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ABSTRACT
Freezing of Gait (FOG) is a prevalent symptom in advanced Parkinson’s Disease (PD), characterized by intermittent transitions
between normal gait and freezing episodes. This study introduces a novel graph-theoretic approach to detect FOG from video data
of PD patients. We construct a sequence of pose graphs that represent the spatial relations and temporal progression of a patient’s
posture over time. Each graph node corresponds to an estimated joint position, while the edges reflect the anatomical connections
and their proximity. We propose a hypothesis testing procedure that deploys the Fréchet statistics to identify break points in time
between regular gait and FOG episodes, where we model the central tendency and dispersion of the pose graphs in the presentation
of graph Laplacian matrices by computing their Fréchet mean and variance. We implement binary segmentation and incremen-
tal computation in our algorithm for efficient calculation. The proposed framework is validated on two datasets, Kinect3D and
AlphaPose, demonstrating its effectiveness in detecting FOG from video data. The proposed approach that extracts matrix fea-
tures is distinct from the prevailing pixel-based deep learning methods. It provides a new perspective on feature extraction for
FOG detection and potentially contributes to improved diagnosis and treatment of PD.

1 | Introduction

Parkinson’s disease (PD) is a chronic neurodegenerative disor-
der that significantly impacts the quality of life of affected indi-
viduals [1]. Among the various motor abnormalities associated
with PD, Freezing of Gait (FOG) stands out as a pervasive and
debilitating manifestation. FOG is characterized by intermittent
episodes of gait disruption, where patients experience a tem-
porary inability to move forward despite their intention to do
so. These episodes occur unpredictably and can be triggered by
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specific situations, such as initiating gait, turning, or navigating
narrow spaces. The intermittent nature of FOG makes it chal-
lenging to detect and analyze using traditional clinical evaluation
methods. Furthermore, traditional methods for FOG detection
rely heavily on wearable sensors or manual observation [2], both
of which have limitations in terms of convenience, accuracy, and
scalability.

To address the limitations of conventional FOG detection meth-
ods, this study introduces a novel graph-theoretic approach to
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detect FOG from video data. It induces matrix-type features in
contrast to pixel-based features in deep learning methods [3]. By
leveraging the concept of the Fréchet mean and Fréchet variance
[4], we propose a framework that transforms video frames into
graph Laplacian matrices, representing human joint sequences as
a graph-based structure. Nodes in the graph represent individual
body joints, while edges depict the spatial connections between
them. To ensure mathematical stability, we employ a Singular
Value Decomposition (SVD)-based algorithm [5] to approximate
the nearest symmetric positive definite (SPD) matrix from the
original Laplacian matrix.

The SPD property is crucial as it allows for the creation of a metric
space, particularly through the use of the Log-Euclidean metric
[6], which is essential for calculating the Fréchet mean and vari-
ance. By establishing a metric space for graph Laplacian matrices,
we derive closed-form formulas for the Fréchet mean and vari-
ance and incorporate them in a test statistic. This test statistic is
then deployed to detect break points within the video sequence,
effectively identifying the initiation and termination moments of
FOG episodes. The integration of Fréchet statistical methods into
the analysis of PD freezing gait contributes significantly to the
accurate detection and quantification of FOG events. This novel
approach holds the potential to inform disease management and
treatment strategies, offering more effective diagnostic and ther-
apeutic approaches for PD and other gait disorders. The proposed
framework is validated on public datasets, demonstrating its fea-
sibility and superiority compared to baseline models.

The rest of the paper is organized as follows: Section 2 provides
a comprehensive review of the current research status on PD
freezing gait, its detection techniques, graph-based distance met-
rics, and Fréchet analysis of graph Laplacians. Section 3 defines
the research problems in both video processing and graph statis-
tics, proposing the theoretical and algorithmic framework for
graph preprocessing and FOG change point detection. Section 4
presents the experimental validation of the methodology using
public datasets, comparing its performance with baseline mod-
els. Finally, Section 5 concludes the article, discussing the signifi-
cance of the study, the implications of the experiments, and future
application directions.

2 | Related Works

2.1 | Parkinsonism Freezing of Gait

PD is a neurodegenerative disorder that significantly impacts
motor functions, with FOG being one of its most prominent
symptoms, affecting approximately 80% of PD patients [1]. FOG
is characterized by hesitation and reluctance during the initia-
tion, turning, and termination of walking tasks, manifesting as
shuffling steps, reduced stride length and width, decreased walk-
ing speed, bodily stiffness, and loss of normal arm swing motion.
Additionally, PD patients exhibit diminished gait amplitude [7].

Studies have shown that in the pre-swing phase preceding FOG,
activities of the tibialis anterior muscle and ankle joint initiate
prematurely but significantly shorten during the actual swing
phase, correlating with the gradual reduction in stride length
and stable step frequency prior to freezing [8, 9]. Step frequency,

which refers to the pace at which an individual walks, typically
falls within the range of 90–110 steps per minute in normal walk-
ing patterns. However, in PD, the rhythm can escalate to 149 steps
per minute [10].

PD gait is characterized by irregular increases in stride, includ-
ing inconsistent and asymmetric steps. Measuring regularity and
stability is crucial for distinguishing PD-related gait abnormal-
ities from those caused by aging [11], indicating that FOG is a
patterned and quantifiable process. Non-contact methods offer
unparalleled advantages in detecting features directly from a dis-
tance without omitting many characteristics.

Various methods have been employed to elucidate the patho-
physiological mechanisms of FOG. Traditional clinical subjec-
tive assessments, such as the Postural Instability/Gait Difficulty
(PIGD) scale [12], Freezing of Gait Questionnaire (FOG-Q) [13],
and Unified Parkinson’s Disease Rating Scale (UPDRS) [14], fail
to form effective patterns and capture subtle abnormalities in gait
characteristics, unlike quantitative methods.

Wearable devices, including Inertial Measurement Units (IMUs)
[15], shoe insole pressure sensors [2], and portable Electromyog-
raphy (EMG) [16], support gait signal collection and can be fur-
ther configured for disease monitoring and quantitative assess-
ment through signal processing and analysis. IMUs, composed
of accelerometers, gyroscopes, and magnetometers, measure
the force, angular rate, and orientation of objects, facilitating
time-domain and frequency-domain feature analysis of gait sig-
nals [17]. Furthermore, electroencephalography (EEG) brain
waves in PD patients [18] have been used for analyzing with vary-
ing levels of FoG severity.

2.2 | Video-Based Detection Approaches
for FOG

Recent advances in computer vision and human pose estima-
tion have developed easy-to-use, affordable, and clinically rel-
evant techniques for recognizing Parkinson’s gait. Pose estima-
tion identifies human joints in images or videos and has been
effectively used in gait analysis. Initially, vision-based gait studies
used Microsoft Kinect sensors for 3D joint analysis in Parkinson’s
patients, but the Kinect’s limited range (0.5–4.5 m) restricted its
application [19].

The combination of consumer-grade devices and advanced com-
puter vision algorithms has significantly reduced the cost of gait
analysis. Existing human pose estimation libraries, such as Open-
Pose, Detectron, and AlphaPose, have demonstrated their pro-
ficiency in extracting accurate 2D joint pixel coordinates from
video recordings [20]. Previous research has explored the use
of 2D joint trajectories to calculate domain-specific features for
identifying Parkinson’s gait and dyskinesia rating in color videos
[3, 21, 22]. Several studies have employed the Microsoft Kinect
camera and its SDK to generate 3D skeletal data. Nguyen [23]
proposed a method to predict gait abnormality index by using
the joint coordinates of 3D skeletons as input to an auto-encoder
and distinguishing abnormal gait based on reconstruction error.
Jun [24] proposed an auto-encoder based on a bidirectional recur-
rent neural network to extract features from 3D skeletal data for
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abnormal gait recognition and evaluated the performance of the
discriminant model using these features.

Tian [25] introduced a novel temporal convolutional neural
network model to assess the severity of PD in gait videos by
extracting participants’ 3D body skeletons and estimating the
MDS-UPDRS score. Li [22] extracted human joint sequences
from videos recorded by PD patients and computed motion fea-
tures using pose estimation methods. They then applied ran-
dom forests for multi-class classification and evaluated clinical
scores based on UPDRS and the Unified Dyskinesia Rating Scale
(UDysRS) [26]. Sabo [3] proposed the use of a spatio-temporal
graph convolutional network (ST-GCN) architecture and train-
ing program to predict clinical scores of Parkinson’s gait from
videos of dementia patients. Hu [27] proposed a graph convolu-
tional neural network architecture that represents each video as
a directed graph to detect PD freezing gait, demonstrating good
performance with an AUC of 0.887 on a dataset of more than 100
videos collected from 45 patients during clinical evaluation.

The spatio-temporal graph convolutional network (ST-GCN)
leverages the inherent graph structure of human skeletons to
provide an effective mechanism for learning directly from joint
trajectories. In the spatial domain, skeleton data can be repre-
sented graphically, while convolutional functions on the time axis
can capture temporal features such as joint dynamics (frequency,
velocity). The advantage of ST-GCN is that it eliminates the need
for developing and computing engineered gait features based on
joint trajectories, as it can learn directly from joint trajectories to
utilize the most important aspects of gait patterns. ST-GCN has
been effectively combined with human pose estimation libraries
to score leg agility in Parkinson’s disease [28].

2.3 | Distance Metric for Graph Sequences

In addition, another key step in solving the FOG’s detection is
to evaluate the distance between the graph sequences. The term
“metric” refers to a metric space, which is a set of distances
defined between elements in a space that extends beyond tra-
ditional Euclidean geometry. This is essential for analyzing data
distribution and detecting change points.

In this article, the Frobenius norm is used as a method to measure
the distance between two metrics. This is an indispensable part of
calculating the Fréchet mean and variance of data objects within
the metric space. The Fréchet mean serves as the center of the
data distribution by being the point that minimizes the average
distance to all other points in the space, thus providing a mea-
sure of central tendency. The Fréchet variance, on the other hand,
measures the spread around this mean, quantifying the variabil-
ity of the data points relative to the mean, similar to what variance
does in traditional statistics. This approach focuses on comparing
the Fréchet variance before and after a potential change point.
It does not require parameter adjustments except when defining
cutoff intervals where no change point is expected.

Using the Frobenius norm to quantitatively measure the differ-
ence between two matrices is particularly useful in the context
of covariance matrices and change point detection. Reference
[4] provides theoretical support for the effectiveness of using the

Frobenius norm in change point detection, thereby ensuring the
method’s stability under various conditions. Furthermore, they
offer theoretical guarantees for the consistency of tests under con-
tinuous alternatives, ensuring the method’s reliability in detect-
ing change points. The proposed method is also versatile across
different metric spaces, demonstrating its applicability to various
data environments.

In this article, the metric space referenced utilizes the
Log-Euclidean metric from the Reference [29], which compares
Euclidean, Riemannian, and Log-Euclidean. The Log-Euclidean
metric was finally adopted.

For the Euclidean metric, while it is simple, it is insufficient
for tensor computations. Noise and non-linear operations often
result in non-positive eigenvalues in clinical data. Regularization
methods focusing on tensor characteristics, such as eigenvectors,
fail to utilize the complete information contained in the tensor,
leading to incomplete solutions. The Euclidean average of ten-
sors causes the “swelling effect,” where the calculated mean has
a larger determinant than the original tensors, which is physically
unrealistic.

Regarding the Riemannian metric, within the affine-invariant
statistical framework, it eliminates the swelling effect observed
in the Euclidean metric by ensuring that symmetric matrices
with negative eigenvalues are considered infinitely distant from
any tensor. Despite being effective, the affine-invariant met-
ric has high computational costs due to the complex opera-
tions involving matrix inversions and logarithms. Introducing
the Log-Euclidean metric simplifies computations by transform-
ing tensor operations into vector operations, enhancing efficiency
while maintaining theoretical robustness.

For the Log-Euclidean metric, it is well-defined for the logarithms
of tensors and corresponds to symmetric matrices, establishing
a one-to-one relationship between symmetric matrices and ten-
sors. This relationship allows direct computation of tensor loga-
rithms through diagonalization and eigenvalue transformations.
Matrix exponential operations similarly map symmetric matrices
back to tensors.

The simplicity of the Log-Euclidean metric arises from the
commutativity of logarithmic multiplication, preserving distance
invariance under matrix inversion and logarithmic multipli-
cation, thus ensuring the robustness of tensor computations.
Although not achieving full affine invariance, it demonstrates
similar invariance, yielding consistent results across different
coordinate systems. The similarity-invariant Log-Euclidean met-
ric enhances the reliability of tensor computations in various
applications. Additionally, the Log-Euclidean metric is easier to
compute and exhibits greater anisotropy and computational effi-
ciency. Its similarity extends to various tensor operations, includ-
ing regularization. Anisotropic regularization using the Rieman-
nian metric effectively reduces noise while preserving essential
structural details in tensor fields. The Log-Euclidean framework
simplifies the regularization process by converting tensor com-
putations into Log-Euclidean operations. Regularization exper-
iments show that the Log-Euclidean method produces better
results compared to Euclidean methods, effectively addressing
challenges posed by noise in diffusion tensor imaging.
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In this article, the Log-Euclidean metric allows the application
of standard algebraic operations to tensors through logarithmic
representation, providing a robust framework for tensor process-
ing. By preserving the algebraic structure of vector spaces, the
Log-Euclidean framework simplifies Riemannian statistics and
analysis, improving the efficiency of tensor processing. In this
context, the Frobenius norm and Fréchet mean provide a direct
method for averaging tensors, in contrast to the iterative nature
of the affine-invariant mean. Converting tensors into symmet-
ric matrices or six-dimensional vectors allows the application of
classical vector processing tools, simplifying computations. This
underscores the importance of the Frobenius norm in the context
of change point detection in the data sequences focused on in this
paper, making it highly suitable for the task.

The proposed approach capitalizes on the structural informa-
tion of graph Laplacian matrices and the intrinsic geometry
of human skeleton data. It leverages spectral methods and the
Log-Euclidean metric for a computationally efficient framework
that captures essential structural changes. As a result, the paper
presents a novel mathematical method for analyzing large graph
sequences. This not only circumvents the computational issues
of previous techniques but also offers new perspectives on the
dynamics of FOG, providing a promising tool for monitoring PD
progression.

3 | Methodology

In this section, we present the details of our approach for detect-
ing FOG from video data. The proposed method consists of sev-
eral key steps, which are outlined as follows.

• Pose Estimation: We employ a pose estimator to extract
a pose sequence from the input video. The pose estimator
identifies the locations of key body joints in each frame, pro-
viding a structured representation of the human skeleton
over time.

• Graph Construction: We devise a novel way to construct
pose graphs based on the obtained pose sequence. Each
frame is represented as a graph, where nodes correspond
to individual body joints and edges represent the spatial
connections between them. This graph-based representation
allows us to extract matrix features and capture the spatial
geometry and temporal evolution of the human skeleton.

• Hypothesis Testing: We deploy a hypothesis testing frame-
work for detecting FOG based on the obtained graphs. We
construct a test statistic based on the Fréchet mean and
variance of the graph Laplacians, which captures both the
average behavior and the dispersion of the graphs in the
sequence.

By combining the graph-based representation, the Log-Euclidean
metric, and the hypothesis testing framework, our approach pro-
vides a principled and effective way to detect FOG in video data.
The proposed method takes advantage of the inherent graph
structure of the human skeleton and leverages the geometric
properties of the graph Laplacians to identify changes in gait pat-
terns. The introduction of the metric space and the use of the
Fréchet mean and variance allow us to quantify the similarity
between graphs and detect significant deviations from normal

gait behavior. This approach offers a robust and interpretable way
to analyze the temporal evolution of the human skeleton and
identify FOG episodes. Figure 1 provides a visual representation
of the proposed detection framework.

In the following subsections, we provide a detailed description of
each component of our methodology, including the graph con-
struction, Fréchet statistics definition, and change point detec-
tion algorithm. We also discuss the theoretical foundations and
practical considerations of our approach, highlighting its advan-
tages and potential limitations.

3.1 | Pose-Based Graph Sequence

Our proposed method for analyzing gait features and detecting
potential changes in movement patterns consists of two main
phases. The first phase involves obtaining sequential gait features
from video data, while the second phase focuses on constructing
a sequence of graphs to represent the structure of the joint coor-
dinates. Let’s delve into the details of each phase:

1. Phase 1: Obtaining Sequential Gait Features
In this phase, we extract body joint coordinates from the
video data using one of two approaches:
AlphaPose: AlphaPose is a powerful tool for estimating
human pose in images and videos. By applying AlphaPose to
each frame of the video, we obtain the coordinates of various
body joints, such as ankles, knees, hips, shoulders, elbows,
and wrists. These coordinates provide a sequential represen-
tation of the gait features throughout the video.
Kinect SDK: Alternatively, if the video data is captured using
a Microsoft Kinect device, we can directly obtain the joint
coordinates using the Kinect SDK. The Kinect SDK provides
a set of APIs that allow us to access the depth and skele-
ton data from the Kinect sensor. By utilizing these APIs,
we can extract the joint coordinates for each frame of the
video, resulting in a sequential representation of the gait
features.

2. Phase 2: Constructing a Sequence of Graphs
In the second phase, we introduce a novel feature extrac-
tion approach to handle the pose data obtained from Phase
1. We construct a sequence of graphs to represent the struc-
ture of the joint coordinates. Each graph in the sequence
corresponds to a specific frame of the video and captures
the relationships between the body joints at that particular
instant.
For each frame of the video, create a graph where the
nodes represent the body joints, and the edges repre-
sent the connections between the joints. This results in a
sequence of skeleton graphs representing the graph struc-
ture of the joints over time. Denote the graph sequence as
𝐺(1), 𝐺(2), . . . , where each snapshot 𝐺(𝑡) =

(
𝑉 (𝑡), 𝐸(𝑡)) rep-

resents an undirected weighted graph observed at discrete
time 𝑡. All skeleton graphs share the same set of nodes,
denoted as 𝑉 (1) = 𝑉 (2) = · · · = 𝑉 .
For a skeleton graph sequence 𝐺(𝑡) with 𝑁 = ||𝑉 (𝑡)|| nodes,
the (𝑖, 𝑗) entry of the 𝑁 ×𝑁 adjacency matrix 𝐴(𝑡) repre-
sents the edge weight between joints 𝑖 and 𝑗. The adjacency
matrix captures the proximity of the connected joints. Each
entry 𝐴(𝑡)

𝑖𝑗
in the adjacency matrix is calculated using the
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FIGURE 1 | Framework of the proposed graph-theoretic method for detecting FOG from video data. The method consists of three main steps: (1)
pose estimation from video frames using AI-based pose estimation APIs such as AlphaPose, (2) construction of a sequence of pose graphs based on the
estimated joint coordinates, where each graph represents the spatial relationships between body joints at a specific time point, and (3) calculation of
test statistics using the Fréchet mean and variance of the graph Laplacian matrices. This novel approach effectively captures the temporal dynamics of
gait patterns and enables the detection of potential FOG episodes by identifying significant deviations in the test statistics.

formula:

𝐴
(𝑡)
𝑖𝑗

=
⎧⎪⎨⎪⎩

1||𝑤⃗𝑖−𝑤⃗𝑗 ||2 , if joints 𝑖 and 𝑗 are connected by a bone

0, otherwise

(1)

where 𝑤⃗𝑖 and 𝑤⃗𝑗 denote the coordinates of joints 𝑖 and
𝑗, respectively, and || ⋅ ||2 represents the Euclidean dis-
tance between the joint coordinates. By constructing this
sequence of graphs, we capture the spatial relationships
between the body joints and their evolution throughout the
video. The adjacency matrices provide a compact represen-
tation of the gait features, taking into account the proximity
of the connected joints. Based on the adjacency matrix, the
graph Laplacian is defined as follows:

𝐿
(𝑡)
𝑖𝑗

=
⎧⎪⎨⎪⎩

𝑁∑
𝑘=1
𝐴

(𝑡)
𝑖𝑘
, if 𝑖 = 𝑗

−𝐴(𝑡)
𝑖𝑗
, otherwise

(2)

which uniquely determine the graph structure. The com-
bination of these two phases, obtaining sequential gait fea-
tures and constructing a sequence of graphs, forms the foun-
dation of our proposed method. This approach allows us
to effectively analyze the gait patterns and detect potential
changes or anomalies in the movement data.

3.2 | FréChet Statistics of Graph Laplacians

To quantify the distance between two graphs, we introduce a
metric space that enables us to measure the similarity between
them based on their geometric properties. The Frobenius metric,
defined as 𝛿𝐹 (𝑋, 𝑌 ) = ||𝑋 − 𝑌 ||F =

√∑𝑚

𝑖=1
∑𝑛

𝑗=1
(
𝑥𝑖𝑗 − 𝑦𝑖𝑗

)2, is a
commonly used metric for matrices, but it suffers from the
swelling effect, that is, the determinant of the average is
larger than any of the original determinants [30]. To overcome
this issue, we define the distance between two graphs as the
Log-Euclidean metric of the nearest Symmetric Positive Definite
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(SPD) matrices of their respective graph Laplacians. Moreover,
this metric allows for a closed-form Fréchet mean, enabling us to
characterize the average structure of a sequence of graphs.

The graph Laplacian 𝐿(𝑡) is positive semi-definite, and its rank
equals the number of nodes minus the number of communities,
that is, disconnected components in the graph. Ginestet [31] char-
acterize the set of 𝑁 ×𝑁 graph Laplacians with rank 𝑙 as a sub-
manifold of ℝ𝑁2 of dimension 𝑁𝑙 − 𝑙(𝑙 + 1)∕2.

The singularity of the graph Laplacian restricts the application
of SPD metrics, such as the Log-Euclidean metric. To avoid this
issue, we identify the nearest symmetric positive definite (SPD)
matrix to 𝐿(𝑡) in the Frobenius norm. This algorithm is based on
the SVD of𝐿(𝑡) and is numerically stable and efficient. The result-
ing SPD, 𝐿̃(𝑡), is then used in place of 𝐿(𝑡) in defining the metric
space. For directed graphs, Theorem 2 in the article [32] provides
the 2-norm distance between a matrix (which may not be sym-
metric) and the nearest symmetric positive semidefinite (SPSD)
matrix. We then use the algorithm [5] to identify the nearest SPD
of the original graph Laplacian.

We define a metric space (̃, d) for the graph snapshots.
̃ is the set of the nearest SPD matrices of graph Lapla-
cians, and d is a function d ∶ ̃ × ̃ → ℝ+. We define d using
the Log-Euclidean metric 𝛿𝐿𝐸(𝑋, 𝑌 ) = || log(𝑋) − log(𝑌 )||F. The
Log-Euclidean metric is defined as a bi-invariant metric on the
Lie group [33] of SPD matrices, which is viewed as the classical
Euclidean metric on the vector space [6]. Given i.i.d. random vari-
ables 𝐿̃(1)

, . . . , 𝐿̃
(𝑛) ∼ 𝐹 in (̃, d), the Fréchet mean has a unique

closed-form solution [6]:

𝜇𝐿̃ = exp(𝔼(log(𝐿̃))), 𝑋𝐿̃ = exp

(
1
𝑛

𝑛∑
𝑖=1

log
(
𝐿̃

(𝑖)
))

(3)

where 𝜇𝐿̃ and𝑋𝐿̃ are the population and sample Fréchet means,
respectively. 𝑋𝐿̃ is asymptotically consistent [34]. Besides, the
population and sample Fréchet variances for 𝐿̃

(1)
, . . . , 𝐿̃

(𝑛) ∼
𝐹 are:

𝜎2
𝐿̃
= 𝔼

(
d2(𝜇𝐿̃, 𝐿̃)) (4)

𝑠2
𝐿̃
= 1
𝑛

𝑛∑
𝑖=1

d2
(
𝑋𝐿̃, 𝐿̃

(𝑖)
)

(5)

= 1
𝑛

𝑛∑
𝑖=1

‖‖‖‖‖‖1
𝑛

𝑛∑
𝑗=1

log
(
𝐿̃

(𝑗)
)
− log

(
𝐿̃

(𝑖)
)‖‖‖‖‖‖

2

F

(6)

3.3 | FréChet Statistics-Based FOG Detection

Having processed the video data into a sequence of graphs and
defined a metric space for graph Laplacians, we now focus on the
detection of FOG episodes. The key idea is to formulate the FOG
detection problem as a graph change point detection task, where
the goal is to identify significant changes in the statistical proper-
ties of the graph sequence over time.

To detect the change points, we leverage the geometric prop-
erties of the graph Laplacians in the metric space defined in
Section 3.2. By comparing the Fréchet means and variances of the

graph Laplacians across different segments of the sequence, we
can identify significant deviations from the baseline gait behav-
ior. Specifically, we employ a hypothesis testing framework to
assess the statistical significance of the changes in the graph prop-
erties. We construct a test statistic based on the Fréchet mean
and variance, which captures both the average behavior and the
dispersion of the graphs within each segment. By sliding a win-
dow across the graph sequence and computing the test statistic
for each window, we can identify the locations where the gait
patterns undergo significant changes. These change points corre-
spond to the transitions between normal gait and FOG episodes.

Let us consider an independent time-ordered sequence
{
𝑌 (𝑖)}𝑛

𝑖=1
that takes values in a metric space (̃, d) defined in Section
3.1.2. In the simplest case, we hypothesize that there is at most
one change point location, denoted by 0 < 𝜏 < 1. Specifically,
𝑌 (1), . . . , 𝑌 (⌊𝑛𝜏⌋) ∼ 𝐹1 and 𝑌 (⌊𝑛𝜏⌋+1), . . . , 𝑌 (𝑛) ∼ 𝐹2, where 𝐹1 and
𝐹2 are unknown probability measures on (̃, d) and ⌊𝑥⌋ is the
greatest integer less than or equal to 𝑥. In this context, the aim is
to test the null hypothesis of distribution homogeneity, denoted
by 𝐻0 ∶ 𝐹1 = 𝐹2, against the alternative hypothesis of a single
change point, denoted by 𝐻1 ∶ 𝐹1 ≠ 𝐹2.

To characterize the statistical properties of data from two seg-
ments separated by a potential change point 𝑢 ∈ 𝑐 = [𝑐, 1 − 𝑐] ⊂
[0, 1], we compute the sample Fréchet mean of the segment con-
sisting of observations before and after ⌊𝑛𝑢⌋ as

𝑋[0,𝑢] = arg min
𝑙∈̃

1⌊𝑛𝜏⌋ ⌊𝑛𝜏⌋∑
𝑖=1

d2(𝑌 (𝑖), 𝑙
)

(7)

𝑋[𝑢,1] = arg min
𝑙∈̃

1
𝑛 − ⌊𝑛𝜏⌋ 𝑛∑

𝑖=⌊𝑛𝜏⌋+1
d2(𝑌 (𝑖), 𝑙

)
(8)

and the corresponding sample Fréchet variance are:

𝑠2
[0,𝑢] =

1⌊𝑛𝜏⌋ ⌊𝑛𝜏⌋∑
𝑖=1

d2
(
𝑌 (𝑖), 𝑋[0,𝑢]

)
(9)

𝑠2
[𝑢,1] =

1
𝑛 − ⌊𝑛𝜏⌋ 𝑛∑

𝑖=⌊𝑛𝜏⌋+1
d2

(
𝑌 (𝑖), 𝑋[𝑢,1]

)
(10)

The contaminated version of Fréchet variances can be obtained
by replacing the Fréchet mean of a segment with the mean of the
complementary segment. This leads to the definitions:

(
𝑠2
[0,𝑢]

)𝐶
= 1⌊𝑛𝜏⌋ ⌊𝑛𝜏⌋∑

𝑖=1
d2

(
𝑌 (𝑖), 𝑋[𝑢,1]

)
(11)

(
𝑠2
[𝑢,1]

)𝐶
= 1
𝑛 − ⌊𝑛𝜏⌋ 𝑛∑

𝑖=⌊𝑛𝜏⌋+1
d2

(
𝑌 (𝑖), 𝑋[0,𝑢]

)
(12)

which are guaranteed to be at least as large as the correct ver-
sion (4). The differences

(
𝑠2

1
)𝐶 − 𝑠2

[0,𝑢] and
(
𝑠2

2
)𝐶 − 𝑠2

[𝑢,1] can be
interpreted as measures of the between-group variance of the two
segments.

Suppose we fix some 𝑢 ∈ 𝑐 . As a result of the central
limit theorem for Fréchet variances [35], the statistic
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√
𝑢(1 − 𝑢)(

√
𝑛∕𝜎)

(
𝑠2
[0,𝑢] − 𝑠

2
[𝑢,1]

)
has an asymptotic standard

normal distribution under the null hypothesis 𝐻0. Here, 𝜎
denotes the asymptotic variance of the empirical Fréchet vari-
ance. This result provides a powerful tool for statistical inference,
allowing us to test hypotheses about differences in Fréchet vari-
ances between two segments of data. We adopt the following test
statistic:

𝑇𝑛(𝑢) =
𝑢(1 − 𝑢)
𝜎̂2

[(
𝑠2
[0,𝑢] − 𝑠

2
[𝑢,1]

)2
(13)

+
((
𝑠2
[0,𝑢]

)𝐶
− 𝑠2

[0,𝑢] +
(
𝑠2
[𝑢,1]

)𝐶
− 𝑠2

[𝑢,1]

)2
]

(14)

The quantity
(
𝑠2
[0,𝑢] − 𝑠

2
[𝑢,1]

)2
provides a measure of the difference

in Fréchet variances between two segments of data. Specifically,
a larger value of

(
𝑠2
[0,𝑢] − 𝑠

2
[𝑢,1]

)2
indicates a greater difference in

the variability of the data in the two segments. On the other hand,((
𝑠2
[0,𝑢]

)𝐶
− 𝑠2

[0,𝑢] +
(
𝑠2
[𝑢,1]

)𝐶
− 𝑠2

[𝑢,1]

)2

captures the difference in

Fréchet means between the two segments.

Theorem 1 in [4] shows that under 𝐻0,
{
𝑛𝑇𝑛(𝑢) ∶ 𝑢 ∈ 𝑐} con-

verges weakly1 to the square of a standardized Brownian bridge
on the interval 𝑐 , to perform a hypothesis test between 𝐻0 and
𝐻1, we use the statistic

sup
𝑢∈𝑐

𝑛𝑇𝑛(𝑢) = max⌊𝑛𝑐⌋≤𝑘≤𝑛−⌊𝑛𝑐⌋ 𝑛𝑇𝑛
(
𝑘

𝑛

)
(15)

Here, 𝑇𝑛(𝑢) is a test statistic for the hypothesis test, which is com-
puted for each potential change point 𝑢 ∈ 𝑐 . To proceed, we
obtain the (1 − 𝛼) th quantile of sup𝑢∈𝑐 2(𝑢), denoted as 𝑞1−𝛼 .
Under𝐻0, we define the rejection region for a level 𝛼 significance
test as:

𝑅𝑛,𝛼 =

{
sup
𝑢∈𝑐

𝑛𝑇𝑛(𝑢) > 𝑞1−𝛼

}
(16)

Under 𝐻1, which assumes a change point at 𝜏 ∈ 𝑐 , which max-
imizes the test statistic across all potential change points, we can
locate it by finding the maximizer of the process 𝑇𝑛(𝑢):

𝜏 = arg max
𝑢∈𝑐

𝑇𝑛(𝑢) = arg max⌊𝑛𝑐⌋≤𝑘≤𝑛−⌊𝑛𝑐⌋ 𝑇𝑛
(
𝑘

𝑛

)
(17)

3.4 | Theory

In this section, we develop the theoretical foundation for our
change-point detection methodology applied to the space of
Symmetric Positive Definite (SPD) matrices endowed with the
Log-Euclidean metric. We define the necessary estimators, estab-
lish key assumptions, and present the main consistency results
that guarantee the reliability of our change-point estimation and
hypothesis testing procedures.

For any 𝛼 = {𝛼1, 𝛼2, . . . , 𝛼𝑛 ∶ 0 ≤ 𝛼𝑖 < 1,
∑𝑛

𝑖=1𝛼𝑖 = 1}, let

𝑅𝑛(𝜔, 𝛼) =
𝑛∑
𝑖=1
𝛼𝑖𝛿

2
𝐿𝐸

(𝐿̃𝑖, 𝜔) and 𝜇̂𝛼 = arg min
𝜔∈̃

𝑅𝑛(𝜔, 𝛼) (18)

Furthermore, for any 0 ≤ 𝛾 ≤ 1, let

𝑆(𝜔, 𝛾) = 𝛾𝐸1
(
𝛿2
𝐿𝐸

(𝐿̃, 𝜔)
)
+ (1 − 𝛾)𝐸2

(
𝜎2
𝐿𝐸

(𝐿̃, 𝜔)
)

and

𝜇𝛾 = arg min
𝜔∈̃

𝑆(𝜔, 𝛾) (19)

where:

• ̃ denotes the space of SPD matrices nearest to graph Lapla-
cians,

• 𝛿𝐿𝐸 denotes the Log-Euclidean metric,

• 𝐿̃𝑖 represents the observed samples,

• 𝜔, 𝜇 represent elements in the metric space (̃, 𝛿𝐿𝐸).
We require the following assumptions, which are deemed to hold
true regardless of whether the null hypothesis 𝐻0 is established
or not.

• (A1) For any 0 ≤ 𝛾 ≤ 1, 𝜇𝛾 exists and is unique. Additionally,
there exists 𝜁 > 0 and 𝐶 > 0 such that

inf
0≤𝛾≤1

inf
𝛿𝐿𝐸 (𝜔,𝜇𝛾 )<𝜁

[𝑆(𝜔, 𝛾) − 𝑆(𝜇𝛾 , 𝛾) − 𝐶𝛿2
𝐿𝐸

(𝜔, 𝜇𝛾 )] ≥ 0 (20)

Note that this implies that under 𝐻0,

inf
𝛿𝐿𝐸 (𝜔,𝜇)<𝜁

{
𝐸
(
𝛿2
𝐿𝐸

(𝐿̃, 𝜔)
)
− 𝐸

(
𝛿2
𝐿𝐸

(𝐿̃, 𝜇)
)
− 𝐶𝛿2

𝐿𝐸
(𝜔, 𝜇)

} ≥ 0

(21)

• (A2) For any 𝛼 = {𝛼1, 𝛼2, . . . , 𝛼𝑛 ∶ 0 ≤ 𝛼𝑖 ≤ 1,
∑𝑛

𝑖=1𝛼𝑖 = 1},
𝜇̂𝛼 exists and is unique almost surely. Additionally, for any
𝜀 > 0, there exists 𝜅0 = 𝜅0(𝜀) > 0 such that as 𝑛 → ∞,

𝑃

(
inf
𝛼

inf
𝛿𝐿𝐸 (𝜔,𝜇̂𝛼 )>𝜀

[𝑅𝑛(𝜔, 𝛼) −𝑅𝑛(𝜇̂𝛼, 𝛼)] ≥ 𝜅0

)
→ 1 (22)

• (A3) Let𝐵𝛿(𝜔) ⊂ ̃ be a ball of radius 𝛿 centered at𝜔, which
is any arbitrary element in ̃, and let 𝑁(𝜀, 𝐵𝛿(𝜔), 𝛿𝐿𝐸) be its
covering number which is defined as the minimum number
of balls of radius 𝜀 > 0 needed to cover 𝐵𝛿(𝜔) (see Section
2.1.1 of [37] for the definition and further details). Then, for
any 𝜔 ∈ ̃,

∫
1

0

√
log𝑁(𝜀𝛿, 𝐵𝛿(𝜔), 𝛿𝐿𝐸)𝑑𝜀 = 𝑂(1) as 𝛿 → 0 (23)

The assumptions (A1)–(A3) are naturally satisfied in our setting
for the following reasons:

1. The space of SPD matrices equipped with the Log-Euclidean
metric is a Hadamard space (a complete, simply connected
metric space with non-positive curvature) as established
in Thanwerdas [38]. In Hadamard spaces, Fréchet means
are unique provided they exist. The Log-Euclidean metric
ensures convexity of the Fréchet functional, guaranteeing
the existence and uniqueness of Fréchet means under mild
regularity conditions on the distributions 𝑃1 and 𝑃2. Fur-
thermore, the curvature conditions inherent to Hadamard
spaces imply the quadratic lower bound required by (A1)
with suitable constants 𝜁 and 𝐶 .
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2. In Hadamard spaces, the Fréchet mean estimator 𝜇̂𝛼 is
uniquely defined due to the convexity of the Fréchet func-
tional and the uniqueness of the Fréchet mean. As the
sample size increases, empirical Fréchet means converge
uniformly to the population Fréchet mean, ensuring that
𝜇̂𝛼 consistently estimates 𝜇𝛾 for appropriate 𝛾 . The con-
sistent minimization of the Fréchet functional under the
Log-Euclidean metric satisfies the second part of (A2),
ensuring that deviations beyond 𝜀 incur a positive penalty
bounded below by 𝜅0(𝜀) [39, 40].

3. The space of SPD matrices with bounded entries under the
Log-Euclidean metric exhibits polynomial metric entropy.
Specifically:
⋅ The Log-Euclidean metric transforms the SPD matrix

space into a Euclidean space via the matrix logarithm.
Thus, the covering number 𝑁(𝜀, 𝐵𝛿(𝜔), 𝛿𝐿𝐸) behaves
similarly to that of a standard Euclidean space of com-
parable dimension [37, 41].

⋅ For fixed dimensions, the covering number grows poly-
nomially with respect to 𝜀−1. Hence, we can select 𝛽 =
1∕𝛾 for appropriate 𝛾 > 0 to satisfy the entropy condition
in (A3), ensuring

log𝑁(𝜀, ̃, 𝛿𝐿𝐸) ≤ 𝐾

𝜀𝛽
(24)

for some constant 𝐾 > 0.

These geometric and topological properties of the Log-Euclidean
metric space of SPD matrices naturally lead to the satisfaction of
our technical assumptions, providing a robust theoretical foun-
dation for our statistical framework.

Theorem 1. (Consistency of Change-Point Estima-
tion). Under the alternative hypothesis 𝐻1 and assumptions
(A1)–(A3), the estimated change-point 𝜏 satisfies

sup
𝑢∈𝑐

|𝑇𝑛(𝑢) − 𝑇 (𝑢)| = 𝑜𝑃 (1) and |𝜏 − 𝜏| = 𝑜𝑃 (1) as 𝑛 → ∞

The above theorem establishes that our change-point estimator 𝜏
converges in probability to the true change-point 𝜏 as the sam-
ple size 𝑛 grows to infinity. Specifically, the supremum of the
difference between the empirical test statistic 𝑇𝑛(𝑢) and its pop-
ulation counterpart 𝑇 (𝑢) uniformly over the interval 𝑐 becomes
negligible. Consequently, the estimated change-point accurately
identifies the location of the true change-point with increasing
probability, ensuring the reliability of our estimation procedure
under the alternative hypothesis.

Theorem 2. (Consistency of the Test). Under 𝐻1 and
assumptions (A1)–(A3), for contiguous alternatives where

𝛿𝐿𝐸(𝜇1, 𝜇2) = 𝑎𝑛 and |𝜎2
1 − 𝜎2

2 | = 𝑏𝑛
with 𝑎𝑛, 𝑏𝑛 → 0 as 𝑛 → ∞, the test power satisfies 𝜓𝑛 → 1, provided
either

√
𝑛𝑎𝑛 → ∞ or

√
𝑛𝑏𝑛 → ∞.

This theorem ensures that our hypothesis test is consistent
against contiguous alternatives. As the sample size increases,

even subtle differences between the mean SPD matrices (𝜇1 and
𝜇2) measured by the Log-Euclidean metric, or in their variabil-
ity (𝜎2

1 and 𝜎2
2 ), will be detectable with probability approach-

ing one. In other words, the test becomes increasingly power-
ful, effectively rejecting the null hypothesis of no change-point
when such a change exists, provided that the deviations in
means or variances are sufficiently large relative to the sam-
ple size.

The satisfaction of Theorems 1 and 2 ensures that the test statis-
tics of our algorithm are sufficiently significant to reject the
null hypothesis of no change points. The proofs related to these
theorems are provided in the appendix.

3.5 | Algorithm and Computing Complexity

By leveraging the closed form of the Fréchet mean (1) and
variance (2), we have developed a recursive formula for
updating these values incrementally, which is shown in the
IncrementalFr’echetStatistics function of Algorithm 1.
This approach significantly reduces the time complexity from
(
𝑛2) to (𝑛), making it computationally efficient while still

maintaining accuracy.

To determine the number of change points, we employ a binary
segmentation algorithm, which recursively partitions the graph
sequence into smaller segments based on the test statistic. The
algorithm identifies the most significant change points and con-
tinues to split the segments until a stopping criterion is met,
such as a predefined threshold or a desired level of granular-
ity. We present the proposed binary segmentation procedure that
extends the proposed statistic 𝑇𝑛(𝑢) (9) to the multiple change
point scenario. Binary segmentation is a computationally effi-
cient tool that searches for multiple breakpoints in a recursive
manner [42].

We present the procedure in the BinarySegmentation func-
tion in Algorithm 1. Furthermore, we have extended the point
estimation of the algorithm to a confidence window by setting
the window size. We will calculate the statistics near the point
and identify all points within the window size that are greater
than q1-alpha. For details, please refer to Algorithm 2.

1. Complexity Analysis
The algorithm for calculating the nearest positive defi-
nite matrix consists of iterative projections onto subspaces,
achieving linear convergence at best [5]. Each projection
involves (𝑁3) complexity due to the need to solve linear
systems and perform spectral decomposition. Calculating
the Fréchet mean within the Log-Euclidean metric neces-
sitates computing the matrix exponential for each matrix,
which has a time complexity of (𝑁3). Thus, the time
complexity for preprocessing each network snapshot is
(𝑁3 log(1∕𝐸)), where 𝐸 represents the target error value.
Algorithm 1 employs an incremental approach to calculate
both the Fréchet statistics and their contaminated variants,
with a time complexity of(𝑛𝑁2), where𝑁2 corresponds to
the time complexity of computing the Frobenius inner prod-
uct. Therefore the overall time complexity of Algorithm 1 is
(𝑛𝑁3 log(1∕𝐸)).

8 of 19 Statistics in Medicine, 2025
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ALGORITHM 1 | Multiple FOG change point estimation based on Fréchet statistics.

Input: Video, significance level 𝛼, minimum segment length parameter 𝑐, bootstrap sample size 𝐵, length of each bootstrap sample 𝑚.
Output: A set of detected change points T̂ = {𝜏1, 𝜏2,…}.

1: Transform the input video into a series of network snapshots𝐺(1), 𝐺(2),… , 𝐺(𝑛) that represent the skeleton frames detected by pose
estimation tools like AlphaPose.

2: Calculate the sequence of nearest symmetric positive definite (SPD) matrices L̃ = [𝐿̃(1),… , 𝐿̃(𝑛)] using the algorithm in [5].
3: Output the estimated change points 𝜏1, 𝜏2,… = BINARYSEGMENTATION(L̃).
4: function INCREMENTALFRECHETSTATISTICS(L̃)
5: 𝑋[0, 1

𝑛
] = 𝐿̃(1), 𝑋[ 𝑛−1

𝑛
,1] = 𝐿̃(𝑛), 𝑠2

[0, 1
𝑛
]
= 𝑠2

[ 𝑛−1
𝑛
,1]

= 0.

6: for 𝑡 = 2,… , 𝑛 do To reduce the accumulation of numerical errors of 𝑋[⋅,1] and 𝑠2[⋅,1], we compute their values in reverse order,
starting from the last index and working backwards.

7: 𝑋[0, 𝑡
𝑛
] =

𝑡−1
𝑡
𝑋[0, 𝑡−1

𝑛
] +

1
𝑡
𝐿̃(𝑡),

𝑠2
[0, 𝑡

𝑛
]
= 𝑡−1

𝑡
𝑠2
[0, 𝑡−1

𝑛
]
+ 1

𝑡
(𝐿̃(𝑡) −𝑋[0, 𝑡−1

𝑛
]) ∶ (𝐿̃(𝑡) −𝑋[0, 𝑡

𝑛
]), (∶ denotes the Frobenius product.)

𝑋[ 𝑛−𝑡
𝑛
,1] =

𝑡−1
𝑡
𝑋[ 𝑛−𝑡+1

𝑛
,1] +

1
𝑡
𝐿̃(𝑛−𝑡+1),

𝑠2
[ 𝑛−𝑡
𝑛
,1]

= 𝑡−1
𝑡
𝑠2
[ 𝑛−𝑡
𝑛
,1]

+ 1
𝑡
(𝐿̃(𝑛−𝑡+1) −𝑋[ 𝑛−𝑡+1

𝑛
,1]) ∶ (𝐿̃(𝑛−𝑡+1) −𝑋[ 𝑛−𝑡

𝑛
,1])

8: end for
9: for 𝑡 = 1,… , 𝑛 do

10:
(
𝑠2
[0, 𝑡

𝑛
]

)𝐶

= 𝑠2
[0, 𝑡

𝑛
]
+ (𝑋[ 𝑡

𝑛
,1] −𝑋[0, 𝑡

𝑛
]) ∶ (𝑋[ 𝑡

𝑛
,1] −𝑋[0, 𝑡

𝑛
]),(

𝑠2
[ 𝑛−𝑡
𝑛
,1]

)𝐶

= 𝑠2
[ 𝑛−𝑡
𝑛
,1]

+ (𝑋[ 𝑡
𝑛
,1] −𝑋[0, 𝑡

𝑛
]) ∶ (𝑋[ 𝑡

𝑛
,1] −𝑋[0, 𝑡

𝑛
])

11: end for
12: Compute {𝑛𝑇𝑛(

𝑡

𝑛
)}𝑡=1,…,𝑛 according to (15).

13: return sup𝑢∈𝑐 𝑛𝑇𝑛(𝑢), arg max𝑢∈𝑐 𝑇𝑛(𝑢)
14: end function

1: function BINARYSEGMENTATION(L̃)
2: 𝑞1−𝛼 =BOOTSTRAP(𝐵, 𝑚, 𝛼) We refer the reader to Section 3.3 of the article [4] for the bootstrap scheme.
3: 𝑧, 𝜏 = INCREMENTALFRECHETSTATISTICS(L̃)
4: if 𝑧> 𝑞1−𝛼 then
5: Update T̂ ← T̂ ∪ {𝜏}
6: BINARYSEGMENTATION(𝐿̃(1),… , 𝐿̃(⌊𝑛𝜏⌋))
7: BINARYSEGMENTATION(𝐿̃(⌊𝑛𝜏⌋+1),… , 𝐿̃(𝑛))
8: end if
9: return T̂

10: end function

4 | Empirical Evaluation

We evaluated the algorithm’s performance, and the results are
fully reproducible, and the codeanddataset for the experiments
are publicly available.

4.1 | Baseline Method

Laplacian Anomaly Detection (LAD) [43] employs graph Lapla-
cian spectra for detecting changes in a graph sequence. It begins
with SVD computation of the Laplacian graph to obtain a
low-dimensional representation, which captures the global view
of graph snapshots and their connection to graph connectivity
and low-rank approximation. This enables LAD to detect vari-
ous graph changes in dynamic graphs, such as community struc-
tures and average edge weights, which may occur abruptly at
any given time step [44]. These abrupt changes can be identified
through short-term sliding windows [45]. LAD explicitly captures
both short-term and long-term temporal relationships to simulate

sudden and gradual changes in dynamic networks. However,
time points that emit signals of graph pattern changes over an
extended period may also carry significant importance [46]. In
particular, underlying graph generation models may evolve. To
effectively detect these change points, models need to infer graph
behaviors beyond just the latest behavior. LAD is capable of mod-
eling both short-term and long-term perspectives and explicitly
comparing graph structures with typical behaviors [43].

Therefore, we use the LAD method as our benchmark, which
starts by creating low-dimensional embeddings using the singu-
lar vectors from the graph Laplacian for the entire sequence. It
then gathers these vectors over two distinct sliding window sizes
to grasp the temporal dependencies. LAD determines z-scores
through a comparison of the current embedding with past ones
to pinpoint potential shifts. In contrast, our algorithm identifies
changes within the Laplacian by measuring the Fréchet distance
between recent graph Laplacian matrices. Our approach is more
closely aligned with the network’s inherent structure, potentially
enhancing the detection of topological changes.

9 of 19
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ALGORITHM 2 | A Confidence Window.

1: function BINARYSEGMENTATION-CW(L̃)
2: 𝑞1−𝛼 =BOOTSTRAP(𝐵, 𝑚, 𝛼)3

3: 𝑧, 𝜏 = INCREMENTALFRECHETSTATISTICS(L̃)
4: if 𝑧> 𝑞1−𝛼 then
5: Update T̂ ← T̂ ∪ {𝜏}
6: Given a confidence window size 𝑤.
7:

[
𝑧1, 𝑧1+𝑤

]
,
[
𝜏1, ̂𝜏1+𝑤

]
=

INCREMENTALFRECHETSTATISTICS([
𝐿̃(⌊𝑛𝜏− 𝑤

2 ⌋), 𝐿̃(⌊𝑛𝜏+ 𝑤

2 ⌋)])
8: Calculate whether the interval

[
𝑧1, 𝑧1+𝑤

]
is

greater than 𝑞1−𝛼
9: Return to the confidence window

[
̂𝜏𝑘1 , ̂𝜏𝑘2

]
10: BINARYSEGMENTATION(𝐿̃(1),… , 𝐿̃(⌊𝑛𝜏− 𝑤

2 +𝑘1⌋))
11: BINARYSEGMENTATION(𝐿̃(⌊𝑛𝜏⌋+ 3𝑤

2 −𝑘2),… , 𝐿̃(𝑛))
12: end if
13: return

[
̂𝜏𝑘1 , ̂𝜏𝑘2

]
14: end function

In addition, we employed another statistic as a baseline method,
which is also derived from the changes in Frechet mean and
variance. We named it Frechet-SN [47]. This method is a
change-point detection technique based on Self-Normalization
(SN) and is suitable for time series data in non-Euclidean spaces.

4.2 | Datasets

We use natural gait videos collected from Toronto Rehabilitation
Institute University Health Network (UHN), where the natural
walking bouts of participating patients were recorded [3]. The
datasets are sourced from anopen-sourcerepository. In the uti-
lized dataset, the authors did not provide pose tracking or data
preparation functions. Instead, they extracted gait information
from individuals with Parkinson’s disease using the AlphaPose
library and the Microsoft Kinect library, tracking 2D or 3D
skeletal trajectories under different gaits. Since these libraries
independently predict joint positions for each frame of the input
video, the authors performed additional processing to temporally
connect and smooth the trajectories of the target individuals.
The joint trajectories are centered at [100, 100, 100]. Therefore,
this study employs the Kinect3D and AlphaPose sample datasets
used by the aforementioned authors for demonstration purposes,
specifically for detecting freezing gait changes.

Kinect 3D and AlphaPose are two distinct technologies utilized
in different application domains, yet both are relevant to human
body pose [3]. Kinect 3D is a depth sensor technology developed
by Microsoft, which captures three-dimensional depth data of
the surrounding environment through a combination of infrared
and RGB cameras, along with infrared emitters and receivers.
Meanwhile, AlphaPose is a deep learning-based human pose
estimation system, akin to OpenPose. It operates on input data
in the form of images or videos, utilizing techniques such as con-
volutional neural networks for pose estimation, with the output
comprising coordinates for key body joints and pose informa-
tion. In this study, we utilized AMBIENT, a ceiling-mounted
Microsoft Kinect v2 system (1080 × 1920 pixels, 30 Hz). The
Kinect 3D data is sourced from the Kinect v2 system depth

sensor and Kinect Software Development Kit (SDK), wherein 3D
skeletal trajectories are directly derived from its depth informa-
tion. Conversely, the AlphaPose data is obtained from standard
color videos recorded simultaneously with the capture of depth
information using the Kinect v2 system. The 3D skeletal data
and standard color videos are separately processed to extract
joint trajectories and gait features. The Kinect 3D skeletal data
and AlphaPose skeletal data used in this study are sourced from
different patients, thus there is no need to worry about data
source duplication.

4.2.1 | Kinect3d Dataset

The Kinect SDK [48, 49] device directly provides 3D joint tra-
jectory data from the images. Sixteen spatiotemporal, variability,
symmetry, and mechanical stability features of gait were calcu-
lated directly from the 3D joint trajectories. These gait features
are described and validated [50, 51]. It is notable that the 3D joint
positions extracted from Kinect are provided in meters, allowing
distance measurements to be correlated with real-world units.

In the Kinect3D sample data, four files are provided, with three
originating from the same ID and the fourth from a different ID
that was abandoned. The three original datasets consist of normal
gait data A and two freezing gait datasets B, C separated from each
other. To detect change points, these three datasets need to be
concatenated. Considering that datasets A, B, and C contain 127,
50, and 151 sequences, respectively, simple concatenation would
result in too few change points, making it difficult to demonstrate
the superiority of the algorithm. Therefore, the datasets A, B, and
C are split into 3, 2, and 3 segments, respectively. The eight seg-
mented datasets are labeled as a to h: a, b, c from normal gait A;
d, e from freezing gait B; f, g, h from freezing gait C. The eight
segments are interleaved and concatenated in the order a, d, b,
f, e, g, c, h, with a counting range of [0, 327], totaling 328 image
sequences. The seven concatenation points are located at “25”,
“43”, “87”, “117”, “149”, “242” and “300”.

In Kinect3D, irrelevant data such as “x_min”, “y_min”, “z_min”,
“x_max”, “y_max” and “z_max” are removed, retaining only the
25 nodes: “Head”, “c7”, “SpineShoulder”, “Spine”, “LShoulder”,
“LElbow”, “LWrist”, “LHand”, “LHandTip”, “LThumb”, “RShoul-
der”, “RElbow”, “RWrist”, “RHand”, “RHandTip”, “RThumb”,
“Sacr”, “LHip”, “LKnee”, “LAnkle”, “LFoot”, “RHip”, “RKnee”,
“Rankle”, “RFoot”. As shown in Figure 2, it presents a directed
and weighted dynamic graph, where each node corresponds to a
crucial skeletal joint of the human body, and each edge connects
according to the normal human skeletal structure. Edge weights
reflect the natural distance between skeletal joints in the cam-
era, represented as the reciprocal of the Euclidean distance. The
dataset is divided at a rate of 30 frames per second, with a total
duration of 29.1333 s. In the analysis, every 0.0333 s is consid-
ered a separate time point, corresponding to the aforementioned
image counting range of [0, 327], comprising 328 sequences of
human skeletal graphs.

4.2.2 | Alphapose Dataset

The timing of footsteps is automatically identified by distinguish-
ing the vertical position of the ankle key points and indicating

10 of 19 Statistics in Medicine, 2025
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(a) (b)

FIGURE 2 | (a) Sequence at “125” in the Kinect3D dataset. (b) Sequence at “638” in the AlphaPose dataset.

the heel strike at 35% of each gait cycle peak [52]. Once the heel
strike is identified, seven spatiotemporal and mechanical stabil-
ity features of the gait are calculated, including step count, step
frequency, average step width, average stability margin, the coef-
ficient of variation of time, and the average index of step time. Ng
et al. [53] provide a complete description of the method for detect-
ing heel strikes and calculating these 2D gait features. Finally,
using the detected footstep timings, the portion between the first
step and the last step of each walk is extracted to ensure partici-
pants are walking continuously in the final joint trajectory. For
each pose estimation library, this joint trajectory and gait fea-
ture extraction process is independently repeated, producing the
AlphaPose feature set.

In the AlphaPose sample dataset, four files are provided, all orig-
inating from the same ID number and thus all being adopted for
use. According to the author’s annotations in these four original
datasets, it is understood that there are two sets of normal gait
data labeled A and B, and two sets of freezing gait data labeled C
and D, each separated. As mentioned above, to prevent significant
errors due to insufficient data sources and too few change points,
we cannot simply concatenate these three sets of data. Therefore,
in this study, each of the four datasets is separately trimmed into
two segments. The eight segmented datasets are labeled as a to h:
a, b from normal gait A; c, d from normal gait B; e, f from freezing
gait C; g, h from freezing gait D. The eight segments are inter-
leaved and concatenated in the order a, e, b, c, g, d, f, h, with a
counting range of [0, 874], and the seven concatenation points
are located at “185”, “265”, “482”, “608”, “673”, “741”, and “811”.

It’s important to note that, for the validation of the Precision
of this algorithm, segments bc (at “482”) represent normal gait,
and segments fh (at “811”) represent freezing gait. These spe-
cific segments should not be identified as change points, as they

correspond to the same gait type at different time points. All
other segments, excluding these two, involve the concatenation
of freezing and normal gaits and should be identified as change
points.

In AlphaPose, erroneous data “LEar” and “REar” (left and
right ears) were removed, and irrelevant data “x_min”, “y_min”,
“x_max”, and “y_max” were eliminated. Only the following
15 nodes were retained: “Nose”, “LEye”, “REye”, “LShoulder”,
“LElbow”, “LWrist”, “RShoulder”, “RElbow”, “RWrist”, “LHip”,
“LKnee”, “LAnkle”, “RHip”, “RKnee”, “RAnkle”. As shown in
Figure 2, it presents a directed and weighted dynamic graph
where each node corresponds to crucial skeletal joints of the
human body, and each edge connects according to the normal
human skeletal structure. Edge weights reflect the natural dis-
tance between skeletal joints in the camera, represented as the
reciprocal of the Euclidean distance. The dataset is divided at a
rate of 30 frames per second, with a total duration of 29.1333 s.
In the analysis, every 0.0333 s is considered a separate time point,
corresponding to the previously mentioned image counting range
of [0, 874], comprising 875 sequences of human skeletal graphs.

4.3 | Experimental Results and Analysis

We define true positives (TP), false negatives (FN), true nega-
tives (TN), and false positives (FP) between the actual time break-
points and the ones identified by the algorithm. Based on these
metrics, we compute the Precision, Recall, and F1-Score for eval-
uating the performance of the detection algorithms.

1. Kinect3D
For Kinect3D, the results of detected multiple break points
in time are displayed in Figure 3. It can be observed that
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FIGURE 3 | Detection results in the Kinect3D dataset. The figure illustrates change points detected by the Fréchet algorithm, indicated with red
dashed lines, alongside those identified by the LAD algorithm, indicated with blue dotted lines. The actual change points are indicated with dark solid
lines.

(a) (b) (c)

FIGURE 4 | (a) Sequence at “197” in the Kinect3D dataset. (b) “198”. (c) “199”.

out of 328 sequences, the dark solid line represents actual
change points. The Fréchet algorithm successfully detected
all 7 true change points (depicted in red). However, the
LAD algorithm missed 2 change points and only detected
5 out of the 7 actual change points. Figure 3 illustrates the
change points identified by both our algorithm and the base-
line method, with the actual change points highlighted for
emphasis.
Upon further inspection of the misjudged points, this study
conducted a meticulous frame-by-frame analysis to inves-
tigate the underlying reasons for the misclassifications. At

position 9, a sudden deformation in the left elbow was
observed. Moreover, positions 107, 159, 198, and 225 exhib-
ited an abrupt change in the direction of the left thumb,
as illustrated in Figure 4, with subfigures (a), (b), and (c)
highlighting the specific instances. Furthermore, at position
173, the ankle displayed a sudden inward turn, potentially
increasing the risk of spraining, as depicted in Figure 5, with
subfigures (a), (b), and (c) providing visual evidence. Based
on these observations, this study hypothesizes that the tar-
get subject may experience irregular tremors in the left
hand, possibly induced by Parkinson’s disease. Additionally,
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(a) (b) (c)

FIGURE 5 | (a) Sequence at “172” in the Kinect3D dataset. (b) “173”. (c) “174”.

the identification of another potential change point could
offer valuable insights for preventing the patient from
falling.
To validate the robustness of the algorithm and highlight the
advantages of the Log-Euclidean metric, we also conducted
experiments using the Euclidean metric (Fréchet-Euclid),
the Riemannian metric (Fréchet-Riemann), and a version
without computing the nearest positive definite matrix
(Fréchet-WithoutPD). In order to investigate whether com-
pressing graphs results in the loss of spatial information
regarding the relative positions of joints, we modified the
original dataset (25 nodes, 24 edges) to create six variations:
removing the thumb and fingertip (21 nodes, 20 edges),
detaching the arm (14 nodes, 14 edges), removing the head
and jaw (23 nodes, 22 edges), and two versions of external
peripheral connections (25 nodes, 36 edges and 25 nodes,
27 edges). These datasets were labeled as Kinect3D1-6. Each
experiment was run 1000 times, and we computed the aver-
age runtime as well as key accuracy metrics (Precision,
Recall, F1-Score). As shown in Tables 1 and 2, Fréchet
demonstrates higher accuracy and shorter running times
across all datasets compared to other methods.
In addition, we plotted the accuracy and false-positive rate
curves (FPR) of LAD on the Kinect3D1-6 dataset using the
Fréchet-Euclidean metric, without computing the nearest
positive definite matrix (Frechet-WithoutPD), as shown in
Figure 6. Our method demonstrates higher accuracy and
lower false-positive rates compared to other Fréchet-based
metrics. This highlights the robustness and precision of
our approach, which leverages the log-Euclidean Fréchet
metric, even when certain structural graph information is
missing. Furthermore, although compressing images into
graphs does indeed result in the loss of some spatial infor-
mation regarding the relative positions of joints, it can be
observed from Figure 6 that our algorithm is capable of
recognizing the changes, despite a certain level of false

positives. Simultaneously, we have also conducted relevant
indicators for the Fréchet algorithm with a confidence win-
dow (Fréchet-CW). Our calculation method considers a
change point as detectable if it falls within the designated
interval. As shown in the table, compared to other meth-
ods, Fréchet-CW achieves a lower false positive rate while
maintaining high accuracy.
In conclusion, this study found that the Fréchet algorithm,
compared to the LAD algorithm, exhibits higher precision
in identifying the starting and ending points of gait tran-
sitions in Parkinson’s patients, making it more suitable
for preventing falls and avoiding greater injuries. The lim-
ited Kinect3D sample data led to the generation of excess
predictions, and future improvements are anticipated in
enhancing the data source.

2. AlphaPose
For AlphaPose, the results of multiple change points are
displayed in Figure 7. It can be observed that out of 875
sequences, the dark solid line represents actual change
points. The Fréchet algorithm successfully detected all true
change points except for “482” and “811”, which were cor-
rectly not identified as change points due to being instances
of the same gait. Figure 7 shows the change points identi-
fied by both our algorithm and the baseline method, with
the actual change points highlighted.
Upon conducting a frame-by-frame analysis similar to the
approach employed for the Kinect3D dataset, we investi-
gated the reasons behind the misjudgments in the Alpha-
Pose dataset. The analysis revealed that at positions 208
and 425, the distance between the target object’s left ankle
and knee underwent a significant reduction. Similarly, at
positions 600 and 852, a substantial decrease in the dis-
tance between the right ankle and knee was observed. Fur-
thermore, at position 645, a change was detected due to
the crossing activity of the forearm. These potential change
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FIGURE 6 | The figure shows the performance of the Fréchet and Fréchet-CW algorithms, along with their comparison methods, on the
Kinect3D1-6 dataset. The x-axis represents the false positive rate, and the y-axis represents accuracy. Due to their poor performance, we excluded
the Fréchet–Riemann and Fréchet-SN methods from our analysis.

FIGURE 7 | Detection results in the AlphaPose dataset. The figure illustrates change points detected by the Fréchet algorithm, indicated with red
dashed lines, alongside those identified by the LAD algorithm, indicated with blue dotted lines. The actual change points are indicated with dark solid
lines.

points share a common characteristic: they are all associated
with excessive movements resulting from shifts in the body’s
center of gravity. The identification of these change points
provides valuable information for assessing the likelihood
of falling and can contribute to the development of preven-
tive measures.

In addition, it is particularly noteworthy that this experi-
ment based on AlphaPose has significantly demonstrated
the superiority of the Fréchet algorithm over the LAD

algorithm. The study noted that there is a substantial dif-
ference between the two algorithms in estimating the loca-
tion of change points. The blue color represents the LAD
algorithm, with its test statistics significantly ranging within
[717, 737]. After analyzing the videos generated from the raw
data, it can be determined that the reason the LAD algorithm
focuses on detecting change points within the [717, 737]
interval is due to an evident fall occurring within this inter-
val, as shown in Figures with subfigures as Figure 8a, b.
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(a) (b)

FIGURE 8 | (a) Sequence at “721” in the AlphaPose dataset. (b) “736”.

TABLE 3 | After 1000 experimental runs, a comparison of the performance indicators between the proposed Fréchet algorithm and the baseline
method across various aspects is conducted on the AlphaPose dataset.

Method LAD
Fré

chet-SN
Fréchet-
Euclid

Fréchet–
Riemann

Fréchet-
WithoutPD Fréchet

Fréchet-
CW

Accuracy 0.9566 0.7977 0.8366 0.7657 0.9897 0.9897 0.9828
Precision 0.0571 0.0170 0.0405 0.0286 0.3750 0.4167 0.2500
Recall 0.2857 0.4286 0.8571 0.8571 0.4286 0.7143 0.5714
F1-score 0.0952 0.0327 0.0552 0.0774 0.4000 0.5263 0.3478
AR(s) 1.1736 133.8507 21.2108 37.1516 4.9329 7.6023 7.2748
FPR 0.0380 0.1993 0.1636 0.2350 0.0057 0.0080 0.0138

This signifies that when the LAD detects an obvious change
point, the patient has already fallen. The LAD algorithm
focuses on the entire fall process, overlooking other gait
freezes that could lead to the fall. In other words, it cannot
provide a preventive warning function.
In contrast, the Fréchet algorithm-based Parkinson’s gait
freeze detection method in this study can better focus on the
starting and ending points of the gait transitions in Parkin-
son’s patients. From the detection results, it can be seen
that the red color represents the Fréchet algorithm, and
the black color represents the actual transformation points.
The Fréchet algorithm correctly detected the change points
at 185, 265, 608, 673, 741, and 811, exhibiting high accu-
racy. Therefore, it is more suitable for providing early warn-
ings to prevent patient falls, thereby avoiding greater irre-
versible harm.
We have incorporated two additional metrics: accuracy and
false positive rate. As evident from Table 3, our algorithm
exhibits superior performance on the AlphaPose dataset
when compared to other algorithms. Our approach precisely
identifies change points while maintaining an exception-
ally low false positive rate. Conversely, other measurement
methods either fail to detect change points altogether or
exhibit excessively high false positive rates.

In conclusion, through comparison, we discovered that the deter-
mination of change points and the exploration of potential

change points based on the AlphaPose dataset are more accurate
than those based on the Kinect3D dataset. Our results indicate
that the AlphaPose dataset can predict 3D joint positions using
only standard color video. This eliminates the need for spe-
cialized depth cameras such as the Microsoft Kinect while also
increasing the distance at which participants’ gait can be ana-
lyzed. This simplifies the monitoring costs.

5 | Conclusion

In this study, we propose a novel approach for detecting FOG
from natural gait videos of PD patients. The approach produces
a pose graph sequence that models the patient’s posture over
time. It offers two key advantages over existing methods. First,
it provides a new feature extraction method based on matrices
that focuses on the connectivity within the human skeleton, as
opposed to relying on pixel data as in deep learning methods.
Second, it adopts an SVD approach of graph Laplacian matrices
so as to employ the Log-Euclidean metric to derive their Fréchet
mean and variance. To validate the effectiveness of our pro-
posed algorithm, we conducted extensive experiments using two
real-world datasets. The performance of our method was com-
pared against the LAD baseline method, and the results demon-
strate the superior accuracy and reliability of our approach in
identifying FOG break points in time.
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Looking ahead, there are several promising avenues for future
research. First, our algorithm operates on video segments.
Incorporating it with more advanced engineering could enable
full-duration detection of FOG and lead to practical applications.
Second, the extension of our approach to other gait disorders
and movement abnormalities could broaden its applicability and
impact.
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Appendix A

Theoretical Framework

A.1 Proof

Theorem. (Consistency of Change-Point Estimation). Under the
alternative hypothesis 𝐻1 and assumptions (A1)–(A3), the estimated
change-point 𝜏 satisfies

sup
𝑢∈𝑐

|𝑇𝑛(𝑢) − 𝑇 (𝑢)| = 𝑜𝑃 (1) 𝑎𝑛𝑑 |𝜏 − 𝜏| = 𝑜𝑃 (1) 𝑎𝑠 𝑛 → ∞

Proof. The proof utilizes properties of the Log-Euclidean metric space
of SPD matrices derived from graph Laplacians.

Step 1: Uniform Convergence of Fréchet Means

Under𝐻1, we partition the sequence into two segments with distributions
𝑃1 and 𝑃2. By the properties of (̃, 𝛿𝐿𝐸 ):

• The sample Fréchet means 𝑋[0, 𝑢] and 𝑋[𝑢, 1] exist uniquely and
have the closed form:

𝑋[0, 𝑢] = exp

(
1

[𝑛𝑢]

[𝑛𝑢]∑
𝑖=1

log(𝐿̃(𝑖))

)

• They converge uniformly in probability to their population counter-
parts 𝜇1 and 𝜇2.

Step 2: Convergence of Fréchet Variances

The sample Fréchet variances converge to their population counterparts:

𝑠2
[0,𝑢]

𝑃
−→ 𝜎2

1 and 𝑠2
[𝑢,1]

𝑃
−→ 𝜎2

2

Step 3: Consistency of 𝜏

The controlled metric entropy of (̃, 𝛿𝐿𝐸 ) and the uniqueness of Fréchet
means ensure:

• 𝑇𝑛(𝑢) converges uniformly to a deterministic function 𝑇 (𝑢).

• 𝑇 (𝑢) is uniquely maximized at 𝜏.
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Therefore, |𝜏 − 𝜏| = 𝑜𝑃 (1). ◽

Theorem 4. (Consistency of the Test). Under 𝐻1 and assumptions
(A1)–(A3), for contiguous alternatives where

𝛿𝐿𝐸 (𝜇1, 𝜇2) = 𝑎𝑛 and |𝜎2
1 − 𝜎2

2 | = 𝑏𝑛
with 𝑎𝑛, 𝑏𝑛 → 0 as 𝑛 → ∞, the test power satisfies 𝜓𝑛 → 1, provided either√
𝑛𝑎𝑛 → ∞ or

√
𝑛𝑏𝑛 → ∞.

Proof. Step 1: Metric Properties

In (̃, 𝛿𝐿𝐸 ):
𝛿2
𝐿𝐸

(𝑋[0, 𝑢], 𝑋[𝑢, 1]) ≥ 𝜁𝛿2
𝐿𝐸

(𝜇1, 𝜇2)

Step 2: Test Statistic Scaling

The test statistic satisfies:

𝑛𝑇𝑛(𝜏) ≥ min{𝑛𝑎2
𝑛
, 𝑛𝑏2

𝑛
} ⋅ 𝐶 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝐶 > 0

Step 3: Power Analysis

Under the scaling conditions:

𝑃 (sup
𝑢∈𝑐

𝑛 𝑇𝑛(𝑢) > 𝑞1−𝛼) → 1

Therefore, 𝜓𝑛 → 1. ◽

For detailed proofs, we refer readers to Dubey et al. [4], as our proofs fol-
low the same arguments with the Log-Euclidean metric specific to our
setting.
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