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Abstract—As a challenging research topic in evolution-
ary multitask optimization (EMTO), evolutionary many-task
optimization (EMaTQ) aims at solving more than three tasks
simultaneously. The design of the EMaTO algorithm generally
needs to consider two major open issues, which are how to
obtain useful knowledge from similar source tasks and how to
effectively transfer knowledge to the target task. In this article,
we discover that knowledge structure plays a significant role in
dealing with these two issues and propose a novel knowledge
structure preserving-based evolutionary algorithm (KSP-EA) to
efficiently solve many-task optimization problems. KSP-EA aims
to achieve two goals, which are first to obtain useful structure-
preserved knowledge from similar source tasks and second to
effectively transfer both direct and indirect knowledge to the
target task. To achieve the first goal, we propose a local-
structure-preserved knowledge acquisition strategy that projects
the knowledge of similar source tasks into a unified subspace
without loss of the knowledge structure, thus enhancing the
quality of the obtained knowledge. To achieve the second goal,
we propose a tree-based knowledge propagation strategy that
constructs a knowledge propagating tree to connect all the
tasks and propagates knowledge along the edges of this tree.
This way, the target task can obtain both direct and indirect
knowledge, improving the effectiveness of knowledge transfer. We
conduct extensive experiments on CEC19 and WCCI22 many-
task optimization test suites and a real-world application scenario
to evaluate the performance of KSP-EA. The experimental results
show that our KSP-EA generally outperforms state-of-the-art
algorithms.
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I. INTRODUCTION

VOLUTIONARY multitask optimization (EMTO) is an
Eemerging research topic in evolutionary computation
(EC) [1], [2]. The EMTO paradigm is inspired by the brain’s
ability to solve multiple tasks simultaneously, to achieve
effective optimization of several tasks in a single execu-
tion of the EC algorithm by sharing common knowledge
among them [3], [4]. Due to its potential for fast con-
vergence and better-solution accuracy [5], [6], [7], EMTO
has drawn a lot of interest and has been successfully
used to solve a variety of real-world multitask optimization
problems [8], [9], [10].

Evolutionary many-task optimization (EMaTO) is a more
challenging research paradigm in EMTO, which aims to solve
more than three optimization tasks simultaneously [11], [12].
To build EMaTO algorithms that are more effective at solving
the many-task optimization problems (MaTOPs), two major
open issues should be taken into account. The first issue is
“knowledge acquisition,” i.e., how to obtain useful knowledge
from similar source tasks. To be specific, an ideal EMaTO
algorithm is needed to choose some tasks that are similar
to the target task as the source tasks, since the knowledge
transfer among similar tasks is more likely to be benefi-
cial [13], [14]. The second issue is “knowledge transfer,”
i.e., how to effectively transfer knowledge to the target task.
To be specific, when building the knowledge transfer strategy,
the algorithms should consider how to effectively transfer
knowledge and how to efficiently use this knowledge to aid
the target task [15], [16], [17].

Many approaches have been proposed so far to deal with
these two issues. For the first issue, i.e., how to obtain
useful knowledge from similar source tasks, many studies
have designed various knowledge selection strategies that
aim to select the most effective knowledge from similar
source tasks. The representative knowledge selection strategies
include anomaly detection [17], source task selection proba-
bilities adapting strategy [18], and intertask similarity-based
knowledge selection strategies [19], [20]. For the second issue,
i.e., how to effectively transfer knowledge to the target task,
some different kinds of knowledge transfer strategies that aim
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to effectively transfer and utilize the knowledge were designed
in existing studies. The representative categories of knowledge
transfer strategies include multifactorial optimization-based
knowledge transfer strategies [21], [22], [23], explicit knowl-
edge transfer strategy [24], [25], [26], orthogonal knowledge
transfer strategy [27], block level knowledge transfer strat-
egy [28], and meta-knowledge transfer strategy [29].

Although the two aforementioned issues have been tenta-
tively studied in the existing works and encouraging results are
gained while solving MaTOPs, the existing EMaTO algorithms
still have deficiencies in preserving knowledge structure and
transferring indirect knowledge. First, in knowledge acqui-
sition, most of the existing EMaTO algorithms disregard a
critical factor that can affect the quality of knowledge: the
knowledge structure might be damaged during the process
of transferring knowledge from the space of the source task
to the space of the target task. If the knowledge structure
is preserved, the quality of the obtained knowledge can be
enhanced. Second, in knowledge transfer, existing EMaTO
algorithms just transfer knowledge from the source tasks that
are directly similar to the target task (i.e., direct knowledge).
However, positive indirect knowledge from other source tasks
can also be helpful to the target task. To be more specific,
suppose there are three different tasks T4, Tp, and T¢, where
T4 and Tp are mutually similar. If the knowledge from 7¢ can
effectively help solve T, this knowledge is very likely to be
helpful for T4 due to the similarity between T4 and Tp. For
convenience, we call the knowledge in task T¢ as the indirect
knowledge for task T4, because these two tasks are not directly
similar but the knowledge of task 7c may be helpful for Tj4.
If both direct and indirect knowledge can be transferred, the
EMaTO algorithm can achieve better performance by gaining
diverse knowledge from more knowledge sources.

Aiming to preserve knowledge structure and transfer both
direct and indirect knowledge to more effectively solve
MaTOPs, this article proposes a novel and effective knowledge
structure preserving-based evolutionary algorithm (KSP-EA).
The KSP-EA has two goals. The first goal is to obtain
useful knowledge from similar source tasks while preserving
knowledge structure. To this goal, KSP-EA proposes a local-
structure-preserved knowledge acquisition (LKA) strategy.
The LKA strategy first projects the individuals of the source
tasks into a unified subspace via a locality preserving pro-
jection (LPP) algorithm [30] to obtain the structure-preserved
knowledge. The second goal is to effectively transfer both
direct and indirect knowledge to the target task. To this goal,
KSP-EA proposes a tree-based knowledge propagation (TKP)
strategy. The TKP strategy first constructs a minimal spanning
tree to connect all the tasks and then propagates both direct and
indirect knowledge along the edges. This way, the propagated
direct and indirect knowledge is effectively transferred among
these tasks and can be well-utilized in the target task to
generate offspring.

The characteristics and main contributions of this article are
summarized as follows.

1) To obtain useful knowledge while preserving knowl-

edge structure from similar source tasks, this article
proposes the LKA strategy. The LKA strategy can obtain

structure-preserved knowledge located in a unified sub-
space by projecting knowledge of the source tasks to the
subspace. This enables KSP-EA to obtain high-quality
knowledge from different source tasks.

2) To effectively transfer both direct and indirect knowl-
edge to the target task, this article proposes the TKP
strategy. The TKP strategy propagates both direct and
indirect knowledge from source tasks to all the tasks
along the edges of the knowledge propagating tree.
This enables KSP-EA to effectively transfer both direct
and indirect knowledge among multiple tasks and thus
improve the effectiveness of solving MaTOPs.

3) The novel and effective KSP-EA is proposed by combin-
ing the LKA strategy and the TKP strategy. To show the
effectiveness and efficiency of the proposed KSP-EA,
we conduct experimental verification on the CEC19 [31]
and WCCI22 [32] test suites, as well as MaTOPs in real-
world applications [33]. The comparisons with several
state-of-the-art EMaTO algorithms indicate that KSP-
EA is more effective and more efficient.

The remainder of this article is organized as follows: the
description and related works of EMTO and EMaTO are
given in Section II. The proposed KSP-EA is described in
Section III. The experimental studies of KSP-EA are provided
in Section IV. The conclusion of this article is drawn in
Section V.

II. PRELIMINARIES
A. EMTO and EMaTO

Taking inspiration from the parallel processing capac-
ity of human brains, the principle of EMTO is to tackle
several optimization tasks concurrently in a single run of
the EC algorithm. Due to the correlation between certain
tasks, common knowledge can be obtained during the pro-
cess of solving multiple tasks. This common knowledge
can guide solving these tasks. Therefore, transferring and
employing the beneficial knowledge throughout evolution can
help to efficiently solve optimization tasks. Researchers have
recently proposed numerous EMTO and EMaTO algorithms
and displayed remarkable performance in various real-world
application areas.

The corresponding optimization problem of EMTO is
MTOP, which consists of multiple either related or unrelated
tasks. Herein, each task is a single-objective minimization
optimization problem and can be independently solved. The
objective of solving an MTOP with K tasks is to find a set of
K optimal solutions, each of which corresponds to a different
task. The formulation of an MTOP with K tasks is shown as

X = argmin fr(Xg), xxk € Rk, k=1,2, ..., K (1)

where f;(.) indicates the objective function of the kth task, xi
denotes the obtained optimal solution of the kth task, and Ry
denotes the search space of the kth task. Note that in MaTOP,
the number K is larger than three.

The value ranges of the decision variables in different tasks
are generally different, as different tasks have different search
spaces. Considering this, to facilitate knowledge transfer, the
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value ranges for the different tasks should be normalized
to [0, 11°. Without loss of generality, for the kth task, the
formulation to encode the individual x; in the original search
space [Ly, UilP into the normalized individual Vi in the
normalized search space [0, 11P is shown as

. X — Ly
Vi = Ur — Ly

where Ly and Uy are the lower bound and upper bound of the
kth task, respectively. In EMTO and EMaTO algorithms, each
individual x; is normalized into y; of the normalized search
space [0, 11°. The knowledge transfer is carried out among the
individuals in the normalized search space rather than those
in the original search space.

In fitness evaluation, the normalized individuals are decoded
to the original search space via

Xk = Y - (U — Ly) + Ly. 3)

2

B. Related Works

As an emerging research topic in the EC community, EMTO
has attracted much attention in recent years. Many EMTO and
EMaTO algorithms have shown encouraging performance in
solving MTOPs and MaTOPs. Existing EMTO and EMaTO
algorithms generally concern two important open issues, which
are how to obtain useful knowledge from similar source tasks
(i.e., knowledge acquisition) and how to effectively transfer
knowledge to the target task (i.e., knowledge transfer).

To deal with the first open issue, i.e., how to obtain useful
knowledge from similar source tasks, many algorithms have
been proposed. For example, to obtain useful knowledge
in solving MaTOPs, Chen et al. [14] proposed an adaptive
archive-based evolutionary framework, where the Kullback—
Leibler divergence was adopted to measure the intertask
similarity to obtain knowledge from a source task with a
similar distribution to the target task. Liang et al. [15]
proposed an EMaTO framework based on multisource knowl-
edge transfer (EMaTO-MKT), which designed a maximum
mean discrepancy-based task selection strategy to select the
most similar task to the target task as the source task to obtain
helpful knowledge from this source task. Wang et al. [17]
designed an EMTO algorithm based on anomaly detection,
which incorporated an anomaly detection model to select the
most suitable knowledge. Xu et al. [18] proposed an adaptive
EMTO (AEMTO) framework, where an adaptation of the
source task selection probabilities mechanism was designed
to choose the most related knowledge sources and determine
the knowledge quantity. An efficient bi-objective knowledge
transfer framework was proposed by Jiang et al. [19]. This
framework designed two separate indicators of intertask simi-
larity to precisely identify similar tasks, allowing the algorithm
to learn from related source tasks. Tang et al. [34] proposed
a multifactorial differential evolution (DE) with an aligned
subspace continuity transfer strategy (ASCMFDE). Aiming
to select helpful individuals from all tasks and obtain use-
ful knowledge, Liaw and Ting [35] proposed a framework
of EMaTO based on biocoenosis through symbiosis (EBS).
Wu and Tan [36] proposed a multitasking genetic algorithm,
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where the knowledge was obtained via rearranging the genes
of the chromosome in the source task and shifting the
rearranged chromosomes to the search region of the target
task.

To deal with the second open issue, i.e., how to effectively
transfer knowledge to the target task, many algorithms have
been proposed. For example, Gupta et al. [21] proposed a
multifactorial optimization framework, which was the first
study in the EMTO research field. In the multifactorial
optimization framework, the individuals of different tasks
are assigned different skill factors and are placed in the
same population, and the knowledge is transferred among
the individuals with different skill factors. Feng et al. [24]
proposed an effective explicit knowledge transfer strategy,
where the knowledge of the source task was mapped to the
space of the target task via an explicit autoencoder, and
the mapped knowledge was transferred to the target task to
assist evolution. Also, this explicit knowledge transfer strategy
was extended by Feng et al. [25] and Shang et al. [26],
resulting in two autoencoder-based explicit EMTO algorithms
that achieved encouraging performance in solving capacitated
vehicle routing problems and MaTOPs, respectively. Also,
Zhou et al. [37] extended the linear autoencoder into the
nonlinear autoencoder to propose a kernelized autoencoding
mechanism, where the knowledge from a source task was
nonlinearly transferred to the search space of the target
task. An island-based EMTO framework was developed by
Huang et al. [38] in which knowledge was transferred among
the islands. Wu et al. [27] proposed an orthogonal knowledge
transfer-based EMTO algorithm, which consisted of a cross-
task mapping strategy to map the knowledge from the source
task to the target task. A novel idea for knowledge transfer
at the block level was proposed by Jiang et al. [28], which
separated the individuals of various tasks into several small
blocks and then transferred knowledge based on these blocks.
Experimental results indicated that the block-level knowledge
transfer is efficient and effective. Li et al. [29] designed a
mechanism for transferring meta-knowledge from the source
task to the target task, where meta-knowledge was said to be
“knowledge of knowledge” that can assist the evolution of
various tasks.

Numerous existing approaches focus on how to obtain
useful knowledge from similar source tasks and how to
effectively transfer knowledge to the target tasks. However, the
challenges of preserving knowledge structure in the knowledge
acquisition stage and the challenges of transferring both direct
and indirect knowledge in the knowledge transfer stage are
infrequently considered by the majority of existing algorithms.
First, these algorithms may break the knowledge structure
during the process of obtaining knowledge, which could result
in a reduction of the knowledge quality. Second, not only the
direct knowledge from similar source tasks but also the indirect
knowledge from indirectly similar source tasks can be helpful
for the evolution of the target task. However, many current
algorithms only use direct knowledge in knowledge transfer.
Therefore, it is necessary to develop an EMaTO algorithm
that not only can obtain useful knowledge with preserved
knowledge structure from similar source tasks, but also can
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Algorithm 1 KSP-EA

Algorithm 2 LKA Strategy

Input: 71, Ts,..., Tk —K tasks in the MaTOP;
NP —population size of each task;
Qutput: Sy, S, ..., Sk —optimal solutions of tasks T, 7>, ...,
Tk;
Begin
1. Randomly initialize NP individuals for each task;
2. Obtain knowledge of each task via LKA strategy;
/I Algorithm 2
3. While not termination
4.  Construct knowledge propagating tree and transfer
knowledge by using the TKP strategy; //Algorithm 3
5. Obtain knowledge by using the LKA strategy;
/I Algorithm 2
6.  Update knowledge pool of each task Ty;
7. End
End

effectively transfer both direct and indirect knowledge to the
target task.

III. KSP-EA
A. General Framework of KSP-EA

The general framework of KSP-EA is introduced in
Algorithm 1. For solving a MaTOP with K tasks, the KSP-EA
first randomly initializes K populations, each of which contains
NP individuals (line 1). Herein, each population corresponds
to solving a single task. In the main loop of the evolu-
tionary process, KSP-EA consists of the LKA strategy to
obtain structure-preserved knowledge and the TKP strategy to
effectively transfer both direct and indirect knowledge among
tasks. First, the LKA strategy is executed to obtain structure-
preserved knowledge by projecting the individuals of each
task to a unified subspace (line 2). Each task maintains a
knowledge pool to contain the obtained knowledge. Then,
the TKP strategy constructs a knowledge propagating tree
and transfers knowledge among all the tasks based on the
knowledge propagating tree (line 4). In the TKP strategy,
the knowledge propagating tree is first constructed to connect
all the tasks based on the intertask similarity in the unified
subspace. After that, both the direct and indirect knowledge
is transferred along the edges of the knowledge propagating
tree via TKP strategy, and the knowledge is utilized to
generate offspring. In the TKP strategy, each target task can
get knowledge from the knowledge pool of its parent task
(i.e., the task corresponding to the parent node in the TKP
strategy), and the knowledge pool of its parent task can contain
both direct and indirect knowledge. Then, since new offspring
are generated and the population of 7; is updated, the LKA
strategy is carried out again to obtain the updated knowledge
(line 5). Finally, the knowledge pool of the child task is
updated by inheriting partial knowledge from the parent task
(line 6). In other words, the knowledge pool of the child task
not only contains knowledge of itself but also inherits partial
knowledge from its parent task. This way, the knowledge can
be propagated over all the tasks via the TKP strategy, and each

Input: P —population of task Ty;
N, —number of neighbors of LPP;
D —dimensionality of the unified subspace;
Output: KP; —knowledge pool of task Ty;
M), —projection matrix that projects from the space of task
Ty to the unified subspace;
Ml —inversed projection matrix that projects from the
unified subspace to the space of task Tj;
Begin
1. Get centralized population X of Py via (4);
2. Construct adjacent graph of Py;
3. For each individual x in Py
4.  Set N, nearest neighbors of x as adjacent individuals;
5. Set other individuals as nonadjacent individuals;
6. End For
7. Calculate adjacency matrix based on (5);
8. Calculate eigenmatrix A and eigenvalues based on (7);
9. Select the columns of A corresponding to D smallest
eigenvalues to get My;
10. Select the rows of inv(A) corresponding to Dy smallest
eigenvalues to get MIy;
11. KPy = XxMjy;
End

task can obtain knowledge from both direct or indirect source
tasks.

B. Obtain Knowledge via LKA Strategy

LKA strategy aims to obtain useful knowledge in a unified
subspace while preserving knowledge structure. Herein, the
knowledge structure refers to the adjacent relationship among
these knowledge-containing individuals in the original search
space. Suppose there are two individuals x; and x; in the
original space S,, and x; is near to x» measured by the
Euclidean distance. The two individuals x1 and x; are projected
to the subspace S, to obtain the projected individuals k; and
k. Preserving knowledge structure refers to making each two
adjacent individuals in the original space remain adjacent in
the subspace during the projection from the original space
to the subspace, as far as possible. In this sense, preserving
knowledge structure requires finding an optimal projecting
matrix M that can project x; and x to the subspace S, and
ensure that the projected individuals k; and k; are still nearby.

The pseudo-code of the LKA strategy for obtaining knowl-
edge from task T} is shown in Algorithm 2. In this LKA
strategy, the centralization operation is first performed (line 1),
whose effect is to shift the mean of individuals of each task
Ty to located at [0, ..., 0]°, where D indicates the dimension
of task Tj. Specifically, the formulation of the centralization
operation on each individual x; of task T is shown as

x,-:xi—N— X 4)

where Py stands for the population of task 7; and NP stands
for the population size. After the centralization operation, a
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Xy X2 X3 X4 X5 X6
Xy 0 ]0.53] 0 |0.24| 0 0
x, [0.53] 0 ]0.78]0.78| 0 0

0.78] 0 [0.78] 0 0

x; |0.24(0.78(0.78| 0 [0.62]0.37

Xs 0 0 0 10.62( 0 ]0.37

X6 0 0 0 10.37(0.37| 0

@ (b)

Fig. 1. Example of constructing the adjacency graph and adjacency matrix
in LPP. (a) Adjacency graph. (b) Adjacency matrix.

centralized population X composed of NP centralized individ-
uals is obtained.

After the centralization operation, the LPP algorithm
(lines 2-9) is carried out to project the individuals in
the original search space into a unified subspace and
obtain structure-preserved knowledge in this unified sub-
space. Herein, the dimensionality of the unified subspace is
denoted as D;. The LPP algorithm was proposed by He and
Niyogi [30], which was designed to project high-dimensional
data into a low-dimensional space and preserve the local
structure of the data simultaneously. The process of the LPP
algorithm is detailed in the following.

LPP first constructs an adjacency graph to connect all the
individuals (line 2). In the adjacency graph, for each individual
x, its N, nearest neighbors are set to be adjacent to x, and
the other individuals are set to be nonadjacent to x. Then,
an adjacency matrix is calculated based on the adjacency
graph (line 7). If two individuals x; and x; are adjacent, the
corresponding weight w; ; of the edge connecting x; and x; is
calculated via the heat kernel function in (5). Otherwise, if
two individuals x; and x; are nonadjacent, the weight w;; is
set as zero. Specifically, let ||x; — x;|| indicates the Euclidean
distance between x; and x;, the calculation of each weight w; ;
is shown as

®)

2 . .

- exp(—”x,- — x| ), if x; and x; are adjacent

ij = :
0, otherwise

To describe how to get the adjacency graph and the
adjacency matrix, we illustrate an example in Fig. 1. In this
example, the number of nearest neighbors N, is set as 2.
Fig. 1(a) illustrates the adjacency graph constructed according
to the population with six individuals, where the individuals
are illustrated in blue circles and d indicates the Euclidean
distance between two individuals. The corresponding adjacent
matrix is illustrated in Fig. 1(b).

LPP aims to preserve the local structure of the knowledge
during the process of projecting the individuals from the
original space to a subspace. In other words, the objective
of the LPP is to ensure that if the two points are close and
adjacent in the original space then these two points should
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be close in the subspace. Thus, finding an optimal projection
matrix M* can be achieved by minimizing the following
objective function as:

M* = argmin Z Z (xiM — ij)2 Wi (6)
i

According to the justification in [30], solving the objective
function in (6) is equivalent to finding the eigenvalues and
eigenvectors of the following equation:

XM X = AXTMpXa. (7

where Mp is a diagonal matrix, where the ith element on the
diagonal is the sum of the ith row in the adjacency matrix W.
M is the Laplacian matrix, which is calculated by M; = Mp—
W. X is the matrix containing all individuals, where each row
corresponds to an individual. The notations A and « indicate an
eigenvalue and an eigenvector of this generalized eigenvalue
problem.

Let D and Dy stand for the dimensions of the original
space and the subspace, respectively. By solving (7), we can
get D eigenvalues and a D x D eigenmatrix A, where each
column is an eigenvector (line 8). Then, the Dy columns in A
(i.e., Dy eigenvectors) corresponding to the first Dy minimal
eigenvalues are selected to compose a D x D projection
matrix My for projecting the population Py with dimension
D to the subspace with dimension D (line 9). Also, by
selecting Dy rows in the inverse matrix inv(A) corresponding
to the first Dy minimal eigenvalues, we can obtain a Dg x D
inversed projection matrix M for projecting the knowledge
in the subspace to the original search space of population
Py (line 10). Finally, the population of the kth task can be
transformed into the local structure preserved knowledge in
the subspace via KPy = X x My, where KPy, is the knowledge
pool of the kth task. Herein, each row of the knowledge pool
KPy is called a knowledge entity. The knowledge pool KPy is
an NP x D; matrix, indicating that there are NP knowledge
entities in each knowledge pool and each knowledge entity is
a D, dimensional vector.

C. Transfer Knowledge via TKP Strategy

1) Construct Knowledge Propagating Tree: In KSP-EA,
the TKP strategy aims to effectively transfer both direct and
indirect knowledge from source tasks to the target task. Herein,
indirect knowledge transfer refers to the propagation and
utilization of knowledge between tasks to help optimize the
current work by utilizing knowledge that is indirectly related to
it. Through both direct and indirect knowledge transfer, tasks
can acquire more diverse knowledge from different tasks to
help better optimize it.

The pseudo-code of the TKP strategy is given in
Algorithm 3, and the construction process of the knowledge
propagating tree in the TKP strategy corresponds to lines 1-5
in Algorithm 3. To construct the knowledge propagating tree
via the TKP strategy, the first step is to construct a minimal
spanning tree to connect all tasks (lines 1-3). To get the
minimal spanning tree, first, the distance between each two
tasks is calculated. Herein, we use Euclidean distance between
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Algorithm 3 TKP Strategy
Input: KPy, KP», ..
Tl, T2, ey TK;
Py, P, ..., Pg—populations of tasks Ty, T», ...
o —probability of inter-task knowledge transfer;
Qutput: P, P>, ..., Px—populations in the next generation;
Begin
1. Calculate distance between each two tasks via (8);
2. Construct a complete adjacent graph of the tasks;
3. Construct the minimal spanning tree based on the adja-
cent graph;
Randomly select a task as root node;
Obtain knowledge propagating tree KPT;
For k=1:K;
Target task 7; = the task of the kth node;
Source task 7, = the task of the parent node of
kth node;
9.  Calculate the center C; of P; via (9);
10.  For each individual x; in P,

., KPg—knowledge pools of tasks

>, Tk

® NNk

11. If rand() < o

12. Randomly select a knowledge entity p, in KPg;

13. Project p, to get y, in target task space via (10);

14. SBX and polynomial mutation on x; and y,;

15. Selection on x; and the offspring u;;

16. Else

17. Randomly select three individuals x1, x>, and x3
in Py

18. DE/rand/1 and binomial crossover on x;, xi, X2,
and x3;

19. Selection on x; and the offspring u;;

20. End If

21.  End For

22.  Obtain knowledge of P; via LKA strategy;

/I Algorithm 2
23.  Update knowledge pool KP;;
24. End For
End

the centers of the two knowledge pools to represent the
distance between the two tasks. The equation Dis(7,, Tp) that
calculates the distance between tasks 7, and 7T} is shown as

. 1 1
Dis(Ty, Tp) = NP E Pi— 3p E Dj 8
pieKP, piEKPy

where KP, and KP}, are the knowledge pools of tasks 7, and
T, respectively. p; and p; stand for two knowledge entities in
KP, and KPy, respectively. The size of each knowledge pool
is the same as the population size NP. The distance Dis(7,,
Tp) aims to evaluate the difference between tasks 7, and T}, in
the unified subspace. A smaller value of distance Dis(7,, Tj)
indicates the two tasks T, and T} are similar. Based on the
distance between every two tasks, we can construct a complete
adjacent graph (i.e., each node is connected to other K — 1
nodes) of all the tasks, and then the minimal spanning tree
can be obtained according to the complete adjacent graph. To
more clearly describe the process of constructing the minimal

T T,

Ts

Ts

(b)

Start node

(©) (d)

Fig. 2. Example of constructing the minimal spanning tree and knowledge
propagating tree. (a) Complete adjacency graph. (b) Minimal spanning
tree. (c) Knowledge propagating tree generated with 73 as root node.
(d) Knowledge propagating tree generated with 75 as root node.

spanning tree and the knowledge propagating tree, we illustrate
an example in Fig. 2. In this example, there are six tasks, and
the corresponding complete adjacent graph and the minimal
spanning tree are illustrated in Fig. 2(a) and (b), respectively.

After getting the minimal spanning tree, we can construct
the knowledge propagating tree (lines 4-5). First, a random
node (i.e., task) of the minimal spanning tree is selected as
the root node (i.e., start node). Selecting a random node as
the root node can ensure that each task can receive knowledge
from any other task to increase the diversity of the obtained
knowledge. Starting from this root node, the knowledge can
be propagated along the edges to traverse all the nodes in the
minimal spanning tree. For clarity, we illustrated two examples
of the knowledge propagating tree in Fig. 2(c) and (d), which
corresponds to selecting 73 as root node and selecting 7>
as root node, respectively. In the example of Fig. 2(c), the
knowledge in task 73 is first propagated to its three child
nodes, i.e., T, T4, and Ts5. Herein, the node of task 73 is
said to be a parent node of tasks T, T4, and Ts. Then, the
knowledge in task 7; is propagated to its child node 77, and
the knowledge in task 75 is propagated to its child node T¢.
For the root task 73, the knowledge is transferred from 73
to itself. That is, the parent node of task 73 is itself. Note
that, since the minimal spanning tree is reconstructed in each
generation and the root node of the knowledge propagating
tree is randomly selected, the knowledge propagating trees in
different generations are also different. Therefore, knowledge
can be propagated from different root tasks to other tasks.

2) Knowledge Transfer in TKP Strategy: In TKP strategy,
after constructing the knowledge propagating tree, the knowl-
edge is transferred from the parent task to the child task
based on the knowledge propagating tree. The process of
the knowledge transfer in the TKP strategy corresponds to
lines 6-24 in Algorithm 3. As the knowledge is propagated
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along the edges in the knowledge propagating tree, first, the
task in the kth node of the knowledge propagating tree is
selected as the target task T, and its parent node is selected
as the source task 7, (lines 7-8). Then, the center C; of
the population P, of T; is calculated, whose formulation is
shown as

1
Ci=n D ©)

x;€P;

For each individual, two strategies for generating offspring
are randomly selected according to the parameter o. Herein,
o indicates the probability of executing intertask knowledge
transfer. If a number randomly generated in [0, 1] is smaller
than or equal to o, the intertask knowledge transfer is carried
out to generate offspring (lines 12—15 in Algorithm 3). First,
a random knowledge entity p, is selected in the knowledge
pool KP; of the source task. Since p, is located in the
unified subspace, whose dimensionality is different from that
of target task T}, p, is then projected to the space of T;. Let
v, denotes the projected knowledge entity in the space of Tz,
the formulation of the projection is shown as

Yr=pr X MI; + C; (10)

where MI; indicates the inversed projection matrix that projects
from the unified subspace to the space of target task 7. After
getting y,, the simulated binary crossover (SBX) [39], [40]
and polynomial mutation [41] are orderly executed on y, and
X; to generate a new offspring.

Otherwise, if this random number in [0, 1] is larger than
o, the new offspring is generated based on three parent
individuals selected from the population P; of the target task
(lines 17-19 in Algorithm 3). Specifically, three mutually
exclusive individuals x1, x2, and x3 are randomly selected in
P, as parent individuals. Then, the DE/rand/1 and binomial
crossover operations are conducted on these three parent
individuals and x; to generate a new offspring. The formula-
tions of the DE/rand/1 and binomial crossover operations are,
respectively, shown as

sl ) (1
d o d

d _ Vi if r <CR or d = drand

W= {Xfi , otherwise (12)

where xf indicates the dth dimension of individual x;. u;
indicates the generated offspring of individual x;. F and CR
indicate the amplify factor and crossover rate, respectively. r?
indicates a random number in [0, 1], and drand is a randomly
selected dimension.

Through knowledge transfer, NP offspring of the child task
are generated. Then the knowledge pool of the child task is
regenerated via the LKA strategy (line 22 in Algorithm 3).
As the TKP strategy is designed to transfer both direct and
indirect knowledge from source tasks to target task, the child
node should inherit the indirect knowledge of its parent node.
This enables the knowledge of the parent node to be indirectly
transferred to the child nodes of its child nodes. Therefore,
the knowledge pool of the child task is updated by not only
the direct knowledge of this child node but also the indirect
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knowledge from its parent node. Without loss of generality, as
the node of source task Ty is a parent node of target task Ty, the
knowledge pool KP; is updated by both Nx knowledge entities
randomly selected from the knowledge pool of its parent task
Ts and NP - Nk knowledge entities randomly selected from the
knowledge pool of child task T;. Nk is an integer that equals to
[N;/2], where Ny indicates the number of successful offspring
of T; that are selected to enter the next generation. This way,
it can be ensured that the child task inherits partial knowledge
of its parent task and more than half of the knowledge entities
in the knowledge pool of the child task.

IV. EXPERIMENTAL STUDIES

This section conducts extensive experiments on KSP-EA
to study its performance in solving MaTOPs and to show its
effectiveness and efficiency. First, we conduct a comparison
between KSP-EA and several state-of-the-art EMaTO algo-
rithms on the test suite of CEC19 competition on EMaTO [31]
(denoted as CEC19). Second, we also conduct the comparison
on the test suite of the WCCI22 competition on EMaTO
(denoted as WCCI22) [32]. Third, we analyze the effects
of the LKA strategy and the TKP strategy of KSP-EA.
Fourth, we evaluate the performance of KSP-EA variants with
different parameter settings to find out the optimal settings
of parameters. Finally, we compare the KSP-EA with several
state-of-the-art algorithms on the multitask planar kinematic
arm control problems to show the effectiveness and efficiency
of KSP-EA in real-world MaTOPs.

A. Experimental Settings

Two test suites are adopted as benchmarks, which are
CEC19 and WCCI22. In CEC19, there are 6 MaTOP instances.
Each MaTOP in CEC19 contains 50 tasks and each task is a
single-objective minimization problem. In WCCI22, there are
10 MaTOP instances. Also, each MaTOP in WCCI22 contains
50 tasks and each task is a single-objective minimization
problem. The 50 tasks in each MaTOP in CEC19 are generated
based on the homogeneous basic functions, which means that
the tasks belonging to the same MaTOP have high similarity
and correlation, and the knowledge transfer between similar
tasks is easier for the existing EMaTO algorithms. In contrast,
the 50 tasks in each MaTOP in WCCI22 are generated based
on the heterogeneous basic functions, which have a lower-
intertask similarity. Therefore, the MaTOPs in WCCI22 are
relatively more challenging than those in CEC19.

Five recently state-of-the-art EMaTO algorithms are
adopted as the compared algorithms. These five algo-
rithms are EBS-based genetic algorithm (EBS-GA) [35],
ASCMFDE [34], MaTDE [14], AEMTO [18], and EMaTO-
MKT [15]. The extensive experiments in existing studies
indicated these five EMaTO algorithms can achieve relatively
encouraging performance in both CEC19 and WCCI22 test
suites [18], [19]. The parameters of the KSP-EA are set as
follows: the population size is set as 100, the N,, and Dy in
the LPP are set as 5 and 25, respectively, and the knowledge
transfer probability o is set as 0.3. The amplifier factor F
and crossover rate CR in DE/rand/l mutation and binomial
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TABLE I

EXPERIMENTAL RESULTS OF KSP-EA AND THE COMPARED ALGORITHMS ON CEC19 AND WCCI22

Problem KSP-EA EBS-GA ASCMFDE MaTDE AEMTO EMaTO-MKT
CECI9-P1 5.91E+01 1.07E+03 (1) | 135E+02 () | 1.76E+02 () | 9.03E+01 (+) | 1.73E+02 (%)
CEC19-P2 3.22E-06 1.86E+01 (+) | 2.02E+01 (+) | 1.86E+01(+) | 1.84E+01(+) | 5.97E-02 (%)
CEC19-P3 3.27E+02 325E+02 () | 427E+02(¥) | 3.88E+02(¥) | 4.10E+02(+) | 1.04E+02 (-)
CEC19-P4 3.49E-04 1.80E-01 (+) | 4.69E-02(+) | 549E-03(+) | 5.81E-03(+) | 2.83E-04 (=)
CEC19-P5 3.04E-03 142E+00 (+) | 2.03E+00 (+) | 1.17B-01(+) | 1.30E+00(+) | 4.03E-04 (-
CECI19-P6 1.20E+04 271E+03 (5) | 1.07E+04 (+) | 2.05E+00(-) | 1.I18E-01(-) | 2.93E+03 (-)

WCCI22-P1 7.06E-11 2.17E+00 (+) | 148E-02(+) | 236E-07(+) | 5.65E-03(+) | 9.09E-09 (+)
WCCI22-P2 6.99E+01 219E+04 (+) | SA1E+02(¥) | 1.22E+02(¥) | 9.53E+01 (%) | 1.60E+02 (+)
WCCI22-P3 3.29E+02 324E+02 (<) | 427E+02(+) | 343E+02(+) | 4.14E+02(+) | 1.09E+02 (-)
WCCI22-P4 2.63E+01 LOTE+04 (+) | 248E+02 (+) | 129E+02 (+) | 9.85E+01(+) | 1.47E+02(+)
WCCI22-P5 1.72E+01 122B+02 (+) | 144E+02 (¥) | 140E+02 (¥) | 142E+02(+) | 4.22E+01 ()
WCCI22-P6 1.53E+03 1.02E+04 (+) | 431E+03 (+) | 4.03E+03 (+) | 4.25E+03 (+) | 2.44E+03 (+)
WCCI22-P7 1.67E+01 125E+02 (+) | 144E+02 (+) | 142E+02 (+) | 143E+02(+) | 4.14E+01 (+)
WCCI22-P8 2.96E+01 4.17E+03 (+) | 2.00E+02 (+) | 2.44E+02(+) | 240E+02 (+) | 1.48E+02(+)
WCCI22-P9 4.85E+02 442E+03 (+) | 2.05E+03 (¥) | 1.97E+03 (¥) | 2.11E+03(4) | 9.90E+02 (+)
WCCI22-P10 5.94E+02 LIIE+03 (+) | 243E+03 (¥) | 2.39E+03 (¥) | 2.50E+03 (+) | I1.16E+03 (+)
Number of +/=/— 13/1/2 16/0/0 15/0/1 14/1/1 10/2/4

crossover are set as 0.5 and 0.7, respectively. In SBX, the
parameter 7. is set as 2.0, and in polynomial mutation,
the parameters 7, and p,, are set as 5.0 and 1/D, respectively.
The parameter settings of the compared algorithms are set as
the recommended values in their original papers.

The maximum number of function evaluations is adopted
as the termination condition of each algorithm execution,
which is set as 5 x 10°. The average fitness is adopted as
the metric to evaluate the algorithms’ performance, which is
calculated as the average of the 50 fitness values corresponding
to the 50 tasks [19]. To reduce the bias, each algorithm
is executed 20 times and the mean results are adopted
for performance evaluation. Besides, to further analyze the
algorithms’ performance in the statistic view, Wilcoxon’s
rank-sum test with a significance level of 5% is adopted as
another metric [42]. The notations “+/~/-" indicate KSP-
EA is “superior/equivalent/inferior” to the compared algorithm
according to the results of Wilcoxon’s rank-sum test.

B. Comparison on CECI19 and WCCI22

The experimental results obtained by KSP-EA and the
five compared algorithms on CEC19 and WCCI22 are listed
in Table I. For clarity, the best result of these algorithms
in each MaTOP instance is marked in boldface. From the
overall experimental results, the proposed KSP-EA achieves
significantly better performance than the compared algorithms
in most MaTOPs. According to the results of Wilcoxon’s rank-
sum test, over the total 16 MaTOPs in CEC19 and WCCI22,
KSP-EA is significantly superior to EBS-GA, ASCMFDE,
MaTDE, AEMTO, and EMaTO-MKT on 13, 16, 15, 14,
and 10 instances, respectively, while KSP-EA is inferior to
these compared algorithms on only 2, 0, 1, 1, and 4 cases,
respectively.

To discuss the performance of KSP-EA in solving multiple
homogeneous and heterogeneous tasks, herein, the results at
CEC19 and WCCI22 are discussed separately. For the exper-
imental results on CEC19, where the tasks are homogeneous,

the performance of KSP-EA is superior to that of EBS-
GA, ASCMFDE, MaTDE, and AEMTO, while is relatively
comparable to that of EMaTO-MKT. More specifically,
EMaTO-MKT achieves relatively better performance than
KSP-EA on P3, P4, and P5, while KSP-EA performs best on
P1 and P2. This may be due to that the P3, P4, and P5 have
relatively high-intertask similarity and therefore EMaTO-MKT
can obtain good results by only efficiently transferring the
direct knowledge. However, when comes to WCCI22, whose
tasks are heterogeneous, the performance of KSP-EA is sig-
nificantly superior to that of all the five compared algorithms.
This evidence indicates that the KSP-EA achieves significantly
better performance in solving more challenging WCCI22 and
achieves comparable performance to the compared algorithms
in solving the relatively less challenging CEC19. This is
because the knowledge structures in homogeneous tasks can
be similar and can achieve effective knowledge acquisition
and knowledge transfer among these tasks, thus the KSP-
EA and the compared algorithms have relatively equivalent
performance. However, the knowledge acquisition and knowl-
edge transfer strategies of most of the compared algorithms
are less effective in heterogeneous tasks. Out proposed KSP-
EA can preserve knowledge structure and transfer both direct
and indirect knowledge. These two properties enable the KSP-
EA to effectively acquire and transfer knowledge among both
homogeneous tasks and heterogeneous tasks.

Besides, to further analyze the convergence behavior of
KSP-EA and the compared algorithms, their convergence
curves on six representative MaTOPs (including CEC19-
P1, CECI19-P2, WCCI22-P1, WCCI22-P4, WCCI22-P7, and
WCCI22-P10) are illustrated in Fig. 3. According to these
figures, we can find the proposed KSP-EA obtains a rela-
tively promising convergence speed than the other algorithms.
In CEC19-P1 and CEC19-P2, the compared algorithms
seem to be premature or trapped in the local optima after
several generations, while the KSP-EA can continuously
converge to approach the global optimum. Based on the
above experimental analyses, we can conclude the proposed
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Fig. 3. Convergence curves of KSP-EA and the compared algorithms on six
representative MaTOPs of CEC19 and WCCI22.

KSP-EA is generally superior to the state-of-the-art EMaTO
algorithms.

C. Effect of Preserving Knowledge Structure

In the LKA strategy, the knowledge of the source task is pro-
jected to the unified subspace via the LPP algorithm to obtain
lower-dimensional knowledge while preserving the knowl-
edge structure. To analyze whether preserving the knowledge
structure is effective, first, we design a KSP-EA variant
that uses the dimension alignment strategy in multifactorial
optimization [21] to replace the LPP (denoted as KSP-EA-
MF). In this dimension alignment strategy, the individuals
of the tasks with lower dimensionalities are padded with
several additional decision variables to make all the individuals
of different tasks have the same dimensionality. Second, we
conduct a comparison between KSP-EA and a KSP-EA variant
that adopts principle component analysis (PCA) [43] to replace
the LPP (denoted as KSP-EA-PCA). Similar to LPP, PCA
can also project knowledge from the space of source tasks
to the unified subspace, and it has been adopted in some
existing EMaTO algorithms [34], [44]. However, the PCA
can not preserve the knowledge structure, and comparing the
performance of KSP-EA, KSP-EA-PCA, and KSP-EA-MF can
reflect the effect of preserving the knowledge structure. The
experimental results for comparison between KSP-EA, KSP-
EA-MF, and KSP-EA-PCA on 10 MaTOPs of WCCI22 are
shown in Table II.

1) Compare With Multifactorial Strategy: In the table, the
performance of KSP-EA is generally better than that of
KSP-EA-MF on all the MaTOPs of WCCI22. Specifically,

295

1o WeCPR2Pd

T
' e - *ecoes
10 \ faaalltrrrrereereressl 5\\:’ ®9000 000004 A KSP
- 3
“u \ M
ot I \aa
N 2 S
8 \ o T
"\. \ ]
£ &
w0 . P
H 2 \.\
0 w

. L L L o L L
o 200 400 600 00 1000 o 200 400 600 00 1000
Generation Generation

WCCI22 P7
<o - - -
\ .o $eteccoces - Fa—KSPEA
"8 %9 (& KSPEAMF
DN L hiamea

whh

\

0 WCCI22 P10
e T T

* oo,
o
\x .o *eeeeea,,
*%ee,
. oo

e
s
aaa
AAAaaaaaaaaaa,,]
.
e
e,
e

-

-
e e s s asaag,

.

0 1000

Fig. 4. Convergence curves of KSP-EA, KSP-EA-MF, and KSP-EA-PCA
on four representative MaTOPs of WCCI22.

TABLE 11
EXPERIMENTAL RESULTS OF KSP-EA, KSP-EA-MF,
AND KSP-EA-PCA oN WCCI22

Problem KSP-EA KSP-EA-MF | KSP-EA-PCA
WCCI22-P1 7.06E-11 1.88E+03 (+) 7.43E+02 (+)
WCCI22-P2 6.99E+01 240E+08 (+) | 4.51E+05 (+)
WCCI22-P3 3.29E+02 1.14E+04 (+) 5.77E+02 (+)
WCCI22-P4 2.63E+01 1.87E+08 (+) | 9.83E+05 (+)
WCCI22-P5 1.72E+01 2.04E+03 (+) | 2.48E+02 (+)
WCCI22-P6 1.53E+03 9.76E+07 (+) 7.73E+05 (+)
WCCI22-P7 1.67E+01 361E+03 () | 2.69E+02 (1)
WCCI22-P8 2.96E+01 1.95E+08 (+) | 3.67E+06 (+)
WCCI22-P9 4.85E+02 1.78E+08 (+) 1.67E+06 (+)
WCCI22-P10 5.94E+02 4.53E+03 (+) | 2.42E+03 (+)
Number of +/=/— 10/0/0 10/0/0

according to Wilcoxon’s rank-sum test, KSP-EA achieves
significantly superior performance to both KSP-EA-MF on
all the ten MaTOPs. Besides, to better analyze the con-
vergence behavior, the convergence curves on P1, P4, P7,
and P10 of WCCI22 are illustrated in Fig. 4, and the
KSP-EA achieves a generally faster convergence speed than
KSP-EA-MF. Therefore, we can conclude that obtaining the
structure-preserved knowledge via the LKA strategy is more
effective than the multifactorial strategy.

2) Compare With PCA: Comparing the experimental
results obtained by KSP-EA and KSP-EA-PCA in Table II,
we can find that the performance of KSP-EA is generally
better than that of KSP-EA-PCA. Specifically, according
to Wilcoxon’s rank-sum test, KSP-EA achieves significantly
superior performance to KSP-EA-PCA on all the 10 MaTOPs.
This is mainly because obtaining knowledge via PCA can
generally damage the knowledge structure, which can decrease
the effectiveness of knowledge transfer. However, obtaining
knowledge via LPP can better preserve the knowledge struc-
ture, which enables the KSP-EA to get generally promising
performance. Also, the convergence of KSP-EA and KSP-
EA-PCA are illustrated in Fig. 4. According to these figures,
the observation is that the convergence speed of KSP-EA is
faster than that of KSP-EA-PCA during the whole evolutionary
process on all these four MaTOPs.
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TABLE III
EXPERIMENTAL RESULTS OF KSP-EA AND
KSP-EA-W/O-TKP oN WCCI22

Problem KSP-EA KSP-EA-w/o-TKP
WCCI22-P1 7.06E-11 1.82E-06 (+)
WCCI22-P2 6.99E+01 1.21E+02 (+)
WCCI22-P3 3.29E+02 3.76E+02 (+)
WCCI22-P4 2.63E+01 8.86E+01 (+)
WCCI22-P5 1.72E+01 1.29E+02 (+)
WCCI22-P6 1.53E+03 3.30E+03 (+)
WCCI22-P7 1.67E+01 1.29E+02 (+)
WCCI22-P8 2.96E+01 1.06E+02 (+)
WCCI22-P9 4.85E+02 1.45E+03 (+)
WCCI22-P10 5.94E+02 1.40E+03 (+)

Number of +/~/— 10/0/0

Concerning the mean fitness and the convergence speed, the
performance of KSP-EA dominates the performance of KSP-
EA-MF and KSP-EA-PCA, and the LKA strategy is effective
for KSP-EA. Therefore, we can conclude that preserving
knowledge structure is effective for solving MaTOPs.

D. Effect of Transfer Direct and Indirect Knowledge

1) Effect of TKP Strategy: In the proposed KSP-EA, the
TKP strategy is designed to effectively transfer both direct
and indirect knowledge to the target task. Thus, it is neces-
sary to analyze whether transferring both direct and indirect
knowledge via the TKP strategy is effective. We first design
a KSP-EA variant named KSP-EA-w/o-TKP, where the TKP
strategy is eliminated and the knowledge is directly transferred
from a random source task to the target task. By comparing
the performance between KSP-EA and KSP-EA-w/o-TKP, we
can analyze the effects of transferring both direct and indirect
knowledge.

The experimental results obtained by KSP-EA and KSP-
EA-w/o-TKP on WCCI22 are provided in Table III. Based
on these results, we can conclude that the KSP-EA generally
outperforms KSP-EA-w/o-TKP on WCCI22. According to
Wilcoxon’s rank-sum test, on all the 10 MTOPs, the results
obtained by KSP-EA are significantly superior to that obtained
by KSP-EA-w/o-TKP. Considering the results for fitness,
KSP-EA also outperforms KSP-EA-w/o-TKP. This is because
transferring both direct and indirect knowledge to the target
task can enhance the quality of the knowledge and thus
enhance the effectiveness of KSP-EA. The observation of the
comparison indicates the TKP strategy can effectively transfer
knowledge and is necessary for KSP-EA.

We illustrate the convergence curves of KSP-EA and KSP-
EA-w/o-TKP in Fig. 5 to help analyze their convergence
behavior. According to the curves, we can find the con-
vergence speed of KSP-EA is generally faster than that of
KSP-EA-w/o-TKP. Specifically, in WCCI22-P1, WCCI22-P4,
and WCCI22-P7, KSP-EA converges faster throughout the
evolutionary process. In WCCI22-P10, KSP-EA has a slower
convergence speed in the first 200 generations, while the
convergence speed after 200 generations is better than that of
KSP-EA-w/o-TKP. Therefore, based on the above analyses,
we can conclude that transferring both direct and indirect
knowledge among tasks can enhance effectiveness.
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Fig. 5. Convergence curves of KSP-EA and KSP-EA-w/o-TKP on four
representative MaTOPs of WCCI22.

TABLE IV
EXPERIMENTAL RESULTS OF KSP-EA, KSP-EA-KLD,
AND KSP-EA-MMD oN WCCI22

Problem KSP-EA KSP-EA-KLD KSP-EA-MMD
WCCI22-P1 7.06E-11 1.73E+01 (+) 3.30E-06 (+)
WCCI22-P2 6.99E+01 4.61E+04 (+) 1.49E+02 (+)
WCCI22-P3 3.29E+02 4.96E+02 (+) 3.78E+02 (+)
WCCI22-P4 2.63E+01 1.78E+04 (+) 8.07E+01 (+)
WCCI22-P5 1.72E+01 1.82E+02 (+) 1.29E+02 (+)
WCCI22-P6 1.53E+03 1.92E+04 (+) 3.21E+03 (+)
WCCI22-P7 1.67E+01 1.85E+02 (+) 1.29E+02 (+)
WCCI22-P8 2.96E+01 6.59E+03 (+) 1.30E+02 (+)
WCCI22-P9 4.85E+02 5.84E+03 (+) 1.26E+03 (+)
WCCI22-P10 5.94E+02 7.90E+02 (+) 1.48E+03 (+)
Number of +/~/— 10/0/0 10/0/0

2) Compare With Existing Direct Knowledge Transfer
Strategies: In this part, we compare the TKP strategy with
several transfer strategies in state-of-the-art EMaTO algo-
rithms that only transfer direct knowledge. In these direct
knowledge transfer strategies, the similarity between each pair
of tasks is calculated first and the knowledge is transferred
between each pair of tasks that have the highest similarity. Two
KSP-EA variants are designed by replacing the TKP strategy
with two different knowledge transfer strategies. These two
KSP-EA variants are KSP-EA with Kullback-Leibler diver-
gence (KSP-EA-KLD) and KSP-EA with maximum mean
discrepancy (KSP-EA-MMD), which adopt the Kullback—
Leibler divergence and the maximum mean discrepancy as
the similarity measurement and directly transfer knowledge
between the most similar tasks, respectively. In the existing
EMaTO algorithm, the Kullback-Leibler divergence and the
maximum mean discrepancy were shown to be able to accu-
rately calculate the intertask similarity [14], [15]. However,
KSP-EA-KLD and KSP-EA-MMD can only achieve direct
knowledge transfer. Comparing the performance of KSP-
EA, KSP-EA-KLD and KSP-EA-MMD can better reflect the
effects of indirect knowledge transfer.

The experimental results of KSP-EA, KSP-EA-KLD, and
KSP-EA-MMD on WCCI22 are shown in Table IV. Besides,
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Fig. 6. Convergence curves of KSP-EA, KSP-EA-KLD, and KSP-EA-MMD
on four representative MaTOPs of WCCI22.
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Fig. 7. Curves of the success rate of direct knowledge transfer and indirect
knowledge transfer on four representative MaTOPs of WCCI22.

the convergence curves of KSP-EA, KSP-EA-KLD, and KSP-
EA-MMD on P1, P4, P7, and P10 of WCCI22 are shown in
Fig. 6. In the results, we can find that the KSP-EA achieves
generally better performance than KSP-EA-KLD, and KSP-
EA-MMD on most of the MaTOPs. Also, the convergence
speed of KSP-EA is faster than that of KSP-EA-KLD and
KSP-EA-MMD. Therefore, we can conclude that combining
the advantages of both direct knowledge transfer and indirect
knowledge transfer is more effective than only using direct
knowledge transfer.

3) Success Rate of Direct- and Indirect Knowledge
Transfer: Besides, to intuitively show the effects of direct
knowledge transfer and indirect knowledge transfer, we illus-
trate the curves of the success rates of direct knowledge
transfer and indirect knowledge transfer on several representa-
tive MaTOPs of WCCI22 in Fig. 7. The success rate of direct
knowledge transfer (or indirect knowledge transfer) is defined
as the proportion of the successful offspring over all the
offspring generated by direct knowledge transfer (or indirect
knowledge transfer). Herein, the successful offspring is the
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TABLE V
COMPARISON AMONG KSP-EAS WITH DIFFERENT N, ON WCCI22

Problem N, =5 N, =10 N, =20 N, =50
WCCI22-P1 7.06E-11 1.16E-10 4.97E-11 1.38E-11
WCCI22-P2 6.99E+01 7.25E+01 7.46E+01 6.77TE+01
WCCI22-P3 3.29E+02 3.17E+02 2.90E+02 2.04E+02
WCCI22-P4 2.63E+01 2.52E+01 2.42E+01 2.47E+01
WCCI22-P5 1.72E+01 1.74E+01 1.79E+01 1.97E+01
WCCI22-P6 1.53E+03 1.54E+03 1.55E+03 1.60E+03
WCCI22-P7 1.67E+01 1.69E+01 1.77E+01 1.97E+01
WCCI22-P8 2.96E+01 2.59E+01 3.06E+01 2.79E+01
WCCI22-P9 4.85E+02 4.93E+02 5.19E+02 5.46E+02
WCCI22-P10 5.94E+02 6.19E+02 6.40E+02 6.63E+02
Mean fitness 3.09E+02 3.13E+02 3.16E+02 3.17E+02

Mean rank 2.10 2.40 2.80 2.70

offspring selected to enter the next generation. Specifically,
let NSO indicates the number of successful offspring and
NTO indicates the number of total offspring generated by
direct knowledge transfer (or indirect knowledge transfer),
the success rate SR of direct knowledge transfer (or indirect
knowledge transfer) is calculated via

NSO
~ NTO'

In the curves of Fig. 7, we can find that the success
rate of indirect knowledge transfer is similar to that of
direct knowledge transfer. During the evolutionary process,
the proportion of successful offspring generated by indirect
knowledge transfer is similar to that generated by direct
knowledge transfer. Therefore, indirect knowledge transfer is
as effective as direct knowledge transfer, and they can both
transfer positive knowledge to enhance the search capacity of
the algorithm.

SR 13)

E. Parameter Analysis

In the proposed KSP-EA, there are three important param-
eters, which are N,, Dy, and o. Herein, N, is an integer
that controls the number of neighbor nodes in LPP, Dy is
an integer that controls the dimensionality of the unified
subspace in LPP, and o is a number in [0, 1] that controls
the probability of knowledge transfer. Since the settings of
these three parameters can influence the performance of KSP-
EA, these parameters should be carefully set. To find out their
optimal settings, we conduct the following three experiments.

1) Analysis of N,: N, controls the number of neighbor
nodes in LPP. To find out the optimal setting of N,,, we conduct
a comparison among the KSP-EA variants with different
settings of N,, which are N, = 5, N,, = 10, N, = 20, and
N, = 50. The experimental results of this comparison on
WCCI22 are provided in Table V. We calculate the mean
fitness among all these 10 MaTOPs and the mean rank
obtained by these KSP-EA variants in the last two rows
of Table V. KSP-EA with N, = 5 shows generally better
performance than the other settings of N,. Also, the KSP-
EA with N, = 5 achieves the best result on five MaTOPs of
WCCI22,i.e., PS5, P6, P7, P9, and P10, while N, =5, N,, = 10,
and N,, = 20 obtain the best results on 3, 1, and 1 MaTOP,
respectively. Therefore, the parameter N,, is recommended to
be set as 5.
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TABLE VI
COMPARISON AMONG KSP-EAS WITH DIFFERENT Dy ON WCCI22

Problem D;=0.1'Dyin Ds=0.2Dyin D;=0.5Dyin Ds=0.8Dyin
WCCI22-P1 2.90E-10 1.79E-11 7.06E-11 2.53E-09
WCCI22-P2 1.01E+02 7.57TE+01 6.99E+01 6.88E+01
WCCI22-P3 1.02E+02 7.26E+01 3.29E+02 3.39E+02
WCCI22-P4 7.11E+01 5.06E+01 2.63E+01 2.40E+01
WCCI22-P5 4.11E+01 2.84E+01 1.72E+01 2.80E+01
WCCI22-P6 1.84E+03 1.73E+03 1.53E+03 1.48E+03
WCCI22-P7 4.18E+01 2.85E+01 1.67E+01 3.83E+01
WCCI22-P8 7.37E+01 5.49E+01 2.96E+01 3.14E+01
WCCI22-P9 6.84E+02 6.29E+02 4.85E+02 5.01E+02

WCCI22-P10 8.26E+02 6.80E+02 5.94E+02 5.81E+02
Mean fitness 3.78E+02 3.35E+02 3.09E+02 3.09E+02
Mean rank 3.70 2.50 1.70 2.10

2) Analysis of Ds: The integer parameter Dg controls the
dimensionality of the unified subspace in LKA strategy. If the
value of Dy is set as a relatively small value, the obtained
knowledge in the unified subspace can be very different from
the knowledge in the original space, which may cause the
degradation of the quality of the obtained knowledge. If the
value of D is set as a relatively large number, the gener-
alization of the obtained knowledge in the unified subspace
is hard to guarantee, which can diminish the effectiveness
of knowledge transfer. Therefore, the value of Dy should be
carefully set.

To find out the optimal setting of Dg, we conduct a
comparison among the KSP-EA variants with different settings
of D;. Let Dy, indicates the minimal dimensionality of all
the tasks, these settings are Dy = 0.1-Dpin, Dy = 0.2-Dpin,
D = 0.5-Dpyin, and Dy = 0.8:Dpyin. The experimental results
of this comparison on WCCI22 are provided in Table VI. The
performance of Dy = 0.5-Dpp is generally superior to that
of the other settings of D;s. Besides, over all the 10 MaTOPs,
the KSP-EA with Dy = 0.5-Dpyi, achieves the best result in
four cases, which is superior to the other KSP-EA variants.
Therefore, Dy = 0.5-Dpin is a relatively good setting for
KSP-EA.

3) Analysis of o: o indicates the probability of executing
the intertask knowledge transfer, whose value range should
be [0, 1]. On the one hand, if the value of o is set as
a relatively small value, the algorithm will more focus on
the intratask crossover, which can ignore the effectiveness
of knowledge transfer. On the other hand, if the value of
o is set as a relatively large value, the algorithm will more
focus on the intertask knowledge transfer. In this case, as the
knowledge transfer is less effective between irrelated tasks,
the performance of KSP-EA can be diminished if most of the
tasks are irrelated or dissimilar. Therefore, we should analyze
the performance of different o and find out the optimal value
of o.

Herein, the experimental results obtained by four KSP-EA
variants with different o are given in Table VII. These four
KSP-EA variants are denoted as 0 = 0.1, 0 = 0.3, 0 = 0.5,
and o0 = 0.9. According to the results for mean fitness and
mean rank, the o = 0.3 gets the best-mean fitness and mean
rank among all the four variants. Furthermore, over the 10
MaTOPs in WCCI22, the KSP-EA variant with ¢ = 0.3

TABLE VII
COMPARISON AMONG KSP-EAS WITH DIFFERENT o0 ON WCCI22

Problem g=0.1 =03 c=0.5 =09
WCCI22-P1 6.84E-07 7.06E-11 2.31E-10 1.39E-03
WCCI22-P2 7.35E+01 6.99E+01 7.96E+01 2.76E+02
WCCI22-P3 3.73E+02 3.29E+02 6.54E+01 9.91E+01
WCCI22-P4 3.26E+01 2.63E+01 3.05E+01 7.11E+01
WCCI22-P5 1.19E+02 1.72E+01 2.24E+01 3.80E+01
WCCI22-P6 5.75E+05 1.53E+03 1.63E+03 1.86E+03
WCCI22-P7 1.20E+02 1.67E+01 2.24E+01 3.86E+01
WCCI22-P8 3.04E+02 2.96E+01 2.82E+01 1.16E+02
WCCI22-P9 1.16E+03 4.85E+02 5.57E+02 7.19E+02

WCCI22-P10 6.46E+02 5.94E-+02 7.23E+02 8.82E+02
Mean fitness 5.78E+04 3.09E+02 3.16E+02 4.10E+02
Mean rank 3.40 1.30 2.00 3.30

(a) (b)

Fig. 8. Two-task planar kinematic arm control problem. (a) Task1. (b) Task2.

obtains the best result in eight cases, which is significantly
better than the other variants. Therefore, the value of o should
be 0.3.

F. Comparison on Real-World MaTOP

This section verifies the effectiveness of the proposed
KSP-EA in addressing real-world application problems by
analyzing its performance in a multitask planar kinematic arm
control application scenario [33]. The goal of the multitask
planar kinematic arm control problem is to optimize the joint
angles of multiple planar kinematic arms with different arm
lengths and maximum motion angles so that the tips of these
arms can be as close as possible to the target. For ease of
understanding, we show a graphical example of this problem
with two tasks in Fig. 8. The tip of each planar kinematic arm
is denoted as Pp, the target is denoted as 7. and the angles
of all d joints are denoted as [«1, a2, ..., aq]. To be specific,
the objective of the multitask planar kinematic arm control
problem is to find a set of optimal angles [c1, op,..., o]
to minimize the distance between Pp and T. The objective
function f;(.) of the rth task is shown as

ﬁ(alaa27 9ad)= ”PD_T” (14)

The multitask planar kinematic arm control problem con-
tains multiple tasks, each of which corresponds to the control
of a single arm. The total lengths L; and upper bound of the
angles amax; are different for different arms. Here, the param-
eter settings of the multitask planar kinematic arm control
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TABLE VIII
RESULTS OF KSP-EA AND THE COMPARED ALGORITHMS ON PLANAR
KINEMATIC ARM CONTROL PROBLEMS WITH FEW TASKS

problom |_BLKT-DE_| MFEA-AKT MFEA-IT AEMTO ASCMFDE

MDF MDF MDF MDF MDF

5 tasks 7.76E-05 | 1.19E-03 (+) | 1.43E-04(+) | 1.30E-04 (=) | 1.04E-04 (+)

10tasks | 7.33E-05 | 5.08E-04 (+) | 1.66E-04(+) | 1.14E-04 (+) | 9.74E-05 (+)

Number of + /= / — 2/0/0 2/0/0 1/1/0 2/0/0
TABLE IX

RESULTS OF KSP-EA AND THE COMPARED ALGORITHMS ON PLANAR
KINEMATIC ARM CONTROL PROBLEMS WITH MANY TASKS

problom |_KSP-EA AEMTO EBS-DE MaTDE EMaTO-MKT
MDF MDF MDF MDF MDF
50 tasks | 1.02E-04 | L.17E-04 (+) | 2.18E-04 (+) | 1.84E-04(+) | 2.76E-04 (+)
100 tasks | 9.22E-05 | 1.13E-04(+) | 2.17E-04(+) | 1.59E-04 (+) | 2.05E-04 (+)
Number of +/~/ — 2/0/0 2/0/0 2/0/0 2/0/0

problem are the same as the previous studies [19], [28]. We
use the difference between the current fitness and the minimum
fitness obtained by all algorithms as the experimental results
in order to present the results more intuitively. The mean
difference between the current fitness and the minimum fitness
(denoted as MDF) is calculated via

1
MDF = i > (f = fnin)

feF

15)

where F represents all of the fitness values that the algorithms
obtained on the current task, and fi,;, represents the minimum
fitness value that all of the algorithms obtained on the current
task.

To evaluate the performance of the KSP-EA on the planar
kinematic arm control problem with different numbers of
tasks, in this section, KSP-EA is experimented on planar
kinematic arm control problem with few tasks (i.e., 5 and
10 tasks) and planar kinematic arm control problem with
many tasks (i.e., 50 and 100 tasks), respectively. First, for
the experiment with few tasks, the KSP-EA is compared
with the state-of-the-art algorithms that have shown promising
performance on MaTOPs with few tasks, including MFEA
with adaptive knowledge transfer (MFEA-AKT) [23], MFEA-
II [45], AEMTO [18], and ASCMFDE [34]. The experimental
results are shown in Table VIII. The performance of KSP-
EA is generally better than that of the compared algorithms.
To be specific, according to Wilcoxon’s rank-sum test, when
the task number is 5, KSP-EA can get significantly supe-
rior performance to MFEA-AKT, MFEA-II, and ASCMFDE
and competitive performance to AEMTO, while when the
task number is 10, KSP-EA can get significantly superior
performance to all compared algorithms.

Second, for the experiment on planar kinematic arm control
problem with many tasks, the KSP-EA is compared with the
state-of-the-art EMaTO algorithms that have shown promis-
ing performance on MaTOPs with many tasks, including
AEMTO [18], EBS-DE [35], MaTDE [14], and EMaTO-
MKT [15]. Table IX displays the experimental results of
KSP-EA and those of the compared algorithms. KSP-EA
performs generally better than AEMTO, EBS-DE, MaTDE,
and EMaTO-MKT on these problems with many tasks, which
is similar to the experimental results on the problem with
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few tasks. Wilcoxon’s rank-sum test indicates that KSP-EA
can outperform all other compared algorithms by a significant
margin when the task number is 50 or 100. Thus, we can infer
from the above analysis and results that, when applied to real-
world MaTOPs, the KSP-EA has better performance than the
compared state-of-the-art algorithms.

V. CONCLUSION

This article proposes the KSP-EA for solving MaTOPs.
KSP-EA breaks through the limitations of existing algorithms,
as it can obtain useful knowledge while preserving knowledge
structure and effectively transferring both direct and indirect
knowledge among the tasks. The proposed KSP-EA contains
two main components, i.e., the LKA strategy and the TKP
strategy. The LKA strategy projects the knowledge from the
space of the source task to a unified subspace while preserving
the knowledge structure. The TKP strategy builds a minimal
spanning tree to connect all the tasks and propagates both
direct and indirect knowledge among tasks. Concerning the
experiments on CEC19 and WCCI22 benchmark test suites,
the performance of KSP-EA is significantly superior to several
state-of-the-art EMaTO algorithms.

In our future work, we will further develop the
KSP-EA to enhance its performance for solving more dif-
ficult MaTOPs. Besides, we will also extend the idea
of preserving knowledge structure in solving the real-
world MaTOPs with more challenging properties, such as
multiobjective [46], [47], [48], large-scale [49], [50], and
multimodal optimization [51], [52], [53].
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