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and land use and land cover maps? An explicit information transfer model based 
on Boltzmann entropy
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aFaculty of Geosciences and Engineering, Southwest Jiaotong University, Chengdu, China; bDepartment of Land Surveying and Geo- 
Informatics, The Hong Kong Polytechnic University, Hong Kong, China; cShenzhen Research Institute, Southwest Jiaotong University, 
Shenzhen, China

ABSTRACT
Multispectral remote sensing images (MRSI) contain rich information about geographical objects and 
phenomena, such as land use and land cover. To extract such information, classification is normally 
carried out to yield land use and land cover maps (LULCM). A lot of techniques have been developed for 
classification, yet such a fundamental problem has not been solved as mathematical models for 
predicting the upper and lower limits of land cover classification accuracy with a given MRSI. This 
study aims to tackle this key problem by considering classification as an explicit information transfer 
process from images to maps and then build a mathematical model (Boltzmann-entropy-based) for the 
process with Shannon’s information theory and Crooks’ Thermodynamic Fluctuation as theoretical 
foundation. The model is designed to predict both upper and lower limits of classification accuracy 
instead of a definite value and is expressed in terms of Boltzmann entropies of MRSI and LULCM, total 
number of classes, and two basic parameters defined by prior knowledge. Verification experiments are 
carried out with 1091 images and three well-established classifiers (support vector machine, random 
forests, and K-nearest neighbors). The results demonstrate that (i) the values of information in MRSI and 
LULCM are strongly correlated, and (ii) the Boltzmann-entropy-based model can predict both upper 
and lower limits of classification accuracy. This study provides a novel perspective for understanding 
land cover classification and opens the door for the establishment of new theories in remote sensing.
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1. Introduction

Multispectral remote sensing images (MRSI) record spa
tial, temporal, and spectral information about geogra
phical objects and phenomena at field to global scales. 
Classification with MRSI plays a crucial role in generating 
land use and land cover (LULC) maps (hereafter referred 
to as LULCM) that has served as an important means of 
information acquisition for various applications, includ
ing ecological monitoring (Mahdavi et al. 2018; Sheng 
et al. 2016), forest mapping (Gale et al. 2021; Zhu and 
Woodcock 2014), urban studies (Fauvel, Chanussot, and 
Atli Benediktsson 2006; Hong et al. 2023; Zhu et al.  
2022), and agricultural monitoring (Weiss, Jacob, and 
Duveiller 2020). To obtain high-quality LULCM from 
remote sensing images, classification techniques and 
theories have been developed (Stehman and Foody  
2019; Yu et al. 2017; Yuan et al. 2020; Q. Zhu et al.  
2022). From a technical viewpoint, land cover classifica
tion from MRSI is to abstract given classes from the 

complex world. From a theoretical standpoint, the land 
cover classification process is to make information con
tent transferred from MRSI to LULCM (Olofsson et al.  
2014; Stehman and Foody 2019). This raises longstand
ing questions as below:

● What is the optimal number of land cover classes 
for a given MRSI under a specific classification 
scheme?

● What level of accuracy could be expected from 
classification with a given MRSI and specified 
number of classes?

● How can the classification accuracy for a given 
LULCM be determined when using imperfect 
samples or lacking ground-truth data?

To address these questions, the past five decades saw 
great efforts made in technique innovation (Chen et al.  
2024; Lin et al. 2017; Romero, Gatta, and Camps-Valls  
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2016) and map accuracy assessment (Foody 2010; Gong, 
Wang, and Huang 2024; Stehman et al. 2022; Wickham 
et al. 2021, 2023; Wulder et al. 2006; Xing and Stehman  
2024). Land cover classification is a complex process 
influenced by various factors, including landscape com
plexity, class distinctions, training sample size, sample 
quality, and the choice of classifiers (Heydari and 
Mountrakis 2018; Olofsson et al. 2014).

The methods for quantifying map accuracy fall into 
three categories: design-based approaches, such as the 
error matrix (Stehman 2009a; Wulder et al. 2006); 
Bayesian inference (Denham, Mengersen, and Witte  
2009; Magnussen 2009); and model-based approaches 
(Khatami, Mountrakis, and Stehman 2017; Stehman  
2009b). These methods significantly enhance our under
standing of classification mechanisms. Recently, building 
on machine learning theory for multi-class classification, 
Gong, Wang, and Huang (2024) quantitatively described 
the relationship between classification accuracy and 
sample complexity. This suggests that the relationships 
among these factors in land cover classification can be 
quantitatively modeled. Such a model or theory can 
indeed provide cost-effective guidelines for predicting 
accuracy in unsampled regions, assessing and compar
ing thematic map quality, identifying errors, and refining 
maps prior to detailed evaluations (Heydari and 
Mountrakis 2018; Lu and Weng 2007; Stehman and 
Foody 2019). However, developing such 
a mathematical model remains challenging due to sev
eral issues, as outlined below:

● The first challenge is to understand the land 
cover classification process in a logistically feasi
ble way, utilizing appropriate statistical methods 
(Stehman and Foody 2019).

● The second challenge is to develop a metric that 
quantifies the spatial and spectral information 
within and between MRSI and LULCM (Foody 
and Mathur 2006) and to establish connections 
between these metric and reliable mathematical 
principles or laws.

● The third challenge is to model the relationship 
between local and global information in MRSI and 
LULCM, as high-quality land cover classification 
requires both strong local consistency and mean
ingful global diversity (Ma et al. 2023; Zhu et al. 2022).

To address these challenges, we apply concepts and 
theories from statistical thermodynamics and 

information theory to develop a novel model for 
land cover classification. The remainder of this article 
is organized as follows: Section 2 outlines the concep
tual framework for understanding the land cover clas
sification mechanism. Upon this foundation, Section 3 
builds a mathematical model for information transfer 
and introduces a variation index. Section 4 details the 
verification experiments and analyzes the results. 
Finally, Sections 5 and 6 conclude the article with 
a discussion and final remarks.

2. Modeling information transfer in land cover 
classification: basic ideas

This section describes three key facets of land cover 
classification. We theoretically describe the informa
tion transfer from MRSI to LULCM through the con
cept of data compression, characterize the variation in 
land cover classification, and quantify this variation 
using the concepts of “‘fluctuation’” and Boltzmann 
entropy from statistical thermodynamics.

2.1. The nature of land cover classification: data 
compression

Land cover classification involves categorizing spatially 
and categorically continuous objects and phenomena 
into discrete classes, which are then reorganized into 
a map format. This process can be viewed as a form of 
data compression, as the volume of data is effectively 
reduced. Letting MRSI as the variable X, the average 
coding length for X, denoted as L(X), is defined as 

where l(x) and p(x) are the code length of x and 
the probability mass function, respectively. 
Shannon et al. (1948) claimed that the minimum 
coding length L(X) in lossless compression is 
bounded by [H(X), H(X)+1], where H(X) is the 
Shannon entropy of X, measured in bits. In princi
ple, if the original data can be fully restored with
out any loss, the process is termed lossless 
compression; otherwise, it is called lossy compres
sion. Similarly, in land cover classification, the ideal 
scenario involves accurately assigning a label to 
each pixel, highlighting the presence of both 
upper and lower limits.
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2.2. Land cover classification: information transfer

Land cover classification from MRSI is an irreversi
ble process of information transfer, as shown in 
Figure 1. Features are usually extracted from an 
MRSI and mapped into different spaces according 
to an objective function, resulting in a trained clas
sifier. The classifier is then employed to convert the 
MRSI into an LULCM. During the classification pro
cess, pixels in different regions of the image may 
be assigned the same label (e.g. waterbody). 

However, there is no guarantee that each pixel is 
correctly classified, as illustrated in Figure 1(b), 
where pixels that should be labeled as “tree” are 
mistakenly assigned other labels. Figure 1(d-f) 
shows how variations in extracted features and 
their divisions result in different LULCMs. This out
come can be attributed to differences in the dis
tribution of pixels of interest, their surrounding 
objects, and the representation of features 
extracted from the MRSI.

Figure 1. A technical flowchart of land cover classification. Top: (a) Feature extraction from MRSI for classifier training; (b) A pixel 
belonging to a ‘tree’ is incorrectly labeled; (c) Land cover classification alters the data (information) format. Bottom: divergent maps 
resulting from classifiers trained on distinct feature distributions.
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The land cover classification process above indi
cates the variation in the MRSI-LULCM relationship 
(Heydari and Mountrakis 2018; Lu and Weng 2007; 
Stehman and Foody 2019). Characterizing such varia
tions requires quantifying the intricated internal and 
external relationships of geographical objects at local 
to global scales. This includes, for example, the dis
tribution of pixels within the same semantic object 
and their co-occurrence (Q. Zhu et al. 2022). While 
Shannon’s information theory provides valuable 
insights, it is limited in directly quantifying the spatial 
structures within MRSI and LULCM (Cheng and Li  
2021, 2023; Gao, Li, and Zhang 2018). To address 
this, we define a semantic object of interest as 
a macrostate (a system description from 
a macroscopic perspective, e.g. impervious surface) 
and consider the individual pixels comprising the 
object throughout the image as microstates (a more 
detailed description of the macrostate, such as build
ings and concrete roads). With this definition, we can 
explore the mechanism linking MRSI to LUCLM 
through classification, accounting for both the upper 
and lower limits.

2.3. Land cover classification: local and global 
variations

Building on the theoretical description of land cover 
classification in Sections 2.1 and 2.2, this section intro
duces the quantification unit for constructing the 
mathematical model, which is determined by two 
key factors: local consistency and global diversity 
(Stehman and Wickham 2011; Zhu et al. 2022). We 
select a 2 × 2 patch as the minimum spatial unit 
because of (i) effectiveness in quantifying information 
content (Gao, Zhang, and Li 2017; Stehman and 
Wickham 2011) and (ii) simplicity and flexibility in 
determining agreement between MRSI and LULCM.

Figure 2 (a)-(f) illustrates six examples of convert
ing six 2 × 2 MRSI patches into LULCM. The structure 
of each 2 × 2 patch directly influences local spatial 
variation, which in turn contributes to the overall 
structural diversity of the entire LULCM, as shown 
in Figure 2(g-i). In theory, the more complex an MRSI 
patch, the greater the heterogeneity of its corre
sponding LULCM.

For the 2 × 2 patch, an information metric is 
needed. This metric should enable users to (i) consis
tently quantify information content of MRSI and 

LULCM, (ii) explicitly build a link between information 
transfer and well-established laws, and (iii) directly 
analyze the information transfer across multiple spa
tial scales. This study selects Boltzmann entropy as 
such a measure.

2.4. Boltzmann entropy as a proxy for quantifying 
information transfer

Boltzmann entropy (Boltzmann 1872), also known as 
thermodynamic entropy, is a fundamental metric in 
statistical thermodynamics that links phenomena at 
the microstate level to those at the macrostate level. It 
is defined as follows: 

where W is the number of possible microstates for 
a given macrostate and kb is the Boltzmann constant.

Gao, Zhang, and Li (2017) made use of the ideas of 
integration in calculus to calculate the Boltzmann 
entropy of any data organized in raster format. They 
partitioned the entire image into a series of 2 × 2 
patches, defining the aggregated result of the pixels 
within each 2 × 2 patch as the macrostate, with all the 
possible permutations that downscale the macrostate 
to the original resolution considered as microstates. 
Such a “from-to” way is grounded in the principle of 
hierarchical representation. Here, the information 
content of MRSI is quantified using Boltzmann 
entropy, denoted as SMRSI, and is expressed through 

where M denotes a patch ensemble comprising 
a MRSI, m represents a 2 × 2 patch, and Wm is the 
total number of microstates. The calculation of 
SMRSI is implemented using a 2 × 2 moving window 
across the entire MRSI, allowing Equation (3) to be 
rewritten as 

where R and C are the rows and columns, respectively, 
Wr;c is the number of microstates of the patch located 
in rth row and cth column.

Similarly, Boltzmann entropy of a LULCM, SLULCM, is 
defined as: 
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where Wn is the number of all possible permutations 
(i.e. the total number of classes and their percentages) 
for a 2 × 2 window (Gao and Li 2019), N is the total 
number of 2 × 2 windows.

The alignment of the definitions of Boltzmann 
entropy for MRSI and LULCM ensures consistency, 
offering us reliable tools to model the information 
transfer. This study uses a logarithmic base of 2 and 
applies the resampling-based approach (Gao, 
Zhang, and Li 2017) instead of the aggregation- 
based method (Gao and Li 2019) to calculate SMRSI 

and SLULCM, with the unit of bits per pixel. This is 
because previous studies have shown that the 
resampling-based approach where the sliding com
putation windows are overlapped outperforms the 
aggregation-based method (Cheng and Li 2021; 
Cheng and Yeung Yan 2025; Gao et al. 2018). This 
study further defines the information content 

difference, ΔS, between two images or maps. 
Given that both SMRSI and SLULCM are inherently inte
gral results at the scale of 2 × 2 patch, ΔS is 
defined as: 

where d represents the number of digits in the image 
dimensions (e.g. d = 3 for an MRSI of size 512 × 512), 
a and b are either MRSI or LULCM of the same dimen
sion (for different dimensions, readers can refer to 
Cheng and Li (2021)). As shown in Figure 3, the four 
MRSIs display identical compositions yet have differ
ent SMRSI values. Similar variations are observed in the 
four LULCMs that exhibit distinct structure patterns. 
The ΔS between Figure 3(b) and (a) is 15.23 bits per 
pixel and that between (f) and (e) is 92.51 bits per 
pixel.

Figure 2. Information transfer at local to global scales. Top: information transfer at a 2×2 patch, where the colors of circles represent 
numerical values. Bottom: structure of the LULCM, showing the effects of imbalanced land cover classes and spatial variation of local 
patches.
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3. Modeling information transfer with 
Boltzmann entropy

To develop a Boltzmann-entropy-based model, gui
dance from well-established laws is essential; there
fore, we draw on concepts and principles from 
Crooks’ Fluctuation Theorem (CFT, Crooks 1999).

3.1. Quantification of variation in 
thermodynamics: Crooks’ Fluctuation Theorem

The second law of thermodynamics states that the 
entropy (degree of disorder) of an isolated and closed 
system will increase spontaneously until it reaches 
thermodynamic equilibrium, at which entropy is max
imized. Figure 4 illustrates how the movement of gas 
molecules results in various states, where interactions 
between molecules influence movement directions. 
The complex interplay between molecular motion 
and interaction ultimately dictates the configuration.

Cooks’ Fluctuation Theorem describes the “fluctua
tion” (hereafter referred to as variation) in Figure 4, 
which reads 

where PFðEP) and PFð� EP) represent the probability of 
entropy production along the forward and reverse 
path, respectively. EP is a measure for quantifying 
the process efficiency and is calculated as follows: 

where W is the work acting on a closed system, ΔFsys is 
the free energy difference between two states, and 
T is the temperature. Consequently, Equation (7) can 
be written as 

where kb represents the Boltzmann constant, and 
T retains the same meaning as in Equation (8).

Building on CFT, we assume that a trained classifier 
performs “work” on an MRSI to convert it into an LULCM 
based on specified land cover classes, resulting in 
a change in data type from numeric to nominal. This 
“work” determines the number of correctly classified 

Figure 3. The structural information content of MRSI and LULCM quantified by Boltzmann entropy. The size of each image is 512 × 
512. First row: four MRSIs displayed in a false color, where and (b)-(d) are scrambled versions of (a). Second row: four LULCMs, with (f)- 
(h) representing scrambled versions of (e).
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pixels, thereby affecting the structural and classification 
accuracy across the entire region of interest.

3.2. An information transfer model with Boltzmann 
entropy

Recognizing the critical importance of distinguishing 
between mathematical and physical assumptions, this 
study selects the information content, quantified by 
Boltzmann entropy, as a proxy for the energy of MRSI 
and LULCM, with classification accuracy serving as 
a potential indicator of “work.”

We consider an MRSI or map as an assemble 
Ω ¼ imp1; imp2; imp3; � � � impnf g, composed of 2 × 2 
patches. The “work” applied to a 2�2 image patch, 
denoted as Wimp, is defined as: 

where ηimp denotes the working efficiency of a trained 
classifier, represented as classification accuracy, and 
Simp is the Boltzmann entropy. The total work applied 
to an MRSI is calculated as follows: 

Solving Equation (11) is impossible in real-world 
applications, as assigning a ground-truth label to 

each pixel for calculating classification accuracy is 
unfeasible (Olofsson et al. 2014). Thus, according to 
the law of large number, we approximate W with 

where C is the classification accuracy measure (e.g. F1- 
score), SMRSI is the one in Equation (4).

Building on Equations (4) to (12), the MRSI-LULCM 
relationship (MLR) can be quantified, incorporating 
prior knowledge from (i) the logarithmic function 
employed in Shannon’s information theory and (ii) 
the well-established premise that the number of 
land cover classes is theoretically infinite. The mathe
matical form of MLR is 

where both kb and T are set to 1 (Cushman 2016), SLULCM
Nc 

denotes the analogy of entropy production, denoted 
as the information transferred from MRSI, Nc is the 
total number of land cover classes, β and g are two 
basic parameters. The parameter β is introduced to 
address the uncertainty in determining the actual 
values of kb and classification accuracy in the 
unsampled region. The inclusion of parameter 
g accounts for a practical scenario where SLULCM 

becomes exceedingly small, effectively approaching 

Figure 4. Example of gas molecule movement in a closed thermodynamic system. (a): the system in its initial state. (b)-(d): molecular 
movement leads to structural changes in the system, reflecting variations in entropy and changes in free energy (Crooks 1999).
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zero, when the MSRI reaches a homogeneous state 
(Heydari and Mountrakis 2018). To account for imbal
anced classes, we use 1

Nc 
to characterize information 

transfer at the pixel level.
The mathematical definition of MLR above aligns 

with the well-established rule that a completely 
homogeneous MRSI will be assigned only one label. 
For simplicity, we represent MLR as f(SMRSI, zm, SLULCM), 
where zm represents the average of information trans
fer, to describe the trend in SLULCM as SMRSI increases.

3.3. Variation in MRSI-LULCM relationship: upper 
and lower bounds

Building upon the theoretical MLR, this section further 
offers the definition of the upper (zu) and lower 
bounds (zl), shown in Figure 5. Theoretically, as an 
MRSI increases in spectral and structural complexity 
(i.e. with a higher SMRSI value), the resulting LULCMs 
become more intricate, highlighting the widening 
gap between the upper and lower bounds.

Here, we define the variation of such a gap as 
follows: 

where zm, zu, and zl represent MLR, upper, and lower 
bounds, respectively, and δu and δl denote the varia
tions for the upper and lower bounds, respectively.

Furthermore, an index for variation is defined as 

3.4. Determination of the threshold of SMRSI

Determining an acceptable accuracy level is essential 
in land cover classification. For modeling information 
transfer, it is necessary to establish a threshold of SMRSI 

(hereafter referred to as Sthres). Starting from a state of 
absolute homogeneity (i.e. SMRSI = 0), an MRSI progres
sively increases in complexity, approaching absolute 
heterogeneity at which point SMRSI is theoretically 
maximized. However, for specific land cover classes 
and a given trained classifier, SLULCM will not always 
increase substantially. Drawing inspiration from 
the second law of thermodynamics, this study adopts 
9.0 as the value for Sthres, that has been experimentally 
validated in previous studies (Cheng and Li 2021,  
2023).

4. Experimental verification

4.1. Land cover classification experiment

To test the proposed model, we utilize cloud-free 
Sentinel-2 and Landsat 8 imagery from 2015 to 
2022, as shown in Figure 6. The size of each experi
mental image is 512 × 512. Given the cloud-free 
requirement and selected areas, the dataset includes 
279 Landsat images and 812 Sentinel-2 images. To 
obtain accurate parameters, 80% of these image sam
ples are used to train the model, while the remaining 
20% are reserved for validation.

We use three classical classifiers including 
Random Forest (RF, Breiman 2001), Support 
Vector Machine (SVM), and k-Nearest Neighbors 
(KNN, Franco-Lopez, Ek, and Bauer 2001) to imple
ment land cover classification as they are well- 
established, stable, and computationally efficient. 
Classification experiments are conducted with 
Python 3.7 and scikit-learn (Pedregosa et al.  
2011). To eliminate salt-and-pepper noise, we 
apply object-based post-classification refinement 

Figure 5. Diagram of defining the upper and lower bounds of 
MLR. The solid black curve represents the fitted model for MLR. 
The curves for the upper and lower bounds are constructed with 
the fitted model. δu is the area between the upper bound and 
the fitted model, while δl represents that between the fitted 
model and the lower bound.
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(OBPR) to improve the pixel-based classification 
results. Geographic objects are extracted from the 
images using the multi-resolution segmentation 
algorithm in eCognition 9.0.1 (Benz et al. 2004). 
The experimental images are categorized into 
nine classes: barren land, impervious surface/road, 
cropland, shrub, forest, waterbody, building sha
dow, grassland, and wetland. Class samples are 
collected randomly through visual interpretation 
of very high-resolution satellite images in ArcGIS 
Pro 3.0.3. Cases are excluded if the overall classifi
cation accuracy is below 85% (Anderson 1971) or if 

evident classification errors are observed upon 
visual interpretation.

Determining the upper and lower bounds relies 
on the fitted line for the land cover classification 
results. Therefore, in addition to the use of model 
in Equation (13), we employ PolyRatio (1,1) model, 
polynomial model, power model, and Michaelis 
Menten model for the fitting. The Akaike informa
tion criterion (AIC) is selected for determining 
which one is the best. Once the fitted model is 
selected, the upper and lower limits are thus 
determined and examined by 

Figure 6. Overview of study areas and experimental images. (a) and (c) show the study areas in China and the contiguous US, 
respectively. (b) and (d) provide examples of eight experimental image examples covering urban and rural scenarios, illustrating both 
homogeneity and heterogeneity.
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where PA is prediction accuracy, Nall denotes the total 
number of test cases, Nbounded is the number of cases 
included by the upper and lower bounds.

4.2. Variation in information transfer verified

As spatial and spectral complexities increase from (a) 
to (d), SLULCM accordingly rises, as shown in Figure 7. It 
is evident that Boltzmann entropy captures the dis
cernible trend. When the SMRSI is larger than 9.0, how
ever, the corresponding SLULCM does not follow the 
trend of SMRSI. This can be seen in land cover classifi
cation results for MRSIs (e) and (f).

MRSI (a) and (b) are visually more homogeneous 
than (c) and (d). Thus, for a given trainer classifier, 
SLULCM of (a) and (b) are smaller than those of (c) and 
(d). However, the capabilities of RF, SVM, and KNN 
lead to SLULCM differences. For (c), KNN yields the 
maximum SLULCM (0.8147), while RF provides the mini
mum (0.7295). For (d), SVM yields the maximum SLULCM 

(0.8353), whereas RF produces the minimum (0.7825). 
For (a) and (b), the variation in information transfer is 
reflected in SLULCM difference: (i) SVM (0.4384) < RF 
(0.4401) <KNN (0.4782), (ii) RF (0.4775) < KNN (0.5146) 
< SVM (0.5460). Overall, the six cases demonstrate 
that the upper and lower bounds for SLULCM exist, 
and Boltzmann entropy effectively captures the varia
tion in information transfer from MRSI to LULCM.

Figure 7. Land cover classification results for nine MRSIs. Boltzmann entropy values in bits per pixel are indicated in the square brackets.
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4.3. Information transfer from MRSI to LULCM at 
patch to global scale

Figure 8 presents six MRSIs and their corresponding 
LULCMs at the patch scale. Figure 8(f) represents an 
urban scenario, characterized by high heterogeneity, 
while Figure 8(a) depicts an agricultural scenario, 
exhibiting significant homogeneity. Minimal visual 
differences are observed in the LULCM patches 
shown in Figure 8 (b) and (c). However, such structural 
differences at the patch scale directly contribute to 
the variations in SLULCM.

We further examine the information transfer at the 
patch scale. Figure 9 presents classification results for 
six MRSIs, while Table 1 provides the differences in 
SLULCM and SMRSI among six patches. Notably, 
Boltzmann entropy of a patch can exceed that of the 
entire LULCM or MRSI.

In Figure 9(I), SMRSI values of MRSI patches 
b (9.0082) and f (9.0284) exceed the SLULCM calculated 
at the entire image scale, which is 8.9791 bits per 
pixel. In Figure 9(II), both MRSI patches a (SMRSI =  
9.0220) and f (SMRSI = 9.1586) are more complex than 
other patches in the entire MRSI. Similar cases are 
observed in LULCMs. For the entire image, ΔS of 
MSRI between (II) to (I) and between (III) to (I) are 
4.09 and 4.50, respectively. Accordingly, ΔS of corre
sponding LULCMs are 14.89 and 20.79, respectively. It 
is obvious that little ΔS difference in MSRI can result in 
substantial ΔS difference in LULCM.

4.4. Boltzmann-entropy-based model for upper 
and lower bounds of land cover classification

Figure 10 demonstrates the fitted models, upper and 
lower bounds. The upper panel graphically illustrates 
five fitted models, indicating the proposed 
Boltzmann-entropy-based model is the best one. 
The GIv values are 2.05 for RF, 2.05 for SVM, and 1.74 
for KNN. It is evident that the upper and lower bounds 
for results obtained with RF are superior to those from 
SVM and KNN. As SMRSI increases, the gap between the 
upper bound and the fitted line accordingly widens.

Table 2 shows the mathematical formulas for the 
upper and lower bounds. This study recommends the 
one obtained with RF as follows: 

where SMRSI is ranged from (0, 9]. The case where SMRSI 

equals to 0 represents an ideal scenario. The rationale 
for this recommendation is that the format and the 
parameters of the upper and lower bounds are closely 
aligned, and RF demonstrates superiority over both 
KNN and SVM.

The first and second derivatives of fitted model 
for RF-based cases are 0.63� e0:57�SMRSI� 6:53 and 
0.3969� e0:57�SMRSI� 6:53, respectively. These two deri
vatives indicate that land cover classification results 
in compact information gain, provided that a high 
classification accuracy is achieved first.

Figure 11 visualizes the examination results of the 
recommended Boltzmann-entropy-based model, the 
prediction accuracy (PA) is very high (around 98%) for 
those SMRSI ≤ Sthres (9.0). It is consistent with 
Section 3.4. To accurately predict those outside the 
bounds when SMRSI value exceeds 9.0, model calibra
tion is necessary to obtain the optimal parameters.

5. Discussion

Investigation of the information flow and transfer 
holds great potential for advancing reliable domain 
knowledge in land cover classification (Baraldi, 
Bruzzone, and Blonda 2005; Ebrahimy et al. 2021). In 
such a case, an index is particularly desirable because 
researchers usually use indices (e.g. normalized differ
ence vegetation index) to encapsulate domain knowl
edge (Li et al. 2022; Ma et al. 2023) and subsequently 
design corresponding loss functions. In contrast, this 
study developed information-flow-based models to 
explicitly quantify the land cover classification 
process.

For future research, two directions can be 
explored. The first direction focuses on modeling 
information transfer across multiple spatial and 
spectral scales. Based on high-resolution multispec
tral images and advanced classifiers, it is promising 
to achieve both high classification accuracies and 
high-resolution land use and land cover maps. 
Deep learning techniques (e.g. convolution neural 
networks) have outperformed traditional classifiers 
through capturing multi-scale information (Hong 
et al. 2023; Tong et al. 2020). When using such 
techniques for land cover classification, we need 
to first determine the spatial and spectral scales at 
which the extracted information from images is 
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maximum. To further quantify the information 
transfer, a potential approach is to integrate abso
lute Boltzmann entropy (Gao, Zhang, and Li 2017,  
2019) with Shannon entropy for quantifying infor
mation flow across all stages of land cover 
classification.

he second direction is modeling the spatial- 
temporal information transfer in land cover classi
fication when utilizing multi-source remotely 
sensed images. In principle, integrating multiple 
spatial and temporal features from various data 
sources (e.g. Landsat, Sentinel-2, and MODIS) on 

Figure 8. Visualization of land cover classification results at patch scale. The zoomed parts show the LULCM difference of patches 
across three classifiers: top (RF), middle (SVM), and bottom (KNN).
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the same area can improve land cover classification 
(Chen, Huang, and Xu 2017; Hartling, Sagan, and 
Maimaitijiang 2021; Zhu and Woodcock 2014). In 
this case, we first need to quantify the amount of 
information that can be extracted, determine how 
much information can be ingested into the 

classifier, and quantify information loss before 
obtaining land use and land cover maps. 
Importantly, to better explicitly interpret multi- 
resource remote sensing data-based land cover 
classification, a better form of information flow 
and an end-to-end framework are needed.

Figure 9. Four cases of information transfer at local to global scales. Cases (I) to (II) include both homogeneous patches (e.g. forest) 
and heterogeneous patches (e.g. impervious surface). Digits in parentheses denote SMRSI value in bits per pixel. In the square bracket, 
the first digit represents the total number of classes in the entire LULCM, and the second digit indicates SLULCM value in bits per pixel.

Table 1. Boltzmann entropy of MRSIs. The first item in square brackets indicates the total number of classes, and the second represents 
the Boltzmann entropy value in bits per pixel. Bold represents the maximum one.

Area a g b h c i d j e k f l

I 8.8920 [6,1.2081] 9.0082 [6, 1.0759] 8.8378 [6, 0.9312] 8.6240 [5, 0.9419] 8.9645 [6, 1.1721] 9.0284 [6, 1.2329]
II 9.0220 [7,1.1545] 8.4881 [6, 0.9610] 8.2768 [7, 0.8445] 8.0148 [7, 0.6689] 8.4540 [7, 0.9681] 9.1586 [6, 1.0837]
III 8.7455 [6,1.0373] 8.9460 [6, 1.1533] 8.6051 [6, 1.0001] 8.6404 [5, 0.9003] 8.7796 [6, 1.1290] 8.4407 [6, 0.8457]
IV 8.8712 [4,1.2503] 9.0471 [4, 0.9918] 8.7980 [5, 0.9323] 8.7209 [5, 0.9971] 8.5488 [5, 1.0155] 9.0822 [2, 0.4465]
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6. Conclusion

Land cover classification is essential for a variety of appli
cations, from public health to carbon cycle modeling. 
Although numerous classification techniques exist, the 
upper and lower bounds of land cover classification 
accuracy remain largely unexamined. This study 
addresses this gap by employing Crooks’ Fluctuation 
Theorem alongside Boltzmann entropy to model the 
information transfer from images to maps. We begin 
by defining thermodynamic concepts for images, 
maps, and land cover classification and discussing how 
these definitions align with those used in thermody
namics. Ultimately, we propose a Boltzmann-entropy- 
based model incorporating Boltzmann entropies of 
MRSI and LULCM, the total number of classes in the 
LULCM, classification accuracy (i.e. weighted F1-score), 
and two parameters specifically tailored with prior 

Figure 10. Upper and lower bounds of information transfer from MRSI to LULCM. The top panel shows the fitted models, and the 
bottom panel demonstrates the best fitted line and corresponding upper and lower bounds. δu is the area between the dashed red 
line and the dashed green line, while δl represents the area between the dashed green line and the dashed blue line.

Table 2. Boltzmann-entropy-based upper and lower bounds. GIv denotes the variation.
Classifier Fitted model Upper bound Lower bound GIv Recommended

RF e0:57�SMRSI � 6:53 e0:63�SMRSI � 6:53 e0:86�SMRSI � 9:80 2.05 yes
SVM e0:43�SMRSI � 5:49 e0:47�SMRSI � 5:39 e0:65�SMRSI � 8:18 2.05 no
KNN e0:50�SMRSI � 6:07 e0:55�SMRSI � 6:03 e0:77�SMRSI � 9:24 1.74 no

Figure 11. Graphical examination of the recommended model of 
upper and lower limits.
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knowledge. This model achieves high predictive accu
racy with minimal parameters.

The computation of SMRSI is efficient, taking less 
than 1 s for a 500 × 500 MRSI with six bands on an 
Intel Core i7–4790 CPU @ 3.60 GHz with 8.00 GB RAM 
and a 64-bit Windows 10 environment. Consequently, 
the Boltzmann-entropy-based model can be flexibly 
applied to optimize land cover classification processes 
and verify classification accuracy with limited or no 
ground reference data on large spatial scales. 
Moreover, our model is adaptable to any patch size 
of 2 × 2 or larger, allowing flexibility in assessing 
agreement between map and reference.

Most importantly, the model establishes an explicit 
relationship between MRSI and LULCM, providing 
information-based insights that can inform the design 
of more robust land cover classification frameworks. It 
also lays the foundation for developing an informa
tion theory tailored to remote sensing image analysis.
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