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Abstract

Acquiring aerodynamic coefficients of a high-speed train considering its shape parameters and environmental yaw angles typically
requires resource-intensive model tests or numerical simulations. To address this issue, this paper proposes an innovative surrogate
model approach to cost-efficiently predict the aerodynamic coefficients. Six critical shape variables are chosen to construct a para-
metric train model, concurrently integrating the yaw angle (0-90°) to generate a sample space using optimal Latin hypercube design.
Then, four original regression algorithms [polynomial regression, support vector regression (SVR), least square support vector re-
gression (LSSVR), and Kriging] and three improved regression algorithms (IPSO-SVR, IPSO-LSSVR, and IPSO-Kriging), incorporating an
improved particle swarm optimization (IPSO) algorithm with SVR, LSSVR, and Kriging, are introduced to construct surrogate models.
Finally, the prediction accuracy, prediction uncertainty and generalization potential of each surrogate model are compared in terms
of the side force coefficient (Cs), lift force coefficient (C;) and rolling moment coefficient (C,,). The results show that the IPSO-Kriging
model outperforms the other surrogate models by exhibiting higher prediction accuracy and generalization performance, although
the IPSO-LSSVR model provides a better assessment of the prediction uncertainty in the C;. The absolute percentage error of IPSO-
Kriging is within 5% for all test samples, which implies that this model can provide an effective and economical alternative for model
tests or computational fluid dynamic simulations to acquire aerodynamic coefficients.
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1. Introduction In recent years, the aerodynamic performances of trains un-
der crosswinds have been studied experimentally by wind tunnel
tests (Brambilla et al., 2022; Mohebbi & Rezvani, 2018b) and full-
scale measurements (Gao et al., 2021; Liu et al., 2022), and ana-
lyzed systematically by computational fluid dynamics (CFD; Chen
et al., 2019; Niu et al., 2022). In general, full-scale measurements
lack reproducibility and are challenging to implement (Chen et
al., 2022a, 2023); wind tunnel tests are expensive and complex to
set up; while CFD (Mohebbi et al., 2024; Mohebbi & Rezvani, 2019,
2021), despite its relative simplicity, remains time-consuming and
resource-intensive. A substantial effort has been made to obtain
the aerodynamic loads of trains with diverse shape dimensions
under different incoming flow conditions, for a particular train
shape dimension at a specific yaw angle, however, wind tunnel
tests or CFD simulations are still required to determine the spe-
cific aerodynamic loads.

Given the development of machine learning techniques,
proposing surrogate models to predict the aerodynamic loads
on trains under different parameters is becoming possible.
Regression-type algorithms in machine learning techniques, in-
cluding polynomial regression (PR), support vector regression
(SVR), random forest regression (RFF), Kriging regression, and neu-
ral network (NN), are capable of representing complex nonlin-
ear relationships between multiple variables through available

High-speed trains, as an important form of transportation, have
been widely used throughout the world due to their fast, ef-
ficient, comfortable, and environmental friendly characteristics
(Tian, 2019). When a high-speed train encounters a strong cross-
wind, its aerodynamic performance and operational stability will
deteriorate dramatically, leading to a significant increase in the
risk of overturning or derailment (Chen et al., 2022b; Guo et al,,
2024; Huo et al.,, 2023a; Mohebbi & Rezvani, 2018a). Relevant re-
searchers have performed extensive exploratory studies on the
above issue (Heleno et al., 2021; Mohebbi et al., 2023; Montenegro
et al., 2022; Zeng et al., 2024). They found that the intrinsic geo-
metric features of the train, including the head shape (Hemida &
Krajnovi¢, 2010), streamlined head length (Chen et al., 2018), train
height (Wang et al.,, 2023), and bogie structure (Guo et al., 2020),
have notable influences on the aerodynamic response of a train
subjected to crosswinds. In addition, the external environmental
information, such as the incoming flow at different yaw angles,
also has an important effect on the aerodynamic properties of
trains (Baker, 2013). Therefore, it is essential to comprehend the
aerodynamic characteristics of trains resulting from the combi-
nation of diverse train shapes and varying yaw angles. This un-
derstanding is critical for ensuring the safe operation of trains in
daily scenarios.
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Figure 1: Prototype train model.

data, and they have been successfully applied in several engineer-
ing fields (Keane & Voutchkov, 2020; Lee & Kang, 2023; Wu et al.,
2023). Nevertheless, the application of regression-type algorithms
is still in its preliminary stages in terms of train aerodynamics. To
shorten the design cycle of train nose shape, Yao et al. (2016) ob-
tained the nonlinear relationship between design variables and
aerodynamic drag based on SVR model. Mufioz-Paniagua & Gar-
cia (2019) employed a feedforward NN model combined with ge-
netic algorithm (GA) to optimize the train nose shape in terms of
the crosswind stability of a train under crosswind and passing-by
scenarios. Kriging surrogate models were constructed by Zhang
et al. (2018) and Xu et al. (2017) to hasten the optimization effi-
ciency of train head design under crosswinds and the streamlined
shape of trains without crosswinds, respectively. He et al. (2022b)
hybridized polynomial response surface (PRS) with radial basis
function (RBF) to build a surrogate model, which improves the ac-
curacy of predicting the aerodynamic coefficients of trains run-
ning in an open air. To examine the prediction performance of the
surrogate model, Zhang et al. (2021) constructed different Kriging
and NN models using low-dimensional and high-dimensional de-
sign variables of train shape at 90° yaw angle. They found that
the NN model had higher prediction accuracy compared to the
Kriging model under appropriate parameters, especially for high-
dimensional variables.

The prediction accuracy of the surrogate model will directly af-
fect the reliability in determining train aerodynamic results. Al-
though a few enhancements have been made to the surrogate
model, most of the studies mentioned above have essentially used
the original surrogate model to predict train aerodynamic coef-
ficients. Moreover, these researches mainly focus on the aerody-
namic loads of trains designed with different nose shape at spe-
cific yaw angles, while the aerodynamic loads of trains with the
simultaneous changes of global shape parameters and yaw an-
gles are rarely studied. Therefore, this study systematically inves-
tigates the effects of diverse shape parameters and varying yaw
angles on aerodynamic forces, with the objective of developing
appropriate surrogate models for rapidly and accurately predict-
ing train aerodynamic coefficients under multivariate combina-
tions. It is anticipated that the proposed surrogate models can
provide an efficient and economical alternative to the traditional

model test or CFD simulation for acquiring train aerodynamic co-
efficients, thereby establishing a robust framework for practical
applications in shape design and aerodynamic analysis. The re-
search motivations outlined above determine the scope of this pa-
per, focusing on the following objectives:

® Optimization of hyperparameters for surrogate models to en-
hance their performance.

® Development of surrogate models to efficiently predict aero-
dynamic coefficients across varying parameters.

The paper is organized as follows. Section 2 describes the
methodology, including parametric geometry model, sampling de-
sign, surrogate model algorithm, optimization algorithm, and per-
formance evaluation metrics. CFD simulation is presented in de-
tail in Section 3. This section emphasizes the reliability of the nu-
merical methods. The results and analyses are shown in Section 4,
which primarily discusses the data distribution characteristics of
train aerodynamic coefficients, performance comparisons of sur-
rogate models, and model generalization capabilities. Section 5
summarizes the main conclusions of this study.

2. Methodology
2.1. Geometric model

To construct a predictive model for aerodynamic coefficients, a
parametric train model is required to obtain aerodynamic data.
A simplified model of the ICE 3 leading car is employed as the
base model due to its popularity worldwide. All attached struc-
tures on the train surface, such as pantographs and doorknobs,
are ignored to reduce the computational expenses of numerical
simulation, and the bogie position is directly replaced by a flat
surface, as shown in Figure 1. Considering primary parameters of
a train such as nose shape, streamline length, width, and height
significantly affect train’s aerodynamic characteristics, and the
nose tip height and the gap below the train body’s also affect the
generation of the train’s exterior shape, six design parameters are
chosen to construct the train profile, including streamlined head
length (Ls:), uniform section length (L,y,;), nose height (h,), train
height (hy), the gap between the bottom of the train and the top of
the rail (hgap), and train width (w). The value range of train design
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Table 1: Variation ranges of train shape parameters.

Design variable Lt Luni hn he g w
Min (m) 4.0 4.0 0.5 3.0 0.1 2.8
Max (m) 200 250 15 50 03 438

parametersis listed in Table 1, and each parameter has a consider-
able variation range to obtain a more widely series of train shapes.
All models using parametric modeling in this study are three-car-
group trains, namely the head vehicle, middle vehicle, and tail ve-
hicle. Three vehicles of one train have identical lengths, varying
simultaneously between 20 and 30 m in different cases. The head
and tail vehicles have identical streamlined noses and uniform
cross-sectional bodies, while the middle vehicle consists solely of
a uniform cross-sectional body.

Inspired by the principle of idealized train generation (Chiu &
Squire, 1992), an improved function control method is proposed to
construct train profiles in terms of train shape parameters. Since
the shape of the uniform section remains unchanged, only the
outline of the streamlined head is demonstrated in Figure 2. First,
the equation of the cross-sectional profile of the idealized train
can be written as

[yi]" + 1zt = ", 1)

where n is equal to five and uniformly reduced to two towards the
nose tip; ¢ follows a semi-elliptical curve with a large diameter of
2Ls; and a small diameter of w; y; and z; represent the y-coordinate
and z-coordinate on the ith cross-section of idealized train (Chiu
& Squire, 1992), respectively.

Second, the contour equations of Line 1 and Line 2 are obtained
by fitting a series of coordinate points, which can be represented
by Equations 2 and 3, respectively:

0.5w x (e~0479%% 4 g=1.984x _ 9)

Ymax,i = 0—04795Ly | o—1.984Ly _ 2 ’ (2)
_ (htr + hgap - hﬂ) X (670'3921?(l - 1) (3)
Zmax,i = e70_3921L5t -1 ’

where, X;, Ymax,i, and Zmax,; are the x-coordinate, y-coordinate, and
z-coordinate of the ith cross-section, respectively. Equation 2 de-
fines the maximum half-width variation of the streamlined head.
Due to the symmetry of the train, the expressions for positive and
negative ymay,; are identical. Equation 3 determines the change in
maximum height above the nose tip. Because the train bottom can
be approximated as a plane, the height variation below the nose
tip can be considered as a constant equal to hy—hgap.

Finally, according to the relationship between the y-coordinate
(i) and z-coordinate (z;) obtained by Equation 1 and the actual y-
coordinate and z-coordinate of the ICE3 leading vehicle and using

Line 1 y

Vmax,i @aNd Zmax i to adjust, the final y-coordinate and z-coordinate
of the ith cross-section can be expressed as

_ Ymax,i X 10g(|Yi| + 1)

+ smax.t 7t "FoNJ P T
yreal,i =+ 10g(ci + 1) ’ (4)
+_ Zmaxi x log(zi +1)
ZreaLi - log(Ci + 1) ’ (5)
hgap — h 2(hgap — h
g = By A ©

N N o . .
wherey; ,;and zZ,, ; are the positive or negative y-coordinate and

z-coordinate on the ith cross-section of the ICE3 leading vehicle.

A geometric sample is generated by the above functional con-
trol equation. Figure 3 compares the shape of a functional train
and a prototype train. It can be seen that two models have a very
high degree of similarity, in spite of certain deviations in some de-
tails. Thus, the improved functional equations enable a construc-
tion of train shapes in a design space.

2.2. Sampling design

The spatial sampling is critical to design of experiments. The se-
lection of sample points needs to meet spatial sampling require-
ments to ensure that the samples are representative of the entire
parameter space. If the sample space distribution is inadequate or
nonuniform, the surrogate model may not accurately reflect the
behavior of the complex system. In this study, a sampling strat-
egy called optimal Latin hypercube design (OLHD) is adopted to
generate the sample design points (Jin et al., 2005). In addition to
the six train shape variables mentioned above, the yaw angle (8)
is chosen as the seventh design variable to construct the sam-
ple space. Besides, the yaw angle varies from 0° to 90°. A train-
ing dataset consisting of 100 samples is generated through OLHD,
and 10 additional different samples are randomly generated as
the test dataset. All data are normalized in Figure 4 to better re-
flect the spatial distribution of design points. Design points num-
bered 1 to 100 are training samples, while those numbered 101 to
100 are test samples.

2.3. Basic theory of algorithms
In this paper, four regression algorithms including PR, SVR, least
square support vector regression (LSSVR), and Kriging are used as
surrogate models to predict aerodynamic force coefficients. Ad-
ditionally, an improved particle swarm optimization (IPSO) algo-
rithm is introduced to seek the optimal parameters of SVR (IPSO-
SVR), LSSVR (IPSO-LSSVR), and Kriging (IPSO-Kriging). To simplify
the algorithm description, the detailed mathematical derivations
of the PR, SVR, LSSVR, and Kriging algorithms are provided in the
Appendix, while only the construction of the IPSO is presented.
Particle swarm optimization (PSO) is an evolutionary compu-
tational technique that simulates the behavior of a flock of birds
foraging for food (Banks et al., 2007). In PSO, each solution is called

z % _Line3
Line 2

x/
~_

oy

—

Top view

Figure 2: Shape outline curves of streamlined train head.

Side view Cross-section view
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Figure 3: Shape comparison of the functional and prototype trains: (A) top view, (B) side view, and (C) outline curves of both models (The black curve
represents the realistic model and the red curve represents the functional model.).
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Figure 4: Spatial distribution of design points.

a “particle,” and each particle has a position and a velocity. The
particle updates its velocity and position by following the best par-
ticle in the current population, thus finding the optimal solution
in the search space. The optimal solutions found for each particle
and all particles in the history are called the individual best posi-
tion (Pi(t)) and the global best position (Pg(t)), respectively. For the d-
dimensional search space, the position and velocity of the ith par-
ticle in generation t can be represented by x"' = (x), x¥), ..., x!))
and Ui(t) = (Ui(?, Ug), o Ul-(;)). The information update on the veloc-
ity and position of each particle in generation t + 1 can be ex-
pressed as the following equations:

t+1 t t t t t
vE —wul e (BY = x9) + comy (Pg(d) —xy, 7)
t+1 t t+1
X =X i, ®)

where w denotes the inertia weight, and a linearly decreasing
inertia weight is used here (i.e., W = Wmax — (Wmax — Wnin)t/tmax,
Wmax = 0.9, Wiy = 0.4); ¢1 and ¢, represent the cognitive and so-
cial factors, and ¢1 = ¢; = 2; r; and r, are random values ranging
from 0 to 1. A detailed explanation of parameters w, c¢1, and ¢, can
be found in Kennedy (2010).

Traditional PSO tends to fall into local optima resulting in poor
solution quality (Naka et al., 2003). Therefore, chaos mapping em-
bedded PSO (called IPSO) is proposed in this study to increase the
diversity and randomness of the population, thereby improving

the global search capability of the algorithm. The classical and
convenient logistic equation is chosen to construct IPSO with the
following expression:

Xng1 = uXn(1=%n), 0 < X0 < 1, 9)

where p (0 < pu < 4) represents the control variable, and the sys-
temisin a fully chaotic state when u = 4; x, represents the chaotic
variable, and x, ¢ {0.25, 0.5, 0.75}. Although Equation 9 has a de-
terministic representation, its sensitivity to initial values allows
chaos mapping to produce chaos sequences with pseudorandom-
ness and unpredictability.

Chaos mapping should be executed when the algorithm falls
into a local optimum during iteration. Thus, a benchmark value
is needed to make a judgment. In this paper, we choose the mean
particle spacing (Dmean) as this evaluation index, which is defined
as follows:

Dmean =

(pij — Bj)’. (10)

zZ| =
.MZ
Mm

Il
N

-
Il
N

where N denotes the swarm size; d denotes the dimensionality of
the search space; p; denotes the jth value of the ith particle; and
pj denotes the average value of all particles in dimensionality j. A
smaller Dean indicates a more concentrated population, and vice
versa.
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conditions are
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Figure 5: Flow diagram of the IPSO algorithm.

Given a threshold §, the chaotic search behavior will be per-
formed if Dmean 1S smaller than §. First, the decision variable Xf?)
of the jth dimension of the ith particle is mapped to chaotic initial
variable cxf?), and the transformation takes the following form:

0
o = 1t )
max,1j min,1j

where Xmay j and Xmin j are the maximum and minimum values
of the particle iterations. Then, the next chaotic variable in the
chaotic search process can be obtained by Equation 9 in the fol-
lowing form:
(k+1)

ij

k k
=4ox (1 - ). (12)
)

[@:¢

Further, the chaotic variable cxg“r is transformed into the cor-

responding decision variable xg‘“) through the following formula:
k k

Xi(jJrl) = Xmin,ij + CXi(jJrl)(Xmax.ij - Xmin.ij)' (13)

k-+1)

Finally, the fitness values of the newly generated particle xf
and the current particle are evaluated and compared. If the new
solution is better than the current particle, the current particle
is replaced by the new solution. Otherwise, it goes directly to the
next iteration (i.e., let k = k + 1) until the condition terminates.

The flow diagram of the IPSO algorithm is shown in Figure S.
The detailed steps are described below:

Step 1: Initialize the algorithm parameters, including the pop-
ulation size N, the maximum number of iterations tyax, the space
search dimensionality d, the variable range, the maximum num-
ber of chaos search kmay, the threshold §, etc. Randomly generate
the initial population.

Step 2: Calculate the fitness value of each particle, and update
individual and global best solutions.

Step 3: Determine whether the termination condition is
reached, and if so, output the best solution. Otherwise, execute
the next step.

Step 4: Judge whether the chaotic search behavior is satisfied,
i.e., Dmean < 87 If it is satisfied, the position of each particle is up-
dated by chaos mapping based on Equations 11-13. Otherwise,

Whether the
chaos search
behavior is met

Perform chaos

Yes|  processing to update

particle parameters using
Eq. (11) - Eq. (13)

Equations 7 and 8 are used to update the velocity and position
of each particle. Then, return to Step 2.

2.4. Performance evaluation of surrogate models

Each surrogate model is compared not only for its accuracy in pre-
dicting aerodynamic coefficients, but also forits ability to quantify
the prediction uncertainty. The k-fold cross-validation technique
is employed to evaluate the model performance. Numerous stud-
ies (Hu & Kwok, 2020) have shown that k-fold cross-validation has
reasonable variability and helps to avoid overfitting. In addition, k
is taken 10 in this paper based on the suggestion of Refaeilzadeh
etal. (2009). Some classical validation metrics, including mean ab-
solute error (MAE), mean square error (MSE), and model efficiency
coefficient (MEC; Wadoux et al., 2018), are used to assess model
prediction accuracy. The absolute percentage error (APE) of a sin-
gle test point and the mean absolute percentage error (MAPE) of
all test points are also adopted to evaluate the potential gener-
alization ability of the surrogate model. Moreover, for the perfor-
mance evaluation of the prediction uncertainty, the prediction in-
terval coverage probability (PICP) is used in this study (Malone et
al., 2011). A 95% confidence level is specified to define the predic-
tion bounds encompassing the true but unknown values of times
on average. Confidence intervals (CIs) ranging from 5% to 95% are
selected to evaluate the model sensitivity by sequentially decreas-
ing the confidence limits. In general, the PICP value close to the
corresponding confidence level implies a better performance in
terms of the prediction uncertainty.

3. CFD Simulation

3.1. Computational domain and boundary
conditions

The size of the computational domain for all numerical cases is

the same as 90 Hy, x 60 Hy, x 20 Hy, in Figure 6. Here, Hy, is the max-

imum heightin the range of train shape variables. To meet the grid

need of the turbulence model, a 1/8 scaled model is used for the

simulation analysis. Resultant velocity method is introduced to
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Figure 7: Diagram of resultant wind speed.

achieve different yaw angles in Figure 7. The resultant wind speed
(Uin) 1s composed of train speed (Ui) and crosswind speed (Uy),
and the desired B can be obtained by changing the magnitude of
Uy and Uy. The incoming velocity (i.e., the resultant wind speed)
is a fixed value of 60 m/s, and Uy, = Uj,cosB and Uy, = Ujpsing. The
upstream boundary and the windward side (WW) boundary are
set as velocity inlets with a uniform velocity Uj,, and the down-
stream boundary and the leeward side (LW) boundary are defined
as pressure outlets with a zero static pressure. The symmetry con-
dition is imposed to the top surface of the computational domain,
and no-slip wall condition is applied to the train surface. To reflect
the relative motion of the train and the ground, the floor and rail
are treated as moving no-slip wall conditions with the train speed.
The Reynolds number is equal to 2.57 x 10° considering Hy, and
Up.

3.2. Numerical method

The aerodynamic forces acting on the train are not completely
constant resulting from the inherent instability of turbulent flow.
Nevertheless, the time-averaged aerodynamic forces experienced
by the train are our primary interest in this study. To balance
solution accuracy and computational cost, we use the steady
Reynolds-averaged Navier-Stokes (RANS) method, which is com-
monly employed to solve the train aerodynamic problems (Huo et
al.,, 2023b; Liet al., 2019; Morden et al., 2015; Premoli et al., 2016; ). In
addition, the shear-stress transport (SST) k- turbulence model,
which has superior reproducibility for complicated flows with
strong separations (Catanzaro et al., 2016; Huo et al., 2023a; Liet al.,
2022b; Zamiri & Chung, 2017), is chosen to represent the Reynolds
stress. All simulations are conducted on the basis of the pressure-

based solver in ANSYS Fluent. The convective and diffusive terms
are treated using the second-order upwind scheme in spatial dis-
cretization approaches, and the SIMPLE algorithm is adopted to
couple the pressure-velocity field. All simulations are conducted
for 10000 iterations, ensuring that the residuals of each equation
drop below 107 to satisfy the convergence criterion.

Dimensionless side force coefficient (C), lift force coefficient
(C) and rolling moment coefficient (C,,) are used for the analysis,
and they are defined as follows:

K
Co= ——, 14
7 0.5pU2Sy a4
R
Cl= o, 15
"7 050025, S
M
. : (16)

~ 0.5pU2Syhy

where, Fs, F|, and M, represent the side force, lift force, and rolling
moment, respectively; p means the air density equal to 1.225
kg/m?; S, and S, are the projected areas of the head vehicle in
the y- and z-directions, respectively.

3.3. Mesh strategy

The SnappyHexMesh in OpenFOAM is employed to discretize spa-
tial grids, and the majority of the grids follows a 2-by-2 growth
pattern based on the defined zone divisions. Four different densi-
ties of grids, including coarse grid (1.27 x 107 cells), medium grid
(2.58 x 107 cells), fine grid (4.56 x 107 cells), and extra-fine grid
(7.25 x 107 cells), are used for grid-independent validation. The
Cs and G values of head vehicle at 30° yaw angle are compared
for the four grids in Figure 8. The results for both Cs and C; in-

9202 UoIBIN 20 U0 Jasn Aysiaiun oiuyoalkiod Buoy BuoH ayL A +98//08/+81/€/Z L /2101E/EPOl/W0d dno-oiwapede//:sdny wouj papeojumoq



190 | Prediction of train aerodynamic coefficients

A 061

0.60

0.59

0.58

0.57

0.56 L ! 107
0 2 4 6 8

Number of cells

B 047

0.46 0.459

042 ! <107
8

Number of cells

Figure 8: Grid independence test at 30°: (A) C; of the head vehicle and (B) C; of the head vehicle.

A

Figure 9: Fine grid distribution: (A) grid on the symmetrical plane along the longitudinal direction of the train, (B) grid on the cross-section of the head

vehicle, and (C) grid on the train head surface.

dicate convergence to the fine grid, yielding differences of 0.50%
and 0.93% from those of the extra-fine grid, respectively, which
means that the fine grid is sufficient to obtain accurate aerody-
namic forces. Thus, the fine-grid strategy is chosen for all numeri-
cal simulations. The fine grid distribution for the functional model
of the original train is shown in Figure 9. Two refinement regions
are constructed to better capture the turbulent vortex structures
around the train, and the range of refinement on the LW of the
train is larger than that on the WW of the train. In addition, six-
teen inflation layers are developed from all wall surfaces. Each
prism layer has a uniform grid thickness of 0.04 mm, and the value
of y* ranges from about 1 to 5.

3.4. Numerical verification

In the absence of experimental data for the functional model we
constructed, wind tunnel test results of an idealized train (Copley,
1987) are adopted to verify the accuracy of the numerical algo-
rithm. Yaw angles ranging from 20° to 35° are measured in the
experiments (Copley, 1987), and we use the results at 35° for val-
idation. In Hemida & Krajnovi¢ (2010), the large eddy simulation
(LES) of this idealized train is conducted in terms of 35°. Addi-
tionally, the Reynolds number for both the test and the LES is
3.7 x 10°. Thus, same computational domain and boundary con-
ditions are set up following their methodology, and detailed de-

scriptions can be referred to Hemida & Krajnovi¢ (2010). The cross-
sectional profile of the idealized train is defined by Equation 1,
where ¢ = 62.5 mm and n = 5. Moreover, n reduced uniformly
from 5 to 2 towards the nose tip, and c follows a semi-elliptical
curve with a large diameter of 160 mm and a small diameter
of 125 mm. The length, width, and height of this idealized train
model are 10 D, D, and D (D = 125 mm), respectively, as shown in
Figure 10A.

The pressure coefficient (C, = PPy

0.50U7
sections x/D = 2.5 and x/D = 6.5 are ppllrnesented in Figure 10B and C.
The LES results at the cross-section x/D = 6.5 reported by Hemida
& Krajnovi¢ (2010) are also added in Figure 10C for comparison.
Overall, the simulation results for both cross-sections exhibit a
similar tendency to the experimental data. Moreover, well approx-
imated results are observed for our simulation and LES. However,
there is a significant overestimation of the pressure from the sim-
ulation underneath the train compared to the test. The reason for
this deviation may be that the floor setup in the simulation is dif-
ferent from that in the test. In the test, two identical models are
mounted symmetrically on both sides of the floor, whereas in the
simulation, only one modelis installed on the sidewall. As a result,
a stagnation region is formed between the train and the sidewall.
This stagnation region induces a larger pressure increase on the
streamwise side compared to that of the test. Thus, the numeri-

) distributions at the cross-
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Figure 10: Numerical validation: (A) simulation model of the idealized train; comparison of pressure coefficients from numerical simulations and

experimental results at (B) x/D = 2.5 and (C) x/D = 6.5.

cal algorithm in this paper can be considered as an appropriate
choice to obtain accurate CFD results.

4. Results and Analyses

4.1. Data distribution characteristics of
aerodynamic coefficients

In general, the leading car of a train running under crosswinds
is identified as the most critical case with a risk of derailment
or overturning (Li et al., 2022a; Huo et al., 2021). Therefore, aero-
dynamic coefficients of the leading car are solely investigated in
this study. To demonstrate the sample data distribution from CFD
simulations, a series of scatter plots for the Cs, Cj, and Cy, with dif-
ferent train external dimensions of hy, Lgt, hyr, W, Rgap, Luni, and yaw
angle B are presented in Figure 11. All shape design variables and
yaw angle are normalized to a range of 0 to 1 for convenient anal-
ysis. Blue dots correspond to the training data set in the design of
experiments, while the red pentagram markers represent the test
data set used to evaluate the final surrogate models in Section
4.3. The data points from Figure 11A to F exhibit relatively ran-
dom distributions without apparent patterns. However, the aero-
dynamic coefficients (Cs, Cj, and Cp) increase with the yaw angle
in the range from 0 to 0.6 for the normalized g in Figure 11G, while
an opposite tendency appears in the remaining range.

Estimated Pearson correlation coefficients (PCCs) are illus-
trated to further explore the relationship between each variable
and the aerodynamic coefficients in Figure 12. Red and blue col-
ors indicate positive and negative correlations between any two
variables, respectively. The values in the lower triangular matrix
and the color shades of the ellipses in the upper triangular matrix
are symmetrically distributed about the diagonal and correspond
to each other, and both of them represent the magnitude of the
specific correlation coefficients. The correlations between Cs and
hn, Lst, hgap, and Lyp; are extremely weak with the absolute values
of the PCCs of less than 0.1, while the hy, and w show relatively
bigger correlations with Cs with the absolute values of the PCCs
of more than 0.1. Moreover, Cs has positive and negative correla-
tions with hyy and w, respectively. A negative correlation exists be-
tween C; and hy, hgap, and Ly, while the remaining shape parame-

ters exhibit a remarkably weak positive correlation with C; due to
the PCCs being less than 0.1. The absolute values of the PCCs be-
tween Cy, and all shape variables are less than 0.1, which implies
that the Cy, is very weakly correlated with the shape variables.
For the yaw angle g, the aerodynamic coefficients are observed
to have different degrees of positive correlation with it. Among
them, Cs and C,, demonstrate a stronger correlation with the g
than C;. On the whole, although the yaw angle presents a stronger
correlation with the aerodynamic coefficients, the impact of the
train shape parameters on the aerodynamic coefficients is still not
negligible.

Descriptive statistics are performed in terms of all data sets, in-
cluding both training and test data sets, as shown in Table 2. The
minimum values of Cs and C,, are close to zero, and their maxi-
mum and mean values are 1.8889, 0.7662 and 0.7741, 0.3502, re-
spectively. C; ranges from —0.1810 to 1.3345 with a mean value
of 0.5355. The variability in Cg is the largest than the remain-
ing aerodynamic coefficients given the standard deviations (SDs).
However, C; has been exhibited the greatest variability consid-
ering the coefficient of variation (CV), which is a relative mea-
sure of variability and accounts for the disparate mean values.
Although different aerodynamic coefficients demonstrate either
positive or negative skewness, the absolute values of these skew-
nesses do not exceed 0.2. As a result, all data distributions are
not significantly skewed in any one side, which indicates that the
surrogate model will be more accurate and stable in processing
these data.

4.2. Performance comparisons of different
surrogate models

4.2.1. Model parameter selection and calibration

A total of 100 training samples are used to construct the
surrogate model. Moreover, an important preprocessing step—
normalization—has been firstly conducted to improve the perfor-
mance and stability of the surrogate model. For PR, all processes
are performed using the Multiple linear regression in the Statistics
and Machine Learning Toolbox of MATLAB. PR models of different
orders are compared for Cs, C}, and Cy,, and the final orders chosen
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Figure 11: Effect of each variable on aerodynamic coefficients: from left to right, Cs, C;, and Cy,; from top to bottom, hy, Let, her, W, hgap, Luni, and .
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Figure 12: Correlation between all design variables and aerodynamic coefficients.
Table 2: Statistics analysis of aerodynamic coefficients.
Aerodynamic coefficients Min. Mean Max. SD CV (%) Skewness
Cs —9.31e-05 0.7662 1.8889 0.5086 66.38 0.1279
G —1.81e-01 0.5355 1.3345 0.3972 74.18 0.1994
Cm —3.73e—05 0.3502 0.7741 0.2206 63.00 —0.1181
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Table 3: Comparison of performance metrics for each surrogate model.

Surrogate models G G Cm

MAE MSE MEC MAE MSE MEC MAE MSE MEC
PR 8.46E-02 7.89E-02 0.9195 1.98E-01 2.92E-01 0.8794 5.86E-02 5.56E-02 0.9119
SVR 6.40E-02 1.03E-02 0.9465 5.77E-02 1.12E-02 0.9309 2.14E-02 1.11E-03 0.9484
IPSO-SVR 2.96E-02 2.02E-03 0.9814 3.24E-02 3.70E-03 0.9741 1.06E-02 1.36E-04 0.9919
LSSVR 4.91E-02 6.26E-03 0.9529 4.36E-02 8.12E-03 0.9473 2.12E-02 1.06E-03 0.9538
IPSO-LSSVR 2.04E-02 8.73E-04 0.9887 2.43E-02 2.06E-03 0.9877 1.02E-02 1.29E-04 0.9946
Kriging 2.25E-02 1.97E-03 0.9809 3.57E-02 2.50E-03 0.9816 1.85E-02 7.53E-04 0.9821
IPSO-Kriging 1.02E-02 1.99E-04 0.9994 9.23E-03 1.62E-04 0.9988 3.76E-03 2.81E-05 0.9996

are 4, 6, and 5, with the least squares parameter estimates of 29,
43, and 36 dimensional vectors, respectively.

For the SVR, LSSVR, and Kriging models, the IPSO algorithm
is employed to optimize the hyperparameters of these models,
thereby developing the corresponding IPSO-SVR, IPSO-LSSVR, and
IPSO-Kriging models. In the IPSO algorithm, the particle swarm
size is 80, and the maximum number of iterations is 300. The max-
imum number of chaos search is 100, and the threshold of particle
spacing is set to 0.01. The identical parameters are set in the IPSO
algorithm for all developed surrogate models. The hyperparam-
eters of the SVR, LSSVR, and Kriging models are treated as the
input variables for optimization, and the minimization of MSE is
selected as the optimization objective here. Moreover, we divide
the training samples into 10 subsets, then each subset contains
10 groups of data. Consequently, the surrogate model is trained
based on a 10-fold cross-validation technique. The penalty factor
C and kernel parameter y are crucial for the SVR and LSSVR mod-
els (Bietal.,2023; Pham et al., 2020), and thus these two parameters
are searched by the IPSO algorithm for the optimal combination.
Theinitial combinations of parameters for the Cs, Cj, and Cy, are (C,
¥) = (0.83,0.35), (0.12, 0.46), and (1.41, 0.77) in the SVR models, re-
spectively; while the optimal combinations of parameters for the
above-mentioned coefficients are (C, y) = (2.59, 0.89), (0.39, 2.75),
and (4.94, 1.01) in IPSO-SVR models, respectively. Similarly, the ini-
tial and optimal combinations of parameters for the Cs, C;, and
Cp are (C, y) = {(12.07, 5.62); (8.14, 4.51); (11.98, 6.63)} and {(24.81,
7.51); (37.31,5.04); (48.94, 9.29)} in LSSVR and IPSO-LSSVR models,
respectively.

It has been proved that if the optimal correlation parameter 6 *
in the maximum likelihood sense can be assured under any initial
conditions (Wang et al., 2022; Kaymaz, 2005), the optimal unbiased
property of Kriging prediction can also be guaranteed. Therefore,
the IPSO algorithm is adopted to seek the optimal correlation pa-
rameter 6 *. The initial values of parameter 6 * for the C;, C; and
Cp are (0.0315, 0.0050, 0.1714, 0.1470, 0.0002, 0.0043, 1.4932), and
(0.0068, 0.0167,0.1782,0.0981, 0.0180, 0.0242, 1.4531), and (0.2160,
0.0028, 0.1080, 0.0303, 0.0006, 0.0317, 0.9051) in the Kriging mod-
els, respectively; and the optimal values of parameter 6 * for the
Cs, C;, and C,, are (0.0035, 0.0198, 0.1133, 0.1160, 0.0735, 0.0501,
1.9240), (0.0182,0.0112, 0.1330, 0.0638, 0.1064, 0.0373, 1.3172), and
(0.0130, 0.0038, 0.1204, 0.0893, 0.0296, 0.0044, 1.4641) in the IPSO-
Kriging models, respectively.

4.2.2. Analysis of prediction accuracy

To evaluate the prediction performance of different surrogate
models, three accuracy metrics, including MAE, MSE, and MEC,
are employed for comparison in Table 3. The PR model underper-
forms the other models by presenting higher MAE and MSE but

lower MEC values for all three aerodynamic coefficients. More-
over, the prediction accuracies of the IPSO-SVR, IPSO-LSSVR and
IPSO-Kriging models are significantly better than those of the
simple SVR, LSSVR and Kriging models. Especially for the MSE
values, almost all developed models are enhanced by an order
of magnitude. This phenomenon suggests that the optimal hy-
perparameters searched by the IPSO algorithm are beneficial in
improving the prediction accuracy of the surrogate model. The
(IPSO-) SVR and (IPSO-) LSSVR models exhibit similar predic-
tion tendencies due to their identical kernel functions and sim-
ilar model structures. However, the (IPSO-) LSSVR model has a
slightly higher prediction accuracy than the (IPSO-) SVR model
for each aerodynamic coefficient. In essence, the LSSVR algo-
rithm solves quadratic programming problems under equality
constraints rather than inequality constraints of the SVR al-
gorithm, which reduces the complexity of solving the problem
and improves the computational speed and convergence accu-
racy of the algorithm (He et al., 2022a; Wang et al., 2021). The
(IPSO-) Kriging model is remarkably superior to the other mod-
els. Generally, a better sampling design will have a favorable im-
pact on the Kriging algorithm for predicting data trends, fitting
the variogram function and kriging interpolation, thus improv-
ing the prediction accuracy of the Kriging algorithm (Ma et al,
2020; Mulder et al.,, 2013). The OLHD strategy is chosen to gen-
erate the training samples in this study, which provides a rela-
tively preferable data set for Kriging modeling. In addition, the
MEC values of all aerodynamic coefficients in the IPSO-Kriging
models are more than 0.99, which indicates that the predictions
of the IPSO-Kriging models are extremely close to the actual
observations.

Based on the aforementioned analysis, the prediction values
from only the PR model and the other models optimized by the
IPSO algorithm are further compared with the CFD results from
the training set in Figure 13, along with the APE for the aerody-
namic coefficients predicted by each model. The predictions ob-
tained by the IPSO-Kriging model closely align with the CFD re-
sults, with the APE for each training sample remaining below 5%.
The IPSO-SVR and IPSO-LSSVR models can also predict the real
values relatively well, although there are some deviations at in-
dividual locations. However, the predictions from the PR model
demonstrate considerable deviations in several locations, espe-
cially for the C;, which has the highest MAPE of 17.62%. Under
extreme yaw angles, the IPSO-Kriging model achieves a maximum
APE of 3.48% for aerodynamic coefficients at the yaw angle of
0° and 4.35% at the yaw angle of 90°, outperforming other mod-
els whose APE values exceed 5%. These results underscore the
IPSO-Kriging model’s superior predictive accuracy and robustnes,
making it highly suitable for aerodynamic coefficient prediction
in complex and extreme scenarios.
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Figure 13: Comparison of aerodynamic coefficients from numerical simulations and predictions obtained by different surrogate models, along with
the APE for the predicted aerodynamic coefficients from each model: (A) Cs, (B) APE of Cs, (C) C;, (D) APE of Cj, (E) Cr, and (F) APE of Cp,.

The regression plots of prediction values against CFD results
are visualized in Figure 14. More scatter exists around the 1:1
line for the PR model, thus resulting in a lowest correlation co-
efficient (R?). The IPSO-SVR and IPSO-LSSVR models show a sim-
ilar pattern, with both overestimating lower values and under-
estimating higher values. Moreover, the R? values of the scat-
ters for the C,, in both models are greater than 0.99, while the
R? value of the scatter for the C; in the IPSO-SVR model is
no more than 0.98. The scatter is concentrated on the 1:1 line
for the IPSO-Kriging model, which yields a R? value of more
than 0.99 for each aerodynamic coefficient. This finding corrob-
orates well with the lower MSE and higher MEC values of the
IPSO-Kriging model for the three aerodynamic coefficients in
Table 3.

4.2.3. Quantification of prediction uncertainty

Since the above analyses of prediction accuracy do not provide in-
formation related to prediction uncertainty, the PICPs for different

confidence levels ranging from 5% to 95%, in terms of each surro-
gate model for the Cs, Cj, and Cp, are computed and displayed in
Figure 15.In general, the ideal case is that all points fall on the gray
dotted line. PICP curves for each model are consistently higher
than the ideal values for the Cs and C,,, which means that all mod-
els overestimate the prediction of uncertainty. However, IPSO-SVR
and IPSO-LSSVR models exhibit relatively lower values of PICPs at
lower confidence levels (below 40%) for the C;. Overall, the larger
deviations from the 1:1 line occur in the PR model for each aerody-
namic coefficient. This result implies that the PR model not only
has a poor prediction accuracy, but also a poor prediction uncer-
tainty. For the Cs, the overestimation of the uncertainty for the
IPSO-Kriging model is lower than that of the other models, and
the same tendencies are identified for the IPSO-SVR and IPSO-
LSSVR models. Compared to the other models, the observed PICPs
are closer to the ideal values for the IPSO-LSSVR model regard-
ing the C;. In other words, the IPSO-LSSVR model allows for a bet-
ter assessment of the prediction uncertainty, although the IPSO-
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Figure 14: Correlation curves of CFD and predicted results (training data set): from left to right, Cs, C, and C,,; from top to bottom, PR, IPSO-SVR,
IPSO-LSSVR, and IPSO-Kriging.
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Figure 15: PICPs for different confidence levels: (A) Cs, (B) C;, and (C) Cp.

Kriging model demonstrates a greater accuracy in predicting the
C. For the C,,, the IPSO-SVR model delivers better uncertainty pre-
dictions for confidence levels below 50%, while the IPSO-Kriging
model presents better uncertainty predictions for confidence lev-
els above 50%.

4.3. Evaluation of generalization potential of
surrogate models

To evaluate the generalization potentials of each surrogate model,
ten random test samples have been generated in Figure 4 at the
beginning in Section 2.2. The scatter plots of CFD data versus pre-
dicted values are shown in Figure 16 for the test data set. It is
not surprising that the correlation coefficients of the test data set
in Figure 16 are generally smaller than those of the correspond-
ing training data set in Figure 14, due to the fact that the optimal
hyperparameters of the surrogate model are tuned with respect
to the training data. Similarly, the PR model exhibits the lowest R?
values for all the aerodynamic coefficients of the test data set, and
the highest R? value among them is only approximately 0.91 for
the C;. The R? values of the IPSO-SVR and IPSO-LSSVR models are
relatively comparable for each aerodynamic coefficient. Moreover,
although the R? value of the IPSO-LSSVR model is slightly higher,
it is still below 0.99. The IPSO-Kriging model presents the highest
R? values of above 0.99 for all the aerodynamic coefficients, which
means that this model has the best performance in predicting the
Cs, C;, and Cy,.

The APE of each test sample point and the MAPE of all test sam-
ple points for all surrogate models are illustrated in Figure 17.
The maximum APE and MAPE values are both found in the PR
model for all these aerodynamic coefficients, approaching 45%
and 24%, respectively. Although the maximum APE and MAPE val-
ues in the prediction results of the IPSO-LSSVR model for the test
samples are slightly lower than those of the IPSO-SVR model, they
are still up to 26.36% and 10.64%, respectively. However, the IPSO-
Krigingmodel has an APE of less than 5% in predicting all the aero-
dynamic coefficients for each test sample, and the MAPE value
across all test samples is within 3%. Therefore, it could be con-
cluded that the prediction performance of the IPSO-Kriging model
is much better than the other models, indicating a superiority of
the IPSO-Kriging model over the other models in terms of the gen-
eralization potential.

4.4. General discussion

Surrogate model techniques have been proven to be successful
in predicting train aerodynamic coefficients under the combina-
tion of diverse train shape parameters and varying yaw angles.

Confidence level (%)

60 80 100 0 20 40 60 80 100
Confidence level (%)

Moreover, the surrogate model demonstrates better prediction ca-
pability for unknown combinations of input parameters, espe-
cially for the developed IPSO-Kriging model. Nevertheless, con-
structing the surrogate model still requires considerable compu-
tational effort, particularly when dealing with a high-dimensional
design space. The IPSO algorithm, used to optimize the surrogate
model, introduces an additional layer of complexity due to its it-
erative nature and the need for meticulous parameter tuning to
achieve optimal convergence during model training. Despite these
challenges, the IPSO-Kriging framework offers a balance of com-
putational efficiency and predictive accuracy. As a result, using
surrogate models instead of model tests or CFD simulations to
obtain train aerodynamic coefficients will be very promising in
practice.

In this study, the training data for all surrogate models are de-
rived from CFD simulations. To save computational resources, a
relatively simplified train model is chosen to study the aerody-
namic effects of changes in train shape parameters. While six
design variables are representative of the most influential shape
characteristics, other factors such as bogies, windshields, pan-
tographs, and various attached structures may also play a role
in train aerodynamic performance. These factors could be over-
looked in the current model, potentially limiting its applicability
in more detailed or real-world scenarios. Thus, the inclusion of
these elements in the surrogate model is essential for attaining a
higher degree of scientific accuracy and practical relevance. In ad-
dition, railway infrastructure scenarios, including the type of rail-
way (Schober et al., 2010) and the form of windbreaks ( Mohebbi
& Rezvani, 2018c; Mohebbi & Safaee, 2022; Xia et al., 2022), also
have a nonnegligible impact on the aerodynamic performance of
trains under crosswinds. The above makes acquiring sufficient rel-
evant data from model tests or CFD simulations still a hindrance
in training proper surrogate models. Therefore, future research
efforts will consider the above information under adequate re-
sources.

5. Conclusions

This paper focuses on predicting the aerodynamic coefficients re-
sulting from the combination of diverse train shapes and varying
yaw angles based on surrogate models that combine regression
algorithms and CFD simulations.

CFD results reveal the relationships between input and output
variables, and provide statistical insights into the aerodynamic co-
efficients. Compared to the train shape parameters, the yaw an-
gle exhibits a stronger correlation with the Cs, C;, and Cp, with
the PCCs 0f 0.84, 0.51, 0.89, respectively. The absolute skewness of
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Figure 16: Correlation curves of CFD and predicted results (test data set): from left to right, C, C;, and Cy,; from top to bottom, PR, IPSO-SVR,
IPSO-LSSVR, and IPSO-Kriging.
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Figure 17: APE in predicting aerodynamic coefficients by each surrogate model: (A) C, (B) C;, and (C) Cp

all aerodynamic coefficients does not exceed 0.2, indicating stable
and accurate surrogate model performance.

Seven surrogate models, including four original models and
three IPSO-optimized versions, are developed to predict the aero-
dynamic coefficients. The application of IPSO significantly en-
hances the prediction performance of the original models. Among
them, the IPSO-Kriging model outperforms other surrogate mod-
els in terms of prediction accuracy. Moreover, the IPSO-Kriging
model demonstrates better generalization ability by providing an
APE of less than 5% for each test sample. Although the predic-
tion uncertainty for the C; is better quantified by the IPSO-Kriging
model, the prediction uncertainty for the C; is better evaluated by
the IPSO-LSSVR model. Overall, the IPSO-Kriging model could be
considered an effective and economical alternative to wind tun-
nel tests and CFD simulations for quickly acquiring the aerody-
namic coefficients under the combination of various train shape
parameters and different yaw angles.

Nevertheless, this study has effectively employed surrogate
models to predict aerodynamic coefficients across various com-
binations of train shape parameters and yaw angles. This suc-
cess encourages future research to delve deeper into the appli-
cation of surrogate models in exploring aerodynamic coefficients
under more complex conditions, including realistic train geome-
tries, diverse railway types, and various windshield designs. By
incorporating additional shape parameters that reflect practical
design considerations, the train model can be refined to more
accurately represent actual high-speed train configurations. Fur-
thermore, extending the current framework to incorporate envi-
ronmental factors would significantly enhance its applicability in
real-world railway operations.
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Appendix
A. Mathematical Derivations of Algorithms
A.1. Polynomial regression

Multiple PR is a form of regression analysis that models the rela-
tionship between one or more independent variable and a depen-
dentvariable as an nth-order polynomial. Assume that the dataset
D contains m records: ty, to, ..., tm, and has d independent variables

X1, Xy, ..., X4 and a dependent variable Y. Then the d-dimensional
nth-order PR model can be expressed as follows:

n d
Y= by +Dbo, (A1)
i=1 j=1
where by is the coefficient of x\ and by is constant term. The fit-
ting of PR can be converted to multiple linear regression by vari-
able substitution. Each xl} can be equated to a new independent
variable z; with the following transformation equation:

21 =X1,22 =X, ,Z2g = Xq
— 2 _ 2 2
Zgp1 = X7, Zgq0 = X5, 000, 204 = X
(A2)
Zn—1)d41 = X1s Z(n—1)d42 = X5, -+ » Znd = X}

After the mapping of Equation A2 , the PR can be converted
into a multiple linear regression on z;, as shown in the following
equation:

y = ZW + Wo (A3)

where w is the coefficient vector of z, corresponding to the coeffi-
cient bj; of x| in PR. This new linear model can then be fitted using
the least square method, which minimizes the residual sum of
squares to estimate the model parameters. Thus, the parameter
vector of the regression model can be solved using matrix oper-
ations according to the least square method, with the following

results:
w = (ZT7)77%, (A4)

where Z is the matrix of independent variables, Y is the vector of
dependent variable, and w is the vector of model parameters.

A.2. Support vector regression

SVR is an application model of support vector machine (SVM) to
regression problems (Muthukrishnan et al.,, 2020). Considering the
training dataset {(x;, yi), 1 = 1, 2, ..., n, x; € R", y; € R}, the input
vector x is initially transformed from a low-dimensional space
to a high-dimensional (m-dimensional) space, and the regression
function is given by

f(x,w):ijgj(X)er (A5)
j=1

where w; represents the ‘weight’ coefficient, g;(x) indicates a set
of nonlinear transformation functions, and b denotes the ‘bias’
term. In general, the absolute or square error is employed as a
loss function to minimize the risk of prediction. However, the e-
insensitive loss function (Vapnik, 1999) is introduced in the SVR,
which is formulated as
0, fyi— flxiw)| e
Le(yi, f(x, w)) = - .. A6
O £, w) [yi — f(xi, w)| — &, otherwise (AS)
Meanwhile, the slack factors & and §* are proposed to moni-
tor the training sample deviations outside the e-insensitive region.
Thus, the optimization problem of the SVR is defined by minimiz-
ing the corresponding cost function as follows:
n
minimizel jw|? +C 21 E+E)
i=
yi—fxw)<e+§ . (A7)
subject to § f(xj, w) —y; < &+ &
§ 20620
Here, C denotes a positive constant, which controls the trade-off

between approximation inaccuracy and model complexity. Trans-
forming the above optimization into a dual problem to solve, the
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final functional expression of SVR is given as

n

f&) =) (@ — ! )K(xi, %) + b. (A8)

i=1
Here, o; and ¢« are the dual factors, having values in the range
from zero to C; and K(x;, X) denotes the kernel function, which is
capable of converting sample data to a high-dimensional feature
space. In this study, the most widely used RBF is chosen as a kernel
function, and its expression is as follows:

K(x;, x) = exp(—yllx; — x[I?), (A9)

where y is the kernel parameter, which is used to control the lo-
cality of the kernel function.

A.3. Least square support vector regression

As a deformation algorithm of SVR, LSSVR (Suykens & Vande-
walle, 1999) transforms the inequality constraint into an equation
constraint. In addition, the error sum of squares is used as a loss
function, and the solution algorithm is transformed from solving
a convex quadratic optimization problem to solving a system of
linear equations. Thus, the optimization problem can be formu-
lated as
n
. _ 1 2 1 2
minimizeJ(w, b, ) = 3 [|wll* + 7Ci§iei , (A10)
subject toy; = wg(x;) +b+e;,i=1,2,---,n,
where Cis the penalty parameter, e; € Ris the error variable, w rep-
resents the weight vector, and g(x;) indicates the nonlinear trans-
formation function. The Lagrange equation can be established by
introducing a Lagrange multiplier « into Equation A10 as follows:

Lwbe.a) =J(wbe) =) eifwg(x)+b+e -y (AL
iz

By the partial derivatives of Equation Al1l for different vari-
ables, the following equations can be obtained:

dL(w.b,e.a)
w

n
=0=w= «g(x)
i=1
n
3L(w£,e.u) — 0= .Zlo‘i -0
1=
=0= a;=Ce
=0= wg(x;) +b+e =y

(A12)

aL(w,be.a)
de;

aL(w,b,e.a)
da;

Equation A12 can be further simplified to the following formula
by eliminating w and e;:

n
T ai(g(x)'g(x)) +b+C o =y
=1 . (A13)
>a;=0
i=1

Kernel function K(x;, x) is introduced to Equation A13, thus the
final functional expression of LSSVR is constructed as
n
f) =) aiK(x;, x) +b*. (A14)
i=1

Similarly, the RBF is used here as a kernel function.

A.4. Kriging

The Kriging regression model consists of two components: a de-
terministic regression model and a stochastic process. Determin-
istic regression model is used to fit the overall trend of the data,
while stochastic process is used to describe the random noise in
the data. Given a set of inputs X = [xq, X2, ..., X,] With x; € R" and
outputs Y = [y1, y2, ..., ya] With y; € R, their approximate relation-
ship can be defined by the Kriging model as follows:

flx) =g" w +z(x), (A15)

where g(x) = [g1(X), g2(X), ..., gm(%)]T is an optional regression func-
tion and Oth order (constant) polynomial model is chosen in this
study; w = [wy, Wy, ..., Wn]" denotes the regression parameters;
z(x) is a Gaussian stochastic process and can be expressed as fol-
lows:

Ez(x)) = O, (A16)
Var(z(x)) = o2, (A17)
Cov[Z(x;), Z(x;)] = o *R(xy, X;), (A18)

where o? represents the process variance and R(x;, xj) represents
the correlation function. The most commonly used Gaussian cor-
relation function is employed here (Kaymaz, 2005), which is for-
mulated as

p
k k)\2
R(xi, x;) =exp ) [~ (x — Xg ON!
k=1

(A19)

where p is the dimensionality of the input variable and 6 is the
correlation parameter.

Suppose R = (Rij)nxn, RU' = R(Xi, Xj) and G = (Gij)nxm, Gi)' = gi(Xj),
then w and o? can be calculated as

W = (G'TR7!G)"!GTR Y, (A20)

52 = %(Y — GWYTRL(Y — GW). (A21)

Using the maximum likelihood estimation, the optimal corre-
lation parameter 6 * can be obtained as

6" = argmin %(n In6? + In(det(R))). (A22)
0

Once w and 6 * are obtained, then the final Kriging model can
be expressed as
Fx) = g7 GOw + 1T RRLY - Gw), (A23)

where r(x) = [R(x, X1), R(X, X2), ..., R(X, x,)]T represents the correla-
tion vector between the test point x and all training points.
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