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Abstract: The remediation of contaminated fine-grained soils through flushing, enhanced by 1 

prefabricated vertical drains (PVDs), involves a complex coupled process of axisymmetric 2 

consolidation and solute transport. However, existing models often oversimplify these 3 

interactions and fail to accurately capture real vacuum pressure boundary conditions. This 4 

study presents a coupled nonlinear model that integrates PVD-assisted consolidation and solute 5 

transport for multilayered contaminated soils. The governing equations are solved using the 6 

finite difference method, and the numerical solution is validated against first analytical 7 

solutions for simplified axisymmetric models, then soil-flushing experiments and 8 

consolidation-induced solute transport tests. Furthermore, the developed model is applied to 9 

assess the effects of key engineering design parameters, including vacuum pressure in PVD, 10 

PVD spacing, and PVD penetration length, on cleanup efficiency. Parametric analyses indicate 11 

that increasing vacuum pressure and reducing the PVD spacing can improve the cleanup 12 

efficiency along the radial direction. However, the treatment depth cannot be significantly 13 

enhanced by merely increasing vacuum pressure or reducing the PVD spacings. These findings 14 

provide insights into optimizing the design of PVD-enhanced soil flushing systems. 15 

 16 

Keywords: Nonlinear consolidation; Solute transport; Prefabricated vertical drains; Vacuum 17 

loading 18 

  19 
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1 Introduction 20 

The combination of prefabricated vertical drains (PVD) and vacuum pressure has been 21 

proven to be an effective technique for accelerating the consolidation of fine-grained soils by 22 

shortening the seepage path (Chu et al., 2000, 2006; Fox et al., 2003; Chai et al., 2005; 23 

Indraratna et al., 2012; Baral et al., 2021). Based on this advantage, the PVD-assisted soil 24 

flushing system-featuring injection prefabricated vertical wells (IPVW) and extraction 25 

prefabricated vertical wells (EPVW)-has proven highly effective in enhancing the flushing 26 

efficiency of contaminated soils as shown in Figure 1 (Gabr et al., 1996a, 1996b; Quaranta et 27 

al., 2005; Sharmin et al., 2008; Wu et al., 2024). 28 

To evaluate the efficiency and provide design guidance for PVD-assisted soil flushing 29 

systems targeting contaminated soils, various solute transport models and their corresponding 30 

analytical solutions have been developed. Gabr et al. (1996a) were among the pioneers in 31 

proposing a PVD-enhanced solute transport model to predict the PVD-assisted soil flushing 32 

process. The model is based on key assumptions, including an infinite EPVW boundary and a 33 

zero-solute concentration boundary at both the IPVW and EPVW interfaces. Evidently, these 34 

two assumptions considerably deviate from real-world conditions. On one hand, the 35 

assumption of an infinite EPVW boundary suggests that the treatment effectiveness of a PVD-36 

assisted soil flushing system remains unchanged, regardless of the distance between the 37 

injection and extraction wells. This assumption is unsuitable for scenarios involving short 38 

IPVW-EPVW separations. On the other hand, at the IPVW boundary adjacent to the 39 

contaminated soil, solute transport occurs predominantly through advection, with 40 
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hydrodynamic dispersion replenishing contaminants from regions of higher concentration. The 41 

contaminant concentration gradually decreases, asymptotically approaching zero at the IPVW 42 

boundary. Consequently, the assumption of a contaminant-free IPVW boundary becomes 43 

invalid. Wang et al. (2014) incorporated a finite EPVW boundary and accounted for the 44 

influence of the smear zones induced by PVD installation in the flushing analysis, focusing 45 

exclusively on radial solute transport. Additionally, Tang et al. (2015) proposed a planar two-46 

dimensional (2D) analytical model for contaminant extraction using a grid-patterned PVD-47 

enhanced soil flushing system. This model incorporated a finite EPVW boundary and 48 

employed a flux-type injection boundary, replacing the zero-solute concentration Dirichlet 49 

boundary. Wang et al. (2016) derived an analytical solution for a two-dimensional 50 

axisymmetric model to simulate solute transport in a circular IPVW-EPVW configuration. 51 

Previous models employed flux-type injection boundaries as simplified representations of 52 

the actual vacuum pressure applied in IPVW and EPVW. Consequently, the flux-type injection 53 

boundary fails to faithfully represent the true conditions of vacuum pressure application. 54 

Furthermore, these models presume that the water flow velocity, driven by the pore water 55 

pressure gradient, remains constant both spatially and temporally. However, the pore pressure 56 

distribution arising from consolidation exhibits both spatial and temporal variability. 57 

Numerous studies have emphasized the substantial influence of consolidation on solute 58 

transport (Alshawabkeh et al., 2004, Lee et al., 2009, Lee and Fox, 2009; Zhang et al., 2025). 59 

On one hand, water flow induced by consolidation serves as a primary driving force for 60 

convective solute transfer (Nassar and Horton, 1992). Potter et al. (1994) initially proposed a 61 
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numerical solution that couples the Terzaghi consolidation equation with the advection-62 

dispersion equation. Since then, various numerical solutions have been developed utilizing the 63 

finite element method (Nomura et al., 2018) and the finite difference method (Peter and Smith, 64 

2002). Pu et al. (2020) integrated one-dimensional (1D) self-weight consolidation with 65 

advection-dispersion while incorporating nonlinear compressibility and permeability. 66 

Additionally, Fox (2007) reported both the theoretical and numerical development of the 67 

piecewise-linear Consolidation Solute Transport 1 (CST1) model for coupling large-strain 68 

consolidation with solute transport in saturated porous media. Building on the CST1 model, 69 

Fox and Lee (2008) and Pu and Fox (2016) introduced the numerical models Consolidation 70 

Solute Transport 2 (CST2) model, which incorporates nonlinear and nonequilibrium sorption, 71 

and Consolidation Solute Transport 3 (CST3) model for layered soils. Li et al. (2022) and Jiang 72 

et al. (2023) further extended to develop the coupled model for nonlinear consolidation and 73 

organic solute transport. On the other hand, consolidation induces nonlinear variations in both 74 

consolidation and solute transport parameters (Lee et al., 2009, Lee and Fox, 2009), such as 75 

the compression index, permeability coefficient, and diffusion coefficient. These parameters 76 

are crucial determinants of solute transport and clean-up efficiency. These studies 77 

predominantly focus on 1D conditions. Key features of PVD-assisted consolidation, including 78 

radial water flow, the smear zone effect due to PVD installation (Walker and Indraratna, 2006; 79 

Wang et al., 2014; Prabavathy et al., 2021), and the discharge capacity of PVD along depth 80 

(Bergado et al., 1996; Miura and Chai, 2000; Bo et al., 2016; Nguyen and Kim, 2019), have 81 

not been incorporated into these 1D consolidation and solute transport coupling models. 82 
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Ignoring these factors may lead to inaccurate predictions of the coupled process, potentially 83 

resulting in misleading guidance for practical engineering design. Notably, several 84 

comprehensive PVD-assisted consolidation models that incorporate key influencing factors 85 

have been developed. However, the extension of comprehensive models for soil flushing 86 

analysis remains underdeveloped (Li et al., 2022; Jiang et al., 2023; Huangfu and Deng, 2024). 87 

Current studies used for soil flushing analysis still ignored the coupling of PVD-assisted 88 

consolidation, as shown Table 1.. Only Huangfu and Deng (2024) have developed a PVD-89 

assisted consolidation-solute transport model under 2D plane strain conditions, considering 90 

nonlinear consolidation in fully or partially saturated, as well as less to highly deformable, and 91 

permeable to impermeable layers. Therefore, extending the existing axisymmetric PVD-92 

assisted consolidation model to couple solute transport is essential for analyzing the soil 93 

flushing process. In this way, real conditions of the soil flushing process, including vacuum 94 

pressure boundaries, nonuniform water flow velocity along the radial direction, and PVD-95 

induced issues such as the smear zone, can be integrated into engineering design. A 96 

comprehensive model has broader applicability for soils exhibiting strong consolidation effects 97 

(e.g., clay slurry) or weak consolidation effects (e.g., high-density soils). 98 

To fill the abovementioned research gaps, this study aims to develop an axisymmetric 99 

model coupling the solute transport and PVD-assisted consolidation for flushing analysis of 100 

multilayered contaminated soils. Firstly, the model was developed by deriving the PVD-101 

assisted consolidation equations, considering creep, smear zone, nonlinearly variable hydraulic 102 

conductivity, and vacuum loading. The axisymmetric solute transport model was then 103 
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established and incorporated into the consolidation model to form the fully coupled model. 104 

This approach enables the simulation of more realistic engineering conditions. The efficiency 105 

of the proposed model is verified by being compared with analytical models and test data. 106 

Finally, parametric studies are conducted to explore the effect of several engineering concerns 107 

factors, including vacuum pressure values within the PVD, PVD spacing, and PVD length, on 108 

the PVD-enhanced soil flushing efficiency. 109 

 110 

Figure 1 Schematic diagram of using flushing system to accelerate the clean-up of contaminated soil 111 

ground 112 

Table 1 Existing solute transport models for contaminated soils 113 

Authors 

Factors included 
Vertical 
direction 

water flow 

Radial 
direction 

water flow 

Smear 
zone 

Nonlinear 
consolidation 

Real vacuum pressure 
boundary Creep 

Gabr et al. 
(1996a) N Y N N 

N (zero-solute 
concentration 

Dirichlet boundary) 
N 

Wang et al. 
(2014) N Y Y N 

N (zero-solute 
concentration 

Dirichlet boundary) 
N 

Tang et al. 
(2015) Y Y N Y N (flux-type injection 

boundary) N 
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Wang et al. 
(2016) N Y N Y N (flux-type injection 

boundary) N 

Potter et al. 
(1994) Y N N N - N 

Pu et al. (2020) Y N N Y - N 

Fox (2007) Y N N Y - N 

Fox and Lee 
(2008) Y N N Y - N 

Pu and Fox 
(2016) Y N N Y - N 

Li et al. (2022) Y N N Y - N 

Jiang et al. 
(2023) Y N N Y - N 

Huangfu and 
Deng (2024) Y 

N (2D 
plane 
strain) 

Y Y Y N 

This study Y Y Y Y Y Y 

Note: Y = considered; N = Not considered. 114 

 115 

2 Model description 116 

The governing equations are derived based on the following assumptions: (a) The soil is 117 

fully saturated; (b) Both pore solution and soil particles are incompressible; (c) The pore 118 

solution flow obeys Darcy’s law; (d) Strain occurs only in the vertical direction, while pore 119 

water flow takes place in both vertical and radial direction. This assumption has been widely 120 

adopted and validated as applicable for analyzing PVD-assisted consolidation processes (Geng 121 

et al., 2017; Nguyen et al., 2019); (e) Solute transport occurs in both vertical and radial 122 

directions; (f) Adsorption is assumed to be linear; (g) Biodegradation or non-equilibrium 123 
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adsorption is not considered. 124 

2.1 Coordinate Systems 125 

The multi-layered PVD-enhanced contaminated soil ground with injection and exaction 126 

wells can be simplified to an axisymmetric unit cell, as shown in Figure 2, described in the 127 

Lagrangian coordinate (Figure 2(a)) and Convective coordinate Figure 2(b), respectively. Two 128 

coordinate systems can convert each other by the relationship (Gibson et al., 1967, 1981): 129 

 
0

1
1

e
a e
ξ∂ +

=
∂ +

 (1) 130 

where e is the current void ratio of the position at (r, a); e0 is the initial void ratio of the soil. 131 

 132 

Figure 2 Coordinate systems for the axisymmetric unit cell: (a) Lagrangian coordinate a; (b) 133 

Convective coordinate ξ 134 

 135 

2.2 Axisymmetric finite strain consolidation model 136 

Stress equilibrium condition 137 

Considering a current infinitesimal element of vertical stress equilibrium of soil particles 138 
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in Convective coordinate in the jth layer, the stress equilibrium can be expressed as follows: 139 

 
( ) ,

,

, ,
1

j s j j
m j w

j

r t G e
e

σ ξ
γ γ

ξ
∂ +

= =
∂ +

 (2) 140 

where σ  is the total vertical stress; mγ  is the unit weight of saturated soil; Gs is the specific 141 

gravity of the soil particle; wγ is the unit weight of water; the subscript is the layer number. 142 

In the radial direction, the stress equilibrium of soil particles follows: 143 

 ( ), ,
0j r t

r
σ ξ∂

=
∂

 (3) 144 

Pore water flow 145 

In the vertical direction, the relationship between total pore water pressure and excess pore 146 

water pressure is: 147 

 
( ), ,, ,e j h jw j e j

w

u uu u
γ

ξ ξ ξ

∂ +∂ ∂
= = +

∂ ∂ ∂
 (4) 148 

where wu  is the total pore water pressure; eu  is the excess pore water pressure; hu  is the 149 

hydrostatic pressure. 150 

Hydrostatic pressure is independent of positions in radial direction, i.e., , / 0h ju r∂ ∂ = , and 151 

therefore, 152 

 , ,w j e ju u
r r

∂ ∂
=

∂ ∂
 (5) 153 

Then the relative velocity of the fluid and solid phases in the vertical direction can be 154 

conveyed using the excess pore water pressure ue: 155 

 ( ) ,
, , ,

1 e j
w j s j v j

w

u
n v v k

γ ξ
∂ 

− = −  ∂ 
 (6) 156 
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where n is the porosity, wv  and sv  are the velocities of fluid and solid phases in the vertical 157 

direction, respectively. 158 

Similarly, the relative velocity in the radial direction is: 159 

 ,
, ,

1 e j
r j r j

w

u
nv k

rγ
∂ 

= −  ∂ 
 (7) 160 

The void ratio-dependent permeability coefficient was adopted as below: 161 

 ( ) ,

, 0, 1 v jn

v j v j jk k e= +  (8) 162 

 ( ) ,

, 0, 1 r jn

r j r j jk k e= +  (9) 163 

where kv0, nv, kr0, and nr are vertical and radial permeability coefficient parameters. It should 164 

be noted that the symbols kv0 and kr0 denote the permeability coefficients when e=0.  165 

A differential soil element in a cylindrical coordinate system, as depicted in Figure 3, is 166 

considered. In this system, pore water movement is permitted in both radial and vertical 167 

directions, while no flow occurs in the θ-direction. 168 

Continuity equation 169 

According to the continuity condition, the volume change rate of the soil element, /jV t∂ ∂ , 170 

is equal to the difference between the water amount of flow into and out of the element in the 171 

unit time period, jq∆ : 172 

 , ,j r j jV q q
dr d

t r
ξ ξ
ξ

∂ ∂ ∂
= +

∂ ∂ ∂
 (10) 173 

where qr is the flow flux in the radial direction; qξ is the flow flux in the vertical direction. 174 

The flow flux in the radial direction qr,j can be written as: 175 
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 ( ), ,r j r jjq vn rd dθ ξ=  (11) 176 

The flow flux in the vertical direction qξ,j is: 177 

 ( )( ), , ,j w jj s jq v v rd drnξ θ= −  (12) 178 

Incorporating Equations (11) and (12) into (10), one can have: 179 

 
( ) ( )( ), ,, w j s jr jj

v v rd drv rd dV
dr d

t r

θθ ξ
ξ

ξ

 ∂ − ∂∂    = +
∂ ∂ ∂

 (13)  180 

Based on the assumption that deformation only occurs in the vertical direction, Equation 181 

(13) can be rewritten using void ratio (Li et al., 2025): 182 

 
( ), ,, ,1

1
w j s jr j r j v vv ve

e t r r ξ

∂ −∂∂
= + +

+ ∂ ∂ ∂
 (14) 183 

Combining Equations (6), (7), and (14), one can obtain: 184 

 , , , , , ,1 1
1

j r j e j r j e j v j e j

j w w w

e k u k u k u
e t r r r rγ γ ξ γ ξ

∂ ∂ ∂ ∂     ∂ ∂
= + +     + ∂ ∂ ∂ ∂ ∂ ∂     

 (15) 185 

Equation (15) describes the continuity of pore fluid flow in a deforming saturated soil 186 

matrix, relating the rate of pore water volume change to the deformation of the soil skeleton 187 

and thereby ensuring mass conservation under large-strain conditions. 188 

Constitutive relationship 189 

The Yin-Graham EVP model, a widely recognized model (Yin and Graham, 1989, 1994, 190 

1996), is incorporated into the axisymmetric finite strain consolidation framework. The Yin-191 

Graham EVP model has also been adapted into the extended EVP model for large strain, as 192 

follows (Yin and Zhu, 2020; Li et al., 2023): 193 
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/

, ,

, 0, , ,

1 exp
j jep

j j j j p j ref j j

ref j j j j ref j p j

e e e
t t t

λ ψ
σ ψ σ σ

κ
σ σ ψ σ σ

  ′ ′ ′∂ ∂ − +
= − −     ′ ′ ′ ′∂ ∂ + +  

 (16) 194 

where refσ ′  is a reference non-zero small value, which can be taken as 0 to 1 kPa or checked by 195 

fitting test data at very small vertical effective stress (e.g., 0 kPa) (Li et al., 2023), to ensure 196 

that the expression still makes sense when the effective stress approaches 0. Adding refσ ′  to the 197 

1D Yin–Graham EVP model can keep strain from becoming too large or even infinite;κ  and 198 

λ  are the elastic and elastic-plastic compression index in the Cam-clay models, respectively; 199 

0t and ψ are the parameters related to creep; pσ ′  has a somewhat similar role to the pre-200 

consolidation pressure pc, ep
zpe  is the void ratio corresponding to pσ ′ . 201 

The effective stress principle is expressed as follows: 202 

 ,j j w juσ σ ′= +  (17) 203 

Substituting Equation (17) into Equation (16), then we can obtain: 204 

 
( )

( )
( ) /

, , ,,

0, , ,, ,

/
exp

j jep
j w j ref j j w jj j j p j

j
j j ref j p jref j j w j

u t ue e e
t tu

λ ψ
σ σ σψ

κ
ψ σ σσ σ

 ′∂ − ∂ + − ∂ −
= − −     ′ ′∂ ′ ++ −     

 (18) 205 

Equations (2), (15), and (18) could be rewritten in Lagrangian coordinate as 206 

 ( ) ,

0

, ,
1

j s j j
w

a r t G e
a e

σ
γ

∂ +
=

∂ +
 (19) 207 

 , , , , 0, 0, ,
,

1 11 1 1
1 1 1

r j e j r j e j j j e j j
j

w w j w j j

k u k u e e u e
k

r r r r e a e a e tξγ γ γ

  ∂ ∂ + + ∂ ∂   ∂ ∂
+ + =       ∂ ∂ ∂ + ∂ + ∂ + ∂       

 (20) 208 

 ( ) ( ) ( ),
, , , ,j w jj

v j w j w

ue
m u g u e

t t
σ

σ σ
∂ −∂

= − −
∂ ∂

 (21) 209 

where: 210 

 ( ) ( ),
, ,

, j
v j w

ref j j w j

m u
u

κ
σ

σ σ
=

′ + −
 (22) 211 
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 ( ) ( ) /

, ,,

0, , ,

, , exp
j jep

ref j j w jj j p j
j w

j j ref j p j

ue e
g u e

t

λ ψ
σ σψ

σ
ψ σ σ

 ′ + − −
=     ′ ′+    

 (23) 212 

To obtain the excess pore water pressure ue directly, here we introduce 213 

 , ,j ah j h juσ σ= +  (24) 214 

where ahσ  is the total stress above hydrostatic pressure. 215 

Then the effective stress can be expressed by the following equation: 216 

 , ,=j ah j e juσ σ′ −  (25) 217 

Using ue and σah instead of uw and σ  respectively, Equations (19)-(23) could also be 218 

rewritten as follows: 219 

 , ,

0,

1
1

ah j s j
w

j

G
a e

σ
γ

∂ −
=

∂ +
 (26) 220 

 

( ) ( ) ( )

, , , , 0, , 0, ,

,

1 11
1 1

, , ,

r j e j r j e j j v j j e j

w w j w j

ah e
v j e ah e ah

k u k u e k e u
r r r r e a e a

u
m u g u e

t

γ γ γ

σ
σ σ

 ∂ ∂ + + ∂   ∂ ∂
+ +       ∂ ∂ ∂ + ∂ + ∂     

∂ −
= − −

∂

 (27) 221 

 ( ) ( ) ( ), ,
, , , ,ah j e jj

v j e ah j e ah

ue
m u g u e

t t
σ

σ σ
∂ −∂

= − −
∂ ∂

 (28) 222 

where: 223 

 ( ) ( ),
, , ,

, j
v j e ah

ref j ah j e j

m u
u

κ
σ

σ σ
=

′ + −
 (29) 224 

 ( ) ( ) /

, , ,,

0, , ,

, , exp
j jep

ref j ah j e jj j p j
j e ah

j j ref j p j

ue e
g u e

t

λ ψ
σ σψ

σ
ψ σ σ

 ′ + − −
=     ′ ′+    

 (30) 225 

Equations (26)-(30) formulate the axisymmetric finite strain consolidation model. 226 

Equations (27) and (28) are derived by combining the continuity equation with the effective 227 

stress principle and the adopted EVP constitutive relationship, establishing the coupling among 228 
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excess pore pressure, total stress, and void ratio during consolidation. Equations (29) and (30) 229 

define two intermediate variables introduced to simplify the expressions of Equations (27) and 230 

(28) and to facilitate numerical implementation. These serve as auxiliary formulations to 231 

streamline the governing equation system. Collectively, Equations (26)–(28) serve as the 232 

primary governing equations for the coupled consolidation process, controlling the evolution 233 

of the three key state variables: excess pore water pressure, total stress, and void ratio. 234 

 235 

2.3 Solute transport governing equations 236 

In this section, the governing equations for solute transport are derived. Initially, within a 237 

Representative Volume Element (RVE) such as the soil element in the jth layer in Figure 3, the 238 

transport amount of solute in the pore solution per unit time can be expressed mathematically 239 

as: 240 

 ( )j jn rd drd c
t

θ ξ∂
∂

 (31) 241 
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 242 

Figure 3 Schematic diagram of axisymmetric composite ground 243 

The solute flux entering the soil element in the jth layer unit per unit time is expressed as 244 

follows: 245 

 ( ) ( )

, , , ,

, , , , ,

j j r j r j

j j
j w j s j j j ev j j r j j j er j

J A J A

c c
n v v c n D rd dr n v c n D rd d

r

ξ ξ

θ θ ξ
ξ

+

 ∂   ∂    
= − − + −      ∂ ∂      

 (32) 246 

where evD  is the effective diffusion coefficient in the vertical direction, erD  is the effective 247 

diffusion coefficient in the radial direction. 248 

The solute flux exiting a soil element per unit time under 2D axisymmetric condition is 249 

governed by: 250 
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( ) ( ) ( )

( )

, , , , , , , , ,

, , ,

, , , ,

j
z j z j z j r j r j r j j w j s j j j ev j

j
j w j s j j j ev j

j j
j r j j j er j j r j j j er j

c
J dJ A J dJ A n v v c n D rd dr

c
n v v c n D rd drd

c c
n v c n D rd d n v c n D rd d dr

r r r

θ
ξ

θ ξ
ξ ξ

θ ξ θ ξ

 ∂  
+ + + = − −  ∂  
 ∂  ∂

+ − −  ∂ ∂  
∂  ∂    ∂

− − − −    ∂ ∂ ∂    

 (33) 251 

Then, the difference between the inflow and outflow within the soil element can be 252 

expressed as follows: 253 

 
( )

( )

, , ,

, ,

j
j w j s j j j ev j

j
j r j j j er j

c
n v v c n D d rd dr

c
n v c n D rd d dr

r r

ξ θ
ξ ξ

θ ξ

 ∂  ∂
− − −  ∂ ∂  

  ∂  ∂  − −   ∂ ∂    

 (34) 254 

According to the mass conservation equation, one can obtain: 255 

 
( ) ( ), , ,

, ,

j
j j j w j s j j j ev j
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Expressing Equation (35) in Lagrangian coordinate, one can obtain: 257 
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 (36) 258 

Additionally, taking into account that a portion of the solutes is adsorbed onto soil 259 

particles, the solutes passing through the REV must adhere to the following mass conservation 260 

equation: 261 

 ( ) ,1 j s j s jn c f
t a

ξρ∂ ∂ − = ∂ ∂ 
 (37) 262 
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where sρ  is density of soil particle, cs is the mass of solute adsorbed on soil particles per unit 263 

mass, f is the rate of change in mass of solute received by the solid phase from the liquid phase. 264 

Then, one can obtain: 265 
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 (38) 266 

Numerous models have been proposed to characterize the adsorption effect, including 267 

nonlinear models such as the widely used Langmuir and Freundlich models, as well as linear 268 

models. In this study, a linear, reversible, isothermal adsorption relationship is adopted: 269 

 s dc K c=  (39) 270 

where Kd is adsorption coefficient. 271 

Incorporating Equation (39), Equation (38) can be expressed as follows: 272 
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 (40) 273 

Although grounded in the classical mass conservation principle (Peter and Smith, 2002; 274 

Fox and Lee, 2008; Pu and Fox, 2016), the solute transport equations in this study were 275 

independently developed. The model incorporates axisymmetric radial and vertical solute 276 

fluxes, void ratio–dependent permeability coefficients, and coupling with large-strain 277 

consolidation and smear zone effects, all formulated in a Lagrangian framework for PVD-278 

assisted remediation scenarios.  279 

Equations (26)-(30) and Equation (40) collectively constitute the coupled model for 280 
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axisymmetric consolidation and solute transport. Unlike conventional solute transport models 281 

that typically assume non-deformable soils or purely one-dimensional conditions, the present 282 

framework couples axisymmetric consolidation and solute transport under large-strain 283 

conditions, dynamically capturing the evolution of pore fluid velocities driven by excess pore 284 

pressure dissipation. It incorporates void ratio dependent permeability and linear adsorption for 285 

both dissolved and sorbed phases, as in advanced deformable soil transport models such as 286 

CST2, and extends the formulation to include radial flow, vacuum pressure boundaries, and 287 

smear zone effects, which have rarely been integrated within a single framework. These 288 

enhancements significantly improve the model capability to simulate real-world PVD-assisted 289 

flushing operations. 290 

 291 

2.4 Alternating direction implicit (ADI) solution 292 

The general ADI method (Peaceman and Rachford, 1955) to solve 2D highly non-linear 293 

partial differential equations (PDEs) was utilized to solve the fully coupled axisymmetric 294 

consolidation and solute transport model. 295 

To derive the FD schemes of the Equations (27), (28), and (40) more directly, several 296 

simplifications were conducted to obtain: 297 

 5 1 3 2 1 4
1e e e eu u u uA A A A A A

t r r a a r r
∂ ∂ ∂ ∂∂ ∂     = + + +     ∂ ∂ ∂ ∂ ∂ ∂     

 (41) 298 

 4
eue A

t t
∂∂

= − +
∂ ∂

 (42) 299 

 ( ) ( )6 1 2 3 4 1 3 5
1c c c c c eF F F F c F c F F F

t r r a a r a r r r t
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   = + + + + + +   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   

 (43) 300 

where: 301 
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FD forms of governing equations 313 

The discretization of the time derivative is carried out using the backward difference 314 

method: 
t t t

e e eu u u
t t

+∆∂ −
=

∂ ∆
 (55) 315 

where t∆  the time step size. 316 

To discretize the spatial derivatives, central difference methods were employed in both 317 

the r-direction and the a-direction: 318 
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 (59) 322 

where subscripts I and J are the variables along vertical direction and radial direction. Every 323 

soil layer is sliced into M and N elements in vertical and radial direction, respectively. 324 

To apply the ADI method, an intermediate step / 2t t+ ∆  was introduced. In the first step, 325 

an implicit scheme for the spatial derivative in the radial direction to obtain the intermediate 326 

variable /2t t
eu +∆  was applied, while using an explicit scheme for the spatial derivative in the 327 

vertical direction. The discretized form of Equation (41) is as follows: 328 

 /2 /2 /2
, , 1 , 1

t t t t t t
eI J eI J eI Ju E E u E u+∆ Ι ΙΙ +∆ ΙΙΙ +∆

+ −= + +  (60) 329 

where EⅠ, EⅡ, and EⅢ are variables. The detailed description of EⅠ, EⅡ, and EⅢ can be found in 330 

Appendix A. 331 

In the second step, the spatial derivative in the vertical direction is computed using an 332 

implicit scheme, while the spatial derivative in the radial direction is solved using an explicit 333 

scheme. The final discretized form of Equation (41) is expressed as: 334 

 , 1, 1,
t t t t t t
eI J eI J eI Ju F F u F u+∆ Ι ΙΙ +∆ ΙΙΙ +∆

+ −= + +  (61) 335 

where FⅠ, FⅡ, and FⅢ are variables. The detailed description of FⅠ, FⅡ, and FⅢ can be found in 336 

Appendix A. More details of the derivation of Equations (60) and (61) are shown in Appendix 337 

A. 338 
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After updating the excess pore pressure using Equations (60) and (61), the void ratio in 339 

the new time step can be calculated as below: 340 

 ( ), 4 , , ,
t t t t t t
I J eI J eI J I Je A t u u e+∆ +∆= − ∆ + − +  (62) 341 

Further, the same ADI steps are used to discrete the solute transport governing Equation 342 

(43), leading to the following expression:: 343 

 /2 /2 /2
, , 1 , 1

t t t t t t
I J I J I Jc M M c M c+∆ Ι ΙΙ +∆ ΙΙΙ +∆

+ −= + +  (63) 344 

 , 1, 1,
t t t t t t
I J I J I Jc N N c N c+∆ Ι ΙΙ +∆ ΙΙΙ +∆

+ −= + +  (64) 345 

where MⅠ, MⅡ, MⅢ, NⅠ, NⅡ, and NⅢ,are variables analogous to EⅠ, EⅡ, EⅢ, FⅠ, FⅡ, and FⅢ in 346 

Equations (60) and (61). The derivations of Equations (63) and (64) follow the same procedure 347 

as those of Equations (60) and (61), as detailed in Appendix A. Therefore, the derivation 348 

process will not be elaborated on further. 349 

Boundary conditions 350 

In addition, the boundary conditions are significant for solving the PDEs. In this study, 351 

boundaries related to consolidation and solute transport are introduced, along with the 352 

mathematical formulations and the corresponding engineering conditions in real-world 353 

applications. 354 

Regarding the conditions related to consolidation, both the freely drained and undrained 355 

states can be represented using the following finite difference formulations:356 

 ( )0, 0  =1, 2, 3, ... , t
e Ju J N=  (65) 357 

 ( ), 1, 0  =1, 2, 3, ... , t t
eM J eM Ju u J N−− =  (66) 358 

The freely drained boundary condition expressed by Equation (65) represents a scenario in 359 
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which water is permitted to flow unrestrictedly from the soil layer, typically describing a 360 

situation where the soil is in contact with a permeable layer or the atmosphere, thereby 361 

facilitating the unimpeded outflow of water from the soil. Conversely, the undrained condition 362 

described using Equation (66) at the bottom implies that water cannot escape from the soil 363 

layer, simulating a situation where the soil is underlain by an impermeable layer, such as 364 

bedrock or a dense clay layer, thereby preventing the outflow of water. 365 

During the PVD-assisted soil flushing process, vacuum pressures are applied in the 366 

IPVWs and EPVWs. Under these conditions, the pressure boundary can be expressed as 367 

follows: 368 

 ( ),1  1, 2,...,  t
eI vacu u I M= =  (67) 369 

where vacu  is the vacuum pressure value. 370 

In addition, the interface between different soil layers, the smear and undisturbed zone 371 

interface satisfies the continuity condition. Assuming that the only difference between the 372 

smear zone and the undisturbed zone is the radial permeability coefficients. Then we can obtain: 373 

 ( ), ,  =0, 1, 2, 3, ... , 
R L
s s

R L
ss

t t
eI r eI r

r r

u u
k k I M

r r

∂ ∂
=

∂ ∂
 (68) 374 

where the subscript R and L represent the right side and left side of the interface between the 375 

smear zone and undisturbed zone; the subscript s represents the smear zone; rs is the radial 376 

element number at the smear zone boundary. 377 

For the boundary conditions involving the solute, two primary types of bottom 378 

concentration boundary conditions are typically considered (Xie et al., 2016): 379 
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 ( ), constant   1, 2,...,t
M Jc J N= =  (69) 380 

 ( ), 1, 0  =1, 2, 3, ... , t t
M J M Jc c J N−− =  (70) 381 

Equations (69) and (70) represent the first-type Dirichlet boundary condition and the 382 

second-type Neumann boundary condition, respectively. The first-type boundary generally 383 

corresponds to a clay liner situated above a leakage detection layer or a permeable layer that 384 

facilitates the rapid removal of contaminants from the base of the system. The second type 385 

boundary represents an impermeable base stratum. This bottom boundary can be reasonably 386 

assumed to fully restrict contaminant transport. 387 

The numerical solution of the coupled model can subsequently be derived by 388 

programming the aforementioned difference equations in MATLAB. 389 

 390 

3 Model verification 391 

3.1 Comparison with 1D consolidation and solute transport test 392 

To validate the performance of the developed model, the coupled consolidation and solute 393 

transport tests J4 and J7, as reported by Lee et al. (2009), were employed. The experimental 394 

setup for tests is illustrated in Figure 4. The test consists of two distinct layers: a contaminated 395 

slurry layer and an uncontaminated slurry layer, both placed within the test cell. Initially, the 396 

heights of the contaminated and uncontaminated slurry layers in test J4 are 19 mm and 51.1 397 

mm. The corresponding heights in J7 are 51.1 mm and 17.5 mm. The specimen has a diameter 398 

of 102 mm. The top boundary is permeable, allowing drainage, while all other boundaries are 399 

impermeable. All boundaries for solute transport are assigned zero gradient conditions 400 
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( / 0c z∂ ∂ =  or / 0c r∂ ∂ = ). The modelling parameters, including the initial conditions of the 401 

specimens, as well as the consolidation and solute transport parameters, are presented in Table 402 

2. It should be noted that all the modelling parameters in Table 2 are obtained by element or 403 

soil column tests. The effective diffusion coefficient De was calculated using the formula: 404 

0 /M
e L wD D n v nα= + , where D0 is the free solution diffusion coefficient in water, M is the 405 

effective diffusion coefficient exponent, Lα  the longitudinal dispersity. 406 

Figure 5 compares the experimental measurements with numerical solutions obtained 407 

from CST2 (Lee and Fox, 2009) and the proposed model. Both methods capture the overall 408 

consolidation and solute transport behavior with reasonable accuracy, and their predictions are 409 

broadly consistent with the experimental data, with only slight deviations observed. Results 410 

obtained by ignoring consolidation during solute transport are also included for comparison. 411 

While both coupled and uncoupled predictions capture the general migration trends, neglecting 412 

consolidation leads to significantly slower solute migration, lower effluent concentrations, and 413 

underestimation of adsorbed solute amounts. These findings highlight the importance of 414 

incorporating consolidation-induced hydro-mechanical effects in accurately modeling 415 

contaminant migration in soft soils. 416 

Table 2 Parameters in the modeling of consolidation-induced solute transport test (Lee et al., 2009) 417 

Parameters Methods Values for J4 Values for J7 Unit 

κ Oedometer test 0.011 0.011 1 

λ Oedometer test 0.28 0.28 1 

ψ Oedometer test - - 1 

t0 Oedometer test 1 1 day 

e0 Oedometer test 2.52 2.51 1 
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0σ ′  (kPa) Oedometer test 0.8 0.8 kPa 

pσ ′  (kPa) Oedometer test 0.8 0.8 kPa 
ep
pe  Oedometer test 2.52 2.51 1 

Initial concentration of Br- Initial condition 1672 1697 mg/L 

Initial concentration of K+ Initial condition 259 295.8 mg/L 

Diffusion coefficient D0 of Br- Diffusion test 20.8×10-10 20.8×10-10 m2/s 

Diffusion coefficient D0 of K+ Diffusion test 19.6×10-10 19.6×10-10 m2/s 

Density of clay, ρd Initial condition 2610 2610 kg/m3 

Sorption coefficient of K+, Kd Batch test 3×10-3 3×10-3 m3/kg 

Initial height of uncontaminated layer Initial condition 52.1 17.5 mm 

Initial height of contaminated layer Initial condition 19 51.1 mm 

M of Br- Dispersion test 1.82 1.82 1 

M of K+ Dispersion test 1.82 1.82 1 

αL of Br- Dispersion test 0 0 mm 

αL of K+ Dispersion test 20 20 mm 

 418 

Figure 4 Schematic diagram of consolidation test apparatus (Lee et al., 2009) 419 

[] 420 
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 421 

 422 

 423 

Figure 5 Comparisons of the modeling results and measured results (Test J4, Lee and Fox, 2009): (a) 424 

loading schedule; (b) excess pore water pressure; (c) soil surface settlement; (d) effluent K+ and Br- 425 

concentrations; (e) fluid concentration distributions of K+ and Br-; and (f) Sorbed K+ concentration 426 
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Figure 6 illustrates the results of Test J7 under complex loading conditions. Both CST2 427 

and the proposed model reproduce the observed consolidation responses and solute transport 428 

behavior with reasonable accuracy. Minor discrepancies are noted between simulation results 429 

and experimental data in the fluid-phase and adsorbed solute concentrations, particularly under 430 

multi-stage loading, but overall agreement with measurements is maintained. 431 

 432 

 433 
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 434 

Figure 6 Comparisons of the modeling results and measured results (Test J7, Lee and Fox, 2009): (a) 435 

loading schedule; (b) excess pore water pressure; (c) soil surface settlement; (d) effluent K+ and Br- 436 

concentrations; (e) fluid concentration distributions of K+ and Br-; and (f) Sorbed K+ concentration 437 

 438 

3.2 Comparison with existing analytical solution 439 

Jiang et al. (2023) and Jiang et al. (2024) reported analytical solutions of the axisymmetric 440 

solute transport model for double-layered and multi-layered contaminated soils. The cases of 441 

soils with a single layer (Figure 4(a)) and three layers (Figure 8(a)) were selected to be 442 

simulated by the developed model of this study. It should be noted that the models of Jiang et 443 

al. (2023) and Jiang et al. (2024) ignored the consolidation effect. The vacuum pressures in the 444 

injection and extraction wells were simplified into injection/ extraction rates. Therefore, in 445 

these two cases, the developed model closed the consolidation equation. The initial and 446 

boundaries are the same as the models of Jiang et al. (2023) and Jiang et al. (2024). The 447 

parameters used in the simulations are listed in Table 3 and Table 4. The governing equation 448 

of the solute transport model proposed by Jiang et al. (2023) and Jiang et al. (2024) are as 449 
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follows: 450 
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2

1 1jj
dj rj r v
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c c c
R D r rq c D

t r r r n r r ξ
∂ ∂ ∂ ∂ ∂  = − +   ∂ ∂ ∂ ∂ ∂ 

 (71) 451 

where: 452 

 1 /
jdj dj d jR K nρ= +  (72) 453 

 0 / (2 )rj jq Q Hrπ=  (73) 454 

 * / jvj vj vjD D q nα= +  (74) 455 

 ( )* *
0/ / 2rj rj rj rj jj jD D q n D Q Hn rα α π= + = +  (75) 456 

Figure 4 (b) and Figure 8(b) show the calculated solute concentration distributions along 457 

the radial direction of models of Jiang et al. (2023), Jiang et al. (2024), and this study. The 458 

solute distributions of single-layered and three-layered contaminated soils simulated by the 459 

developed model are consistent with the analytical solutions. This indicates that the developed 460 

model has the capacity to analyze the flushing process assisted by PVD with vacuum pressure. 461 

Table 3 Parameters used in the modelling of contaminated soil with a single layer proposed by Jiang et al. 462 

(2023) 463 

Parameters Value Unit 

Initial void ratio, e0 0.45 1 

Unit weight, ρd 1909 kg/m3 

Extraction/injection rate, Q0 0.26 m3/h 

Radial dispersivity, αr 2 m 

Vertical dispersivity, αv 1 m 

Sorption coefficient, Kd 0.00115 m3/kg 

Initial concentration of contaminated soil, c0 100 mg/L 
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Table 4 Parameters used in the modelling of contaminated soil with three layers proposed by Jiang et al. 464 

(2024) 465 

Parameters 
Value 

Unit 
Layer 1 Layer 2 Layer 3 

Initial void ratio, e0 0.75 0.69 0.64 1 

Unit weight, ρd 1550 1605 1659 kg/m3 

Effective diffusion coefficient, D* 3.75×10-6 3.75×10-6 3.75×10-6 m2/h 

Extraction/injection rate, Q0 0.026 0.026 0.026 m3/h 

Radial dispersivity, αr 2 2 2 m 

Vertical dispersivity, αz 1 1 1 m 

Sorption coefficient, Kd 0 0 0 m3/kg 

Initial concentration of contaminated soil, c0 95 86 78 mg/L 
Decay constant of the initial concentration of 

the contaminated liquid along the depth, θ 0.1 0.1 0.1 m-1 

                                 466 

Figure 7 Comparison with analytical solution of contaminated soils with single layer (Jiang et al., 2023) : 467 

(a) schematic diagram of the model, and (b) solute concentration distribution  468 
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                        469 

Figure 8 Comparison with analytical solution of contaminated soils with three layers (Jiang et al., 2024): 470 

(a) schematic diagram of the model, and (b) solute concentration distribution 471 

 472 

3.3 Comparison with PVD-enhanced flushing tests 473 

Park and Shin (2009) conducted the PVD-enhanced flushing model tests on contaminated 474 

soils under both dense and loose conditions, with the PVD layout illustrated in Figure 9. The 475 

developed model was subsequently applied to simulate this case. The model parameters as 476 

shown in Table 5 used in the simulation were derived from the data provided by Park and Shin 477 

(2009). A comparison of the predicted and measured results, as shown in Figure 10, 478 

demonstrates that the developed model accurately captures the changes in tracer (KBr) 479 

concentration over time under both dense and loose conditions. To distinguish between loose 480 

and dense soil conditions in the simulations presented in Figure 10, different values of solid dry 481 

density (ρs) were employed, specifically 1442 kg/m³ for loose soil and 1638 kg/m³ for dense 482 

soil, respectively. These values are directly adopted from the reference study by Park and Shin 483 

(2009) and are summarized in Table 5. Solid density governs the adsorption term in the solute 484 
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transport equation, as it reflects the mass of solid matrix available for contaminant sorption. 485 

Higher density corresponds to greater sorption capacity, which slows contaminant migration, 486 

highlighting the role of compaction in solute transport behavior. 487 

 488 

Figure 9 Plan view of PVD layout in the model test tank after Park and Shin (2009) 489 

Table 5 Parameters in the modeling of contaminated soil reported by Park and Shin (2009) 490 

Parameters Value Unit 

Initial void ratio, e0 0.25 1 

Dry weight, ρd (dense condition) 1638 kg/m3 

Dry weight, ρd (loose condition) 1442 kg/m3 

Extraction/injection rate, Q0 1.29×10-3 m3/h 

Sorption coefficient, Kd 0 m3/kg 

Vertical flow velocity, qz 2.5×10-3 m/h 

Radius inside the equivalent extraction drain well, re 0.18 m 

The effective radius of the injection well, rw 0.0065 m 

Initial concentration of contaminated soil, c0 100 mg/L 
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 491 

Figure 10 Comparison with calculated results and measured results (Park and Shin, 2009): (a) dense 492 

condition; and (b) loose condition 493 

In addition to the study by Park and Shin (2009), the bench-scale test conducted by Gabr 494 

et al. (1996a) was replicated for comparison. In the aforementioned simulations, the vacuum 495 

loads in the PVDs as injection and extraction wells were simplified into flow rates to model 496 

the PVD-enhanced soil flushing. Although widely adopted by current models(Gabr et al., 497 

1996b; Park and Shin, 2009; Jiang et al., 2023; Jiang et al., 2024), this simplification deviates 498 

from field conditions. In practical applications, vacuum is typically applied directly, rendering 499 

the associated flow rates difficult to control. This discrepancy may result in an inaccurate 500 

evaluation of effectiveness of PVD in accelerating the leaching of contaminated soil. The 501 

proposed model, which incorporates excess pore water pressure, void ratio, and solute 502 

concentration as variables, addresses this limitation. Figure 11(a) illustrates the configuration 503 

of the injection and extraction wells. The pressures in the injection and extraction wells were 504 

set at 13.8 kPa and -9.8 kPa, as established in the experiment by Gabr et al. (1996a). All 505 

simulation parameters, except the effective diffusion coefficient listed in Table 6, were sourced 506 
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from Gabr et al. (1996a). The effective diffusion coefficients were determined through back-507 

analysis. 508 

Figure 11(b) presents a comparison between the predicted and measured results. The 509 

calculated results, obtained using three different diffusion coefficients in the proposed model, 510 

effectively encompass the range of solute concentrations. This highlights the advantage of the 511 

proposed model in directly incorporating realistic boundary conditions rather than relying on 512 

artificial assumptions commonly used in simplified approaches. Compared with existing 513 

simplified approaches, the proposed model allows direct incorporation of pore pressure 514 

boundary conditions measured in the field during PVD-assisted flushing, eliminating the need 515 

for assumed or artificially prescribed boundary values. This feature enhances the physical 516 

realism of the simulations and improves the applicability of the model in engineering practice, 517 

where such boundary conditions can be directly obtained from monitoring data. It is noted that 518 

the above soil-flushing experiments were designed to focus on solute transport and flushing 519 

efficiency, without monitoring consolidation-related variables such as settlement or pore 520 

pressure dissipation. Therefore, direct validation of the model outputs for consolidation 521 

variables was not possible. 522 

Table 6 Parameters used in the modelling of test reported by Gabr et al. (1996a) 523 

Parameters Value Unit 

Initial void ratio, e0 0.33 1 

Sorption coefficient, Kd 1×10-4 m3/kg 

Permeability coefficient, k 5×10-4 cm/s 
Radius inside the equivalent extraction drain 

well, re 0.14 m 

The effective radius of the injection well, rw 0.011 m 
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Initial concentration of contaminated soil, c0 100 mg/L 

 524 

Figure 11 Comparison between calculated results and measured results (Gabr et al., 1996a): (a) plan view 525 

of PVD layout, and (b) solute concentration evolution 526 

 527 

3.4 Comparison with finite element (FE) solution from COMSOL software  528 

To independently verify the correctness and reliability of the proposed solution, a 529 

benchmark comparison was conducted using COMSOL Multiphysics, a widely recognized 530 

multiphysics finite element (FE) software. The COMSOL PDE module was selected because 531 

it enables the direct implementation of the coupled consolidation–solute transport governing 532 

equations developed in this study, thereby providing a rigorous FE benchmark under identical 533 

conditions. Moreover, as existing literature contains very few studies addressing the fully 534 

coupled axisymmetric large-strain consolidation and solute transport problem, no widely 535 

accepted benchmark solutions are available, making a direct comparison with a commercial 536 

FE solver particularly valuable. The benchmark case was designed as a simplified 537 

axisymmetric unit cell model representing a PVD-improved ground. The soil layer height was 538 
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set to 3 m, with the PVD embedded through the full depth. The equivalent drain radius was 539 

rw=0.01 m, and the influence zone radius was re=0.5 m. To isolate the effects of vacuum-540 

assisted consolidation and solute transport, smear zone effects and adsorption were omitted. 541 

All relevant material parameters and initial conditions are listed in Table 7, and identical values 542 

were applied in both the FD and FE models to ensure a fair comparison. 543 

Table 7 Parameters in the comparison with FE solution 544 

Parameters value Unit 

κ 0.025 1 

λ 0.065 1 

ψ 0.003 1 

t0 1 day 

e0 0.25 1 

0σ ′  (kPa) 78 kPa 

pσ ′  (kPa) 78 kPa 
ep
pe  0.25 1 

Vertical permeability coefficient kv 
5×10-9 m/s 

Radial permeability coefficient kr 

Vertical effective diffusion coefficient Dev 
2.5×10-8 m2/s 

Radial effective diffusion coefficient Der 

Density of clay, ρd 2000 kg/m3 

Sorption coefficient of K+, Kd 0 L/kg 

Figure 12 compares the solute concentration and excess pore water pressure profiles under 545 

vacuum pressures of –40 kPa and –20 kPa, obtained from the proposed solution and the FE 546 

solution from the COMSOL PDE module. As shown in Figure 12, the proposed solution in this 547 

study closely matches the FE solution for both solute concentration and excess pore water 548 

pressure profiles across the radial domain. Both solutions capture the temporal evolution of 549 
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solute migration toward the drain and the dissipation of excess pore pressure during 550 

consolidation. This strong consistency validates the correctness and robustness of the proposed 551 

coupled consolidation–solute transport model and indicates that the present numerical solution 552 

can serve as a computationally efficient yet reliable alternative to commercial FE solvers for 553 

engineering applications. 554 

 555 

Figure 12 Comparison of solute concentration and excess pore water pressure simulated by the proposed 556 

solution and the COMSOL PDE module under different vacuum pressures in IPVW: (a) −40 kPa; (b) −20 557 

kPa 558 

 559 

4 Parameter analysis of engineering design concerns 560 

Building upon the proposed axisymmetric mathematical model that couples consolidation 561 

and solute transport, parametric studies were conducted to systematically investigate several 562 

key factors influencing soil flushing efficiency in engineering applications. These factors 563 

include vacuum pressure in PVD, PVD spacing, and the penetration length of PVD. In this 564 

analysis, the height of a single contaminated soil layer is assumed to be 3 meters, with a uniform 565 
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solute concentration of 0.1 mol/L. The parameters used in this part are displayed in Table 7. 566 

To assess the efficiency, a cleanup efficiency index, termed was called vacuum-normalized 567 

concentration removal rate and and denoted as ϕ , is defined as the reduction rate of solute 568 

concentration per unit vacuum pressure: 569 

 ( )0 0100 / / vacc c c uϕ = −  (76) 570 

4.1 Vacuum pressure in PVDs 571 

Figure 13 to Figure 15 show the evolution of the solute concentration distribution under 572 

varying vacuum pressures of -10 kPa, -20 kPa, and -40 kPa. The results reveal that the solute 573 

concentration gradient diminishes over time, demonstrating the effectiveness of the PVD-574 

assisted flushing method in solute removal. Higher vacuum pressure has a more pronounced 575 

decrease in the whole zone, particularly the zone close to the PVD. 576 

Figure 16 summarizes the cleanup efficiency defined by Equation (76). Figure 16(a) 577 

depicts the solute concentration at various radial positions (r=0.1 m, 0.25m, 0.25m), 578 

demonstrating that higher vacuum pressures lead to faster and more significant reductions in 579 

solute concentration. Figure 14(b) highlights the overall cleanup efficiency, showing a clear 580 

positive correlation between vacuum pressure and the rate of efficiency improvement. In 581 

conclusion, increasing vacuum pressure enhances solute migration and cleanup efficiency, 582 

especially in the early stages, making it a critical parameter for optimizing remediation 583 

processes. 584 
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 585 

Figure 13 Solute distribution evolution under a vacuum pressure of -10 kPa and a PVD spacing of 0.5 m: 586 

(a) t=10th day, (b) t=20th day, and (c) t=40th day 587 

 588 

Figure 14 Solute distribution evolution under a vacuum pressure of -20 kPa and a PVD spacing of 0.5 m: 589 

(a) t=10th day, (b) t=20th day, and (c) t=40th day 590 
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 591 

Figure 15 Solute distribution evolution under a vacuum pressure of -40 kPa and a PVD spacing of 0.5 m: 592 

(a) t=10th day, (b) t=20th day, and (c) t=40th day 593 

 594 

Figure 16 Clean-up effect of different positions under different vacuum pressures: (a) solute concentration, 595 

and (b) vacuum-normalized concentration removal rate 596 

 597 

4.2 Spacing between PVDs 598 

Figure 17 to Figure 19 present the evolution of the solute concentration distribution at 599 
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different time intervals under different PVD spacings of R=0.4 m, 0.5 m, and 0.6 m. From 600 

Figure 17 to Figure 19, it is clear that solute removal occurs more rapidly with smaller PVD 601 

spacings. By the 40th day, solute removal was nearly complete at a distance of 0.4 m from the 602 

PVD in the case of a 0.4 m spacing, whereas residual solute remained in other cases. Figure 20 603 

presents a comparative analysis of solute concentration and clean-up efficiency at different 604 

radial distances. Figure 20(a) demonstrates a sharper drop in solute concentration along the 605 

radial direction with the spacing decreasing. Figure 20(b) further confirms that clean-up 606 

efficiency is highest when the PVD spacing is smallest. This suggests that decreasing PVD 607 

spacing is an effective strategy for enhancing the flushing of contaminated soils. 608 

 609 

Figure 17 Solute distribution evolution under a vacuum pressure of -40 kPa and and a PVD spacing of 0.4 610 

m: (a) t=10th day, (b) t=20th day, and (c) t=40th day 611 

 612 
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 613 

Figure 18 Solute distribution evolution under a vacuum pressure of -40 kPa and and a PVD spacing of 0.5 614 

m: (a) t=10th day, (b) t=20th day, and (c) t=40th day 615 

 616 

Figure 19 Solute distribution evolution under a vacuum pressure of -40 kPa and and a PVD spacing of 0.6 617 

m: (a) t=10th day, (b) t=20th day, and (c) t=40th day 618 
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 619 

Figure 20 Clean-up effect of different positions under different PVD spacings: (a) solute concentration, 620 

and (b) vacuum-normalized concentration removal rate 621 

 622 

4.3 Interaction between vacuum pressure and PVD spacing 623 

Figure 21 compares the evolution of solute concentration at different radial distances for 624 

PVD spacings of 0.5 m and 0.4 m under vacuum pressures of -10 kPa and -40 kPa. At the fixed 625 

vacuum pressure, reducing the spacing accelerates solute concentration reduction at all radial 626 

positions, with the largest improvement observed near the drain (r=0.1 m). The benefit 627 

decreases with increasing radial distance, consistent with the attenuation of the vacuum-628 

induced pore pressure gradient in the far field. This spacing advantage is more significant under 629 

-40 kPa than under -10 kPa, particularly during the early stages and in the near-drain region, 630 

indicating that a higher vacuum pressure amplifies the benefit of spacing reduction by 631 

strengthening pore pressure gradients and promoting more rapid advective–dispersive transport. 632 

Conversely, at a fixed spacing, increasing vacuum pressure enhances the effectiveness of 633 

a given PVD spacing in accelerating solute removal, with the effect being more pronounced at 634 
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smaller spacing. For example, at r=0.1 m, the removal efficiency improvement from -10 kPa 635 

to -40 kPa is substantially greater when the spacing is 0.4 m than when it is 0.5 m, showing 636 

that closely spaced drains can better utilise the additional pore pressure gradient generated by 637 

higher vacuum levels. Overall, these findings demonstrate a clear synergistic interaction: 638 

higher vacuum pressure amplifies the performance gains from reduced spacing, especially in 639 

the near-drain region during the early stages of flushing. 640 

 641 

Figure 21 Interaction between PVD spacing and vacuum pressure on the clean-up effect of different 642 

positions: (a) solute concentration, and (b) vacuum-normalized concentration removal rate 643 

 644 

4.4 Penetration length of PVDs 645 

Figure 22 to Figure 24 illustrate the temporal variations of solute concentration 646 

distributions within the treated zone under different vacuum pressures and PVD spacings. The 647 

primary objective is to assess whether higher vacuum pressures or reduced PVD spacings can 648 

effectively extend the treated length of the soil flushing system. In this case, the PVD 649 

penetration length remains constant at 2 meters. The results presented in Figure 14 and Figure 650 
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22, which differ only in PVD penetration depths (3 m in Figure 14, 2 m in Figure 22), indicate 651 

that the radial extent of treatment remains almost unchanged despite variations in penetration 652 

depth. The treated depth does not increase over time unless the PVD penetration depth reaches 653 

the bottom of the treated soil layer. This phenomenon cannot be significantly improved merely 654 

by increasing the vacuum pressure in PVD, as evidenced by the results in Figure 23. Likewise, 655 

the comparison between Figure 17 and Figure 24 demonstrates that reducing PVD spacing did 656 

not significantly influence the treated depth. In conclusion, increasing vacuum pressure and 657 

reducing PVD spacing enhance solute removal along the radial direction, with greater vacuum 658 

pressures and narrower PVD spacings leading to more rapid and uniform remediation. 659 

However, these factors exhibit minimal influence on the treated depth of the soil flushing 660 

system when the PVD penetration length is less than the depth of the contaminated soil layer. 661 

This underscores the necessity of accurately characterizing the spatial distribution of pollutants 662 

during site remediation. 663 

 664 
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Figure 22 Solute distribution under a vacuum pressure of -20 kPa and a PVD spacing of 0.5 m: (a) t=10th 665 

day, (b) t=20th day, and (c) t=40th day 666 

 667 

Figure 23 Solute distribution under a vacuum pressure of -40 kPa and a PVD spacing of 0.5 m: (a) t=10th 668 

day, (b) t=20th day, and (c) t=40th day 669 

 670 
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Figure 24 Solute distribution under a vacuum pressure of -40 kPa and a PVD spacing of 0.4 m: (a) t=10th 671 

day, (b) t=20th day, and (c) t=40th day 672 

 673 

5 Effects of additional influencing factors 674 

In addition to the specific parameter analysis of engineering design concerns, other key 675 

factors such as smear zone effect and adsorption effect are then discussed. In this part, except 676 

for the parameters related to smear zone and adsorption effect, the geometric and other 677 

simulation parameters remain the same as those in the parameter analysis part. 678 

 679 

5.1 Smear zone effect 680 

To account for the smear zone effect, the permeability coefficients of the smear zone and 681 

the undisturbed zone are differentiated. The smear zone, typically characterized by soil 682 

disturbance due to installation of vertical drains, is represented by a reduced permeability 683 

relative to the undisturbed soil, quantified using the permeability reduction ratio, expressed as: 684 

 sk
k

α =  (77) 685 

where ks and k are the permeability coefficients of the smear zone and undisturbed zone, 686 

respectively. By assigning different α  values, the model can systematically evaluate the 687 

effects of both permeability reduction and smear zone extent on consolidation and solute 688 

transport. This explicit treatment provides a more realistic prediction of installation-induced 689 

soil disturbance effects. 690 

To quantify this influence of smear zone, a supplementary parameter analysis has been 691 
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conducted. The geometric and simulation parameters remain the same as those in the parameter 692 

analysis part. The smear zone radius is 0.1 m. The results, presented in Figures 25-27, show 693 

the temporal evolution of contaminant concentration profiles at 10, 20, and 40 days for varying 694 

permeability reduction ratios (α=1.0, 0.5, 0.2). The results indicate that the smear zone 695 

significantly impacts the effectiveness of flushing remediation. When α=1.0 (negligible 696 

disturbance), radial solute transport is rapid, enabling efficient flushing and significant 697 

contaminant reduction. As α decreases (0.5 and especially 0.2), the reduced permeability in the 698 

smear zone substantially hinders radial migration, slowing remediation and leaving higher 699 

residual concentrations over the same period. These results highlight not only the necessity of 700 

accurately characterizing smear zones but also their critical influence on the optimal design 701 

and expected performance of vertical drain–enhanced flushing systems. 702 

 703 

Figure 25 Solute distribution with a permeability reduction ratio α=1 in smear zone on solute distribution: 704 

(a) t=10th day, (b) t=20th day, and (c) t=40th day 705 
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 706 

Figure 26 Solute distribution with a permeability reduction ratio α=0.5 in smear zone on solute 707 

distribution: (a) t=10th day, (b) t=20th day, and (c) t=40th day 708 

 709 

Figure 27 Solute distribution with a permeability reduction ratio α=0.2 in smear zone on solute 710 

distribution: (a) t=10th day, (b) t=20th day, and (c) t=40th day 711 

 712 
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5.2 Adsorption effect 713 

Figures 28 to 30 illustrate the evolution of solute concentration distribution at different 714 

time intervals under adsorption coefficients Kd=0, 0.2 L/kg, and 0.4 L/kg, respectively. From 715 

these figures, it is evident that higher adsorption coefficients slow down solute migration. By 716 

the 40th day, a larger amount of residual solute remains in the soil matrix when Kd=0.4 L/kg, 717 

whereas a more pronounced reduction in solute concentration is observed for Kd=0. Figure 31 718 

presents a comparative analysis of solute concentration and clean-up efficiency at different 719 

radial distances. Figure 31(a) shows that the decrease in solute concentration is more gradual 720 

with increasing adsorption coefficient, while Figure 31(b) confirms that clean-up efficiency 721 

decreases as Kd increases. These findings confirm that adsorption significantly impedes 722 

contaminant removal, underscoring the necessity of accounting for adsorption effects in the 723 

design and optimization of flushing-based soil remediation. 724 

 725 

Figure 28 Solute distribution under a vacuum pressure of -20 kPa and a PVD spacing of 0.5 m when Kd=0: 726 
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(a) t=10th day, (b) t=20th day, and (c) t=40th day 727 

 728 

Figure 29 Solute distribution under a vacuum pressure of -20 kPa and a PVD spacing of 0.5 m when 729 

Kd=0.2 L/kg: (a) t=10th day, (b) t=20th day, and (c) t=40th day 730 

 731 

Figure 30 Solute distribution under a vacuum pressure of -20 kPa and a PVD spacing of 0.5 m when 732 

Kd=0.4 L/kg: (a) t=10th day, (b) t=20th day, and (c) t=40th day 733 
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 734 

Figure 31 Clean-up effect of different positions under adsorption coefficients: (a) solute 735 

concentration, and (b) vacuum-normalized concentration removal rate 736 

 737 

6 Discussion 738 

This study proposes a coupled axisymmetric large-strain consolidation–solute transport 739 

model that provides a tractable mathematical formulation while capturing the key mechanisms 740 

of large strain consolidation and solute transport in PVD-enhanced flushing. For mathematical 741 

formulation, The model integrates nonlinear large-strain consolidation using the Yin–Graham 742 

EVP model, variable hydraulic conductivity and compressibility, and adsorption effects within 743 

a unified axisymmetric PDE framework, and explicitly accounts for radial–vertical coupled 744 

flow, creep deformation, and smear zone effects induced by PVD installation. These 745 

capabilities overcome the limitations of existing coupled consolidation–solute transport models 746 

such as CST2, which is restricted to 1D vertical processes, and flushing analysis models that 747 

neglect consolidation effects and realistic vacuum pressure boundaries. To ensure 748 

computational efficiency, the proposed model adopts a tailored finite difference scheme with 749 
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an ADI solution, which improves stability and enables efficient simulation of flushing 750 

processes with reduced computational cost. The ADI method has been widely applied in 751 

geotechnical engineering to solve 2D coupled problems, including PVD-assisted consolidation 752 

(Li et al., 2024), PHD-assisted consolidation (Sun et al., 2023), and large strain consolidation 753 

with thermal preloading (Liu et al., 2025), and these successful applications verify its reliability 754 

and applicability for solving 2D geotechnical problems. Comparison with CST2 also confirms 755 

that the proposed model achieves high accuracy in coupled analysis, with simulation results 756 

closely matching those of CST2. Building on this capability, the model is more applicable to 757 

field-scale remediation scenarios involving PVD-enhanced flushing of multilayered 758 

contaminated soils, where radial consolidation, vacuum loading boundaries, drain spacing, 759 

penetration depth, and smear zone effects play critical roles. By restricting analysis to vertical 760 

flow, the proposed model reduces to a CST2-type formulation, enabling replication of all 761 

scenarios that CST2 can simulate, while its axisymmetric structure and additional field-specific 762 

mechanisms allow realistic simulation of more complex site conditions such as combined radial 763 

and vertical drainage, coupled solute transport, and engineered drain installations. These 764 

enhancements make the proposed approach a more comprehensive and versatile tool for 765 

practical engineering design and optimisation of PVD-assisted remediation systems. 766 

However, several limitations of the model should be recognized. A key limitation of the 767 

present study is the absence of direct validation against full-scale field data for contaminated 768 

site remediation. Although considerable time and effort were devoted to searching for relevant 769 

datasets in the published literature, no accessible and compatible field data with clearly defined 770 
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hydro–mechanical–chemical boundary conditions and parameters were found. Consequently, 771 

the validation was conducted using well-controlled laboratory-scale experiments on PVD-772 

assisted flushing remediation of contaminated soils, which, despite not being full-scale, 773 

successfully captured the essential coupled consolidation–solute transport mechanisms. Future 774 

research will focus on collaborating with industry partners to collect high-quality field datasets, 775 

enabling comprehensive validation of the proposed model under practical engineering 776 

conditions. The proposed model accommodates heterogeneous soil conditions through 777 

spatially variable parameter assignment, enabling realistic simulation of multilayered field 778 

soils. While dynamic loading, such as cyclic traffic loads, was not investigated herein, it can 779 

theoretically be incorporated via a time-dependent total stress function (e.g., ( )100cosz wtσ = ). 780 

Investigating its influence on coupled consolidation–solute transport is the subject of ongoing 781 

research to enhance the field applicability of the proposed model. It also should be noted that 782 

the linear adsorption model employed herein may oversimplify the actual sorption behavior of 783 

solutes in soils, which is often governed by nonlinear or rate-limited mechanisms. While this 784 

assumption facilitates analytical formulation and numerical implementation, future studies are 785 

encouraged to incorporate more sophisticated sorption models such as nonlinear isotherms or 786 

kinetic formulations to improve the predictive accuracy and broaden the applicability of the 787 

framework under realistic field conditions. In addition, from a numerical perspective, the finite 788 

difference scheme with an ADI solver has been verified to be stable and convergent for the 789 

tested cases. Nevertheless, scenarios involving sharp hydraulic or concentration gradients, or 790 

significant material contrasts, may require finer discretization and smaller time steps to 791 
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maintain solution accuracy. The accuracy of predictions is mainly affected by the uncertainties 792 

in model parameters such as permeability, compressibility, and adsorption coefficients. The 793 

current formulation does not explicitly account for complex site conditions including strong 794 

heterogeneity, anisotropy, or fissured soils. Chemical reactions and biodegradation effects are 795 

not included, which may influence contaminant migration in certain field scenarios. 796 

 797 

7 Conclusions 798 

This study aims to advance the analysis of PVD-enhanced flushing in multi-layered 799 

contaminated soils by developing an axisymmetric model that couples large strain 800 

consolidation with solute transport. The proposed model has been first derived from the large 801 

strain consolidation equations, comprehensively incorporating the critical factors influencing 802 

PVD-assisted consolidation. Furthermore, the axisymmetric solute transport equation has been 803 

derived and seamlessly incorporated into the coupled model. By conducting a comparative 804 

analysis involving analytical PVD-assisted flushing models, flushing tests, consolidation-805 

induced tests, and a parametric study, the following conclusions can be drawn: 806 

(a) The study successfully developed a comprehensive axisymmetric model that integrates 807 

large strain consolidation with solute transport, specifically designed for evaluating PVD-808 

enhanced flushing in stratified contaminated soils. The model accounts for essential factors 809 

affecting consolidation and solute transport processes such as vertical and radial flow, creep, 810 

smear zones, nonlinear permeability and compressibility, and vacuum preloading, providing a 811 

robust framework for simulating complex soil remediation processes. 812 
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(b) The proposed model underwent rigorous validation by being compared with 813 

established analytical solutions, PVD-enhanced flushing tests, and consolidation-induced 814 

solute transport experiments. The results exhibited strong concordance with both analytical and 815 

experimental data, confirming the accuracy and reliability of the proposed model in 816 

characterizing the coupled consolidation and solute transport phenomena in multi-layered 817 

contaminated soils. 818 

(c) Parametric analyses demonstrated that an increase in vacuum pressure notably 819 

accelerates solute migration and enhances cleanup efficiency, especially during the initial 820 

phases of remediation. Moreover, minimizing the radial distance between PVDs and 821 

optimizing their length further optimize the effectiveness of the remediation process, especially 822 

along the radial direction. However, the treatment depth cannot be significantly increased by 823 

merely increasing vacuum pressure or reducing the spacing between PVDs. 824 

(d) The performance of the model in simulating real-world conditions, such as variations 825 

in vacuum pressures and PVD configurations, makes it an indispensable tool for optimizing 826 

soil remediation strategies. As the results indicate, merely increasing vacuum pressures and 827 

reducing PVD spacing may not lead to satisfactory remediation outcomes in sites with 828 

extensive contamination. In practical engineering applications, a thorough assessment of the 829 

spatial distribution of contaminants is essential. This provides valuable insights for engineers 830 

and environmental scientists involved in contaminated soil remediation projects. 831 

 832 
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List of symbols 833 

a Lagrangian coordinate 
c solute concentration in the fluid phase 

evD  effective diffusion coefficient in the vertical direction 

erD  effective diffusion coefficient in the radial direction 

e void ratio 
e0 initial void ratio 

ep
zpe  void ratio corresponding to pσ ′  

sG  specific gravity of the soil particle 

j soil layer 

k  hydraulic conductivity 

rk  radial hydraulic conductivity 

sk  hydraulic conductivity in smear zone 

vk  vertical hydraulic conductivity 

0rk  radial permeability coefficient when e=0 

0vk  vertical permeability coefficient when e=0 

Kd adsorption coefficient 

M  element number in vertical direction 

N  element number in radial direction 
n the soil porosity 

vn  permeability coefficient parameter in vertical direction 

rn  permeability coefficient parameter in radial direction 
q  flow flux 

rq  flow flux in the radial direction 

qξ  flow flux in the vertical direction 

r  radial coordinate 

er  equivalent radius of the influence zone of one vertical drain 
rs smear zone radius 

wr  vertical drain radius 

t elapsed time 

0t  parameter related to creep 

eu  excess pore water pressure 

hu  hydrostatic pressure 

wu  total pore water pressure 
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vacu  vacuum pressure value 

V  specific volume 

rv  velocity in the radial direction 

sv  velocity of solid phase in the vertical direction 

wv  velocity of fluid phase in the vertical direction 

α permeability reduction ratio in smear zone 

mγ  unit weight of saturated soil 

wγ  unit weight of water 

θ  angle coordinate 

κ  elastic compression index in the Cam-clay models 

λ  elastic-plastic compression index in the Cam-clay models 

ξ  Convective coordinate 

sρ  density of soil particle 

dρ  dry density of soil 
cs mass of solute adsorbed on soil particles per unit mass 
f change rate in mass of solute received by the solid phase from the liquid 

phase 
σ  total vertical stress 

σ ′  effective stress 

pσ ′  similar role to the pre-consolidation pressure pc 

ahσ  total stress above hydrostatic pressure 

ahσ ′  effective stress above hydrostatic pressure 

refσ ′  reference effective stress 
ψ  creep index 
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Appendix A 1009 

The finite difference scheme of Equation (41) can be obtained in the following procedures. 1010 

Firstly, Equation (41) can be expressed as below: 1011 

 
2 2

1 1 2
5 1 2 3 3 42 2

e e e e e eu u u u u uA A AA A A A A A
t r a r r r r a a

∂ ∂ ∂ ∂ ∂ ∂∂ ∂
= + + + + +

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
 (A1) 1012 

The Peaceman-Rachford (P-R) ADI scheme of Equation (A1) consists of solving the 1013 

equation implicitly in the r-direction and explicitly in the a-direction for time / 2t t+ ∆  is 1014 
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Implicitly in the a-direction and explicitly in the r-direction for time t t+ ∆ , one can 1017 

rewrite Equation (A1): 1018 
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Equations (A2) can further transferred into 1025 
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Similarly, Equation (A3) can be rewritten as  1033 
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