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Abstract—With numerous renewable generators and energy
storage systems integrated into the power grids, the security-
constrained DC optimal power flow (DCOPF) is essential for
power system operation. For large-scale power grids, traditional
CPU-based optimization algorithms (such as the simplex and
barrier methods) have saturated in computational efficiency and
are inherently difficult to parallelize. To tackle these issues, by
incorporating the symmetric Gauss—Seidel (sGS) decomposition,
this work develops a GPU-based Halpern Peaceman-Rachford
algorithm, termed the sGS-HPR, which enjoys an O(1/k) iter-
ation complexity in terms of the KKT residual. Moreover, the
closed-form solutions for all subproblems are derived, which only
consist of matrix-vector multiplications and vector operations,
and thus can be easily parallelized on GPUs. As a consequence,
the developed sGS-HPR algorithm enjoys a O(N. x n/e¢) non-
ergodic computational complexity in terms of floating-point oper-
ations for obtaining an e-optimal solution measured by the KKT
residual for large-scale DCOPF problems, where n represents the
variable dimension, and N1 denotes the number of branches in
the power grid. Extensive numerical tests on large-scale power
grids, reaching up to the 9241-bus PEGASE system, demonstrate
the scalability and superior efficiency of the developed GPU-
based sGS-HPR algorithm compared to state-of-the-art methods.
Notably, the proposed method achieves a 6x speedup compared
with Gurobi for large-scale instances. Additionally, for ultra-
large-scale cases, Gurobi throws an "out-of-memory' error, while
the proposed sGS-HPR algorithm maintains its computational
scalability and efficiency.

Index Terms—GPU acceleration, DC optimal power flow,
Halpern iteration, Peaceman-Rachford splitting, symmetric
Gauss—Seidel decomposition, convergence rate, computational
complexity

I. INTRODUCTION
A. Background

DC Optimal Power Flow (DCOPF) is a crucial operational
tool for power system operators and serves as the founda-
tional model in many significant optimization problems, such
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as the economic dispatch [1], [2], market clearing [3], [4],
power network planning [5], [6] and security-constrained unit
commitment [7], [8]. As a dynamic optimization model, the
DCOPF is widely employed for day-ahead and intraday look-
ahead power dispatch. The growing integration of renewable
generators (RGs) and energy storage systems (ESSs) into
power grids introduces several key challenges [9]:

i) As numerous RGs and ESSs integrated into large-scale
power grids, the dimension of the variables in the DCOPF
grows significantly. Meanwhile, power grid operations
exhibit strong spatio-temporal coupling characteristics,
substantially increasing the computational burden [10].

i) With the growing integration of RGs, transmission
congestion becomes a critical issue. As a result, there
will be more active operational constraints in the DCOPF
problems, raising computational effort substantially [11].

Under these circumstances, the intraday look-ahead dispatch

imposes exceedingly high requirements on the computational
performance. Thus, the DCOPF needs algorithms that exhibit
superior computational efficiency, rapid convergence speed
and good scalability. Traditional CPU-based methods, such
as the interior-point method, are capable of obtaining high-
precision solutions. However, their computational complexity
grows significantly with problem size. Additionally, their
inherently sequential nature limits the benefits that can be
gained from modern GPU acceleration. Consequently, solving
the DCOPF problem remains certain challenges for large-scale
power grids due to the high computational efforts and memory
costs. This work tackles these challenges by proposing an
efficient and easily parallelizable algorithm, along with its
GPU-based implementation.

B. Previous Research

A considerable number of studies have investigated algo-
rithms for solving the DCOPF problem. For instance, six de-
composition algorithms were reviewed in [12] for solving the
OPF problems, including the analytical target cascading, opti-
mality condition decomposition, alternating direction method
of multipliers (ADMM), auxiliary problem principle, consen-
sus+innovations, and proximal message passing. The auxiliary
problem principle was employed in [13] to address multi-
period distributed DCOPF problems for multiple intercon-
nected power grids. A DCOPF-based market-clearing scheme
was proposed in [14] for multi-area power systems, which was
solved using the optimality condition decomposition approach.
A spatio-temporal decomposition algorithm was introduced
in [15] for solving the coordinated economic dispatch (C-
ED) of integrated transmission and distribution grids. Through
integrating ADMM with a multi-parametric programming
projection-based spatial decomposition algorithm, the C-ED
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problem was addressed in a distributed and parallel manner.
A hierarchical distributed algorithm was developed in [16] for
the predictive control of a distribution network.

Despite their effectiveness, these approaches face two major
computational bottlenecks. First, they are all implemented on
CPU platforms, without fully exploiting the parallel processing
capabilities that modern hardware, such as GPUs, can offer.
Second, they depend on commercial solvers such as Gurobi
[17] and CPLEX [18]. While these solvers are highly op-
timized and efficient for small- to medium-scale problems,
applying them to ultra-large-scale problems remains a signifi-
cant challenge. The primary computational hurdle arises from
solving linear systems, which require LU factorization in the
simplex method and Cholesky factorization in interior-point
methods (IPMs). These factorization-based techniques present
two critical drawbacks: (i) excessive memory consumption due
to matrix densification during factorization, often resulting
in “out-of-memory” errors (OOM) even when the problem
instance itself fits into available memory, and (ii) their in-
herently sequential nature, which hinders parallelization and
limits the scalability of GPU acceleration [19]. For example,
numerical experiments on 383 MIPLIB instances show that
sparse matrix-vector multiplication (SpMV) achieves linear
GPU speedup with problem size, whereas Cholesky factor-
ization yields smaller, structure-dependent gains, and LDL"
factorization provides little to no consistent acceleration (see
Figure 1 in [20]).

Recently, some studies have leveraged GPUs to accelerate
the solving of DCOPF problems. The authors in [21] proposed
a GPU-based proximal message passing algorithm utilizing
ADMM for solving contingency-constrained DCOPF prob-
lems. A GPU-accelerated gradient-based optimization method
was developed in [22]. This method relaxed the equality con-
straints and incorporated a [1-norm penalty into the objective
function, aiming to satisfy the equality constraints as much
as possible. Nevertheless, such an approach can compromise
the solution’s precision and might result in constraint in-
feasibility. A primal-dual method was developed in [23] for
solving a class of convex optimization problems with affine
equality constraints. A distributed optimization method was
proposed in [24] for lossy networks using a relaxed ADMM
approach, which aligns with the Peaceman-Rachford splitting
method applied to the dual problem. For general quadratic/-
linear programming problems, the authors in [25] developed
a versatile solver utilizing the ADMM framework, named
OSQP. Furthermore, reference [26] presented a GPU-based
implementation of OSQP [25]. It is noteworthy that most of
the studies mentioned above are implemented using ADMM.
Despite ADMM’s versatility and ease of parallelization, it only
exhibits a O(1/v/k) non-ergodic convergence rate in terms of
feasibility violations and objective errors when no acceleration
techniques are applied [27], [28].

In the realm of large-scale linear programming, the PDLP
solver was introduced in [29], [30], built upon the primal-
dual hybrid gradient (PDHG) method [31]. In particular, the
cuPDLPjl [19], a GPU-accelerated version of the PDLP,
has demonstrated notable efficiency advantages over tradi-
tional commercial solvers such as Gurobi, especially when

dealing with large-scale linear programming problems. It is
also noteworthy that the iteration complexity of the ergodic
sequence from the semi-proximal ADMM method [32], in-
cluding PDHG [33], [34], is O(1/k) in terms of the feasibility
violation and objective errors [28].

More recently, research has focused on accelerating the
preconditioned Peaceman-Rachford (PR) method [35], [36],
[37] using the Halpern iteration [38], [39]. Specifically, the
authors in [35] proposed the Halpern Peaceman-Rachford
(HPR) method without proximal terms by integrating the
Halpern iteration with PR method [40], [41], achieving an
iteration complexity of O(1/k) for the Karush-Kuhn-Tucker
(KKT) residual. Later, the authors in [36] reformulated the
proximal PR method as a proximal point method (PPM) with a
positive definite preconditioner, and developed an HPR method
with proximal terms that maintains an iteration complexity
of O(1/k) for the weighted fixed-point residual. Further ad-
vancements by [37] transformed the semi-proximal PR method
into a degenerate PPM (dPPM) with a positive semi-definite
preconditioner [42]. By applying the Halpern iteration to this
dPPM, they introduced an HPR method with semi-proximal
terms, preserving the O(1/k) iteration complexity for the KKT
residual. Expanding upon this, a GPU-based semi-proximal
HPR method was implemented in [43].

Despite the progress in GPU-accelerated optimization meth-
ods, several critical challenges remain from a practical appli-
cation perspective, which serve as the primary motivation for
this work:

i) Given that the DCOPF is of extremely large scale, and
shows strong spatio-temporal coupling characteristics, can
the existing algorithms, including those implemented on
the GPU, meet the computational efficiency requirements?

ii) Most existing GPU-based algorithms are designed for
general problems without fully exploiting the problem
structure. Can leveraging the problem structure further
reduce computational complexity?

C. Contributions

For large-scale power grids, the multi-period DCOPF prob-
lem becomes exceedingly complex. The non-zero elements
(nnz) in its coefficient matrix can scale up to 10°, posing
significant challenges to both computation and memory usage.
Under these circumstances, motivated by the recent progress in
accelerated algorithms based on Halpern iteration, we propose
an efficient GPU-based Halpern Peaceman-Rachford algorithm
incorporating the symmetric Gauss—Seidel (sGS) decomposi-
tion technique (hereafter named sGS-HPR), for large-scale
security-constrained DCOPF problems.

The main contributions of this work include:

i) Algorithm: Through incorporating the symmetric
Gauss—Seidel decomposition technique, we develop the
sGS-HPR algorithm, which achieves an iteration complex-
ity of O(1/k) with respect to the KKT residual.

ii) Implementation: We then provide the fast implemen-
tation of the proposed sGS-HPR algorithm. Specifically,
the closed-form solutions are derived for all subprob-
lems, which only consist of matrix-vector multiplications
and vector operations, and thus can be easily paral-
lelized on GPUs. As a consequence, the per-iteration
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computational complexity of the developed sGS-HPR
algorithm in terms of floating-point operations (flops)
is O(T x Np X (NG 4+ Ngo + NESS)) for large-
scale DCOPF problems, where T, N;, Ng, Ngrg, and
Ngggs represent the optimization horizon, the number of
branches, conventional generators, renewable generators,
and energy storage systems, respectively. Then, combining
the iteration complexity and the per-iteration computa-
tional cost, we establish that the proposed algorithm
achieves a non-ergodic overall computational complexity
of O(T x N, x (Ng + Ngg + Ngss)/e) in terms of
flops to attain an e-optimal solution, as measured by the
KKT residual.
iii) Effectiveness: Extensive numerical tests on large-scale
power grids, reaching up to the 9241-bus PEGASE sys-
tem, demonstrate the scalability and superior efficiency
of the developed GPU-based sGS-HPR algorithm com-
pared to state-of-the-art methods, the cuPDLP, HPR-LP
and Gurobi v12.0.0, especially for large-scale problems.
Notably, the proposed method achieves a 6x speedup
compared with Gurobi which operates in its default multi-
threaded mode for large-scale instances. Additionally,
for ultra-large-scale cases, Gurobi encounters an "out-of-
memory" error, whereas the proposed sGS-HPR algorithm
maintains its computational scalability and efficiency.
The remainder is organized as follows. We describe the
mathematical model of the security-constrained DCOPF prob-
lem in Section II. In Section III, we first present the HPR
method with semi-proximal terms. Then, we develop the
sGS-HPR algorithm by incorporating the sGS decomposition
method, along with detailed convergence and iteration com-
plexity analysis. In Section IV, the fast implementation of
the sGS-HPR algorithm is provided. We derive the closed-
form update expressions for all subproblems and analyze the
computational complexity of the developed algorithm. Section
V presents the case studies and comparisons. The conclusions
are drawn in Section VL

Notation. Let R" be the n-dimensional Euclidean space,
which is equipped with the corresponding induced norm || - ||,
inner product (-, -), and transpose (-)T. We define the nonneg-
ative orthant of R™ as R}. For a given matrix A € R™*", its
transpose is represented as A*, and the spectral norm of A is
expressed as ||A| = /A1 (AA*), where A\;(AA*) denotes
the largest eigenvalue of the matrix AA*. The Kronecker
product is denoted by ®. Moreover, for a self-adjoint positive
semi-definite operator M R™ — R", the semi-norm
lzllm = /{x, Mxz) is defined for vector z € R™. If f :
R™ — (—o0, 4+00] is a convex function, we denote its effective
domain as dom(f) := {zx € R" | f(x) < 400}, the conjugate
of f by f*(2) := supgern{(z, 2) — f(x)} for z € R™ and its
subdifferential by Jf(-). Moreover, the proximal mapping of
[ is given by Prox(z) := argmin.cg~ { f(2) + 1|z — z||?}
for any z € R™. Considering a convex set C' C R", the indica-
tor function over C is denoted by d¢(+), defined as d¢(z) =0
if £ € C and d¢(x) = +o0 if 2 ¢ C'. For a closed convex set
C C R” and a point x € R”, the Euclidean projection of x
onto C'is formulated as II¢(z) := argmin{||jz—z|| | z € C}.
For any = € C, we define the normal cone of C at 2 as N ().

II. MATHEMATICAL MODEL FORMULATION
A. Operational Constraints
In the DCOPF problems, the constraints listed below need to
be satisfied, including the power balance constraints, network
constraints, spinning reserve constraints, ramping constraints,
RG’s output constraints, ESS’s operational constraints, whose
meanings are detailed in [15].

D opailt) + Y praalt) + Y (PEss,i(t) — pss.(1))
i€G i€RG i€E
= ZPD,i(t) YVt € T,
i€D
_ (1
—PL; <> SFi_ipalt Z SEj—ipra,i(t)+
i€G 1€ERG
ZS —i pESSz( ) — pCEhssz ZS _iPpi(t) < P,
i€k ieD
Viel, VteT,
(2)
rui(t) < Py —pa,i(t), rdi(t) <pai(t) —Pg,, (4
> rui(t) > SRU(t), Y rdi(t) > SRD(t), VteT,
i€G i€G
(5
—RDZAt < pG,i(t) — pG?i(t — 1) < RUlAt, VteT \ {].},
(6)

Prai <pra.i(t) < Prai, VieRG,VEeT, (7)

t
ch
Epgsi < Brss,i( Z Phiss,i(T) X Nilss,; ®)
=

—p%cssl( )/T}Essl) At < Fg Ess,; Vie€EVteT,

T
Z Piss,i(T) X Tiiss i —Pss.i(T)/Misss,i) At =0, (9)

0 < piiss i(t) < Phssi, 0 < pss,(t) < Pgs.is

where pg,;(t) and prg,;(t) are the active power outputs of
the traditional generator and the RG at bus i . pgg ;(t) and
pCE%SJ(t) denote the discharging and charging active power of
the ESS at bus ¢ . Pp ;(t) represents the active power demand
of the load at bus 7 . G, RG, E, D, T and L are the index
sets corresponding to the traditional generators, RGs, ESSs,
loads, time horizons and lines, respectively. SF);_; represents
the shift factor for bus ¢ on line j . IBL,j denotes the line
flow limit of line j. ru;(¢) and rd;(t) denote the upward
and downward spinning reserves of the generator at bus <.
RU; and RD; are the available upward and downward ramp
rates of the generator at bus 7. At is the optimization time
interval. P ; and P, ; represent the maximum and minimum
active power outputs of the generator at bus . SRU(t) and
SRD(t) are the system-wide requirements for upward and
downward spinning reserves. PRG’Z- and BRGJ represent the
maximum and minimum active power outputs of the RG at
bus i. Epgs,i(0), Epgs,; and Eggs; are the initial capacity
and the capacity limits (both lower and upper) of the ESS at
bus . 77%‘3571. and n,dECSS7i represent the charging and discharging

(10)
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efficiencies of the ESS at bus i. Pgig; and P ; denote the
upper bounds on the charging and discharging active power
of the ESS at bus <.

Remark 1. It should be highlighted that the provided model
is quite foundational. The goal is to present a versatile
model that can be easily integrated into specific scenarios
without diminishing the applicability of the proposed method.
For instance, the given model plays a foundational role in
economic dispatch, market clearing, power network planning,
and security-constrained unit commitment.

Remark 2. It is also important to emphasize that the proposed
method is also well-suited for uncertainty modeling scenarios.
By leveraging historical data, existing methods can replace
constraints involving stochastic variables with deterministic
ones. For instance, the Gaussian Mixture Model approximates
the probability distribution of stochastic variables, enabling
the transformation of constraints into deterministic equivalents
through the chance constraint method at a specified confidence
level [44]. Consequently, the stochastic DCOPF problem can
be recast as a deterministic DCOPF problem, making the
proposed method applicable to large-scale power systems with
renewable energy generation.

B. The Objective Function
The objective of the DCOPF problem is formulated as:

min { Z (Z C; (pg(t)) + Z C; (Pra,i(1))

teT \icG i€RG (11
+ Z C; (Pégé,i(t)v P]ggSl(t)> ) }7
i€E

where C; (pGJ(t)) represents the generation cost of the tra-
ditional generator. C; (pra,i(t)) and C; (Pgég (1), Pgs +(1))
are the curtailment penalization for the RG, and the penalty
term for the charging and discharging losses of the ESS.

We employ a linear formulation for the generation cost of
thermal power units, which is widely adopted in economic dis-
patch problems [45], [46], [47], [48] and large-scale security-
constrained unit commitment [8], [49].

C; (pa,i(t)) = a1,ipa,i(t) + ao,i, (12)

where a1 ; and ag; denote the coefficients of the linear and

constant terms, respectively.
C; (pra,i(t)) = org (Pra,i — PraG,i(t)) (13)

where org 1s a positive parameter used to penalize RGs’
output curtailments [50], [51].

C C. C 1
C; (PiSs (), Pids i(1)) = orss (Pgss,i(t) (dc - 1)
ESS, i
+ Plg}és,i(t) (1 - TIICEhSS,i) ) )

(14)
where oggg denotes a positive penalty coefficient [52], [53].

C. The Compact Form of the Above DCOPF Problem

The aforementioned DCOPF optimization problem can be
reformulated as the following linear programming problem:

min (¢, z)
S.t. Alx = bl (15)
A2z Z bg
z e,
where the objective function is represented by (11). The
equality constraint A;x = by corresponds to (1) and (9).

The inequality constraint Asx > bs includes (2), (4)-(6)
and (8). The box constraint x € C' takes into account the
upper and lower bounds of the optimization variables. For
clarity in later expressions, we set A; € R™*" A, €
R™2X" p; € R™ by € R™2,¢c € R”, and C := {z €
R™ |l <2 <wu} with given vectors [ € R™ and v € R".
Let A = [A1; 4] € R™" with m = m; + mg, and
b = [b1;b2] € R™. The constraint dimension m can be
expressed as the product of 7" and a linear combination of
Ng, Np, and Ngss. Similarly, the number of variables n is
given by the product of 7" and a linear combination of Ng,
NRg, and NEss.

Then, the dual form of the problem (15) is formulated as:

—(b,y) +dp(y) + & (—2)

stt. A"y +z =¢,

min
yeR™ zeR™ (16)

where dp(-) denotes the indicator function over D :=
{y = (y1,92) € R™ x R}*} and §%,(-) represents the convex
conjugate of the indicator function dc(-) of the set C.

In the subsequent derivations, we need to use the invertibil-
ity property of A; Aj. To ensure this, we present the following
proposition, whose proof is provided in Appendix A.

Proposition 1. Ay has full row rank.

III. THE PROPOSED SGS-HPR ALGORITHM

We begin this section by presenting the HPR method with
semi-proximal terms. Then, we derive the sGS-HPR algorithm
by employing the sGS decomposition method, along with
a comprehensive analysis of its convergence and iteration
complexity.

A. An HPR Method

For any (y,z,x) € W := R™ x R™ x R", the augmented
Lagrangian function corresponding to the dual problem (16)
is given by

Loty 50) = () + o) 4 522+
Ayt + Ay e —ot, 07

)

where o > 0 denotes a given penalty parameter.

To simplify the notation, let w := (y, z,z) € R™xR" xR".
Then, an HPR method with semi-proximal terms, as proposed
in [37] for solving problems (15) and (16) is outlined in
Algorithm 1. Essentially, Algorithm 1 is an implementation
of the accelerated preconditioned ADMM (pADMM) frame-
work [37] with o = 2, where Step 5 employs the Halpern
iteration with a stepsize of k#” [38], [39]. This formulation is
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specifically referred to as the HPR method with semi-proximal
terms. For the optimization problem (16), if the proximal terms
are removed, the Halpern-accelerated pADMM [37] reduces
to the HPR method described in [35].

Algorithm 1 An HPR method for solving the linear program-
ming problem (16).

1: Set the penalty parameter o > 0. Let 71 : R™ — R™ be a self-
adjoint positive semi-definite linear operator such that 7; + AA™
is positive definite. Denote w* = (g*, 2", z"). Choose an initial
point w’ = (y°,2°,2°).

2: for k=0,1,..., do

3: Step 1. = arg min {L (yk zxk>},
ZER™
4: Step 2. zFM = 2F 4 o(ATYF + 2T —0);
gij = argmin< L, (y ZkH, ’kﬂ)

5: Step 3. ver™ ;
g k2
=Sl — o'l )

6 Step 4. w**! = 2@F T — wP;

70 Step 5wt = 5w’ + ﬁi;wk“,

8: end for

B. Advancing from the HPR Algorithm to the sGS-HPR Algo-
rithm

Note that the z- and x-update steps in Algorithm 1 both have
explicit closed-form solutions that facilitate efficient computa-
tion. The computational bottleneck of Algorithm 1 lies in the
y-update step, that is, Step 3. The crucial issue is determining
the operator 77 in a way that ensures the computational
efficiency of the y-update step while minimizing the total
iteration count of Algorithm 1.

Since the optimization problem (15) involves both equality
and inequality constraints, in order to simplify the solution of
subproblems involving the variable y = (y1, y2), we introduce
a specific operator called the symmetric Gauss-Seidel operator
[54], [55]. Its core idea is to segregate equality constraints and
inequality constraints, which also separates the smooth and
non-smooth terms in the objective function.

Specifically, we first define a self-adjoint, symmetric, posi-
tive semi-definite linear operator H : R” — R™ as follows:

A AT AL AS

H =
AQA){ AQA; + Sy

(18)
where Sy : R™2 — R™2 is a self-adjoint positive semi-definite
linear operator such that A A% + Sy is symmetric positive
definite.

Then, the operator H can be decomposed as follows:

H:U;:LJFDH+UH, (19)
where
0 A AL A 0
C[H - ’ H = *

Furthermore, the sGS operator corresponding to H denoted
by sGS(H) : R™ — R™ is defined as follows [55]:

sGS(H) = Uj, D3, Uy.

As a result, the operator 7; can be defined in (21), under
which setting ;%! and 12**! can be efficiently computed

(20)

separately, as shown in Proposition 2. The proof of Proposition
2 is detailed in Appendix B.
T1 = sGS(H) + diag(0,,, , S2). (1)

Proposition 2. Combined with (18)-(21), the optimal solution

g*t1 can be computed exactly via the following steps:
_k1/2 . _ K
yl+ /2 _ = argmin{ L, (yl,y’g,zk+1;xk+1)},
y1 ER™1
. _k+1/2 _ _

?JIQHI = argmln{L(,(ler / 792,Zk+1 xk—H)

y2 ER™2 (22)

g k2
+ Zllys =513, }-

gt = argmin {L, (y1,y§+1, F gk Y

y1 ER™1

Moreover, we can obtain that
T+ AA* = 0. (23)

Finally, the sGS-HPR algorithm for solving the DCOPF
problem is presented in Algorithm 2:

Algorithm 2 The sGS-HPR algorithm for solving the DCOPF
problems.

1: Set the penalty parameter o > 0. Choose an initial point w® =
(yo,zo,xo) € R™ x R" x R".
2: for k=0,1,..., do
3: Step 1. = argmin{L (y]f,yg,zmk)};
zeR"
4: Step 2. zF = 2F + o (ATyY + ASys + ZFT —o);

Step 3.1. 7, /% = argmin{L, (yl,yz, ARRY ”““)},
y1 ER™1
yé“ — argmin{ Lo ( k+1/27y Fht1 _k+1)

6. Step 3.2. vaERT ;
g k2
+5lly2 =215,

7: Step 3.3. ¥ = arg mln{L (yl,y§+l, FhtL ’k+1) },

yle]'R’IYll
8:  Step 4. w Zwar1
. _ 1 k+1 Sk,
9: Step 5. w™t! = k+2w T W
10: end for

C. Convergence Properties of the sGS-HPR Algorithm

As shown in [56, Corollary 28.3.1], (y*,z*) € R™ x R"
is an optimal solution to problem (16) provided that there
exists * € R™ for which the KKT conditions below hold for

(y*, 2", x"):
0€ Ar* —b+Np (y),
0€z"+Ne(a"), (24)
Ay 4+ 2" —c=0.
Subsequently, for the purpose of analyzing the global

convergence of the sGS-HPR algorithm in Algorithm 2, we
introduce the following assumption:

Assumption 1. There exists a vector (y*,z*,x*) € R™ X
R™ x R™ that fulfills the KKT system (24).

With Assumption 1, solving the primal problem (15) and the
dual problem (16) amounts to finding a w* € R™ x R™ x R"
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such that 0 € Tw*, with the maximal monotone operator T
given by
b+ Np(y) + Az
—005(—2) + ,
c—A*y—z
Yw = (y,z,z) € R™ x R" x R™.

Tw = 25)

Besides, we define the self-adjoint linear operator M :
R™ x R™ x R® — R™ x R™ x R™ as follows:

o(AA*+T1) 0 A
M = 0 0o 0 |,
A 0 1rI,

(26)

where [,, denotes the identity matrix in R™*".

Subsequently, we can establish the equivalence between the
sGS-HPR algorithm and the accelerated degenerate proximal
point method (dPPM) [37], [42] as shown in the following
proposition, whose proof is provided in Appendix C.

Proposition 3. With the operators T in (25) and M in (26),
the sequence {wk} generated by the sGS-HPR algorithm is
equivalent to the sequence {wk} generated by the following
accelerated dPPM for any k > 0,

"t = (M + T) " Muw®

k41 _ o-k+1 k

w = 2w —w (27)
1 k+1

E+1 _ 0 Ak+1

T e TE et

with the same initial point w° € R™ x R" x R". Additionally,
M serves as an admissible preconditioner' such that (M +
T)~Y is Lipschitz continuous.

With the equivalence presented in Proposition 3, the global
convergence of the sGS-HPR method in Algorithm 2 can be
established by exploring the global convergence properties of
dPPM, as outlined in the following proposition, whose proof
is provided in Appendix D.

Proposition 4. Given that Assumption 1 holds, then the
sequence {wk} = {(gjk’, zk, i‘k)} generated by the sGS-HPR
algorithm converges to the point w* = (y*,z*,x*), where
(y*,2*) is the solution of the problem (16) and x* is the
solution to the problem (15).

Next, the iteration complexity of the sGS-HPR algorithm is
analyzed. We define the residual mapping associated with the
KKT system (24) in the form of Equation (28), as introduced
in [57]. Note that R(w) = 0 implies that * € R™ and
(y*,2*) € R™ x R™ are the solution to problems (15) and
(16), respectively.

y—lp(y— Az +)

R(w) = z—TIeo(z — 2) , 28)
c— A%y —z

Yw = (y, z,z) € R™ x R" x R™.
In [42], for T, an admissible preconditioner is an operator M that is linear,

bounded, self-adjoint, and positive semidefinite, satisfying the criterion that
(M + T)~I M is single-valued and has full domain.

Building upon the equivalence in Proposition 3, and incor-
porating the iteration complexity of the Halpern iteration [39],
the following iteration complexity for the sGS-HPR algorithm
is derived, whose proof is provided in Appendix E.

Theorem 1. Provided that Assumption 1 holds, let {u?k} =
{(gk,ék,fck)} be the sequence generated by the sGS-HPR
method in Algorithm 2, and let w* = (y*,z*,z*) be the
limit point of the sequence {(gjk,ik,ik)} . Define Ry =
||wO — w*”M Then, the sequences {wk} and {ﬁ)k} gener-
ated by the sGS-HPR algorithm satisfy the following:

2Ry,

lw* =" |y < =7

VEk >0, w*eT10). (29

Moreover, for all k > 0, the following iteration complexity
bound hold:

IR (41 < (

Ry
(k+1)

NG (30)

Remark 3. It is noteworthy that, in the absence of accelera-
tion, the ADMM has a non-ergodic rate of O(1/V'k) in terms
of KKT residuals [28]. In contrast, the developed sGS-HPR
algorithm attains a O(1/k) non-ergodic convergence rate in
terms of KKT residuals. This provides the proposed method
with significant advantages in solving large-scale DCOPF
problems.

o (JIA*] + |VTi|) +1>

IV. FAST IMPLEMENTATION OF THE SGS-HPR
ALGORITHM

In this section, we obtain the closed-form update expres-
sions for all subproblems and conduct a computational com-
plexity analysis of the developed sGS-HPR algorithm.

A. The Closed-form Update Expressions for All Subproblems

1) The z- and x-update steps

Employing the expression of the augmented Lagrangian
function, as provided in (17), and expanding Step 1 of Al-
gorithm 2, we can derive:

zZF1 = argmin {Lg (yk, z; xk)}
z

= argmin {05 (—2) + (zF, A*y" + 2z — ¢ (31)
o
+ ZIATYE 2 =l
The optimality condition for the above subproblem is given
as follows:

0€ar +o (A" +2—c) +055(—2). (32)
Furthermore, it follows that
1 :
Zhtl — - {lc [2* + o (A*yF — )] — [" + 0 (A"y" — )] }.
(33)
Additionally, for the x-update step, we have:
Tt =2F 1o (A*yk 4z c) . (34)

2) The y;-update step
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Similarly, by combining (17), we can obtain

_k+1 . _ _
Yy, > =argminL, (yl,y§7zk+17xk+1)
Y1
= argmin {— (b1, y1) + orm (1) + (2", ATyr)  (35)
Y1

+ 2 Aty + Asyh + 2 — | *}

The optimal condition for the aforementioned subproblem
can be stated as:
A1 ATy = Ry, (36)

where Ry = % (b1 — Ay (2" + o (Asyh + 21 —¢))].

Leveraging the DCOPF structure and combining the expres-
sion of A; presented in (55), A; A} can be generally expressed
in the following block form:

D1 m11 ®dT

A1 AT = ©d Dy

; (37)

77’7,11

where A7 € R™*" Dy € Rmuxmu_ D, ¢
le2xml2, d € Rmle, mi1 + mi2 = mq. lmu is a
column vector of dimension mq1, with all entries equal to 1.
D, and D, are both diagonal matrices.

Here, y; can be further split into two parts, y11 and yj2o.

A1 ATy = Ry
D1 Ly, @dF Y11 R (38)
15, ®d Dy Y12 Ry

Furthermore, the explicit expressions for y;; and y;o are
given in Proposition 5.
Proposition 5. The solution vy, to (38) is given by
1
+ 1Zn11D;11m11

_ —1 T o~
Y11 = Y11 — D P b R T,
dTD d'D;td

yi2 =Dy (Ri2 — (11, @ d) y11),

(39
where D1 and Do are both diagonal matrices, enabling the
above formulas to be computed efficiently. Moreover, y11 is
expressed as:

yi1 =Dyt (B — ((Lyy, ®d") DY) Rya) . (40)
Proof: Based on (38), we have
Dy Ly, ®d" yiu || Bn
1, ®d D, Y12 Rio (4D

= [Dl - (1m11 02y dT) (13;“1 & d)} Y11 = RNlh

where ﬁl/l =Ry — ((1m11 ® dT) D5 )ng.
By leveraging the properties of the Kronecker product, we
can obtain:

((tmy @) D) (13, @)

= (Lmas ®dT) (1@ Dy") (1, ®d) (42)
= (L, 17,,, ®d"D3"d) = aly,,, 17, |,
where o = d"D; 'd is a constant.
Furthermore, (41) can be reformulated as:
(D1 — aly,, 15, )y = Ruy. (43)

Based on the Woodbury matrix identity, the inverse of

(D1 — ozlmlll,T,m) can be expressed as follows:

(Dl - a]‘mll]‘mll)il

1 —1
= D' = DMy, (a + 1fnllpl—11mu> 17 Dyt
1

= D;I - Dfllmll m11D1 N

1
dTDlgld m11D1 1mu
(44)

Thus, we have

y11 = (D1 —al 1 )

mi1-miy1

1 —
Ry
1

= | Dt - -
+ l};muDl llmll

-D;M,,,,17

mi1-m11

Dt

dTD_ld

(Bi1 = (L, ®d") D37) Riz) -
(45)

Moreover, we can obtain yi2 by
Doy1o = Rip — ( myy @ d) Y11 46)

= yio = D3 (Bro — (15, ©d) ).

This completes the proof.
|

3) The ys-update step

Before providing the specific closed-form solution of the
yo-update step, we set Sp in the form given by equation
(47). In this way, the optimal solution g§+1 can be computed

efficiently.
Sy = A, — A3 A} 47)
with A being the largest eigenvalue of A A3.
From Step 3.2 of Algorithm 2, we can derive:
. _k+3 _ _ o 2
g5 = argmin (La (y1 27@/2,2’““,%“1) +5 v - y’5||sz)

Y2

= arg min (f (bo,y2) + 5]1{1”2 (y2) + <1—;k+1’ A§y2>
Y2

1 2
2|4+ Az + 2

o- 2
+§ ||yz P ||32) )
(48)
The optimality condition for the above subproblem is given
as follows:

0 € — by + 0dgma (y2) + Apzht?

«k+3 X .
+ oA, (Alyl 2 b Agyy + 2 — c) + 082 (y2 — y5) -
(49)
Building upon this, we can obtain

_ bo
y;“ = HRTQ {95 + X <U — AR ﬂ

k41
where R, = £

(50)

1
+ (AT + Azl 42— c).

Remark 4. To exploit the parallel computing capabilities of
GPUs, we design custom CUDA kernels to solve all sub-
problems. Matrix—vector multiplications are carried out using
the cusparseSpMV () routine from the CUSPARSE library,
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with the CUSPARSE_SPMV_CSR_ALG2 algorithm selected
to guarantee deterministic results. The coefficient matrices are
stored in the Compressed Sparse Row (CSR) format. Each
CUDA kernel is configured with [n/256] blocks and 256
threads per block, ensuring all n elements are processed in
parallel.

B. Computational Complexity Analysis

Based on the explicit formulas in (39) and the expression
of R, the complexity result for solving the linear equation
A1 Ajy1 = Ry can be derived.

Corollary 1. The linear system A1Ajyr = Ry can be solved
in O(T x (Ng + Nrc + Ngss)) flops.

Based on Corollary 1, the per-iteration computational cost
of the proposed sGS-HPR method can be determined.

Corollary 2. For large-scale power systems, the per-iteration
computational complexity of Algorithm 2 in terms of flops is
O(T x N x (Ng + Nrg + NEgss)).

Combining the iteration complexity presented in Theorem 1
and the per-iteration computational cost outlined in Corollary
2, the following overall computational complexity result of the
sGS-HPR method in Algorithm 2 for solving the problem (15)
can be derived.

Theorem 2. Let {gjk ,Zk ,;Ek} be the sequence generated by
the sGS-HPR method in Algorithm 2. For any given tolerance
€ > 0, Algorithm 2 requires at most

F <U(A*+H¢T1H)+130> 1} 51)

€ Vo

iterations to yield a solution satisfying ||72 (w’“) g’ < ¢
where (x*,2*) is the limit point of the sequence {z*, z"}.
Farticularly, the overall computational complexity of the sGS-
HPR method in Algorithm 2 to reach this level of accuracy in
terms of flops is

o ((o (1A% +\HE\/T1H) + 1R0>

T x N, x (NG+NRG+NESS)>
. .

(52)

Proof: From (30), we know that the maximum number of
iterations for Algorithm 2 can be calculated as:

<o<||A*||+Hml>+1> Ry
NG (k+1) =

e <U(IIA*|I %ﬁ“) +1RO> L

Furthermore, combining the iteration complexity presented
in Theorem 1 and the per-iteration computational cost outlined
in Corollary 2, the overall computational complexity of the
sGS-HPR algorithm can be derived as expressed in (52).

This completes the proof.

(53)

V. NUMERICAL EXPERIMENTS

In this section, we comprehensively compare the perfor-
mance of the proposed sGS-HPR algorithm with state-of-the-
art methods on the DCOPF problem, including the cuPDLP
algorithm [19], HPR-LP method [43] and commercial solver
Gurobi v12.0.0 [17].

A. Experimental Setup

o Software and computing environment. The GPU-based
algorithms are run on an NVIDIA A100-SXM4-80GB
GPU with CUDA 12.3. Gurobi runs on a workstation
equipped with an Intel i9-14900HX CPU with 24 cores.
The total memory of the workstation is 96 GB. To ensure
relative fairness during testing, the maximum memory
allocated for Gurobi is set to 80 GB.

o Preconditioning. For sGS-HPR, we first apply 10 itera-
tions of Ruiz scaling [58], then adopt the bidiagonal pre-
conditioning proposed by Pock and Chambolle [59] with
« = 1. Finally, we normalize b and ¢ by dividing them by
b+ 1 and ¢ + 1, respectively. The similar preconditioning
method is applied in HPR-LP [43]. For cuPDLP [19], the
default preconditioning setting is adopted. For Gurobi,
keep the parameters related to scaling at their default
settings.

« Initialization and parameter setting. We initialize sGS-
HPR with a cold start and set the initial penalty parameter
o = 1. Accordingly, the other methods used for bench-
marking are initialized with the same initial values. It is
worth noting that the parameter ¢ plays a crucial role in
the performance of cuPDLP, HPR-LP and the developed
sGS-HPR algorithm. In this work, we adopt an adaptive
o update scheme derived from the complexity results
of the sGS-HPR algorithm, as established in Theorem
1, similar to that given in [43]. To balance feasibility
accuracy, algorithmic simplicity, and the total number of
iterations, we further incorporate a restart strategy [29]
into the algorithmic implementation. Notably, Theorem 1
also provides a theoretical bound that guides the design
of the restart criteria. The restart criteria are checked
every 100 iterations. As these aspects do not constitute an
original contributions of this work, we do not elaborate
on them here, and please refer to [29], [43] for further
details. For cuPDLP, the default o update strategy is
adopted.

o Termination criteria. For both sGS-HPR and HPR-LP,
the sequence {wk} is employed to check the stopping
criteria. The algorithms are terminated when the fol-
lowing stopping criteria meet for the given tolerance
e=5x1075:

Mo (b — Az)|| < e(1+[b]),
[ = Te (e = 2)[| < e(t+ [l]| + [|z]),
le = A%y — z|| < e(l+cl]).

(54)

For cuPDLP , we utilize the default stopping criteria. For
Gurobi, the parameters OptimalityTol, FeasibilityTol and
BarConvTol (for the barrier methods) are set to 5 x 10~°
accordingly.
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o Testing data. Extensive experiments have been carried
out on three case systems of different scales to evaluate
the performance of multiple algorithms. Specific details
of each case are provided in Table I. Furthermore, to
investigate the impact of the growth of the time dimension
on the algorithms’ performances, we conduct tests on
different cases across time scales ranging from 4 to
96. Correspondingly, the number of nonzeros (nnz) in
the constraint matrix A covers a range of orders of
magnitude, from 10° to 10%, as shown in Table II.

TABLE I
DETAILS OF THE TEST CASES

Cases Num. Num. Num. Num. Num.
of of of of of
Buses Branches Gener- RGs ESSs
ators
casel354pegase 1,354 1,991 260 136 68
case2868rte 2,868 3,808 600 286 143
case9241pegase 9,241 16,049 1,445 920 460

o Time limit. A time limit of 3600 seconds is imposed for
all the cases.

B. Comparisons of the Proposed sGS-HPR Algorithm with

Gurobi, cuPDLP and HPR-LP

First, we compare the computational time of the proposed
sGS-HPR algorithm with that of Gurobi. Notably, Gurobi
incorporates three efficient algorithms: the primal simplex
method, the dual simplex method and the interior-point
method. We tested each method individually and selected the
shortest computational time as Gurobi’s performance bench-
mark. As illustrated in Fig. 1, the GPU-based sGS-HPR
algorithm achieves remarkable computational speedup over
Gurobi, particularly for larger-scale systems. For small- and
medium-sized instances, Gurobi exhibits higher computational
efficiency compared to the sGs-HPR algorithm. One reason for
this phenomenon is that the GPU-based sGS-HPR algorithm
has a computational overhead of around one second due to
the GPU kernel launch time. A turning point occurs when
the nnz scale reaches the order of 108. Beyond this, as
the system size increases further, the efficiency advantage of
the proposed sGS-HPR algorithm becomes clearly evident.
Overall, the proposed method achieves a 6x speedup compared
with Gurobi which operates in its default multi-threaded mode
for large-scale instances.

As a performance benchmark against the existing GPU-
based algorithm, the speedup ratio of the proposed sGS-HPR
algorithm relative to HPR-LP is shown in Fig. 2. It can be
observed that the sGS-HPR algorithm also outperforms HPR-
LP in computational efficiency. The reasons can be attributed
to the following two aspects:

i) The HPR-LP method handles equality and inequality
constraints as a whole. Its essence lies in linearizing
the entire y-update step, which, although computationally
efficient, also leads to an increase in iteration numbers.
In contrast, through adopting the sGS decomposition
technique, the equality and inequality constraints can be

10 c
©casel354pegase

=case2868rte

8 ~case9241pegase

Speedup ratio: GPU-based
sGS-HPR Over Gurobi
wn

10° 107 108 10° 10'
nnz of coefficient matrix A

Fig. 1.
Gurobi.

Speedup ratio of the proposed GPU-based sGS-HPR algorithm over

handled separately in the proposed sGS-HPR algorithm.
This not only ensures the computational efficiency of the
y-update step, but also reduces the total iteration count
compared with the HPR-LP method. Although this idea
is relatively intuitive, comprehensive theoretical analysis
are needed to rigorously establish the convergence and
optimality of the proposed sGS-HPR algorithm.

ii) The HPR-LP method is designed for general prob-
lems without fully exploiting the problem structure. As
a comparison, the proposed sGS-HPR algorithm exploits
the structural properties of the DCOPF problems and is
specifically designed to take advantage of these charac-
teristics, leading to superior computational efficiency and
scalability.

10

<-casel354pegase
=case2868rte
“case9241peg 1

Speedup ratio
sGS-HPR Over HPR-LP
o ) s U N 9 e o

6 7 1 8

nnz of coefficient matrix A

10"

=)

Fig. 2. Speedup ratio of the proposed sGS-HPR algorithm over HPR-LP.

Subsequently, taking the case2868rte system as an example,
we compare the computation time growth trends of the sGS-
HPR, HPR-LP, cuPDLP and Gurobi, as illustrated in Fig. 3.
It can be observed that, as the time periods increase, the
growth trend of the proposed GPU-based sGS-HPR algorithm
is much smoother compared to the other methods used for
benchmarking, further highlighting the advantages of the pro-
posed algorithm in scalability and computational efficiency.

Table II presents the overall numerical results of the pro-
posed sGS-HPR compared to Gurobi, cuPDLP and HPR-
LP. The primal simplex method, dual simplex method, and
interior-point method embedded in Gurobi are all tested
individually. All these three methods encounter an "out-of-
memory" error when the nnz scale reaches the order of
10°. The reason lies in the fact that the simplex method
and the interior-point method require LU factorization and
Cholesky factorization, respectively. These factorization-based
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TABLE 11
NUMERICAL RESULTS OF THE PROPOSED SGS-HPR COMPARED TO GUROBI, CUPDLP AND HPR-LP

Average relative
Constraint | Variable Solving error of obj.
Cases dimen- dimen- nnz of Solving Solving Solving time of between
sion sion constraint time of time of time of sGS-HPR sGS-HPR and
matrix A Gurobi cuPDLP HPR-LP Gurobi
casel354 T4 20,192 4,208 7,190,640 1.136 6.194 4.680 3.849 1.573E-05
casel354 T16 | 82,124 16,832 28,791,792 1.945 11.679 8.338 4113 4.817E-06
casel354 T48 247,276 50,496 86,586,352 5.848 17.833 15.180 6.757 1.628E-04
casel354 T96 495,004 100,992 173,800,432 15.231 29.671 19.340 7.857 1.569E-05
case2868 T4 40,163 9,488 30,111,616 8.489 7.059 6.014 4.546 6.331E-05
case2868 T16 163,823 37,952 120,508,576 34.659 17.136 13.717 7.695 2.990E-05
case2868 T48 493,583 113,856 295,998,240 90.154 31.787 26.491 13.948 1.688E-04
case2868 T56 576,023 132,832 345,459,808 104.152 34.624 28.879 15.988 1.076E-04
case2868 T64 658,463 151,808 394,957,984 109.656 38.019 29.209 16.157 9.008E-05
case2868 T72 740,903 170,784 444,492,768 115.025 43.451 31.857 16.808 4.795E-05
case2868 T80 823,343 189,760 494,064,160 119.797 51.815 38.677 17.287 1.019E-04
case2868 T88 905,783 208,736 543,672,160 124.926 62.112 47.456 17.538 6.694E-07
case2868 T96 988,223 227,712 593,316,768 130.554 74.872 54.737 17.899 4.790E-08
case9241 T4 152,774 24,700 373,238,888 66.904 43.702 23.110 8.040 2.635E-05
case9241 T6 230,376 37,050 559,872,262 136.266 87.041 45.333 19.478 3.049E-05
case9241 T16 618,386 98,800 1,493,149,532 OOM 351.764 177.678 59.784 /
case9241 T24 928,794 148,200 2,239,903,828 OOM 854.565 430.475 138.550 /
case9241 T32 | 1,239,202 | 197,600 2,986,775,884 OOM 1,492.22 719.247 227.682 /
% 200 Gurobi lem size increases, the advantages of the proposed algorithm
g '”’g‘;llg_'i]; become more apparent. Here, we employ the shifted geometric
j:’ 150, (GS-HPR mean of the solving time for demonstration. The shifted
-E = . i it geometric mean is defined as (H?:1 (t; + A))l/ " _ A, where
ERLUSEEE A ~ t; denotes the solving time in seconds for the i-th instance. A
3 U > shift of A = 10 is applied, represented as SGM10. Compared
B | AR nn AR e e “  with HPR-LP and cuPDLP, the developed sGS-HPR algorithm
Qe T . . .
| s i’ * T T T _achieves speedups of 2.12x and 3.05x, respectively. Following
S ‘ the preceding discussion on the advantages of sGS-HPR over
48 56 64 Time?eriod 80 88 %6 HPR-LP, we next conduct a systematic comparison of the
update structures of cuPDLP and the developed sGS-HPR
Fig. 3. Comparison of computation time growth trends of the sGS-HPR, algorithm from multiple perspectives, as given in Table III.

HPR-LP, cuPDLP and Gurobi as the time intervals increase.

approaches can be highly memory-consuming. It is often the
case that a sparse matrix yields a much denser factorization,
which explains why Gurobi raises an "out-of-memory" error
even if the problem instance fits within the available memory.
In comparison, the proposed GPU-based sGS-HPR algorithm
continues to maintain its scalability and efficiency. Overall, the
proposed sGS-HPR algorithm exhibits superior performance
on large-scale instances compared to Gurobi.

Moreover, the results also demonstrate that the developed
sGS-HPR algorithm achieves further performance improve-
ments over the cuPDLP and HPR-LP algorithm. As the prob-

In addition, Table II also provides the average relative error
of objective values between the proposed sGS-HPR algorithm
and Gurobi over five independent runs. It can be observed
that the error is sufficiently small, verifying the accuracy and
effectiveness of the proposed algorithm.

C. Sensitivity Analysis of Penalty Parameter o

We compare two scenarios: using a fixed ¢ and employ-
ing the o update strategy, and further analyze the computa-
tional performance for different initial values. For the two
cases—one with fixed ¢ = 1, and the other with an initial
value of 1 along with the o update strategy, a significant
difference in computational efficiency is observed, with the
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TABLE IIT
A COMPARATIVE ANALYSIS OF THE UPDATE STRUCTURES IN CUPDLP
AND SGS-HPR

Methods The form  Relaxa- Halpern Handling Leveraging
of operator  tion itera- equ. and the
T1 tion inequ. DCOPF
cons. structure
sepa-
rately
cuPDLP T = No No No No
A (AA") [, —
AA*
sGS- T = Yes Yes Yes Yes
HPR  sGS(H) +

diag(0m1 ) 52)

latter achieving a 2.08x speedup when evaluated on SGM10,
as given in Table IV. Additionally, the results show that, with
the same o update strategy, varying the initial values has
a moderate effect on computation time, as the value of o
adaptively updates in subsequent iterations, diminishing the

influence of the initial choice.

TABLE IV
COMPUTATIONAL PERFORMANCE COMPARISON UNDER DIFFERENT
INITIAL VALUES AND UPDATE MANNER OF 0.

Cases SGM10

Fixed 0 =1 39.037

Initial o = 1 with update strategy 18.753
Initial o = 0.1 with update strategy 18.591
Initial ¢ = 10 with update strategy 18.926

VI. CONCLUSION

With the increasing integration of renewable energy and
energy storage systems into power grids, the DCOPF has be-
come a critical tool for power system operation. However, for
large-scale power grids, conventional CPU-based optimization
algorithms, such as the simplex and barrier methods, have
saturated in terms of computational efficiency and memory
usage. To address these challenges, this work proposes a GPU-
based Halpern Peaceman-Rachford algorithm incorporating
the symmetric Gauss—Seidel decomposition. The proposed
algorithm exhibits an O(1/k) iteration complexity regarding
the KKT residual.

In addition, the closed-form solutions for all subproblems
are derived, which involve only matrix-vector multiplications
and vector operations, making them highly amenable to GPU
parallelization. Consequently, the developed sGS-HPR algo-
rithm achieves a non-ergodic overall computational complexity
of O(Ny, x n/e) for floating-point operations when obtaining
an e-optimal solution measured by the KKT residual in large-
scale DCOPF problems.

Extensive numerical experiments on multiple power grids,
reaching up to the 9241-bus PEGASE system, highlight the
scalability and superior efficiency of the developed GPU-
based sGS-HPR algorithm in comparison to state-of-the-art

methods, including the cuPDLP, HPR-LP and Gurobi v12.0.0,
particularly for large-scale problems. Remarkably, the pro-
posed method achieves a 6x speedup over Gurobi operating
in its default multi-threaded mode for large-scale instances.
Additionally, for ultra-large-scale cases, Gurobi throws an
"out-of-memory" error. In contrast, the proposed GPU-based
sGS-HPR algorithm maintains its scalability and efficiency,
demonstrating its superior performance.

APPENDIX
Appendix A: Proof of Proposition 1

Proof: To facilitate the derivation, the specific form of A;
is presented in equation (55).

(1) First-row Block

The first-row block consists of:

IT ® 17\70’ IT ® 1}KVRG’ IT ® 1}KVESS’ _IT ® 17VESS'

Utilizing the rank property of the Kronecker product, we
have

rank(Ir ® 1) =T - rank(1y). (56)

Since 17%; is an all-one vector of size N, its rank is 1. Thus,
the rank of each term in the first-row block is 7', and their
combination ensures that the first-row block has rank 7'

(2) Second-row Block

The second-row block consists of:

. At .
I ® diag <_77dc) , I ®diag (At . UCh) ]
At

Since diag(—i%) and diag(A¢ - n°") are diagonal matrices
with nonzero elements, we have:

At

rank <IT ® diag <—dc)> =T - Ngss,
n
At

rank <IT ® diag <dc)> =T - Ngss.
n

This guarantees that the second-row block has rank 7"- Ngss.

Equation (55) clearly indicates that the first-row block and
second-row block do not have linearly dependent rows. Since
A; has exactly T'(1 4+ Ngss) rows, it follows that A; has full
row rank.

This completes the proof.

(57)

Appendix B: Proof of Proposition 2

Revisit the y-update step in Algorithm 1, it can be reformu-
lated as the following form:

grt! = arg min{ — (b,y) + dp(y) + 05 (—2")+
yeR™

(P A*y + 2F — ) (58)

2y o+ ;uy—ykn%},
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T T
Iro1l, Iro1k,

A_ =
! 0 0

T
Ir® 1NESS
1} ® diag ( Af) 17 @ diag (At-n™) 0

—Ir® 1}FVESS 0
; (55)

where the first-row block represents the power balance constraint. The second-row block indicates that the energy in the first
and last periods of the ESS should be equal. I is an identity matrix of dimension 7". 1 is an all-ones column vector of size
N. 0 represents the zero matrix. diag(-) stands for diagonal matrix.

which is essentially a quadratic programming problem shown
as follows:

1 ~
gt = arg mln{éRm (y2) + §<Z/7 Qy) — (b,y)

yER™

(59)

5 lly =yl +é
g V=¥l TEp
where
Q=0H, To=o0- sGS(H). (60)
b= b AT AGH ) b 6

e N B CAMc B P9
(62)
Given that ¢ is a constant, problem (59) can be further

rewritten as:

_ . 1 )
y*T = argmin {p (y2) +aly) + 5lly = ykllgrg} . (63)

yER™

where p (y2) = 8pm2 (2), 4(y) = 3(y, Qu) — (b,y).

| Qi1 Qe
o= [ Qi Q22

with Q; ; € R™>*™i for 1 <i4,j < 2.
Assume that gjk+1/ ? has been computed, as defined by
_k+1
gy = = argmin{p (y3) + 4 (1;13) }
y1€R

(64)
= Q11 <b1 - Q1,2y2) :

Then the establishment of Proposition 2 is equivalent to

proving the following steps yield the optimal solution 7*+!
for (63):
gt = argmin{ (y2) +4q ( P /2,y2)} ,
ya ER™2
gt = argmin {p (5™") +q (y; 557} (65)

y1 ER™1
= Q11 (51 Q1 2yk+1) :
Below, we establish the equivalence between (63) and (65):
Proof: Since Dy >~ 0, we know that Dy, Dy + Uy and
D3 + Uy, are all nonsingular. Then, combining (18)-(21) and

(60), we can obtain the positive definiteness of 7; + AA* and
Q+ To:

AA* + T = (AA* +sGS(H) + diag(0,,,,S2))
= (H +sGS(H)) (66)
= (D3 + Uj)) D3, (Dy + Uy) = 0.
Furthermore, given that ¢ > 0, it follows that
Q+To =o0(H+sGS(H)) - 0. (67)

By noting that Q55 > 0, the optimality conditions corre-
sponding to gj’;“ in can be expressed as

_ _k
k+1 Q2 2 (b2 -2 — Ql 2Y +1/2) )

where v2 € 9p (y2).
Formula (68), together with (64), can be equivalently refor-
mulated as:

(63)

o(Du 4+ ULy =b— v — oUpy*, (69)
_k+1/2
where y' = 1k , Y= ]
s
Similarly, (65) can be equlvalently reformulated as:
0 (Dy +Up) G =b— v —aUjy/ (70)

Based on formula (69), we can obtain that y = (Dy +
U;f[)*l (b?T"’ — UHyk). By substituting it into (70), we have

o (Dy + Un) 7" +!
7 * *\—1 577 k
=b——oU;(Dy +Uy) (UUH?J>

= Dy(Dy + Uz) "M (b =) + U5 (D + Uz~ Uny"-
(71)
By multiplying both sides of the above equation by (D +

U;_‘l)D;tl, it follows that:
(D + Us) Dy (Dy + Uy ) 7™
=b— 7+ 0(Dy + Uj) Dy Uy (Do + Uf) " Uny".

Then, combined with (67) and the definition of Tg in (60),
along with the fact that (Dy + Uj,) Dy, ' Ujy(Dy + Uj) ™t =
U;,D3,', it implies that

(Q+TQ) gt =p— ’Y+Tgy

(72)

(73)

Observing that (73) is indeed the optimality condition for
(63) and that Q + To > 0, we thus establish the equivalence
between (63) and (65).

This completes the proof.

Appendix C: Proof of Proposition 3

Proof: We begin by demonstrating that (M + 7)7!
single-valued through a proof by contradiction. Suppose that
(M +T)~! is not single-valued, then, there would exist two
different points wy = (§1, z1,Z1) and Wy = (Y2, Z2, T2) such
that

W1,y € (M4+T)7! (74)
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for some v = (vy,v,;,v;) € R™ x R™ x R™. This implies that
for 7 = 1, 2 the following conditions hold:

vy = —b+ 0 (AA" +Th) i + 247,
v, € —852(—21) + i,

Vpy =C— Z; + 071@.

(75)

Following this, the following formulas can be derived:

o (AA" +Th) (1 — ¥2) + 2A(Z1 — T2) = 0. (76)
(= (Z1 —T2),21 — 22) > 0. (77)
T — Tg = 0(2 — Z2). (78)
Through substituting (78) into (77), we can obtain
Z1 — Zp =0, (79)
which together with (78) leads to that
T1 — Ty =0. (80)

Similarly, by substituting (80) into (76), we can deduce from
the positive definiteness of o (AA* + T7) that

91— Y2 =0. (81)

Thus, equations (79), (80), and (81) imply that w; = wa,
which contradicts our assumption. Therefore, (M + 7)~*
single-valued.

Next, we proceed to establish the Lipschitz continuity of
(M + T)~L. Consider w; = (i, zi,%;) € R™ x R® x R"
such that w; = (M + T)~'v;, where v; = (viy, Viz, Viz) for
1 = 1,2. Similar to (75), we have

Viy — 2A%z; = —b+ U(AA* + 7—1):%,
Viz — 0 (Vg — €) € —005(—7;) + 0Z;, (82)
Vip — C — 22' + Uﬁlf’i.
Using the findings in [60], we can obtain
Ji = (0(AA" + 1) ™" (viy — 2A43; + ),

€ (86 + o) o (Vig — C)).

Since (90, + O'In)71 satisfies the non-expansiveness prop-
erty [56], it follows that there exists a constant Lo such that

(84)

83
(05, — (83)

121 = Zo|| < Lo [Jv1. — voz|| + 0 L2 [[v1z — v2z || -
Furthermore, combined with (82) and (84), we have
121 = Z2|| = |lo (via — v2x + 21 — 22|
<o (1+ L) |vie — v2u || + o Lo |Jv1, — vas ] -
(85
Since o(AA* 4+ T;) is strongly monotone, a constant Lq

exists such that

191 = Gl <La[lvry — vay = 2A (21 — T2)||

which establishes the Lipschitz continuity of (M + 7))~}

Finally, we demonstrate the equivalence between the sGS-
HPR algorithm and the accelerated degenerate proximal point
method. Combining (23) and o > 0, it follows that o(AA* +
T1) and oZ are both positive definite, meaning that they are
maximal and strongly monotone.

This further implies that the objective function of each
subproblem in Algorithm 2 is a proper, closed, strongly convex
function [56].

Hence, it follows that ZF+1 =

= arggnn {L (yl,yg, z; x’“)}
holds if and only if the following equation holds:

0€ —965(—2" ) + ¥ + o (A*yF + 2" — ). (88)

Similarly, equation Thans =

argmin { Ly (y, 2" 2") + Zlly —4*[5.}  holds  if
yGR’NL

and only if the following equation is satisfied:

0€ —b+Np(FH) + A (T + o (A g + 271 —¢))

T (7 )

(89)

Therefore, the update steps in Algorithm 2 can be equiva-
lently reformulated as:

0€ —905(—2") +a* + o (A*yF + 2F1 —¢),
il =gk 4o (A*yk + 2 - c)
0€ —b+Np@*) + A (ZFF + o (A g 4+ 2041 -

c))

+oTh (§" — b)),
WFTL = 2@t —
1 k+1
k+1 _ 0 AE+1
k+2w +k+2w '

(90)
Notice that for any (y**!, zF+1 2*1) satisfying (90), the
following holds:

-1 (jk+1 _ xk) _

(A*yF 4+ 251 —¢)

=c— Zk-i—l A* —k+1 +A* ( —k+1 yk) )
on
In this way, (90) can be rewritten as
0€ 965 (—2" 1) + zM 1,
Tt =aF 4o (A + 2 — o),
0€ —b+Np(@*h) + Az" ! + 0 (44" +T7) (T"T — )
+A( k+1 xk)7
DR = 2Rt — b,
rir_ L o " kA1 w1
k+2 k+2
92)

Combined with the definition of 7 and M, (92) can be

<Ly |lviy — vyl + 2Ly | Al o (1 + L2) ||v1z — voz|| further reformulated as:

+ 2L [|[Al oLz |lv1, — v2s]| -
(36)
Thus, combining (84), (85), and (86), there exists a constant
L such that

|1 — w2 < Lvy — val], (87)

Muwk € (M4 T)a*+,

UA)kJrl _ 2wk+1 wk

I; (93)
1
+ wk-‘rl.

k+2

1 L
k+2

w w0+
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Since (M +T)~! is single-valued, (93) can be rewritten as

@ = (M4 T) " M,

~k+1 _ o —k+1 k
1 k+1
k+1 — 0 ~k+1
w k+2w + k+2w .

which is exactly the scheme (27).

Hence, the point (y**1 251 2*T1) generated by Algo-
rithm 2 is identical to the one generated by the accelerated
dPPM (27).

Given an arbitrary choice of wF € R™ x R™ x R"™, each
step in Algorithm 2 is well-defined. Therefore, based on the
derived equivalence, it follows that (M + 7)~*M has a full
domain. By combining this with the Lipschitz continuity result
derived earlier, it can be concluded that M is an admissible
preconditioner such that (M + 7)~! is Lipschitz continuous.

This completes the proof.

Appendix D: Proof of Proposition 4

Given the operator M defined in (26), there exists a
bounded and injective operator C such that M = CC*, where
C* denotes the adjoint of C [42]. Along with the operator T
defined in (25), we then define

T=C(M+T)7'C,

RS 95
F=2T -1, ©2)

where Z represents an identity matrix.
The following proposition provides a summary of some
fundamental properties of 7 and F.

Proposition 6. (Proposition 2.5 in [37]) Given the operators
T defined in (25) and M defined in (26), it follows that
the operator T defined in (95) is well-defined and firmly-
nonexpansive. Moreover, the operator F in (95) is non-
expansive, and we further have

C*T1(0) = C*FixT = FixT = Fix F, (96)
where the set of fixed points of an operator T is denoted as
Fix T.

For the purpose of analyzing the global convergence and it-
eration complexity of the Algorithm 2, we define two auxiliary
sequences {uk} and {ﬂk} as follows:

u¥ .= C*w" and @* = C*w”,

vk > 0, 97)

where the sequences {w®} and {w*} are generated by
Algorithm 2.

Utilizing Proposition 3, we can derive the following equa-

tion: )
1 +1

k+1 _ 0

TR T ke
We then proceed with the proof of Proposition 4.

Proof of Proposition 4: It can be observed that the scheme
in (98) is the Halpern iteration applied to the non-expansive

FuF, VE>0. (98)

operator F. Based on the global convergence of the Halpern
iteration established in [61, Theorem 2], it follows that

uF = u, (99)
where u* is a point in Fix F.
Employing Proposition 6, we have
C*T~10) = C*FixT = Fix T, (100)

which deduces that there exists a w* in 7 1(0) such that
C*w* = u*.

Utilizing the relationship between {uk} and {wk} in (97),
and (99), we can obtain

" = (M+T)~'eCruwh = (M +T)~cu”

- M+ T)'CCuw* = (M +T) " Muw* = w*,
where the continuity of (M + 7)~!C follows from the com-
position of a continuous function (M + 7)~! demonstrated
in Proposition 3 and a linear operator C.

Therefore, {w’“} converges to w*, which completes the
proof.

(101)

Appendix E: Proof of Theorem 1

Proof: It can be observed that the shadow sequence {uk},
as defined in (98) corresponds exactly to the Halpern iteration.
According to Proposition 6, it follows that F is non-expansive.
From [39, Theorem 2.1], we can deduce that

Yk >0 and u* € Fix F.
(102)
By applying Proposition 6, we can also obtain FixF =
C*T~1(0). Therefore, for any u* € Fix F, there exists a point
w* = (M +T) 'Cu* € T1(0) such that C*w* = u*.
Consequently, (102) can be rewritten as:

‘ Cr*w® — C*w*

k+1 ’
which implies

k T k
a2l
H“ B I A

~ 2

vk >0 (103)

and w* € T1(0),

ko oak+1 Nk _ =k
||w w HM Hw Fw HM
2 ||w® —w*|

7]{;—4—17 VkZOand w* GT_l(O)

(104)
Next, we estimate the convergence rate of R (@") for any
k > 0. Based on (104), we have

| AR?

2
wh[, < (k+1)2
Adopting the definition of M in (26), inequality (105) can
be reformulated as
1
o Hgkﬂ o ka; + = HUA* (ka _ yk) + (ﬁ:kH _ xk)H?

AR2
(106)

wkFtl — vk > 0.

(105)
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Moreover, from Step 4 in Algorithm 2, we can obtain that
for any k£ > 0,

gk—i—l _ yk -9 (gk+1 yk) ;
BhH1 _ ok = 9 (zhH1 _ 5k) | (107)

Therefore, (106) can be rewritten as
_ 2 1 . {m _ 2

o|lg"h =t~ fleAT (57 =y + (@ - ab)|
R3

+1)%’

vk > 0.
= >0

(108)
Given Step 2 in Algorithm 2, we can assert that for any
k>0,

HO’A* (gk-‘rl _ yk) + (jk—&-l _ xk)”

= HUA* (g’““ — yk) +o (A*yk 4+ zRH c) H (109)
— 0 ||A*gk+1 N CH7
which in conjunction with (108) implies that
¥ - R
HA yk+1 +Zk+1 _ CH < Wil)’ vk >0,
o . Ro (110)
Hyﬁ_ _y”ﬂ < Jolk+1) vk > 0.

Furthermore, based on the optimality conditions of the
subproblems in Algorithm 2, for any k£ > 0, we have

g™ = Proxy, (y’““ — A o (AT g+ 2 ()

. (gk+1 _ yk) )’
shtl _ , (2k+1 _ fk+1) ’
(111)
where fi = —(b,y) +p(y), fo = d5(—2).
From (109)-(111), for any k£ > 0, we can also obtain
Hgkﬂ — Prox, (yk+1 _ Ajkﬂ)”
< oA (AT 4 o) 1o (7 - o)
<o A"+ 27— ol 4o [T (7 — 4

S L et R AVAE P

Ry
< —_—.
<va (141 + |[v7]) &+ 1)
(112)
In addition, R(w) as defined in (28) can be equivalently

expressed as follows:
y — Proxy, (y — Ax)

R(w) = z — Proxy, (z — x) )

o Ay (113)
Yw = (y, z,z) € R™ x R" x R™.
As a result, by combining (110)-(112), we can derive that
for any £ > 0,
Ry

IR () = v (1l + VR ) s + s

o (lIA+[[VTil) + 1\  Ro
NG CES)

(114)

This completes the proof.
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