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Dynamic Speed Optimization and Berth
Reallocation for Autonomous Vessels Under Sailing

Time Disturbances
Tingting Chen, Lingxiao Wu, Shuaian Wang

Abstract—Autonomous vessels (AVs) have attracted
growing attention due to their potential advantages
in operational efficiency and navigational safety. How-
ever, their voyages may be affected by stochastic distur-
bances, which can lead to delayed arrivals at ports and
the unavailability of pre-assigned berths. This paper
first proposes a dynamic optimization approach for AV
speed optimization and berth reallocation to mitigate
the impacts of stochastic disturbances. Specifically,
the sailing speeds of AVs are dynamically adjusted if
stochastic disturbances affect their expected arrival
times. Meanwhile, the real-time berth reallocation for
AVs is performed when their originally allocated berths
become unavailable. To meet real-time operational re-
quirements, a rolling horizon framework is employed,
which supports dynamic and adaptive adjustments to
sailing speeds and berth reallocation based on the
latest information on stochastic disturbances and berth
occupancy. In each decision period, the problem is
formulated as a mixed integer nonlinear programming
model to minimize the total cost. To solve the proposed
model efficiently, a tailored branch-and-cut algorithm
incorporating an outer approximation method is devel-
oped. To evaluate the performance and effectiveness
of the proposed model and solution method, exten-
sive numerical experiments based on the operational
data of a maritime logistics company were conducted.
The results demonstrate that the proposed algorithm
significantly outperforms both the Gurobi solver and
a “first-come-first-served” greedy algorithm in terms
of solution quality. Sensitivity analyses revealed that
greater sailing time disturbances and lower penalty
costs for arrival delays tend to reduce the punctuality of
AVs at ports. Moreover, higher fuel prices prompt AVs
to adopt lower sailing speeds to reduce energy costs.

Index Terms—Maritime transportation,
Autonomous vessel, Dynamic speed optimization,
Berth reallocation, Branch-and-cut algorithm.

I. Introduction
Maritime transportation is responsible for over 80% of

global trade [1]. However, conventional manned vessels
(MVs) have encountered significant challenges, such as the
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shortage of seafaring personnel, vessel emissions, and mar-
itime accidents caused by human errors [2]. Autonomous
vessels (AVs) have emerged as a promising solution to
address these issues and revolutionize the global shipping
industry [3]. Currently, there are over one thousand AVs
operating worldwide [4]. For example, China’s autonomous
container vessel, “ZHI FEI”, is actively engaged in com-
mercial operations between Port of Qingdao with Port of
Dongjiakou [5].

In practice, vessel speeds are typically optimized by
liner shipping companies, while decisions regarding berth
allocation are usually made by port operators. However,
when liner shipping companies or port operators do their
planning independently, higher fuel consumption costs
for liner shipping companies and inefficient operations
for port operators will occur [6]. To address this issue,
collaboration between liner shipping companies and port
operators has been recognized as a promising solution. Re-
cent studies have investigated collaboration mechanisms
in the maritime industry and analyzed their feasibility,
such as [6], [7], and [8]. The collaboration can be realized
in two primary scenarios: a unified entity managing both
vessels and ports or through a third-party coordinator.
A practical example of the first form is Maersk, which
owns both the liner shipping company Maersk Line and
the terminal operator APM Terminals [9], [10].

Under the collaboration situation, it is essential for
planners (i.e., both liner shipping companies and port
operators) to simultaneously optimize vessel speeds at
legs and berth allocations at ports. In practice, at the
operational stage, vessels may encounter stochastic dis-
turbances, such as sailing time disturbance induced by
variations of wave heights and wind directions [11]. These
disturbances may prevent vessels from adhering to the
schedule designed at the planning stage. If a vessel arrives
at a port later than its scheduled arrival time due to such
disturbances, its initial allocated berth may no longer be
available. In such situations, berth reallocation becomes
necessary to ensure vessels to successful moor at berths.

In practice, MVs are typically operated by experienced
captains, who can actively respond to stochastic distur-
bances by adjusting sailing speeds and trim settings during
voyages [12]. These adjustments help mitigate fluctuations
in sailing times, enabling MVs to maintain their scheduled
arrival times at ports. In contrast, due to the absence
of onboard captain intervention, AVs rely heavily on the
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pre-specified speed control system [3]. Without explicitly
accounting for stochastic disturbances in the speed control
system, AVs may struggle to adhere to their predetermined
schedule, leading to greater variations in sailing times and
a higher likelihood of late arrivals at ports compared to
MVs. Therefore, it is crucial to consider the impacts of
stochastic disturbances when optimizing the sailing speeds
of AVs.

In light of the above, this study proposes a dynamic
AV speed optimization and berth reallocation approach
to mitigate the impacts of stochastic disturbances on
the predetermined schedule. Specifically, when stochastic
disturbances affect expected arrival times of AVs, their
sailing speeds at each leg are dynamically adjusted to re-
duce arrival delays. Additionally, when originally allocated
berths become unavailable, real-time berth reallocation is
performed to ensure the successful mooring of AVs. To
meet real-time operational requirements, a rolling horizon
framework is employed to provide real-time and dynamic
optimization decisions. In each decision period, the AVs’
sailing speeds and berth reallocation are jointly optimized
based on the latest information on stochastic disturbances
and berth occupancy. The problem is formulated as a
mixed-integer nonlinear programming (MINLP) model
aimed at minimizing the total cost. A tailored branch-
and-cut algorithm incorporating an outer approximation
method is developed to efficiently solve the model.

The contributions of this paper are threefold. First,
due to the absence of onboard captain intervention, AVs
are more susceptible to stochastic disturbances during
operations. These disturbances can lead to deviations in
expected arrival times and allocated berths. To address
this issue, we propose a dynamic AV speed optimization
and berth reallocation framework that explicitly accounts
for stochastic disturbances.To the best of our knowledge,
this is the first study that jointly optimizes AV sailing
speeds and berth reallocation to mitigate the impact of
stochastic disturbances at the operational stage.

Second, to meet real-time operational requirements, the
investigated problem is modeled with a rolling horizon
framework. In each decision period, an MINLP model
is built to jointly optimize AV sailing speeds and berth
reallocation decisions, aiming to minimize the total cost,
which includes penalties for arrival time delays, additional
container transportation costs due to berth deviations,
and fuel consumption costs. Given the nonlinearity in the
arrival time and fuel consumption calculations, several lin-
earization techniques are applied to reformulate the model
as a mixed-integer linear programming (MILP) model. To
solve the MILP model efficiently in each decision period,
we develop a tailored branch-and-cut algorithm, where
cutting planes are dynamically generated using an outer
approximation method.

Third, to evaluate the effectiveness and performance of
the proposed model and solution method, we conducted
extensive numerical experiments based on operational
data from a Chinese maritime logistics company. To fur-
ther validate the performance of the proposed algorithm,

we also compared it with Gurobi solver and a greedy al-
gorithm simulating the “first-come-first-served” principle.
Finally, sensitivity analyses on several key parameters are
performed.

The remainder of this study is structured as follows. Sec-
tion II reviews the related literature. Section III provides
a detailed problem description and mathematical formula-
tions. Section IV describes the solution method. Numerical
experiments are conducted in Section V. Finally, Section
VI concludes the paper.

II. Literature review
This study is first related to the vessel speed optimiza-

tion problem, which has garnered significant attention in
maritime transportation due to its economic and environ-
mental implications [6]. From an economic perspective, nu-
merous studies have examined the impact of vessel speed
on fuel consumption. For example, [13] jointly optimized
the sailing speeds at all legs and bunker fuel procurement
at each port to minimize total fuel and operational costs.
[14] determined the optimal ship fleet configuration from
a set of candidate vessels and further optimized sailing
speeds and routing sequences to minimize the total cost.
There are also some research investigating the vessel
speed from the environmental perspective. For instance,
[15] assessed the economic and environmental impacts
of sulfur emission control areas by optimizing fleet size
and distinguishing sailing speeds inside and outside the
emission control zones. Similarly, [16] differentiated sailing
speeds across these zones while jointly optimizing sailing
routes to minimize the total fuel consumption cost and
sulfur dioxide emissions.

The sailing speeds of vessels have direct impacts on their
sailing times, and thus affect their arrival times at ports
and berth allocation. In recent years, some researcher have
incorporated berth allocation into vessel speed optimiza-
tion. The berth allocation problem (BAP) was initially
proposed by [17], which determined the berthing time and
berthing positions for incoming vessels. Over the past two
decades, the BAP has attracted considerable attention
from both researchers and practitioners. Some recent no-
table studies are as follows. [18] proposed a reactive berth
allocation and scheduling model that incorporated various
recovery strategies to handle uncertain vessel arrival times.
[19] developed online algorithms to solve the BAP, with
the objective of minimizing the maximum load of all
berths. [20] formulated an MILP model for the dynamic
discrete BAP to minimize the total vessel turnaround cost.
For comprehensive reviews about the BAP and its recent
developments, readers are referred to [21], and [22].

For studies that simultaneously optimize vessel sailing
speeds and berth allocation, [23] proposed a bi-objective
optimization model to optimize the BAP considering fuel
consumption and emission, where sailing speed optimiza-
tion was integrated into the fuel consumption. [24] fur-
ther investigated the impact of tides on operations at a
tidal container seaport, where berth allocation and sailing
speeds were jointly optimized. [6] extended the traditional
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BAP to cover multiple ports in a liner shipping network
and optimized the vessel sailing speeds. Similar to [6],
[8] also addressed the multi-port berth allocation prob-
lem, while also optimizing sailing speeds of vessels. [25]
proposed a multi-objective mixed-integer programming
model for the berth allocation and quay crane assignment
problem, where sailing speeds were determined by vessel
arrival times. Building on this, [26] introduced the ves-
sel service differentiation and proposed a bi-level multi-
objective optimization model. The upper level handled
berth allocation and crane assignments, while the lower
level optimized vessel speeds. [27] proposed an integrated
optimization problem to determine the fleet deployment
with different green technologies, sailing speeds, cargo
allocation for each route, and berth allocation.

However, most existing studies on integrated berth allo-
cation and speed optimization adopt deterministic models,
without considering real-time stochastic disturbances that
may impact vessel operations. In addition, previous studies
do not consider the acceleration and deceleration phases.
However, these two phases are particularly relevant for
short-sea and inland operations, since they constitute a
non-negligible portion of the total sailing time. To fill
these gaps, this study investigates a dynamic AV speed
optimization and berth reallocation problem to mitigate
the impact of stochastic disturbances, where acceleration
and deceleration phases are explicitly modeled. Besides, a
rolling horizon framework is employed to enable dynamic
and adaptive adjustments of sailing speeds and berth
reallocation.

III. Model formulation
A. Problem description

Consider a fleet of AVs transporting containers on short-
sea or inland shipping lines. At the operational stage, AVs
are expected to follow a predetermined schedule designed
at the planning stage. The schedule specifies the sequences
of ports to be visited by AVs, expected arrival times at
ports, berth allocation, the numbers of containers to be
loaded and unloaded, and the corresponding dwell times
at ports. For modeling convenience, the operational stage
is discretized into a set of time points denoted by T ,
where the interval between two consecutive time points
represents a time slot.

Let V be the set of AVs. For each AV v, the set of
indices of ports to be visited is denoted by Sv, and the
distance between its ith (i ∈ Sv \ {|Sv|}) and (i + 1)st
visiting ports is represented by hv

i . In practice, these ports
are geographically proximate, with inter-port distances
typically ranging from tens to hundreds of nautical miles.
Consequently, the sailing time at each leg usually spans
several hours to a day, with acceleration and deceleration
durations typically lasting up to half an hour each, totaling
approximately an hour. Therefore, the acceleration and
deceleration phases cannot be ignored and are explicitly
incorporated into the model. As illustrated in Fig. 1, the
sailing process of AV v between its two consecutive visit-
ing ports consists of three distinct phases: acceleration,

cruising, and deceleration phases. The acceleration and
deceleration rates are denoted by gvi and ωv

i , respectively.
After acceleration, AV v enters the cruising phase, sailing
at a constant speed, referred to as the cruising speed.
Let η and η represent the upper and lower bounds of
cruising speeds, respectively. Since fuel consumption grows
nonlinearly with sailing speeds, a careful trade-off between
sailing speeds and fuel consumption should be considered.
Let f denote the unit fuel price. During navigation, AVs
are exposed to sailing time disturbances, denoted by θvi ,
arising from variations in wave heights and wind direc-
tions. These disturbances can cause deviations in actual
sailing times, thereby resulting in deviations in arrival
times at ports. Therefore, it is essential to dynamically
adjust the sailing speeds of AVs at each leg to mitigate the
impacts of stochastic disturbances and maintain schedule
reliability.

Fig. 1. Illustration of the sailing process of an AV at a leg.
Each AV v is expected to arrive at its ith visiting port at

the scheduled arrival time t
v
i . When the actual arrival time

deviates from t
v
i , a penalty cost cvi will incur. Note that the

deviations in arrival times may affect the berth availabil-
ity, as originally assigned berths could already be occupied
by other AVs. Let B represent the set of all berths, and
Bv
i ⊆ B denote the set of available berths at the ith visiting

port for AV v. A binary parameter yvi,b is introduced to
indicate whether AV v is expected to moor at its initial
allocated berth b ∈ Bv

i of its ith visiting port. If an AV
cannot moor at its designated berth, berth reallocation is
required to assign an alternative berth. However, mooring
at a berth different from the originally assigned one will
incur an additional container transportation cost, denoted
by φv

i per container. The total additional container trans-
portation cost depends on the total number of containers
handled at ports. Specifically, let avi and bvi denote the
numbers of containers unloaded from and loaded onto AV
v at its ith visiting port, respectively. Given the container
handling efficiency ρvi , the corresponding dwell time dvi is
calculated as dvi = ρvi · (avi + bvi ).

In summary, this paper investigates the dynamic sailing
speed optimization and berth reallocation problem for AVs
in response to stochastic disturbances at the operational
stage. The objective is to minimize the total cost for the
operator, including the total penalty cost for arrive delays,
the total additional transportation cost of containers in-
curred by deviations in allocated berths, and the total fuel
consumption cost.

B. Model formulation
Before presenting the mathematical formulation, we first

introduce decision variables involved in the model. For
each AV v, let µv

i and rvi denote the adjusted sailing time
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and actual sailing time between its ith and (i+1)st visiting
ports, respectively. The actual arrival time of AV v at its
ith visiting port is represented by tvi . During a leg between
the ith and (i + 1)st visiting ports of AV v, the cruising
speed and cruising time are given by ηvi and τvi , respec-
tively. The fuel consumption of AV v during the same leg
is captured by evi . To model berth reallocation decisions,
a set of binary variables is introduced. Specifically, δvi,b,t
equals 1 if AV v starts mooring at berth b ∈ Bv

i of its ith
visiting port at time point t, and 0 otherwise. Similarly,
zvi,b,t equals 1 if AV v moors at berth b ∈ Bv

i of its ith
visiting port at time point t, and 0 otherwise. Finally, yvi,b
equals 1 if AV v moors at berth b ∈ Bv

i of its ith visiting
port, and 0 otherwise.

The mathematical formulation consists of several groups
of constraints, including those related to sailing time, fuel
consumption, actual arrival times, and berth reallocation.
Sailing time constraints

The actual sailing time of AV v from its ith visiting port
to its (i+1)st visiting port depends on the adjusted sailing
time µv

i and the sailing time disturbance θvi , as follows:
rvi = µv

i + θvi , ∀v ∈ V, i ∈ Sv \ {|Sv|} (1)

where adjusted sailing time µv
i depends on the sailing

speed and is applied to adjust the sailing time.
The cruising speed of AV v between its ith and (i+1)st

visiting ports must satisfy following constraints:
η ≤ ηv

i ≤ η, ∀v ∈ V, i ∈ Sv \ {|Sv|}. (2)

Once cruising speed ηvi is determined, the acceleration
and deceleration times can be calculated as ηvi /g

v
i and

ηvi /ω
v
i , respectively. Then, the adjusted sailing time µv

i ,
which includes acceleration, cruising, and deceleration
times, can be expressed as:

µv
i =

ηv
i

gvi
+ τv

i +
ηv
i

ωv
i

, ∀v ∈ V, i ∈ Sv \ {|Sv|}. (3)

It is evident that the adjusted sailing time µv
i depends

only on cruising speed ηvi and cruising time τvi .
In Fig. 1, the green shaded area denote the distance

between the ith and (i+1)st visiting ports of AV v, which
can be expressed as follows:

hv
i =

1

2
·gvi
(
ηv
i

gvi

)2

+ηv
i ·τv

i +
1

2
·ωv

i

(
ηv
i

ωv
i

)2

, ∀v ∈ V, i ∈ Sv\{|Sv|}
(4)

Based on constraints (4), the cruising time τvi can be
further expressed as follows:

τv
i =

hv
i

ηv
i

− (gvi + ωv
i ) · ηv

i

2 · gvi · ωv
i

, ∀v ∈ V, i ∈ Sv \ {|Sv|}. (5)

By incorporating constraints (3) and (5) into con-
straints (1), the actual sailing time rvi can be further
represented as:

rvi =
(gvi + ωv

i ) · ηvi
2 · gvi · ωv

i

+
hv
i

ηvi
+θvi , ∀v ∈ V , i ∈ Sv \{|Sv|}. (6)

Constraints (6) show that the actual sailing time rvi can
be adjusted by cruising speed ηvi . Note that constraints
(6) are nonlinear because of the nonlinear term hv

i /η
v
i .

Fuel consumption constraints
The fuel consumption of AV at each leg consists of three

components: fuel consumption during the acceleration,

cruising, and deceleration phases. According to [28], the
fuel consumption per hour is [m · (ηvi )n] /24, where m and
n are coefficients. Then, the fuel consumption is modeled
as follows:

evi =

∫ ηv
i

gv
i

0

m · (gvi · t)n

24
dt +

∫ hv
i

ηv
i
−

(gvi +ωv
i )·ηv

i
2·gv

i
·ωv

i

0

m · (ηv
i )

n

24
dt

+

∫ ηv
i

ωv
i

0

m · (ωv
i · t)n

24
dt, ∀v ∈ V, i ∈ Sv \ {|Sv|}.

(7)

By calculating the integration, evi can be expressed as:

evi =
m · (gvi + ωv

i ) · (ηv
i )

n+1

24 · gvi · ωv
i · (n+ 1)

+
m · hv

i · (ηv
i )

n−1

24

− m · (gvi + ωv
i ) · (ηv

i )
n+1

48 · gvi · ωv
i

, ∀v ∈ V, i ∈ Sv \ {|Sv|}.
(8)

Note that constraints (8) are nonlinear.
Actual arrival time constraints

The dynamic equations of the actual arrival time of AVs
at ports can be modeled as follows:

tvi =

{
t
v
1 , if i = 1,

tvi−1 + rvi−1 + dvi−1, otherwise. ∀v ∈ V, i ∈ Sv (9)

where t
v
1 denotes actual arrival time of AV v at its first

visiting port, which is known. Constraints (9) indicate the
actual arrival time at the port is determined by the actual
arrival and dwell times at the previous port, and the actual
sailing time at this leg.
Berth reallocation constraints

For each berth b ∈ B, at most one AV can occupy it at
any time point t, which can be modeled as follows:∑

v∈V

∑
i∈Sv :b∈Bv

i

zvi,b,t ≤ 1, ∀b ∈ B, t ∈ T . (10)

Each AV must be assigned to exactly one berth at each
of its visiting ports, which can be modeled by the following
constraints: ∑

b∈Bv
i

yv
i,b = 1, ∀v ∈ V, i ∈ Sv (11)

yv
i,b ≤

∑
t∈T

zvi,b,t, ∀v ∈ V, i ∈ Sv, b ∈ Bv
i (12)

yv
i,b ≥ zvi,b,t, ∀v ∈ V, i ∈ Sv, b ∈ Bv

i , t ∈ T (13)

where constraints (11) stipulate each AV must moor at
one berth. Constraints (12)–(13) illustrate the relationship
between yvi,b and zvi,b,t. If

∑
t∈T zvi,b,t = 0, yvi,b = 0. If∑

t∈T zvi,b,t ≥ 1, yvi,b can be 1 or 0. However, constraint (13)
enforces yvi,b ≥ zvi,b,t for any t, ensuring yvi,b = 1.

Each AV can moor at each berth once and should moor
at a berth within consecutive time slots. Then,∑

b∈Bv
i

∑
t∈T

δvi,b,t = 1, ∀v ∈ V, i ∈ Sv (14)

δvi,b,1 = zvi,b,1, ∀v ∈ V, i ∈ Sv, b ∈ Bv
i (15)

δvi,b,t ≥ zvi,b,t − zvi,b,t−1, ∀v ∈ V, i ∈ Sv, b ∈ Bv
i , t ∈ T \ {1} (16)

where constraints (14) ensures that each AV moors
exactly once at one berth at its each visiting port. Con-
straints (15)–(16) establish the relationship between δvi,b,t
and zvi,b,t. Specifically, they ensure that δvi,b,t takes the
value 1 only at the beginning of a mooring operation,
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namely, when zvi,b,t changes from 0 to 1 between two
consecutive time slots.

The earliest time at which an AV can moor at the berth
is equal to its arrival time at the port, following [3] and
[8], which is presented as:∑

b∈Bv
i

∑
t∈T

t · δvi,b,t = tvi , ∀v ∈ V, i ∈ Sv. (17)

If an AV moors at a berth, its berthing time should
equal its dwell time, which can be formulated as follows:∑

b∈Bv
i

∑
t∈T

zvi,b,t = dvi , ∀v ∈ V, i ∈ Sv (18)

where
∑

b∈Bv
i

∑
t∈T zvi,b,t denotes the total time slots that

AV moors at the berth, i.e., berthing time.
Based on the above constraints, the optimal AV sailing

speed optimization and berth reallocation model can be
built as follows:

min
∑
v∈V

∑
i∈Sv

cvi ·max
{
tvi − t

v
i , 0
}
+
∑
v∈V

∑
i∈Sv\{|Sv|}

f · evi

+
∑
v∈V

∑
i∈Sv

∑
b∈Bv

i

φv
i · (av

i + bvi )max
{
yv
i,b − yv

i,b, 0
} (19)

subject to constraints (2), (6)–(9), (10)–(18), and
δvi,b,t, z

v
i,b,t, y

v
i,b ∈ {0, 1} ∀v ∈ V, i ∈ Sv, b ∈ Bv

i , t ∈ T . (20)

Objective function (19) minimizes the total cost, including
the total penalty resulting from arrival time delays at
ports, the total fuel consumption cost and the total addi-
tional transportation cost of containers incurred by devia-
tions in allocated berths. Objective function is nonlinear,
due to terms max

{
tvi − t

v
i , 0

}
and max

{
yvi,b − yvi,b, 0

}
.

C. Rolling horizon framework
In practice, decisions related to AVs during operations

are typically made dynamically to cope with real-time
sailing time disturbances. Prior studies have shown that
short-term disturbances can be predicted with reasonable
accuracy using updated environmental data [12], [29].
However, long-term forecasts of such disturbances tend
to be highly unreliable, and making operational decisions
(including sailing speeds and berth reallocation) based on
such long-term forecasts may result in sub-optimal or even
infeasible results. To address this issue and meet real-
time operational requirements, we adopt a rolling horizon
framework that has been widely adopted in the literature
[30], [31]. This framework enables the incorporation of
short-term disturbance forecasts as inputs in each decision
period, and supports dynamic and adaptive adjustments
to sailing speeds and berth reallocation based on the latest
information of disturbances. Consequently, it enhances
the robustness and practical applicability of the overall
decision-making process. Different from the traditional
rolling horizon framework which divides the whole op-
timization period into several decision periods based on
the time length, this paper divides decision periods based
on the number of visiting ports of AVs. In each decision
period, an optimization model is formulated to optimize
decisions of all AVs at their next several visiting ports, but
only decisions associated with the AV with the earliest

arrival time at its second visiting port are performed.
Specifically, the decisions associated with the AV with the
earliest arrival time include the berth reallocation at its
first visiting port, and the cruising speed between its first
visiting port and second visiting port. Then, in the next
decision period, the optimization process is repeated based
on the optimization results in the last decision period.

Fig. 2. An illustration example for the rolling horizon framework.

Fig. 2 illustrates our rolling horizon framework, where
each AV has six visiting ports, and three ports are consid-
ered in each decision period. The blue ports represent the
visiting ports in each decision period and the decisions at
these ports should be optimized. The black ports depict
the visited ports, where decisions have already been exe-
cuted, including berth reallocation and cruising speed to
the next port. The grey ports denote the remaining visiting
ports not yet involved in the current decision period. The
numbers besides ports indicate arrival times. In decision
period 1, AV1 arrives at its second visiting port earlier
(time 4) than AV2 (time 5). Hence, decisions for AV1 are
executed, including the berth assignment at its first port
and the cruising speed between its first and second ports.
The first visiting port of AV1 then becomes a visited port
and is removed from the list of visiting ports. A subsequent
visiting port is then added to constitute the list of visiting
ports of AV1 in decision period 2. In decision period 2,
AV2 has the earlier arrival time at its second visiting port
than AV1. The decisions related to AV2 are implemented.
This rolling process is repeated until decisions of AVs at
all visiting ports have been implemented.

Let S̃k
v represent the set of the sequences of ports to be

visited by AV v in decision period k. In decision period
k, the available information optimized in decision period
k− 1 are inputted to optimize decisions in decision period
k: Parameter t̃v,k−1

i1
represents actual arrival time of AV v

at its first visiting port (i1 ∈ S̃k
v ). Binary parameter z̃k−1

b,t

indicates whether berth b is occupied at time point t.
With the given available information, the optimization

model [M-k] in decision period k is formulated as below:

min
∑
v∈V

∑
i∈S̃k

v

cvi ·max
{
tv,ki − t

v
i , 0
}
+
∑
v∈V

∑
i∈S̃k

v \|S̃v|

f · ev,ki

+
∑
v∈V

∑
i∈S̃k

v

∑
b∈Bv

i

φv
i · (av

i + bvi )max
{
yv,k
i,b − yv

i,b, 0
}

(21)
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subject to
η ≤ ηv,k

i ≤ η, ∀v ∈ V, i ∈ S̃k
v \ {|S̃v|} (22)

rv,ki =
(gvi + ωv

i ) · ηv,k
i

2 · gvi · ωv
i

+
hv
i

ηv,k
i

+ θvi , ∀v ∈ V, i ∈ S̃k
v \ {|S̃v|}

(23)

ev,ki =
m · (gvi + ωv

i ) · (ηv,k
i )n+1

24 · gvi · ωv
i · (n+ 1)

+
m · hv

i · (ηv,k
i )n−1

24

− m · (gvi + ωv
i ) · (ηv,k

i )n+1

48 · gvi · ωv
i

, ∀v ∈ V, i ∈ S̃k
v \ {|S̃v|}

(24)

tv,ki1
= t̃v,k−1

i1
, ∀v ∈ V, i1 ∈ S̃k

v (25)

tv,ki = tv,ki−1 + rv,ki−1 + dvi−1, ∀v ∈ V, i ∈ S̃k
v \ {|S̃v|} (26)∑

v∈V

∑
i∈S̃k

v ,b∈Bv
i

zv,ki,b,t + z̃k−1
b,t ≤ 1, ∀b ∈ B, t ∈ T (27)∑

b∈Bv
i

yv,k
i,b = 1, ∀v ∈ V, i ∈ S̃k

v (28)

yv,k
i,b ≤

∑
t∈T

zv,ki,b,t, ∀v ∈ V, i ∈ S̃k
v , b ∈ Bv

i (29)

yv,k
i,b ≥ zv,ki,b,t, ∀v ∈ V, i ∈ S̃k

v , b ∈ Bv
i , t ∈ T (30)∑

b∈Bv
i

∑
t∈T

δv,ki,b,t = 1, ∀v ∈ V, i ∈ S̃k
v (31)

δv,ki,b,1 = zv,ki,b,1, ∀v ∈ V, i ∈ S̃k
v , b ∈ Bv

i (32)

δv,ki,b,t ≥ zv,ki,b,t − zv,ki,b,t−1, ∀v ∈ V, i ∈ S̃
k
v , b ∈ Bv

i , t ∈ T \ {1} (33)∑
b∈Bv

i

∑
t∈T

t · δv,ki,b,t = tv,ki , ∀v ∈ V, i ∈ S̃k
v (34)∑

b∈Bv
i

∑
t∈T

zv,ki,b,t ≥ dvi , ∀v ∈ V, i ∈ S̃k
v (35)

zv,ki,b,t, δ
v,k
i,b,t, y

v,k
i,b ∈ {0, 1} , ∀v ∈ V, i ∈ S̃k

v , b ∈ Bv
i , t ∈ T . (36)

Objective function (21) minimizes the total cost in deci-
sion period k. Constraints (22) specify ranges of cruising
speeds. Constraints (23) state actual sailing times. Con-
straints (24) calculate fuel consumption. Constraints (25)–
(26) update arrival times. Constraints (27)–(35) determine
berth reallocation. Constraints (36) define variables.

After solving model [M-k] in decision period k, only
decisions of the AV v with the earliest arrival time tv,ki2

at
its second visiting port i2 are be implemented. The AV
with the earliest arrival time at its second visiting port
can be obtained by equation (37) as follows:

v∗ = argminv∈V tv,ki2
. (37)

The decisions of AV v∗, including the berth reallocation
at its first visiting port (i.e., zv

∗,k
i1,b,t

, δv
∗,k

i1,b,t
and yv

∗,k
i1,b

) and its
cruising speed between its first and second visiting ports
(i.e., ηv

∗,k
i1

) will be applied. Then, in decision period k+1,
the set of sequences of ports to be visited by AVs will be
updated, as follows:

S̃k+1
v =

{
S̃k
v∗ \ {i1} ∪ {i′} , if v = v∗,

S̃k
v , otherwise. ∀v ∈ V (38)

where i1 (i1 ∈ S̃k
v∗) is the first visiting port of AV v∗ in

decision period k. i′ is the next visiting port of AV v∗ after
its |S̃k

v∗ |th visiting port.
Additionally, the initial states of AVs in decision period

k + 1 will also be updated, as follows:

t̃v,k+1
i1

=

{
tv

∗,k
i1

, if v = v∗,

tv,ki1
, otherwise.

∀v ∈ V (39)

z̃k+1
b,t = max


∑

i1∈Sv∗ :b∈Bv∗
i1

zv
∗,k

i1,b,t
, z̃v,kb,t

 , ∀b ∈ B, t ∈ T (40)

where tv,ki1
in equations (39) indicates the arrival time of

AV v at its first visiting port i1 ∈ S̃k+1
v in decision period

k+1. z̃k+1
b,t in equations (40) denotes the berth occupancy

parameter in decision period k + 1.

IV. Solution algorithm
In this section, the MINLP model [M-k] is first lin-

earized and then transformed to the MILP model. Then, to
meet real-time operational requirements of AVs, a tailored
branch-and-cut algorithm is devised to solve the MILP
model in each decision period.

A. Model linearization
Our optimization model [M-k] contains nonlinear ob-

jective function (21) and constraints (23)–(24). For the
objective function (21), two auxiliary variables γv,k

i and
βv,k
i,b are introduced to linearize it as follows:

γv,k
i ≥ tv,ki − t

v
i , ∀v ∈ V, i ∈ S̃k

v (41)

γv,k
i ≥ 0, ∀v ∈ V, i ∈ S̃k

v (42)

βv,k
i,b ≥ yv,k

i,b − yv
i,b, ∀v ∈ V, i ∈ S̃k

v , b ∈ Bv
i (43)

βv,k
i,b ≥ 0, ∀v ∈ V, i ∈ S̃k

v , b ∈ Bv
i . (44)

For constraints (23)–(24), outer-approximation method
is employed to approximate the nonlinear constraints to a
set of linear constraints. The out-approximation method
has been exploited by many scholars to obtain a ε-optimal
solution of an MINLP problem with nonlinear constraints
[14]. The ε-optimal solution refers to the solution that the
difference between its objective function value obtained by
approximation and the optimal objective function value is
within the given tolerance ε.

In constraints (23)–(24), we replace the nonlinear terms
hv
i /η

v,k
i and ev,ki with Q(ηv,ki ) and F (ηv,ki ), respectively.

To control the approximation error caused by outer-
approximation method, an absolute objective value tol-
erance ε is defined. Note that the first term in objective
function (21) is implicitly related to Q(ηv,ki ), since AV’s
actual sailing time at each leg influences their actual
arrival time at ports. Besides, the third term in objective
function (21) is related to F (ηv,ki ). Then, we allocate
the total approximation errors ε1 and ε2 to Q(ηv,ki ) and
F (ηv,ki ), where ε1 + ε2 = ε. Then, we first calculate
approximation error for a Q(ηv,ki ), i.e., ε1. The detailed
derivation process is as follows:
tv,ki − t

v
i = tv,ki−1 + rv,ki−1 + dvi−1 − t

v
i

= tv,k1 − t
v
i +

i−1∑
i′=1

[
(gvi′ + ωv

i′) · η
v,k
i′

2 · gvi′ · ωv
i′

+Q(ηv,k
i′ ) + θvi′ + dvi′

]
(45)
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∑
v∈V

∑
i∈S̃k

v

cvi · (tv,ki − t
v
i ) =

∑
v∈V

∑
i∈S̃k

v \|S̃v|

(∑
i′>i

cvi′

)

·

[
Q(ηv,k

i′ ) +
(gvi′ + ωv

i′) · η
v,k
i′

2 · gvi′ · ωv
i′

+ θvi′ + dvi′

]
+
∑
v∈V

∑
i∈S̃k

v

cvi · (tv,k1 − t
v
i )

(46)

where equation (46) indicates the worst case of the
number of Q(ηv,ki ) in the first term of objective function
(21), i.e., cvi · max

{
tv,ki − t

v
i , 0

}
. In some cases, the term

max
{
tv,ki − t

v
i , 0

}
can be zero, leading to the disappear-

ance of some Q(ηv,ki ). Hence, the number of Q(ηv,ki ) is
always not larger than

∑
v∈V

∑
i∈S̃k

v \|S̃v|
∑

i′>i c
v
i′ . Then,

the maximum approximation error for a Q(ηv,ki ), i.e., ε1,
will be:

ε1 =
ε1∑

v∈V
∑

i∈S̃k
v \|S̃v|

(∑
i′>i c

v
i′
) . (47)

From the second term in objective function (21), i.e.,∑
v∈V

∑
i∈S̃k

v \|S̃v| f · ev,ki , it can be observed that the
number of F (ηv,ki ) is

∑
v∈V

∑
i∈S̃k

v \|S̃v| f . Then, we can
derive the approximation error for a F (ηv,ki ), i.e., ε2, which
is as follows:

ε2 =
ε2∑

v∈V
∑

i∈S̃k
v \|S̃v| f

. (48)

If the total approximation errors for Q(ηv,ki ) and F (ηv,ki )
are not greater than ε1 and ε2, then the overall objective
value error will be not greater than ε.

Constraints (23)–(24) can thereby be relaxed by replac-
ing Q(ηv,ki ) and F (ηv,ki ) with a set of linear functions being
tangent to the convex curves Q(ηv,ki ) and F (ηv,ki ). These
linear functions are grouped into two sets denoted by Rv,k

i

and Ov,k
i for Q(ηv,ki ) and F (ηv,ki ), respectively. Fig. 3

illustrates the linearization of Q(ηv,ki ) as an example.
Then, the linear counterpart of constraints (23) can be
expressed as follows:

rv,ki =
(gvi + ωv

i ) · ηv,k
i

2 · gvi · ωv
i

+Q
(
ηv,k
i

)
+ θvi ,

∀v ∈ V, i ∈ S̃k
v \ {|S̃v|}

(49)

Q(ηv,k
i ) ≥ pv,ki,r · η

v,k
i + qv,ki,r , ∀v ∈ V, i ∈ S̃

k
v \ {|S̃v|}, r ∈ Rv,k

i

(50)
where pv,ki,r and qv,ki,r denote the slope and intercept of

the rth (r ∈ Rv,k
i ) tangent line of the curve Q(ηv,ki ) at

tangent point ηv,ki , namely, pv,ki,r = −hv
i /(η

v,k
i )2, qv,ki,r =

Q(ηv,ki )− pv,ki,r · ηv,ki .

Fig. 3. Illustration of the outer-approximation method for Q(ηv,ki ).
Analogously, constraints (24) will be:

ev,ki = F (ηv,k
i ), ∀v ∈ V, i ∈ S̃k

v \ {|S̃v|} (51)

F (ηv,k
i ) ≥ ξv,ki,o · η

v,k
i + ζv,ki,o , ∀v ∈ V, i ∈ S̃k

v \ {|S̃v|}, o ∈ Ov,k
i

(52)
where ξv,ki,o and ζv,ki,o denote the slope and intercept of

the oth (o ∈ Ov,k
i ) tangent line of the curve F (ηv,ki ) at

tangent point ηv,ki . The detailed values for ξv,ki,o and ζv,ki,o

are calculated by equations (53)–(54), shown below:

ξv,ki,o =
m · (gvi + ωv

i ) · (ηv,k
i )n

24 · gvi · ωv
i

+
m · (n− 1) · hv

i · (ηv,k
i )n−2

24

− m · (n+ 1) · (gvi + ωv
i ) · (ηv,k

i )n

48 · gvi · ωv
i

,

∀v ∈ V, i ∈ S̃k
v \ {|S̃v|}, o ∈ Ov,k

i

(53)

ζv,ki,o = ev,ki −ξ
v,k
i,o ·η

v,k
i , ∀v ∈ V, i ∈ S̃k

v \{|S̃v|}, o ∈ Ov,k
i . (54)

Algorithm 1 Tangent lines generation for Q(ηv,ki )

1: Initialize tangent points set G =
{
(ηv,k

i )L, (ηv,k
i )R

}
;

2: [G] = FindTangentPoint((ηv,k
i )L, (ηv,k

i )R, ε1, G);
3: [pv,ki,r,1, q

v,k
i,r,1] = TangentLine((ηv,k

i )L);
4: [pv,ki,r,2, q

v,k
i,r,2] = TangentLine((ηv,k

i )R);
5: [ηv,k

i , Q̂(ηv,k
i )] = Intersection(pv,ki,r,1, q

v,k
i,r,1, p

v,k
i,r,2, q

v,k
i,r,2);

6: Error = |Q(ηv,k
i )− Q̂(ηv,k

i )|;
7: if Error ≥ ε1 then
8: G← ηv,k

i ;
9: [G] = FindTangentPoint((ηv,k

i )L, ηv,k
i , ε1, G);

10: [G] = FindTangentPoint(ηv,k
i , (ηv,k

i )R, ε1, G);
11: return G;
12: else
13: return G;
14: end if
15: for v ∈ V do
16: for i ∈ S̃k

v \ |S̃v| do
17: Rv,k

i = ∅; // tangent lines set
18: A = ∅; // slopes set
19: B = ∅; // intercepts set
20: [G] = FindTangentPoint(η, η, ε1, G);
21: for x ∈ Ω do
22: r = 0;
23: [pv,ki,r , q

v,k
i,r ] = TangentLine(x);

24: A← pv,ki,r ;
25: B ← qv,ki,r ;
26: Rv,k

i ← r;
27: r = r + 1;
28: end for
29: output pv,ki,r , q

v
i,v,k;

30: end for
31: end for

Algorithm 1 schematically illustrates the generation of
tangent lines for Q(ηv,ki ). Lines 1–14 determine a set of
tangent points for Q(ηv,ki ), and Lines 15–31 generate the
slopes and intercepts of corresponding tangent lines. In de-
tail, Line 1 gives the initial tangent lines set. Line 2 defines
a recursive function FindTangentPoint. TangentLine
function in Lines 3 and 4 finds the slopes and intercepts
of tangent lines at the given points ((ηv,ki )L, Q((ηv,ki )L))
and ((ηv,ki )R, Q((ηv,ki )R)). Intersection function in Line
5 calculates the coordinates of the intersection (i.e.,
(ηv,ki , Q̂(ηv,ki ))) of the above tangent lines. Lines 7–14
check whether the intersection should be added to the
tangent points set. In the following lines, for each AV at its
each visiting port, FindTangentPoint function is applied
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to find a set of tangent points. Then, for each tangent
point, TangentLine function is used to generate the slopes
and intercepts. The generation of tangent lines for F (ηv,ki )
is similar to that for Q(ηv,ki ). Hence, we omit the detailed
process for generation of tangent lines for F (ηv,ki ).

By replacing nonlinear constraints (23)–(24) with con-
straints (49)–(52), the optimization model of decision
period k can be formulated as an MILP model [M-k-1]:

min
∑
v∈V

∑
i∈S̃k

v

cvi · γv,k
i +

∑
v∈V

∑
i∈S̃k

v \|S̃v|

f · ev,ki

+
∑
v∈V

∑
i∈S̃k

v

∑
b∈Bv

i

φv
i · (av

i + bvi ) · βv,k
i,b

(55)

subject to constraints (22), (25)–(36), (41)–(44), and (49)–
(52).

B. Branch-and-cut algorithm
Although heuristic algorithms can efficiently generate

feasible solutions within an acceptable computational
time, they do not guarantee global optimality. Moreover,
the quality of the obtained solutions is often difficult
to evaluate, as the optimality gap (i.e., the difference
between the obtained objective function value and the
optimal objective function value) remains unknown [32].
Therefore, we develop an exact solution method, namely,
a tailored branch-and-cut method, to solve the MILP
model [M-k-1]. The branch-and-cut method is a combi-
natorial optimization technique that combines the branch-
and-bound framework with dynamically generated cutting
planes to solve MILP models. In our tailored branch-
and-cut method, all integer constraints in model [M-k-1]
are initially relaxed to obtain a linear relaxation model.
At each node of the branch-and-bound tree, the linear
relaxation model is solved, and the resulting solution falls
into one of the following three cases: (i) If the solution is
fractional, this node will be branched to generate two child
nodes. (ii) If the solution is integral and satisfies the given
approximation error of outer-approximation method, this
solution will be used to update the best upper bound.
(iii) If the solution is integral but violates the given
approximation error, new cutting planes generated by the
outer-approximation method will be added to the linear
relaxation model. Then, the updated linear relaxation
model will be resolved until either a fractional solution
is obtained or an integral solution that satisfies the given
approximation error is found.

In detail, at the root node, all integer constraints (36)are
relaxed. Besides, we only consider the subsets of tangent
line sets Rv,k

i and Ov,k
i for Q(ηv,ki ) and F (ηv,ki ), instead of

the whole sets denoted as constraints (50) and (52). The
constraints related to the subsets are stated as follows,
which are tangent lines of curves Q(ηv,ki ) and F (ηv,ki ) at
tangent points η and η:

Q(ηv,k
i ) ≥ pv,ki,r · η + qv,ki,r , ∀v ∈ V, i ∈ S̃k

v \ {|S̃v|} (56)

Q(ηv,k
i ) ≥ pv,ki,r · η + qv,ki,r , ∀v ∈ V, i ∈ S̃k

v \ {|S̃v|} (57)

F (ηv,k
i ) ≥ ξv,ki,o · η + ζv,ki,o , ∀v ∈ V, i ∈ S̃k

v \ {|S̃v|} (58)

F (ηv,k
i ) ≥ ξv,ki,o · η + ζv,ki,o , ∀v ∈ V, i ∈ S̃k

v \ {|S̃v|}. (59)

Then, the initial linear relaxation model will only con-
tain objective function (55), constraints (22), (25)–(35),
(49), (51), (41)–(44), (56)–(59), and continuous relax-
ations of constraints (36).

For any node in the branch and bound tree, if the
optimal solution is integral but violates the given approx-
imation error, new cutting planes will be added to reduce
the approximation error. Specifically, under a current
solution (ηk)∗ = ((ηv,ki )∗), if the difference between the
curve Q((ηv,ki )∗) and its tangent lines at any point (ηv,ki )∗

is larger than the predefined error ε1, i.e., Q((ηv,ki )∗) −[
pv,ki,r · (ηv,ki )∗ + qv,ki,r

]
> ε1, we will adding the cutting

plane at the point (ηv,ki )∗, as follows:

Q((ηv,k
i )∗) ≥ pv,ki,r · (η

v,k
i )∗ + qv,ki,r , ∀v ∈ V, i ∈ S̃

k
v \ {|S̃v|}. (60)

Besides, if the difference between the curve
F ((ηv,ki )∗) and its tangent lines at any point
(ηv,ki )∗ is larger than the predefined error ε2, i.e.,
F ((ηv,ki )∗) −

[
ξv,ki,o · (ηv,ki )∗ + ζv,ki,o

]
> ε2, we will adding

the cutting plane at the point (ηv,ki )∗, as follows:

F ((ηv,k
i )∗) ≥ ξv,ki,o · (η

v,k
i )∗ + ζv,ki,o , ∀v ∈ V, i ∈ S̃k

v \ {|S̃v|}. (61)

When all nodes in the branch-and-bound tree are
searched, the global optimal solution of optimization
model [M-k-1] will be found. After solving optimization
models in all decision periods, we can obtain the optimal
solution by combining the solutions in each decision pe-
riod. An optimal solution includes (ηvi )

∗, (γv
i )

∗, (βv
i,b)

∗,
(tvi )

∗, (evi )∗, (zvi,b,t)∗, (δvi,b,t)∗, and (yvi,b)
∗. By substituting

optimal solution into the objective function (19), we can
acquire the objective function value.

V. Numerical experiments
In this section, we conduct extensive numerical exper-

iments to demonstrate the effectiveness of the proposed
model and solution method. The proposed algorithm is
coded with PyCharm 2023.1.2, and the linear program-
ming models are solved by Gurobi 10.0.0. In our imple-
mentation, the cuts generated by the outer-approximation
method are dynamically added via the lazy constraint
callback mechanism of the Gurobi solver. All numerical
experiments are performed on a Windows PC with an Intel
Core i7-8700, 3.90 GHz CPU, and 32 GB RAM.

A. Experimental setup
We consider a two-week operational period, which is

split into 336 time slots and the length of each time slot
was set to one hour. We select seven ports served by
Zhonggu Logistics [33] as candidate visiting ports for AVs,
including Port of Dalian, Port of Tianjin, Port of Yantai,
Port of Qingdao, Port of Lianyungang, Port of Shanghai,
and Port of Ningbo. The distances between these seven
ports are calculated using information from the Ports.com
Website [34]. The mooring of AVs at berths requires
additional auxiliary sensing equipments. Hence, we assume
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that there are two berths suitable for AVs to moor at
each port. The capacity of all AVs is set as 1,000 TEU.
The numbers of containers unloaded from and loaded onto
AVs are generated based on the uniform distribution. In
practice, the loading and unloading tasks for these AVs
are generally handled by three quay cranes, each capable
of handling 40 TEU per hour [26], resulting in a container
handling efficiency ρvi of 1/120 hour/TEU. The dwell time
of AVs at ports is calculated based on the number of
containers being loaded or unloaded and the container
handling efficiency. The additional transportation cost of a
container caused by the berth deviation of AVs at ports φv

i

is set as 10 USD/TEU [35]. The fuel price f is set as 685
USD/ton [27]. The two fuel consumption coefficients m
and n in the fuel consumption function (8) are set as 0.01
and three, respectively [28]. The lower and upper bounds
of cruising speeds are set as η = 15 knots and η = 30 knots,
respectively. The sailing time disturbance θvi is randomly
generated within a specified range, with the maximum
disturbance set to 2. The penalty cost for the arrival time
delay of AVs at ports, cvi , is set as 8,000 USD/hour. We
assume that the acceleration and deceleration are equal,
both fixed at 80 nm/hour2. The number of visiting ports
|S̃v| in each decision period is set as three.

B. Computational results
To evaluate the performance and scalability of the

proposed branch-and-cut algorithm, we generate 13 case
groups with gradually increasing problem sizes. The
largest case group involves up to 24 AVs, each visiting 12
ports. Each case group is labeled using a two-field notation
“|V|-|Sv|”, where |V| denotes the number of AVs and
|Sv| represents the number of visiting ports per AV. For
example, case group “10-12” involves 10 AVs, each having
12 visiting ports. To mitigate the impact of randomness,
each case group comprises five independently generated
instances, resulting in a total of 65 instances.

The computational results are shown in Table I.
Columns “LB” and “UB” express the lower and upper
bounds, respectively. Specially, lower bound is the ob-
jective function value calculated by our branch-and-cut
algorithm. The upper bound is the objective function
value calculated by the exact values of solution. Column
“Gap(%)” calculates the relative gap between lower bound
and upper bound, i.e., (UB−LB)×100/LB, which reflects
the relative error of our model resulting from the applica-
tion of piecewise-linear approximation functions. Column
“TL” states the number of tangent lines generated by
branch-and-cut algorithm. Column “CPU (s)” gives the
computational time. From Table I, it can be observed that
as the case group size increases from 5-12 to 24-12, the
number of tangent lines (i.e., cuts) generated by the outer-
approximation method increases substantially, accompa-
nied by a corresponding increase in computational time.
Besides, for all case groups, the optimality gaps between
the lower and upper bounds are significantly less than
0.1%. This demonstrate the high reliability of the pro-
posed branch-and-cut algorithm, which incorporates the

outer-approximation method, in obtaining near-optimal
solutions. For small-size case groups, where the number of
AVs ranges from 5 to 10 and and each AV visits 10 or 12
ports, the branch-and-cut algorithm consistently obtains
high-quality solutions within 700 seconds. As the group
size increases to medium-size case groups (with up to 18
AVs and each AV having 12 visiting ports), the branch-
and-cut algorithm is still able to achieve near-optimal
solutions within one hour. These results highlight both the
computational efficiency and effectiveness of the proposed
branch-and-cut algorithm in solving small- and medium-
scale instances. For large-size case groups (e.g., 21-12 and
24-12), a notable increase in computational time (up to
around 8,000 seconds) is observed. This increase reflects
the growth in computational complexity as the number
of decision variables and constraints rises with problem
size. Nevertheless, the solution quality remains consis-
tently high, with optimality gaps still below 0.1%. These
results validate both the scalability and high reliability of
the proposed branch-and-cut algorithm in achieving near-
optimal solutions for large-scale instances.

TABLE I
Computational results of branch-and-cut algorithm

Case LB UB Gap (%) TL CPU (s)
5-10 3,164,710 3,164,727 0.0006 7,037 127.55
5-12 3,751,767 3,751,781 0.0004 8,944 158.12
7-10 4,611,228 4,611,245 0.0004 13,610 284.55
7-12 4,970,553 4,970,576 0.0005 17,498 347.15
10-10 7,126,407 7,126,424 0.0002 26,765 643.09
10-12 8,685,038 8,685,054 0.0002 35,067 678.80
12-10 7,364,695 7,364,712 0.0002 39,402 1,164.99
12-12 9,097,914 9,097,927 0.0001 50,801 1,355.68
15-10 10,462,682 10,462,698 0.0001 60,513 2,305.17
15-12 14,326,669 14,326,680 0.0001 77,782 2,676.29
18-12 14,561,170 14,561,179 0.0001 125,906 3,536.83
21-12 16,585,820 16,597,764 0.0720 162,000 4,633.60
24-12 17,105,652 17,105,663 0.0001 193,793 8,010.08

C. Comparison of branch-and-cut algorithm and Gurobi
We then compare the performance of our branch-and-

cut algorithm with Gurobi solver. When using Gurobi
solver, tangent lines for Q(ηv,ki ) and F (ηv,ki ) are generated
in one time, using Algorithm 1. The detailed computa-
tional results are reported in Table II. Column “Obj”
records objective function values obtained separately by
branch-and-cut algorithm and Gurobi solver. Column
“Gapo” gives the relative gap between these two objec-
tive function values. Column “TL” states the numbers of
tangent lines. Column “Ratio” represents the ratio of the
number of tangent lines generated by Gurobi solver to that
produced by branch-and-cut algorithm. Column “CPU”
shows the computational time. Column “Gapc” shows the
relative gap between the computational time of branch-
and-cut algorithm and Gurobi solver. In Table II, it is
obvious that the branch-and-cut algorithm consistently
outperforms Gurobi solver, consistently yielding supe-
rior solutions with lower objective function values across
all case groups. Notably, Gurobi consistently generates
a notably larger number of tangent lines compared to
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TABLE II
Computational results of branch-and-cut algorithm and Gurobi.

Case Obj Gapo
(%)

TL Ratio CPU (s) Gapc
(%)Gurobi BC Gurobi BC Gurobi BC

5-10 3,170,777 3,164,710 0.19 106,508 7,037 15.14 131.94 127.55 3.44
5-12 3,764,414 3,751,767 0.34 156,644 8,944 17.51 165.70 158.12 4.79
7-10 4,630,632 4,611,228 0.42 250,724 13,610 18.42 294.11 284.55 3.36
7-12 4,990,137 4,970,553 0.39 358,301 17,498 20.48 373.49 347.15 7.59
10-10 7,145,572 7,126,407 0.27 613,527 26,765 22.92 879.24 643.09 36.72
10-12 8,716,677 8,685,038 0.36 890,561 35,067 25.40 971.24 678.80 43.08
12-10 7,407,271 7,364,695 0.58 965,429 39,402 24.50 1,206.12 1,164.99 3.53
12-12 9,124,021 9,097,914 0.29 1,421,479 50,801 27.98 1,556.88 1,355.68 14.84
15-10 10,497,903 10,462,682 0.34 1,680,547 60,513 27.77 2,590.45 2,305.17 12.38
15-12 14,400,764 14,326,669 0.52 2,457,989 77,782 31.60 3,293.23 2,676.29 23.05

the branch-and-cut algorithm. Besides, the ratio of the
number of tangent lines generated by Gurobi solver to
that generated by branch-and-cut algorithm can exceed
25 in larger case groups, such as case groups 12-12, 15-
10, and 15-12. Moreover, with the increase in the case
group size, the computational times of Gurobi solver and
branch-and cut algorithm all rise significantly. However,
our branch-and-cut algorithm is always superior to Gurobi
solver in the computational time of all cases. These results
demonstrate the effectiveness and efficiency of our branch-
and-cut algorithm.

D. Comparison of branch-and-cut algorithm and the greedy
algorithm

TABLE III
Computational results of branch-and-cut algorithm and

greedy algorithm.

Case Obj Gap
(%)

CPU (s)
Greedy BC Greedy BC

5-10 3,949,231 3,164,710 24.79 13.95 127.55
5-12 4,854,892 3,751,767 29.40 17.27 158.12
7-10 5,912,396 4,611,228 28.22 22.38 284.55
7-12 6,251,729 4,970,553 25.78 27.67 347.15
10-10 10,171,861 7,126,407 42.73 37.98 643.09
10-12 12,778,144 8,685,038 47.13 46.38 678.80
12-10 9,134,740 7,364,695 24.03 49.68 1,164.99
12-12 11,291,717 9,097,914 24.11 62.17 1,355.68
15-10 14,158,917 10,462,682 35.33 71.41 2,305.17
15-12 22,930,158 14,326,669 60.05 88.25 2,676.29

We then compare the branch-and-cut algorithm with a
heuristic method, i.e., a greedy algorithm that simulates
the most commonly used “first-come-first-served” policy,
where port operators typically prioritize berth allocation
according to the vessels’ arrival times [35], [36]. The
comprehensive computational results are presented in Ta-
ble III. Column “Obj” gives the objective function values.
Column “Gap” calculates the relative gap between objec-
tive function values of the greedy algorithm and branch-
and-cut algorithm. Column “CPU” states the computa-
tional time. Table III shows that, although the computa-
tional speed of the greedy algorithm surpasses that of the
branch-and-cut algorithm across all case groups, the solu-
tions produced by the greedy algorithm are significantly
worse than those obtained by branch-and-cut algorithm.
Specifically, the objective function values derived from the

greedy algorithm are notably larger compared to those ob-
tained by the branch-and-cut algorithm. Furthermore, as
the size of case group increases, there is a general growing
trend of relative gaps in objective function values of these
two approaches. These computational results demonstrate
the effectiveness of our branch-and-cut algorithm.

E. Computational performance of branch-and-cut algo-
rithm with different numbers of ports per decision period

We further evaluate the computational performance of
the proposed branch-and-cut algorithm under different
numbers of visiting ports in each decision period within
the rolling horizon framework. An instance from case
group 10–12 is selected for this analysis, and the com-
putational results are illustrated in Fig. 4. From Fig. 4,
it can be found that increasing the number of visiting
ports in each decision period leads to a reduction in the
objective function value but an increase in computational
time. This is because a larger number of visiting ports in
each decision period enhances the likelihood of achieving
a global optimal solution, thereby causing a decline in
the objective function value. However, it also increases
the problem size and computational complexity, result-
ing in longer computation times. Specifically, when the
number of visiting ports increases from two to three,
the objective function value drops dramatically, while the
computational time increases only slightly. In contrast, as
the number of visiting ports ranges from three to seven,
the reduction in the objective function value is relatively
moderate, whereas the computational time rises sharply.

Fig. 4. Impact of the number of visiting ports in each decision period.

F. Sensitivity analysis
In this section, we conduct sensitivity analysis using

the same instance from case group 10–12 to examine the
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impacts of sailing time disturbances, penalty costs for
arrival time delays, and fuel price.

Fig. 5. Impact of the sailing time disturbance.

1) Impact of the sailing time disturbance: We investi-
gate the impact of sailing time disturbances by varying
their maximum values from 0 to 5. The detailed com-
putational results are illustrated in Fig. 5. In Fig. 5,
labels “Obj1”, “Obj2”, and “Obj3” represent the total
penalty cost for arrival time delays of AVs, total fuel
consumption cost, and total additional transportation cost
of containers caused by berth deviations, respectively. The
label “Obj” refers to the total cost, which is the sum of
the three aforementioned costs. The label “DT” gives the
total arrival time delay of AVs. As shown in Fig. 5, both
the total fuel consumption cost and the total cost increase
as the maximum sailing time disturbance expands from
0 to 5. However, the total additional transportation cost
of containers remains zero in all cases, indicating that all
AVs successfully moor at their initially allocated berths
without any deviations. Notably, when the maximum sail-
ing time disturbance ranges from zero to 1, both the total
arrival time delay and the total penalty cost are zero. This
suggests that AVs manage to arrive punctually at ports
by adopting higher sailing speeds, even at the expense
of increased fuel consumption. However, as the maximum
sailing time disturbance continue to expand, both the
total arrival time delay and the total penalty cost grow
significantly. This indicates that AVs are no longer able to
avoid delays by sailing at higher speeds, as higher speeds
result in disproportionately greater fuel consumption. In
particular, when the maximum disturbance reaches 5, the
total arrival time delay accumulates to 14 hours. These
findings highlight the substantial impact of sailing time
disturbances on AV operations.

2) Impact of the penalty cost for the arrival time delay:
The computational results with different penalty costs
for arrival time delays are illustrated in Fig. 6. When
the penalty cost increases from 3,000 USD/hour to 8,000
USD/hour, the total arrival time delay decreases sharply
from 437 hours to one hour. Meanwhile, the total fuel con-
sumption cost increases accordingly. This indicates that
AVs tend to sail at lower speeds to reduce fuel consumption
when the penalty cost is relatively low, but this comes at
the expense of significant deviations from their expected
arrival times. As the penalty cost increases beyond 8,000
USD/hour, the total arrival time delay stabilizes at one
hour. Notably, the total cost first decreases as the penalty

cost increases from 3,000 USD/hour to 8,000 USD/hour,
but begins to increase as the penalty cost continues to
grow. These findings highlight the importance of appro-
priately setting the penalty cost to ensure the punctual
arrival of AVs at ports while maintaining a relatively low
total cost.

Fig. 6. Impact of the penalty cost for the arrival time delay.

3) Impact of the fuel price: Fig. 7 presents the compu-
tational results with varying fuel prices. As the fuel price
increases from 550 USD/ton to 800 USD/ton, the total
arrival time delay of AVs remains constant at one hour,
while the total fuel consumption cost rises accordingly.
This indicates that the punctuality of AVs arriving at ports
can be maintained although the total fuel consumption
cost increases to a certain extent. However, when the fuel
price exceeds 800 USD/ton, both the total arrival time
delays and the total fuel consumption cost experience an
increase. This suggests that under excessively high fuel
prices, AVs tend to adapt lower sailing speeds to save
fuel consumption cost, which in turn compromises their
punctuality at ports. These findings highlight the trade-
off between the total penalty cost for arrival time delays
(reflecting the punctuality) and the total fuel consumption
cost.

Fig. 7. Impact of the fuel price.

VI. Conclusions
In this study, we focus on a dynamic AV speed optimiza-

tion and berth reallocation problem under the collabora-
tion between liner shipping companies and port operators
at the operational stage, which aims at mitigating the
impact of stochastic disturbances on the designed sched-
ule. Specifically, sailing speeds of AVs at each leg are
dynamically adjusted to reduce the arrival time delays
caused by stochastic disturbances. Besides, when the al-
located berths are unavailable for AVs due to arrival time
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delay, the berth for AVs are reallocated. To meet real-time
operational requirements, a rolling horizon framework is
employed. In each decision period, an MINLP model is
formulated to optimize decisions about sailing speeds and
berth reallocation, with the objective of minimizing the
total cost. Several linearization techniques are applied to
transform the MINLP model into the MILP model. Then,
a tailored branch-and-cut algorithm is developed to solve
the MILP model, where cutting planes are dynamically
generated by an outer-approximation method.

The efficiency and effectiveness of proposed model and
solution algorithm are evaluated through extensive numer-
ical experiments. The computational results demonstrate
that our model and solution algorithm can efficiently
solve the problem and provide a reliable solution. We
further validate the effectiveness of our proposed algo-
rithm by comparing it with Gurobi solver and a greedy
algorithm simulating the “first-come-first-served” princi-
ple. The computational results indicate that the proposed
algorithm outperforms both the Gurobi solver and the
greedy algorithm in terms of solution quality. Finally,
we perform sensitivity analyses to examine the impacts
of the sailing time disturbance, the penalty cost for the
arrival time delay, and the fuel price. The experimental
results provide several valuable managerial insights. First,
greater sailing time disturbances significantly increase the
total arrival time delay, especially when the disturbance
exceeds a certain threshold. Second, lower penalty costs for
the arrival time delay may encourage AVs to adopt more
energy-efficient sailing speeds, which helps reduce the total
fuel consumption costs but compromises their punctuality
at ports. Third, higher fuel prices lead AVs to prioritize
fuel efficiency by sailing at lower speeds, which in turn
reduces their punctuality at ports.

There are several potential directions for future re-
search. First, this study does not consider quay crane as-
signments, which may affect the cargo handling efficiency
of AVs and disrupt their schedules. A natural extension of
this work would be to integrate speed optimization, berth
reallocation, and quay crane scheduling into a unified op-
timization framework. Second, the optimization problem
in each decision period is deterministic, which may not
fully captured the uncertainties of disturbances. To more
accurately reflect such uncertainties, future research could
consider robust or stochastic programming formulations.
Third, although the proposed branch-and-cut algorithm is
capable of producing high-quality solutions for both small-
and large-scale instances, its computational efficiency be-
comes limited when solving large-scale instances. Future
work could explore more efficient solution methods.
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