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1. Introduction

The Vlasov-Maxwell-Boltzmann (VMB) system is a fundamental model in plasma
physics describing the time evolution of dilute charged particles, such as electrons and
ions, under the influence of the self-induced Lorentz forces governed by Maxwell equa-
tions, cf. [7] for derivation and the physical background. The rescaled two-species VMB
system in the incompressible diffusive regime takes the form [2]

1 1 1 52
WFF +=v -V Fr + =(aB.+ v x B.) - Vo F." = SQ(FF F) + 5Q(F F),
€ € €

€
o1 1 R LY S
atFe —|—Z11VxFE —E(OCEE+ﬁUXBE)'VyF€ :6—2Q(F€ 7FE )+€—2Q(F€ 7FE )7
VO Ee — V4 x B = —% (F+ — F™ Yudo,
€
R3

’YatBe + Ve x E. =0,

V. E. = %/(Fj — F7)dv, V- B.=0,
RS
(1.1)
where € > 0 is a small parameter proportional to the mean free path, § > 0 measures
the strength of interactions, and «, 3,7 have the following physical meanings:

e « measures the electric repulsion according to Gauss law;
e 3 measures the magnetic induction according to Ampere law;
e v is the ratio of the bulk velocity to the speed of light.
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Notice that the parameters «, 3, satisfy the relation

In addition, in (1.1), F* = F*(t,x,v) are the density distribution functions of charged
particles at (¢, z,v) € Ry xR3xR2 and E(t, ), B:(t, ) denote the electro and magnetic
fields respectively. Since we study the diffusive limit when € tends to zero, we assume
€ € (0,1) in the following analysis. As usual, Q(F, @) is the Boltzmann collision operator
for hard sphere model given by

QF.G) = / / (0 0.) - W (F()G () — F(0)G(v.))dvsdw, (1.2)
R3 S2

where v, v, are the velocities of gas particles before collision and v’, v/, are the velocities
after collision:

V=v—[(v-v) ww v.=v.+[v-v) ww, weS

That is, the collisions are elastic so that the following conservation of momentum and
energy hold

vt =0 40, o]+ |u? = )+ LR (1.3)

In [2], the authors considered different ciritical scalings in the incompressible diffusive
regime and studied the diffusive limits of the VMB systems. In this paper, we consider
a typical case when a = ¢, =1,y =1, =1, i.e.,

1 1 1
O FF + v V. FF + E(eEE +ux Be) -V, F = S[QFS FN) +QFF, F),

€

1 1 1
atFe_ + ZU ’ V$Fe_ - Z(GEG +uX BG) ’ V'UFE_ = —2[Q(F€_,F€+) +Q(Fe_7Fe_)]7

€

€

1
atEe — VI X Be =—= /(F:_ — F_)’Udﬂ,
€
R3

3,5B€ +Vx X EJ6 = 0,

1
VI~E€:—/(F+—F‘)dv, V.- B.=0.

€ € €

R3

(1.4)

The Vlasov-Maxwell-Boltzmann system has been intensively studied and much im-
portant progress has been made in [12,8,15,20,32]. For instance, the global existence of
unique strong solution with initial data near the normalized global Maxwellian was ob-
tained in spatial period domain [15] and in three dimensional space [32] for hard sphere
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collision, and then in [11,10] for general collision kernels with or without angular cut-off
assumption. For the long time behaviors, it was shown in [8] that the total energy of the
linearized one-species VMB system decays at the rate (1+¢)~ %, and in [12] that the total
energy of nonlinear two-species VMB system decays at the rate (1 —i—t)_%. The spectrum
structure and the optimal decay rate of the global solution to the VMB systems for both
one-spices and two-spices were investigated in [25].

The diffusive limit for two-species VMB system was shown in [2,20,22]. Precisely, the
diffusive limits of the renormalized solutions under different scalings were studied in [2].
Moreover, the diffusive limit of the strong solution to the incompressible NSMF system
(1.24) with (e, 8,7,90) = (¢,1,1,1) was proved in [22], and to an incompressible NSPF
system with («, 8,7,0) = (€,¢,¢,1) was proved in [20]. However, the convergence rate
and initial layer of the diffusive limits have not been studied in the previous works.

On the other hand, the diffusion limit to the Boltzmann equation is a classical problem
with pioneer work by Bardos-Golse-Levermore in [3], and significant progress on the limit
of renormalized solutions to Leray solution to Navier-Stokes system in [14]. One effective
approach to study the fluid dynamic in the perturbative framework is based on the
spectral analysis. For example, Ellis-Pinsky [13] first studied the linear compressible
Euler limit of the linear Boltzmann equation and showed the convergence rate outside
the initial layer. The initial layer in the fluid limit arises from the incompatibility of the
initial data, in particular due to the high oscillation of the eigen-modes in the system.
For the Boltzmann equation, Bardos-Ukai [5] firstly studied the incompressible Navier-
Stokes limit with the estimation on the initial layer for the linear Boltzmann equation.
The analysis in [5] uses an estimate on the semigroup with highly oscillating eigen-modes
in [34] which is about the incompressible limit of the compressible Euler equation. Note
that the estimation on the initial layer is not optimal in these papers. In contrast to the
extensive study on Boltzmann equation [3-5,16,28,30], the VPB system [17,27,35] and
the VMB system [2,20,22], the convergence rate of the classical solution to the VMB
system (1.4) towards its fluid dynamical limits and the estimation of the initial layer
have not been given despite of its importance.

Let F, = F* + F and G. = F." — F. Then the system (1.4) becomes to

1 1

OFc+ -v -V F.+ —(eE. +v x B.) - V,G. =
€ €
1 1

0G4+ —v-V,Ge+ —(eE. +v X B,) -V, F, =
€ €

1
O:E. — V4 x B, = 3 /Gevdv, (1.5)
R3

8B, +V, x E. =0,

1
Vw-Eez—/Gedv, Vg Be=0.
eRs
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In this paper, we study the diffusion limit of the strong solution to the rescaled VMB
system (1.5) with initial data near the equilibrium (F, Gy, E., B.) = (M(v),0,0,0),
where M (v) is the normalized Maxwellian given by

1 _ 2
M:M(U):We 2 UERS.

Hence, we define the perturbation of (F,, G, E., B.) as
FF=M+evMf, G.=eVMg..

Then Cauchy problem of the VMB system (1.5) for (fe, g, Ee, Be) can be rewritten as

1 1
8tfe+gv-V$f€—€—2LfE:H§, (1.6)
1 1 1 )
8tg€—|—gv-vxg€—€—2ngs— Ev\/M~E6 =H?, (1.7)
1
OE. — VX B, = —— /gefu\/ Mdv, (1.8)
6R3
O Be+Vy x E. =0, (1.9)
Ve E.= /gE\/Mdv7 V. B =0, (1.10)

R3

where the nonlinear terms H}, H? are defined by

1 1 1

H = 5(1) Ee)ge — (E + v x Be> - Voge + gr<f€,f€)7 (1.11)
21 1 1

HZ = 5(@ E)fe— | Ec4 v X Be | - Vyfe+ =T(ge, fe)- (1.12)
€ €

The initial condition is given by

(feage)(ovxvv) = (fO:go)(xvv)7 (EE,BE)(O,I) = (E07BO)<33)’ (1‘13)

which is independent of €. On the other hand, the initial data should satisfy the com-
patibility conditions

VI-EO(x):/gO\/Mdv, V., - Bo(z) = 0. (1.14)
R3

In (1.6)—(1.12), the linear operators L, L; and the nonlinear operator T'(f, g) are defined
by
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Lf= %M[ QM VILf) + Q(WALF, M),
Lif = \/LM QWM f, M), (1.15)
I(f.g) = %MQ(\/W Vi),

As usual, the linearized operators L and L; can be written as (cf. [6,1])

(Lf)(v) = (Kf)(v) —v()f(v), (L1f)(v) = (Kif)(v) —v(v)f(v),
(K f)(v) :/k’(v,v*)f(v*)dv*, (K1 f)(v) = /k1 0, Vi ) f (V) dvs,
R3 R3
[v]
v(v) = V2r e 4 v| + (1.16)
(% (e gg) [ )

B 9 6—““;2;',::'2)27""’;’*‘ B v — vyl Lo u?
blov) = oo Ner ’
1 ( )_ 2 _<\v;‘2vi|s*‘|§>2_\v—g*\2
1 _\/ﬂ\v—vqe ’

where v(v) is the collision frequency, K and K; are self-adjoint compact operators on
L?(R3) with real symmetric integral kernels k(v,v.) and ki(v,v,). In addition, v(v)
satisfies

vo(1+ v]) <v(v) <1+ |v]). (1.17)

The nullspace of the operator L denoted by Ny is a subspace spanned by the orthonor-
mal basis {x;, 7 =0,1,---,4} given by

Xo = \/Mv Xi = vj\/M (] = 17273)7 X4 = Wa (118)

and the null space of the operator L; denoted by N; is spanned only by v M.
Let L?(R?) be a Hilbert space of complex-value functions f(v) on R? with the inner
product and the norm

9= / f@)gwydv, (£l = / Fw)2dy
R3 R3

And let Py, Py be the projection operators from L?(R3) to the subspace Ny, Ny with

/2



T. Yang, M. Zhong / Advances in Mathematics 489 (2026) 110800 7

4

Pof =Y (£xi)xss Pi=1-P, (1.19)
§=0

Pif = (f,YM)VM, P.=1-P,. (1.20)

For any U = (g9, X,Y) € L? x R? x R3, we denote
P2U:(PdgvX7Y)7 PBU:(I_PQ)U:(PTgvovo) (121)

By Boltzmann H-theorem, the linearized collision operators L and L; are non-positive.
Precisely, there is a constant u > 0 such that

(Lf, f) < —ullPf? f € D(L), (1.22)
(Lif, f) < —ullPofIIP, f € D(La), (1.23)

where D(L) and D(L,) are the domains of L and L; given by
D(L) = D(Ly) = {f € L*(R?) |v(v)f € L*(R*)}.

Without the loss of generality, we assume v(0) > vg > u > 0.

This paper aims to study the optimal convergence rate of the classical solution
(fe, ge, Ee, Be) of the system (1.6)—(1.13) to (u1, ue, F, B), where u; = nxo+m-vxo+qxa
and ug = pxo with (n,m,q, p, E, B)(t,x) being the solution of the following bipolar in-
compressible Navier-Stokes-Maxwell-Fourier (NSMF) system:

Ve -m=0, n+\/§q=0,

om — koAzm+Vyp=pE+jX B—V, - (m®m),
0rq — k1Azq = =V - (gm),

OHE -VyxB=—j, V. E=p,
04B+V,xFE=0, V,-B=0,
j=-n(Vep—E)+ (pm —nm x B).

(1.24)

Here, p is the pressure and the initial data (n,m,q, p, E, B)(0) satisfies

m(0) = (fo,vx0) — Ay Vadive(fo,vX0),

(0) = \/>q \/>f0,\/>X0—\/>X4 (1.25)

p(O = lezEOa E(O) EO? (

3

Correspondingly, the viscosity coefficients kg, k1, 7 > 0 are defined by
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_ 3, _
Ko = —(L7'Pi(vixz2),v1X2), K1 = —=(L " Pi(vixa),v1X4),
5 (1.26)

n=—(L1 " (v1x0),v1X0)-

There have been extensive studies on the existence and solution behavior about the
incompressible Navier-Stokes-Maxwell system. Precisely, the existence, uniqueness and
an exponential growth estimate of global strong solutions were proved in [29] for a slightly
different system. And the existence of global small mild solution was given in [19]. In
addition, the authors in [23,21,39] studied the global classical solutions to the two-fluid
incompressible Navier-Stokes-Fourier-Maxwell system with Ohm’s law with small initial
data. Regularity results for the Cauchy problem of the incompressible Navier-Stokes-
Maxwell system with Ohm’s law in two and three space dimensions were given in [36].

On the other hand, for the compressible Navier-Stokes-Maxwell system, the Green’s
function to the linearized system with applications were obtained in [9]. The existence
and uniqueness of global strong solutions with large initial data and vacuum were given
n [18]. And the large-time behavior of solutions to the outflow problem was studied in
[37]. Moreover, the authors in [38] studied the large-time asymptotic behavior of solutions
to the superposition of a viscous contact wave with two rarefaction waves.

Back to the convergence of VMB to NSMF, the convergence is not uniform near
t = 0 because of initial layer unless we impose extra assumption on the initial data

(fo, 90, Eo, Bo):

fo(z,v) = no(z)xo0 + mo(z) - vxo + qo(*) x4,
go(z,v) = po(x)X0, V- Eo(x) = po(z), (1.27)
Vw~m0:0, ’I’Lo-‘r\/qu:O, VQJ'BOZO.

In order to estimate the initial layer, we need the following decomposition. For U =
U(z) € R3, we denote the Helmholtz’s decomposition U = U} + U with

Uy =A;'V,div,U, Ul =AYV, x V, xU). (1.28)

Correspondingly, for f = f(x,v) € L?, we define the following projections

{-PHf = (fv/UXO)H'UXO—i_ (fvﬁl)ilh (1 29)

P, f = (f,vx0)1vX0 + (f, ho)ho + Pi f,

where

. 2 3 - 3 2
h = — — — h - - - . ]"
0 \/;Xo \/;X4, 1 \/;X()—F\/;sz (1.30)

To state the main results, we need the following notations. First of all, C, ¢ denote
some generic constants. For any a = (a1, as,a3) € N® and 3 = (31, B2, 83) € N3, set
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Oy = 051002053, 0 = 01020

xr3?
The Fourier transform of h = h(x) is denoted by

) = FhO) = oz [ Maye S,

RS
where and throughout this paper we denote i = v/—1.

For any ¢ € [1,00], the Sobolev Space LY = L%(L?) for function f = f(z,v) or
L% = Li(L?) x L x L4 for vector U = (g(z,v), E(z), B(z)) is defined with the norms

= ([ (/ |f<x,v>|2dv)q/2dx)l/q,

R3 RS
wie=( [ ([ |g<x,v>2dv)mdx)1/q+ (fus@r+ |B<x>|Q>dx)1/q.
R? R3 R?

Also for an integer k > 1 and ¢ € [1, 0], the Sobolev Space H* = HF(L?) (or H* =
HE(L2) x HF x HF) for a function f = f(z,v) (or a vector U = (g(z,v), E(z), B(z))) is
defined with the norms

1/2

/(1 + |£\2>k/|f\2dvd§ ,
R3

R3

(a7

1/2

/<1+|§\2>’f / 92dv+ |BP + |BP | de|
RS

R3

U]

and the Sobolev space W#4 = Wk4(L2) (or Wk = WFa(L2) x Wk x Wk1) is defined
with the norms
q/2 1/q

Ifhwea = S5 | [ [1eespar) ao|

la|<k \rs \Rs
q/g 1/l1
[ / 02gl2dv + 0SB +102B12 | de

la|<k \gs \Rs

Some weighted Sobolev space DF (D* = DE) will also be used with the norms given by
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Iflpr = > IV'0205 fl1e,

lee|+181<k
l
Wlpg = > 1W'0507gl=+ Y (102 E|Z: + 105 BZ2)
lal+[B]<k le|<k

We now state the following two main results in this paper.

Theorem 1.1. For any € € (0,1), there exists a small constant do > 0 such that if the
initial data Uy = (fo, 9o, Eo, Bo) satisfy that |[Uo|lps + [[Uollr < do, then the VMB
system (1.6)—~(1.13) admits a unique global solution U (t,x,v) = (fe, ge, Ee, Be) satisfying
the following time-decay estimate:

U (6]l pr < Coo(1+ 1)1 (1.31)

Also, there exists a small constant &g > 0 such that if ||[Uo||gra + ||Uo|| 1 < o, then the

NSMF system (1.24)~(1.25) admits a unique global solution U(t,z) = (n,m,q,p, E, B)
satisfying the following time-decay estimate:

1T (1)l ms < Coo(1+1)75. (1.32)

Theorem 1.2. There exist small positive constants 6o and €y such that if the initial data

Uo = (fo, 90, Eo, Bo) satisfies that ||Ug||ps + [|Uollzr < do, then there exists a unique

function Uy = (uy, V1) such that for any € € (0,€), the solution U. = (fe,V.) with
Ve = (9, Ee, Be) to the VMB system (1.6)—(1.13) satisfies

1B fe@) w2 + 1PLI() = us(®) ]|z + [Ve(t) = Vi(D)]] 2

-1
§050<e|1ne|2(1+t)5 + <1+E> ) (1.33)
€

where u; = nxo +m - vxo + qxa and Vi = (pxo, E, B) with (n,m,q, p, E, B)(t,x) being
the solution to the incompressible NSMF system (1.24)—(1.25).

Moreover, if the initial data Uy satisfies (1.27) and ||Uo||ge + [|[Uollzr < do, then we
have

1P S ()l + | Pufe(t) = ua ()2 + [Ve(£) = Vi ()| 2 < Cdoel Ine] (1) 2. (1.34)
Remark 1.3. By Sobolev Embedding Theorem, we have the following estimates.

(1) Under the first assumption in Theorem 1.2, the solution U, to the VMB system
(1.6)—(1.13) satisfies

-1
UL(t) — U ()| = < C'o <e Inel2(1+8)"% + (1 + g) ) (1.35)
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(2) Under the second assumption of Theorem 1.2, it holds that
1Ue(t) = Ur(t)[| . < Cdoe|Ine|(1+1)7%. (1.36)
Remark 1.4. Under the first assumption in Theorem 1.2, we have

1fe(t) = ua(t) = U2*(t) = e 2B Py fo| 1o + [[Ve(t) = V() — e A< PyVi |

< Coe|Ine|(1+1)72, (1.37)

where U2%¢(t) = U2%¢(t, x,v) is the high oscillation part of f. defined by (3.113). Hence,
Ugse(t), e?tZ]BEPl fo and ee%A‘PgVO are the essential components for generating the initial
layer.

Remark 1.5. The global existence of the rescaled VMB system can be obtained by stan-
dard energy method in solution space D} (k > 0), namely (cf. Lemma 4.3)

sup  [|Ue(s)|[ps < C|Uol|ps-
0<s<+00

Note that the VMB system has the property of regularity loss. Precisely, the eigen-
values of the linear VMB operator in high frequency behave like Re);(€,€) ~ —%
for €|¢| > 1. To obtain the decay rate, we need to compensate the regularity of ini-
tial data. That is, when the initial data Uy € D$ (k > 1), the solution satisfies (cf.
Lemma 4.4)

IUe(t)llps < CllUollpe (1 + )71

Furthermore, we establish the convergence rate of the diffusion limit by using the decay
estimate of the solution and the convergence rate of the semigroup corresponding to its
fluid limit. Since the convergence of the fluid limit of the semigroup eBeina L2 — [
norm requires higher regularity (cf. Lemma 3.9), we need higher regularity on initial
data to obtain the convergence rate of the diffusion limit. The main reason for requir-
ing the initial data Uy € DY is to make sure that the terms ||(v x Be) - V,, fe| ge and
ID(ge, fo)llgo decay at the rate (1+£)~2, as shown in (4.81), so that we can close the
priori assumption.

Before the rest of the introduction, we will briefly present the main ideas and the
approach of the analysis in the proof. The convergence rates given in Theorem 1.2 of
diffusion limit of the VMB system are proved based on the spectral analysis [26] and
the ideas inspired by [5,27]. First of all, the solution U.(t) = (fe, Ve)(t) with V(t) =
(ge, Ee, Be)(t) to the VMB system (1.6)—(1.13) can be represented by
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t
£o(t) = e=Be gy +/ethSBEH1(s)ds7
t
Vi(t) = ez A / 2 A(H2(s),0,0)ds;
0

and the solution U (t) = (ug, V1)(t) with u; = nxo +m - vxo + ¢xa and Vi = (pxo, £, B)
to the NSMF system (1.24)—(1.25) can be represented by

t

wr(t) = Yi(t)Pofo + / Yi(t — 5)Ha(s)ds,

¢
Vi(t) = P2V0+/Y2 (t — s)Hs(s)ds,
0

where B, and A, are the linear Boltzmann and VMB operators defined by (2.3) and
(2.4), Y1(t) and Y3(t) are two semigroups defined in (3.5) and (3.6), and Hy, Hs are
nonlinear terms given by

. 5
Hy=(pE+}j xB)'vXO—Vx~(m®m)~vX0—gvm-(qm)m,

Hs = —(V, - (pm —nm X B)xo, pm —nm x B,0).

The main idea of the proof is to first estimate the convergence rates from erBe ¢
Y31 (t) and from ehe to Y5(t) separately by using spectral analysis. Then to obtain the
convergence rates from (fc,V;)(t) to (u1,V1)(t) is based on the convergence rates on
semigroups and a bootstrap argument. Note that the a priori estimates on the solutions
uy(t) and Vi (t) can be closed in H?. However, even though L*°-norm also works for
u1(t), it is not suitable for Vi (¢).

Note that the linear Boltzmann operator B.(£) given by (2.7) satisfies the scaling
transformation B¢(§) = B1(e£). This implies that the eigenvalues v;(|¢],€) of B(&) de-
pend only on €|¢| and satisfy v;(|¢|,€) = 7;j(e[¢]) for €|¢| small, where #;(|{|) are the
eigenvalues of By (&) in the low frequency regime. Precisely, there exist five eigenvalues
v, (|€], €) for €|£| small and they satisfy

(18] €) = ipzels| — aje*[¢]* + O (€*¢]°) , (1.38)

where pp1 = +4/3, i, =0 (k= 0,2,3), and a; > 0 are some constants.

Moreover, we can decompose the semigroup e 2B into the fuid part and the re-
bt
mainder part, where the remainder part has the decay rate e”<* (see Theorem 2.19).

Then by applying the expansion (1.38) to the fluid part, we can rewrite e2Be©) g
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i €|

Py(e=®© f) = D e T tmaleltpy o+ O(ee P p O(em ),
j==1
P (e@BO fiy = Z e ailel? " Poj fo + Ofee —clg|? 4+ 0(e ;%)
j=0,2,3
where FPy;, j = —1,0, 1,2, 3 are the first order eigenprojections corresponding to ;. Thus,

by using the following key estimate:

e (o), <o ()

we can establish the optimal convergence rate of the semigroup e=2Be o its first and
second order fluid limits in a combination of L? — L> norm (L* norm for P part and
L? norm for P, part) as given in Lemma 3.9.

On the other hand, due to the influence of the electric-magnetic field, the linear
VMB operator A (§) given in (2.8) has no scaling property. To study the corresponding
eigenvalue problem, we will use a new non-local implicit function theorem to show that
there exist five eigenvalues A;([€],¢€), 7 = 0,1,2,3,4 of A.(§) for €(1 + |£|) being small
and they satisfy (see Lemma 2.11):

Mgl ©) = €bo(1€) + O(e! (1 + [¢[2)), (1:39)
_ Ol b(lEDI),  In? = 4¢P = ro,
Ac(l€l,e) = bulleh + { (&), 2 — 4I¢?| < ro, (140

where k =1,2,3,4, and b;(|¢]) are defined by (2.85).

Moreover, we can decompose the semigroup e22<©) into two fluid parts for low fre-
quency and high frequency and the remainder part, where the remainder part has the
decay rate ek (see Theorem 2.15). Then by applying the expansion (1.39)—(1.40) to
the fluid part, we obtain

bt

)1{‘§‘> Tl} + 0(6 57)

4
ezAOT = E b UEDE P Vo + O(ee Rebity 4 O(e™+
=0

where ]E’oj7 j=0,1,2,3,4 are first order eigenprojections corresponding to A;. Thus, we
can establish the optimal convergence rate of the semigroup e2A< to its first and second
order fluid limits in L? norm as listed in Lemmas 3.3 and 3.5.

By using the estimates on the convergence rates for the fluid limits of the linear
Boltzmann and VMB systems, we can prove the convergence and establish the optimal
convergence rate of the strong solution (f., V) to the nonlinear VMB system towards
the solution (u1,V]) to the NSMF system. Hence, we obtain the precise estimation on
the initial layer. To illustrate why the Helmholtz’s decomposition (1.29) is necessary, we
consider the term
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t t
/Ylt—s (je x Be—j x B)d /Ylt—s 2(pe —p) X Be)ds + - -
0 0

If we directly estimate this term in L°°, we have non-integrability in time because

t t

[ 1= 9)(Valpe =) x BIds| < [(= 5 Hoe ~ pllw | Bolmeds,

0 W2,00 0

However, if we apply the L? — L> by noting that PYi(t) = 0, PLY;(t) = Yi(t), then
the time integrability holds because

t t
_ 1
/ Vit — 8)(Valpe — p) x B)ds|| < / (t — ) Hlpe — pllare | Bell rodis.
0 H 0

2

The rest of this paper will be organized as follows. In Section 2, we will present the
results about the spectrum analysis of the linear operator related to the linearized VMB
system. In Section 3, we will establish the first and second order fluid approximations of
the solution to the linearized VMB system. In Section 4, we will prove the convergence
and establish the convergence rate of the global solution to the original nonlinear VMB
system to the solution to the nonlinear NSMF' system.

2. Spectral analysis

In this section, we will study the spectral analysis of the linear VMB operator A.(&)
defined in (2.10). From the system (1.6)—(1.10), we have the following linearized VMB
system for f. and U, = (g¢, E., Bo)™:

(2.1)

{ezathZBEfGa t>0a
fE(O,I,U) = f0($7v)a

and
o,U. =AU, t>0,
Ve Ee = (ge; XO)v Vs B =0, (22)
U6(07 Z, U) = UO(J:’ ’U) = (g()a E07 BO)a

where

B.=L—ev-V,, (2.3)
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Ly —ev-V, EVX0 0
A, = —€eP,, 0 €2V, ¥ (2.4)
0 -2V % 0

with P,,h = (h,vxo) for any h € L*(R3).
Taking Fourier transform to (2.1) and (2.2) in x yields

{Gfatfe = Be({)fev t> 0; (25)
f6<07£7v) = f0(£7v)7
and
628tU€ = Ae(g)ﬁe, t>0,
i€ - B. = (g, x0), i€ B =0, (2.6)
ﬁe(o,gav) = [A]()(gav) = (§07E0a30)7
where
Be(g) =L —iev- fa (27)
L1 —iev-& VX0 0
A (&) = —ePy, 0 ie2Ex | . (2.8)
0 —ie2§>< 0

By the identity X = (X -y)y—yxyx X for any X € R3 and y € S?, we can transform
the system (2.6) to a new system for V. = (§o,w x Ee,w x B.) with w = £/|¢] as

{atf/vf = Aﬁ(é-)vvéa t> 07 (2 9)
Ve(0,€,v) = Vo(§,v) = (go,w x Eo,w x By), '
with
Bc(¢)  —evxo-wx 0
A = | —ew x Py, 0 ie2ex | . (2.10)
0 —ie2Ex 0
Here, for £ # 0,
Be(€) = Ly —iev- € — iGTg—épd- (2.11)

Remark 2.1. The eigenvalues of the operator A.(£) are same as those of A(€), and the
eigenfunctions of A (£) can be obtained as linear combinations of those for A(¢). In
fact, let 8 be an eigenvalue with the corresponding eigenvector denoted by U = (¢, E, B)
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of A (€). Then U = (¢, —iﬁ(& Xo) — | X E, - | P X B) is the corresponding eigenvector
with the eigenvalue 8 for A.(§).

2.1. Spectrum structure of A ()

2.1.1. Spectrum structure
As usual, we denote a weighted Hilbert space LZ(R?) for £ # 0 as

LE(R?) = {f € L*(R®) || fle = /(f, )¢ < o0},

with the inner product defined by

(f,9)e = (f,9) + 755 (Paf, Pag)-

\é“l2
For any fixed ¢ # 0, we define a subspace of C? by
C¢={yeC’ly-£=0}.

For any vectors U = (f, E1,B1),V = (g, F2,Bs) € Lg(Rg) x C3 x C3, a weighted
inner product with the corresponding norm is defined by

Another L? inner product and norm is denoted by

(U7V):(fag)+(E1’E2)+(BlvBQ)v ”U” = (UaU)

Since P; is a self-adjoint projection operator, it follows that (Pyf, Pig) = (Paf,g) =
(f, Psg) and hence

(f,9)e=(f.9+ |§|2Pd9) (f+ |§|2Pdf, 9). (2.12)
By (2.12), we have for any f,g € LZ(R3) N D(B.(£)),
(Be(€)f.9)e = Be(€)f.9 + =z Pag) = (£, B(=€)g)e. (213)

|€|2

Moreover, B (€) is a dissipate operator in Lg (R3):

Re(B(&)f, fle = (Lo f, f) < 0. (2.14)
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Note that B,(€) is a linear operator from the space LE(R?’) to itself, and for y € (Cg’,

I3 13
S oo 5 = —q. 2.15
€ g Y=Y (2.15)

Hence, Lg(Rg) X Cg X (Cg’ is an invariant subspace of the operator A(£). Thus, A.(€)
can be regarded as a linear operator on Lg(Rg) X Cg’ X Cg’ and it satisfies for any
U=(9,X,Y) € L?(Rf’,) X (Cg’ X (Cg’ that

Re(Ac(€)U,U)¢ = (L1g,9) < 0. (2.16)

Denote the spectrum of the operator A by o(A). The essential spectrum of A, denoted

by 0ess(A), is the set {A € C| A — A is not a Fredholm operator} (cf. [24]). The discrete

spectrum of A, denoted by o4(A), is the set o(A) \ 0ess(A) which consists of all isolated
eigenvalues with finite multiplicity. And p(A) denotes its resolvent set.

We first have the following lemma about A(€).

Lemma 2.2. The operator A (€) generates a strongly continuous contraction semigroup
on LE(R?’) X (Cg’ X (Cg’, which satisfies

[eA<©OU e < |[Ulle, Vt>0,U € LER3) x CZ x C2.
Moreover, p(A.(£)) D {\ € C|ReX > 0}.

Proof. We first show that both A (¢) and A*(€) are dissipative operators on LE(R3) x
C& x CZ. By (2.13), for any U,V € D(B(£)) x CZ x C¢ it holds that

(Ae(g)Uv V)E = (U, A: (g)V)g,
where
B(—€) exo-wx 0
A = | ew x Py 0 —ie2¢x | . (2.17)
0 i€2Ex 0
By (2.16), both A.(¢) and A*(€) are dissipative, namely,

Re(A(§)U. U)e = Re(AZ(OU,V)e = (L1g,g) <0, YU = (g, X,Y).

Since Aé(g) is a densely defined closed operator, it follows from Corollary 4.4 in [31]
that the operator A (€) generates a Co-contraction semigroup on LZ(R3) x C} x C¢. In

addition, it holds that p(A.(§)) D {A € C|ReA >0}. O
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Now we denote by T a linear operator on L?(R2) or Lg(Rf’)) with norms by

1T = Sugll\TfIL IT]le = sup [[Tf]e.

I1I= Ille=1
Obviously,
L+ 1727 V2IT) < (1 Tle < (L4 €727 (2.18)
Set
D(§) = —v(v) —iev-&, By(é) = <—z‘(ic>< i%X >6X6. (2.19)

Since (Cés X (Cfg-3 is an invariant subspace of the operator Ba (&), we can regard B2 (&) as an
operator on Cg’ X (Cg’. Moreover, the operator A — B (&) is invertible on (Cg’ X (Cg’ for any
A # +i|€] and satisfies (cf. [26])

(A = Ba(6) =JH;1>§M—J'Z'I§H*1- (2.20)
We now study the spectrum of A(€).
Lemma 2.3. The following statements hold for all £ #0 and € € [0,1).
(1) Oess(Ac(€)) € {N € C|ReX < =11} and o(A(€))N{A € C| —vy < ReX < 0} C
O'd(Ae(g))' _
(2) If X is an eigenvalue of Ac(€), then Re\ < 0 for any e # 0 and X\ = 0 if and only if

e=20.

Proof. We decompose A (£) into

A& =GLEO +GL9), (2.21)
where
D.(€) 0 0
Glo=| o 0 ieex |, (2.22)
0 —ieZ¢x 0

K - ie%Pd —evxo-wXx 0
GIO)=| —ewxDPy 0 0. (2.23)
0 0 0
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By (2.20) and (1.17), the operator A — G}(€) is invertible on LZ(R3) x C? x C¢ for
Rel > —1vp and )\ # +ie?|€], and it satisfies

s [ = D) 0
(A= GL(©) ( 0 (A-—E%Bﬂf»_l>7x7'

Since G?(€) is a compact operator on Lg(R%) X Cg X (Cé3 for any fixed € # 0, A.(€) is a
compact perturbation of GL(€). Hence, it follows from Weyl’s Theorem (Theorem 5.35
n [24]) that

UESS(AE(O) = JGSS(Gi(Q) = R(DE(O) - {>‘ € C|ReX < _’/0}~

Thus the spectrum of A(£) in the domain Re\ > —1j consists of discrete eigenvalues
with possible accumulation points only on the line ReA = —ug. This and Lemma 2.2
prove the part (1).

We claim that for any X € o4(A(£)) in the region ReX > —1yp, it holds that Re\ < 0
for € # 0. Indeed, set § = sw and let U = (f, E, B) € L{(R}) x CZ x C¢ be the eigenvector
corresponding to the eigenvalue A so that

M =Lif —ies(v-w)(f + S%Pdf) —evxo - (wXx E),
AE = —ew x (f,vx0) +i€*€ x B, (2.24)
AB = —ie%¢ x E.

Taking the inner product (2.24); with f + 5Pyf, we have
ReX (| f1IE + B> + |B*) = (L. f. f) <0,

which implies ReX < 0.
Furthermore, if there exists an eigenvalue A with Re\ = 0, then it follows from the
above that (L1 f, f) = 0, namely, f = CovVM € N;. Substitute this into (2.24), we obtain

1
ACoVM = —ie(v - w) (s + ;)C()XO —evxo - (wx E),

which implies that Cy # 0 and w x E # 0 unless € = 0 and A = 0. When € # 0, it holds
that Cy =0 and w x E = 0 and hence f = 0 and E = 0. Substitute this into (2.24), we
obtain B = 0. This is a contradiction and thus it holds ReXA < 0 for € # 0. This proves
the part (2) and then it completes the proof of the lemma. 0O

We now consider the spectrum and resolvent sets of A (€) for €|¢]| large. For Rel > —u
and A # +ie?|¢], we decompose X — A(€) into

A—Ad&) =2~ GLe) ~ GLE)
= ([ -GHON-GLO))™) (A =Ge9), (2.25)
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where G1(¢) and G2(€) are defined by (2.22) and (2.23) respectively. A direct computa-
tion shows that

GO0 - GO = (ﬁ&g x; <OA,5>> |
‘ 7 X7

! = — iev—.g — -1
Xe ()‘?5) = <K1 |§|2 Py (>‘ De(f)) ) (226)

XZ2(X,€) = (evxo - wX, 01x3) 6 (A — €Ba(€)) 7",

XB()\,g): <_6wxpm()‘_De(§))_l> .
6x1

O3x1
Then, we have the estimates on the terms on the right hand side of (2.26) as follows.
Lemma 2.4. The following estimates hold.
(1) For any 6 >0, if ReA > —vp + 6, then we have
IK1(A = De(€)7H < CO3 (14 elg]) 2 (2.27)
(2) For any 6 >0, 7 >0, if ReA > —vp + § and €|§| < 19, then we have
1K1 (A = De(€)) ™M < G671 (1 + 1) (1 + [ImA[) 3. (2.28)
(3) For any ¢ >0, if ReA > —vp + 6, then we have

[Pn(X = De(€)) 7Y < CO7% (1 + €le]) 2, (2.29)
12X = De(€)7Y < O™ + 1)1+ ele) AL (2.30)

(4) For any 6 > 0, if ReA > —vp + 6, then we have

(v - E)E]2Pa(A — De(€) M| < Ca e~ (2.31)
(v E)IEIT2Pa(X = De(€)) Ml < O™+ 1)(IE17 + 1A (2.32)

Proof. The estimates (2.29)—(2.32) are proved in Lemma 3.5 of [26]. Thus, we only prove
(2.27) and (2.28) in the following. Let A = = + iy with (x,y) € R x R. Then

151 (A = De(€) 7 £

.

R3

2

/kl(v, w)(v(u) + X +ieuw- &) f(u)du| dv

R3
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1 2
S/ /kl(v’u)|u(u)+)\+ieu-f|2du /kl(v,u)\f(uﬂ du | dv
R3 R3 R3
<C sup /kl(v ) ! dul|f|2 (2.33)
Towere) () +2)? o+ (g eu €2 ' '

From (1.16), one has

1 U—u2
a0, )] < Cp—mre™ 5, = (12, u0). (2.34)

Let O be a rotation in R? satisfying OT¢ = (|¢],0,0). By changing variables v — Qu,
u — Qu, we obtain from (2.33) and (2.34) that for 6 = vy +x > 0,

11 (A = De(€) 7 £

! 2
chs;§3¥k1(v,u) (V(u)+$)2+(y+6u1|§|)2du\\f||

<C' sup

1
ve]R3R/(VO+x)2+(y+5U1|§| /| u

1 1 ) B B ,
=C R/ e L e G I F{

This gives (2.27).
For (2.28), we first decompose
2
1= D) P <2 [| [ B 3+ iew 9 (| do

R3 |ju[<R
2

+2/ / Ey(v,u)(v(u) + X +ieu - &) 7V f(u)du| dv

R3 |u\>R
For I, it holds that
I <C / 1 (0, ) ! dull fI?
su V,U U
S RO )+ )2 (y + ew|€))?

[u|<R

R

R

1
<C su / sdu /
e | oo+ G+ el

ko (v, w)da £

o —x
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R

1
< | (oo + 2 1 (y T e €

5 dua|fII*.

If €|¢| < 710, |u| < R and |y| > 270 R, we have

-+ eunlell > ol — R > 2
Thus
R
I<c/ L du|fI? = O R fJ2
u =C———= .
L= R52+y2 1 52 + 42

For I, since

we obtain

I2§/ /kl(v,u)é_Qdu /k(v,u)\f(u)|2du dv

R3  \|u|>R [u|>R
<052 / / I (0, w)do | [£(u)2du
lu>R \R3

<Cs? / (1 + |u) M f(u)Pdu < CG72R7| £
lul>R

(2.36)

(2.37)

By choosing R = |y|/ max{2, 279}, (2.28) follows from (2.35)—(2.37). And this completes

the proof of the lemma. 0O

We now state a lemma from [26].

Lemma 2.5 (/26]). Let K1, K4 be the operators on the space X and Y, and Ko, K3 be
the operators Y — X and X — Y respectively. Let K be a matriz operator on X XY

defined by

K I
K = .

If the norms of K1, Ko, K3 and K4 satisfy
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Kl <1, [[Kall <1, K2l 1K) < (1= [[K D = [ K4l),
then the operator I + K s invertible on X X Y.

By Lemmas 2.4 and 2.5, we have the following lemma about the spectrum structure
of the operator A (€) for €|¢| being large.

Lemma 2.6. Fized € € (0,1). The following statements hold.
(1) For any 6 > 0, there exists Ry = R1(d) > 0 such that for €|¢| > Ry,

a(Ae(g))ﬂ{/\eCme)\z—%}C Y {AeC|A-Filel| < 26y, (2.38)
j=+1

(2) For any r1 > rg > 0, there exists @ = a(ro, 1) > 0 such that for ro < €l&| < rq,
o(A(€)) C {) € C|Re) < —a}. (2.39)

Proof. We prove (2.38) first. By Lemma 2.4, (2.26), (2.20) and (2.18), there exists Ry =
R1(8) > 0 such that for ReX > —vg/2, |A — €2jil¢]| > €25 and €[¢] > Ry,

IXeO)lle <172, IXZNOIN < e '™, X2 6] < ed/4.

This and Lemma 2.5 imply that the operator I — G2(&)(\ — GL(£))™! is invertible on
LE(R3) x C¢ x C¢ and thus A — A(€) is invertible on LE(R3) x C¢ x C¢ and satisfies

A=A ' =(A=GLO) T (I-GXO(N-GLEN™)

-1

Therefore, it holds that for €|¢| > Ry,

p(A:(€) > (A€ C | min [\~ jile]| > 5, Red > —% , (2.40)

which implies (2.38).
Next, we turn to prove (2.39). By Lemma 2.4, (2.20) and (2.18), there exists y; =
y1(ro,m1) > 0 large enough such that for ReA > —vy/2, [ImA| > y; and ro < €[¢| < rq,

XN Olle <1/6,  IX2Z(N 9N <1/6, X2\ < 1/6.
This implies that the operator I —GZ(£)(A—G(£))™" is invertible on LZ(R}) x CZ x CZ,
which together with (2.25) yield that A — A(€) is also invertible on Lg (R3) x (Cg’ X (Cg

when ReX > —14/2, |[Im)| > y; and ro < €[¢| < r1. Hence, for ro < €/¢] < r; we have

(A (€))N{) € C|ReX > —%} C {\ € C|Re) > —%, IIm\| < ¢} (2.41)
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By (2.41), it is sufficient to prove (2.39) holds for [ImA| < y;. We prove this by
contradiction. If it does not hold, then there exists a sequence of {(&,,, An, Uy) } satisfying
e~|§n| € [ro,71], Un = (fn, En, By) € Lgn(Rfs) X (Cg’n X (an with |Uy|le, =1, and A\, U, =
A (&)U, with [ImA,| < y; and ReX, — 0 as n — oo. That is,

>\nfn = (Ll —iev - &, — |,;: |2 Pd)fn E€VXo - (Wn X En)v
MnE, = —ew, X (fn;vXO) + i€ fn x By,
Ay By, = —i€26, x E.

Rewrite the first equation as

(M +vtiev &) fn = K1 fn —ic |2Pdfn evxo - (wn X Ey).

Ifn

Since K7 is a compact operator on L?(R?), there exists a subsequence {f,,} of {f,} and
g1 € L?(R3) such that

Kifn, > g1 as j— oo.

By using the fact that €|¢,| € [ro,71] and Pyf, = C§v/M with |CF|? + |E,|> +|B,|* < 1,
there exists a subsequence of (still denoted by) {(&n,, fn,, En,, Bn,)}, and (&, Co, Eo, Bo)
with €l¢o| € [ro,r1] and [Co|? + |Eo|*> + [Bo|> < 1 such that (&,,,Cy?, Ey,, Bn,) —
(&0, Co, Eo, By) as j — oo. In particular,

v-&ny
[, 12

v- & gn f
Puf, — 2S00V M . oM B,
thny = (g COVM =02 e By = el

X By =:Yy as j — oc.

Since |ImA,| < y; and ReA, — 0, we can extract a subsequence of (still denoted by)
{An,; } such that A\, — \o with ReAg = 0. Then

lim fn lim g1 — €92 — f(v - Y0)Xo _91—¢€92 — E(v - Y0)Xo0 — f, in 2
j—o0 j—o0 )\’ﬂj +U+Z€(v~§nj) )\0+V+Z€('U'€())

It follows that AE(SO)UO = )\0Uo with UO = (fo,Eo,B()) € Lgo (RS) X Cgo X (Cgo and )\0
is an eigenvalue of A, (&) with Relg = 0. This contradicts to the fact that ReA < 0 for
€ # 0 as stated in Lemma 2.3. Thus, the proof the lemma is completed. O

We now investigate the spectrum and resolvent sets of A(€) for (14 |¢|) small. Based
on macro-micro decomposition, we can split ]ﬁ%e(f) into

Be(§) = Qe(§) + eBs(8),
Qc(§) = L1 —ieP.(v- &) Py, (2.42)
Bs(€) = iPa(v - )Py +i(1+ z) Pr(v - §)Pu.
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Thus, we can decompose A — A(€) into

A=A6) = -Gl - GO, (2.43)
where
Q(§) 0 0
Geo=1 o 0 ieex |, (2.44)
0 —ie%x 0
eB3(§)  —evxo-wx 0
GHE) = | —ew x Py, 0 0. (2.45)
0 0 0

Lemma 2.7. Let £ # 0 and Q.(&) defined by (2.42). We have
(1) If X#0, then

H)\‘l (1 + i) P.(v-&Ps|| <O(¢]+ DAL (2.46)

€12

3

(2) If ReX > —pu, then the operator AP, — Q(£) is invertible on Ni- and satisfies

AP = Qe(€)) Ml < (ReA + )71, (2.47)
[Pa(v - €)APr = Qe(€)) ™ Prlle < C(ReA + ) "ML+ [EN[L + (L +elé)) AN
(2.48)

1P (AP = Qe(€) ™' Pl < C(ReA + p) 'L+ (1 +el€) AT (2.49)

Proof. The estimates (2.46) and (2.47) are proved in Lemma 3.5 of [25]. By (2.47) and
the fact that || Py(v - &) P, flle < C(|¢] + 1)||P- f]], we have

1Pa(v - ) AP = Qe(€)) ' Prflle < C(IE] + 1)(ReA + )| P f- (2.50)

We now decompose the operator Py(v - &)(AP, — Qc(£)) 1P, as

Pa(v- AP, = Qul€)) Py = LPalv- P, + 1 Palv- QE) AP, — Qul€)) P

This together with (2.47) and the fact that | Py(v-&)Qc (&) flle < C(I€]+1)(1+€lED | Pl
give

1Pa(v- E)AP: = Qe(§) ™' Prflle < CUIEI+ 1)1 +el¢DIA T [(ReA + ) =" + 1[I £l (2.51)

The combination of the two cases (2.50) and (2.51) yields (2.48). (2.49) can be proved
similarly. This completes the proof of the lemma. O
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Lemma 2.8. For fized € € (0,1), the following holds.

(1) For any § > 0, there are two constants 11 = r1(0), y1 = y1(0) > 0 such that for all
€1 #0,

{\ € C|ReA > —?, A+ e2ile]| > 20 UCy,  el¢] >

p(A(€) D h (2.52)
{A€C|Re>\2—§, ImA| >y} UC, €lg] < rq,

where C; = {\ € C|ReA > 0}.
(2) For any 6 > 0, there exists ro = 79(d) > 0 such that for e(1+ [£]) < ro,

o(A(€)) N {\ € C|Re) > —g} c{re TN <. (2.53)

Proof. By (2.40), there exists r; = r1(d) > 0 such that the first part of (2.52) holds.
Thus, we only need to prove the second part of (2.52). By Lemma 2.7, we have for
ReX > —p and A # 0 that the operator A — Q (&) = APy + AP, — Q.(§) is invertible on
Lg (R3) and it satisfies

A= Q) =X P+ (AP — Qc(€)) ' P
Here, we have used the fact that the operator AP, is orthogonal to AP, — Q(&). Thus, for

ReA > —p/2 and A # 0, £¢%i[¢], the operator A —G?(€) is invertible on LZ(R}) x CZ x C?
and satisfies

_ 8 -1 _ )‘_1Pd+<)‘Pr_Q6(f))_1Pr 0
(- GE) T = ( ; (A_E2B2(§))_1>7X7.

Therefore, we can rewrite (2.43) as
A=A&) = (I-GHON- GO (A= GE9),
where

G4(§)(/\—G3(€))_1 — <X§()‘7§) X€2()\,€)> ,
X7

X2(\.€) 0

Xél()‘vg) = iGPd(U ' 5)(/\137 - Qe(g))ilpr + ’L.G)\il (1 + #) PT'(” ' g)Pda (254)

O3x1

T A
6x1
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For €|¢| < rq, by (2.26), (2.54) and (2.46)—(2.49) we can choose y; = y1(r1) > 0 such
that it holds for ReA > —u/2 and |ImA| > y; that

X2 Ol + X2 I+ X2 I < 1/2. (2.55)

This implies that the operator I —G¢(§)(A—G2(£))~" is invertible on LZ(R}) x C x C?
and thus A — A.(¢) is invertible on LZ(R3) x CZ x C¢ and it satisfies

-1

A=A =(A=G9)) (I -GHOMN -GN

Therefore, p(Ac(§)) D {N € C|Rex > —pu/2,|ImA\| > y1} for €/¢] < r1. This and

Lemma 2.2 prove (2.52).
Assume that |A| > ¢ and ReX > —p/2. Then, by (2.46)—(2.49) we can choose ro =

ro(0) > 0 small enough so that (2.55) still holds for e(1+ |¢]) < ro. This implies that the

operator A — A(€) is invertible on LZ(R?) x C¢ x C{. Therefore, we have p(Ac(£)) D
{Ae C|Al > §,Rer > —pu/2} for e(1+ [€]) < 1o, which gives (2.53). And this completes
the proof of the lemma. 0O

2.1.2. Eigenvalues in e(1+ |£]) <9
Now we prove the existence and establish the asymptotic expansions of the eigenvalues
of A(€) for e(14]¢|) being small. In terms of (2.10), the eigenvalue problem A (&)U = AU
for U= (f,X,Y) € LZ(R}) x C¢ x C{ can be written as
. NORES
A= <L1 —zev-f—zeWPd) f—evxo- (wx X), (2.56)

AX = —ew x (f,vx0) + €€ x Y, (2.57)
NY = —ie?¢ x X, |¢] #0.

We rewrite f in the form of f = fy + f1, where fy = P;f = CovM and f; =
(I — Py)f = P.f. Then (2.56) gives

Ao = —iePy(v - &)(fo + f1), (2.58)

/\fl = L1f1 - iEPT(U . 5)(.}60 + fl) - 7:61|)§'|§f0 — EVX0 * (w X X) (259)

By Lemma 2.7 and (2.59), the microscopic part f; can be represented by

fi=ieR(\,e€)(v-&) (14 L foteR(N edvxo (wx X), Rex>-—pu, (2.60)
€17

where

R()\,f) = (Ll - A iPr(v 'f))_l'
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Substituting (2.60) into (2.58) and (2.57), we obtain the eigenvalue problem for
(A, Co, X,Y) as

ACo =€*(1 + [€]7*)(R(, €€) (v - €)x0, (v - €)x0)Co

—ie2(R(\, e)vxo - (w x X), (v-€)xo0), (2.61)
AX = —ic®w x (14 [€[7*)(R(, €€) (v - €)x0, vX0)Co

— 2w x (R(\, €€)vxo - (w x X),vxo) +ie% x Y, (2.62)
Y = —ie%¢ x X. (2.63)

Let O be a rotation in R? satisfying OT¢ = (||, 0,0). By changing variable v — Qu
and using the rotational invariance of the operator Li, we have the following transfor-
mation:

(R(X, &)X, X5) = wiw; (R(A, se1)x1, x1) + (055 — wiw;) (R(A, se1)x2, X2), (2.64)

where e; = (1,0,0), £ = sw with s = [£], w € S%.
Substituting (2.64) into (2.61) and (2.62), we obtain

ACo =€*(1 + 5)(R(A, esex)x1, x1)Co, (2.65)
AX =e*(R(\, ese1)xa2, x2) X +ie?E x Y. (2.66)

Multiplying (2.66) by A and using (2.63) and (2.15), we obtain
(A2 — €2 (R(\, eser)xa, X2)A + e*s?) X = 0.
Denote

Do(z,5,€) =z — (1 + s?)(R(*2, €8) X1, X1)5 (2.67)
Di(z,8,€) = 2% — (R(*2, €5) X2, X2)2 + 5% (2.68)
The eigenvalues A = €22 can be obtained by solving Dy(z, s,€) = 0 and D;(z, s, €) = 0.

The following two lemmas are about the solutions to the equations Dy(z, s,e) = 0 and
D;(z, s,€) = 0 respectively.

Lemma 2.9. There are two constants ro,m1 > 0 such that the equation Dy(z,s,e) = 0
has a unique solution z = z9(s,€): I — Jo for I = {(s,e) € R?|e(1 +|s]) < ro} and
Jo={z€C|lz+n1+s?)| <ri(1+ s}, which is a C* function of s, € and satisfies

20(57 0) = 777(1 + 52)a 8620(5’ 0) = Ov (269)

where 11 > 0 is a constant given by (1.26). In particular, zo(s,€) satisfies the following
expansion for e(1+ |s|) < rp:
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20(s,€) = —n(1 + 52) + O((1 + s%)?). (2.70)
Proof. By (2.67), the equation
Dy(2,8,0) =z +n(1+5%) =0 (2.71)

has a unique solution bg(s) = —n(1 + s2).
For any fixed s and €, we define

D(z,5,€) = (14 s*)Ry1(*2, €5),

where Ri1(z,y) = (L1 — x — iyPv1) " Yx1, x1)- It is straightforward to check that for
any fixed s and €, a solution of Dy(z,s,e) =0 is a fixed point of D(z, s, ¢€).
Since Ri1(x,y) is smooth for (z,y) € C x R and satisfies

{alRu(OyO) = (Li*x1.x1) > 0, (2.72)

a2}%11(070) = 7;(’Ullll_lxla L_le) = Oa
it follows that

|D(2,8,€) —bo(s)] = (1 + 5%)|Ry1(e*2,€s) — Ry11(0,0)
< C(1+8%)(|e2 2] + €25%) < ri(1 + 52),

1
|D(z1,8,€) — D(2a, 8,¢)| < 062(1 —1—32)\,21 — 29| < §|z1 — 23],

for |z — bo(s)| < r1(1 + s2) and €(1 + |s|) < ro with 79,71 > 0 being sufficiently small.

Hence, by the contraction mapping theorem, there exists a unique fixed point zy(s, €) :
I — Jy such that D(z(s,€),s,€) = zo(s,¢) for (s,e) € I and zp(s,0) = bo(s). This is
equivalent to Dg(z(s,¢€),s,e) = 0. Since Dy(z, s,¢€) is O with respect to z € Jy and
(s,¢€) € I, it follows that zg(s, €) is a C*° function with respect to (s, €) € I. In particular,
we obtain

0.Do(2,5,0) =1, 0.Do(z,5,0) = —(1 + 5*)s02R11(0,0) = 0,

which gives

8€D0(b0(8), S, O)

Dez0(s,0) = ~0.Dq(bo(s), ,0)

=0. (2.73)

Combining (2.71) and (2.73) yields (2.69).
For (2.70), by (2.72), we can obtain that for |z —bg(s)| < r1(1+s%) and €(1+]s|) < ro,

Ri1(€2,es) = —n + O(1) (22| + €25?).



30 T. Yang, M. Zhong / Advances in Mathematics 489 (2026) 110800

Thus

20(s,€) = (1 + s*)R11(€*20(s, €), €5)
= —n(l+s%)+ O(l)[62(|z0(s, e)| + s2)(1+ 52)]
=1+ +0(E(1+5%?), ed+]s|) <ro.

Hence, the proof of the lemma is completed. O

Lemma 2.10. There are small constants ro,71 > 0 such that the equation D1(z,s,e¢) =0
has two continuous solutions z; = zj(s,€) : I — Ji, j = £1 for I = {(s,€) € R?|e(1 +
Is]) < ro} and Ju = {z € C||z —bj(s)| < r1|bj(s)|}. In particular, z;(s,€) are C™

functions in s, e for e(1+ |s|) < ro and |n? — 4s2| > ro, which satisfy
zj(s,0) = b(s), 0Oezi(s,0) =0, j==£1, (2.74)

where

bo(s) = 1 IVm? —4s?
](S>__§+#'

Moreover, zj(s,€) satisfies the following expansion for e(1 4+ |s|) < ry:

, g O(e?[bj(s)]),  In* —4s?| = o,
zj(s,€) = bj(s) + { 0(), In? — 452| < ro. (2.75)

In addition, there exists a continuous real function ¥y(€) : (—ro,70) = B(n/2,r1) such
that z1(s,€) = z_1(s, €) if and only if (s,€) = (Vo(€), €) and ¥y(0) = n/2.

Proof. By (2.68) and noting that = —(L] 'x2, x2), the equation
Di(2,5,0) =22 +nz+5>=0

has two solutions b,(s) = —n/2 + j/n? — 4s2/2 for j = £1.
For any fixed s and ¢, we define

1
Gj(z,8,€) = 5 (R22(€2Z, €s) + jv/Raa(€22, €)% — 482), j=-11, (2.76)

where Ros(z,y) = ((L1 — x — iyPv1) " 1x2, x2). It is straightforward to check that for
any fixed s and ¢, a solution of D;(z,s,€) = 0 is a fixed point of G;(z, s, €). We consider
the existence of the solutions of D;(z,s,€) = 0 for two case: (s,€) € I; and (s,€) € I
with
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{(s,€)

L ={(s,e)[e(L+s]) < ro,|n* —45°| > 1o},
L ={(s,e)[e(1+]s]) < ro,|n* —45°| < ro}.

First, we will study the existence of the solutions of Di(z,s,e) = 0 for (s,e) € I.
Since Raa(x,y) is smooth for (z,y) € C x R and satisfies

{51R22(070) = (L7 %x2,x2) > 0, (2.77)
92 R2(0,0) = i(v1 Ly "x2, L1 'x2) = 0,
it follows that for €2|z| < 7o and €|s| < 7 with 7o < 1,

Roa(?2,e5) = —n 4+ O(1)(€2|2| + €25?). (2.78)

Thus, it holds that for |z — b;(s)| < 71|bj(s)], €(1 + |s]) < 7o and |n* — 4s%| > ro with
ro, 71 K 1,

|Roa(€?2, e5)? — 48%| > |n? — 4s%| — Ce?|z| — C3|s|* > =rp. (2.79)

DN | =

From (2.76)—(2.79), we obtain that for |z — b;(s)| < r1]b;(s)], €(1 + |s|) < 7o and
In? — 4s%| > ro with ro, 7 < 1,
L 2
|Gj(%,8,€) —bj(s)] < 5|R22(e z,€s) — Ro2(0,0)|

+ |R22(€22’,68)2 — R22(0,0)2|
2|\/Ra2(€22,€8)2 — 452| + 2|4/ Ra2(0,0)2 — 452|

< Ce(l2] +5%) < ralb(s)l,
1
2

|Gj (Zl7 S, 6) — Gj(ZQ, S, 6)| S |R22(6221, ES) — R22(6222, 68)|

|Rao (€22, €5)% — Roo(€?21, €5)?|

2|\/Ra2(€22, €5)% — 42| + 2|y/Raz (€221, €5)2 — 452

1
< 062‘21 - ZQ| < §|21 - Zzl.

Hence by contraction mapping theorem, there exists a unique fixed point z;(s,¢€) : I, —
Ji, j = %1 such that G;(z;(s,€),s,€) = z;j(s,¢€) for (s,€) € I and z;(s,0) = b;(s).
This is equivalent to D1(z;(s,€),s,€e) = 0. Since G,(z, s,€) is C* with respect to z € J;
and (s,e) € Iy, it follows that z;(s,€) is a C°° function with respect to (s,e) € I . In
particular, it holds that

0.D1(z,8,0) =2z —1n, 0.D1(z,5,0) =0,

which leads to
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, _ 9eDa(by(s),5,0) _
aezj (570) - (9ZD1(b](s)7s,O) - 07 2|3| 7é 1.

Thus, we obtain (2.74). By (2.78), we obtain that for (s,¢€) € I,

2z;(s,€) = R22(62zj(s, €),€8) +j\/R22(622’j<S, €),€es)? — 452
= =+ O(1)(e*|z;(s, )| + €25%) + j/n? — 4s?
+ O(l)(ez\zj(s,eﬂ +€2s )/\/172 — 452

= 2b;(s) + O (%) . j=-1,1, (2.80)

which gives (2.75) for |n? — 4s2| > 7.
Next, we will study the existence of the solutions of Dq(z, s,e) = 0 for (s,¢€) € I5. For
any z,z1,22 € Ji and (s, €) € I», we obtain

1
|G(2,5,€) = bj(5)] < 5| Raa(€*z, €5) = Ra2(0,0)]

1
+ 5\/|1~222(e2,z, €s)2 — Ro2(0,0)2]
< Cev/|z| + Cels|, (2.81)

1
|Gj(21a3a€) — Gj(22,8,6)| < §‘R22(€2Z1,68) — R22(€2Z2,€8)‘

1
+ 5\/|R22(€221, €5)2 — Roa(€222,€5)?]
< Cev/|z1 — 23], (2.82)

where we have used the inequality [\/z — /y| < y/|z —y|. This implies that for any
fixed (s,€) € I, G;(2,s,¢€) is a continuous mapping in z € J1 Hence by Brouwer fixed
point theorem, there exists at least a fixed point z;(s,€) : Is — Ji, j = %1 such that
Gj(zj(s,€),s,€) = zj(s,€) for (s,e) € I, and zj(s,0) = b;(s). This is equivalent to
Di(z;(s,€),s,€) = 0. Moreover, by (2.81) and (2.82), z;(s,€) is a continuous function
with respect to (s,€) € I and satisfies

2zj(s,€) = 2b;(s) + O(1)(er/|zj(s,€)| + €|s]) = 2b(s) + O(e), j=-1,1,

which gives (2.75) for |n? — 4s?| < .

We claim that there are at most two different solutions z; = z;(s,€), j = £1 of the
equation D1(z,s,€) = 0 for (s,¢) € I>. Indeed, it is easy to check that D;(z,s,€) is C™
with respect to (z,s,¢) € C? x (—1,1) and satisfies

Dl(_n/Zvn/zao) =0, 3sD1(—77/2777/2a0) =1
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Thus by the implicit function theorem, there exists a unique C'*° function s(z,€) : (z,¢€) €
B(—n/2,r9)x(—=710,7r0) = B(n/2,r1) such that D;(z, s(z,€),€) = 0and s(—n/2,0) = n/2,
where B(x,r) is a ball in C given by

B(x,r)={yeClly—=z| <r}, (x,7r)eC xR;.
In particular, it holds that

5zD1(—77/27 77/27 0) =0, 6zzD1(_77/27 77/27 O) =2,

which gives

.s(—n/2,0) =0, 0,.s(—n/2,0) = —=2/n.

Moreover, if s(z,€) is real, then z must be a solution of D1 (z,s,€) = 0.

If there are three different solution z; = z;(s,€), j = 1,2,3 of D1(z;,s,¢) = 0 for
(s,€) € I, then there exists a point (s,€) € B(n/2,79) x (—rg,70) such that z1(s,€) #
zo(s,€) # z3(s,e) € B(—n/2,19). Thus, there exists a function s(z,€) defined as above
satisfies that s(z1,€) = s(22,€) = s(z3,€). By mean value theorem, there exist 24,25 €
B(—n/2,r9) such that 0,s(z4,€) = 0.5(25, €), and then there exist zg € B(—n/2,r9) such
that 0,,s(z6,€) = 0. This is a contradiction to 9,,s(—n/2,0) = —2/n. Thus, the equation
D+ (z,s,€) = 0 admits exactly two continuous solutions z;(s,€) : Iy — Jy for j = £1.

Furthermore, it is straightforward to check that z1(s,€) = z_1(s, €) if and only if

241 = %R22(62Zi1,€8), Roo(€%241,€8)? — 4s* = 0,
which is equivalent to
z41 = —8, Roo(— e2s ,€8)+2s =0, s>0.
Denote Ds (s, €) = Ras(—€%s,€s) + 25 with (s,e) € C x (—1,1). It holds that
D3(1/2,0) =0, 8,Ds(/2,0) = 2.
By the implicit function theorem, there exist small constants rg,7; > 0 such that the
equation Ds(s,e) = 0 has a unique solution s = ¥y(€) : (—=rg,70) — B(n/2,r1). Since

Do (s,€) = D3, €), it follows that 9 (e) = Jg(€). Thus, the solutions z;(s,€) = z_1(s,€)
if and only if s = ¥g(€) and € € (—rg,rg). This proves the lemma. O

With Lemmas 2.9 and 2.10, we have the following lemma about the eigenvalue A;(|¢], €)
and the corresponding eigenfunction U; (&, €) of the operator A () for €(1 + |¢]) < ro.
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Lemma 2.11. (1) There exists a small constant ro > 0 such that o(A.(€))N{\ € C|Re\ >
—p/2} consists of fie points {\;(s,€), j =0,1,2,3,4} for e(1+|s]) < ro and s = [€].
The eigenvalues \j (s, €) are C™ functions of s and €, and admit the following asymptotic
expansions for e(1+ |s|) < ro:

Xo(s,€) = bo(s) + O(e! (1 + 5°)?), (2.83)

O(*br(s)]), |n* —4s*| > o
_ 2 ; =70, 2.84
/\k(57€) € bk(s) + { 0(63), |,,72 _ 482| <o, ( 8 )

where k =1,2,3,4, Ay = Ay and A3 = A4, and
— 452

bo = —n(1+s%), by =by= —g - %

(2.85)

n o, Vn?—4s?
b3=by=—2+F+——.
2 2
Moreover, Ai(s,€) = As(s,€) if and only if (s,e) = (Yo(€),€) with Jg(e) being a real
continuous function given in Lemma 2.10.
(2) The eigenfunctions U;(&,€) = (u;(&,€), X;(&,€),Y;(&€), 5 =0,1,2,3,4 are C*
in s and €, and satisfy for e(1 + |s|) < rg and (s,€) # (Yo(€),€):

(uﬂuj)é = (ui>u_j)€ - (XiJYj) - (Y;,?ﬂ = 5ija 0<4,5< 4,
Uug = PdUO + PT-U(), (XOaYO) = (an)v
S
Ppug = ———= [1 + O(*(1 + s? ,
a0 \/1—|——82[ ( ( ))] X0
Poug = ie\/14 s2L7 (v - w)xo + O((1 + 52)), (2.86)
eALOy
u——L v-e + O(e(1 4+ |s]))] s
)\k@k ( i6286k>
X, Yi) = —=(wxer, —— |, k=1234,
(X, Yi) e 32 W

where U] = (T3, —Yj, —?j), and er, k =1,2,3,4 are normal vectors satisfying e; = e3,
ex =€y, and e, -w =e1-e3 =0, and

O(€%), |n? —4s? >
0, =1 ’ = 2.87
k + { O(e), |n? —4s? < ro. ( )

Proof. The eigenvalue \;(s,e) and the eigenfunction U;(&,¢) for j = 0,1,2,3,4 can
be constructed as follows. For j = 0, we take \g = €2zg(s,¢) with 2o(s,€) being the
solution of the equation Dg(z,s,€) = 0 given in Lemma 2.9, and choose X =Y =0 in
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(2.61)—(2.63). And the corresponding eigenfunction Uy (€, €) = (uo(&, €), Xo(&, €), Yo(§,€))
is defined by

uo (€, €) = ap(s, €)xo + i€ <s + é) ao(s,€)(Ly — \g — iesP(v-w)) " (v - w)xo, (258)

XO(f, E) = YO(&? 6) = 07

where ag(s, €) is a complex value function determined later.

For j = 1,2,3,4, we take A\; = Ay = €22_1(s,€) and A3 = Ay = €221(s, €) with z41(s, €)
being the solution of the equation Dj(z,s,e) = 0 given in Lemma 2.10, and choose
Co = 0 in (2.61)-(2.63). Then we define the corresponding eigenfunction U;({,€) =

(uj (&, €), X;(&,€),Y5(E, €)) by

u;j(&,€) = eaj(s,€)(L1 — A\j —iesPr(v - w)) v - €;)Xo0s

€2sa;(s, €) (2.89)
Xj(f,e) = a’j(87€>w X €5, Y}(f,E) = Zme.f’
where e;, j = 1,2,3,4 are normal vectors satisfying e; = e3, e = es and e}, - w =

e1-e2 =0, and a;(s,€) is a complex value function determined later. It’s easy to verify
that (U, Us)e = (Us,Us)e = 0, where U = (uz, —X;, —Y;) is the eigenvector of A¥(€)

corresponding to the eigenvalue \;(s,€).

Rewrite the eigenvalue problem as
AU (& €)= Ni(s, U (Eye), j=0,1,2,3,4.

Taking the inner product (-,-)¢ of the above equation with U} (¢, €) and using the facts
that

(Ac()U,V)e = (UAL(E)V)e, UV € D(A(),

AU (&, €) = Aj(s, )Us (€ €),
we have
(Aj(s,€) = Ai(s,€))(U; (&, €), U (E,€)e =0, 0< 4,k <4

For €(1 + |s]) < ro and (s,€) # (Jo(e€),€), we have A;(s,€) # Ai(s,¢€) for 4,k € {0,1,3}
and j # k. Thus,

(Uj(f,G),u]:(f,G))E:O, OS]#ICSZL
We can normalize U; (&, €) by taking

(Z/Ij(§,cs),L{;-‘(s,e))5 =1, 0<j<4.
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The coefficients a;(s, ), 0 < j < 4 satisfy the normalization conditions (Uj,U})e =1

as
2 1 2 1 ?
ap(s,¢€) 1+8—2—|—e S+§ Dy(s,e) | =1, (2.90)
4.2
an(s, 0 — 14+ % 4 eD(s,e)) =1, k=1,2,3.4 (2.91)
) Ak 876)2 ) ) ) ) ) ) *
where

Do(s,€) = (R(Xo, eser)x1, R(do, —eser)x),
Djk(S, 6) = (R()‘jv Esel)XQv R()\_kv _6861)X2)7 j7 k= ]-7 27 37 4.

Substituting (2.83) into (2.90), we obtain

N

ap(s,€) = Vg (1 + é%(1 4 5%) Dy (s, e))
=== [1+0(E2(1+5%)]. (2.92)

Due to the fact that Ay = Ay and A3 = A4, we have a; = a3 and a3z = a4. Note that

X ets?
Ui (&, €), U3 (s,€))e = 0= 1+ oa T €2D13(s,€) = 0.
Thus, it follows that for A\; # Ag,
€ts? els?  €ls?
—1+ —5 +€Dyy = —5 - 2(Dyy — D
+ )\% + € 11 )\% )\1)\3 + € ( 11 13)
ets?
= )\2—)\3(/\3 - A1)+ 62D113(/\3 - A1)
1
A3 — A 442
where
Diji(s,€) = (R(Nis e5)x2, R(\j, —es) R(Ak, —€5)x2).
Similarly,
ets? A=A [ €ts?
-1+ 7 + 62D33 = 1)\3 2 (/\1/\3 + 62)\3D313) . (2.94)
3

Thus, it follows from (2.91), (2.93) and (2.94) that
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1
2

Ak ets? 9 B
€)= A D , k=1,3. 2.95
ai(s,€) FTYEY; (/\1/\3 + €A Dras (2.95)
Let
6482 _%
O = + M. D13 . k=1,23,4. (2.96)
A3

By (2.84), it holds for |n? — 4s%| > r( that

W=

S2

O = <<b1 +O0(E[b1])(bs + O(2[bs]))

+ €4kak13>

1
2

= (14 30D + 0@l + Ole'in)))
=14 0(é?), (2.97)

and for |n? — 4s?| < 7 it holds that

2 _1
s 2

O = ((m T0(0) s+ 0(0)

+ €4bk:Dk:13>

=

1 1
= (14 —0(€) + —O0(e) + O(* by
by bs
=14 0O(e). (2.98)
By combining (2.88), (2.89), (2.92), (2.97) and (2.98), and using the fact that
R(\j,es) = L7 4+ A\jR(\j,es)LT ! +iesR(\j,es)(v-w)Ly!
= L7' + O(2|bg| + €ls]),

we obtain the expansion of U;(§,€) given in (2.86). This completes the proof of the
lemma. 0O

2.1.3. Eigenvalues in €|§] > rq
We now turn to study the asymptotic expansions of the eigenvalues and eigenvectors
in the high frequency regime. Firstly, recalling the eigenvalue problem

Af =Bc(§)f — evxo - (wx X), (2.99)
AX = —ew x (f,vx0) + i€%¢ x Y, (2.100)
Y = —ie?¢ x X, |¢] #0. (2.101)
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By Lemma 2.4, there exists a large constant Ry > 0 such that the operator A — ]Ee(g)
is invertible on LZ(R?) for ReX > —10/2 and €[¢| > Rp. Then it follows from (2.99) that

f=eB(&)—N)"oxo- (wx X), €lé] > Ro. (2.102)
By a similar argument as (2.64), it holds that

((Be(f) - >‘)71Xian) =w;w;j ((Be(sel) — /\)71X1,X1)
+ (8 — wiw;) ((Be(ser) — A) ' xz, x2) » (2.103)

where e; = (1,0,0), s = [£] and w = £/|{|. Substituting (2.102) and (2.103) into (2.100)
gives

AX = 2((Be(ser) — N) " Ixa, x2) X +i€26 X Y,  es > Ry. (2.104)
By multiplying (2.104) by A and using (2.101), we obtain
(A2 — €((Be(se1) = N) " 'x2, x2)A +€'s?) X =0, es > Ro.
Denote
Dy(z,s,€) = 22 — ((Be(se1) — €22) " Ixa, x2)2 + 5%, es > Ry. (2.105)

The eigenvalues A = €22 can be obtained by solving D(z, s, ¢) = 0. Firstly, similar to
Lemma 2.4, we can prove the following lemma.

Lemma 2.12. For e € (0,1) and any 6 > 0, if ReA > —1y + 0, then

I(A = De(€)) ™ Ky || < Co~2 (1 +€lé]) 2, (2.106)
1A = De(€)) ™ x5l < CO™2(1 +€lé]) 2, (2.107)

W=

where j = 0,1,2,3,4. Furthermore, there exists a sufficiently large Ry > 0 such that
A\ — B (&) is invertible for ReX > —vg + 6 and €|¢] > Ry, and

IO = Be(€) ™M < C3 (1 +fel) 73 (2.108)
We now study the equation (2.105) as follows.

Lemma 2.13. There exists a large constant r1 > 0 such that the equation Ds(z,s,€) =0
has two solutions z;(s,€) = jis + yj(s,€), j = £1 for es > r1, where y;(s,€) is a C™
function in s and € for es > r1 satisfying

Cq Co Ines
— < —Rey; < = I ; < (Og—— 2.109
< Reyl0.0 < 2y (0] < 6 (2.109)
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where C1,Cy,C3 > 0 are some constants.

Proof. For any fixed (s, €) satisfying es > Ry, we define a function of z as

1
Gj(z,s,€) = i(Ro(z,s,e) + j\V/Ro(z,5,€)% — 452)7 j==1, €s| > Ry,
where Ro(z,5,€) = ((Be(se1)—€22) " xa, x2). It is straightforward to check that a solution
of Dy(z,s,€) =0 for any fixed s, € is a fixed point of G;(z, s, €).
By (2.108), when R; > 0 is large enough and 6 > 0 is small enough, it holds for
es > Ry and z, 21, 29 € B(jis, ) that

.. 1 |R0(Za$76)2|
Gi(z,s,€) —jis| < =|Ro(z,s,€)| + <4, (2.110
G )~ Jisl 2| ol ) 2|\/Ro(z, s, €)% — 452 + 2is]| ( )
1
|Gj(217576) - Gj(2275’6)| < §|R0(Z17576) - R0(2275,6)|

|R0(217876)2 — R0(227876)2‘
2|/ Ro(z1, s, €)2 — 452 + 2|/ Ro(22, 8, €)% — 45|

1 1
< 062\21 — 29| (1 + —) < —lz1 — 23]
S 2
Thus, by the contraction mapping theorem, there is a unique function z;(s, €) satisfying

that z;(s,€) = G,(z, s, €), namely, z;(s, €) is the solution of Ds(z,s,€) = 0. Set y;(s,€) =
zj(s,€) — jis. By (2.110) and (2.108), we have

1
ly;(s,€)| < C|Ro(zj,s,€)| (1 + E) < C’|es|7% —0, €|s] = o0. (2.111)
We now turn to prove (2.109). We obtain from (2.76) that
jRj(yj’S,E)z

1 1
i(s,e) = =R;(y;,s,€) + = =1 + I, 2.112
y;(s,€) 5 (Y ) 2\/Rj(yj,s,e)2—432+2is 1 2 ( )

where
Rj(:uj: S, 6) = RO(Zja S, 6) = ((BG(Sel) - 62j7;5 - €2yj)71X27X2)'
First, we estimate I. For this, we decompose
-1
- (Ll —i(v1 + je)es — ieﬂPd - erj) =X,(s,€) + Z;(s,€), (2.113)
S

where
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Xj(s,€) = (v(v) +i(v1 + je)es) ™",
Zj(‘S?E) = (I_}/}<576))_1}G(876)Xj(8ﬂ6)7 (2.114)
Yi(s,e) = X;(s,€) (Kl — ie%lPd - erj> .
By (2.113), we divide I; into
I = — (X;(s,€)x2, x2) — (Zj (5, €)x2, x2) = I3 + L. (2.115)

It holds that

v ) (v1 £ e)es 9
I3 =— Mdv — vaMdv
3 / V2 + (v1 + €)2e2s2 i Z/ V2 + (v) + €)2e252 2

RB
= — Rels — ilmI;. (2.116)

By changing variable (u1,ug, us) = ((v1 £ €)es, va, v3), we obtain for es > 1 that

1 ]2
Rel; < C ST,
o= /v& T (01 £ e)2e2s2C
R3
<< LR TCTE S L
Tes ) vitud
R3
’llr2
S g D) 1 267T1du1 S ﬁ’ (2117)
€ J Vo Tur €S
RS
frefs >/ -2 ’U%Mdv
=) VR + |u]2) 4 (v1 £ €)2e2s2
R3
1 ) 2 _1(tre? e
es Us€E 2\ es € e > du
> eS/V%(1+(%:F€)2+US+u§)+u% 2
R3
< 1 uf+ud+uf C
) _/ TE R e L L e (2.118)
es ) vi(3+ui +uz+u3) + uf €s
R3
and
C u w242
[T /3] S*/%e*%(%xeﬁef Bk
€s vy +uy
R3
Sg Ldul + i 67%(%:&)2(@1
es | vg+ud 2452
0 €S
1
S (2.119)

€S
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We now consider 1. By changing variable vy — —vs, we obtain that (X (s, €)x2, Xo) =
0. This together with (2.114) implies that

Zi(s,€)x2 = (I = Y;) 7' X, (K1 — €y;) X xa.

Since

1 _lv—u|? _
[k1 (v, )] < Cme 5, u= (ug,us),

we can obtain from (2.117) and (2.119) that

Clmmwi? v 4 [(ur £e)es| _u3 / 1 e w2

K1 X <cC 1d 8 1 d

O X / vg + |(ug £ ¢s)es|26 “ © e Y
R

2
§Ce’%/ 1+|(u1 :I:e)»SS\2 % g, <Clnes \1,8|2.
vé + |(ur % €)es| €s

This and (2.117) lead to

In? es 1 w2 In? es
2
||X:|:1K1X:|:1X2|| < C 252 / 1/3 n (Ul T 6)262826 1 dv S CW (2120)
R3

By (2.111) and Lemma 2.12, it holds that for €|s| > Ry,
(I =Yj(s,e) 7 <2, j==L (2.121)

Thus, it follows from (2.111), (2.117), (2.120) and (2.121) that

L] < [(X; (K1 — €y;) Xjxa, (T = Y]) x|

CUIX; K Xl + ElyllIX 2 ) < Cles| ™ n]es. (2.122)
Next, we estimate I as follows:

ln €S

c
|2 < ;IRj(yj,s,e)l < —|I |> < C- (2.123)

Combining (2.115)~(2.119), (2.122) and (2.123), we obtain (2.109). The proof of the
lemma is then completed. O

With Lemma 2.13, we have the following lemma about the eigenvalues 5;(|{], €) and
the corresponding eigenvectors V;(€, €) of the operator A (¢) for e|¢] > 7.
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Lemma 2.14. (1) There exists a constant r1 > 0 such that the spectrum o(A.(€)) N {\ €
C |ReX > —pu/2} consists of four eigenvalues {Bj(s,€), j = 1,2,3,4} for es > r1 and
s = |¢]. In particular, the eigenvalues B;(s,€) are C™ functions in s and € and satisfy
the following expansion for es > ry:

Bi(s,€) = Pals,€) = —€is + €2(_1(s,€),
1(s,€) = Pa(s, €) 2 2 1(s,€) (2.124)
B3(s,€) = Ba(s,€) = €“is + €(1(s, €),
where (11(s,¢€) is a C™ function in s and € for es > 1 satisfying
C C 1
— < —ReCui(s,0) € =, [ImGai(s,6) < Cs n;s (2.125)
€ €

with positive constants C1,Cs and Cs3.
(2) The eigenvectors V;(€,€) = (w;(§,¢€), X;(§,€),Y;(€,€), 5 =1,2,3,4 are C in s
and €, and satisfy for es > ry:

(VMV]*):(wlvw_j)_(X’MY])_<Yw?j):6U7 1§Z7]§47

w; (€, €) = ec;(s,€) (ﬂj(s, €) — Ly +ies(v-w) + ie ™ de)_l (v~ ¢5)x0, (2.126)

ie?sc;(s,€)
Xi(€,€) =ci(s,e)w x e;, Yl e)= —1" "¢
J( ) J( ) J J( ) /6_7(5 6) J
where V¥ = (wy, Yj, —Z’), and ey, k =1,2,3,4 are normal vectors satisfying e; = e3,

ex = eyq, and e - w = €1 - eo = 0, and c;(s,€) are C™ functions of s and € for es > rq
satisfying

o1 9 1 Ines
; =i— — - |- 2.12
ci(s,€) Z\/§+EO<€S)—|—€O<6282> (2.127)

Proof. The eigenvalues (;(s,e) and the eigenvectors V;(§,¢€) for j = 1,2,3,4 can be
constructed as follows. We take 51 = 83 = z_1(s,¢) and B2 = B4 = z1(s,€) to be

the solution of the equation Ds(z,s,¢) = 0 defined in Lemma 2.13. The corresponding
eigenvectors V; (€, ) = (w; (€, ), X, (€, ), Y; (€, 6)), 1 < j < 4 are given by

w;(§,€) = ec;(s,€) (Bj(s,e) — Ly +ies(v-w) + ieZ de)71 (v-ejxo0)

i€2sc;(s,€)

Xj(&,ﬁ):Cj(S,e)wXSj, }/](5,6): 6]‘(3 6) €55

where e, j = 1,2, 3,4 are normal vectors satisfying e; = e3, e2 = e4, and ej-w =e1-e3 =
0. It is straightforward to check that (V1,Vs) = (V3, V) = 0, where Vi = (w;, - X}, -Y;)
is the eigenvector of A*(¢) corresponding to the eigenvalue j3;.
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Rewrite the eigenvalue problem as

Ae(&)vj(fae) :ﬂj(S,G)Vj(f,e), Jj=1234

By taking the inner product (-, -)¢ of above equation with V; (s, €), and by using the fact
that

(AU, V)e = (U AZ(EV)e, U,V € D(Ac(6)),
AZ(OVi(& €)= B;(s. V(& e),
we have
(61’(8’ 6) - ,6]‘(8, 6)) (Vz(f, 6)’ V;(é, 6)>£ =0, 1<4,5<4

Since S (s, €) # Bj(s,€) for k =1,3, j = 2,4 and Pyw;(§,€) = 0, we have the orthogonal
relation

(Ve(§.€), V] (€ 6) = (Vu(€6),V](§0) =0, 1<k#j<4

By normalization, we have

Vi€, Vj(&e) =1, j=1234.
Precisely, the coefficient c;(s, €) is determined by the normalization condition:

ets?

Bj (Sa 6)2

where D;(s,€) = ((Bc(se1) — ;) xa, (Be(—se1) — B;) " 'x2). Since

ﬂ?(&ﬁ)_ ) Ines 2_ elnes
= (o)) = e (ER).

Dy(5.0) = 01)|(Be(oer) ~ ) alP =0 ().

¢)(5,6)? (—1 n +e2Dj<s,e>> 1 j=1,2,3.4,

it follows that

2 -1
c?(s,e) =— (2 - (% + 1) —eQDj(s,e))
1 €2 elne

Thus, we obtain (2.126) and (2.127) so that the proof of the theorem is completed. O
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With Lemmas 2.6, 2.8, 2.11 and 2.14, similar to Theorem 3.4 in [26], we have the
following decomposition of the semigroup eezhel®),

Ac®)

Theorem 2.15. The semigroup e with € # 0 can be decomposed into

e =AU = (L€, )U + Sa(t, €, )U + S3(t, &, €)U, VU € L{(R3) x C¢ x C¢,

(2.128)
where
4
Si(t,&,)U =Y e MBI (U U (€, 0) U (€ )L ieqapien<roys (2.129)
7=0
4 t
Sa(t,&, U =Y e U)W V(€ €) Vil€, ) Lererzm) (2.130)

ES
Il

1

with (X\;(]¢], ) U;(&,€)) and (Br(|€],€), Vk(£,€)) being the eigenvalue and eigenvector of
the operator A (&) for e(1+|€|) < 7o and €|€| > 71 respectively. And Ss(t,&,€)U satisfies

I1S3(t, &, YU |l¢ < Ce &

[Ulle, (2.131)
where the two constants b > 0 and C' > 0 are independent of & and e.
2.2. Spectral structure of B.(£)

The spectrum structure of B¢(£) is now well known. We just list the results in the
following to be self-contained.

Lemma 2.16 ([13]). The operator B.(£) generates a strongly continuous contraction semi-
group on L*(R3), which satisfies

e O < IfI, ¥E>0, f € LA(RY),
Lemma 2.17 ([5,33]). The following statements hold.
(1) For any § > 0 and all £ € R3, there exists y1 = y1(6) > 0 such that
p(B(§)) D{A € C|ReA > —vp + 0, [ImA| > y1} U {X € C|ReA > 0}.
(2) For any ry > 0, there exists a constant o = a(ry) > 0 such that for €|§| > 71,

0(Be(€)) C {A € C|ReX < —a}.
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Theorem 2.18 (/5,33]). (1) There exists a constant ro > 0 such that for €|&| < ro,
Y .
o(Be(€)) N {A € CReA >~} = {3;(I¢|.e), 5 = ~1,0,1,2,3}.

In particular, the eigenvalues v;(|€|,€), j = —1,0,1,2,3 are analytic functions of €|&|
and satisfy the following expansion for €|§] < rg:

([l €) = ipjelé] — aze’|E]* + O (€¥1¢)%) (2.132)

where

:u’ilzj: %a /J'k:O k:072a37
aj =—(L7'Pi(v-w)hj, (v-w)h;) >0,

f Yo - \f o (2.133)
hi1(§) = \/%Xo F 2 (v-w)xo + \/§X4>

hk(ﬁ) =(v-Wh)xo, k=23,

and W7 (j = 2,3) are orthonormal vectors satisfying Wi.w= 0
(2) The corresponding eigenfunctions (€, €) = ¥;(elé|,w), 7 = —1,0,1,2,3 satisfy

(Vi€ €),05(&€) = by, —1<0,5 <3,
¥;(€,€) = Povo(§, €) + Prapo(§,€),

(2.134)
Poy; (€, €) = h;(€) + O(el€]),
Pryj(&,€) = iel€|L7 Piv - w)hy(€) + O(2[¢f).
Theorem 2.19 (/5,33]). The semigroup e 2B yith, £ € R? satisfies
©f = Su(t, &, f + Ss(t,&,0)f, Ve L*(RY), (2.135)
where
Sit.6,0f = 37 Al (£ 95€9)) (& O eter<roy
j=—1
and S5(t,&,€)f satisfies
1S5(t,€.e)f1l < Ce™ | f] (2.136)

with two constants b > 0 and C' > 0 independent of & and e.
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3. Fluid approximations

In this section, we will present the first and second order of fluid approximations to
t t

the semigroups e<2“*¢ and ezB that is a key step to show the convergence of the solution
of the VMB system to the solution of the NSMF system.

For any Uy = (go, Eo, Bo) € H', set

cEALOF = <g7_é(97><0) S x, bk Y) :

) 3.1
GlRaT (1)
where
eTA OV — (¢,X,Y) € LZ(R?) x C x C,
N NS ~ & .
Vo:(go, X Eo, 5 X By | .
14 €l
For any fo € H' and any Uy = (go, Eo, Bo) € H', set
ef‘gBefO _ (f—leffBe(S)f)fo,
3.2
e b Uy = (Flez 2O F)U,, 32

Then e« f; and el are the solutions of the systems (2.1) and (2.2) respectively.
By Lemmas 2.2 and 2.16, it holds that

e fol = / (14 JE[2)! | 2B© | 2de < / (L4 21 ol € = [Lfoll .
R3 R3
e <Tallg = [ 1+ [€P) 4Ol < [ 1+ I IVallzde = Uil
R3 R3

where we have used HVO”? = ||0o]|2.

3.1. Semigroup of the linear NSMF system

In this subsection, we will study the solution to the linear bipolar NSMF system

Firstly, we consider the following linearized bipolar NSMF system to (1.24) for U; =
(n,m,q) and Uy = (p, E, B):

Ve -m=0, n+\/gq:0,
Oym — koAgzm + Vep = Gy,

(3.3)
dq — k10zq = 3Gy,
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and
OE -V, x B=n(Vyp—E)+Gs,
OB +V, x E—0, (3.4)
sz:pa VIBZO,

where G1, G3 € R3 and G5 € R are given functions, p is the pressure satisfying p =
—1 7
x

A 'div, G, and the initial data (n,m,q)(0) and (p, E, B)(0) satisty (1.25)
For any fO = fO(é.v,U) € NO and ‘/0 = (ﬁO(g)XoyEO(g)aBO(f)) € Nl X Cg X C§)7 set

fo= 30 e (foy(©) hy(©)

; (3.5)
§=0,2,3

Valt, )V = 24: <|£|>t< w)

n
Xj(g)v |£‘ 7é 57 (36)
13 2
where bi(|¢]) (kK = 0,1,2,3,4) and (aj, h;(€)) (j = 0,2,3) are defined by (2.85) and
(2.133) respectively, and X;(&), j =0,1,2,3,4 are given by
O(g) = ( ‘€| X03070)7
V1€
b 3 €] &0
1|C|EE
ngik(o,—xe, ) k=1,234.
M= e Ml

Here, e, k = 1,2, 3,4 are normal vectors satisfying e; = e3, e3 = e4, and e -w = e1-e5 =
0.

For any Uy = (ﬁ0X07E0,E0) € Ny x C3 x C3 with py = i€ Fy, set

Ya(t, )0 = (m—@ $ o -L Y)

] € (3:8)

with

}72(t7 g)VO

(Px0, X,Y) € LF(R3) x CZ x C,

. & . & .

Vo = | poxo, 7= X Eo, 7= x Bo | .
€] €]

Denote
{ Yi(t) fo = (F~'Y1(t,€)F) fo,

. (3.9)
Ya(t)Uo = (F~ Ya(t,§)F)Vo.
It is straightforward to check that
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f=Pif+Pf, PYi(t)=0, PrYi(t)=Y1(t),
1Py FI2 = 1(fooxo)|* + | (f, )%, (3.10)
IPLAI® = 1(f,vx0) L * + 1(f, ho)[” + 1Py fII.

Then, we can represent the solutions to the NS system (3.3) and NSM type system
(3.4) by the semigroups Y;(t) and Ya(t) respectively.

Lemma 3.1. For any fo € L?, Uy = (go, Eo, Bo) € L? and G; € L{(L2%), j = 1,2,3, we
define

w(t,z,v) = Y1(t) Pofo + / Yi(t — s)Hy(s)ds, (3.11)
0

Ut 2,v) = Ys(£) PaUp + / Ya(t — 5)Ha(s)ds, (3.12)
0

where

Hl(t,$7’l}) = Gl(t7$) *UXo + GQ(t,CU)X4,

Hy(t,z,v) = (Vg - G3(t,x)x0, G3,0).
Let (n,m,q) = ((u, x0); (u;vx0), (v, x4)) and U = (pxo, E, B). Then (n,m,q)(t,z) €
L*(L2) and (p,E, B)(t,z) € L{°(L2) are the unique global solutions to the linear NS

system (3.3) and NSM type system (3.4) with the initial data (n,m, q)(0) and (p, E, B)(0)
satisfying (1.25).

Proof. To show (3.11), by taking Fourier transform to (3.3), we have

2
i€ =0, 0+ \/;q:o, (3.13)
Ay — ko€ P+ iépy = G, (3.14)
R . 3
04 — k1léPq = 502, (3.15)

where the initial data (7, M, §)(0) satisfies

(0) = (Pofo, vx0)1 \/§ﬁ<o> ——4(0) = @ (Pofo, \/gm - ﬁx)

Then, it follows from (3.15) and (3.13) that

t
i(t,6) = e EG0) 4 [ eIy (s)as
0
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— o—ralét (Pofo,ho(f)) (ho(€), xa)
t
[ (), (@) (@), xa)ds,
0

and

At &) = e el (Pofo, ho(ﬁ)) (ho(€)s x0)

+ /e*fﬁ|§|2(t*8) (ﬁl(s),ho(é)) (ho(€), x0)ds.

0
By (3.13) and (3.14) and noting that 7 = m, , we have

t
At €) = e*"”~0|§|2tm(0)+/67NO\E\2(t*S)G1(S)LdS
0

= 3 I (Rufo hy(©) (s (), vx0)

7j=2,3

j=2.3

¥ 0/ eI (11 (5),1,(8) ) (hy(©), vxo)ds.

49

(3.16)

(3.17)

(3.18)

Noting that ko = a2 = a3, K1 = ao, (ho(§),vx0) = 0 and (h;(€), x0) = (h;(£),x4) = 0,

Jj = 2,3, we obtain (3.11) by using (3.16)—(3.18).

Next, we prove (3.12) as follows. Taking Fourier transform to (3.4) gives the system

for (p, E, B):

Oup+n(1+[¢[*)p = i€ - Gs,
OE =it x B+n(icp— E) + Gs,
8751% = —’Lf X E,

A~

iE-E=p, i€-B=0,
where the initial data (p, £, B)(0) satisfies
p(0) = i¢ - Eo, E(0)=Eo, B(0) = By.
Taking wx to (3.20) and (3.21) yields

Or(w x E) = i€ x (wx B) —n(w x E) +w x Gs,
9 (w x B) = —i¢ x (wx E).

(3.19)
(3.20)
(3.21)
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Let V = (pxo,w x B,wx B)T e LZ(R®?) x C¢ x C{. Then, the system (3.19), (3.22) and
(3.23) can be written as

oV = A(€)V + Hj,
where Hy = (i€ - G3X07w X ég,O)T, and

—n(d+[¢F) 0 0
A(§) = 0 - igx
0 —&x 0
It is straightforward to check that A*(&) = A(€) and A(£) admits five eigenvalues b;(|¢]
given by (2.85) with eigenfunctions X;(&) given by (3.7). Note that bi(|¢]) = b3(|¢]) =
—n/2 when |¢| = n/2, and X;(&) satisfy the orthonormal relation (X;(§), X;(§))e = 6s5
for |£] # n/2. Thus

4

V() =3 10 (V(0). %) ()
§=0
0y [t (11405).7@), ), el # 3.
j=00 ¢ 2

This proves (3.12) and completes the proof of the lemma. O
3.2. Fluid approrimation ofeet A

The following lemma will be used to study the fluid dynamical approximations of the
semigroups e?the and e?t?Bﬁ.

Lemma 3.2. For any Vi € Ny X Cg X Cg and fo € Ny, we have

_ bt

1S5(t,€, €)Volle < C (e(1+ €D geqrien<roy + Licrtlenzroy) € = IVolle, (3.24)
bt

155(t, &, €) foll < C (el€1ee)<rotr + Licleizror) € = I foll, (3.25)

where S3(t, &, €) and S5(t, €, €) are given in Theorems 2.15 and 2.19 respectively.

Proof. For any V € Lg (R3) x (Cé3 X (Cg', define a projection P,(§) by

POV = (V.U (& €) Uj(€e), e(L+[€]) < 7o,

J=0
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where U; (€, €), j = 0,1,2,3,4 are the eigenfunctions of A.(£) for e(1 + [¢]) < rq given in
(2.86).
By Theorem 2.15, we claim that

Sl(ta§7 6) = eéAE(g)Pe(5)1{6(1+\§\)§T0}' (326)

Indeed, it follows from semigroup theory that for k > 0,

K4-100
%A 1 N
et POV =5 [ eF (A=A POV
1 4 K4100 R
:%z; / e (A= X;(IEl, )" (VUdy)  UsdA
J=Yk—ioco

4
:Zezt?)\j(lg"ﬁ) (‘/,u;)guj = Sl(tagve)‘/'

Thus, by Theorem 2.15 we can decompose S3(t, &, €) into

S3(t7§,6) = SSl(t,gaE) + S3Z(t7£76)3 (327)
where

{Ssl(t,f,e) = S(t,&6) (I = Pe(E))1{e(i41e)<ro}s
S3a(t,&,€) = S3(t, &, €)Lc(141e))>r0} -

Moreover, S3i(t,&,€), k = 1,2 satisfy
IS31(t, €, )V e < Ce™# | Ve, k=1,2. (3.28)
For any Vg € Ny x C¢ x C¢, we can obtain by (3.38) and (3.44) that
Vo = Pe(€)Volle = [[Y2(0,€)Vo — S1(0, &, )Volle < Cel[Volle.
The above estimate and the fact Ssq(t,&,€) = S31(t,&,€)(I — P.(§)) imply that

_ bt
[S31 (£, &, €)Volle < Ce(1+ €] Liervie)y<rore <

Volle- (3.29)

By combining (3.27)—(3.29), we obtain (3.24). (3.25) can be proved similarly. And this
completes the proof of the lemma. O

The following lemma gives the first order fluid approximation of the semigroup eezhe



52 T. Yang, M. Zhong / Advances in Mathematics 489 (2026) 110800

Lemma 3.3. For any € < 1, any integer k,m > 0 and Uy = (go, Fo, Bo) € L*> N LY, it
holds that

|

bt

AUy~ V)PV | < C (e84 7 ) (Ullanss + 1Uoll1r)

+ O (14 6)""VE ol (3.30)

where Ya(t) is defined by (3.8), PoUy = (Pygo, Fo, Bo), and b > 0 is a constant given by
(2.131). Moreover, if Uy = (go, Eo, Bo) € L?> N L' satisfying P,go = 0, then

=AUy = Va(O)PUs | < Cell+ 1)~ (|Tall s + 1 Uoll1r)
+ CE™ (1) VU || - (3.31)

Proof. For brevity, we only prove the case when k = 0 because the proof for k£ > 0 is
similar. By (2.128) and by taking € < r/2 with 79 > 0 given in Lemma 2.11, we have

|

A, — 0P| = HAOY, _ v, PRAIN
e« o — Ya(t) PaUy = e« 0 — Ya(t,§) P2V ) '

R3
S 12
<t [ [sitteqin- Vet par| g
14[g|< 72
. 112 ~ 112
+a [ |sateg 0| de+ 4 [ |sateie o) de
l€1>"% R#
- 12
v [ |t or| de
14+[g]>72
=L+ LL+1I3+ 1, (332)
where V = (go,w X Foy,w x B%).
First, we decompose I; into
N 2
I =4 / [ |siteeate - Ve par| g
1+H[EIS TR 2 —4[€]2|>r0  In?—4[§]2|<ro
=: I11 + L12. (3.33)

We estimate I1; and I separately as follows. By Lemma 2.11, it holds that for |[n? —
41¢)?| > 7o and €(1 + |€]) < 7 with rp < 1,

MO, by
Pk —% P

(14+0(e?), k=1,2,3,4. (3.34)

1
E_QAk - bk(l + 0(62))7
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Thus, we can obtain by (3.34) and (2.129) that for e(1 + |¢]) < r¢ and |n? — 4|¢]2] > 7o,

Si(t, €, €) Vi =eho DO Dr [(Vo,_»co@))£ Xo(€) + To(&, e>]

4
+Zebk<\5\>t+o<e2|bk<|f|)|)t {(%’—X’“(O) X (€) +Tk(§,€)} 7 (3.35)
k=1
where
{ITo( e)lle = O(1)|[Uo — Xolle||Volle = O(en/1 + [€]2)]|Tn], (336)
T (€, €)lle = Ot — Xill[Voll = O(e)|Toll, &k =1,2,3,4.
Note that
{Reb1(|£|) —c1lél, €] <ro; Rebi(J€]) < —ca, [€] > 7o, (3.37)
Rebs([¢]) < —n/2, €€ R% bi(l€]) = ba([€]), bs(l€]) = ba(l€]),
where c¢q, ¢y are two positive constants. Thus, we have
MO [ e P+ eP)] 100
1+|g|< o
4
oy / eRebst (M 262 4 ) || O |2de
=l yjg|<mo
<0 | el 2lel?) | Uo)|2de
[€]<ro
L R SR
1+[g|<m2
<ce | s (G [ e+t [ ol
<7"0
[€1< € <ro R
< CE[(L+ 02 Upl3 + e~ |Us 3] (3.38)

where we have used

sup [[Uo* < Cllgoll72 11y + Cll(Eo, Bo)ll7, < CllUol2s-

[€1<ro

Note that when |n? — 4[¢|?| — 0, it holds that Ay — A3 and b; — bz. This implies
that ||Xx|le — oo and |Ug|le — oo for k = 1,2,3,4. In this situation, the expansions
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(3.35)~(3.36) do not hold. To overcome this difficulty, we rewrite Si(,&, €) and Ya(t, &)
in other forms. Indeed, it follows from (2.129) and (2.86) that

N ¢ N ¢ A\ 02 A~ A
Sl(taga E)VO - G?AO(VOaug)fuo + 622)\1 )\3 1_ ;\1 [(%aul*)ul + (%au;)u2i|
¢ 302 " IR
e S (i, U Uk + (Vo, Ui Wa
AL — A3

where ©;, j =1,2,3,4 are defined by (2.96), and

- VA1 — A2 )
Uy, = Y28~ Mgy <eR()\k, €)(v-ep) ’Se’“)

= X0,WwW X €, ——
/\k@k ’ ’ Zk

with R(\, €€) = (L1 —A—ieP.(v-£)) ™. Thus, we can rewrite Sy (¢, &, €) for [n? —4[¢]2| < rg
as

Si(t, €, €)Vy = etV + et (V) + Vh) + (et — ezﬁ)%@g(@ +Va)
3 — <1
Z ~ ~ ~ ~
+et 2 Q2 [(Vi — V) + (Vo — V)]
zZ3 — 21
+et (07 - @) (Vi + 1),
zZ3 — 21

where z; = 6*2)\j, and

Vo = (Vo U3)ello, Vi = (Vo, Ui Uy, ke =1,2,3,4.

Note that
t
(e*1t — e*st) % —zgezst/eT(“*“)dT
zZ3 — 21 ’
0
2 ~ ~ ~ ~ ~ ~
eZ3tz : - (Vi = V3) + (Vo = Vi)] = z3e®! (Vi3 + Vaa),
3— 21
R — (07 — 02) = O(1)e*zze™,
Z3 — 21
where

ik = ( 05 ;k)aj + (%72/?;:)2’27167 ]ak = 172a374a
isej) (3.39)

Z;ljk = e3R()\j, €€)R(Ag, €6)(v - €5)x0,0, —=
ZjZk

We have
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N . 9, - 9 -
Si(t,& €)Vo = 'V + e'OF (V1 + Va) + 23203 (Vi3 + Vag)

t
— zze™st / "1 dr@2(V) + Vo) + O(1)e 23 { (Vi + V). (3.40)
0
Similarly, we rewrite Ya(t,£) as

t
E(t,g)PQ% = ebOtWO + eblt(VVl + Wg) — b36b3t / 6T(b1_b3)dT(Wl + WQ)
0

+ bye”" (Wis + Way), (3.41)
where

Wo = (PaVo, Xo)eXo, Wi, = (PoVo, Xi) Xr,
Wik = (Pz%,X]k)X + (PVo, X)X ik, J,k=1,2,3,4,

(3.42)
ek ise;
Xy = 0 ) y Xk = 0307 .
* ( v b/c) " ( bjbk)
Since it follows from Lemma 2.11 that for [n? — 4[£]?| < 7o,
{Zo =by+O(e%), 2z =b+0(e), Op=1+0(e), (3.43)
[Vie = Wil + [Vik = Wik| = O()[Uoll,  j,k =1,2,3,4, '
we obtain by (3.40) and (3.41) that
ha<C [ e (s = bl + [t — Xol2) ol
[n?2—4[¢]2|<ro
+C / ™3 (e + |2k — bi|* + |©F — 117) || Uo|2de
F=132 —afep <ro
<Ce2e 2| U2 (3.44)
Thus, it follows from (3.38) and (3.44) that
I < Ce (e‘gtHUOHQLz F(1+t)2 HUOHil) . (3.45)

By (2.130) and Lemma 2.14, we have

4
Salt,& Vo = eI (T, Vi, ) Vilge), el =,
k=1
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which gives

=14 / HSQ(t,f,emHngsc / e~ || Dp 1 2de

lg1>"L lg1>
1 — < 2m |77 |12 2m —2m m 2
<C sup I “Iel [EF" ([UolI7dE < Ce™ (L +8) " (| V' Uo7 (3.46)
|€1>=-

T1
|§1> =+

By (2.131), we have

Vol|2de < Ce™2 | U2 (3.47)

A 2 t
Is :4/”53(7:,5,6)1/0” de < c/e—%
R3 ¢ R3
For I, it holds that

I, =4 / H}é(t,g)Pz%HZdﬁsc / e~ | Vo 2de

1+[¢]> 72 1+¢[>
e ~ _
<Ce™ / (L +1ED?IITolI*dg < Ce*e™||Ug |71 (3.48)
0
1+¢]> 72

Therefore, it follows from (3.32) and (3.45)—(3.48) that

We now turn to (3.31). Since Vo € Ny x C¢ x C¢, by Lemma 3.2 we have

t 2 3 _obt
e AT, —Yg(t)PgUOHLZ <C(EA+07+e78) (WUsl3n +1Usl3). (3.49)

n<c [ easgPpetEla e [ el

1+gl<2 1+g[=72

< CPe / (1+ [¢2) |00 2de + / €210 ]12de

1+gl<2 1+g[>2 2

< C2e2E | Up)2n. (3.50)

Thus, by (3.45), (3.46), (3.48) and (3.50) we obtain (3.31) for k = 0. And this completes
the proof of the lemma. O

Remark 3.4. From Lemma 3.3, we have

e A Pyl — Y1 (8)PaUs | o < Ce(L+ )75 (|Upllen + Ul 1) - (3.51)
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The following lemma gives the second order fluid approximation of the semigroup
LA
e,

Lemma 3.5. For any ¢ < 1, any integer k,m > 0 and Uy = (go,0,0) € H2 N L}
satisfying Pygo = 0, we have

1 .
Ze Uy — Yo () Zo

1
€ €

bt
c 7) (Wl aress + Ua120)

e (e(1 +1)7F 4
Hk
+ CE™ (1L + )™V Uyl e, (3.52)

where Ya(t) is defined in (3.8), Zo = (Py(v-VaLi g0), (vLi g0, X0),0), and b > 0 is a
constant given by (2.131).

Proof. Again we only prove the case when k = 0 because the proof for k£ > 0 is similar.
By (2.128) and by taking € < r¢/2 with 7o > 0 given in Lemma 2.11, we have

2 2
1 1 N - .
H—e:erUO —Yo(t)Zo|| <4 / H—Sl(t,g,e)Uo — Yo (t,6) 2, || de
€ 9 €
t 1+[gl<2 ¢
1 N 1 1P
i [ |isutecon] s [| Esaeeann)
g5 S ¢
- .2
v [ |Reon] a
1+]g[> "2
= Il —|—Ig—|—]3+[4, (353)
where Z, = (iPy(v - folgo),w x (vLi 90, X0),0).
Firstly, we decompose I; into
1 . B R 2
Il =1 / + / Hgsl(t7£’6)vo_}/2(t7§)zl dg
LIS (02 —4lel2 2r0  In?—4lEl?]<r ¢
=: I11 + I1o. (3.54)

By Lemma 2.11 and Theorem 2.15, it holds for any Uy = (go, 0,0) with Psgg = 0 that

4
Si(t,& 00 = eI e(go, i (€, ) Uy (& ), (3.55)

j=0

where



58 T. Yang, M. Zhong / Advances in Mathematics 489 (2026) 110800
g =€ 'Paig = iv/1+ 82 [1+O(2(1+ 5%))] R(A\o, —€€)(v - w)xo,
R()\_k,—ﬁf)(v'ek)XO, k= 1727374

with R(\,€€) = (L1 — A\ —ieP.(v- &)L,
Thus, we can obtain by (3.55) and (3.34) that for e(1+[¢]) < 7o and |n? — 4|€|?| > ro,

t

“51(t,&, )00 = e 09 (i /THTER(w - wLi o, xo)¥o(€) + Rol ]

4
+ Zefff\k(lél [bik(v ~er Ly 0, X0) Xk () + Ri(&, 6)}

i1 VIER = b}

= a0t [, T@) ao(e) + Role.

4

£3 ebrlIEDHOhe e [(Zlm) X () —|—Rk(§,e)} . (3.56)
k=1

where
{lRo( o)lle = O(e(L + 1)) Toll,
I1Bx (€ Ol = O(eVT+[EP)Toll,  k=1,2,3,4
Thus, it follows form (3.37) and (3.56) that

MO [ A P+ ] ol e

1+gl<me

4
+Cy / RNt (Mb; P8 + €2) (1 + [¢[*) (100> dg

=1 r
T g <

<cC / e | O |12de + C© / et (1 + |€[2)2]| U |2de

[€]<ro 1+[¢|< 2
< CE [(L4+ ) 2 Upl3 + | Up 2] - (3.57)

For |n* — 4|¢%| < ro, we rewrite 151 (¢,&,€) as

1 N . - - - -
=S1(t, &, €)Up = eV + 103 (Vi + Va) + 23 (Vig + Vay)
€

t
_ gent / 1= @2 (T + Ta) + O(1)edzge™™ (T + Vo), (3.58)
0
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where

Vo = (9o, @0)Uo,  Vie = (Go, ir) U,
f/jk = (g()va]k)a] + (g07ak)ajk‘7 ja k= la 273a4a
i = ¢ R(Aj, —e§) R(Ak, —€€) (v ¢;)xo0

with Uy, Z;ljk defined by (3.39). Similarly, we rewrite Y5(t, &) as

t
E(t,f)Zl = ebotWO + eblt(Wl + Wg) — bgebst/eT(bl_b3)dT(W1 + Wg)
0

+ b36b3t(W13 + W24), (3.59)
where

{Wo = (Z1,X)eXo, Wi = (Z1, X)X,
Wik = (Z1, Xju) X + (Z1, Xp) Xk, o k=1,2,3,4

with X, Xji defined by (3.42).
Thus, it follows from (3.43), (3.58) and (3.59) that

n<c [ eGP < ol . (3.50)

[n2—4[£|2|<ro
By combining (3.56), (3.57) and (3.60), we obtain
I < CE(1+1)72(|Up 42 + 1Uo]|21).- (3.61)

By (2.130) and Lemma 2.14, it holds for Uy = (go, 0,0) with Pzgo = 0 that

4
2(t, 6, )00 = > ez (.@07“%(576)) V(& €),  elél =,
k=1
which gives
L e 2 _€Ct 2m 117,112
I, <C e 7 |To2d€ < C sup —- f€] €17 [|Uol|"d€
|§| 1 ¢|> > |§| ¢
l¢]> > ¢]> >
< CE™(L+) 72|V Up |13 (3.62)

By (2.131) and P4go = 0, we have

1 _obt, A 1 _5»
Is §C/€—26 250y de < O e Vol (3.63)
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For I, it holds that

2
n<c [ emanpisoSer [ asle ol
0

1+g[> 72 1+g[> 72

< C2e | Uoll%e. (3.64)

By combining (3.61), (3.62), (3.63) and (3.64), we obtain (3.52) for k¥ = 0. And this
completes the proof of the lemma. O

In the following lemma, we will present the time decay rates of the semigroup eezhe,

Lemma 3.6. For any e < 1, a € N3, any integer k > 0 and Uy = (go, Eo, Bo), we have

05 oAUy 2 < C(1+ )74 (102 Tollps + 92Tl z2)
+ CeF (1 +6)7F| VI T || 2, (3.65)

105 Poe =A< Up |2 < € (€1 + )% + %) (108 Usllan + 102 Vol )

+ CFHL L+ ) F VIR U || e, (3.66)

where Py, P3 are defined by (1.21), o < a, m = |a — /|, and b > 0 is a constant given
by (2.131).
Moreover, if Uy = (go,0,0) satisfies that Pygo = 0, then

t

102 PacA<Us 12 < € (e(1+ )75 % e ) (1102 Uoll e + 102 Us )
+ T (1 4 1) 7R VIR || 12, (3.67)
bt

102 Poe=AeUp 12 < € (14674 + =) (102 Tolls + 92 Toll =)

+ CeF 21 4+ )R VIR | 1o (3.68)

Proof. By Theorem 2.19, we have for j = 2,3 that

|

3 ~ 112
gane??Ae(i)VOHE d¢

+ 2
a?PjCeTAEU()HLQ :/‘
R3

< [ Jerseean|ar [ |esseson)

1+]gl<2 lg|> 7L

+/]
R3

a0, o | de. (3.69)
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where Vy = (§o,w X Eo,w x By). By noting HVOHE = ||[T||?, we can estimate the third
term on the right hand side of (3.69) as follows:

/ (€2)%]15(t. €, &) Vo 2de < Ce2% / (€2 Vo 2de < Ce 200U, (3.70)
R3 R3

By (3.35) and (3.40), we have

162 PoS1(t, &, €)Vol|Zde

1+[g|<™0
<C / oSt ()2 Vg |12de + C / et (62)2 |V | 2dg
[€]<ro 1+gl<2

L oe / e~ HOHIE ()2 | T 2t

1+[gl< 2

< C sup ||()' 0y / e—erl€Pt| g 2la—a’l g

[€]<ro
[€1<T0

+ Ce™ ! (€)2(|Uo||*dg

lg|<me
<+ 674 (102 Tolls + 192 Toli3) (3.71)
where o/ < o, m = |a — |, and ¢1,c2 > 0 are some generic constants. Combining

(3.69)~(3.71) and (3.46) gives (3.65).
By (3.56) and (3.58), it holds that for Vy = (go,0,0) with P;go = 0,

/ €% P2S1(t, &, €)VoldE

1+jg|< e
<ce / e lEPt (o) 212V 2de + Ce e (€M)? Vol *de
j¢l<mo Llgl<

4o / e BOHIEM(€)2(1 4 [¢]2)[|V||2de

1+[g]< 72

<ce(+0)7 5 (102 Tol: + 19200l ) (3.72)

Combining (3.69), (3.72) and (3.62) yields (3.67). (3.66) and (3.68) can be proved simi-
larly. And this completes the proof of the lemma. O
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Lemma 3.7. Forany1 < ¢ <2, a € N3, and any Uy = (poxo, Fo, Bo) with po = V- Fy,
we have

m

102Y2 ()00l = < €O +8) 3G~ (102 Tllzo + 02 Tsll 22 ) (3.73)

where o/ < a and m = |a — o'|. Moreover, if Uy = (V- EyXo, Eo,0), then we have

Nl

5000l < € ((1+ 0732 ¢ 38 (102 Bl + 12 Bl

(3.74)
Proof. By (3.8), we have
- N 2
losYa(®Uallt: = [ [JeoTatt. &)%) de (375)
RS
where Vp = (Poxo,w X Ey,w x BO). Since
b + [€]?
62 — [€P2]
it follows that for |n? — 4[¢|?| > 7 with 7o < 1,
1€ Y (t, &) Vol 2d€
[n%—4¢|2|>ro
4
<cy [ penenin vz @)
I=0m2 —4fg |2 >ro
<c [ eele2|Oyds + [ eten O s
[E1<ro R3
1/p 1/p’
<c| [ leprmeeriig [ et ag
[€1<ro [E1<ro
€ [ ey ol
R3
< C+ 673G (102 Uo 3 + 102 Us 2 ) (3.76)

where 1/q+1/p" =1,1/(2p")+1/¢ =1, < a, m = |a—a/| and ¢1, c2 > 0 are constants.
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For |n? — 4/¢|%| < ry, it follows from (3.41) that

e oValzae <c [ e il

In?—4]¢]?|<ro [n?—4[¢|?|<ro

< Ce 202U, |12-. (3.77)

Combining (3.75) and (3.76)—(3.77) gives (3.73).
For V = (i(Eo -&)xo0,w X EO,O), we obtain

YQ(taf)VO = 6_77(1+‘5‘2)t(i(E0 . f)XOa 070)

2

by ~ i[€lex
—l—eblt—Z(wxEO,wxek)(O,erk, )
b3 — b1 £~ by
bt b3 o ~ i[€lex
+e 3tm Z(w x Ep,w x e;)(0,w X e, 3 ).
1= b3 = 3
Thus, it follows that for [n? — 4[£|?| > o with rop < 1,
le*Ya(t, )Vol e
In?—4]€|?|=r0o
_ 2 o ~
< [ e L4 €| ol
R3
+C / e ()¢ EofPd + © / e (€)% | Bofde
[€1<ro R3
<C (40 3G e ) (102" Bol3 + 1105 Boll3: ) (3.78)
For |n? — 4/¢|%| < r, it follows from (3.41) that
1€°Ya(t, ) Vol|2dE < Ce™ 2|03 Eol|7-. (3.79)

In*—4[€[?|<ro

Combining (3.75) and (3.78)—(3.79) yields (3.74). And this completes the proof of the
lemma. O

3.8. Fluid approximation of B

The following preliminary lemma is for the study of the fluid dynamic approximation
of the semigroup ez Be,
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Lemma 3.8. For any function ¢(r) satisfying |¢™*) (r)] < C(1+ |r|)=27*=9 for any § > 0
and k = 0,1, we have

‘/eiz-geiﬁlﬁla(w)¢(|§|)d£ <o
R3

where a(w) is a smooth function for w = £/|€] € S2.

Proof. Firstly, note that

[ emcerdaaqends = [ e gta.notrrar
0

R3

where

glarr) = [ e ae)de.

S2

For any function a(w) € C°°(S?), by change of variable w — O,w, where O, =
(aij)3xs is an orthogonal matrix satisfying Oz = (0,0, |z]), we obtain

2T T

glz,r) = /dgp/eimmoseSinﬁoz(Oxw)dQ
o 0

27 ™

1 ; ;
= —- /dso/a(OIw)dez\a:hcosG
ilx|r
0

0
2T

S /a(oww)eir\xwosg

™

dp
0

27 i

+ f/dw/eirlm|C050Va(OIw)-Oxagwdﬁ,
0 0

which gives

Similarly, we can prove

27 T

|0rg(z,7)| = ‘/dgp/isc|cos@eilxlwosesin@a(Omw)dG
0 0
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-1
< Cla|(1 + [xlr)

Thus

[ et aolighas = 5 [ gtarotrrtae
0

R3

1
= —g(z,r)p(r)r? e _ / """ 0, g(x, r)(r)rdr
70 0 i

oo

1 .
~ o [ €7t @+ 200))ar
0
which yields
‘ / €90 o () (€] dﬁ‘ < CI.

And this completes the proof of the lemma. O

Lemma 3.9. (1) For any € < 1, any integer k > 0 and fo € L?, it holds that

-1
7164 follgne < O+ 07+ (141) ) Wlless + Wllwnssa), (350)
||PJ_€‘7]B fo=Y1(t)Pofol| o < C (6(1 +1)7F + ff%) ([ foll zrw+s + [ follz1),  (3.81)

where Y1 (t) is defined in (3.9), and b > 0 is a constant given by (2.136). Moreover, if fo
satisfies (1.27), i.e., P fo = Pi1fo =0, then

1P B fol e < Ce(L+ )72 (I foll rss + [l follz1) (3.82)

HPLeszefo - Yl(t)POfOHHk < Ce(1+ 875 (| follarsr + || follzr) - (3.83)

(2) For any € < 1, any integer k > 0 and fo € L? satisfying Pofo = 0, it holds that

1
7 t 1 _we
<ot e (142) 4+ 28 ) (Uollaess + folhweran).
(3.84)

1
HZPe?BEfo

Wk,,oo

bt

) ol + Ll (355)

| =

1 :
H_PLGS%BGJCO — Yl(t)Zg
€

§C<e(1+t)3+

HE

where Zo = Po(v - VL1 fo).
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Proof. Again we only prove the case when k = 0 because the proof for k£ > 0 is similar.
By (2.135) and by taking € < rg with rq > 0 given in Theorem 2.18, we have

eBe fo — Vi (t)Pofo = /eigﬂ.5 (eE%Bé(E)fO a Yl(t’f)POfAO) d

R3
= / ei®E (S4(i,§, E)fo — Yl(t,f)POfO) dg§
lg|< 2
+/eiw.§s5(t,fa€)fod§+ / e Y1 (L, €) Py fod€
R3 l¢]> 0

=: Il + [2 + I3. (386)

We estimate [;, j = 1,2,3 one by one as follows. Since

4
N ipgl€l 2 ~

Salt &, 0)fo = D¢ T HIPHOC (o Y by + O(ele))]

7=0
it follows that
3 . ipngl€l 2410
L=y / e”f{e a0 (o ) by + O(ele))]
=gz

e, a]mt(Pofo ) }dg

- / & (Pyfo, by ) hyde

j==1

o
|gl<=2

=: Ill +112. (387)

For I11, it holds that

1Pl < Ce [ e (gl + el ol d

-
1g1<=2

< Ce sup || foll / €_Cm2t(|§|2t + 1)|€]d¢

l€1<1
1€1<1

2 1/2 . 1/2
+0e< / c'f'f%ds) ( / |€|6||fo||2d§>

1€1>1 |€1>1

< Ce(1+ )% (|l follms + I foll ) (3.88)
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1/2

IPculls <0 [ e (IR + eP1ful?) de )

|g|< e
. s 1/2 ) ) 1/2
< Ce sup |fo||( / ekl t|f|2d§> +Ce( / e it t|€2||f0||2d§>
<1
= l€1<1 |€[>1
< Ce(L+8)75 (| follrn + NI foll ) (3.89)
To estimate I15, we first note that
Py =T, PiLiz=0. (3.90)
It is straightforward to verify that
2 A
1P halle <C [ e PRy folldg < O Py foll e (3.91)
|gl<mo
Set
ho= ) /_ / e e el (Pofo, )h dg
=R gz
=: I13 + I14. (392)
For I,4, it holds that
[P L1allL < C / eIt Py fol|de
|g|>"2
1/2 1/2
co| [ oW (1 + €2 folde
B (1+1¢%)?
€= lel<me
C’!‘2
< Ce™ Y follpe- (3.93)
Note that
ip \&\
(I13,vX0)|| = Z / el t[ <\/7n0+\/7q0> (1o - w ]wd{,
J=%1 g3

- 1 o imgle] 2 3 2
_ - ix-& L t—aj|&|*t O “a il
(113, h1) —Jéil 2/6 e [<\/;n0+ \/;qo) J(1ho w)}d{,
=+1 g,
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where
(no,mo,q0) = ((fo, x0), (fo,vx0) (fo, X4))-
Set
. ’Lﬂj\ﬂ
Gik(t,x) = / e te (14 I¢) Par(w)ds, k=0,1,2,

R3

H;(t,z) = /e”'ge_aj‘g‘ztdg =Ct %e 1t
R3

aw) =1, gw)=w, ww) =wlw.

Then by Lemma 3.8, we have

1P Tisll 2o < I|(T13, vx0)) e + | (13, 21 ||

2
2
<O Y NGOl 1H; ()l ll(no + \/;qwno)llwg1

j=+1 k=0
N
<C (E) [ Pofollws.n

By combining (3.91)—(3.94), we obtain

-1
t
Pl <€ (14 1) (Rfllus + 1 Posallwss).

Thus, it follows from (3.87)—(3.90) and (3.95) that

-1
5 t
1A le < C (el 4 (14 5) ) Ul + Dol
IPLL |2 < Ce(1+ )73 (| follar + Il foll ) -

I and I3 can be estimated directly as follows.

N _2b ~ _2b
[ §/||S5(t,£,e>fo||2d5§0/e = fol2de < Ce™ | fol|22,
R3 R3

2 A~ 72(:7‘2 N
II5]3. < C / e 2 Py fo | 2de < C€? / e e Po foll 2de

R T
€172 1€1>-2

2¢r?
< Cem @ Y|Py fol 3.

(3.94)

(3.95)

(3.96)

(3.97)

(3.98)

(3.99)
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By (3.96), (3.97), (3.98) and (3.99), and the Sobolev embedding theorem, we obtain
(3.80) and (3.81).
We now turn to (3.83). If fy satisfies (1.27), we have

(Pofosns(€)) =0, j=-1,1,
which implies that I;52 = 0. By Lemma 3.2, we have
2 2 2 __ 2bt 22 __ 2bt
1272 < C elg[7e™ = [ foll"d + C e

-
lg]<=2 11>-2

| fol2d¢

< Ce™ | fol 4.

Thus, (3.82) and (3.83) hold.
Finally, we prove (3.84) and (3.85). By (2.135), we have

Loz = [ o (g af - o ) de

lg|< e
1 . N . ~
+ [ Lot o+ [ gL s
R3 lg]> 72
Lt s + I, (3.100)

For any fo € L? satisfying Pyfy = 0, we obtain

4
N ipgl€| z A
Silt,€ ) fo =D et IO (0. )17 o,y ) By + O(eléP)]
=0
(3.101)
Thus, it follows that
3
. ipglgl ~
I, = Z ews{ei%t—aj52t+0(e|5|3>t [(z’(v 6L fo, hj) hj + O(el¢?)
= Ng<m
i€ ~
_ o by e (i(v 6L, hj) hj}dg
. ipg €l ~
+ Y [ e e (i L o) e
I=E g <o
=: Iy + Iys. (3.102)

For Iy, it holds that
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1Pl < Ce [ e (it Poll + ¢RI Aol ) de

"
l€l<=2

< Ce(L+1)"2 (| foll s + [l foll 1)

, . . 1/2
IPealle < Ce( [ e (el ml? + 611ol?) ac )

.
lg|< e

< Ce(1+ )% (|| foll sz + | foll£t) -

Denote

. ipg €l —ailel? . 1A
I42 = Z /— / 6w£€ <t J|§| t (@(Ug)L 1f0,hj> h]df

TEELARS gz

=: 143 + 144.

For 1,4, it holds that

CTZ
1P Laall e < © / e=°E* Py(v - €L fo)llde < Ce™ F 1| fol| .

|E]>2

Note that
1 ix-& 7"“7‘5‘157a'|§|2t . 7 r
(Lu3,vx0))| = — Z 3 e e -« I J 5F4— (F1 - w)|w,
j=%1 "R
~ ]_ iz-€ i“jlsltfa'lgﬁt ~ A
(La3,h1) = Z 5] e I 3F4*J(F1'w) )
J=%*1 Ra
where

(F1, Fy) = ((v- VoL fo,vx0), (v VoL fo, xa))-

Hence, by Lemma 3.8, we have

2
1P Lasll < C Y NGk lpee 1H; )| | (Fr, Fa) [lyyran
j==+1k=0

¢ —1
<c(f) Iolbwen.

Thus, it follows from (3.102)—(3.104) and (3.105)—(3.107) that

(3.103)

(3.104)

(3.105)

(3.106)

(3.107)
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-1
IPsle= < Ot 0754 (140 5) ) Ul + Dl (3108)
IPLLy]lz2 < Ce(L+ )% (| follm= + |l foll 1) - (3.109)

Finally, I5 and I can be estimated directly as follows.

2 1 22 1 — 2507212 1 —2by 2
122 < | 1195t & ) fol"de < C [ Zem 2 follPdE < Cze™ = follz2,  (3.110)
R3

R3

e2 A _ 2erg “
o). < © / eI Py (v - L fo) [2de < O / e e folPde

|g|>"2 |g]>2
2CT2
< Cee™ 2| fol| %, (3.111)

By (3.108), (3.109), (3.110) and (3.111), and the Sobolev embedding theorem, we obtain
(3.84) and (3.85). And this completes the proof of the lemma. O

Remark 3.10. From Lemma 3.9, we have

|

where U2%¢(t) = U2°°(t, x, v) is the high oscillation part of ee%]BEfo defined by

e Pofo = Yi(t)Pofo — U (t)|| 1o < Ce(L+0) 2 (I follmr + [Ifolles),  (3.112)

]\ |
o Z/ i, 1 g t(POfm )h de. (3.113)

J= ile
Lemma 3.11. For any € € (0,1), a € N3 and any fo € L?, we have

[Pod2e B foll 2 < C(L+ )17 % (|02 foll = + 1102 follz1), (3.114)

|Prge™ follps < € (et + 075 F e ) (102 folln + 105 follr),  (3115)

where o' < a, m = |a — /|, and b > 0 is a constant given by (2.136). Moreover, if
Pofo = O, then

|PodzeB follp < C (e(l+ 071 4 =) (102 follr + 10 foll),  (3.116)
|Pioge® follps < C (1 +)7 1% + 7% ) (102 foll = + 1105 follp). (3.117)

Proof. By (2.135), for j = 0,1 we have

) 2 + ~ 112
[rozes nll, = [ |meesnioi s
R3
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< [ |ersaean| a+ [

lgl<=2 R3

50‘55(t,§,e)f0H2d§. (3.118)

By (2.136), we can estimate the second term on the right hand side of (3.118) as follows.

02 follZ>- (3.119)

[0 < oo [eriqrie < oot

R3 R3
By Theorems 2.19 and 2.18, we have
A 2 A
[ lensieeailraesc [ eetien2ie
lg] <7 lgl<me

<+ (102 follf + 102 follde) . (3120)

/ €% PuSa(t, & €) fol|Pdé < © / e eIt g2 (622 fol 2 dg

lel< e lgl<m

<ce+ 07 (102 folldn + 102 fol13 ), (3.121)

where o/ < @ and m = |a — o/|. Combining (3.118)—(3.121) yields (3.114) and (3.115).
Moreover, it holds that for Py fy = 0,

/ [[€% PySa(t, &, €) fol|2de < C / e~ |2 (62)2)| fo | 2de

lgl< 72 lgl<me

< CEM+ 075 (102 follfn + 102 follds ) (3122)

/ €% P1Sa(t, €, €) fol?dE < C / e~ clelted |4 (62)2)| fo | 2de

"
lgl<=2 lgl<=2

< e+ 075 (102 follfe + 105 foll3s) - (3128)

Combining (3.118), (3.122) and (3.123) gives (3.116)—(3.117). The proof of the lemma is
completed. O

Lemma 3.12. For any 1 < ¢ <2, a € N? and any uy € Ny, we have
102V (ugl 2 < C(L+ )" 2@~ |0% ug || o + Ct~2e )02 uo| 2, (3.124)

where o/ ;" < a, m=|a—d| and k = |a — o"|.
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Proof. By (3.5), we have

oyl <0 | [+ [ ] e aolag
gl<t g>1

1

/p
<c / j¢[2rme2eple e e / 1€ |27 de

1/p’

lgl<1 l€1<1
+ s (jefe ) [ e aolag
- lgl>1

< C(1+ )7 2GD7m 99 w2, + CtFe 2|02 ug |2,

where 1/¢+1/p" =1,1/(2p') +1/g =1, ¢/ <« and m = |a — &/|. This completes the
proof of the lemma. 0O

4. Diffusion limit

In this section, we will study the diffusion limit of the nonlinear VMB system
(1.6)—(1.10) based on the fluid approximations of the linear VMB system given in Sec-
tion 3.

Since the operators A, and B, generate contraction semigroups in H¥, the solution
Uc(t) = (fe, Vo) (t) with Ve(t) = (ge, Pe, Be)(t) to the VMB system (1.6)—(1.13) can be
represented by

t

fo(t) = e=Befy 4 /e%‘fﬁe (Gl(s) + %G2(3)> ds, (4.1)
A / t—SA ].
Ve(t) = eV + /67 c (Gg(S) + 6G4(s)> ds, (4.2)
0

where Vo = (g0, Eo, Bo), and the nonlinear terms Gy, k = 1,2, 3,4 are given by

1 1
G = 5’(} . Esge - E. - VUge - _PO(U X BE) ! vvprge’
€
G2 = —Pl(’l} X Bs) . varge +F(.feafe)a
1
Gs = (G31,0,0), G = v Eefe—Ee-Vofe,

G4:(G4170)O)3 G41 :_<UXBE>'vae+F(ge7fe>-
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Also, the solution U(t) = (u1, V1)(¢) with u1 = nxo+m-vxo+¢xa and Vi = (pxo, E, B)
to the NSMF system (1.24)—(1.25) can be represented by

t

Ul(t) = Yl(t)Pofo + /Yl(t - s)(Hl(s) + Vz . HQ(S))dS, (43)
0

Vi(t) = Ya(t) P2V + /YQ(t — $)Hs(s)ds, (4.4)
0

where

. 5
Hy = (pE+jx B)-vxo, Ho=—(m®m)- vxo— g(qm))@;7

Hg:_<v$'H4XOaH4aO)7 H4=pm—77m><B
4.1. Energy estimate

We first derive some energy estimates. Let N > 1 be a positive integer and U, =
(fe) 9es Ee, Be), and

Exp(U) = > W20l (fo 997+ D 1105 (Ee, Bo)lI7z, (4.5)
la|+[8]<N la|<N
1 1 o o
Dyi(U)= Y 6—2Hv2+’“3$35(P1f5,Prge)\liz + > 09(Ee, Bo)lliz
la|+]8]<N 1<|a|<N-1
+ Z ”agvm(POfangs)H%? + ||E€||%§a (46)
[a|]<N-1

for k > 0. For brevity, we denote En(Uc) = En,o(U.) and Dy (Ue) = Dy o(Ue).
Firstly, by taking the inner product of x; (j = 0,1,2,3,4) and (1.6), we have a
compressible Euler-Maxwell type system

1
Oine + —divym, = 0, (4.7)
€
1 2 1 1
Oyme + vwns 3vae pebc + ue X B — _(U Ve (Plfe)vaO)a (48)
atQ6 \/7dlvzme \/7E cUe — : VI(P1f6)7 X4)u (49)
where

(n€7m€7q€) = ((f€7 X0)7 (f€7UX0)7 (fsa X4))7 (pevue) = ((gsaXO)a (gsaUXO))- (410)
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Taking the microscopic projection P; on (1.6) gives

1 1 1 1
O (P fe) + gpl(v VP fe) — 6_2L(P1f€) = —zpl(v -VePofe) + PGy — €P1G2~
(4.11)

By (4.11), we can express the microscopic part P f. as

1
Eplfe = L7 edy(Pife) + Pi(v- VoPife) —ePiG1 — PG + L™ Pi(v- Vi Py fe).
(4.12)

By substituting (4.12) into (4.7)—(4.9), we obtain a compressible Navier-Stokes-Maxwell
type system

1
Oine + —divym, = 0, (4.13)
€

1 1 /2
Oyme + €0y Ry + Evmne + E\/;Vz(k

1 1
= Ko <Awm5 + gvmdivzn%) + peFe + Zue x B + R3s, (4.14)

1 /2 2
0¢qe + €0; Ry + Z\/;divzmE =K1, + \/;EE e + Ry, (4.15)

where the remainder terms Rj, Ro, R3, R4 are given by

Ry = (U : VIL_I(Ple)aUXO)’ Ry = ('U : me_l(Plfe)aX4)7
Ry = (v- VL '[Pi(v-V,Pif)— ePiG1 — PiGa),vx0),
Ry=(v- VL 'Pi(v-V,Pif)— ePiGy — PiGs), x4).

By taking the inner product between M and (1.7), we obtain
1.
Oipe + —diviue = 0. (4.16)
€
Taking the microscopic projection P, on (1.7) gives
1 1 1
O (Prge) + ZPT(U -VaPrge) — Eva B, — 6—2L1(Prg€)
1 1
(U-pre)\/M—FGgl + EG41. (4.17)

€

By (4.17), we can express the microscopic part P.g. as
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1
Eprge = Lfl[eat(Prge) + P’I‘(U : vzprge) - EGSI - G41] - Lfl[UXO : (Ee - Vmpe)]
(4.18)
Substituting (4.18) into (4.16) and (1.8) gives
Oipe + €0ydiv, Ry = —npe + nAzpe — div, Rg, (4.19)
OB + €0y Rs = V3 X Bc + 1V ype — nE. + Rg, (4.20)
0B = -V, x E., (4.21)

where the remainder terms Rj, Rg are defined by
Rs = (L1 ' Prge,vx0),  Rs = (L (Pr(v- VaPrge) — €G3 — Ga1), vx0)-

Similar to [12,26,32], we have the existence and the energy estimate for the solution
U. = (fe, e, Ee, B.) to the VMB system (1.6)—(1.13).

Lemma 4.1 (Macroscopic dissipation). Given N > 4. Let (n¢,me,qc) and (pe, Ec, B.) be
the strong solutions to (4.13)—(4.15) and (4.19)—(4.21) respectively. Then, there are two
constants sg, s1 > 0 such that for any e € (0,1),

d
pr > so | 105 (ne,me, qo)ll72 +26/8§Rlagmedx+26/8;“]?23‘;(]66@
la|<N-1 R3 R3

d (63 (0% (03
+a Z de [ 05m Oy Vpnedr + Z Hﬁxvx(ne,me,qe)H%i

la|<N-1  Rs la]<N-1
<CVENU)DN(U)+C Y 05V Pifell7z,
la]<N-1
d « 2 a 3: « « lo%
T Z s1 | 105 (pe, Ee, Be)||72 + 2€ | 05div, R505 pedx 4 2¢ [ 0F R50y Ecdx
la|<N-1 RS R®
d (63 (63
-5 > 4/8$E68z (V. x B)dx
\a|§N—2 R3
+ > (02pellie + 105 Vapelis + 102 ENZ) + D 195 Beiz
la| <N -1 1<|al<N-1

C
SCEN<U6)DN(UE) + 6_2 Z ||amaprge||%2
la|<N

Lemma 4.2 (Microscopic dissipation). Given N > 4. Let Ue = (fe, ge, Fe, Be) be a strong
solution to VMB system (1.6)—(1.13). Then, there are constants pr, >0, 1 <k < N and
u1 > 0 such that for any e € (0,1),
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1d

5q (107 (fer 91Tz + 1107 (Ee, BOZ2) + Z V205 (Py fe, Prge)ll22

lo| <N IQISN
< C\/EN{U)DN (U
Some Y I00NPL Pl + B ST w0z (Puf, Prg

1<k<N |B|=F 18121
la|+|BISN la|+|BISN
<C Y (108Valfe gFe + 109Ec)32) + CV/Exn(U) Dy (U,
la|<N-1

Lemma 4.3. Let N > 4. For any € € (0,1), there exists a small constant 69 > 0 and an
energy functional En(Ue) ~ En(U.) such that if the initial data Uy = (fo, g0, Fo, Bo)
satisfies Ex(Up) < 02, then the system (1.6)—(1.13) admits a unique global solution
Ue = (fe, ge, Ee, Be) satisfying

%EN(UG(t)) + D (UL(1)) < 0. (4.22)

Moreover, there exists an energy functional Ex1(Ue) ~ Eni1(Ue) such that if the
initial data Uy satisfies En 1(Up) < 02, then

S ena(U1) + D (UL(1)) < 0. (4.23)

With Lemmas 3.6, 3.11 and 4.3, we have the optimal time decay rate of U. =
(fe, ge, Ee, Be) stated in the following lemma.

Lemma 4.4. Let N > 4. For any € € (0, 1), there exists a small constant 5o > 0 such that
if the initial data Uy = (fo, 9o, Eo, Bo) satisfies that Eny21(Ug) + ||U0||2L1 < 82, then the
solution Uc(t) = (fe, ge, Ee, Be) to the system (1.6)—(1.13) has the following time-decay
rate estimates:

(e gl oy + (Be, By < Coo(1+ )71 (4.24)

In particular, we have

|PLL(8) -2 < Co (e(1+8)7F + e ), (4.25)
|Prge(®)llmn-r < Co (e(1+8)7F 4 ¢T3, (4.26)

where b > 0 is a constant.

Proof. Define

3 1 3 bs -1
Qe(t) = sup {(1 +8)3En1(Ue(8)2 + |1 Prge(s) | an—1 (6(1 +5)71 + e‘ﬂ) }
0<s<t



78 T. Yang, M. Zhong / Advances in Mathematics 489 (2026) 110800

We claim that
Qc(t) < Cdo. (4.27)

It is straightforward to check that the estimates (4.24) and (4.26) follow from (4.27).
Since PyGo = 0 and Py(v x B,) -V, Prge = (ue X Be) - vXo, it follows from Lemma 3.11
and (4.1) that

1Pofe(®)llzz < C(L+ )7 (I follz2 + | foll )
t

+c/<1+t—s>—% (IG1(5)llz= + G (5)l] 1) ds
0

t
1 t—s

—|—C’/<(1—|—t—s)i e e ))
€

0
X ([|G2(s) | + [ Ga(s)ll 1) ds
< COo(141)"1 +CQ(t)*(1+1)7 1, (4.28)

where we have used

1

€

bs

G (8) w1 + [G1(8)]lpr < CQe(t)? |(L+ )72 + =(1+s)"Te az |, (4.29)
G2 () a1 + [ Ga(s)|z1 < CQe(t)* (1 +5) "%, (4.30)

Let Ve = (ge, Ee, Be) and Vy = (go, Eo, Bo). Since P,G31 = P,Gy41 = 0, it follows from
Lemma 3.6 and (4.2) that

V@22 < CA+D7T ([Vollz2 + 1Vollzs + [V Vollz2)

4 t
1 t—s
+CZ/ ((1 +t—s)"i+ Ze—b(—ea—)>
0

k=3
* (IGk(s) 2 + 1Gr(8) | + IV Gr(s)llz2) ds
< Co(1+1)"1 +CQ()*(1+1)7 1, (4.31)

where we have used
1Gr() | an—1 + |Ge(s)|| 2 < CQ(t)*(1+5)"2, k=34 (4.32)

Let 1 <[ < 2 and n > 4. Multiplying (4.23) by (1 +1t)! and then taking time integration
over [0,t] gives
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(1+) —l—/l—i—s n1(Ue)(s)ds
0

< OB (U) + cz/(1 + 8) B, 1 (UL)(s)ds

0
t

< CE,1(Up) + Cl /(1 +8) 1 Dy 11 (U)(s)ds

0
t

+ 0l /(1 +8) 7 ([ Pofe(9) 122 + 1Be(s) 122 )ds, (4.33)
0

where we have used

En1(Ue) < CDni11(Ue) + C([Pofellz> + I BellZ2)-

Similarly, we can obtain the estimate for n + 1 as follows.
¢
(140 Braa@(0) + [ (145 Dasaa U (s)ds
0
¢
< CEn11(Uo) +C(U-1) / (1+9) 2 ([Pofe(s)lI72 + | Be(s)]172)ds
0
¢
c(l—1) / ) "2Dyy01(Ue)ds. (4.34)
0
And it follows from (4.23) that
En+2 1 /Dn+2 1 dS < CEn+2 1(U0) (435)
By (4.33)—(4.35), we obtain
¢
(L+8)' En 1 (Ue)(t) + /(1 +8)' Dy 1 (Ue)(s)ds
0

< CEny21(Uo) + C/(l +8) T ([ Pofe(s)l72 + 1Be() 172 )ds
0
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for 1 <1< 2andn>4. Taking I = 3/2 + ¢ for a fixed constant 0 < € < 1/2 yields

t

(1+ )34 E, 1 (U)(t )+/(1+s)%+ﬁpm(ve)(s)ds
0

t
<C’En+21(Uo)+C(50+Q 2/1+S Y2 te(1+ )~ 2ds
0

<CEpi2,.1(Uo) + C(1+1)(do + QZ (1))

This gives

En 1 (U)(t) < C(1+1)73 (d0 + Q2(1))%. (4.36)

Next, it follows from Lemma 3.6 and (4.23) that

5

IPrge@lln < C (et +6)7F + =) (IVallars + [Volla + [V2Vallarn )

t
1 t—s
+cy /( 14¢—s)"F4 e )>
€
0

k=3

< (IGk(s)ln+r + G ()l L2 + [IVEGk(8) ] rrv-1) ds

< (0 + 80Q() + Qu(t)?) (e(1+)~F +e7i), (4.37)
where we had used
IG5 (s)[lprnr < C 3 1102 Eellpoe (1 (0)027 fellz2 + V008~ fel|z2)
la/|<2
+C > 10 Eell 2 (140008~ fell e + V008~ fell )
3<]a/|<N+1
< CEni(U)2Eni21(U)? < C(1+1)7560Qc(t). (4.38)

Note that (4.38) also holds for Ga, G4. Then, by from Lemma 3.11 and (4.29), (4.38), we
have

5 bt

1Pl -2 < C (€2 +07F e # ) (Ifollmns + I follur)

t
t—s)
+C/(e(1+t—s) T e ) 1Gi(3) v ds
0
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1 _bs—o

t
+C/<e(l+t—s)_z+ge s >||G2(s)||HNmL1d3
0

< 00 +50Qe(t) + Q) (140 7F ema). (4.39)
Combining (4.36) and (4.37) gives

Qe(t) S C((SO + 50Qe(t) + Qe(t)2)7

which shows (4.27) provided dp > 0 being sufficiently small. Finally, (4.25) follows from
(4.39). The proof of the lemma is then completed. O

By (4.3), (4.4) and Lemma 3.12, we will prove the following lemma.

Lemma 4.5. Let N > 2. There exists a small constant 69 > 0 such that if ||Up||lg~ +
|Uollr < do, then the NSMF system (1.24)—(1.25) admits a unique global solution

U(t,x) = (n,m,q, p, B, B)(t,x) satisfying
T (@)l x < Co(1+1)" 1. (4.40)
Proof. Define

Q) = sup {(1+ )%/ (Jua(s) L + IVi() ) }

0<s<t

where u; and V; are defined by (4.3) and (4.4) respectively.
Then, it follows from Lemmas 3.7 and 3.12 that

lur (B)l| < CQA+ )5 (|Pofolln + [[Pofollzr)
9 t
+C;O/((1+t—s) T4 (t—s)"zecl 5)>
x (| Hi ()|l g~ + || Hi(5)]] 2 )ds
< Co(1+1)"T+CQ)*(1+1)71, (4.41)
Vi)l v < CL+6)2([PVoll g + || P2Vollzr)

1

+ C/ ((1 ft—s) i+ (t— s)_ie_c(t_s))

X (I[Ha ()l g~ + |1 Ha(s)||L2)ds
< Co(14+8)" 1T +CQU)>(1+1)71. (4.42)



82 T. Yang, M. Zhong / Advances in Mathematics 489 (2026) 110800

By (4.41) and (4.42), we can obtain

Q(t) S 0507

provided dp > 0 being sufficiently small. This proves (4.40). The existence of the solution

can be proved by the contraction mapping theorem with the details omitted. Then the

proof of the lemma is completed. O

Note that Theorem 1.1 follows directly from Lemmas 4.4 and 4.5.

4.2. Optimal convergence rate

In this section, we will complete the proof of Theorem 1.2 about the optimal conver-

gence rate of the diffusion limit.

Lemma 4.6 (/27]). For any i,7 = 1,2,3, it holds that

1
I (vixo,vjX0) = *ngl(ijXo%
1
L. (vixo, [v[*x0) = —§LP1(U1‘\U|2X0),
1
L. ([v]*x0, [v[*x0) = —§LP1(|U|4X0),

where

L.(f.9) = 5[0(f,9) + T(o. ).

Lemma 4.7. For any j = 1,2,3, it holds that

['(x0,vjx0) = —L1(v;X0),
T(x0, [v]*x0) = —L1([v[*x0)-
Proof. Let u = v,, v’ = v}. By (1.3), it holds that
vj+u; =viFuh, §=1,2,3, PP+ ul? =P+ W
Thus

I'(x0, vjxo) :\/M//Kv —v.) - w|(u) = uy) M (u)dwdu
R3 S2
=— \/M// (v = v4) - w|(V] = vj) M (u)dwdu
RS S2

(4.43)
(4.44)

(4.45)
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=—L1(vjX0),

F(xo, [of*x0) =VAT / / (0 = 02) - wl (1] — )M () deodu
RS SZ

=~ VI [ [ (0= vy -l (0 = o) M () dod

R3 S2

= — Li([v[*x0),
which proves the lemma. O

Proof of Theorem 1.2. First, for (1.33), set

0<s<t

% (I fe()lwae + 1PLe =) ()l + 1Vels) = Vas)llme ), (448)

where P| and Py are defined by (1.29). Note that

+\/§

Ne o de

54
3 3

—/ g — - Pif..
\/;qe n+\/;q‘+|| 1 Sell

Act) < Coo, Vit > 0. (4.49)

1By fell ~ |(me)y | +

)

I1PL(fe —ur)| ~ [(me) L —

We claim that

It is straightforward to check that the estimate (1.33) follows from (4.49).
By (4.1) and (4.2), we have

t
Vo(t) — Vi) = (e:‘fAer - Yg(t)PgUo) + /e%AeG3(s)ds
0

+/t<—eTA€G4 (s) — Yz(t—S)H3(3)>d5

211 +IQ+13, (450)

t
Je(t) —ua(t) = (657]36}00—1/1 )Po fo +/ e @By (s Yl(t—S)H1(S)) ds
0
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t
+/ (le%fBeGQ(s) —Yi(t— s)diVIHz(s)> ds
€
0
=L+ I+ Is. (4.51)

By (3.30), (3.80) and (3.81), we can estimate I; and I4 as follows.

12 < 050( (1+1)~% +e-%), (4.52)

5 t -1
||P||I4HW2,oo < Cédy <6(1 +t)72 + <1 + E) >, (4.53)
1P Ll 2 < O (6(1 +o)i +e*§3). (4.54)

By (3.30), (4.32) and noting that P,G5 = 0, we have

t
b
|l < c/ (=)t +e75) (1Gallas +11Gallzn) ds
0

t
+C’/62(1+t—8) 2|12 Gy | rads
0
t
< 058/(6(1—1—75—3)_4 +e @) (14 s)"2ds
0
< C82e(141)74, (4.55)

where we had used (refer to (4.32))
3

IG3() s + G5 (s)llze < ClIU() Dy < CllUolIBps (1 +5)72.

To estimate I3, we decompose
/ 1
Is = / (—et‘e—;AeG4(s) —Yao(t — s)ZO(s)>ds
€

t
+/ Y2 t — 8)Zo(s) — Yg(lﬁ—S)Hg(S))ds
0
=: 131 + I3, (456)

where Zg = (Py(v-VoLi'G41), (LT G41,vx0),0). Thus, it follows from (3.52) and (4.32)
that
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1 _b—s)
(tt—s i leta? )<||G4||H4+||G4||L1>ds

/\

t
51|52 < C’/
0

E(1+t— )| V2G4 g2ds

< C62e(141t)7 5. (4.57)
By Lemma 4.7, we obtain

(L7 'Ga1,vx0) = CH(v x Be) -V Pofd] + LT (Page, Pof.) + LT R, vx0)

(=L
( [(U X Be) . meXO] - pe(me . U)XOavXO) + (LI_IR’ UXO)
n(me x Be) — peme + (LT "R, vxo), (4.58)

where

R= _(U X Be) . v'uplfe + F(PTgea fe) + F(Pd967 Plfe)- (459)

Thus, by noting that m, —m = (m.)| + (me)L —m and by using (4.58), (4.24)—(4.26)
and (3.74), we have

t
[ I32] 2 < C/ [(1 bt s)E 4 (t—s) B B9
0
x |[(Ly 'Gar,vx0) + (pm — nm x B)| y2ds
t
1
< C/(t —s)72 [HmHHg(Hpe — pllaz + |Be — Bllm2)
0
+ ([(meo) ez + 1(me) L — mllg2)([lpell a2 + || Bell ar2)

+ | Uellm2 ([ Prfell > + HPrgeHH?)} ds
t

gCéer(t)/(t— 5)~3 (elne|2(1 s)TE (1 + §>1)(1 +5)"ids
0

t

+053/(t— 97 (ts)

0

(4.60)

N
+
('b
3

~—
—
—
+
v
\_/

p
QU
»
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Denote
¢ -1
JO_/(tS)—%<1+f) (1+s) ids, (4.61)
€
0
t
J1 :/(t—s)_%e_ﬁf(l—i—s)_%ds. (4.62)
0
For Jy, it holds that
/2 ¢ .
Jo = /+ (t—s)%(1+—) (1+5) ids
0 t/2
t/2

t/2
-1
<Celne|2(1+t)—%+c<1+§> , (4.63)
where we have used
t/2 )
t—%/<1+5> (1+s)"ids
J €
73 [Jds < VE< CVe(l+ b1, t<e
<tz fol(l +2)7tds < Ct=2¢|lne| < Ce|lnel2 4+ C(1 + H7h e<t<1,
CE(fy( ) s e [/ R ds) S Cele(1+0)7E, > 1
For Ji, it holds that
/2 ¢
Ji = /—i—/ (t—s)_%e_f?(l—i-s)_%ds
0 t)2
t/2 t
<Ct 2 /e_ﬁds—l—Ce_%(l—i-t)_% /(t—s)_%ds
0 t/2

bt bt

<CEltT (1 —e 1) 4 Ctre 2z (144)7 4
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< Ce(141)732, (4.64)

where we have used

t73(l—e 27) < ,

bt Ce 1, t<1,
Cl+t)"=z, t>1.

Thus, it follows from (4.60)—(4.64) that
, AN
By combining (4.52), (4.55), (4.56), (4.57) and (4.65), we obtain

IVe(t) = Vi(t) |12 < C(Go + 63 + Soe(t)) <e| Ine?(141)"% + (1 + §>_ > (4.66)

To estimate I5, we decompose

t

Is = / (e"ffBec:l(s) — Vit - S)POGl(s)) ds

+

o\ﬂ

Y1 (t — s)PoG1(s) — Ya(t — s)Hl(s))ds

=:I51 + I5o. (467)
By Lemma 3.9, (4.29), and noting that P, Y1(t) = 0, PLY(t) = Y1(t), we obtain

t

[P L51 [z < C'/ <6(1—i-t—s)_2 + <1+

0

t—s

-1
) > (1G5 + [|G1llws) ds

t

§05§/<e(1+t—s)3+(1+t65)1) ((1+s)%+

0

a | =

_ bs
e P)ds

< C82¢|lne|(1+1)1, (4.68)

t
_3 _ b(t—s)
||PL151HH230/(e<1+t—s> F e ) (IG s + 1610 ds
0

b(t—s)

t
SC&S/(e(1+t—s)—%+e‘T> ((1+s)—%+
0

bs

6_4_?7> ds

A | =

< C82e(1+1)71, (4.69)
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where we have used

t . 1 t . 1
/<1+ _s> (1+s)3dsg/(1+ _s) ds
€ €
0 0

4
=e€ln (1+—> <ellne|, t<1;
€

¢ -1 t/2 ot —1
/<1+t_8> (1+s)"%ds = /+/ (1+t_3) (1+s)"%ds
€ €
0 0 /2

€

-1
<C (1+ f) +C(1+1)"2eln <1+ f)
€

< Cellne|l(1+t)~1, t>1.
Since
2 1
POGl - (peEe) *UXo + g(ue : Ee)X4 + E(UE X Be) * VX0,

it follows from (4.67) that

t

Iy = /Yl(t —s) ((peEe — pE) -vxo + \/g(ué : EE)X4) ds

0
t
+ /Yl(t —3) (%(u6 X Be) —j % B) - vxods
0
=: J51 + J52. (4.70)

For Js1, it follows from Lemmas 3.12 and 4.4 that

t
([ J51 | 22 SC/(l +t—s)7h <||P5Ee — pE|lL1nm2 + |lue - EeHL;mHi)dS
0

-1
< CooA(t) (1+t—s)—l‘i<e1ne|2(1+s)—5+<1+§> )(1+s)—ids

o .

t
bs

+Co2 /(1 tt—s)d (6(1 +5)7i 4 e‘?f) (1+s)"ids
0
< C(62 + SoAe(t))e| Inel>(1 4 1) 7. (4.71)
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By (4.18) and (4.58), we have

1
EUG _( [eat( rge) + P (1) \Y Prge) - €G31 G41], UXO) + n(Ee - Vzpe)

= €0y (Ly ' (Prge),vx0) + (L7 Pr(v - Vo Prge — €Gs1 — R), vx0)
+n(Ee — Vape) + (peme — nme x B),

which leads to

1
E(ue X Be) = €di[(L7(Prge), vx0) X Be] + e(Ly (Prge)vxo) % (Vi x Ee)

+ (LIIPT(U Vi Prge — €Ga — ) vX0) X Be + je X Be.

Thus

t
Jso = /Yl(t — 8)[je X Bc — j x B] - vxods
0
Yi(t — 8)0s[(L7 Y (Prge),vx0) X B - vxods

+ €

Yi(t —s) (Prge) vx0) X (Ve X E.)] - vxods

= O\ \N

+ /Y1 (t—s)[(LT ip. (v-ViPrge — €G3 — ) vX0) X B¢ - vxods

= J52+J52+J52+J§2. (472)

We estimate Ji5, i = 1,2,3,4 as follows. By Lemma 3.12, we obtain
[ 52| 2 < C/ [Y1(t = s)[[[[(je x Be = j x B)|lmrnrrds
4+ [IV.Yit = 9Tl % Be = % B)lizrnsds

< C’5er(t)/ ((1 +t— 3)7% + (t— s)féefc(tfs))
0

-1
X (e|1ne|2(1 —|—s)_% + (1 + f) )(1 +s)_%ds
€
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< CooA(1) (e| mel?(1+6)% + <1 + E) _1>, (4.73)

152l 72 < Ce/(l +t =) (L (Prge), vxo) X (Va X Eo)|pynzds
0

t
< Ce/(l +t—8) 1| Prgellp2 ||V X Eel|p2ds
0

< O82e(1+1)71, (4.74)

and
t
,;
[BEAIVE SC/ (I+t—s)"a (||VzPrge||H2+€||Ee|\Hg||fe||H2)||BeHH§
0

+ (lGoe, Bo)lluz |1 Pr fell > + IIPr9e||H2erllm)HBelng]ds

t
3

< 05 /(1 +i- 5)7% (6(1 +s)71 + 67;%) (1+ s)fgds
0
< C82e(1+1)73. (75)

Moreover, it holds that

1725 )1 22 = €||[(LT (Prge), vXxo) X Be] - vxo — Yi(t)[(L1 ' (Prgo), vXxo) X Bo] - vxo

/ QY (t — $)[(Ly ! (Prge)vxo) X Be] - vxods
H2

< C8ge(1+1) 7%+C€/ +t—s) 4HP,»gEHH4||B€HH;;dS
0

< Co2e(141)73, (4.76)

where we have used

2
Ifoll*ds < C+ )72 follZarm-

—a.lel?
> ajlePer el

7=0,2,3

0. Y1(t) foll7- < /

R3

Thus, it follows from (4.70)—(4.76) that

-1
| Is2]| 72 < C(62 + doAc(t)) <e| Inel2(1+1¢)"2 + (1 + 9 ) (4.77)
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To estimate I3, we decompose

€

t
Is = / (lethBéGz = Yi(t —s)Po(v- vxLlGQ)) o

t
+/ Y1 t—8)Py(v- VoL 1Ga) — Yl(t—s)divaz)ds
0

=: Ig1 + Igo. (478)

By (3.52), (4.30), and noting that PyG2 = 0, we have

t
—1
t—s 1 _bsi-o
||f)||I61||W2,ocSC/<6(1+t—S)_%+(1+ E ) —‘rge_ 2 >
0

x ([G2llgs + |Gallwe.a) ds

t

-1
t— 1 b
<C5g/<6(1+t—8)‘3+<1+ S) +oe )>(1+s) $ds
€ €
0

< Coge|lne|(1+1)71, (4.79)

¢
1 (t—s)
| P61 s < C/ <e(1 Ft—s) i 4 ge_b = ) (1G2|lgs + |G2l[ 1) ds
0

¢
1 t—s
< C’(Sg/ (e(l +t—s)"1 4 St >) (1+s) 2ds
€
0
< C82e(1+1)7 4, (4.80)
where we had used (refer to (4.30))
1G2(5) | s + 11Ga(s) lwo < CIUs)] 77 < ClUo Iy (1+5)7 7. (4.81)
To estimate I35, we decompose

Po(v- VoL 'Gy) = Po(v - Vo L 'Tu(Pofe, Pofe)) + 2Po(v - Vo L' Do (Po fe, PLfe))
+ PO(U ) va_lr*(Plfea Plfe)) + PO(U : va_1<U X Be) . VvPrge)
=:J1 + Jo + J3 + J4,

where 2T, (f,9) =T'(f,9) + T'(g, f). By Lemma 4.6, we can obtain (cf. [27])
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28 (mim? ’UJX()—I- Z@ 'U]XO_ ZB (m? q¢)xa.

1,5=1 ,j=1 J1

This and the fact that Y1 (¢)Pyf = Y1 (¢)PLf and (V,|m.|?) L = 0 give

Yl(t)Jl = —Yl(t)divx |:(’ﬁ’l6 ® me) - UXo + g(

quE)X% =:Y1(t)div,Jy. (4.82)
Note that

Ime —m| + lge — gl < C([PL(fe = uwn)[| + 17 fel)-

Thus, by (3.124), (4.24), (4.25) and (4.82), we have

|| Z62 | 22 </||Y1 t — s)divy (Js — Ha)l| ds—l—Z/HYl t — 8)Ji| o ds

k= 20
t t
_1 _3
SC/(t—S) 2||J4—H2||H2dS+ZC/(1+t—8) 4||Jk||LlnH2ds
0 k=2 9

t

SC/(t — ) 2 (|PL(fe = w) [z + 1By fellweoo I (fe w) || r2ds
0
t

€ [t t= st (IR sl + 1Bl ol ) ds
0
p -1
<CopAc(t) /(t —5)73 (e| Ine?(14s)"7 + (1 + S> )(1 +5) 4ds
; €
t
+O83 /(1 tt—s)74 (6(1 +s)”

0

bs

+e” ?’5>(1+8) ids

e

-1
1 t
<C(35 + SoAe (1)) (€| Inel?(1+¢)"2 + (1 + E) > (4.83)
Therefore, it follows from (4.67)—(4.70), (4.79), (4.80) and (4.83) that

1P fellwzoe + [[PL(fe — u1)l are

-1
< C (8o + 05 + SoAe(t)) <e| Inel®(1+1)"% + (1 + E) > (4.84)
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By combining (4.66) and (4.84), we obtain

Ac(t) < C (60 + 65 + oAe(t)) -

By taking d9 > 0 small enough, we obtain (4.49) which gives (1.33).
Next, we prove (1.34) as follows. Set

2c(t) = sup (c[In )7 1+ 9)2 (| B fels)llweoe + [ PL(fe = w)(8)] a2
(Ve = Vi)(s)lla2)-
By (3.31), (3.82) and (3.83), I; and I, are estimated by

111|122 + 1P Lallw2.oo + I1PL L] rr2 < Coe(1 + 1) 77 (4.85)

By (3.74) and (4.58), we have

t
Izl <C [ (6= 5) (LT G vxo) + (om = g x B) s
0

t
bs

<CO(62 + 5096(;:))/(75 _g)3 <6|lne|(1 +s)3 +e*m) (1+s)"ids
0

<C(82 + 609 (t))e| Ine| (1 + 1) 2. (4.86)
By combining (4.85), (4.55), (4.56), (4.57) and (4.86), we obtain
IVe(t) = Vi) ||z < C (0 + 63 + 80 (t)) e[ Ine|(1 + )~ 2. (4.87)
Similarly,
IPy fellwz + | PL(fe = w1) iz < C (J0 + 03 + 00 (t)) e[ Ine|(1+)72.  (4.88)
By (4.87) and (4.88), we obtain
Qc(t) < CSy + C6Z + C6Q(2).

By taking 69 > 0 small enough, we obtain (1.34). And this completes the proof of the
theorem. 0O
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