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3D LiDAR Aided GNSS NLOS Mitigation for 
Reliable GNSS-RTK Positioning in Urban Canyons 

Xikun Liu, Weisong Wen, Feng Huang, Han Gao, Yongliang Wang, Li-Ta Hsu 

Abstract—GNSS real-time kinematic (RTK) and LiDAR 
odometry are complementary, offering global and local 
positioning capabilities, respectively. GNSS-RTK/LiDAR 
integration primarily focuses on two aspects: (1) 3D LiDAR-
aided (3DLA) GNSS non-line-of-sight (NLOS) mitigation using 
point cloud data. (2) State estimation via tightly-coupled 
GNSS/LiDAR integration, which improves GNSS geometry, 
yielding better float solutions and lower estimation uncertainty. 
Combining 3DLA NLOS mitigation with tightly-coupled 
integration can thus enhance urban positioning reliability. 
However, the current 3DLA GNSS-RTK system remains limited 
in terms of NLOS detection reliability, tightly-coupled 
integration effectiveness, and computational efficiency. This 
paper proposes a tightly-coupled GNSS-RTK/LiDAR/INS 
integration system with 3DLA NLOS mitigation. We focus on 
improving the robustness of 3DLA NLOS detection, the 
efficiency and effectiveness of the tightly-coupled GNSS-
RTK/LiDAR integration. Evaluations on the challenging 
UrbanNav dataset show over 70% improvement in positioning 
accuracy compared to conventional GNSS-RTK, achieving sub-
meter to meter-level precision. Runtime analysis confirms the 
system supports real-time optimization and ambiguity resolution 
with an average computation time of 70 ms. 

Index Terms—GNSS-RTK, LiDAR-aided GNSS, NLOS exclusion, 
Geometry distribution, Urban canyons. 

I. INTRODUCTION
HE global navigation satellite system (GNSS) 

provides high-precision positioning and plays a key 
role in modern autonomous navigation. GNSS real-

time kinematic (RTK) [1] achieves centimeter-level accuracy 
using reference station corrections in open-sky areas. It first 
estimates the float solution using double-differenced (DD) [2] 
pseudorange and carrier-phase measurements, and then 
resolves integer ambiguities via integer least-squares (e.g 
LAMBDA and its variants [3, 4]). However, GNSS-RTK 
performance degrades significantly in urban canyons due to 
signal blockage and reflection (Fig. 1). There are two main 
factors leading to the impact. First, many GNSS signals in 
urban areas are non-line-of-sight (NLOS) [5], caused by 
reflections from buildings [6] or dynamic objects (e.g., 
double-decker buses) [7]. Such polluted measurements can 
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Fig. 1. Illustration of the challenges faced by GNSS-RTK in 
an urban canyon. The left figure shows the comparison of 
trajectory and error in meters between SPP and GNSS-RTK 
positioning methods based on low-cost receivers. The right 
figure shows the skyplot of a randomly selected location 
where the red and green dots denote the NLOS and LOS 
signals, respectively. The numbers indicate pseudorandom 
noise (PRN), which is used to distinguish different satellites. 

significantly degrade the accuracy of the float solution. 
Second, buildings and moving objects block many satellite 
signals, limiting the number of received satellites. In other 
words, only satellites with high elevation angles are received. 
This leads to poor geometry [8], reducing the success rate of 
ambiguity resolution (AR) and positioning accuracy. 

With the growing availability of onboard sensors, multi-
sensor integration has been widely explored in recent 
decades. Recent research on inertial measurement unit 
(IMU), visual sensors, Light detection and ranging 
(LiDAR) sensors, and their integration for positioning 
systems has demonstrated impressive local positioning and 
perception capabilities [9-11]. Integrating these sensors with 
GNSS offers a promising solution to the above challenges, 
improving positioning accuracy in complex environments like 
urban canyons. 

One approach to the first challenge is leveraging other 
sensors’ relative positioning to predict and validate GNSS 
observations [12-15]. These methods require high local 
positioning accuracy and reliable initial states. Since NLOS 
signals result from reflections off surrounding structures, some 
studies use sensors with broad environmental perception (e.g., 
camera or LiDAR) or pre-built maps for NLOS detection [16, 
17]. Visual-based approaches [18, 19] utilize a sky-pointing 
fish-eye camera with segmentation algorithms to classify 
visible and blocked sky regions. Satellite visibility is then used 
for NLOS detection and exclusion. Leveraging LiDAR’s wide 
perception range and accuracy, our previous work proposed 
3D LiDAR-aided (3DLA) GNSS single point positioning 
(SPP) and GNSS-RTK methods that reconstruct the 
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environment using a point cloud map (PCM) to exclude [7, 20, 
21] or even correct [6, 22] NLOS receptions. To initialize 
PCM for NLOS detection, existing method [23] uses external 
Attitude and Heading Reference System (AHRS) devices to 
obtain orientation information. However, such systems require 
magnetometers. An alternative approach estimates orientation 
from Doppler observations [24], but the Doppler-based 
heading estimation tends to be highly inaccurate in dense 
urban areas. These issues can degrade the accuracy of the 
PCM pose used for NLOS detection, ultimately affecting the 
reliability of the detection results.  

Besides unhealthy measurements, poor satellite geometry 
also limits GNSS-RTK performance in urban canyons. In 
particular, poor satellite geometry provides weak constraints 
on the estimated states. Recent work has aimed to improve 
geometry via tightly-coupled fusion, the integration of 
GNSS/INS [25, 26], GNSS/INS/vision [27-29], and 
GNSS/INS/LiDAR [30-36] have shown impressive results on 
improving positioning availability and accuracy. In tightly 
coupled GNSS/LiDAR systems, LiDAR constraints can be 
categorized into two types. The first type involves relative 
constraints [30, 33, 35], such as scan-to-scan matching, where 
LiDAR observations help local relative pose refinement under 
the assumption that GNSS provides globally accurate position 
estimates. However, if GNSS suffers from large errors, the 
system may fail to estimate the correct trajectory. The second 
type uses LiDAR to provide absolute constraints by matching 
scans to a local map [31, 32, 36]. When the local map is 
accurate, LiDAR can still provide reliable position estimates 
even when GNSS observations are degraded. On the other 
hand, if the map is inaccurate, LiDAR constraints may 
negatively affect positioning accuracy. This work focuses on 
the second type of constraint. However, two challenges remain 
underexplored in current research. First, using a large number 
of LiDAR observations can pose computational challenges, 
especially for real-time applications. Few existing works 
investigate the use of reduced LiDAR features in tightly 
coupled fusion systems. It remains unclear how a smaller 
number of LiDAR features affects the system’s ability to 
constrain the state, particularly in complex urban 
environments. Inspired by prior studies on feature degradation 
in LiDAR SLAM [37], there is a need to analyze the 
relationship between the number of LiDAR observations and 
their constraint effectiveness. Furthermore, since both scan-to-
map LiDAR constraints and GNSS pseudorange/career 
measurements provide absolute positioning information at a 
comparable accuracy level, an overabundance of LiDAR 
features may dominate the optimization. Therefore, balancing 
the weights of LiDAR and GNSS observations is critical to 
ensure robust and accurate positioning in tightly coupled 
systems.  

In this work, we extend the existing 3D LiDAR aided 
(3DLA) GNSS-RTK framework in two key directions. First, 
we aim to enhance the robustness of 3DLA-based NLOS 
exclusion by investigating more reliable PCM construction 
and update strategies through GNSS/LiDAR integration. 

Second, we explore a more efficient tightly coupled 
GNSS/LiDAR fusion approach to improve the geometric 
distribution of satellite observations. Particular attention is 
given to balancing the contributions of different sensor 
modalities in the state estimation process. In the proposed 
system, NLOS receptions are first detected and excluded 
through the incrementally generated and drift-free sliding 
window-based PCM. Sparse LiDAR landmarks are used to 
generate virtual satellites (VS), which improve GNSS 
geometry by tightly integrating raw measurements from 
GNSS, VS, and IMU. After optimization, AR is performed 
based on the float solution and covariance improved by the 
VS. Meanwhile, the improved float and fixed solutions are 
further employed to correct PCM drift, ensuring reliable 
NLOS detection. The main contributions of the proposed work 
are listed as follows: 
1. Tackle the first challenge of GNSS-RTK by GNSS NLOS 

mitigation: In this paper, we propose a drift-free 3D 
sliding window PCM-based GNSS NLOS mitigation 
method to improve the quality of the raw GNSS 
measurements. The PCM drift is corrected by pose graph 
optimization (PGO) after integration.  

2. Tackle the second challenge of GNSS-RTK by geometry 
distribution improvement using VS: In this paper, we 
tightly fuse the scan-to-map LiDAR constraints, IMU 
constraints, and GNSS constraints in a sliding window 
factor graph. In particular, we additionally focus on using 
fewer LiDAR observations for efficiency and balancing 
weighting between LiDAR and GNSS measurements.  

3. Extensive evaluation in urban canyons of Hong Kong: 
Experiments have been conducted on three challenging 
urbanized sequences collected in Hong Kong and 
comprehensive comparisons are carefully conducted to 
show the effectiveness of the proposed method. 

The rest of the paper is organized as follows: The proposed 
3D LiDAR-aided GNSS-RTK method with the detailed 
measurements model and residuals formulation are given in 
Section II. Section III elaborates on the experiments and 
evaluation results of the proposed method. Conclusion and 
potential further development are given in Section IV. 

II. METHODOLOGY 

A. System Overview 
The pipeline of the proposed system is depicted in Fig. 2. 

The system consists of two major parts, namely 3D LiDAR-
aided NLOS exclusion, and integrated positioning with VS-
aided geometry improvement. The system inputs include raw 
GNSS (pseudorange, carrier phase, and Doppler), LiDAR, and 
IMU measurements. All measurements are processed under a 
common keyframe mode [11] to balance computation and 
redundancy. The raw IMU data are preprocessed using the 
pre-integration technique [38]. The initial pose of each new 
keyframe is propagated using IMU data. The keyframe poses 
and the corresponding 3D PCM are used to detect NLOS and 
cycle slips [39]. VS constraints are generated using the 
extracted features and PCM [40]. After preprocessing, the  
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TABLE I 
NOTATIONS 

Notation Description Notation Description 

(∙)𝑡𝑡 GNSS epoch 𝛿̇𝛿 Clock bias drift 

(∙)𝑠𝑠 Satellite index c Speed of light 

(∙)𝑤𝑤 Master satellite 
index 𝑟𝑟 Residual 

(∙)𝑟𝑟 Receiver r Range 

(∙)𝑒𝑒 Reference 
station 𝐞𝐞 Unit vector 

𝜆𝜆 Wavelength 𝐯𝐯 Velocity 

𝑑𝑑 Doppler 
measurement 𝐩𝐩 Position 

𝜌𝜌 Pseudorange 
measurement 𝒍𝒍 Transmission 

vector 
 
sliding window states are jointly optimized via factor graph 
optimization (FGO) using constraints from VS, GNSS, and 
IMU. This yields an improved float solution with position and 
covariance. The optimized position and covariance are then 
used for AR to obtain a fixed solution. Global pose graph 
optimization is then performed using both fixed and float 
solutions. The updated poses and PCM support the next GNSS 
NLOS detection iteration. To ensure real-time performance, a 
marginalization strategy is used to discard old measurements 
[11]. The methodology is detailed below. Table I lists key 
notations for clarity. 
 

B. 3D LiDAR-Aided GNSS NLOS Mitigation 
NLOS detection and exclusion are first applied to 

incoming GNSS measurements. We use a fast-search method 
from our previous work [8] to classify the satellite visibilities 
based on the local 3D PCM. The 3D PCM is built from recent 
keyframe point clouds. Compared to our earlier method, our 
approach reduces PCM attitude drift using GNSS-RTK 
corrections through PGO. While PCM-based visibility 
classification is not novel, we briefly outline the key steps for 
completeness.  

Our method contains three steps: (1) Maintaining a sliding-

Fig. 2. Pipeline overview of the proposed system.  
 

window PCM built from the last 𝑛𝑛𝑁𝑁𝑁𝑁 keyframes. 𝑛𝑛𝑁𝑁𝑁𝑁 is set to 
cover a PCM range of up to 250m, as NLOS is typically 
caused by nearby objects [6]. (2) A fixed-step search along the 
line-of-sight (LOS) direction is used to classify satellite 
visibility (Fig. 3a). The LOS vector is calculated from the 
receiver and satellite positions. The search starts at the 
receiver's position 𝐩𝐩𝑟𝑟,𝑡𝑡

𝐸𝐸𝐸𝐸 and moves in ∆𝑑𝑑 steps along the LOS. 
At each step, we count neighboring PCM points within radius 
∆𝑟𝑟. The values of step size ∆𝑑𝑑 and search radius ∆𝑟𝑟 are chosen 
based on the resolution of the 3D PCM. To avoid missing 
intersections with objects (i.e., tunneling through reflection 
surfaces), the radius ∆𝑟𝑟 is set larger than the PCM resolution. We 
also make sure that ∆𝑑𝑑 and ∆𝑟𝑟 are set so that neighboring search 
regions overlap, which helps detect small structures. In our setup, 
we use ∆𝑑𝑑 = 0.4m and ∆𝑟𝑟 = 0.8m. If the neighboring number is 
larger than the threshold, then the satellite will be classified as 
invisible, and the relevant measurement is excluded as NLOS 
receptions. The threshold is conservatively set to 3 based on 
∆𝑟𝑟 and minimum point spacing in PCM. The threshold is to 
prevent NLOS detection being triggered by noisy point 
returns. However, drift during driving introduces attitude 
errors that bias the PCM and impair NLOS classification. In 
other words, the 3D PCM-aided NLOS detection relies heavily 

Fig. 3. Illustration of the proposed 3D LiDAR-aided NLOS detection based on drift-free PCM. (a) shows the details of the 
detection method. (b) shows the comparison of satellites’ occlusion in the same epoch by drifted- and drifted-free-PCM. The 
red dots are detected NLOS satellites, while the blue dots represent the LOS satellites. The detection result and the PCM are 
projected on Google Earth.  
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Fig. 4. The factor graph of the proposed tightly-coupled 
integration system. 
 
on accurate attitude estimation, which is easily affected by the 
drift. Fig. 3b illustrates how the drifted PCM will affect the 
detection result. To address this, we apply global pose graph 
optimization to correct drift and improve NLOS detection. The 
global optimization is based on the improved GNSS-RTK 
positioning results introduced in the following sections. Fig. 
3b also shows the illustration of the proposed drift-free PCM-
based NLOS exclusion. It is observed that, before LiDAR-
aided NLOS exclusion, nearly one-third of the satellites 
blocked by buildings and trees were originally used as LOS 
satellites, which causes large positioning errors. On the other 
hand, the drift-free PCM provides the correct environmental 
information, which leads to accurate NLOS detection. 

 

C. VS aided GNSS-RTK/IMU Factor Graph Optimization and 
Ambiguity Resolution 

This section presents the tightly-coupled VS-aided GNSS-
RTK/IMU FGO and AR method. System states are initialized in 
the ENU frame using sensor extrinsic. The body frame is defined 
at the IMU center. The system states include: 
1. The position 𝐩𝐩𝑏𝑏,𝑘𝑘

𝐸𝐸𝐸𝐸  and orientation 𝐪𝐪𝑏𝑏,𝑘𝑘
𝐸𝐸𝐸𝐸  of the IMU in ENU 

coordinates. 𝑘𝑘  represents the kth  keyframe in the sliding 
window. 

2. The velocity 𝐯𝐯𝑏𝑏,𝑘𝑘
𝐸𝐸𝐸𝐸  of the IMU in ENU coordinate. 𝐛𝐛𝑎𝑎  and 

𝐛𝐛𝑤𝑤 represent the bias of the gyroscope and accelerometer, 
respectively. 

3. The DD integer ambiguities 𝑁𝑁𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡
𝑆𝑆  of all received satellites 

𝑠𝑠 ∈ 𝑆𝑆 to receiver 𝑟𝑟 at time epoch 𝑡𝑡. 
4. The clock drift 𝛿̇𝛿𝑟𝑟,𝑡𝑡 of receiver 𝑟𝑟 at time epoch 𝑡𝑡. 

The system states within the sliding window can be further 
expressed as: 

𝝌𝝌 =  �𝑥𝑥0,⋯ , 𝑥𝑥𝐾𝐾−1,𝑁𝑁𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡0
𝑆𝑆 ,⋯ ,𝑁𝑁𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡𝑛𝑛−1

𝑆𝑆 , 𝛿̇𝛿𝑡𝑡0
𝑟𝑟 ,⋯ , 𝛿̇𝛿𝑡𝑡𝑛𝑛−1

𝑟𝑟 � 
With 𝑥𝑥𝑘𝑘  =  �𝐩𝐩𝑏𝑏,𝑘𝑘

𝐸𝐸𝐸𝐸 ,  𝐪𝐪𝑏𝑏,𝑘𝑘
𝐸𝐸𝐸𝐸 , 𝐯𝐯𝑏𝑏,𝑘𝑘

𝐸𝐸𝐸𝐸 ,  𝐛𝐛𝑎𝑎 ,  𝐛𝐛𝑤𝑤� 
𝑁𝑁𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡
𝑆𝑆  =  �𝑁𝑁𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡

𝑠𝑠0 ,⋯  ,𝑁𝑁𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡
sm−1 �                     (1) 

where 𝑘𝑘 ∈ [0,⋯ ,𝐾𝐾 − 1], 𝐾𝐾 represents the size of the sliding 
window, 𝑡𝑡 ∈ [𝑡𝑡0,⋯ , 𝑡𝑡𝑛𝑛−1]  represents the received epoch of 
the GNSS signal, 𝑛𝑛  represents the epoch number of the 

received GNSS measurements within the time interval of the 
sliding window, and 𝑚𝑚  denotes the number of received 
satellites at time epoch 𝑡𝑡.  

The optimal state estimation is achieved by maximizing 
the posterior probability given the measurements. The 
measurements are assumed to be independent and with zero-
mean Gaussian-distributed noise. The problem is formulated 
as the following objective function: 

𝝌𝝌∗ = argmin
𝝌𝝌

∑  𝑆𝑆,𝑟𝑟,𝑘𝑘,𝑡𝑡 ��𝐫𝐫𝑝𝑝  −  𝐇𝐇𝑝𝑝𝝌𝝌� + �𝐫𝐫𝐿𝐿,𝑘𝑘�𝚺𝚺𝐿𝐿
2 + �𝐫𝐫𝐵𝐵,𝑘𝑘�𝚺𝚺𝐵𝐵

2 +

�𝐫𝐫𝐷𝐷𝐷𝐷,𝜌𝜌,𝑟𝑟,𝑡𝑡
𝑆𝑆 �

σ𝜌𝜌

2 + �𝐫𝐫𝐷𝐷𝐷𝐷,𝜓𝜓,𝑟𝑟,𝑡𝑡
𝑆𝑆 �

σ𝜓𝜓

2 + �𝐫𝐫𝐷𝐷𝐷𝐷,𝑁𝑁,𝑟𝑟,𝑡𝑡
𝑆𝑆 �

σ𝑁𝑁

2 + �𝐫𝐫𝑑𝑑,𝑟𝑟,𝑡𝑡
𝑆𝑆 �

σ𝑑𝑑

2 � (2) 

where �𝐫𝐫𝑝𝑝, 𝐇𝐇𝑝𝑝�  denotes the marginalized term as prior 
constraints. 𝐫𝐫𝐵𝐵,𝑘𝑘 represents the IMU factor, which is weighted by 
the relative covariance matrix 𝚺𝚺𝐵𝐵 . 𝚺𝚺𝐵𝐵  is estimated based on the 
inverse of the measurement noise covariance which is linearly 
propagated based on the given measurement white noise and the 
bias random walk within the integration interval [38]. 𝐫𝐫𝐿𝐿,𝑘𝑘 
represents the VS factor and is weighted by the covariance matrix 
𝚺𝚺𝐿𝐿 . The estimation of 𝚺𝚺𝐿𝐿  will be introduced in the following 
section. 𝐫𝐫𝐷𝐷𝐷𝐷,𝜌𝜌,𝑟𝑟,𝑡𝑡

𝑆𝑆 , 𝐫𝐫𝐷𝐷𝐷𝐷,𝜓𝜓,𝑟𝑟,𝑡𝑡
𝑆𝑆  and 𝐫𝐫𝑑𝑑,𝑟𝑟,𝑡𝑡

𝑆𝑆  denote the DD GNSS 
pseudorange, carrier phase, and Doppler factors, respectively. The 
uncertainties of different observations are given as 𝜎𝜎𝜓𝜓  = 𝜎𝜎𝜌𝜌

100
 and 

𝜎𝜎𝑑𝑑  =  𝜎𝜎𝜌𝜌, where the 𝜎𝜎𝜌𝜌 is initialized by SNR and elevation angle 
following the method in goGPS software [41], the parameters are 
𝐴𝐴 = 30 , 𝑠𝑠0 = 10 , 𝑠𝑠1 = 50 , 𝑎𝑎 = 30 . 𝐫𝐫𝐷𝐷𝐷𝐷,𝑁𝑁,𝑟𝑟,𝑡𝑡

𝑆𝑆  denotes the 
constant integer ambiguity factor weighted by 𝜎𝜎𝑁𝑁  =  𝜎𝜎𝜓𝜓.  

The factor graph structure of the proposed system is shown 
in Fig. 4. The VS factors and IMU factors directly constrain 
the system states x𝑘𝑘 . Due to the lower frequency of GNSS 
data, the GNSS factors (DD pseudorange, DD carrier phase, 
and Doppler factors) constrain the system states x𝑘𝑘 and  x𝑘𝑘+1 
via an interpolated states x𝑡𝑡 at time epoch 𝑡𝑡, where 𝑡𝑡 ∈ (𝑘𝑘, 𝑘𝑘 +
1).  

 
1. GNSS DD Pseudorange/Carrier Phase Factor 

The pseudorange measurement 𝜌𝜌𝑟𝑟,𝑡𝑡
𝑠𝑠  of the GNSS receiver 𝑟𝑟 at 

time 𝑡𝑡 is expressed by: 

𝜌𝜌𝑟𝑟,𝑡𝑡
𝑠𝑠 = r𝑟𝑟,𝑡𝑡

𝑠𝑠 + 𝑐𝑐�𝛿𝛿𝑟𝑟,𝑡𝑡  −  𝛿𝛿𝑠𝑠,𝑡𝑡� + 𝐼𝐼𝑟𝑟,𝑡𝑡
𝑠𝑠 + 𝑇𝑇𝑟𝑟,𝑡𝑡

𝑠𝑠 + 𝜀𝜀𝜌𝜌,𝑟𝑟,𝑡𝑡
𝑠𝑠           (3) 

where 𝑟𝑟𝑟𝑟,𝑡𝑡
𝑠𝑠  denotes the geometric range between satellite 𝑠𝑠  and 

receiver 𝑟𝑟 at time epoch 𝑡𝑡. 𝐼𝐼𝑟𝑟,𝑡𝑡
𝑠𝑠  represents the ionospheric delay 

distance, 𝑇𝑇𝑟𝑟,𝑡𝑡
𝑠𝑠  represents the tropospheric delay distance. 𝜀𝜀𝜌𝜌,𝑟𝑟,𝑡𝑡

𝑠𝑠  
denotes the other errors including multipath error, NLOS error, 
receiver noise error, and antenna phase-related noise error. 

Similar to the pseudorange, the carrier phase measurements of 
the GNSS receiver 𝑟𝑟 at time 𝑡𝑡 can be expressed as: 

           𝜆𝜆𝜓𝜓𝑟𝑟,𝑡𝑡
𝑠𝑠 = r𝑟𝑟,𝑡𝑡

𝑠𝑠 + 𝑐𝑐�𝛿𝛿𝑟𝑟,𝑡𝑡  −  𝛿𝛿𝑠𝑠,𝑡𝑡� − 𝐼𝐼𝑟𝑟,𝑡𝑡
𝑠𝑠 + 𝑇𝑇𝑟𝑟,𝑡𝑡

𝑠𝑠  
+𝜆𝜆𝐵𝐵𝑟𝑟,𝑡𝑡

𝑠𝑠 + 𝑑𝑑𝑑𝑑𝑟𝑟,𝑡𝑡
𝑠𝑠 + 𝜀𝜀𝜓𝜓,𝑟𝑟,𝑡𝑡

𝑠𝑠              (4) 

where 𝐵𝐵𝑟𝑟,𝑡𝑡
𝑠𝑠 = 𝜓𝜓𝑟𝑟,𝑡𝑡,0 − 𝜓𝜓0,𝑟𝑟,𝑡𝑡

𝑠𝑠 + 𝑁𝑁𝑟𝑟,𝑡𝑡
𝑠𝑠  represents the carrier phase 

bias. The variable 𝜓𝜓𝑟𝑟,𝑡𝑡,0denotes the initial phase of the receiver’s 

DD carrier-phase factor

𝐱0  𝐱𝑘𝑘−1 𝐱𝑘𝑘   𝐱𝑘𝑘+1 
𝐌1

2 𝐌2
…𝐌0

1

INS pre-integration factor DD pseudorange factor

𝐱𝑘𝑘 State of the estimator at frame 𝑘𝑘

Doppler factorVirtual satellite factor

DD integer ambiguity factorReceived satellites at time epoch 𝑡𝑡𝑛𝑛

𝑠𝑠𝑡𝑡0
0

𝑠𝑠𝑡𝑡0
1 𝑠𝑠𝑡𝑡0

𝑚𝑚

𝑠𝑠𝑡𝑡𝑛𝑛
0,…,m

𝑠𝑠𝑡𝑡𝑛𝑛
0

𝑠𝑠𝑡𝑡𝑛𝑛
1 𝑠𝑠𝑡𝑡𝑛𝑛

𝑚𝑚 𝑠𝑠𝑡𝑡𝑛𝑛+1
0

𝑠𝑠𝑡𝑡𝑛𝑛+1
1 𝑠𝑠𝑛𝑛+1

𝑚𝑚
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local oscillator. 𝜓𝜓0,𝑟𝑟,𝑡𝑡

𝑠𝑠  is the initial phase of the transmitted 
navigation signal from the satellite. The variable 𝑁𝑁𝑟𝑟,𝑡𝑡

𝑠𝑠  is the carrier 
phase integer ambiguity which should be an integer value. 𝜆𝜆 
denotes the carrier wavelength of the respective satellite system. 
𝑑𝑑𝑑𝑑𝑟𝑟,𝑡𝑡

𝑠𝑠  represents the carrier phase correction terms, which contain 
antenna phase offsets and variations, station displacement by 
earth tides, phase windup effects, and a relativity correction on 
the satellite clock. 𝜀𝜀𝜓𝜓,𝑟𝑟,𝑡𝑡

𝑠𝑠  represents errors caused by multipath 
effects, NLOS receptions, receiver noise, and antenna delay. 

Clock and atmospheric errors significantly affect positioning 
accuracy. Therefore, the DD technique is applied in GNSS-RTK. 
It first computes a single difference between the measurements 
from the rover r and reference station e to the same satellite, then 
subtracts the single differences of two satellites to form a double 
difference. The master satellite 𝑤𝑤 is selected as the one with the 
highest elevation, as it is less prone to multipath and NLOS 
errors. At each epoch, all other satellites share the same master 
satellite for a given system. The DD pseudorange and carrier 
phase are formulated as follows: 

𝜌𝜌𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡
𝑠𝑠  =  �𝜌𝜌𝑟𝑟,𝑡𝑡

𝑠𝑠  −  𝜌𝜌𝑒𝑒,𝑡𝑡
𝑠𝑠 �  −  �𝜌𝜌𝑟𝑟,𝑡𝑡

𝑤𝑤  −  𝜌𝜌𝑒𝑒,𝑡𝑡
𝑤𝑤 �                  (5) 

𝜓𝜓𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡
𝑠𝑠  =  �𝜓𝜓𝑟𝑟,𝑡𝑡

𝑠𝑠  −  𝜓𝜓𝑒𝑒,𝑡𝑡
𝑠𝑠 �  −  �𝜓𝜓𝑟𝑟,𝑡𝑡

𝑤𝑤  −  𝜓𝜓𝑒𝑒,𝑡𝑡
𝑤𝑤 �               (6) 

Considering that the receiver r and reference station e are 
under similar atmospheric conditions, the single difference 
operation can eliminate atmospheric errors and satellite clock 
bias. The second difference operation removes the receiver 
clock bias. Therefore, the DD pseudorange and DD carrier 
phase measurements model are given as: 

𝜌𝜌𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡
𝑠𝑠  =  �r𝑟𝑟,𝑡𝑡

𝑠𝑠  −  r𝑒𝑒,𝑡𝑡
𝑠𝑠 �  −  �r𝑟𝑟,𝑡𝑡

𝑤𝑤  −  r𝑒𝑒,𝑡𝑡
𝑤𝑤 �  +  𝜀𝜀𝐷𝐷𝐷𝐷,𝜌𝜌,𝑟𝑟,𝑡𝑡

𝑠𝑠         (7) 
𝜆𝜆𝜓𝜓𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡

𝑠𝑠  =  �r𝑟𝑟,𝑡𝑡
𝑠𝑠  −  r𝑒𝑒,𝑡𝑡

𝑠𝑠 �  −  �r𝑟𝑟,𝑡𝑡
𝑤𝑤  −  r𝑒𝑒,𝑡𝑡

𝑤𝑤 �  + 𝑁𝑁𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡
𝑠𝑠 +

𝜀𝜀𝐷𝐷𝐷𝐷,𝜓𝜓,𝑟𝑟,𝑡𝑡
𝑠𝑠  (8) 

where 𝜀𝜀𝐷𝐷𝐷𝐷,𝜌𝜌,𝑟𝑟,𝑡𝑡
𝑠𝑠  , 𝜀𝜀𝐷𝐷𝐷𝐷,𝜓𝜓,𝑟𝑟,𝑡𝑡

𝑠𝑠  represents the noise of DD 
pseudorange measurements and carrier phase measurements. 
𝑁𝑁𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡
𝑠𝑠  is the DD integer ambiguity of satellite 𝑠𝑠, which is one 

of the system states to be estimated. 
Given the DD measurement model above, the DD 

pseudorange residuals and DD carrier phase residuals are 
formed as: 

𝑟𝑟𝐷𝐷𝐷𝐷,𝜌𝜌,𝑟𝑟,𝑡𝑡
𝑠𝑠 = 𝜌𝜌𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡

𝑠𝑠 − �r𝑟𝑟,𝑡𝑡
𝑠𝑠 − 𝑟𝑟𝑒𝑒,𝑡𝑡

𝑠𝑠 � − �r𝑟𝑟,𝑡𝑡
𝑤𝑤 − r𝑒𝑒,𝑡𝑡

𝑤𝑤 �          (9) 
𝑟𝑟𝐷𝐷𝐷𝐷,𝜓𝜓,𝑟𝑟,𝑡𝑡
𝑠𝑠 = λ𝑖𝑖𝜓𝜓𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡

𝑠𝑠 − �r𝑟𝑟,𝑡𝑡
𝑠𝑠 − r𝑒𝑒,𝑡𝑡

𝑠𝑠 � − �r𝑟𝑟,𝑡𝑡
𝑤𝑤 − r𝑒𝑒,𝑡𝑡

𝑤𝑤 � − 𝑁𝑁𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡
𝑠𝑠   

  (10) 
where the range distances r𝑟𝑟,𝑡𝑡

𝑠𝑠 , r𝑒𝑒,𝑡𝑡
𝑠𝑠 , r𝑟𝑟,𝑡𝑡

𝑤𝑤  and r𝑒𝑒,𝑡𝑡
𝑤𝑤  are calculated 

based on the positions of the GNSS receiver: 

r𝑟𝑟,𝑡𝑡
𝑠𝑠  =  �𝐩𝐩𝑟𝑟,𝑡𝑡

𝐸𝐸𝐸𝐸  −  𝐩𝐩𝑠𝑠,𝑡𝑡
𝐸𝐸𝐸𝐸�, r𝑒𝑒,𝑡𝑡

𝑠𝑠  =  �𝐩𝐩𝑒𝑒𝐸𝐸𝐸𝐸  −  𝐩𝐩𝑠𝑠,𝑡𝑡
𝐸𝐸𝐸𝐸�,  

r𝑟𝑟,𝑡𝑡
𝑤𝑤  =  �𝐩𝐩𝑟𝑟,𝑡𝑡

𝐸𝐸𝐸𝐸  −  𝐩𝐩𝑤𝑤,𝑡𝑡
𝐸𝐸𝐸𝐸 �, r𝑒𝑒,𝑡𝑡

𝑤𝑤  =  �𝐩𝐩𝑒𝑒𝐸𝐸𝐸𝐸  −  𝐩𝐩𝑤𝑤,𝑡𝑡
𝐸𝐸𝐸𝐸 �           (11) 

where ‖∗‖  denotes the norm of the vector. 𝐩𝐩𝑠𝑠,𝑡𝑡
𝐸𝐸𝐸𝐸  and 𝐩𝐩𝑤𝑤,𝑡𝑡

𝐸𝐸𝐸𝐸  are 
satellite positions transformed in the ECEF frame, 𝐩𝐩𝑒𝑒𝐸𝐸𝐸𝐸  is the 
position of the reference station in the ECEF frame. The 
estimated  𝐩𝐩𝑟𝑟,𝑡𝑡

𝐸𝐸𝐸𝐸  is the position of the GNSS receiver 𝑟𝑟  at time 
epoch 𝑡𝑡 in the ECEF frame transformed from  𝐩𝐩𝑟𝑟,𝑡𝑡

𝐸𝐸𝐸𝐸. Notably, the 
transformation from ENU to ECEF according to the origin point 

𝐩𝐩𝑜𝑜𝐸𝐸𝐸𝐸  is calculated as: 

𝐩𝐩𝑟𝑟,𝑡𝑡
𝐸𝐸𝐸𝐸  =  𝐑𝐑𝐸𝐸𝐸𝐸

𝐸𝐸𝐸𝐸 𝐩𝐩𝑟𝑟,𝑡𝑡
𝐸𝐸𝐸𝐸  +  𝐩𝐩𝑜𝑜𝐸𝐸𝐸𝐸                       (12) 

𝐑𝐑𝐸𝐸𝐸𝐸
𝐸𝐸𝐸𝐸  =  �

− 𝑠𝑠𝑠𝑠𝑠𝑠 λo − 𝑠𝑠𝑠𝑠𝑠𝑠 ϕo 𝑐𝑐𝑐𝑐𝑐𝑐 λo 𝑐𝑐𝑐𝑐𝑐𝑐 ϕo 𝑐𝑐𝑐𝑐𝑐𝑐 λo
𝑐𝑐𝑐𝑐𝑐𝑐 λo − 𝑠𝑠𝑠𝑠𝑠𝑠 ϕo 𝑠𝑠𝑠𝑠𝑠𝑠 λo 𝑐𝑐𝑐𝑐𝑐𝑐 ϕo 𝑠𝑠𝑠𝑠𝑠𝑠 λo

0 𝑐𝑐𝑐𝑐𝑐𝑐 ϕo 𝑠𝑠𝑠𝑠𝑠𝑠 ϕo

�  (13) 

where λ𝑜𝑜 and ϕ𝑜𝑜 denote the geographic latitude and longitude 
of the known origin point 𝐩𝐩𝑜𝑜𝐸𝐸𝐸𝐸. 

Further, the receiver’s position 𝐩𝐩𝑟𝑟,𝑡𝑡
𝐸𝐸𝐸𝐸  is obtained from the 

estimated states 𝐩𝐩𝑏𝑏,𝑡𝑡
𝐸𝐸𝐸𝐸 maintained in the body frame as: 

𝐩𝐩𝑟𝑟,𝑡𝑡
𝐸𝐸𝐸𝐸  =  𝐩𝐩𝑏𝑏,𝑡𝑡

𝐸𝐸𝐸𝐸  +  𝐑𝐑𝑟𝑟
𝑏𝑏𝐩𝐩𝑟𝑟𝑏𝑏                        (14) 

In addition, the maintained states are with LiDAR 
keyframe time 𝑡𝑡𝑘𝑘 rather than GNSS epoch time 𝑡𝑡. Therefore, 
linear interpolation is adopted between the system states 𝐩𝐩𝑏𝑏,𝑘𝑘

𝐸𝐸𝐸𝐸  
and 𝐩𝐩𝑏𝑏,𝑘𝑘+1

𝐸𝐸𝐸𝐸  in the adjacent epochs 𝑡𝑡𝑘𝑘  and 𝑡𝑡𝑘𝑘+1  with 𝑡𝑡 ∈
[𝑡𝑡𝑘𝑘,  𝑡𝑡𝑘𝑘+1]  to obtain the corresponding state 𝐩𝐩𝑏𝑏,𝑡𝑡

𝐸𝐸𝐸𝐸 , which is 
calculated based on the ratio of the time interval: 

𝐩𝐩𝑏𝑏,𝑡𝑡
𝐸𝐸𝐸𝐸  =  � 𝑡𝑡 − 𝑡𝑡𝑘𝑘

𝑡𝑡𝑘𝑘+1 − 𝑡𝑡𝑘𝑘
𝐩𝐩𝑏𝑏,𝑘𝑘
𝐸𝐸𝐸𝐸  +  𝑡𝑡𝑘𝑘+1 − 𝑡𝑡

𝑡𝑡𝑘𝑘+1 − 𝑡𝑡𝑘𝑘
𝐩𝐩𝑏𝑏,𝑘𝑘+1
𝐸𝐸𝐸𝐸 �            (15) 

 
2. GNSS Constant Integer Ambiguity Factor 

GNSS-RTK positioning accuracy suffers if cycle slips are not 
detected and properly handled. Cycle slip occurs when signal 
tracking is lost, often due to obstructions like buildings or trees. In 
such cases, previously resolved integer ambiguities become 
invalid and must be re-estimated. Without cycle slips, the integer 
ambiguity remains constant between adjacent epochs. The 
constant integer ambiguity residual can be formed as: 

𝑟𝑟𝐷𝐷𝐷𝐷,𝑁𝑁,𝑟𝑟,𝑡𝑡
𝑠𝑠  =  𝑁𝑁𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡

𝑠𝑠  −  𝑁𝑁𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡−1
𝑠𝑠              (16) 

where 𝑁𝑁𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡
𝑠𝑠  and 𝑁𝑁𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡−1

𝑠𝑠  represent the integer ambiguities of 
satellite 𝑠𝑠 at time epoch 𝑡𝑡 and epoch 𝑡𝑡 − 1, respectively. 

To eliminate the impact of cycle slips, we adopt a LiDAR-
aided detection method [39] based on consistency checks using 
triple differences formed from two double differences across 
epochs. Triple difference estimation is performed using state 
predictions from LiDAR and IMU measurements.  According to 
(8), the DD integer ambiguity for satellite 𝑠𝑠 at time epoch 𝑡𝑡 is 
estimated as: 

𝑁𝑁𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡
𝑠𝑠  = 𝜆𝜆𝜓𝜓𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡

𝑠𝑠   −  ��r𝑟𝑟,𝑡𝑡
𝑠𝑠  −  r𝑒𝑒,𝑡𝑡

𝑠𝑠 �  −  �r𝑟𝑟,𝑡𝑡
𝑤𝑤  −  r𝑒𝑒,𝑡𝑡

𝑤𝑤 ��    
(17) 

then the TD integer ambiguity between time epoch 𝑡𝑡 and 𝑡𝑡 − 1 
can be calculated by: 

𝑁𝑁𝑇𝑇𝑇𝑇,𝑟𝑟,𝑡𝑡
𝑠𝑠  = 𝑁𝑁𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡

𝑠𝑠   −  𝑁𝑁𝐷𝐷𝐷𝐷,𝑟𝑟,𝑡𝑡−1
𝑠𝑠    (18) 

when 𝑁𝑁𝑇𝑇𝑇𝑇,𝑟𝑟,𝑡𝑡
𝑠𝑠  is larger than a certain threshold 𝑁𝑁𝑇𝑇𝑇𝑇𝑡𝑡ℎ𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑜𝑜𝑜𝑜𝑜𝑜 , the 

cycle slip occurs at time 𝑡𝑡. The threshold 𝑁𝑁𝑇𝑇𝑇𝑇𝑡𝑡ℎ𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑜𝑜𝑜𝑜𝑜𝑜 is set as 3 
cycles as described in [39]. According to (17), the TD uses range 
distance to estimate the DD integer ambiguity, which relies on the 
high quality of the initial guess of the position. Thanks to LiDAR 
and IMU, the system can provide a high-quality initial guess, 
which even enables the detection of small cycle slips. 
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Fig. 5. Illustration of VS-aided GNSS-RTK positioning. 
 
3. GNSS Doppler Factor 

Doppler measurement 𝑑𝑑𝑟𝑟,𝑡𝑡
𝑠𝑠  at receiver 𝑟𝑟 from satellite 𝑠𝑠 at 

time epoch 𝑡𝑡 is denoted as: 

𝜆𝜆𝑑𝑑𝑟𝑟,𝑡𝑡
𝑠𝑠  =  𝐞𝐞𝑟𝑟,𝑡𝑡

𝑠𝑠,𝐿𝐿𝐿𝐿𝐿𝐿�𝐯𝐯𝑠𝑠,𝑡𝑡
𝐸𝐸𝐸𝐸  −  𝐯𝐯𝑟𝑟,𝑡𝑡

𝐸𝐸𝐸𝐸�  +  c�𝛿̇𝛿𝑟𝑟,𝑡𝑡
𝑖𝑖  −  𝛿̇𝛿𝑠𝑠,𝑡𝑡�  +  𝜍𝜍𝑟𝑟,𝑡𝑡

𝑠𝑠  
 (19) 

where 𝜍𝜍𝑟𝑟,𝑡𝑡
𝑠𝑠  represents the noise of the received Doppler 

measurement, c denotes the speed of light. 𝜆𝜆 denotes the carrier 
wavelength of the respective satellite constellation system. The 
velocity of the receiver in the ECEF frame is transformed from 
the ENU frame using  𝐯𝐯𝑟𝑟,𝑡𝑡

𝐸𝐸𝐸𝐸  =  𝐑𝐑𝐸𝐸𝐸𝐸
𝐸𝐸𝐸𝐸 𝐯𝐯𝑟𝑟,𝑡𝑡

𝐸𝐸𝐸𝐸. 𝐞𝐞𝑟𝑟,𝑡𝑡
𝑠𝑠,𝐿𝐿𝐿𝐿𝐿𝐿 is the LOS unit 

vector between the position of receiver 𝑟𝑟  and the satellite 𝑠𝑠  at 
time epoch 𝑡𝑡, which is calculated by: 

𝐞𝐞𝑟𝑟,𝑡𝑡
𝑠𝑠,𝐿𝐿𝐿𝐿𝐿𝐿  =  � 𝐩𝐩𝑠𝑠,𝑡𝑡

𝐸𝐸𝐸𝐸 − 𝐩𝐩𝑟𝑟,𝑡𝑡
𝐸𝐸𝐸𝐸

�𝐩𝐩𝑠𝑠,𝑡𝑡
𝐸𝐸𝐸𝐸 − 𝐩𝐩𝑟𝑟,𝑡𝑡

𝐸𝐸𝐸𝐸�
�
𝑇𝑇
                      (20) 

Given the Doppler measurement model above, the residual is 
derived as: 

𝑟𝑟𝑑𝑑,𝑟𝑟,𝑡𝑡
𝑠𝑠  =  𝑑𝑑𝑟𝑟,𝑡𝑡

𝑠𝑠  −  1
λ𝑖𝑖
�𝐞𝐞𝑟𝑟,𝑡𝑡

𝑠𝑠,𝐿𝐿𝐿𝐿𝐿𝐿�𝐯𝐯𝑠𝑠,𝑡𝑡
𝐸𝐸𝐸𝐸  −  𝐯𝐯𝑟𝑟,𝑡𝑡

𝐸𝐸𝐸𝐸�  +  c�𝛿̇𝛿𝑟𝑟,𝑡𝑡
𝑖𝑖  −  𝛿̇𝛿𝑠𝑠,𝑡𝑡��  

(21) 
 

4. Inertial Factor 
The IMU measurements comprise linear acceleration and 

angular velocity with the effect of corresponding bias and 
additive noises. Knowing that the frequency of the inertial 
measurements is practically much higher than other sensors 
(LiDAR, GNSS), the pre-integration method [38] is further 
adopted in our optimization to integrate multiple raw inertial 
measurements into a single relative pose constraint between two 
consecutive keyframes 𝑘𝑘 and 𝑘𝑘 + 1. We follow the work from 
Qin, et al. [11] for the implementation. The readers can refer to 
[11, 38] for detailed formulation of the inertial factors. 
 
5. LiDAR Landmark-Based VS Factor 

The satellite geometry is often poor in urban areas and will be 
further deteriorated by NLOS exclusion. As shown in Fig. 5a, 
only high-elevation LOS satellites (blue circles) remain after 
NLOS exclusion. This leads to high uncertainty in the direction 

perpendicular to the street, making float solutions more prone to 
large errors from small observation biases. On the contrary, Fig. 
5b shows virtual satellites (VS, green stars) generated from low-
lying structures, which complement high-elevation LOS satellites. 
The state uncertainties from GNSS observations can be 
effectively bounded by VS.  

The formulation of VS constraints follow a similar approach 
to feature-based LiDAR-SLAM methods [40]. We evaluated 
edge-based and plane-based LiDAR odometry in urban areas. 
Planar features achieved better accuracy and robustness. 
Therefore, we use planar constraints in a scan-to-map scheme in 
the system. Planar features are extracted for each keyframe by 
evaluating local point distributions. Plane correspondences are 
then found via nearest neighbor search and verified using 
eigenvalue analysis. Given a transformed planar point 𝐩𝐩𝑝𝑝,𝑘𝑘

𝐸𝐸𝐸𝐸  in 
frame 𝑘𝑘 and three corresponding planar points 𝐩𝐩𝑝𝑝,𝑘𝑘,𝑎𝑎

𝐸𝐸𝐸𝐸,𝑀𝑀, 𝐩𝐩𝑝𝑝,𝑘𝑘,𝑏𝑏
𝐸𝐸𝐸𝐸,𝑀𝑀 and 

𝐩𝐩𝑝𝑝,𝑘𝑘,𝑐𝑐
𝐸𝐸𝐸𝐸,𝑀𝑀  defining a planar patch in the local feature map 𝑀𝑀, the 

point-to-plane residual is calculated as [40]: 

𝒓𝒓𝑙𝑙,𝑠𝑠,𝑘𝑘  =  
�

�𝐩𝐩𝑝𝑝,𝑘𝑘
𝐸𝐸𝐸𝐸 − 𝐩𝐩𝑝𝑝,𝑘𝑘,𝑎𝑎

𝐸𝐸𝐸𝐸,𝑀𝑀�

�𝐩𝐩𝑝𝑝,𝑘𝑘,𝑎𝑎
𝐸𝐸𝐸𝐸,𝑀𝑀 − 𝐩𝐩𝑝𝑝,𝑘𝑘,𝑏𝑏

𝐸𝐸𝐸𝐸,𝑀𝑀�×�𝐩𝐩𝑝𝑝,𝑘𝑘,𝑎𝑎
𝐸𝐸𝐸𝐸,𝑀𝑀 − 𝐩𝐩𝑝𝑝,𝑘𝑘,𝑐𝑐

𝐸𝐸𝐸𝐸,𝑀𝑀�
�

��𝐩𝐩𝑝𝑝,𝑘𝑘,𝑎𝑎
𝐸𝐸𝐸𝐸,𝑀𝑀 − 𝐩𝐩𝑝𝑝,𝑘𝑘,𝑏𝑏

𝐸𝐸𝐸𝐸,𝑀𝑀�×�𝐩𝐩𝑝𝑝,𝑘𝑘,𝑎𝑎
𝐸𝐸𝐸𝐸,𝑀𝑀 − 𝐩𝐩𝑝𝑝,𝑘𝑘,𝑐𝑐

𝐸𝐸𝐸𝐸,𝑀𝑀��
         (22) 

𝐩𝐩𝑝𝑝,𝑘𝑘
𝐸𝐸𝐸𝐸  =  𝐑𝐑𝑏𝑏,𝑘𝑘

𝐸𝐸𝐸𝐸 �𝐑𝐑𝑙𝑙
𝑏𝑏𝐩𝐩𝑝𝑝,𝑘𝑘

𝑙𝑙  +  𝐩𝐩𝑙𝑙𝑏𝑏�  +  𝐩𝐩𝑏𝑏,𝑘𝑘
𝐸𝐸𝐸𝐸     (23) 

where 𝐩𝐩𝑝𝑝,𝑘𝑘
𝑙𝑙  represents the planar point in kth LiDAR keyframe, 

𝐓𝐓𝑙𝑙𝑏𝑏  =  �𝐑𝐑𝑙𝑙
𝑏𝑏 𝐩𝐩𝑙𝑙𝑏𝑏�  denotes the transformation matrix from the 

LiDAR frame to the body frame, 𝐓𝐓𝑏𝑏,𝑘𝑘
𝐸𝐸𝐸𝐸  =  �𝐑𝐑𝑏𝑏,𝑘𝑘

𝐸𝐸𝐸𝐸  𝐩𝐩𝑏𝑏,𝑘𝑘
𝐸𝐸𝐸𝐸� denotes the 

transformation matrix from the kth local body frame to the ENU 
frame.  

GNSS observations are typically fewer than 20 in urban areas, 
while a 32-line mechanical LiDAR provides over 2000 
observations per frame in our experiments. Integrating dense 
LiDAR constraints with limited GNSS observations poses two 
challenges. First, it increases optimization complexity, 
demanding more computation and reducing efficiency. Second, it 
disrupts the balance between GNSS and LiDAR contributions in 
optimization. LiDAR constraints may dominate the solution if 
weights account only for observation error but not quantity. Due 
to the high redundancy in each LiDAR frame, using fewer 
observations can reduce complexity and improve efficiency while 
maintaining state observability [42]. This paper analyzes how the 
number of LiDAR observations affects estimation uncertainty 
and determines the minimum required to maintain accuracy in 
real environments. We evaluate the effect of LiDAR observation 
quantity by constructing an information matrix and analyzing its 
eigenvalues [37]. Originally used to analyze constraint 
degeneracy in various environments, this method is adopted here 
to assess how constraint degeneracy varies with observation 
quantity. The degeneracy of LiDAR constraints is defined as [37]: 

𝐷𝐷 =  𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 + 1                        (24) 

where 𝜆𝜆min  represents the smallest eigenvalue of information 
matrix 𝚲𝚲𝑙𝑙. For the calculation of 𝚲𝚲𝑙𝑙, we have: 

𝜦𝜦𝑙𝑙  =  𝑱𝑱𝑝𝑝𝐿𝐿
𝑇𝑇𝑱𝑱𝑝𝑝𝐿𝐿                   (25) 

(a.1)

NLOSLOSReceiver VS

(a.2)

(b.1) (b.2)
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where 𝐉𝐉𝑝𝑝𝐿𝐿  denotes the Jacobian matrix of the residuals of LiDAR 
constraints with respect to the pose states. 𝜦𝜦𝑙𝑙  captures the local 
curvature of the cost function defined by the LiDAR residuals, 
and serves as a proxy for the information gained from the LiDAR 
observations. The smallest eigenvalue 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚  of 𝜦𝜦𝑙𝑙  reflects the 
weakest constrained state in the state space, i.e., the degree-of-
freedom in which the LiDAR observations provide the least 
information. A small 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 indicates a potential degeneracy in the 
constraint, such as when the point cloud lies on a flat or linear 
surface, offering little observability for a certain degree-of-
freedom (e.g., translation orthogonal to the surface). This 
formulation allows us to quantitatively assess how the number of 
LiDAR observations contributes to the strength of the constraint. 

The VS factor weight is determined by three aspects: LiDAR 
observation uncertainty, local map position uncertainty, and the 
LiDAR–GNSS observation ratio. LiDAR observation uncertainty 
is derived from geometric and appearance consistency between 
scan and map features [9]. Since the local map is continuously 
updated by recent estimates, its uncertainty increases over time 
without reliable GNSS input, due to the absence of a global 
constraint [43]. As a result, VS factor uncertainty grows with map 
uncertainty. To balance the influence of VS and real satellites, VS 
constraints are dynamically weighted based on the real-time ratio 
between VS and satellite observations: 

𝑤𝑤𝑡𝑡𝑙𝑙  =  𝑛𝑛𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣
𝑙𝑙

𝑛𝑛𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
𝑙𝑙        (26) 

where 𝑛𝑛𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑙𝑙  represents the constraint’s number of VS, 𝑛𝑛𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑙𝑙  
represents the constraint number of real satellites. This enables 
real satellites to be effective even in small numbers, which is 
common in urban cases. 

 
6. Marginalization Factor 

To release the computational load and meanwhile maintain 
the impacts of the constraints from the previous information, 
marginalization is adopted in the sliding window optimization. 
We gradually marginalize the constraints from the older 
keyframes sliding out the window through the Schur complement 
[44]. The corresponding new prior factor is further added in the 
updated window. 

Given the factors above, the optimized states and their 
respective covariance matrix are obtained after the tightly-
coupled optimization. Knowing that the double-differenced 
integer ambiguities should indeed be integer values, the estimated 
float values of integer ambiguities can be resolved as integer 
values and the position results can be corrected with higher 
accuracy, whereas a fixed solution is reached. To solve the 
integer ambiguity resolution problem, the modified LAMBDA 
algorithm [4] is adopted for its efficiency. 

III. EXPERIMENTAL RESULTS 
The proposed system is implemented using C++ on Robot 

Operation System (ROS) [45]. We use Ceres Solver [46] and 
GTSAM [47] for the nonlinear optimization as well as the pose 
graph optimization. The experimental evaluation is conducted on 
three challenging sequences collected in Hong Kong, namely 

 
Fig. 6. Left: Degeneracy factor (DF) over time with different 
numbers of LiDAR observations, from 20 to 1200, shown as 
colored curves (yellow, green, red, blue, and black). Right: 
Trends of degeneracy factor ratio (DFR, red) and maximum 
relative positioning error (Max RPE, black) with increasing 
observation number.  
 
Urban Canyon 1, Urban Canyon 2, and Urban Canyon 3, which 
contain various levels of urbanized scenarios. Urban Canyon 1 
and 2 are collected in Kowloon Tong with duration around 150s 
and 400s, respectively. Urban Canyon 3 (1500s) is from our 
open-sourced dataset, UrbanNav [48], which is collected in 
Whampoa. Kowloon Tong is a medium-density urban area with 
relatively low-rise buildings. This region contains tree-lined 
streets with dense foliage, which can severely obstruct satellite 
signals and introduce observation errors due to NLOS or 
multipath effects. Whampoa is a more complex urban region with 
varying scenarios, including open spaces, tunnels, and areas with 
dense high-rise buildings. This region also features dynamic 
traffic such as frequent double-decker buses, which create 
temporary but substantial signal blockages and reflectors.  

A. Experiment Platform 
The data collection is based on the experimental platform 

proposed in UrbanNav. A low-cost GNSS receiver, the u-blox 
M8T, is employed to collect raw single-frequency GPS/BeiDou 
signals at 10 Hz. The Xsens Mti-10 IMU is adopted to collect 
inertial measurements at a frequency of 100 Hz. A HDL-32E 
LiDAR collects 3D measurements at a frequency of 10 Hz. 
Moreover, the NovAtel SPAN-CPT, an integration system from 
multi-frequency and constellation GNSS-RTK and IMU with 
fiber-optic gyroscopes (FOG, 1 degree per hour for gyroscope 
bias, 0.067 degrees per hour as random walk), is employed to 
provide ground truth. In the implementation, data from different 
sources are synchronized via Pulse-Per-Second (PPS) hardware 
in the computer. The extrinsic parameters between different 
sensors are carefully calibrated before the experiments. The initial 
transformation from local coordinates to global coordinates is 
provided in advance by aligning the first position to the ground 
truth.  

 

B. Evaluation of the impact of different numbers of LiDAR 
observations on the degeneracy factor of state estimation 

We analyze how the degeneracy factor varies with the number 
of LiDAR observations. Fig. 6 shows the degeneracy factor 
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across different observation numbers. With only 20 observations 
per frame, the degeneracy factor remains low, indicating 
insufficient constraints and high estimation uncertainty. 
Increasing the number of observations raises the degeneracy 
factor. This means that with more available observations, the state 
uncertainty will be significantly reduced due to stronger 
constraints. As shown in the right panel of Fig. 6, we use the 
degeneracy factor ratio (DFR) and the maximum relative 
positioning error (Max RPE) to show how positioning accuracy 
varies with observation count. The DFR is obtained by 
calculating the ratio of the degradation factor with a specific 
number of LiDAR observations and with a sufficient number of 
LiDAR observations (the sufficient number is set to 1200). For 
clarity, we compute DFR using the minimum eigenvalue of the 
information matrix, slightly differing from (24). The Max RPE is 
obtained by evaluating the relative positioning performance of the 
LIO system [9] with a specific number of LiDAR observations. 
As shown in the right panel of Fig. 6, using 20 observations 
results in higher LiDAR positioning errors, which can degrade 
final integrated positioning accuracy, and accuracy improves with 
more observations. We define the minimum number of 
observations where DFR and Max RPE curves first stabilize as 
the effective threshold. We can see that DFR increases and 
stabilizes around 0.95 once the number of features exceeds 200, 
while the pose error remains below 0.1m. These trends indicate 
that 200 observations are sufficient to capture the constraint 
information of all available features, offering a good trade-off 
between performance and computational efficiency. In this paper, 
we use 200 LiDAR observations per frame. The evaluation of 
final positioning accuracy and the system efficiency is provided 
in the following sections. 

 

C. Evaluation of the performance of the 3D LiDAR aided 
NLOS mitigation 

Unlike traditional methods, 3DLA NLOS detection does not 
depend on position estimation but instead relies on attitude 
accuracy and environmental reconstruction, particularly in the 
vertical direction. The proposed system improves on previous 
3DLA methods by using global PGO to update the 3D PCM for 
NLOS detection. This addresses false NLOS detections caused by 
PCM drift in earlier methods [23]. Fig. 7 illustrates how attitude 
drift leads to incorrect NLOS classification. The left panel shows 
NLOS detection using the drift-free PCM; the right uses drifted 
PCM, whose attitude is estimated through LIO and Doppler 
velocity. Accumulated attitude drift distorts satellite occlusion 
and hinders correct NLOS detection. As shown in Table II, the 
drifted case results in higher positioning error due to undetected 
NLOS receptions and misclassified healthy measurements. 

We evaluate the method using different sliding window 
lengths to assess how PCM reconstruction affects NLOS 
detection. Fig. 8 compares NLOS detection using PCMs from 
different window sizes. With 60 keyframes (left) and 20 
keyframes (right), the upper building structure is more complete 
in the left case. A larger window enables more complete 
reconstruction and more accurate satellite occlusion detection. 
Table II summarizes the evaluation results. 

 
Fig. 7. Comparison between the NLOS detection methods 
based on the globally optimized drift-free PCM (left) and the 
drifted PCM (right). The skymasks generated from different 
PCMs are shown in gray.  
 

 
Fig. 8. Comparison between the results of NLOS detection 
methods based on different sliding window sizes. 
 

To evaluate the long-term performance of the proposed 3DLA 
NLOS mitigation method with existing representative method, we 
compare it with 3DMA GNSS-RTK [16] in terms of NLOS 
detection, as shown in Fig. 9. Both methods are evaluated in 
Urban Canyon 3. We use 3D building model from the Hong 
Kong Common Spatial Data Infrastructure Portal for 3DMA. 
Both methods show similar trends, with more NLOS detections 
during rapid changes in satellite availability. The proposed 
method detects more NLOS signals on average, as it uses real-
time 3D PCM that better captures signal occlusion from 
buildings, vehicles, vegetation, and infrastructure. In contrast, 
3DMA GNSS-RTK is constrained by 3D model resolution and 
cannot account for dynamic or non-building occlusions. 
However, the proposed method's sensitivity to dynamic 
environments may lead to excessive NLOS exclusion, degrading 
satellite geometry. Therefore, in loosely-coupled systems, the 
proposed method can be combined with traditional residual-based 
outlier detection for better result when the system is initialized. 
 

D. Evaluation of the positioning performance of the proposed 
tightly-coupled GNSS/LiDAR/INS integration with 3D LiDAR 
aided NLOS mitigation 

To evaluate the positioning performance of the proposed 
method, the following methods are evaluated and compared 

Proposed Drift

LOS satellite Detected NLOS satellite Skymask from PCM

LOS satellite Detected NLOS satellite Skymask from PCM

Proposed (60 keyframes) Proposed (20 keyframes)
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Fig. 9. NLOS detection comparison between different 
methods. The black dashed line represents the number of the 
received satellites. The red line marked with circles denotes 
the number of detected NLOS satellites from the 3DMA 
GNSS-RTK method, and the blue line marked with circles 
denotes the number of detected NLOS satellites from the 
proposed method. 
 

TABLE II  
POSITIONING PERFORMANCE (METERS) OF THE EVALUATED 
THREE CASES FOR THE SELECTED EPOCH IN URBAN CANYON 1. 
 

All data  Drift PCM Proposed (20 
keyframes) 

Proposed (60 
keyframes) 

3D Error (m) 1.96 1.17 0.55 

 
qualitatively and quantitatively in multiple aspects. First, mean 
error, maximum error, and standard deviation in both 2D and 3D 
cases will demonstrate the positioning accuracy of different 
methods. Second, we utilize the ambiguity fixing rate to indicate 
the effectiveness of geometry improvement by the proposed 
method. The ambiguity fixing rate indicates the percentage of 
fixed solutions to the total number of solutions. The successfully 
fixed solution is determined when the 3D positioning error is less 
than 20cm and the ratio test is passed with threshold 3. Moreover, 
the availability is evaluated to compare the positioning ability, 
which is the percentage of the number of solutions to the total 
number of epochs. The evaluated methods are listed as follows: 
1. GNSS-RTK: RTKLIB (v2.4.3) [49] is evaluated to represent 

the performance of conventional GNSS-RTK. Forward 
filtering is adopted under the fix-and-hold condition. 

2. LIO: LiDAR/Inertial integration method [9] is evaluated to 
demonstrate the performance of pure LiDAR/inertial 
odometry. 

3. LC GNSS-RTK-LIO: Loosely-coupled integration between 
GNSS-RTK and LIO system [50]. This is performed to show 
the improvement of positioning by loosely integrating the 
GNSS-RTK with the LIO system compared with standalone 
systems.   

4. TC GNSS-LIO: Tightly-coupled integration system 
between GNSS, LiDAR, and IMU. We select the 
implementation in [30] due to its effectiveness and 
availability as open-source project. this is to show the 
performance of a tightly-coupled system as a baseline for 
evaluation. 

5. 3DLA GNSS-RTK: The proposed tightly-coupled VS-aided 
GNSS-RTK/IMU integrated system. This is to show the 
effectiveness of geometry improvement by VS.  

 

 
Fig. 10. The trajectory in Urban Canyon 1. The upper panel 
shows the projected trajectories on Google Earth. The orange 
box denotes the area with challenging signal blockage by 
trees. The lower panel shows the 3D trajectories of different 
methods. The red, green, cyan, yellow, magenta and blue 
curves denote GNSS-RTK, LIO, LC GNSS-RTK-LIO, TC 
GNSS-LIO, 3DLA GNSS-RTK, and 3DLA GNSS-RTK-NE, 
respectively. The black curve denotes the ground truth (GT) 
trajectory.  
 
6. 3DLA GNSS-RTK-NE: The proposed tightly-coupled VS-

aided GNSS-RTK/IMU integrated system with drift-free 
NLOS exclusion. This is to demonstrate the final 
performance of the proposed method.  

 
1. Evaluation of Urban Canyon 1 

Table III shows the evaluation results of each method. The 
trajectory and the 3D positioning error are illustrated in Fig. 10 
and Fig. 11. GNSS-RTK yields a 2D mean error of 1.55 m and a 
3D mean error of 3.54 m, with maximum errors of 15.88 m (2D) 
and 29.23 m (3D). The large errors (orange box in Fig. 10; 70s 
and 120s in Fig. 11) occur in areas with dense buildings and trees, 
causing severe NLOS and degraded accuracy. As a result, the 
conventional GNSS-RTK method only achieves an ambiguity 
fixing rate of 1.61%. LIO method achieved a mean error of 0.32m 
in 2D and 1.30m in 3D. It is worth noting that the 2D accuracy of 
LIO was achieved in a relatively short trajectory with limited 
dynamic objects. In more challenging urban environments with 
longer trajectories and frequent dynamic interference, maintaining 
such accuracy becomes significantly more difficult. In vertical 
direction, LIO drifts over distance, reaching a maximum 3D error 
of 2.79 m. The loosely coupled LC GNSS-RTK-LIO shows 
intermediate performance between GNSS-RTK and LIO, as LIO 
can only help GNSS-RTK with relative pose constraints to 
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Fig. 11. 3D positioning error in Urban Canyon 1. The red, green, 
cyan, yellow, magenta and blue curves denote GNSS-RTK, LIO, LC 
GNSS-RTK-LIO, TC GNSS-LIO, 3DLA GNSS-RTK, and 3DLA 
GNSS-RTK-NE, respectively. 

 
TABLE III 

POSITIONING PERFORMANCE IN URBAN CANYON 1. 2D 
MEAN/3D MEAN REPRESENTS HORIZONTAL AND 3D 
POSITIONING ERRORS IN METERS. THE IMPROVEMENT (IMPR.) 
IS CALCULATED BASED ON THE MEAN OF GNSS-RTK. STD 
DENOTES THE STANDARD DEVIATION. “AVAIL.” DENOTES THE 
AVAILABILITY. 
 

 
provide a smoother positioning result, but the global positioning 
accuracy is dominated by GNSS-RTK solutions. The positioning 
accuracy of LC GNSS-RTK-LIO is 1.42m in 2D and 3.00m in 
3D with better smoothness compared with the result of GNSS-
RTK. In other words, loosely-coupled integration reduces long-
term drift but remains limited by GNSS-RTK accuracy. In 
addition, the TC GNSS-LIO method achieves 2D and 3D 
positioning accuracies of 0.86 m and 1.84 m, respectively. This 
outperforms LC systems by fully utilizing all observations and 
applying residual-based fault exclusion [30]. However, some 
positioning errors remain in certain areas. This is likely because 
the residual-based fault exclusion relies on the initial solution, 
which may not reliably identify faults in challenging urban 
scenarios. Moreover, the TC GNSS-LIO implementation uses 
only pseudorange constraints, without incorporating carrier-phase 

and ambiguity constraints. Therefore, the improvement is still 
limited by unhealthy GNSS measurements and underutilized 
complementary characteristics of GNSS and LiDAR/IMU.  

3DLA GNSS-RTK, a tightly coupled system integrating 
GNSS DD pseudorange, carrier phase, Doppler, VS, and 
IMU, shows significant improvement compared with the 
conventional GNSS-RTK method and its integration with 
LIO: 2D error and 3D error decrease to 0.39 and 1.53m, 
whereas the standard deviation and maximum error are 1.78 
and 5.29m respectively for the 3D case. It improves 
performance by fusing all raw measurements and enhancing 
satellite geometry through VS. The ambiguity fixing rate of 
3DLA GNSS-RTK reaches 5.98%, yet the potential NLOS 
receptions are still not excluded. Therefore, 3DLA GNSS-
RTK-NE is performed to further demonstrate the effectiveness 
of the proposed NLOS exclusion method. 3DLA GNSS-RTK-
NE achieves the best results: 2D/3D errors of 0.36 m/0.44 m, 
3D standard deviation of 0.15 m, and max error of 0.87 m. The 
ambiguity fixing rate of the whole trajectory by 3DLA GNSS-
RTK-NE reaches 11.24%. These two observations demonstrate 
that the NLOS exclusion and the geometry improvement through 
the VS can make significant contributions to the final positioning 
result.  

 
3. Evaluation of Urban Canyon 2 

We further evaluate the system in Urban Canyon 2 to show 
its effectiveness in a more urbanized area. Table IV 
demonstrates the results of the compared methods, and Fig. 12 
and Fig. 13 illustrate the 3D trajectory and 3D positioning 
errors. Urban Canyon 2 poses greater positioning challenges 
due to denser buildings and vegetation. GNSS-RTK achieves 
a 1.81m 2D mean error and a 3.65m 3D mean error. The 
maximum 3D error reaches 55.59m with 5.27m as the 
standard deviation. The overall ambiguity fixing rate is 2.86%. 
LIO outperforms standalone GNSS-RTK with 2D and 3D 
errors of 1.76 m and 1.97 m, respectively. The increasing trend 
of the LIO positioning error in Fig. 13 indicates the 
accumulated drift. Furthermore, the LC GNSS-RTK-LIO 
achieves 1.38m mean error in the 2D case and 2.77m in the 
3D case. LC GNSS-RTK-LIO outperforms LIO because the 
trajectory is longer and the drift error of LIO is larger. In 
conclusion, the loose integration between LIO and GNSS-
RTK helps to obtain a better positioning result, but the impact 
of the NLOS receptions and non-ideal geometry distribution 
are still not compensated. Tightly coupled GNSS-LiDAR 
integration achieves better accuracy, with 2D and 3D errors of 
1.19 m and 1.96 m. However, the presence of relatively large 
errors suggests that residual-based fault detection is not 
sufficiently robust in complex urban environments. A similar 
limitation is observed in the proposed 3DLA GNSS-RTK 
method. Although the geometric distribution is improved by 
incorporating LiDAR observations, the positioning accuracy is 
still affected by NLOS receptions. The 2D mean positioning 
error of 3DLA GNSS-RTK is 0.61 m, with an ambiguity 
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2D IMPR. - 79.3% 8.39% 44.1% 74.4% 76.7% 
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Fig. 12. The trajectory in Urban Canyon 2. The upper panel 
shows the projected trajectories on Google Earth. The lower 
panel shows the 3D trajectories of different methods. The red, 
green, cyan, yellow, magenta and blue curves denote GNSS-
RTK, LIO, LC GNSS-RTK-LIO, TC GNSS-LIO, 3DLA 
GNSS-RTK, and 3DLA GNSS-RTK-NE, respectively. The 
black curve denotes the ground truth (GT) trajectory.  
 

 
Fig. 13. 3D positioning error in Urban Canyon 2. The red, green, 
cyan, yellow, magenta and blue curves denote GNSS-RTK, LIO, LC 
GNSS-RTK-LIO, TC GNSS-LIO, 3DLA GNSS-RTK, and 3DLA 
GNSS-RTK-NE, respectively. 
 
resolution rate of 5.64%. Therefore, 3DLA GNSS-RTK-NE 
with accurate NLOS exclusion is finally performed and 
achieves the best accuracy with 2D mean error and 3D mean 
error decreasing to 0.49m and 0.79m respectively. Meanwhile, 
the maximum error and the standard deviation in 2D and 3D 
cases are 1.44/0.22m and 2.16/0.42m. The ambiguity fixing 
rate of the 3DLA-NE reaches the highest level of all five 
methods at 7.43%. The Urban Canyon 2 results further 
validate the effectiveness of 3DLA NLOS exclusion and 
geometry improvement. 

TABLE IV 
POSITIONING PERFORMANCE IN URBAN CANYON 2. 2D 
MEAN/3D MEAN REPRESENTS HORIZONTAL AND 3D 
POSITIONING ERRORS IN METERS. THE IMPROVEMENT (IMPR.) 
IS CALCULATED CONCERNING THE MEAN OF GNSS-RTK. 
STD DENOTES THE STANDARD DEVIATION. “AVAIL.” 
DENOTES THE AVAILABILITY. 
 

 
 

3. Evaluation of Urban Canyon 3 
We further evaluate the system in Urban Canyon 3, a highly 

urbanized area. Table V presents the results of the compared  
methods, while Fig. 14 and Fig. 15 illustrate the 3D trajectory and 
3D positioning error. The GNSS-RTK method achieves a 2D 
mean error of 5.11m and a 3D mean error of 9.90m. The 
maximum 3D error nears 100 m, with a standard deviation of 
15.67 m. The overall ambiguity fixing rate is 1.22%. The LIO 
method shows a 2D error of 12.63 meters and a 3D error of 28.37 
meters due to significant trajectory drift. LC GNSS-RTK-LIO 
achieves 2D and 3D errors of 2.67 m and 4.41 m, respectively, 
with a maximum 3D error of 16.68 m. While better than GNSS-
RTK or LIO, the errors remain considerable. Tightly coupled TC 
GNSS-LIO further improves accuracy. The 2D positioning 
accuracy reaches 1.68 m, and the 3D accuracy reaches 3.34 m. 
However, 3DLA GNSS-RTK performs worse than TC GNSS-
LIO. This is because TC GNSS-LIO reduces the impact of NLOS 
errors through residual-based fault exclusion. As a result, a large 
3D positioning error is observed around 570s and 890s in Fig. 15, 
where the presence of double-decker buses and dense buildings in 
the surrounding area results in a significant amount of reflected 
signal receptions. Finally, 3DLA GNSS-RTK-NE with NLOS 
exclusion achieves the best accuracy: 1.02 m (2D) and 2.13 m 
(3D). The maximum error and standard deviation in the 2D and 
3D cases are 2.57/0.52 meters and 6.27/1.50 meters, respectively. 
The ambiguity fixing rate of the 3DLA-NE method reaches the 
highest level at 8.72%. Urban Canyon 3 results underscore the 
importance of robust NLOS mitigation for long-term stability in 
dense urban areas. However, LiDAR observations often face 
degradation when encountering a large number of dynamic 
objects or traversing featureless regions. When both LiDAR and 
GNSS geometries are poor (e.g., at 250s and 900s), estimation 
accuracy inevitably degrades. 
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Fig. 14. The trajectory in Urban Canyon 3. The upper panel 
shows the projected trajectories on Google Earth. The lower 
panel shows the 3D trajectories of different methods. The red, 
green, cyan, yellow, magenta and blue curves denote GNSS-
RTK, LIO, LC GNSS-RTK-LIO, TC GNSS-LIO, 3DLA 
GNSS-RTK, and 3DLA GNSS-RTK-NE, respectively. The 
black curve denotes the ground truth (GT) trajectory.  
 

 
Fig. 15. 3D positioning error in Urban Canyon 3. The red, green, 
cyan, yellow, magenta and blue curves denote GNSS-RTK, LIO, LC 
GNSS-RTK-LIO, TC GNSS-LIO, 3DLA GNSS-RTK, and 3DLA 
GNSS-RTK-NE, respectively. 
 

E. Evaluation of different weighting strategies for GNSS and 
LiDAR integration 

The weight ratio design between VS and real satellites in 
(26) is determined based on the accuracy of the observations 
and their constraint characteristics. In our implementation, due 
to the similar absolute constraint characteristics and the 
significant difference in observation quantity of LiDAR and 
GNSS measurements, GNSS/LiDAR fusion without properly 
balancing their contributions to the state estimation problem  

TABLE V  
POSITIONING PERFORMANCE IN URBAN CANYON 3. 2D 
MEAN/3D MEAN REPRESENTS HORIZONTAL AND 3D 
POSITIONING ERRORS IN METERS. THE IMPROVEMENT (IMPR.) 
IS CALCULATED CONCERNING THE MEAN OF GNSS-RTK. 
STD DENOTES THE STANDARD DEVIATION. “AVAIL.” 
DENOTES THE AVAILABILITY. 
 

 
may result in suboptimal performance. In this paper, we 
introduce a balancing weighting strategy to moderate the 
relative influence of each sensor's contribution. To validate its 
effectiveness, we conduct experiments in Urban Canyon 1, 
comparing performance with and without the re-weighting 
strategy. Following configurations are compared: 
1. 3DLA GNSS-RTK without reweighting: where no 

additional balancing is applied, and the optimization is 
directly influenced by the uncertainty and relative 
quantity of LiDAR and GNSS measurements. 

2. 3DLA GNSS-RTK with reweighting: where we apply 
the reweighting to balance the contribution from GNSS 
and LiDAR to the optimization. 

3. 3DLA GNSS-RTK with reweighting and increased 
GNSS weighting (10× and 20×): where the weights of 
GNSS factor are further increased to explore whether 
larger GNSS weighting improves the positioning 
performance. 

As shown in Fig. 16, directly integrating GNSS 
observations without reweighting improves the trajectory 
accuracy compared to the LIO baseline. However, since the 
number of reliable GNSS observations is limited during most 
of the sequence, the overall improvement is marginal, and the 
error curve remains close to that of the standalone LIO result. 
When the reweighting strategy is applied to balance the 
influence of GNSS and LiDAR observations, the positioning 
accuracy improves significantly. This is attributed to the 
increased weight of GNSS constraints, including pseudorange 
and carrier-phase measurements, which helps suppress the 
drift in LIO estimation. We further increase the GNSS weights 
by a factor of 10 and 20, respectively, to examine whether 
stronger GNSS contribution leads to better performance. The 
results show that while the trajectory remains stable, the 
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Fig 16. 3D positioning error comparison under different weighting 
strategies for GNSS and LiDAR integration in Urban Canyon 1. The 
red, green, cyan, yellow, magenta and blue curves denote GNSS-
RTK, LIO, 3DLA GNSS-RTK without reweighting, 3DLA GNSS-
RTK with reweighting and GNSS weight increasing (by a factor of 
10 and 20), and 3DLA GNSS-RTK with reweighting, respectively. 

 
accuracy does not improve further and, in some segments, 
even slightly degrades. This may be due to remained NLOS 
receptions, multipath effects, or cycle slips that bring local 
distortions to state estimation. In conclusion, improving the 
localization accuracy of a tightly coupled system in complex 
urban environments not only requires robust outlier mitigation 
for both LiDAR and GNSS observations, but also a well-
balanced fusion strategy. In this work, the proposed 
reweighting formulation in (26) effectively balances the 
contributions from the two sensors, leading to enhanced 
positioning performance. 

F. Evaluation of the computational efficiency of the proposed 
tightly-coupled GNSS/LiDAR/INS integration with 3D LiDAR 
aided NLOS mitigation 

Computational efficiency is crucial for real-time positioning 
systems. The time performance of the proposed system is now 
analyzed. The testing device is equipped with an i9-12900K CPU 
and 32GB of memory, and the proposed system is operated based 
on a single-core, single-thread execution. It is worth mentioning 
that we also provide the runtime of the system based on different 
numbers of LiDAR observations. Fig. 17 illustrates the 
computational consumption, where we divide the total runtime 
into three parts: preprocessing, optimization, and AR. The 
preprocessing stage includes sensor data processing, NLOS 
detection, and constructing the factor graph. For different 
numbers of LiDAR observations, this step takes a relatively 
similar amount of time. It can be further observed that the 
optimization process consistently consumes the most time, 
followed by AR. Additionally, as the number of LiDAR 
observations increases, the time required for optimization rapidly 
extends. This is because multi-sensor tightly-coupled 
optimization is a non-convex optimization problem, and the 
solving efficiency is influenced by the consistency of sensor 
observations and the system complexity. Increasing the number 
of observations raises the system complexity, thereby reducing 
the efficiency of solving this optimization problem. The time 
usage of AR demonstrates a slower upward trend with more 

 
Fig. 17. Illustration of time consumption of the proposed system with 
different numbers of LiDAR observations. The total runtime is 
divided into three parts, namely preprocessing, optimization, and 
ambiguity resolution. 

 
LiDAR observations, where the most time-consuming part is the 
estimation of the variance-covariance matrix. Different from 
optimization, the estimation efficiency of the variance-covariance 
matrix is primarily related to the state size, as the proposed 
system calculates it by taking the inverse of the Hessian matrix 
approximated by the Jacobian matrix. Computing the inverse of 
larger matrices requires more time. In our implementation, the 
sliding-window size is consistently set to 5 to ensure the 
efficiency of AR. Overall, using 1200 or more observations 
would result in a runtime exceeding 500ms, which is not 
applicable for real-time positioning. However, with an average 
runtime of around 70ms using 200 observations, it meets real-
time requirements and is conducive to practical applications that 
require integration with other systems. Furthermore, we evaluate 
the runtime on a Nvidia Jetson Orin NX module, which is an 
edge computing unit utilizing low-power ARM processor. Under 
this hardware setup, the average processing time per window 
takes 300 milliseconds using 200 LiDAR observations, which 
proves that the proposed method is computationally efficient and 
feasible for deployment on embedded platforms. 

 

IV. CONCLUSION 
GNSS-RTK can provide reliable accurate positioning results 

in the opening areas, yet will suffer from NLOS receptions and 
poor satellite distribution in urban canyons. This paper presents 
3DLA as 3D LiDAR-aided GNSS-RTK positioning that: (1) 
performs NLOS detection and exclusion based on the drift-free 
3D PCM to eliminate the impact of unhealthy GNSS 
measurements, and (2) improves the satellite geometry 
distribution with great efficiency through selected low-lying VS 
provided by LiDAR landmarks. We evaluate the proposed system 
in three challenging sequences in Hong Kong. The result shows 
that the proposed system can achieve real-time positioning 
capability with higher accuracy and robustness in a highly 
urbanized area using commercial-level GNSS receivers and 
LiDAR/IMU sensor kit.  

In this work, the balancing strategy between LiDAR and 
GNSS weights in tightly-coupled integration still needs to be 
improved when the local map has drifted. Our evaluations show 
cases where a recovery of high accuracy GNSS solutions is not 
immediately reflected in the integration positioning result. In 
future work, we will explore adaptive weighting based on online 
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uncertainty estimation so that reliable GNSS observations 
dominate more effectively, together with consistency preserving 
local map updates to correct drift. Moreover, the main part of the 
remaining positioning errors can be attributed to multipath 
receptions. Different from NLOS receptions, multipath receptions 
are more difficult to identify through LiDAR and low-cost GNSS 
receivers. Therefore, one possible aspect of future work can focus 
on the detection and correction of multipath receptions. By 
tackling the potential NLOS receptions first, we can refer to the 
residuals during the optimization to detect multipath receptions. 
On the other hand, the current 3DLA GNSS-RTK system is built 
in a sliding window optimization manner, which limits the 
potential of exploring the joint positioning ability of the GNSS 
measurements from more epochs. Given the high accuracy 
relative positioning ability of the LiDAR/IMU system, a method 
that guarantees the global consistency of both GNSS and LiDAR 
constraints based on a much larger sliding window would be a 
promising way to further enhance the positioning accuracy in a 
harsh urban canyon.  
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