ψ0(ξ, ϵ) + P1ψ0(ξ, ϵ),

P0ψj(ξ, ϵ) = hj(ξ) + O(ϵ|ξ|),
P1ψj(ξ, ϵ) = iϵ|ξ|L−1P1(v · ω)hj(ξ) + O(ϵ2|ξ|2).

(2.134)

Theorem 2.19 ([5,33]). The semigroup e
t 
ϵ2 Bϵ(ξ) with ξ ∈ R3 satisfies

e
t 
ϵ2 Bϵ(ξ)f = S4(t, ξ, ϵ)f + S5(t, ξ, ϵ)f, ∀ f ∈ L2(R3

v), (2.135)

where

S4(t, ξ, ϵ)f =
3 ∑︂

j=−1
e

t 
ϵ2 γj(|ξ|,ϵ)

(︂
f, ψj(ξ, ϵ)

)︂
ψj(ξ, ϵ)1{ϵ|ξ|≤r0},

and S5(t, ξ, ϵ)f satisfies

∥S5(t, ξ, ϵ)f∥ ≤ Ce−
bt 
ϵ2 ∥f∥ (2.136)

with two constants b > 0 and C > 0 independent of ξ and ϵ.
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3. Fluid approximations

In this section, we will present the first and second order of fluid approximations to 
the semigroups e

t 
ϵ2 Aϵ and e

t 
ϵ2 Bϵ that is a key step to show the convergence of the solution 

of the VMB system to the solution of the NSMF system.
For any U0 = (g0, E0, B0) ∈ H l, set

e
t 
ϵ2 Aϵ(ξ)Û0 =

(︃
g,− iξ 

|ξ|2 (g, χ0) −
ξ

|ξ| ×X,− ξ

|ξ| × Y

)︃
, (3.1)

where

e
t 
ϵ2 Ãϵ(ξ)V̂0 = (g,X, Y ) ∈ L2

ξ(R3
v) ×C3

ξ ×C3
ξ ,

V̂0 =
(︃
ĝ0,

ξ

|ξ| × Ê0,
ξ

|ξ| × B̂0

)︃
.

For any f0 ∈ H l and any U0 = (g0, E0, B0) ∈ H l, set

⎧⎨
⎩

e
t 
ϵ2 Bϵf0 = (ℱ−1e

t 
ϵ2 Bϵ(ξ)ℱ)f0,

e
t 
ϵ2 AϵU0 = (ℱ−1e

t 
ϵ2 Aϵ(ξ)ℱ)U0.

(3.2)

Then e
t 
ϵ2 Bϵf0 and e

t 
ϵ2 AϵU0 are the solutions of the systems (2.1) and (2.2) respectively. 

By Lemmas 2.2 and 2.16, it holds that

∥e t 
ϵ2 Bϵf0∥Hl =

∫︂
R3

(1 + |ξ|2)l∥e t 
ϵ2 Bϵ(ξ)f̂0∥2dξ ≤

∫︂
R3

(1 + |ξ|2)l∥f̂0∥2dξ = ∥f0∥Hl ,

∥e t 
ϵ2 AϵU0∥Hl =

∫︂
R3

(1 + |ξ|2)l∥e t 
ϵ2 Ãϵ(ξ)V̂0∥2

ξdξ ≤
∫︂
R3

(1 + |ξ|2)l∥V̂0∥2
ξdξ = ∥U0∥Hl ,

where we have used ∥V̂0∥2
ξ = ∥Û0∥2.

3.1. Semigroup of the linear NSMF system

In this subsection, we will study the solution to the linear bipolar NSMF system. 
Firstly, we consider the following linearized bipolar NSMF system to (1.24) for U1 =
(n,m, q) and U2 = (ρ,E,B):

⎧⎪⎨
⎪⎩

∇x ·m = 0, n +
√︂

2
3q = 0,

∂tm− κ0Δxm + ∇xp = G1,

∂tq − κ1Δxq = 3
5G2,

(3.3)
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and ⎧⎪⎨
⎪⎩

∂tE −∇x ×B = η(∇xρ− E) + G3,

∂tB + ∇x ×E = 0,
∇x · E = ρ, ∇x ·B = 0,

(3.4)

where G1, G3 ∈ R3 and G2 ∈ R are given functions, p is the pressure satisfying p =
Δ−1

x divxG1, and the initial data (n,m, q)(0) and (ρ,E,B)(0) satisfy (1.25).
For any f̂0 = f̂0(ξ, v) ∈ N0 and V̂0 = (ρ̂0(ξ)χ0, Ê0(ξ), B̂0(ξ)) ∈ N1 ×C3

ξ ×C3
ξ , set

Y1(t, ξ)f̂0 =
∑︂

j=0,2,3
e−aj |ξ|2t

(︂
f̂0, hj(ξ)

)︂
hj(ξ), (3.5)

Ỹ2(t, ξ)V̂0 =
4 ∑︂

j=0 
ebj(|ξ|)t

(︂
V̂0,𝒳j(ξ)

)︂
ξ
𝒳j(ξ), |ξ| ̸= η

2 
, (3.6)

where bk(|ξ|) (k = 0, 1, 2, 3, 4) and (aj , hj(ξ)) (j = 0, 2, 3) are defined by (2.85) and 
(2.133) respectively, and 𝒳j(ξ), j = 0, 1, 2, 3, 4 are given by

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
𝒳0(ξ) =

(︃
|ξ| √︁

1 + |ξ|2
χ0, 0, 0

)︃
,

𝒳k(ξ) = bk√︁
b2k − |ξ|2

(︃
0, ξ

|ξ| × ek,
i|ξ|ek
bk

)︃
, k = 1, 2, 3, 4.

(3.7)

Here, ek, k = 1, 2, 3, 4 are normal vectors satisfying e1 = e3, e2 = e4, and ek ·ω = e1 ·e2 =
0.

For any Û0 = (ρ̂0χ0, Ê0, B̂0) ∈ N1 ×C3 ×C3 with ρ̂0 = iξ · Ê0, set

Y2(t, ξ)Û0 =
(︃
ρ̂χ0,−

iξ 
|ξ|2 ρ̂−

ξ

|ξ| × X̂,− ξ

|ξ| × Ŷ

)︃
, (3.8)

with

Ỹ2(t, ξ)V̂0 = (ρ̂χ0, X̂, Ŷ ) ∈ L2
ξ(R3

v) ×C3
ξ ×C3

ξ ,

V̂0 =
(︃
ρ̂0χ0,

ξ

|ξ| × Ê0,
ξ

|ξ| × B̂0

)︃
.

Denote
{︄
Y1(t)f0 = (ℱ−1Y1(t, ξ)ℱ)f0,

Y2(t)U0 = (ℱ−1Y2(t, ξ)ℱ)U0.
(3.9)

It is straightforward to check that
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⎧⎪⎪⎨
⎪⎪⎩
f = P||f + P⊥f, P||Y1(t) = 0, P⊥Y1(t) = Y1(t),

∥P||f∥2 = |(f, vχ0)|||2 + |(f, h̃1)|2,
∥P⊥f∥2 = |(f, vχ0)⊥|2 + |(f, h̃0)|2 + ∥P1f∥2.

(3.10)

Then, we can represent the solutions to the NS system (3.3) and NSM type system 
(3.4) by the semigroups Y1(t) and Y2(t) respectively.

Lemma 3.1. For any f0 ∈ L2, U0 = (g0, E0, B0) ∈ L2 and Gj ∈ L1
t (L2

x), j = 1, 2, 3, we 
define

u(t, x, v) = Y1(t)P0f0 +
t ∫︂

0 

Y1(t− s)H1(s)ds, (3.11)

U(t, x, v) = Y2(t)P2U0 +
t ∫︂

0 

Y2(t− s)H2(s)ds, (3.12)

where

H1(t, x, v) = G1(t, x) · vχ0 + G2(t, x)χ4,

H2(t, x, v) = (∇x ·G3(t, x)χ0, G3, 0).

Let (n,m, q) = ((u, χ0), (u, vχ0), (u, χ4)) and U = (ρχ0, E,B). Then (n,m, q)(t, x) ∈
L∞
t (L2

x) and (ρ,E,B)(t, x) ∈ L∞
t (L2

x) are the unique global solutions to the linear NS 
system (3.3) and NSM type system (3.4) with the initial data (n,m, q)(0) and (ρ,E,B)(0)
satisfying (1.25).

Proof. To show (3.11), by taking Fourier transform to (3.3), we have

iξ · m̂ = 0, n̂ +
√︃

2
3 q̂ = 0, (3.13)

∂tm̂− κ0|ξ|2m̂ + iξp̂1 = Ĝ1, (3.14)

∂tq̂ − κ1|ξ|2q̂ = 3
5 Ĝ2, (3.15)

where the initial data (n̂, m̂, q̂)(0) satisfies

m̂(0) = (P0f̂0, vχ0)⊥, 
√︃

3
2 n̂(0) = −q̂(0) =

√︃
3
5

(︃
P0f̂0,

√︃
2
5χ0 −

√︃
3
5χ4

)︃
.

Then, it follows from (3.15) and (3.13) that

q̂(t, ξ) = e−κ1|ξ|2tq̂(0) +
t ∫︂

0 

e−κ1|ξ|2(t−s)Ĝ2(s)ds
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= e−κ1|ξ|2t
(︂
P0f̂0, h0(ξ)

)︂
(h0(ξ), χ4)

+
t ∫︂

0 

e−κ1|ξ|2(t−s)
(︂
Ĥ1(s), h0(ξ)

)︂
(h0(ξ), χ4)ds, (3.16)

and

n̂(t, ξ) = e−κ1|ξ|2t
(︂
P0f̂0, h0(ξ)

)︂
(h0(ξ), χ0)

+
t ∫︂

0 

e−κ1|ξ|2(t−s)
(︂
Ĥ1(s), h0(ξ)

)︂
(h0(ξ), χ0)ds. (3.17)

By (3.13) and (3.14) and noting that m̂ = m̂⊥, we have

m̂(t, ξ) = e−κ0|ξ|2tm̂(0) +
t ∫︂

0 

e−κ0|ξ|2(t−s)Ĝ1(s)⊥ds

=
∑︂
j=2,3

e−κ0|ξ|2t
(︂
P0f̂0, hj(ξ)

)︂
(hj(ξ), vχ0)

+
∑︂
j=2,3

t ∫︂
0 

e−κ0|ξ|2(t−s)
(︂
Ĥ1(s), hj(ξ)

)︂
(hj(ξ), vχ0)ds. (3.18)

Noting that κ0 = a2 = a3, κ1 = a0, (h0(ξ), vχ0) = 0 and (hj(ξ), χ0) = (hj(ξ), χ4) = 0, 
j = 2, 3, we obtain (3.11) by using (3.16)--(3.18).

Next, we prove (3.12) as follows. Taking Fourier transform to (3.4) gives the system 
for (ρ̂, Ê, B̂):

∂tρ̂ + η(1 + |ξ|2)ρ̂ = iξ · Ĝ3, (3.19)

∂tÊ = iξ ×B + η(iξρ̂− Ê) + Ĝ3, (3.20)

∂tB̂ = −iξ × Ê, (3.21)

iξ · Ê = ρ̂, iξ · B̂ = 0,

where the initial data (ρ̂, Ê, B̂)(0) satisfies

ρ̂(0) = iξ · Ê0, Ê(0) = Ê0, B̂(0) = B̂0.

Taking ω× to (3.20) and (3.21) yields

∂t(ω × Ê) = iξ × (ω × B̂) − η(ω × Ê) + ω × Ĝ3, (3.22)

∂t(ω × B̂) = −iξ × (ω × Ê). (3.23)
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Let V̂ = (ρ̂χ0, ω× Ê, ω× B̂)T ∈ L2
ξ(R3)×C3

ξ ×C3
ξ . Then, the system (3.19), (3.22) and 

(3.23) can be written as

∂tV̂ = A(ξ)V̂ + Ĥ3,

where Ĥ3 = (iξ · Ĝ3χ0, ω × Ĝ3, 0)T , and

A(ξ) =

⎛
⎜⎝−η(1 + |ξ|2) 0 0

0 −η iξ×
0 −iξ× 0

⎞
⎟⎠ .

It is straightforward to check that A∗(ξ) = A(ξ) and A(ξ) admits five eigenvalues bj(|ξ|)
given by (2.85) with eigenfunctions 𝒳j(ξ) given by (3.7). Note that b1(|ξ|) = b3(|ξ|) =
−η/2 when |ξ| = η/2, and 𝒳j(ξ) satisfy the orthonormal relation (𝒳i(ξ),𝒳j(ξ))ξ = δij
for |ξ| ̸= η/2. Thus

V̂ (t, ξ) =
4 ∑︂

j=0 
ebj(|ξ|)t

(︂
V̂ (0),𝒳j(ξ)

)︂
ξ
𝒳j(ξ)

+
4 ∑︂

j=0 

t ∫︂
0 

ebj(|ξ|)(t−s)
(︂
Ĥ3(s),𝒳j(ξ)

)︂
ξ
𝒳j(ξ)ds, |ξ| ̸= η

2 
.

This proves (3.12) and completes the proof of the lemma. □
3.2. Fluid approximation of e

t
ϵ2 Aϵ

The following lemma will be used to study the fluid dynamical approximations of the 
semigroups e

t 
ϵ2 Aϵ and e

t 
ϵ2 Bϵ .

Lemma 3.2. For any V0 ∈ N1 ×C3
ξ ×C3

ξ and f0 ∈ N0, we have

∥S3(t, ξ, ϵ)V0∥ξ ≤ C
(︁
ϵ(1 + |ξ|)1{ϵ(1+|ξ|)≤r0} + 1{ϵ(1+|ξ|)≥r0}

)︁
e−

bt 
ϵ2 ∥V0∥ξ, (3.24)

∥S5(t, ξ, ϵ)f0∥ ≤ C
(︁
ϵ|ξ|1{ϵ|ξ|≤r0} + 1{ϵ|ξ|≥r0}

)︁
e−

bt 
ϵ2 ∥f0∥, (3.25)

where S3(t, ξ, ϵ) and S5(t, ξ, ϵ) are given in Theorems 2.15 and 2.19 respectively.

Proof. For any V ∈ L2
ξ(R3) ×C3

ξ ×C3
ξ , define a projection Pϵ(ξ) by

Pϵ(ξ)V =
4 ∑︂

j=0 

(︁
V,𝒰∗

j (ξ, ϵ)
)︁
ξ
𝒰j(ξ, ϵ), ϵ(1 + |ξ|) ≤ r0,
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where 𝒰j(ξ, ϵ), j = 0, 1, 2, 3, 4 are the eigenfunctions of Ãϵ(ξ) for ϵ(1 + |ξ|) ≤ r0 given in 
(2.86).

By Theorem 2.15, we claim that

S1(t, ξ, ϵ) = e
t 
ϵ2 Ãϵ(ξ)Pϵ(ξ)1{ϵ(1+|ξ|)≤r0}. (3.26)

Indeed, it follows from semigroup theory that for κ > 0,

e
t 
ϵ2 Ãϵ(ξ)Pϵ(ξ)V = 1 

2πi

κ+i∞ ∫︂
κ−i∞

e
λt
ϵ2 (λ− Ãϵ(ξ))−1Pϵ(ξ)V dλ

= 1 
2πi

4 ∑︂
j=0 

κ+i∞ ∫︂
κ−i∞

e
λt
ϵ2 (λ− λj(|ξ|, ϵ))−1 (︁V,𝒰∗

j

)︁
ξ
𝒰jdλ

=
4 ∑︂

j=0 
e

t 
ϵ2 λj(|ξ|,ϵ) (︁V,𝒰∗

j

)︁
ξ
𝒰j = S1(t, ξ, ϵ)V.

Thus, by Theorem 2.15 we can decompose S3(t, ξ, ϵ) into

S3(t, ξ, ϵ) = S31(t, ξ, ϵ) + S32(t, ξ, ϵ), (3.27)

where
{︄
S31(t, ξ, ϵ) = S(t, ξ, ϵ)(I − Pϵ(ξ))1{ϵ(1+|ξ|)≤r0},

S32(t, ξ, ϵ) = S3(t, ξ, ϵ)1{ϵ(1+|ξ|)≥r0}.

Moreover, S3k(t, ξ, ϵ), k = 1, 2 satisfy

∥S3k(t, ξ, ϵ)V ∥ξ ≤ Ce−
bt 
ϵ2 ∥V ∥ξ, k = 1, 2. (3.28)

For any V0 ∈ N1 ×C3
ξ ×C3

ξ , we can obtain by (3.38) and (3.44) that

∥V0 − Pϵ(ξ)V0∥ξ = ∥Ỹ2(0, ξ)V0 − S1(0, ξ, ϵ)V0∥ξ ≤ Cϵ∥V0∥ξ.

The above estimate and the fact S31(t, ξ, ϵ) = S31(t, ξ, ϵ)(I − Pϵ(ξ)) imply that

∥S31(t, ξ, ϵ)V0∥ξ ≤ Cϵ(1 + |ξ|)1{ϵ(1+|ξ|)≤r0}e
− bt 

ϵ2 ∥V0∥ξ. (3.29)

By combining (3.27)--(3.29), we obtain (3.24). (3.25) can be proved similarly. And this 
completes the proof of the lemma. □

The following lemma gives the first order fluid approximation of the semigroup e
t 
ϵ2Aϵ .
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Lemma 3.3. For any ϵ ≪ 1, any integer k,m ≥ 0 and U0 = (g0, E0, B0) ∈ L2 ∩ L1, it 
holds that⃦⃦⃦

e
t 
ϵ2 AϵU0 − Y2(t)P2U0

⃦⃦⃦
Hk

≤ C
(︂
ϵ(1 + t)− 3

4 + e−
bt 
ϵ2
)︂

(∥U0∥Hk+1 + ∥U0∥L1)

+ Cϵm(1 + t)−m∥∇m
x U0∥Hk , (3.30)

where Y2(t) is defined by (3.8), P2U0 = (Pdg0, E0, B0), and b > 0 is a constant given by 
(2.131). Moreover, if U0 = (g0, E0, B0) ∈ L2 ∩ L1 satisfying Prg0 = 0, then

⃦⃦⃦
e

t 
ϵ2 AϵU0 − Y2(t)P2U0

⃦⃦⃦
Hk

≤ Cϵ(1 + t)− 3
4 (∥U0∥Hk+1 + ∥U0∥L1)

+ Cϵm(1 + t)−m∥∇m
x U0∥Hk . (3.31)

Proof. For brevity, we only prove the case when k = 0 because the proof for k > 0 is 
similar. By (2.128) and by taking ϵ ≤ r0/2 with r0 > 0 given in Lemma 2.11, we have

⃦⃦⃦
e

t 
ϵ2 AϵU0 − Y2(t)P2U0

⃦⃦⃦2

L2
=

∫︂
R3

⃦⃦⃦
e

t 
ϵ2 Ãϵ(ξ)V̂0 − Ỹ2(t, ξ)P2V̂0

⃦⃦⃦2

ξ
dξ

≤ 4
∫︂

1+|ξ|≤ r0
ϵ 

⃦⃦⃦
S1(t, ξ, ϵ)V̂0 − Ỹ2(t, ξ)P2V̂0

⃦⃦⃦2

ξ
dξ

+ 4
∫︂

|ξ|≥ r1
ϵ 

⃦⃦⃦
S2(t, ξ, ϵ)V̂0

⃦⃦⃦2

ξ
dξ + 4

∫︂
R3

⃦⃦⃦
S3(t, ξ, ϵ)V̂0

⃦⃦⃦2

ξ
dξ

+ 4
∫︂

1+|ξ|≥ r0
ϵ 

⃦⃦⃦
Ỹ2(t, ξ)P2V̂0

⃦⃦⃦2

ξ
dξ

=: I1 + I2 + I3 + I4, (3.32)

where V̂0 = (ĝ0, ω × Ê0, ω × B̂0).
First, we decompose I1 into

I1 = 4

⎛
⎜⎝ ∫︂

1+|ξ|≤ r0
ϵ ,|η2−4|ξ|2|≥r0

+
∫︂

|η2−4|ξ|2|≤r0

⎞
⎟⎠ ⃦⃦⃦

S1(t, ξ, ϵ)V̂0 − Ỹ2(t, ξ)P2V̂0

⃦⃦⃦2

ξ
dξ

=: I11 + I12. (3.33)

We estimate I11 and I12 separately as follows. By Lemma 2.11, it holds that for |η2 −
4|ξ|2| ≥ r0 and ϵ(1 + |ξ|) ≤ r0 with r0 ≪ 1,

1 
ϵ2
λk = bk(1 + O(ϵ2)), λkΘk√︁

λ1λ3 − λ2
k

= ibk√︁
b2k − |ξ|2

(1 + O(ϵ2)), k = 1, 2, 3, 4. (3.34)
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Thus, we can obtain by (3.34) and (2.129) that for ϵ(1 + |ξ|) ≤ r0 and |η2 − 4|ξ|2| ≥ r0,

S1(t, ξ, ϵ)V̂0 =eb0(|ξ|)t+O(ϵ2(1+|ξ|2)2)t
[︃(︂

V̂0,𝒳0(ξ)
)︂
ξ
𝒳0(ξ) + T0(ξ, ϵ)

]︃

+
4 ∑︂

k=1

ebk(|ξ|)t+O(ϵ2|bk(|ξ|)|)t
[︂(︂

V̂0,𝒳k(ξ)
)︂
𝒳k(ξ) + Tk(ξ, ϵ)

]︂
, (3.35)

where {︄
∥T0(ξ, ϵ)∥ξ = O(1)∥𝒰0 −𝒳0∥ξ∥V̂0∥ξ = O(ϵ

√︁
1 + |ξ|2)∥Û0∥,

∥Tk(ξ, ϵ)∥ξ = O(1)∥𝒰k −𝒳k∥∥V̂0∥ = O(ϵ)∥Û0∥, k = 1, 2, 3, 4.
(3.36)

Note that{︄
Reb1(|ξ|) ≤ −c1|ξ|2, |ξ| ≤ r0; Reb1(|ξ|) ≤ −c2, |ξ| ≥ r0,

Reb3(|ξ|) ≤ −η/2, ξ ∈ R3; b1(|ξ|) = b2(|ξ|), b3(|ξ|) = b4(|ξ|),
(3.37)

where c1, c2 are two positive constants. Thus, we have

I11 ≤ C

∫︂
1+|ξ|≤ r0

ϵ 

eb0t
[︁
r2
0ϵ

2(1 + |ξ|2)3t2 + ϵ2(1 + |ξ|2)
]︁
∥Û0∥2dξ

+ C
4 ∑︂

j=1 

∫︂
1+|ξ|≤ r0

ϵ 

eRebjt
(︁
ϵ4|bj |2t2 + ϵ2

)︁
∥Û0∥2dξ

≤ C

∫︂
|ξ|≤r0

ϵ2e−c1|ξ|2t(1 + ϵ2|ξ|4t2)∥Û0∥2dξ

+ C

∫︂
1+|ξ|≤ r0

ϵ 

ϵ2e−c2t(1 + |ξ|2)∥Û0∥2dξ

≤ Cϵ2

⎛
⎜⎝ sup 

|ξ|≤r0

∥Û0∥2
∫︂

|ξ|≤r0

e−c1|ξ|2tdξ + e−c2t

∫︂
R3

(1 + |ξ|2)∥Û0∥2dξ

⎞
⎟⎠

≤ Cϵ2
[︂
(1 + t)−3/2∥U0∥2

L1 + e−c2t∥U0∥2
H1

]︂
, (3.38)

where we have used

sup 
|ξ|≤r0

∥Û0∥2 ≤ C∥g0∥2
L2

v(L1
x) + C∥(E0, B0)∥2

L1
x
≤ C∥U0∥2

L1 .

Note that when |η2 − 4|ξ|2| → 0, it holds that λ1 → λ3 and b1 → b3. This implies 
that ∥𝒳k∥ξ → ∞ and ∥𝒰k∥ξ → ∞ for k = 1, 2, 3, 4. In this situation, the expansions 
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(3.35)--(3.36) do not hold. To overcome this difficulty, we rewrite S1(t, ξ, ϵ) and Ỹ2(t, ξ)
in other forms. Indeed, it follows from (2.129) and (2.86) that

S1(t, ξ, ϵ)V̂0 = e
t 
ϵ2 λ0(V̂0,𝒰∗

0 )ξ𝒰0 + e
t 
ϵ2 λ1 λ1Θ2

1
λ3 − λ1

[︂
(V̂0,𝒰∗

1 )𝒰1 + (V̂0,𝒰∗
2 )𝒰2

]︂

+ e
t 
ϵ2 λ3 λ3Θ2

3
λ1 − λ3

[︂
(V̂0,𝒰∗

3 )𝒰3 + (V̂0,𝒰∗
4 )𝒰4

]︂
,

where Θj , j = 1, 2, 3, 4 are defined by (2.96), and

𝒰k =
√︁
λ1λ3 − λ2

k

λkΘk
𝒰k =

(︃
ϵR(λk, ϵξ)(v · ek)χ0, ω × ek,

isek
zk

)︃

with R(λ, ϵξ) = (L1−λ−iϵPr(v·ξ))−1. Thus, we can rewrite S1(t, ξ, ϵ) for |η2−4|ξ|2| < r0
as

S1(t, ξ, ϵ)V̂0 = ez0tṼ0 + ez1tΘ2
1(Ṽ1 + Ṽ2) + (ez1t − ez3t) z3

z3 − z1
Θ2

3(Ṽ1 + Ṽ2)

+ ez3t
z3

z3 − z1
Θ2

3
[︁
(Ṽ1 − Ṽ3) + (Ṽ2 − Ṽ4)

]︁
+ ez1t

z3

z3 − z1
(Θ2

1 − Θ2
3)(Ṽ1 + Ṽ2),

where zj = ϵ−2λj , and

Ṽ0 = (V̂0,𝒰∗
0 )ξ𝒰0, Ṽk = (V̂0,𝒰∗

k )𝒰k, k = 1, 2, 3, 4.

Note that

(ez1t − ez3t) z3

z3 − z1
= −z3e

z3t

t ∫︂
0 

eτ(z1−z3)dτ,

ez3t
z3

z3 − z1

[︁
(Ṽ1 − Ṽ3) + (Ṽ2 − Ṽ4)

]︁
= z3e

z3t(Ṽ13 + Ṽ24),

ez1t
z3

z3 − z1
(Θ2

1 − Θ2
3) = O(1)ϵ4z3e

z1t,

where
⎧⎪⎨
⎪⎩
Ṽjk = (V̂0,𝒰∗

jk)𝒰j + (V̂0,𝒰∗
k )𝒰jk, j, k = 1, 2, 3, 4,

𝒰jk =
(︃
ϵ3R(λj , ϵξ)R(λk, ϵξ)(v · ej)χ0, 0,

isej
zjzk

)︃
.

(3.39)

We have
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S1(t, ξ, ϵ)V̂0 = ez0tṼ0 + ez1tΘ2
1(Ṽ1 + Ṽ2) + z3e

z3tΘ2
3(Ṽ13 + Ṽ24)

− z3e
z3t

t ∫︂
0 

eτ(z1−z3)dτΘ2
3(Ṽ1 + Ṽ2) + O(1)ϵ4z3e

z1t(Ṽ1 + Ṽ2). (3.40)

Similarly, we rewrite Ỹ2(t, ξ) as

Ỹ2(t, ξ)P2V̂0 = eb0tW̃0 + eb1t(W̃1 + W̃2) − b3e
b3t

t ∫︂
0 

eτ(b1−b3)dτ(W̃1 + W̃2)

+ b3e
b3t(W̃13 + W̃24), (3.41)

where ⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

W̃0 = (P2V̂0,𝒳0)ξ𝒳0, W̃k = (P2V̂0, Xk)Xk,

W̃jk = (P2V̂0, Xjk)Xj + (P2V̂0, Xk)Xjk, j, k = 1, 2, 3, 4,

Xk =
(︃

0, ω × ek,
isek
bk

)︃
, Xjk =

(︃
0, 0, isej

bjbk

)︃
.

(3.42)

Since it follows from Lemma 2.11 that for |η2 − 4|ξ|2| ≤ r0,

{︄
z0 = b0 + O(ϵ2), zk = bk + O(ϵ), Θk = 1 + O(ϵ),

|Ṽk − W̃k| + |Ṽjk − W̃jk| = O(ϵ)∥Û0∥, j, k = 1, 2, 3, 4,
(3.43)

we obtain by (3.40) and (3.41) that

I12 ≤C

∫︂
|η2−4|ξ|2|≤r0

e−
η
2 t
(︁
|z0 − b0|2 + ∥𝒰0 −𝒳0∥2

ξ

)︁
∥Û0∥2dξ

+ C
∑︂
k=1,3

∫︂
|η2−4|ξ|2|≤r0

e−
η
2 t
(︁
ϵ2 + |zk − bk|2 + |Θ2

k − 1|2
)︁
∥Û0∥2dξ

≤Cϵ2e−
η
2 t∥U0∥2

L2 . (3.44)

Thus, it follows from (3.38) and (3.44) that

I1 ≤ Cϵ2
(︂
e−

η
2 t∥U0∥2

L2 + (1 + t)− 3
2 ∥U0∥2

L1

)︂
. (3.45)

By (2.130) and Lemma 2.14, we have

S2(t, ξ, ϵ)V̂0 =
4 ∑︂

k=1

e
t 
ϵ2 βk(|ξ|,ϵ)

(︂
V̂0,𝒱∗

k (ξ, ϵ)
)︂
𝒱k(ξ, ϵ), ϵ|ξ| ≥ r1,
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which gives

I2 = 4
∫︂

|ξ|≥ r1
ϵ 

⃦⃦⃦
S2(t, ξ, ϵ)V̂0

⃦⃦⃦2

ξ
dξ ≤ C

∫︂
|ξ|≥ r1

ϵ 

e−
ct 

ϵ|ξ| ∥V̂0∥2dξ

≤ C sup 
|ξ|≥ r1

ϵ 

1 
|ξ|2m e−

ct 
ϵ|ξ|

∫︂
|ξ|≥ r1

ϵ 

|ξ|2m∥Û0∥2dξ ≤ Cϵ2m(1 + t)−2m∥∇m
x U0∥2

L2 . (3.46)

By (2.131), we have

I3 = 4
∫︂
R3

⃦⃦⃦
S3(t, ξ, ϵ)V̂0

⃦⃦⃦2

ξ
dξ ≤ C

∫︂
R3

e−2 bt 
ϵ2 ∥V̂0∥2

ξdξ ≤ Ce−2 bt 
ϵ2 ∥U0∥2

L2 . (3.47)

For I4, it holds that

I4 = 4
∫︂

1+|ξ|≥ r0
ϵ 

⃦⃦⃦
Ỹ2(t, ξ)P2V̂0

⃦⃦⃦2

ξ
dξ ≤ C

∫︂
1+|ξ|≥ r0

ϵ 

e−ηt∥V̂0∥2
ξdξ

≤ C
ϵ2

r2
0
e−ηt

∫︂
1+|ξ|≥ r0

ϵ 

(1 + |ξ|)2∥Û0∥2dξ ≤ Cϵ2e−ηt∥U0∥2
H1 . (3.48)

Therefore, it follows from (3.32) and (3.45)--(3.48) that

⃦⃦⃦
e

t 
ϵ2 AϵU0 − Y2(t)P2U0

⃦⃦⃦2

L2
≤ C

(︂
ϵ2(1 + t)− 3

2 + e−2 bt 
ϵ2
)︂

(∥U0∥2
H1 + ∥U0∥2

L1). (3.49)

We now turn to (3.31). Since V̂0 ∈ N1 ×C3
ξ ×C3

ξ , by Lemma 3.2 we have

I3 ≤ C

∫︂
1+|ξ|≤ r0

ϵ 

ϵ2(1 + |ξ|2)e−2 bt 
ϵ2 ∥V̂0∥2

ξdξ + C

∫︂
1+|ξ|≥ r0

ϵ 

e−2 bt 
ϵ2 ∥V̂0∥2

ξdξ

≤ Cϵ2e−2 bt 
ϵ2

⎛
⎜⎝ ∫︂

1+|ξ|≤ r0
ϵ 

(1 + |ξ|2)∥Û0∥2dξ +
∫︂

1+|ξ|≥ r0
ϵ 

|ξ|2∥Û0∥2dξ

⎞
⎟⎠

≤ Cϵ2e−2 bt 
ϵ2 ∥U0∥2

H1 . (3.50)

Thus, by (3.45), (3.46), (3.48) and (3.50) we obtain (3.31) for k = 0. And this completes 
the proof of the lemma. □
Remark 3.4. From Lemma 3.3, we have

⃦⃦
e

t 
ϵ2 AϵP2U0 − Y1(t)P2U0

⃦⃦
L2 ≤ Cϵ(1 + t)− 3

4 (∥U0∥H1 + ∥U0∥L1) . (3.51)
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The following lemma gives the second order fluid approximation of the semigroup 
e

t 
ϵ2 Aϵ .

Lemma 3.5. For any ϵ ≪ 1, any integer k,m ≥ 0 and U0 = (g0, 0, 0) ∈ Hk+2 ∩ L1

satisfying Pdg0 = 0, we have
⃦⃦⃦
⃦1
ϵ 
e

t 
ϵ2 AϵU0 − Y2(t)Z0

⃦⃦⃦
⃦
Hk

≤ C

(︃
ϵ(1 + t)− 3

4 + 1
ϵ 
e−

bt 
ϵ2

)︃
(∥U0∥Hk+2 + ∥U0∥L1)

+ Cϵm(1 + t)−m∥∇m
x U0∥Hk , (3.52)

where Y2(t) is defined in (3.8), Z0 = (Pd(v · ∇xL
−1
1 g0), (vL−1

1 g0, χ0), 0), and b > 0 is a 
constant given by (2.131).

Proof. Again we only prove the case when k = 0 because the proof for k > 0 is similar. 
By (2.128) and by taking ϵ ≤ r0/2 with r0 > 0 given in Lemma 2.11, we have

⃦⃦⃦
⃦1
ϵ 
e

t 
ϵ2 AϵU0 − Y2(t)Z0

⃦⃦⃦
⃦

2

L2
≤ 4

∫︂
1+|ξ|≤ r0

ϵ 

⃦⃦⃦
⃦1
ϵ 
S1(t, ξ, ϵ)Û0 − Ỹ2(t, ξ)Ẑ1

⃦⃦⃦
⃦

2

ξ

dξ

+ 4
∫︂

|ξ|≥ r1
ϵ 

⃦⃦⃦
⃦1
ϵ 
S2(t, ξ, ϵ)Û0

⃦⃦⃦
⃦

2

ξ

dξ + 4
∫︂
R3

⃦⃦⃦
⃦1
ϵ 
S3(t, ξ, ϵ)Û0

⃦⃦⃦
⃦

2

ξ

dξ

+ 4
∫︂

1+|ξ|≥ r0
ϵ 

⃦⃦⃦
Ỹ2(t, ξ)Ẑ1

⃦⃦⃦2

ξ
dξ

=: I1 + I2 + I3 + I4, (3.53)

where Ẑ1 = (iPd(v · ξL−1
1 ĝ0), ω × (vL−1

1 ĝ0, χ0), 0).
Firstly, we decompose I1 into

I1 = 4

⎛
⎜⎝ ∫︂

1+|ξ|≤ r0
ϵ ,|η2−4|ξ|2|≥r0

+
∫︂

|η2−4|ξ|2|≤r0

⎞
⎟⎠
⃦⃦⃦
⃦1
ϵ 
S1(t, ξ, ϵ)V̂0 − Ỹ2(t, ξ)Ẑ1

⃦⃦⃦
⃦

2

ξ

dξ

=: I11 + I12. (3.54)

By Lemma 2.11 and Theorem 2.15, it holds for any U0 = (g0, 0, 0) with Pdg0 = 0 that

S1(t, ξ, ϵ)Û0 =
4 ∑︂

j=0 
e

t 
ϵ2 λj(|ξ|,ϵ)ϵ

(︁
ĝ0, ũj(ξ, ϵ)

)︁
𝒰j(ξ, ϵ), (3.55)

where
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⎧⎪⎨
⎪⎩
ũ0 = ϵ−1Pru0 = i

√︁
1 + s2

[︁
1 + O(ϵ2(1 + s2))

]︁
R(λ0,−ϵξ)(v · ω)χ0,

ũk = ϵ−1Pruk = λkΘk√︁
λ1λ3 − λ2

k

R(λk,−ϵξ)(v · ek)χ0, k = 1, 2, 3, 4

with R(λ, ϵξ) = (L1 − λ− iϵPr(v · ξ))−1.
Thus, we can obtain by (3.55) and (3.34) that for ϵ(1+ |ξ|) ≤ r0 and |η2 − 4|ξ|2| ≥ r0,

1
ϵ 
S1(t, ξ, ϵ)Û0 = e

t 
ϵ2 λ0(|ξ|,ϵ)

[︂
i
√︁

1 + |ξ|2(v · ωL−1
1 ĝ0, χ0)𝒳0(ξ) + R0(ξ, ϵ)

]︂

+
4 ∑︂

k=1

e
t 
ϵ2 λk(|ξ|,ϵ)

[︃
bk√︁

|ξ|2 − b2k
(v · ekL−1

1 ĝ0, χ0)𝒳k(ξ) + Rk(ξ, ϵ)
]︃

= eb0(|ξ|)t+O(ϵ2(1+|ξ|2)2)t
[︃(︂

Ẑ1,𝒳0(ξ)
)︂
ξ
𝒳0(ξ) + R0(ξ, ϵ)

]︃

+
4 ∑︂

k=1

ebk(|ξ|)t+O(ϵ2bk(|ξ|))t
[︂(︂

Ẑ1,𝒳k(ξ)
)︂
𝒳k(ξ) + Rk(ξ, ϵ)

]︂
, (3.56)

where
{︄
∥R0(ξ, ϵ)∥ξ = O(ϵ(1 + |ξ|2))∥Û0∥,
∥Rk(ξ, ϵ)∥ξ = O(ϵ

√︁
1 + |ξ|2)∥Û0∥, k = 1, 2, 3, 4

Thus, it follows form (3.37) and (3.56) that

I11 ≤ C

∫︂
1+|ξ|≤ r0

ϵ 

eb0t
[︁
r2
0ϵ

2(1 + |ξ|2)4t2 + ϵ2(1 + |ξ|2)2
]︁
∥Û0∥2dξ

+ C

4 ∑︂
j=1 

∫︂
1+|ξ|≤ r0

ϵ 

eRebjt
(︁
ϵ4|bj |2t2 + ϵ2

)︁
(1 + |ξ|2)∥Û0∥2dξ

≤ C

∫︂
|ξ|≤r0

ϵ2e−c1|ξ|2t∥Û0∥2dξ + C

∫︂
1+|ξ|≤ r0

ϵ 

ϵ2e−c2t(1 + |ξ|2)2∥Û0∥2dξ

≤ Cϵ2
[︂
(1 + t)−3/2∥U0∥2

L1 + e−c2t∥U0∥2
H2

]︂
. (3.57)

For |η2 − 4|ξ|2| < r0, we rewrite 1
ϵ S1(t, ξ, ϵ) as

1
ϵ 
S1(t, ξ, ϵ)Û0 = ez0tṼ0 + ez1tΘ2

1(Ṽ1 + Ṽ2) + z3e
z3t(Ṽ13 + Ṽ24)

− z3e
z3t

t ∫︂
0 

eτ(z1−z3)dτΘ2
3(Ṽ1 + Ṽ2) + O(1)ϵ4z3e

z1t(Ṽ1 + Ṽ2), (3.58)
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where ⎧⎪⎪⎨
⎪⎪⎩
Ṽ0 = (ĝ0, ũ0)𝒰0, Ṽk = (ĝ0, ũk)𝒰k,

Ṽjk = (ĝ0, ũjk)𝒰j + (ĝ0, ũk)𝒰jk, j, k = 1, 2, 3, 4,

ũjk = ϵ2R(λj ,−ϵξ)R(λk,−ϵξ)(v · ej)χ0

with 𝒰k, 𝒰jk defined by (3.39). Similarly, we rewrite Ỹ2(t, ξ) as

Ỹ2(t, ξ)Ẑ1 = eb0tW̃0 + eb1t(W̃1 + W̃2) − b3e
b3t

t ∫︂
0 

eτ(b1−b3)dτ(W̃1 + W̃2)

+ b3e
b3t(W̃13 + W̃24), (3.59)

where {︄
W̃0 = (Ẑ1,𝒳0)ξ𝒳0, W̃k = (Ẑ1, Xk)Xk,

W̃jk = (Ẑ1, Xjk)Xj + (Ẑ1, Xk)Xjk, j, k = 1, 2, 3, 4

with Xk, Xjk defined by (3.42).
Thus, it follows from (3.43), (3.58) and (3.59) that

I12 ≤ C

∫︂
|η2−4|ξ|2|≤r0

e−
η
2 tϵ2∥Û0∥2dξ ≤ Cϵ2e−

η
2 t∥U0∥2

L2 . (3.60)

By combining (3.56), (3.57) and (3.60), we obtain

I1 ≤ Cϵ2(1 + t)− 3
2 (∥U0∥2

H2 + ∥U0∥2
L1). (3.61)

By (2.130) and Lemma 2.14, it holds for U0 = (g0, 0, 0) with Pdg0 = 0 that

S2(t, ξ, ϵ)Û0 =
4 ∑︂

k=1

e
t 
ϵ2 βk(|ξ|,ϵ)

(︂
ĝ0, wk(ξ, ϵ)

)︂
𝒱k(ξ, ϵ), ϵ|ξ| ≥ r1,

which gives

I2 ≤ C

∫︂
|ξ|≥ r1

ϵ 

1 
ϵ|ξ|e

− ct 
ϵ|ξ| ∥Û0∥2dξ ≤ C

1 
r1

sup 
|ξ|≥ r1

ϵ 

1 
|ξ|2m e−

ct 
ϵ|ξ|

∫︂
|ξ|≥ r1

ϵ 

|ξ|2m∥Û0∥2dξ

≤ Cϵ2m(1 + t)−2m∥∇m
x U0∥2

L2 . (3.62)

By (2.131) and Pdg0 = 0, we have

I3 ≤ C

∫︂
R3

1 
ϵ2
e−2 bt 

ϵ2 ∥Û0∥2dξ ≤ C
1 
ϵ2
e−2 bt 

ϵ2 ∥U0∥2
L2 . (3.63)
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For I4, it holds that

I4 ≤ C

∫︂
1+|ξ|≥ r0

ϵ 

e−ηt∥Ẑ1∥2dξ ≤ C
ϵ2

r2
0
e−ηt

∫︂
1+|ξ|≥ r0

ϵ 

(1 + |ξ|)4∥ĝ0∥2dξ

≤ Cϵ2e−ηt∥U0∥2
H2 . (3.64)

By combining (3.61), (3.62), (3.63) and (3.64), we obtain (3.52) for k = 0. And this 
completes the proof of the lemma. □

In the following lemma, we will present the time decay rates of the semigroup e
t 
ϵ2Aϵ .

Lemma 3.6. For any ϵ ≪ 1, α ∈ N3, any integer k ≥ 0 and U0 = (g0, E0, B0), we have

∥∂α
xP2e

t 
ϵ2 AϵU0∥L2 ≤ C(1 + t)− 3

4−m
2 
(︂
∥∂α′

x U0∥L1 + ∥∂α
xU0∥L2

)︂
+ Cϵk(1 + t)−k∥∇|α|+k

x U0∥L2 , (3.65)

∥∂α
xP3e

t 
ϵ2 AϵU0∥L2 ≤ C

(︂
ϵ(1 + t)− 5

4−m
2 + e−

bt 
ϵ2
)︂(︂

∥∂α′

x U0∥L1 + ∥∂α
xU0∥H1

)︂
+ Cϵk+1(1 + t)−k∥∇|α|+k

x U0∥L2 , (3.66)

where P2, P3 are defined by (1.21), α′ ≤ α, m = |α − α′|, and b > 0 is a constant given 
by (2.131).

Moreover, if U0 = (g0, 0, 0) satisfies that Pdg0 = 0, then

∥∂α
xP2e

t 
ϵ2 AϵU0∥L2 ≤ C

(︂
ϵ(1 + t)− 5

4−m
2 + e−

bt 
ϵ2
)︂(︂

∥∂α′

x U0∥L1 + ∥∂α
xU0∥H1

)︂
+ Cϵk+1(1 + t)−k∥∇|α|+k

x U0∥L2 , (3.67)

∥∂α
xP3e

t 
ϵ2 AϵU0∥L2 ≤ C

(︂
ϵ2(1 + t)− 5

4−m
2 + e−

bt 
ϵ2
)︂(︂

∥∂α′

x U0∥L1 + ∥∂α
xU0∥H2

)︂
+ Cϵk+2(1 + t)−k∥∇|α|+k

x U0∥L2 . (3.68)

Proof. By Theorem 2.19, we have for j = 2, 3 that

⃦⃦⃦
∂α
xPje

t 
ϵ2 AϵU0

⃦⃦⃦2

L2
=
∫︂
R3

⃦⃦⃦
ξαPje

t 
ϵ2 Ãϵ(ξ)V̂0

⃦⃦⃦2

ξ
dξ

≤
∫︂

1+|ξ|≤ r0
ϵ 

⃦⃦⃦
ξαPjS1(t, ξ, ϵ)V̂0

⃦⃦⃦2

ξ
dξ +

∫︂
|ξ|≥ r1

ϵ 

⃦⃦⃦
ξαS2(t, ξ, ϵ)V̂0

⃦⃦⃦2

ξ
dξ

+
∫︂
R3

⃦⃦⃦
ξαS3(t, ξ, ϵ)V̂0

⃦⃦⃦2

ξ
dξ, (3.69)



T. Yang, M. Zhong / Advances in Mathematics 489 (2026) 110800 61

where V̂0 = (ĝ0, ω × Ê0, ω × B̂0). By noting ∥V̂0∥2
ξ = ∥Û0∥2, we can estimate the third 

term on the right hand side of (3.69) as follows:

∫︂
R3

(ξα)2∥S3(t, ξ, ϵ)V̂0∥2
ξdξ ≤ Ce−2 bt 

ϵ2

∫︂
R3

(ξα)2∥V̂0∥2
ξdξ ≤ Ce−2 bt 

ϵ2 ∥∂α
xU0∥2

L2 . (3.70)

By (3.35) and (3.40), we have

∫︂
1+|ξ|≤ r0

ϵ 

∥ξαP2S1(t, ξ, ϵ)V̂0∥2
ξdξ

≤ C

∫︂
|ξ|≤r0

e−c1|ξ|2t(ξα)2∥V̂0∥2dξ + C

∫︂
1+|ξ|≤ r0

ϵ 

e−c2t(ξα)2∥V̂0∥2dξ

+ Cϵ2
∫︂

1+|ξ|≤ r0
ϵ 

e−
η
2 (1+|ξ|2)t(ξα)2∥V̂0∥2

ξdξ

≤ C sup 
|ξ|≤r0

∥(ξ)α′
Û0∥2

∫︂
|ξ|≤r0

e−c1|ξ|2t|ξ|2|α−α′|dξ

+ Ce−c2t

∫︂
|ξ|≤ r0

ϵ 

(ξα)2∥Û0∥2dξ

≤ C(1 + t)− 3
2−m

(︂
∥∂α′

x U0∥2
L1 + ∥∂α

xU0∥2
L2

)︂
, (3.71)

where α′ ≤ α, m = |α − α′|, and c1, c2 > 0 are some generic constants. Combining 
(3.69)--(3.71) and (3.46) gives (3.65).

By (3.56) and (3.58), it holds that for V0 = (g0, 0, 0) with Pdg0 = 0,

∫︂
1+|ξ|≤ r0

ϵ 

∥ξαP2S1(t, ξ, ϵ)V̂0∥2dξ

≤ Cϵ2
∫︂

|ξ|≤r0

e−c1|ξ|2t(ξα)2|ξ|2∥V̂0∥2dξ + Cϵ2
∫︂

1+|ξ|≤ r0
ϵ 

e−c2t(ξα)2∥V̂0∥2dξ

+ Cϵ2
∫︂

1+|ξ|≤ r0
ϵ 

e−
η
2 (1+|ξ|2)t(ξα)2(1 + |ξ|2)∥V̂0∥2dξ

≤ Cϵ2(1 + t)− 5
2−m

(︂
∥∂α′

x U0∥2
L1 + ∥∂α

xU0∥2
H1

)︂
. (3.72)

Combining (3.69), (3.72) and (3.62) yields (3.67). (3.66) and (3.68) can be proved simi
larly. And this completes the proof of the lemma. □
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Lemma 3.7. For any 1 ≤ q ≤ 2, α ∈ N3, and any U0 = (ρ0χ0, E0, B0) with ρ0 = ∇x ·E0, 
we have

∥∂α
xY2(t)U0∥L2 ≤ C(1 + t)−

3
2 ( 1 

q− 1
2 )−m

2 
(︂
∥∂α′

x U0∥Lq + ∥∂α
xU0∥L2

)︂
, (3.73)

where α′ ≤ α and m = |α− α′|. Moreover, if U0 = (∇x ·E0χ0, E0, 0), then we have

∥∂α
xY2(t)U0∥L2 ≤ C

(︂
(1 + t)−

3
2 ( 1 

q− 1
2 )−m+1

2 + t−
1
2 e−

η
2 t
)︂(︂

∥∂α′

x E0∥Lq + ∥∂α
xE0∥L2

)︂
.

(3.74)

Proof. By (3.8), we have

∥∂α
xY2(t)U0∥2

L2 =
∫︂
R3

⃦⃦⃦
ξαỸ2(t, ξ)V̂0

⃦⃦⃦2

ξ
dξ, (3.75)

where V̂0 = (ρ̂0χ0, ω × Ê0, ω × B̂0). Since

∥𝒳0(ξ)∥2
ξ = 1, ∥𝒳k(ξ)∥2

ξ ≤ |bk|2 + |ξ|2
|b2k − |ξ|2| , k = 1, 2, 3, 4,

it follows that for |η2 − 4|ξ|2| ≥ r0 with r0 ≪ 1,

∫︂
|η2−4|ξ|2|≥r0

∥ξαỸ2(t, ξ)V̂0∥2
ξdξ

≤ C

4 ∑︂
j=0 

∫︂
|η2−4|ξ|2|≥r0

(ξα)2e2Rebj(|ξ|)t∥V̂0∥2
ξ∥𝒳j(ξ)∥4

ξdξ

≤ C

∫︂
|ξ|≤r0

e−c1|ξ|2t(ξα)2∥Û0∥2dξ + C

∫︂
R3

e−c2t(ξα)2∥Û0∥2dξ

≤ C

⎛
⎜⎝ ∫︂

|ξ|≤r0

|ξ|2pme−c1p|ξ|2tdξ

⎞
⎟⎠

1/p⎛
⎜⎝ ∫︂

|ξ|≤r0

∥ξα′
Û0∥2p′

dξ

⎞
⎟⎠

1/p′

+ C

∫︂
R3

e−c2t(ξα)2∥Û0∥2dξ

≤ C(1 + t)−
3
2 ( 2 

q−1)−m
(︂
∥∂α′

x U0∥2
Lq + ∥∂α

xU0∥2
L2

)︂
, (3.76)

where 1/q+1/p′ = 1, 1/(2p′)+1/q = 1, α′ ≤ α, m = |α−α′| and c1, c2 > 0 are constants.
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For |η2 − 4|ξ|2| ≤ r0, it follows from (3.41) that
∫︂

|η2−4|ξ|2|≤r0

∥ξαỸ2(t, ξ)V̂0∥2
ξdξ ≤ C

∫︂
|η2−4|ξ|2|≤r0

(ξα)2e−
η
2 t∥V̂0∥2

ξdξ

≤ Ce−
η
2 t∥∂α

xU0∥2
L2 . (3.77)

Combining (3.75) and (3.76)--(3.77) gives (3.73).
For V̂0 = (i(Ê0 · ξ)χ0, ω × Ê0, 0), we obtain

Ỹ2(t, ξ)V̂0 = e−η(1+|ξ|2)t(i(Ê0 · ξ)χ0, 0, 0)

+ eb1t
b1

b3 − b1

2 ∑︂
k=1

(ω × Ê0, ω × ek)(0, ω × ek,
i|ξ|ek
b1

)

+ eb3t
b3

b1 − b3

4 ∑︂
k=3

(ω × Ê0, ω × ek)(0, ω × ek,
i|ξ|ek
b3

).

Thus, it follows that for |η2 − 4|ξ|2| ≥ r0 with r0 ≪ 1,
∫︂

|η2−4|ξ|2|≥r0

∥ξαỸ2(t, ξ)V̂0∥2
ξdξ

≤ C

∫︂
R3

e−2η(1+|ξ|2)t(ξα)2(1 + |ξ|2)|Ê0|2dξ

+ C

∫︂
|ξ|≤r0

e−c1|ξ|2t(ξα)2|ξ|2|Ê0|2dξ + C

∫︂
R3

e−c2t(ξα)2|Ê0|2dξ

≤ C
(︂
(1 + t)−

3
2 ( 2 

q−1)−m−1 + t−1e−ηt
)︂(︂

∥∂α′

x E0∥2
Lq + ∥∂α

xE0∥2
L2

)︂
. (3.78)

For |η2 − 4|ξ|2| ≤ r0, it follows from (3.41) that
∫︂

|η2−4|ξ|2|≤r0

∥ξαỸ2(t, ξ)V̂0∥2
ξdξ ≤ Ce−

η
2 t∥∂α

xE0∥2
L2 . (3.79)

Combining (3.75) and (3.78)--(3.79) yields (3.74). And this completes the proof of the 
lemma. □
3.3. Fluid approximation of e

t
ϵ2 Bϵ

The following preliminary lemma is for the study of the fluid dynamic approximation 
of the semigroup e

t 
ϵ2 Bϵ .
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Lemma 3.8. For any function ϕ(r) satisfying |ϕ(k)(r)| ≤ C(1 + |r|)−2−k−δ for any δ > 0
and k = 0, 1, we have

⃓⃓⃓
⃓
∫︂
R3

eix·ξeiϑ|ξ|α(ω)ϕ(|ξ|)dξ
⃓⃓⃓
⃓ ≤ C|ϑ|−1,

where α(ω) is a smooth function for ω = ξ/|ξ| ∈ S2.

Proof. Firstly, note that

∫︂
R3

eix·ξeiϑ|ξ|α(ω)ϕ(|ξ|)dξ =
∞ ∫︂
0 

eiϑrg(x, r)ϕ(r)r2dr,

where

g(x, r) =
∫︂
S2

eirx·ωα(ω)dω.

For any function α(ω) ∈ C∞(S2), by change of variable ω → Oxω, where Ox =
(aij)3×3 is an orthogonal matrix satisfying OT

x x = (0, 0, |x|), we obtain

g(x, r) =
2π ∫︂
0 

dφ

π∫︂
0 

ei|x|r cos θ sin θα(Oxω)dθ

= − 1 
i|x|r

2π ∫︂
0 

dφ

π∫︂
0 

α(Oxω)dei|x|r cos θ

= − 1 
i|x|r

2π ∫︂
0 

α(Oxω)eir|x| cos θ
⃓⃓⃓
⃓
π

0
dφ

+ 1 
i|x|r

2π ∫︂
0 

dφ

π∫︂
0 

eir|x| cos θ∇α(Oxω) ·Ox∂θωdθ,

which gives

|g(x, r)| ≤ C(1 + |x|r)−1.

Similarly, we can prove

|∂rg(x, r)| =
⃓⃓⃓
⃓

2π ∫︂
0 

dφ

π∫︂
0 

i|x| cos θei|x|r cos θ sin θα(Oxω)dθ
⃓⃓⃓
⃓



T. Yang, M. Zhong / Advances in Mathematics 489 (2026) 110800 65

≤ C|x|(1 + |x|r)−1.

Thus

∫︂
R3

eix·ξeiϑ|ξ|α(ω)ϕ(|ξ|)dξ = 1 
iϑ

∞ ∫︂
0 

g(x, r)ϕ(r)r2deiϑr

= 1 
iϑ

g(x, r)ϕ(r)r2eiϑr
⃓⃓⃓
⃓
∞

0
− 1 

iϑ

∞ ∫︂
0 

eiϑr∂rg(x, r)ϕ(r)r2dr

− 1 
iϑ

∞ ∫︂
0 

eiϑrg(x, r)(ϕ′(r)r2 + 2ϕ(r)r)dr,

which yields
⃓⃓⃓
⃓
∫︂
R3

eix·ξeiϑ|ξ|α(ω)ϕ(|ξ|)dξ
⃓⃓⃓
⃓ ≤ C|ϑ|−1.

And this completes the proof of the lemma. □
Lemma 3.9. (1) For any ϵ ≪ 1, any integer k ≥ 0 and f0 ∈ L2, it holds that

⃦⃦
P||e

t 
ϵ2 Bϵf0

⃦⃦
Wk,∞ ≤ C

(︃
ϵ(1 + t)− 5

2 +
(︃

1 + t 
ϵ

)︃−1 )︃
(∥f0∥Hk+3 + ∥f0∥Wk+3,1), (3.80)

⃦⃦
P⊥e

t 
ϵ2 Bϵf0 − Y1(t)P0f0

⃦⃦
Hk ≤ C

(︂
ϵ(1 + t)− 5

4 + e−
bt 
ϵ2
)︂

(∥f0∥Hk+1 + ∥f0∥L1), (3.81)

where Y1(t) is defined in (3.9), and b > 0 is a constant given by (2.136). Moreover, if f0
satisfies (1.27), i.e., P||f0 = P1f0 = 0, then

⃦⃦
P||e

t 
ϵ2 Bϵf0

⃦⃦
Wk,∞ ≤ Cϵ(1 + t)− 5

2 (∥f0∥Hk+3 + ∥f0∥L1) , (3.82)⃦⃦
P⊥e

t 
ϵ2 Bϵf0 − Y1(t)P0f0

⃦⃦
Hk ≤ Cϵ(1 + t)− 5

4 (∥f0∥Hk+1 + ∥f0∥L1) . (3.83)

(2) For any ϵ ≪ 1, any integer k ≥ 0 and f0 ∈ L2 satisfying P0f0 = 0, it holds that

⃦⃦⃦
⃦1
ϵ 
P||e

t 
ϵ2 Bϵf0

⃦⃦⃦
⃦
Wk,∞

≤C

(︃
ϵ(1 + t)− 7

2 +
(︃

1 + t 
ϵ

)︃−1

+ 1
ϵ 
e−

bt 
ϵ2

)︃
(∥f0∥Hk+4 + ∥f0∥Wk+4,1) ,

(3.84)⃦⃦⃦
⃦1
ϵ 
P⊥e

t 
ϵ2 Bϵf0 − Y1(t)Z2

⃦⃦⃦
⃦
Hk

≤C

(︃
ϵ(1 + t)− 7

4 + 1
ϵ 
e−

bt 
ϵ2

)︃
(∥f0∥Hk+2 + ∥f0∥L1) , (3.85)

where Z2 = P0(v · ∇xL
−1f0).
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Proof. Again we only prove the case when k = 0 because the proof for k > 0 is similar. 
By (2.135) and by taking ϵ ≤ r0 with r0 > 0 given in Theorem 2.18, we have

e
t 
ϵ2 Bϵf0 − Y1(t)P0f0 =

∫︂
R3

eix·ξ
(︂
e

t 
ϵ2 Bϵ(ξ)f̂0 − Y1(t, ξ)P0f̂0

)︂
dξ

=
∫︂

|ξ|≤ r0
ϵ 

eix·ξ
(︂
S4(t, ξ, ϵ)f̂0 − Y1(t, ξ)P0f̂0

)︂
dξ

+
∫︂
R3

eix·ξS5(t, ξ, ϵ)f̂0dξ +
∫︂

|ξ|≥ r0
ϵ 

eix·ξY1(t, ξ)P0f̂0dξ

=: I1 + I2 + I3. (3.86)

We estimate Ij , j = 1, 2, 3 one by one as follows. Since

S4(t, ξ, ϵ)f̂0 =
4 ∑︂

j=0 
e

iμj |ξ|
ϵ t−aj |ξ|2t+O(ϵ|ξ|3)t

[︂(︂
P0f̂0, hj

)︂
hj + O(ϵ|ξ|)

]︂
,

it follows that

I1 =
3 ∑︂

j=−1

∫︂
|ξ|≤ r0

ϵ 

eix·ξ
{︃
e

iμj |ξ|
ϵ t−aj |ξ|2t+O(ϵ|ξ|3)t

[︂(︂
P0f̂0, hj

)︂
hj + O(ϵ|ξ|)

]︂

− e
iμj |ξ|

ϵ t−aj |ξ|2t
(︂
P0f̂0, hj

)︂
hj

}︃
dξ

+
∑︂
j=±1

∫︂
|ξ|≤ r0

ϵ 

eix·ξe
iμj |ξ|

ϵ t−aj |ξ|2t
(︂
P0f̂0, hj

)︂
hjdξ

=: I11 + I12. (3.87)

For I11, it holds that

∥P||I11∥L∞ ≤ Cϵ

∫︂
|ξ|≤ r0

ϵ 

e−c|ξ|2t
(︂
|ξ|3t∥P0f̂0∥ + |ξ|∥f̂0∥

)︂
dξ

≤ Cϵ sup 
|ξ|≤1

∥f̂0∥
∫︂

|ξ|≤1

e−c|ξ|2t(|ξ|2t + 1)|ξ|dξ

+ Cϵ

(︃ ∫︂
|ξ|>1

e−c|ξ|2t (1 + |ξ|2t)2
|ξ|4 dξ

)︃1/2(︃ ∫︂
|ξ|>1

|ξ|6∥f̂0∥2dξ

)︃1/2

≤ Cϵ(1 + t)− 5
2 (∥f0∥H3 + ∥f0∥L1) , (3.88)
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∥P⊥I11∥L2 ≤ Cϵ

(︃ ∫︂
|ξ|≤ r0

ϵ 

e−2c|ξ|2t
(︂
|ξ|6t2∥P0f̂0∥2 + |ξ|2∥f̂0∥2

)︂
dξ

)︃1/2

≤ Cϵ sup 
|ξ|≤1

∥f̂0∥
(︃ ∫︂
|ξ|≤1

e−c|ξ|2t|ξ|2dξ
)︃1/2

+ Cϵ

(︃ ∫︂
|ξ|>1

e−c|ξ|2t|ξ|2∥f̂0∥2dξ

)︃1/2

≤ Cϵ(1 + t)− 5
4 (∥f0∥H1 + ∥f0∥L1) . (3.89)

To estimate I12, we first note that

P||I12 = I12, P⊥I12 = 0. (3.90)

It is straightforward to verify that

∥P||I12∥L∞ ≤ C

∫︂
|ξ|≤ r0

ϵ 

e−c|ξ|2t∥P0f̂0∥dξ ≤ C∥P0f0∥H2 . (3.91)

Set

I12 =
∑︂
j=±1

⎛
⎜⎝ ∫︂

R3

−
∫︂

|ξ|≥ r0
ϵ 

⎞
⎟⎠ eix·ξe

μj |ξ|
ϵ t−aj |ξ|2t

(︂
P0f̂0, hj

)︂
hjdξ

=: I13 + I14. (3.92)

For I14, it holds that

∥P||I14∥L∞ ≤ C

∫︂
|ξ|≥ r0

ϵ 

e−c|ξ|2t∥P0f̂0∥dξ

≤ C

⎛
⎜⎝ ∫︂

|ξ|≥ r0
ϵ 

e−
2cr20
ϵ2 t 1 

(1 + |ξ|2)2 dξ

⎞
⎟⎠

1/2 ⎛
⎜⎝ ∫︂

|ξ|≤ r0
ϵ 

(1 + |ξ|2)2∥f̂0∥2dξ

⎞
⎟⎠

1/2

≤ Ce−
cr20
ϵ2 t∥f0∥H2 . (3.93)

Note that

(I13, vχ0)|| = −
∑︂
j=±1

1
2

∫︂
R3

eix·ξe
iμj |ξ|

ϵ t−aj |ξ|2t
[︃
j

(︃√︃
3
5 n̂0 +

√︃
2
5 q̂0

)︃
− (m̂0 · ω)

]︃
ωdξ,

(I13, h̃1) =
∑︂
j=±1

1
2

∫︂
R3

eix·ξe
iμj |ξ|

ϵ t−aj |ξ|2t
[︃(︃√︃

3
5 n̂0 +

√︃
2
5 q̂0

)︃
− j(m̂0 · ω)

]︃
dξ,
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where

(n0,m0, q0) = ((f0, χ0), (f0, vχ0), (f0, χ4)).

Set
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

Gjk(t, x) =
∫︂
R3

eix·ξe
iμj |ξ|

ϵ t(1 + |ξ|)−3αk(ω)dξ, k = 0, 1, 2,

Hj(t, x) =
∫︂
R3

eix·ξe−aj |ξ|2tdξ = Ct−
3
2 e

− |x|2
4ajt ,

α0(ω) = 1, α1(ω) = ω, α2(ω) = ω ⊗ ω.

Then by Lemma 3.8, we have

∥P||I13∥L∞ ≤ ∥(I13, vχ0)||∥L∞
x

+ ∥(I13, h̃1)∥L∞
x

≤ C
∑︂
j=±1

2 ∑︂
k=0

∥Gjk(t)∥L∞
x
∥Hj(t)∥L1

x
∥(n0 +

√︃
2
3q0,m0)∥W 3,1

x

≤ C

(︃
t 
ϵ

)︃−1

∥P0f0∥W 3,1 . (3.94)

By combining (3.91)--(3.94), we obtain

∥P||I12∥L∞ ≤ C

(︃
1 + t 

ϵ

)︃−1

(∥P0f0∥H2 + ∥P0f0∥W 3,1) . (3.95)

Thus, it follows from (3.87)--(3.90) and (3.95) that

∥P||I1∥L∞ ≤ C

(︃
ϵ(1 + t)− 5

2 +
(︃

1 + t 
ϵ

)︃−1 )︃
(∥f0∥H3 + ∥f0∥W 3,1) , (3.96)

∥P⊥I1∥L2 ≤ Cϵ(1 + t)− 5
4 (∥f0∥H1 + ∥f0∥L1) . (3.97)

I2 and I3 can be estimated directly as follows.

∥I2∥2
L2 ≤

∫︂
R3

∥S5(t, ξ, ϵ)f̂0∥2dξ ≤ C

∫︂
R3

e−
2b 
ϵ2 t∥f̂0∥2dξ ≤ Ce−

2b 
ϵ2 t∥f0∥2

L2 , (3.98)

∥I3∥2
L2 ≤ C

∫︂
|ξ|≥ r0

ϵ 

e−2c|ξ|2t∥P0f̂0∥2dξ ≤ Cϵ2
∫︂

|ξ|≥ r0
ϵ 

e−
2cr20
ϵ2 t|ξ|2∥P0f̂0∥2dξ

≤ Cϵ2e−
2cr20
ϵ2 t∥P0f0∥2

H1 . (3.99)
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By (3.96), (3.97), (3.98) and (3.99), and the Sobolev embedding theorem, we obtain 
(3.80) and (3.81).

We now turn to (3.83). If f0 satisfies (1.27), we have
(︂
P0f̂0, hj(ξ)

)︂
= 0, j = −1, 1,

which implies that I12 = 0. By Lemma 3.2, we have

∥I2∥2
L2 ≤ C

∫︂
|ξ|≤ r0

ϵ 

ϵ2|ξ|2e− 2bt
ϵ2 ∥f̂0∥2dξ + C

∫︂
|ξ|≥ r0

ϵ 

e−
2bt
ϵ2 ∥f̂0∥2dξ

≤ Cϵ2e−
2bt
ϵ2 ∥f0∥2

H1 .

Thus, (3.82) and (3.83) hold.
Finally, we prove (3.84) and (3.85). By (2.135), we have

1
ϵ 
e

t 
ϵ2 Bϵf0 − Y1(t)Z2 =

∫︂
|ξ|≤ r0

ϵ 

eix·ξ
(︃

1
ϵ 
S4(t, ξ, ϵ)f̂0 − Y1(t, ξ)(iv · ξL−1f̂0)

)︃
dξ

+
∫︂
R3

1
ϵ 
eix·ξS5(t, ξ, ϵ)f̂0dξ +

∫︂
|ξ|≥ r0

ϵ 

eix·ξY1(t, ξ)(iv · ξL−1f̂0)dξ

=: I4 + I5 + I6. (3.100)

For any f0 ∈ L2 satisfying P0f0 = 0, we obtain

S4(t, ξ, ϵ)f̂0 = ϵ

4 ∑︂
j=0 

e
iμj |ξ|

ϵ t−aj |ξ|2t+O(ϵ3|ξ|3)t
[︂(︂

i(v · ξ)L−1f̂0, hj

)︂
hj + O(ϵ|ξ|2)

]︂
. 

(3.101)

Thus, it follows that

I4 =
3 ∑︂

j=−1

∫︂
|ξ|≤ r0

ϵ 

eix·ξ
{︃
e

iμj |ξ|
ϵ t−aj |ξ|2t+O(ϵ|ξ|3)t

[︂(︂
i(v · ξ)L−1f̂0, hj

)︂
hj + O(ϵ|ξ|2)

]︂

− e
iμj |ξ|

ϵ t−aj |ξ|2t
(︂
i(v · ξ)L−1f̂0, hj

)︂
hj

}︃
dξ

+
∑︂
j=±1

∫︂
|ξ|≤ r0

ϵ 

eix·ξe
iμj |ξ|

ϵ t−aj |ξ|2t
(︂
i(v · ξ)L−1f̂0, hj

)︂
hjdξ

=: I41 + I42. (3.102)

For I41, it holds that
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∥P||I41∥L∞ ≤ Cϵ

∫︂
|ξ|≤ r0

ϵ 

e−c|ξ|2t
(︂
|ξ|4t∥P0f̂0∥ + |ξ|2∥f̂0∥

)︂
dξ

≤ Cϵ(1 + t)− 7
2 (∥f0∥H4 + ∥f0∥L1) , (3.103)

∥P⊥I41∥L2 ≤ Cϵ

(︃ ∫︂
|ξ|≤ r0

ϵ 

e−2c|ξ|2t
(︂
|ξ|8t2∥P0f̂0∥2 + |ξ|4∥f̂0∥2

)︂
dξ

)︃1/2

≤ Cϵ(1 + t)− 7
4 (∥f0∥H2 + ∥f0∥L1) . (3.104)

Denote

I42 =
∑︂
j=±1

⎛
⎜⎝ ∫︂

R3

−
∫︂

|ξ|≥ r0
ϵ 

⎞
⎟⎠ eix·ξe

iμj |ξ|
ϵ t−aj |ξ|2t

(︂
i(v · ξ)L−1f̂0, hj

)︂
hjdξ

=: I43 + I44. (3.105)

For I44, it holds that

∥P||I44∥L∞ ≤ C

∫︂
|ξ|≥ r0

ϵ 

e−c|ξ|2t∥P0(v · ξL−1f̂0)∥dξ ≤ Ce−
cr20
ϵ2 t∥f0∥H3 . (3.106)

Note that

(I43, vχ0)|| = −
∑︂
j=±1

1
2

∫︂
R3

eix·ξe
iμj |ξ|

ϵ t−aj |ξ|2t
[︃
j

√︃
2
5 F̂4 − (F̂1 · ω)

]︃
ω,

(I43, h̃1) =
∑︂
j=±1

1
2

∫︂
R3

eix·ξe
iμj |ξ|

ϵ t−aj |ξ|2t
[︃√︃

2
5 F̂4 − j(F̂1 · ω)

]︃
,

where

(F1, F4) = ((v · ∇xL
−1f0, vχ0), (v · ∇xL

−1f0, χ4)).

Hence, by Lemma 3.8, we have

∥P||I43∥L∞ ≤ C
∑︂
j=±1

2 ∑︂
k=0

∥Gjk(t)∥L∞
x
∥Hj(t)∥L1

x
∥(F1, F4)∥W 3,1

x

≤ C

(︃
t 
ϵ

)︃−1

∥f0∥W 4,1 . (3.107)

Thus, it follows from (3.102)--(3.104) and (3.105)--(3.107) that
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∥P||I4∥L∞ ≤ C

(︃
ϵ(1 + t)− 5

2 +
(︃

1 + t 
ϵ

)︃−1 )︃
(∥f0∥H4 + ∥f0∥W 4,1) , (3.108)

∥P⊥I4∥L2 ≤ Cϵ(1 + t)− 5
4 (∥f0∥H2 + ∥f0∥L1) . (3.109)

Finally, I5 and I6 can be estimated directly as follows.

∥I5∥2
L2 ≤

∫︂
R3

1 
ϵ2
∥S5(t, ξ, ϵ)f̂0∥2dξ ≤ C

∫︂
R3

1 
ϵ2
e−

2b 
ϵ2 t∥f̂0∥2dξ ≤ C

1 
ϵ2
e−

2b 
ϵ2 t∥f0∥2

L2 , (3.110)

∥I6∥2
L2 ≤ C

∫︂
|ξ|≥ r0

ϵ 

e−2c|ξ|2t∥P0(v · ξL−1f̂0)∥2dξ ≤ Cϵ2
∫︂

|ξ|≥ r0
ϵ 

e−
2cr20
ϵ2 t|ξ|4∥f̂0∥2dξ

≤ Cϵ2e−
2cr20
ϵ2 t∥f0∥2

H2 . (3.111)

By (3.108), (3.109), (3.110) and (3.111), and the Sobolev embedding theorem, we obtain 
(3.84) and (3.85). And this completes the proof of the lemma. □
Remark 3.10. From Lemma 3.9, we have

⃦⃦
e

t 
ϵ2 BϵP0f0 − Y1(t)P0f0 − Uosc

ϵ (t)
⃦⃦
L2 ≤ Cϵ(1 + t)− 5

4 (∥f0∥H1 + ∥f0∥L1), (3.112)

where Uosc
ϵ (t) = Uosc

ϵ (t, x, v) is the high oscillation part of e
t 
ϵ2 Bϵf0 defined by

Uosc
ϵ (t) =

∑︂
j=±1

∫︂
R3

eix·ξe
iμj |ξ|

ϵ t−aj |ξ|2t
(︂
P0f̂0, hj

)︂
hjdξ. (3.113)

Lemma 3.11. For any ϵ ∈ (0, 1), α ∈ N3 and any f0 ∈ L2, we have

∥P0∂
α
x e

t 
ϵ2 Bϵf0∥L2 ≤ C(1 + t)− 3

4−m
2 (∥∂α

x f0∥L2 + ∥∂α′

x f0∥L1), (3.114)

∥P1∂
α
x e

t 
ϵ2 Bϵf0∥L2 ≤ C

(︂
ϵ(1 + t)− 5

4−m
2 + e−

bt 
ϵ2
)︂

(∥∂α
x f0∥H1 + ∥∂α′

x f0∥L1), (3.115)

where α′ ≤ α, m = |α − α′|, and b > 0 is a constant given by (2.136). Moreover, if 
P0f0 = 0, then

∥P0∂
α
x e

t 
ϵ2 Bϵf0∥L2 ≤ C

(︂
ϵ(1 + t)− 5

4−m
2 + e−

bt 
ϵ2
)︂

(∥∂α
x f0∥H1 + ∥∂α′

x f0∥L1), (3.116)

∥P1∂
α
x e

t 
ϵ2 Bϵf0∥L2 ≤ C

(︂
ϵ2(1 + t)− 7

4−m
2 + e−

bt 
ϵ2
)︂

(∥∂α
x f0∥H2 + ∥∂α′

x f0∥L1). (3.117)

Proof. By (2.135), for j = 0, 1 we have

⃦⃦⃦
Pj∂

α
x e

t 
ϵ2 Bϵf0

⃦⃦⃦2

L2
=
∫︂
R3

⃦⃦⃦
Pjξ

αe
t 
ϵ2 Bϵ(ξ)f̂0

⃦⃦⃦2
dξ



72 T. Yang, M. Zhong / Advances in Mathematics 489 (2026) 110800 

≤
∫︂

|ξ|≤ r0
ϵ 

⃦⃦⃦
ξαPjS4(t, ξ, ϵ)f̂0

⃦⃦⃦2
dξ +

∫︂
R3

⃦⃦⃦
ξαS5(t, ξ, ϵ)f̂0

⃦⃦⃦2
dξ. (3.118)

By (2.136), we can estimate the second term on the right hand side of (3.118) as follows.

∫︂
R3

(ξα)2∥S5(t, ξ, ϵ)f̂0∥2dξ ≤ Ce−2 bt 
ϵ2

∫︂
R3

(ξα)2∥f̂0∥2dξ ≤ Ce−2 bt 
ϵ2 ∥∂α

x f0∥2
L2 . (3.119)

By Theorems 2.19 and 2.18, we have

∫︂
|ξ|≤ r0

ϵ 

∥ξαP0S4(t, ξ, ϵ)f̂0∥2dξ ≤ C

∫︂
|ξ|≤ r0

ϵ 

e−c|ξ|2t(ξα)2∥f̂0∥2dξ

≤ C(1 + t)− 3
2−m

(︂
∥∂α

x f0∥2
L2 + ∥∂α′

x f0∥2
L1

)︂
, (3.120)∫︂

|ξ|≤ r0
ϵ 

∥ξαP1S4(t, ξ, ϵ)f̂0∥2dξ ≤ C

∫︂
|ξ|≤ r0

ϵ 

e−c|ξ|2tϵ2|ξ|2(ξα)2∥f̂0∥2dξ

≤ Cϵ2(1 + t)− 5
2−m

(︂
∥∂α

x f0∥2
H1 + ∥∂α′

x f0∥2
L1

)︂
, (3.121)

where α′ ≤ α and m = |α− α′|. Combining (3.118)--(3.121) yields (3.114) and (3.115).
Moreover, it holds that for P0f0 = 0,

∫︂
|ξ|≤ r0

ϵ 

∥ξαP0S4(t, ξ, ϵ)f̂0∥2dξ ≤ C

∫︂
|ξ|≤ r0

ϵ 

e−c|ξ|2tϵ2|ξ|2(ξα)2∥f̂0∥2dξ

≤ Cϵ2(1 + t)− 5
2−m

(︂
∥∂α

x f0∥2
H1 + ∥∂α′

x f0∥2
L1

)︂
, (3.122)∫︂

|ξ|≤ r0
ϵ 

∥ξαP1S4(t, ξ, ϵ)f̂0∥2dξ ≤ C

∫︂
|ξ|≤ r0

ϵ 

e−c|ξ|2tϵ4|ξ|4(ξα)2∥f̂0∥2dξ

≤ Cϵ4(1 + t)− 7
2−m

(︂
∥∂α

x f0∥2
H2 + ∥∂α′

x f0∥2
L1

)︂
. (3.123)

Combining (3.118), (3.122) and (3.123) gives (3.116)--(3.117). The proof of the lemma is 
completed. □
Lemma 3.12. For any 1 ≤ q ≤ 2, α ∈ N3 and any u0 ∈ N0, we have

∥∂α
xY1(t)u0∥L2 ≤ C(1 + t)−

3
2 ( 1 

q− 1
2 )−m

2 ∥∂α′

x u0∥Lq + Ct−
k
2 e−ct∥∂α′′

x u0∥L2 , (3.124)

where α′, α′′ ≤ α, m = |α− α′| and k = |α− α′′|.
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Proof. By (3.5), we have

∥∂α
xY1(t)u0∥2

L2 ≤ C

⎛
⎜⎝ ∫︂
|ξ|≤1

+
∫︂

|ξ|≥1

⎞
⎟⎠ (ξα)2e−2c|ξ|2t∥û0∥2dξ

≤ C

⎛
⎜⎝ ∫︂

|ξ|≤1

|ξ|2pme−2cp|ξ|2tdξ

⎞
⎟⎠

1/p⎛
⎜⎝ ∫︂

|ξ|≤1

∥ξα′
û0∥2p′

dξ

⎞
⎟⎠

1/p′

+ sup 
|ξ|≥1

(︂
|ξ|2ke−2c|ξ|2t

)︂ ∫︂
|ξ|≥1

(ξα
′′
)2∥û0∥2dξ

≤ C(1 + t)−
3
2 ( 2 

q−1)−m∥∂α′

x u0∥2
Lq + Ct−ke−2ct∥∂α′′

x u0∥2
L2 ,

where 1/q + 1/p′ = 1, 1/(2p′) + 1/q = 1, α′ ≤ α and m = |α − α′|. This completes the 
proof of the lemma. □
4. Diffusion limit

In this section, we will study the diffusion limit of the nonlinear VMB system 
(1.6)--(1.10) based on the fluid approximations of the linear VMB system given in Sec
tion 3.

Since the operators Aϵ and Bϵ generate contraction semigroups in Hk, the solution 
Uϵ(t) = (fϵ, Vϵ)(t) with Vϵ(t) = (gϵ, Eϵ, Bϵ)(t) to the VMB system (1.6)--(1.13) can be 
represented by

fϵ(t) = e
t 
ϵ2 Bϵf0 +

t ∫︂
0 

e
t−s

ϵ2 Bϵ

(︃
G1(s) + 1

ϵ 
G2(s)

)︃
ds, (4.1)

Vϵ(t) = e
t 
ϵ2 AϵV0 +

t ∫︂
0 

e
t−s

ϵ2 Aϵ

(︃
G3(s) + 1

ϵ 
G4(s)

)︃
ds, (4.2)

where V0 = (g0, E0, B0), and the nonlinear terms Gk, k = 1, 2, 3, 4 are given by

G1 = 1
2v · Eϵgϵ − Eϵ · ∇vgϵ −

1
ϵ 
P0(v ×Bϵ) · ∇vPrgϵ,

G2 = −P1(v ×Bϵ) · ∇vPrgϵ + Γ(fϵ, fϵ),

G3 = (G31, 0, 0), G31 = 1
2v · Eϵfϵ − Eϵ · ∇vfϵ,

G4 = (G41, 0, 0), G41 = −(v ×Bϵ) · ∇vfϵ + Γ(gϵ, fϵ).
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Also, the solution U(t) = (u1, V1)(t) with u1 = nχ0 +m ·vχ0 + qχ4 and V1 = (ρχ0, E,B)
to the NSMF system (1.24)--(1.25) can be represented by

u1(t) = Y1(t)P0f0 +
t ∫︂

0 

Y1(t− s)(H1(s) + ∇x ·H2(s))ds, (4.3)

V1(t) = Y2(t)P2V0 +
t ∫︂

0 

Y2(t− s)H3(s)ds, (4.4)

where

H1 = (ρE + j ×B) · vχ0, H2 = −(m⊗m) · vχ0 −
5
3(qm)χ4,

H3 = −(∇x ·H4χ0, H4, 0), H4 = ρm− ηm×B.

4.1. Energy estimate

We first derive some energy estimates. Let N ≥ 1 be a positive integer and Uϵ =
(fϵ, gϵ, Eϵ, Bϵ), and

EN,k(Uϵ) =
∑︂

|α|+|β|≤N

∥νk∂α
x ∂

β
v (fϵ, gϵ)∥2

L2 +
∑︂

|α|≤N

∥∂α
x (Eϵ, Bϵ)∥2

L2
x
, (4.5)

DN,k(Uϵ) =
∑︂

|α|+|β|≤N

1 
ϵ2
∥ν 1

2+k∂α
x ∂

β
v (P1fϵ, Prgϵ)∥2

L2 +
∑︂

1≤|α|≤N−1

∥∂α
x (Eϵ, Bϵ)∥2

L2
x

+
∑︂

|α|≤N−1

∥∂α
x∇x(P0fϵ, Pdgϵ)∥2

L2 + ∥Eϵ∥2
L2

x
, (4.6)

for k ≥ 0. For brevity, we denote EN (Uϵ) = EN,0(Uϵ) and DN (Uϵ) = DN,0(Uϵ).
Firstly, by taking the inner product of χj (j = 0, 1, 2, 3, 4) and (1.6), we have a 

compressible Euler-Maxwell type system

∂tnϵ + 1
ϵ 
divxmϵ = 0, (4.7)

∂tmϵ + 1
ϵ 
∇xnϵ + 1

ϵ 

√︃
2
3∇xqϵ = ρϵEϵ + 1

ϵ 
uϵ ×Bϵ −

1
ϵ 
(v · ∇x(P1fϵ), vχ0), (4.8)

∂tqϵ + 1
ϵ 

√︃
2
3divxmϵ =

√︃
2
3Eϵ · uϵ −

1
ϵ 
(v · ∇x(P1fϵ), χ4), (4.9)

where

(nϵ,mϵ, qϵ) = ((fϵ, χ0), (fϵ, vχ0), (fϵ, χ4)), (ρϵ, uϵ) = ((gϵ, χ0), (gϵ, vχ0)). (4.10)
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Taking the microscopic projection P1 on (1.6) gives

∂t(P1fϵ) + 1
ϵ 
P1(v · ∇xP1fϵ) −

1 
ϵ2
L(P1fϵ) = −1

ϵ 
P1(v · ∇xP0fϵ) + P1G1 −

1
ϵ 
P1G2.

(4.11)

By (4.11), we can express the microscopic part P1fϵ as

1
ϵ 
P1fϵ = L−1[ϵ∂t(P1fϵ) + P1(v · ∇xP1fϵ) − ϵP1G1 − P1G2] + L−1P1(v · ∇xP0fϵ).

(4.12)

By substituting (4.12) into (4.7)--(4.9), we obtain a compressible Navier-Stokes-Maxwell 
type system

∂tnϵ + 1
ϵ 
divxmϵ = 0, (4.13)

∂tmϵ + ϵ∂tR1 + 1
ϵ 
∇xnϵ + 1

ϵ 

√︃
2
3∇xqϵ

= κ0

(︃
Δxmϵ + 1

3∇xdivxmϵ

)︃
+ ρϵEϵ + 1

ϵ 
uϵ ×Bϵ + R3, (4.14)

∂tqϵ + ϵ∂tR2 + 1
ϵ 

√︃
2
3divxmϵ = κ1Δxqϵ +

√︃
2
3Eϵ · uϵ + R4, (4.15)

where the remainder terms R1, R2, R3, R4 are given by

R1 = (v · ∇xL
−1(P1fϵ), vχ0), R2 = (v · ∇xL

−1(P1fϵ), χ4),

R3 = (v · ∇xL
−1[P1(v · ∇xP1fϵ) − ϵP1G1 − P1G2], vχ0),

R4 = (v · ∇xL
−1[P1(v · ∇xP1fϵ) − ϵP1G1 − P1G2], χ4).

By taking the inner product between 
√
M and (1.7), we obtain

∂tρϵ + 1
ϵ 
divxuϵ = 0. (4.16)

Taking the microscopic projection Pr on (1.7) gives

∂t(Prgϵ) + 1
ϵ 
Pr(v · ∇xPrgϵ) −

1
ϵ 
v
√
M · Eϵ −

1 
ϵ2
L1(Prgϵ)

= −1
ϵ 
(v · ∇xρϵ)

√
M + G31 + 1

ϵ 
G41. (4.17)

By (4.17), we can express the microscopic part Prgϵ as
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1
ϵ 
Prgϵ = L−1

1 [ϵ∂t(Prgϵ) + Pr(v · ∇xPrgϵ) − ϵG31 −G41] − L−1
1 [vχ0 · (Eϵ −∇xρϵ)].

(4.18)

Substituting (4.18) into (4.16) and (1.8) gives

∂tρϵ + ϵ∂tdivxR5 = −ηρϵ + ηΔxρϵ − divxR6, (4.19)

∂tEϵ + ϵ∂tR5 = ∇x ×Bϵ + η∇xρϵ − ηEϵ + R6, (4.20)

∂tBϵ = −∇x × Eϵ, (4.21)

where the remainder terms R5, R6 are defined by

R5 = (L−1
1 Prgϵ, vχ0), R6 = (L−1

1 (Pr(v · ∇xPrgϵ) − ϵG31 −G41), vχ0).

Similar to [12,26,32], we have the existence and the energy estimate for the solution 
Uϵ = (fϵ, gϵ, Eϵ, Bϵ) to the VMB system (1.6)--(1.13).

Lemma 4.1 (Macroscopic dissipation). Given N ≥ 4. Let (nϵ,mϵ, qϵ) and (ρϵ, Eϵ, Bϵ) be 
the strong solutions to (4.13)--(4.15) and (4.19)--(4.21) respectively. Then, there are two 
constants s0, s1 > 0 such that for any ϵ ∈ (0, 1),

d 
dt

∑︂
|α|≤N−1

s0

⎛
⎝∥∂α

x (nϵ,mϵ, qϵ)∥2
L2

x
+ 2ϵ

∫︂
R3

∂α
xR1∂

α
xmϵdx + 2ϵ

∫︂
R3

∂α
xR2∂

α
x qϵdx

⎞
⎠

+ d 
dt

∑︂
|α|≤N−1

4ϵ
∫︂
R3

∂α
xmϵ∂

α
x∇xnϵdx +

∑︂
|α|≤N−1

∥∂α
x∇x(nϵ,mϵ, qϵ)∥2

L2
x

≤C
√︁
EN (Uϵ)DN (Uϵ) + C

∑︂
|α|≤N−1

∥∂α
x∇xP1fϵ∥2

L2 ,

d 
dt

∑︂
|α|≤N−1

s1

⎛
⎝∥∂α

x (ρϵ, Eϵ, Bϵ)∥2
L2

x
+ 2ϵ

∫︂
R3

∂α
x divxR5∂

α
x ρϵdx + 2ϵ

∫︂
R3

∂α
xR5∂

α
xEϵdx

⎞
⎠

− d 
dt

∑︂
|α|≤N−2

4
∫︂
R3

∂α
xEϵ∂

α
x (∇x ×Bϵ)dx

+
∑︂

|α|≤N−1

(∥∂α
x ρϵ∥2

L2
x

+ ∥∂α
x∇xρϵ∥2

L2
x

+ ∥∂α
xEϵ∥2

L2
x
) +

∑︂
1≤|α|≤N−1

∥∂α
xBϵ∥2

L2
x

≤CEN (Uϵ)DN (Uϵ) + C

ϵ2

∑︂
|α|≤N

∥∂α
xPrgϵ∥2

L2 .

Lemma 4.2 (Microscopic dissipation). Given N ≥ 4. Let Uϵ = (fϵ, gϵ, Eϵ, Bϵ) be a strong 
solution to VMB system (1.6)--(1.13). Then, there are constants pk > 0, 1 ≤ k ≤ N and 
μ1 > 0 such that for any ϵ ∈ (0, 1),



T. Yang, M. Zhong / Advances in Mathematics 489 (2026) 110800 77

1
2

d 
dt

∑︂
|α|≤N

(∥∂α
x (fϵ, gϵ)∥2

L2 + ∥∂α
x (Eϵ, Bϵ)∥2

L2
x
) + μ1

ϵ2

∑︂
|α|≤N

∥ν 1
2 ∂α

x (P1fϵ, Prgϵ)∥2
L2

≤ C
√︁
EN (Uϵ)DN (Uϵ),

d 
dt

∑︂
1≤k≤N

pk
∑︂
|β|=k 

|α|+|β|≤N

∥∂α
x ∂

β
v (P1fϵ, Prgϵ)∥2

L2 + μ1

ϵ2

∑︂
|β|≥1 

|α|+|β|≤N

∥ν 1
2 ∂α

x ∂
β
v (P1fϵ, Prgϵ)∥2

L2

≤ C
∑︂

|α|≤N−1

(∥∂α
x∇x(fϵ, gϵ)∥2

L2 + ∥∂α
xEϵ∥2

L2
x
) + C

√︁
EN (Uϵ)DN (Uϵ).

Lemma 4.3. Let N ≥ 4. For any ϵ ∈ (0, 1), there exists a small constant δ0 > 0 and an 
energy functional ℰN (Uϵ) ∼ EN (Uϵ) such that if the initial data U0 = (f0, g0, E0, B0)
satisfies EN (U0) ≤ δ2

0, then the system (1.6)--(1.13) admits a unique global solution 
Uϵ = (fϵ, gϵ, Eϵ, Bϵ) satisfying

d 
dtℰN (Uϵ(t)) + DN (Uϵ(t)) ≤ 0. (4.22)

Moreover, there exists an energy functional ℰN,1(Uϵ) ∼ EN,1(Uϵ) such that if the 
initial data U0 satisfies EN,1(U0) ≤ δ2

0, then

d 
dtℰN,1(Uϵ(t)) + DN,1(Uϵ(t)) ≤ 0. (4.23)

With Lemmas 3.6, 3.11 and 4.3, we have the optimal time decay rate of Uϵ =
(fϵ, gϵ, Eϵ, Bϵ) stated in the following lemma.

Lemma 4.4. Let N ≥ 4. For any ϵ ∈ (0, 1), there exists a small constant δ0 > 0 such that 
if the initial data U0 = (f0, g0, E0, B0) satisfies that EN+2,1(U0)+ ∥U0∥2

L1 ≤ δ2
0, then the 

solution Uϵ(t) = (fϵ, gϵ, Eϵ, Bϵ) to the system (1.6)--(1.13) has the following time-decay 
rate estimates:

∥(fϵ, gϵ)∥DN
1

+ ∥(Eϵ, Bϵ)∥HN
x

≤ Cδ0(1 + t)− 3
4 . (4.24)

In particular, we have

∥P1fϵ(t)∥HN−2 ≤ Cδ0

(︂
ϵ(1 + t)− 3

4 + e−
bt 
4ϵ2

)︂
, (4.25)

∥Prgϵ(t)∥HN−1 ≤ Cδ0

(︂
ϵ(1 + t)− 3

4 + e−
bt 
4ϵ2

)︂
, (4.26)

where b > 0 is a constant.

Proof. Define

Qϵ(t) = sup 
0≤s≤t

{︂
(1 + s) 3

4EN,1(Uϵ(s))
1
2 + ∥Prgϵ(s)∥HN−1

(︂
ϵ(1 + s)− 3

4 + e−
bs 
4ϵ2

)︂−1 }︂
.
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We claim that

Qϵ(t) ≤ Cδ0. (4.27)

It is straightforward to check that the estimates (4.24) and (4.26) follow from (4.27).
Since P0G2 = 0 and P0(v×Bϵ) ·∇vPrgϵ = (uϵ×Bϵ) ·vχ0, it follows from Lemma 3.11

and (4.1) that

∥P0fϵ(t)∥L2 ≤ C(1 + t)− 3
4 (∥f0∥L2 + ∥f0∥L1)

+ C

t ∫︂
0 

(1 + t− s)− 3
4 (∥G1(s)∥L2 + ∥G1(s)∥L1) ds

+ C

t ∫︂
0 

(︃
(1 + t− s)− 5

4 + 1
ϵ 
e−

b(t−s)
ϵ2

)︃

× (∥G2(s)∥H1 + ∥G2(s)∥L1) ds

≤ Cδ0(1 + t)− 3
4 + CQϵ(t)2(1 + t)− 3

4 , (4.28)

where we have used

∥G1(s)∥HN−1 + ∥G1(s)∥L1 ≤ CQϵ(t)2
[︃
(1 + s)− 3

2 + 1
ϵ 
(1 + s)− 3

4 e−
bs 
4ϵ2

]︃
, (4.29)

∥G2(s)∥HN−1 + ∥G2(s)∥L1 ≤ CQϵ(t)2(1 + s)− 3
2 . (4.30)

Let Vϵ = (gϵ, Eϵ, Bϵ) and V0 = (g0, E0, B0). Since P2G31 = P2G41 = 0, it follows from 
Lemma 3.6 and (4.2) that

∥Vϵ(t)∥L2 ≤ C(1 + t)− 3
4 (∥V0∥L2 + ∥V0∥L1 + ∥∇xV0∥L2)

+ C
4 ∑︂

k=3

t ∫︂
0 

(︃
(1 + t− s)− 5

4 + 1
ϵ 
e−

b(t−s)
ϵ2

)︃

× (∥Gk(s)∥H1 + ∥Gk(s)∥L1 + ∥∇xGk(s)∥L2) ds

≤ Cδ0(1 + t)− 3
4 + CQϵ(t)2(1 + t)− 3

4 , (4.31)

where we have used

∥Gk(s)∥HN−1 + ∥Gk(s)∥L1 ≤ CQϵ(t)2(1 + s)− 3
2 , k = 3, 4. (4.32)

Let 1 < l < 2 and n ≥ 4. Multiplying (4.23) by (1 + t)l and then taking time integration 
over [0, t] gives



T. Yang, M. Zhong / Advances in Mathematics 489 (2026) 110800 79

(1 + t)lEn,1(Uϵ)(t) +
t ∫︂

0 

(1 + s)lDn,1(Uϵ)(s)ds

≤ CEn,1(U0) + Cl

t ∫︂
0 

(1 + s)l−1En,1(Uϵ)(s)ds

≤ CEn,1(U0) + Cl

t ∫︂
0 

(1 + s)l−1Dn+1,1(Uϵ)(s)ds

+ Cl

t ∫︂
0 

(1 + s)l−1(∥P0fϵ(s)∥2
L2 + ∥Bϵ(s)∥2

L2
x
)ds, (4.33)

where we have used

En,1(Uϵ) ≤ CDn+1,1(Uϵ) + C(∥P0fϵ∥2
L2 + ∥Bϵ∥2

L2
x
).

Similarly, we can obtain the estimate for n + 1 as follows.

(1 + t)l−1En+1,1(Uϵ)(t) +
t ∫︂

0 

(1 + s)l−1Dn+1,1(Uϵ)(s)ds

≤ CEn+1,1(U0) + C(l − 1)
t ∫︂

0 

(1 + s)l−2(∥P0fϵ(s)∥2
L2 + ∥Bϵ(s)∥2

L2
x
)ds

+ C(l − 1)
t ∫︂

0 

(1 + s)l−2Dn+2,1(Uϵ)ds. (4.34)

And it follows from (4.23) that

En+2,1(Uϵ)(t) +
t ∫︂

0 

Dn+2,1(Uϵ)(s)ds ≤ CEn+2,1(U0). (4.35)

By (4.33)--(4.35), we obtain

(1 + t)lEn,1(Uϵ)(t) +
t ∫︂

0 

(1 + s)lDn,1(Uϵ)(s)ds

≤ CEn+2,1(U0) + C

t ∫︂
0 

(1 + s)l−1(∥P0fϵ(s)∥2
L2 + ∥Bϵ(s)∥2

L2
x
)ds
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for 1 < l < 2 and n ≥ 4. Taking l = 3/2 + ϵ for a fixed constant 0 < ϵ < 1/2 yields

(1 + t) 3
2+ϵEn,1(Uϵ)(t) +

t ∫︂
0 

(1 + s) 3
2+ϵDn,1(Uϵ)(s)ds

≤CEn+2,1(U0) + C(δ0 + Q2
ϵ (t))2

t ∫︂
0 

(1 + s) 1
2+ϵ(1 + s)− 3

2 ds

≤CEn+2,1(U0) + C(1 + t)ϵ(δ0 + Q2
ϵ(t))2.

This gives

En,1(Uϵ)(t) ≤ C(1 + t)− 3
2 (δ0 + Q2

ϵ(t))2. (4.36)

Next, it follows from Lemma 3.6 and (4.23) that

∥Prgϵ(t)∥HN−1 ≤ C
(︂
ϵ(1 + t)− 5

4 + e−
bt 
ϵ2
)︂ (︁

∥V0∥HN + ∥V0∥L1 + ∥∇2
xV0∥HN−1

)︁

+ C
4 ∑︂

k=3

t ∫︂
0 

(︃
ϵ(1 + t− s)− 5

4 + 1
ϵ 
e−

b(t−s)
ϵ2

)︃

×
(︁
∥Gk(s)∥HN+1 + ∥Gk(s)∥L1 + ∥∇2

xGk(s)∥HN−1
)︁
ds

≤ C(δ0 + δ0Qϵ(t) + Qϵ(t)2)
(︂
ϵ(1 + t)− 3

4 + e−
bt 
4ϵ2

)︂
, (4.37)

where we had used

∥G3(s)∥HN+1 ≤ C
∑︂

|α′|≤2

∥∂α′

x Eϵ∥L∞(∥⟨v⟩∂α−α′

x fϵ∥L2 + ∥∇v∂
α−α′

x fϵ∥L2)

+ C
∑︂

3≤|α′|≤N+1

∥∂α′

x Eϵ∥L2(∥⟨v⟩∂α−α′

x fϵ∥L∞ + ∥∇v∂
α−α′

x fϵ∥L∞)

≤ CEN,1(U) 1
2EN+2,1(U) 1

2 ≤ C(1 + t)− 3
4 δ0Qϵ(t). (4.38)

Note that (4.38) also holds for G2, G4. Then, by from Lemma 3.11 and (4.29), (4.38), we 
have

∥P1fϵ(t)∥HN−2 ≤ C
(︂
ϵ(1 + t)− 5

4 + e−
bt 
ϵ2
)︂

(∥f0∥HN−1 + ∥f0∥L1)

+ C

t ∫︂
0 

(︂
ϵ(1 + t− s)− 5

4 + e−
b(t−s)

ϵ2
)︂
∥G1(s)∥HN−1∩L1ds
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+ C

t ∫︂
0 

(︃
ϵ(1 + t− s)− 7

4 + 1
ϵ 
e−

b(t−s)
ϵ2

)︃
∥G2(s)∥HN∩L1ds

≤ C(δ0 + δ0Qϵ(t) + Qϵ(t)2)
(︂
ϵ(1 + t)− 3

4 + e−
bt 
4ϵ2

)︂
. (4.39)

Combining (4.36) and (4.37) gives

Qϵ(t) ≤ C(δ0 + δ0Qϵ(t) + Qϵ(t)2),

which shows (4.27) provided δ0 > 0 being sufficiently small. Finally, (4.25) follows from 
(4.39). The proof of the lemma is then completed. □

By (4.3), (4.4) and Lemma 3.12, we will prove the following lemma.

Lemma 4.5. Let N ≥ 2. There exists a small constant δ0 > 0 such that if ∥U0∥HN +
∥U0∥L1 ≤ δ0, then the NSMF system (1.24)--(1.25) admits a unique global solution 
Ũ(t, x) = (n,m, q, ρ, E,B)(t, x) satisfying

∥Ũ(t)∥HN
x

≤ Cδ0(1 + t)− 3
4 . (4.40)

Proof. Define

Q(t) = sup 
0≤s≤t

{︂
(1 + s)3/4 (∥u1(s)∥HN + ∥V1(s)∥HN )

}︂
,

where u1 and V1 are defined by (4.3) and (4.4) respectively.
Then, it follows from Lemmas 3.7 and 3.12 that

∥u1(t)∥HN ≤ C(1 + t)− 3
4 (∥P0f0∥HN + ∥P0f0∥L1)

+ C
2 ∑︂

k=1

t ∫︂
0 

(︂
(1 + t− s)− 3

4 + (t− s)− 1
2 e−c(t−s)

)︂

× (∥Hk(s)∥HN + ∥Hk(s)∥L1)ds

≤ Cδ0(1 + t)− 3
4 + CQ(t)2(1 + t)− 3

4 , (4.41)

∥V1(t)∥HN ≤ C(1 + t)− 3
4 (∥P2V0∥HN + ∥P2V0∥L1)

+ C

t ∫︂
0 

(︂
(1 + t− s)− 3

4 + (t− s)− 1
2 e−c(t−s)

)︂

× (∥H4(s)∥HN + ∥H4(s)∥L1)ds

≤ Cδ0(1 + t)− 3
4 + CQ(t)2(1 + t)− 3

4 . (4.42)
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By (4.41) and (4.42), we can obtain

Q(t) ≤ Cδ0,

provided δ0 > 0 being sufficiently small. This proves (4.40). The existence of the solution 
can be proved by the contraction mapping theorem with the details omitted. Then the 
proof of the lemma is completed. □

Note that Theorem 1.1 follows directly from Lemmas 4.4 and 4.5.

4.2. Optimal convergence rate

In this section, we will complete the proof of Theorem 1.2 about the optimal conver
gence rate of the diffusion limit.

Lemma 4.6 ([27]). For any i, j = 1, 2, 3, it holds that

Γ∗(viχ0, vjχ0) = −1
2LP1(vivjχ0), (4.43)

Γ∗(viχ0, |v|2χ0) = −1
2LP1(vi|v|2χ0), (4.44)

Γ∗(|v|2χ0, |v|2χ0) = −1
2LP1(|v|4χ0), (4.45)

where

Γ∗(f, g) = 1
2 [Γ(f, g) + Γ(g, f)].

Lemma 4.7. For any j = 1, 2, 3, it holds that

Γ(χ0, vjχ0) = −L1(vjχ0), (4.46)

Γ(χ0, |v|2χ0) = −L1(|v|2χ0). (4.47)

Proof. Let u = v∗, u′ = v′∗. By (1.3), it holds that

vj + uj = v′j + u′
j , j = 1, 2, 3, |v|2 + |u|2 = |v′|2 + |u′|2.

Thus

Γ(χ0, vjχ0) =
√
M

∫︂
R3

∫︂
S2

|(v − v∗) · ω|(u′
j − uj)M(u)dωdu

= −
√
M

∫︂
R3

∫︂
S2

|(v − v∗) · ω|(v′j − vj)M(u)dωdu
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= − L1(vjχ0),

Γ(χ0, |v|2χ0) =
√
M

∫︂
R3

∫︂
S2

|(v − v∗) · ω|(|u′|2 − |u|2)M(u)dωdu

= −
√
M

∫︂
R3

∫︂
S2

|(v − v∗) · ω|(|v′|2 − |v|2)M(u)dωdu

= − L1(|v|2χ0),

which proves the lemma. □
Proof of Theorem 1.2. First, for (1.33), set

Λϵ(t) = sup 
0≤s≤t

(︃
ϵ| ln ϵ|2(1 + s)− 1

2 +
(︃

1 + s

ϵ 

)︃−1)︃−1

×
(︂
∥P||fϵ(s)∥W 2,∞ + ∥P⊥(fϵ − u1)(s)∥H2 + ∥Vϵ(s) − V1(s)∥H2

)︂
, (4.48)

where P|| and P⊥ are defined by (1.29). Note that

∥P||fϵ∥ ∼
⃓⃓
(mϵ)||

⃓⃓
+
⃓⃓⃓
nϵ +

√︃
2
3qϵ

⃓⃓⃓
,

∥P⊥(fϵ − u1)∥ ∼ |(mϵ)⊥ −m| +
⃓⃓⃓
nϵ −

√︃
3
2qϵ − n +

√︃
3
2q

⃓⃓⃓
+ ∥P1fϵ∥.

We claim that

Λϵ(t) ≤ Cδ0, ∀ t > 0. (4.49)

It is straightforward to check that the estimate (1.33) follows from (4.49).
By (4.1) and (4.2), we have

Vϵ(t) − V1(t) =
(︂
e

t 
ϵ2 AϵU0 − Y2(t)P2U0

)︂
+

t ∫︂
0 

e
t−s

ϵ2 AϵG3(s)ds

+
t ∫︂

0 

(︃
1
ϵ 
e

t−s

ϵ2 AϵG4(s) − Y2(t− s)H3(s)
)︃
ds

=: I1 + I2 + I3, (4.50)

fϵ(t) − u1(t) =
(︂
e

t 
ϵ2 Bϵf0 − Y1(t)P0f0

)︂
+

t ∫︂
0 

(︂
e

t−s

ϵ2 BϵG1(s) − Y1(t− s)H1(s)
)︂
ds
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+
t ∫︂

0 

(︃
1
ϵ 
e

t−s

ϵ2 BϵG2(s) − Y1(t− s)divxH2(s)
)︃
ds

=: I4 + I5 + I6. (4.51)

By (3.30), (3.80) and (3.81), we can estimate I1 and I4 as follows.

∥I1∥H2 ≤ Cδ0

(︂
ϵ(1 + t)− 3

4 + e−
bt 
ϵ2
)︂
, (4.52)

∥P||I4∥W 2,∞ ≤ Cδ0

(︃
ϵ(1 + t)− 5

2 +
(︃

1 + t 
ϵ

)︃−1 )︃
, (4.53)

∥P⊥I4∥H2 ≤ Cδ0

(︂
ϵ(1 + t)− 5

4 + e−
bt 
ϵ2
)︂
. (4.54)

By (3.30), (4.32) and noting that P2G3 = 0, we have

∥I2∥H2 ≤ C

t ∫︂
0 

(︂
ϵ(1 + t− s)− 3

4 + e−
b(t−s)

ϵ2
)︂

(∥G3∥H3 + ∥G3∥L1) ds

+ C

t ∫︂
0 

ϵ2(1 + t− s)−2∥∇2
xG3∥H2ds

≤ Cδ2
0

t ∫︂
0 

(︂
ϵ(1 + t− s)− 3

4 + e−
b(t−s)

ϵ2
)︂

(1 + s)− 3
2 ds

≤ Cδ2
0ϵ(1 + t)− 3

4 , (4.55)

where we had used (refer to (4.32))

∥G3(s)∥H4 + ∥G3(s)∥L1 ≤ C∥Uϵ(s)∥2
D5

1
≤ C∥U0∥2

D7
1∩L1(1 + s)− 3

2 .

To estimate I3, we decompose

I3 =
t ∫︂

0 

(︃
1
ϵ 
e

t−s

ϵ2 AϵG4(s) − Y2(t− s)Z0(s)
)︃
ds

+
t ∫︂

0 

(︂
Y2(t− s)Z0(s) − Y2(t− s)H3(s)

)︂
ds

=: I31 + I32, (4.56)

where Z0 = (Pd(v ·∇xL
−1
1 G41), (L−1

1 G41, vχ0), 0). Thus, it follows from (3.52) and (4.32)
that
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∥I31∥H2 ≤ C

t ∫︂
0 

(︃
ϵ(1 + t− s)− 3

4 + 1
ϵ 
e−

b(t−s)
ϵ2

)︃
(∥G4∥H4 + ∥G4∥L1) ds

+ C

t ∫︂
0 

ϵ2(1 + t− s)−2∥∇2
xG4∥H2ds

≤ Cδ2
0

t ∫︂
0 

(︃
ϵ(1 + t− s)− 3

4 + 1
ϵ 
e−

b(t−s)
ϵ2

)︃
(1 + s)− 3

2 ds

≤ Cδ2
0ϵ(1 + t)− 3

4 . (4.57)

By Lemma 4.7, we obtain

(L−1
1 G41, vχ0) = (−L−1

1 [(v ×Bϵ) · ∇vP0fϵ] + L−1
1 Γ(Pdgϵ, P0fϵ) + L−1

1 R̃, vχ0)

= (−L−1
1 [(v ×Bϵ) ·mϵχ0] − ρϵ(mϵ · v)χ0, vχ0) + (L−1

1 R̃, vχ0)

= η(mϵ ×Bϵ) − ρϵmϵ + (L−1
1 R̃, vχ0), (4.58)

where

R̃ = −(v ×Bϵ) · ∇vP1fϵ + Γ(Prgϵ, fϵ) + Γ(Pdgϵ, P1fϵ). (4.59)

Thus, by noting that mϵ −m = (mϵ)|| + (mϵ)⊥ −m and by using (4.58), (4.24)--(4.26)
and (3.74), we have

∥I32∥H2 ≤C

t ∫︂
0 

[︂
(1 + t− s)− 1

2 + (t− s)− 1
2 e−

η
2 (t−s)

]︂

× ∥(L−1
1 G41, vχ0) + (ρm− ηm×B)∥H2

x
ds

≤C

t ∫︂
0 

(t− s)− 1
2

[︂
∥m∥H2

x
(∥ρϵ − ρ∥H2

x
+ ∥Bϵ −B∥H2

x
)

+ (∥(mϵ)||∥W 2,∞
x

+ ∥(mϵ)⊥ −m∥H2
x
)(∥ρϵ∥H2

x
+ ∥Bϵ∥H2

x
)

+ ∥Uϵ∥H2(∥P1fϵ∥H2 + ∥Prgϵ∥H2)
]︂
ds

≤Cδ0Λϵ(t)
t ∫︂

0 

(t− s)− 1
2

(︃
ϵ| ln ϵ|2(1 + s)− 1

2 +
(︃

1 + s

ϵ 

)︃−1)︃
(1 + s)− 3

4 ds

+ Cδ2
0

t ∫︂
0 

(t− s)− 1
2

(︂
ϵ(1 + s)− 3

4 + e−
bs 
4ϵ2

)︂
(1 + s)− 3

4 ds. (4.60)
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Denote

J0 =
t ∫︂

0 

(t− s)− 1
2

(︃
1 + s

ϵ 

)︃−1

(1 + s)− 3
4 ds, (4.61)

J1 =
t ∫︂

0 

(t− s)− 1
2 e−

bs 
4ϵ2 (1 + s)− 3

4 ds. (4.62)

For J0, it holds that

J0 =

⎛
⎜⎝

t/2∫︂
0 

+
t ∫︂

t/2

⎞
⎟⎠ (t− s)− 1

2

(︃
1 + s

ϵ 

)︃−1

(1 + s)− 3
4 ds

≤ Ct−
1
2

t/2∫︂
0 

(︃
1 + s

ϵ 

)︃−1

(1 + s)− 3
4 ds

+ C

(︃
1 + t 

ϵ

)︃−1

(1 + t)− 3
4

t ∫︂
t/2

(t− s)− 1
2 ds

≤ Cϵ| ln ϵ|2(1 + t)− 1
2 + C

(︃
1 + t 

ϵ

)︃−1

, (4.63)

where we have used

t−
1
2

t/2∫︂
0 

(︃
1 + s

ϵ 

)︃−1

(1 + s)− 3
4 ds

≤

⎧⎪⎨
⎪⎩

t−
1
2
∫︁ t

0 ds ≤
√
t ≤ C

√
ϵ(1 + t 

ϵ )
−1, t ≤ ϵ,

t−
1
2
∫︁ 1
0 (1 + s

ϵ )
−1ds ≤ Ct−

1
2 ϵ| ln ϵ| ≤ Cϵ| ln ϵ|2 + C(1 + t 

ϵ )
−1, ϵ < t ≤ 1,

t−
1
2

(︂∫︁ 1
0 (1 + s

ϵ )
−1ds + ϵ

∫︁ t

1 s−
7
4 ds

)︂
≤ Cϵ| ln ϵ|(1 + t)− 1

2 , t > 1.

For J1, it holds that

J1 =

⎛
⎜⎝

t/2∫︂
0 

+
t ∫︂

t/2

⎞
⎟⎠ (t− s)− 1

2 e−
bs 
4ϵ2 (1 + s)− 3

4 ds

≤ Ct−
1
2

t/2∫︂
0 

e−
bs 
4ϵ2 ds + Ce−

bt 
4ϵ2 (1 + t)− 3

4

t ∫︂
t/2

(t− s)− 1
2 ds

≤ Cϵ2t−
1
2 (1 − e−

bt 
4ϵ2 ) + Ct

1
2 e−

bt 
4ϵ2 (1 + t)− 3

4
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≤ Cϵ(1 + t)− 1
2 , (4.64)

where we have used

t−
1
2 (1 − e−

bt 
4ϵ2 ) ≤

{︄
Cϵ−1, t ≤ 1,
C(1 + t)− 1

2 , t > 1.

Thus, it follows from (4.60)--(4.64) that

∥I32∥H2 ≤ C(δ2
0 + δ0Λϵ(t))

(︃
ϵ| ln ϵ|2(1 + t)− 1

2 +
(︃

1 + t 
ϵ

)︃−1)︃
. (4.65)

By combining (4.52), (4.55), (4.56), (4.57) and (4.65), we obtain

∥Vϵ(t) − V1(t)∥H2 ≤ C(δ0 + δ2
0 + δ0Λϵ(t))

(︃
ϵ| ln ϵ|2(1 + t)− 1

2 +
(︃

1 + t 
ϵ

)︃−1)︃
. (4.66)

To estimate I5, we decompose

I5 =
t ∫︂

0 

(︂
e

t−s

ϵ2 BϵG1(s) − Y1(t− s)P0G1(s)
)︂
ds

+
t ∫︂

0 

(︂
Y1(t− s)P0G1(s) − Y1(t− s)H1(s)

)︂
ds

=: I51 + I52. (4.67)

By Lemma 3.9, (4.29), and noting that P||Y1(t) = 0, P⊥Y1(t) = Y1(t), we obtain

∥P||I51∥W 2,∞ ≤ C

t ∫︂
0 

(︃
ϵ(1 + t− s)− 3

2 +
(︃

1 + t− s

ϵ 

)︃−1 )︃
(∥G1∥H5 + ∥G1∥W 5,1) ds

≤ Cδ2
0

t ∫︂
0 

(︃
ϵ(1 + t− s)− 3

2 +
(︃

1 + t− s

ϵ 

)︃−1 )︃(︃
(1 + s)− 3

2 + 1
ϵ 
e−

bs 
4ϵ2

)︃
ds

≤ Cδ2
0ϵ| ln ϵ|(1 + t)− 3

4 , (4.68)

∥P⊥I51∥H2 ≤ C

t ∫︂
0 

(︂
ϵ(1 + t− s)− 3

4 + e−
b(t−s)

ϵ2
)︂

(∥G1∥H3 + ∥G1∥L1) ds

≤ Cδ2
0

t ∫︂
0 

(︂
ϵ(1 + t− s)− 3

4 + e−
b(t−s)

ϵ2
)︂(︃

(1 + s)− 3
2 + 1

ϵ 
e−

bs 
4ϵ2

)︃
ds

≤ Cδ2
0ϵ(1 + t)− 3

4 , (4.69)
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where we have used

t ∫︂
0 

(︃
1 + t− s

ϵ 

)︃−1

(1 + s)− 3
2 ds ≤

t ∫︂
0 

(︃
1 + t− s

ϵ 

)︃−1

ds

= ϵ ln
(︃

1 + t 
ϵ

)︃
≤ ϵ| ln ϵ|, t ≤ 1;

t ∫︂
0 

(︃
1 + t− s

ϵ 

)︃−1

(1 + s)− 3
2 ds =

⎛
⎜⎝

t/2∫︂
0 

+
t ∫︂

t/2

⎞
⎟⎠(︃

1 + t− s

ϵ 

)︃−1

(1 + s)− 3
2 ds

≤ C

(︃
1 + t 

ϵ

)︃−1

+ C(1 + t)− 3
2 ϵ ln

(︃
1 + t 

ϵ

)︃

≤ Cϵ| ln ϵ|(1 + t)−1, t > 1.

Since

P0G1 = (ρϵEϵ) · vχ0 +
√︃

2
3(uϵ · Eϵ)χ4 + 1

ϵ 
(uϵ ×Bϵ) · vχ0,

it follows from (4.67) that

I52 =
t ∫︂

0 

Y1(t− s)
(︃

(ρϵEϵ − ρE) · vχ0 +
√︃

2
3(uϵ ·Eϵ)χ4

)︃
ds

+
t ∫︂

0 

Y1(t− s)
(︃

1
ϵ 
(uϵ ×Bϵ) − j ×B

)︃
· vχ0ds

=: J51 + J52. (4.70)

For J51, it follows from Lemmas 3.12 and 4.4 that

∥J51∥H2 ≤C

t ∫︂
0 

(1 + t− s)− 3
4

(︂
∥ρϵEϵ − ρE∥L1

x∩H2
x

+ ∥uϵ · Eϵ∥L1
x∩H2

x

)︂
ds

≤Cδ0Λϵ(t)
t ∫︂

0 

(1 + t− s)− 3
4

(︃
ϵ| ln ϵ|2(1 + s)− 1

2 +
(︃

1 + s

ϵ 

)︃−1)︃
(1 + s)− 3

4 ds

+ Cδ2
0

t ∫︂
0 

(1 + t− s)− 3
4

(︂
ϵ(1 + s)− 3

4 + e−
bs 
ϵ2
)︂

(1 + s)− 3
4 ds

≤C(δ2
0 + δ0Λϵ(t))ϵ| ln ϵ|2(1 + t)− 3

4 . (4.71)
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By (4.18) and (4.58), we have

1
ϵ 
uϵ = (L−1

1 [ϵ∂t(Prgϵ) + Pr(v · ∇xPrgϵ) − ϵG31 −G41], vχ0) + η(Eϵ −∇xρϵ)

= ϵ∂t(L−1
1 (Prgϵ), vχ0) + (L−1

1 Pr(v · ∇xPrgϵ − ϵG31 − R̃), vχ0)

+ η(Eϵ −∇xρϵ) + (ρϵmϵ − ηmϵ ×Bϵ),

which leads to

1
ϵ 
(uϵ ×Bϵ) = ϵ∂t[(L−1

1 (Prgϵ), vχ0) ×Bϵ] + ϵ(L−1
1 (Prgϵ), vχ0) × (∇x ×Eϵ)

+ (L−1
1 Pr(v · ∇xPrgϵ − ϵG31 − R̃), vχ0) ×Bϵ + jϵ ×Bϵ.

Thus

J52 =
t ∫︂

0 

Y1(t− s)[jϵ ×Bϵ − j ×B] · vχ0ds

+ ϵ

t ∫︂
0 

Y1(t− s)∂s[(L−1
1 (Prgϵ), vχ0) ×Bϵ] · vχ0ds

+ ϵ

t ∫︂
0 

Y1(t− s)[(L−1
1 (Prgϵ), vχ0) × (∇x ×Eϵ)] · vχ0ds

+
t ∫︂

0 

Y1(t− s)[(L−1
1 Pr(v · ∇xPrgϵ − ϵG31 − R̃), vχ0) ×Bϵ] · vχ0ds

=: J1
52 + J2

52 + J3
52 + J4

52. (4.72)

We estimate J i
52, i = 1, 2, 3, 4 as follows. By Lemma 3.12, we obtain

∥J1
52∥H2 ≤ C

t ∫︂
0 

∥Y1(t− s)∥∥(jϵ ×Bϵ − j ×B)∥H1
x∩L1

x
ds

+ C

t ∫︂
0 

∥∇xY1(t− s)∥∥∇x(jϵ ×Bϵ − j ×B)∥L2
x∩L1

x
ds

≤ Cδ0Λϵ(t)
t ∫︂

0 

(︂
(1 + t− s)− 3

4 + (t− s)− 1
2 e−c(t−s)

)︂

×
(︃
ϵ| ln ϵ|2(1 + s)− 1

2 +
(︃

1 + s

ϵ 

)︃−1)︃
(1 + s)− 3

4 ds
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≤ Cδ0Λϵ(t)
(︃
ϵ| ln ϵ|2(1 + t)− 3

4 +
(︃

1 + t 
ϵ

)︃−1)︃
, (4.73)

∥J3
52∥H2 ≤ Cϵ

t ∫︂
0 

(1 + t− s)− 3
4 ∥(L−1

1 (Prgϵ), vχ0) × (∇x ×Eϵ)∥L1
x∩H2

x
ds

≤ Cϵ

t ∫︂
0 

(1 + t− s)− 3
4 ∥Prgϵ∥H2∥∇x ×Eϵ∥H2

x
ds

≤ Cδ2
0ϵ(1 + t)− 3

4 , (4.74)

and

∥J4
52∥H2 ≤ C

t ∫︂
0 

(1 + t− s)− 3
4

[︂
(∥∇xPrgϵ∥H2 + ϵ∥Eϵ∥H2

x
∥fϵ∥H2)∥Bϵ∥H2

x

+ (∥(ρϵ, Bϵ)∥H2
x
∥P1fϵ∥H2 + ∥Prgϵ∥H2∥fϵ∥H2)∥Bϵ∥H2

x

]︂
ds

≤ Cδ2
0

t ∫︂
0 

(1 + t− s)− 3
4

(︂
ϵ(1 + s)− 3

4 + e−
bs 
ϵ2
)︂

(1 + s)− 3
4 ds

≤ Cδ2
0ϵ(1 + t)− 3

2 . (4.75)

Moreover, it holds that

∥J2
52∥H2 = ϵ

⃦⃦⃦
⃦[(L−1

1 (Prgϵ), vχ0) ×Bϵ] · vχ0 − Y1(t)[(L−1
1 (Prg0), vχ0) ×B0] · vχ0

+
t ∫︂

0 

∂tY1(t− s)[(L−1
1 (Prgϵ), vχ0) ×Bϵ] · vχ0ds

⃦⃦⃦
⃦
H2

≤ Cδ2
0ϵ(1 + t)− 3

4 + Cϵ

t ∫︂
0 

(1 + t− s)− 7
4 ∥Prgϵ∥H4∥Bϵ∥H4

x
ds

≤ Cδ2
0ϵ(1 + t)− 3

2 , (4.76)

where we have used

∥∂tY1(t)f0∥2
L2 ≤

∫︂
R3

⃓⃓⃓
⃓ ∑︂
j=0,2,3

aj |ξ|2e−aj |ξ|2t
⃓⃓⃓
⃓
2

∥f̂0∥2dξ ≤ C(1 + t)− 7
2 ∥f0∥2

L1∩H2 .

Thus, it follows from (4.70)--(4.76) that

∥I52∥H2 ≤ C(δ2
0 + δ0Λϵ(t))

(︃
ϵ| ln ϵ|2(1 + t)− 1

2 +
(︃

1 + t 
ϵ

)︃−1)︃
. (4.77)
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To estimate I3, we decompose

I6 =
t ∫︂

0 

(︃
1
ϵ 
e

t−s

ϵ2 BϵG2 − Y1(t− s)P0(v · ∇xL
−1G2)

)︃
ds

+
t ∫︂

0 

(︂
Y1(t− s)P0(v · ∇xL

−1G2) − Y1(t− s)divxH2

)︂
ds

=: I61 + I62. (4.78)

By (3.52), (4.30), and noting that P0G2 = 0, we have

∥P||I61∥W 2,∞ ≤ C

t ∫︂
0 

(︃
ϵ(1 + t− s)− 3

2 +
(︃

1 + t− s

ϵ 

)︃−1

+ 1
ϵ 
e−

b(t−s)
ϵ2

)︃

× (∥G2∥H6 + ∥G2∥W 6,1) ds

≤ Cδ2
0

t ∫︂
0 

(︃
ϵ(1 + t− s)− 3

2 +
(︃

1 + t− s

ϵ 

)︃−1

+ 1
ϵ 
e−

b(t−s)
ϵ2

)︃
(1 + s)− 3

2 ds

≤ Cδ2
0ϵ| ln ϵ|(1 + t)−1, (4.79)

∥P⊥I61∥H2 ≤ C

t ∫︂
0 

(︃
ϵ(1 + t− s)− 3

4 + 1
ϵ 
e−

b(t−s)
ϵ2

)︃
(∥G2∥H4 + ∥G2∥L1) ds

≤ Cδ2
0

t ∫︂
0 

(︃
ϵ(1 + t− s)− 3

4 + 1
ϵ 
e−

b(t−s)
ϵ2

)︃
(1 + s)− 3

2 ds

≤ Cδ2
0ϵ(1 + t)− 3

4 , (4.80)

where we had used (refer to (4.30))

∥G2(s)∥H6 + ∥G2(s)∥W 6,1 ≤ C∥Uϵ(s)∥2
D7

1
≤ C∥U0∥2

D9
1∩L1(1 + s)− 3

2 . (4.81)

To estimate I32, we decompose

P0(v · ∇xL
−1G2) = P0(v · ∇xL

−1Γ∗(P0fϵ, P0fϵ)) + 2P0(v · ∇xL
−1Γ∗(P0fϵ, P1fϵ))

+ P0(v · ∇xL
−1Γ∗(P1fϵ, P1fϵ)) + P0(v · ∇xL

−1(v ×Bϵ) · ∇vPrgϵ)

=: J1 + J2 + J3 + J4,

where 2Γ∗(f, g) = Γ(f, g) + Γ(g, f). By Lemma 4.6, we can obtain (cf. [27])
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J1 = −
3 ∑︂

i,j=1
∂i(mi

ϵm
j
ϵ)vjχ0 + 1

3

3 ∑︂
i,j=1

∂j(mi
ϵ)2vjχ0 −

5
3

3 ∑︂
j=1 

∂j(mj
ϵqϵ)χ4.

This and the fact that Y1(t)P0f = Y1(t)P⊥f and (∇x|mϵ|2)⊥ = 0 give

Y1(t)J1 = −Y1(t)divx

[︃
(mϵ ⊗mϵ) · vχ0 + 5

3(qϵmϵ)χ4

]︃
=: Y1(t)divxJ4. (4.82)

Note that

|mϵ −m| + |qϵ − q| ≤ C(∥P⊥(fϵ − u1)∥ + ∥P||fϵ∥).

Thus, by (3.124), (4.24), (4.25) and (4.82), we have

∥I62∥H2 ≤
t ∫︂

0 

∥Y1(t− s)divx(J4 −H2)∥H2 ds +
4 ∑︂

k=2

t ∫︂
0 

∥Y1(t− s)Jk∥H2 ds

≤C

t ∫︂
0 

(t− s)− 1
2 ∥J4 −H2∥H2ds +

4 ∑︂
k=2

C

t ∫︂
0 

(1 + t− s)− 3
4 ∥Jk∥L1∩H2ds

≤C

t ∫︂
0 

(t− s)− 1
2 (∥P⊥(fϵ − u1)∥H2 + ∥P||fϵ∥W 2,∞)∥(fϵ, u1)∥H2ds

+ C

t ∫︂
0 

(1 + t− s)− 3
4
(︁
∥P1fϵ∥H3∥fϵ∥H3 + ∥Bϵ∥H3

x
∥Prgϵ∥H3

)︁
ds

≤Cδ0Λϵ(t)
t ∫︂

0 

(t− s)− 1
2

(︃
ϵ| ln ϵ|2(1 + s)− 1

2 +
(︃

1 + s

ϵ 

)︃−1)︃
(1 + s)− 3

4 ds

+ Cδ2
0

t ∫︂
0 

(1 + t− s)− 3
4

(︂
ϵ(1 + s)− 3

4 + e−
bs 
ϵ2
)︂

(1 + s)− 3
4 ds

≤C(δ2
0 + δ0Λϵ(t))

(︃
ϵ| ln ϵ|2(1 + t)− 1

2 +
(︃

1 + t 
ϵ

)︃−1)︃
. (4.83)

Therefore, it follows from (4.67)--(4.70), (4.79), (4.80) and (4.83) that

∥P||fϵ∥W 2,∞ + ∥P⊥(fϵ − u1)∥H2

≤ C
(︁
δ0 + δ2

0 + δ0Λϵ(t)
)︁(︃

ϵ| ln ϵ|2(1 + t)− 1
2 +

(︃
1 + t 

ϵ

)︃−1)︃
. (4.84)
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By combining (4.66) and (4.84), we obtain

Λϵ(t) ≤ C
(︁
δ0 + δ2

0 + δ0Λϵ(t)
)︁
.

By taking δ0 > 0 small enough, we obtain (4.49) which gives (1.33).
Next, we prove (1.34) as follows. Set

Ωϵ(t) = sup 
0≤s≤t

(ϵ| ln ϵ|)−1(1 + s) 1
2
(︁
∥P||fϵ(s)∥W 2,∞ + ∥P⊥(fϵ − u1)(s)∥H2

+ ∥(Vϵ − V1)(s)∥H2
)︁
.

By (3.31), (3.82) and (3.83), I1 and I4 are estimated by

∥I1∥H2 + ∥P||I4∥W 2,∞ + ∥P⊥I4∥H2 ≤ Cδ0ϵ(1 + t)− 3
4 . (4.85)

By (3.74) and (4.58), we have

∥I32∥H2 ≤C

t ∫︂
0 

(t− s)− 1
2 ∥(L−1

1 G41, vχ0) + (ρm− ηm×B)∥H2
x
ds

≤C(δ2
0 + δ0Ωϵ(t))

t ∫︂
0 

(t− s)− 1
2

(︂
ϵ| ln ϵ|(1 + s)− 1

2 + e−
bs 
4ϵ2

)︂
(1 + s)− 3

4 ds

≤C(δ2
0 + δ0Ωϵ(t))ϵ| ln ϵ|(1 + t)− 1

2 . (4.86)

By combining (4.85), (4.55), (4.56), (4.57) and (4.86), we obtain

∥Vϵ(t) − V1(t)∥H2 ≤ C
(︁
δ0 + δ2

0 + δ0Ωϵ(t)
)︁
ϵ| ln ϵ|(1 + t)− 1

2 . (4.87)

Similarly,

∥P||fϵ∥W 2,∞ + ∥P⊥(fϵ − u1)∥H2 ≤ C
(︁
δ0 + δ2

0 + δ0Ωϵ(t)
)︁
ϵ| ln ϵ|(1 + t)− 1

2 . (4.88)

By (4.87) and (4.88), we obtain

Ωϵ(t) ≤ Cδ0 + Cδ2
0 + Cδ0Ωϵ(t).

By taking δ0 > 0 small enough, we obtain (1.34). And this completes the proof of the 
theorem. □
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