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ABSTRACT. This paper studies the asymptotic error distributions of several
symplectic and non-symplectic methods for stochastic Hamiltonian systems.
Focusing on stochastic Hamiltonian systems driven by additive noise, we obtain
the asymptotic limit of the normalized error distribution of the #-method (0 €
[0,1]) that is symplectic if and only if § = % The upper bound for the second
moment of the asymptotic error distribution suggests that the midpoint method
may minimize the error constant of the #-method over a large time horizon T
Furthermore, we take the linear stochastic oscillator as a test equation and
investigate exact asymptotic error constants of several symplectic and non-
symplectic methods. Our result implies that in the long-time computation,
the probability that the error deviates from zero decays exponentially faster
for the symplectic methods than for the non-symplectic ones.

1. Introduction. Consider the following 2d-dimensional stochastic Hamiltonian
system:

X} 0 I 1 32 —~(0 I 1 y2 k
d x2) =1, DH (X}, X7)dt + ) 1, o) PHe(X] XE) o dW,
k=1

(1.1)
for t € [0,7) with the initial value (X3, X2) € R? x R, Here, H, Hy,...,H,, :
R2? — R are the Hamiltonians and W = (W' ..., W™)T is an m-dimensional
Brownian motion defined a complete filtered probability space (Q, F AFt}epo,r IE”)
with the filtration {F;};c(o,r) satisfying the usual conditions. One of the most
intrinsic properties of (1.1) is that its phase flow preserves the symplectic structure

2020 Mathematics Subject Classification. Primary: 60H35; Secondary: 65C30, 65P10.

Key words and phrases. Asymptotic error distributions, central limit type theorem, stochastic
Hamiltonian system, symplectic method.

The first author is supported by National key R&D Program of China (No. 2020YFA0713701),
and by the National Natural Science Foundation of China (Nos. 11971470, 12031020, 12171047).

*Corresponding author: Derui Sheng.

(© 2025 The Author(s). Published by AIMS, LLC. This is an Open Access article under the
CC BY license (http://creativecommons.org/licenses/by/4.0/).

447


http://dx.doi.org/10.3934/dcds.2025148
mailto:hjl@lsec.cc.ac.cn
mailto:liangge2020@lsec.cc.ac.cn
mailto:derui.sheng@polyu.edu.hk
http://creativecommons.org/licenses/by/4.0/

448 JIALIN HONG, GE LIANG AND DERUI SHENG

in phase space, i.e., dX} AdX? = dX§ AdXE for t € [0,7] and almost surely w €
(see, e.g., [1]). Such a property is called symplecticity, which implies that the sum
of the oriented areas of the projections of phase flow onto each coordinate plane
(zi,y:), 1 =1,2,...,d, is invariant.

Stochastic Hamiltonian systems have numerous applications in various fields,
including chemistry, physics, and celestial mechanics. A basic principle in designing
efficient numerical methods for (1.1) is that the numerical method should preserve
the symplecticity of the phase flow of (1.1). Such a numerical method is called a
symplectic method, originating from the pioneering work of Milstein et al. (see,
e.g., [18]). Extensive numerical simulations (see, e.g., [8, 12, 13, 26]) show that
when applied to stochastic Hamiltonian systems, symplectic methods exhibit long-
time stability compared to non-symplectic methods. The underlying mechanism
behind the superiority of symplectic methods for stochastic Hamiltonian systems
has attracted considerable attention recently. Inspired by deterministic systems,
some studies have explained the long-term stability of symplectic methods through
modified equations and backward error analysis techniques (see, e.g., [26, 27]). From
a probabilistic standpoint, [6, 7] investigated this issue by proving that symplectic
methods can asymptotically preserve the large deviation principles of key physical
observables associated with stochastic Hamiltonian systems, while [5] addressed this
issue from the perspective of the law of iterated logarithm. Following this research
line, we study the asymptotic error distributions of numerical methods to reveal the
long-time superiority of symplectic methods over non-symplectic ones for stochastic
Hamiltonian systems.

When the normalized error process of a numerical method converges in distribu-
tion to a limiting process as the stepsize vanishes, the limit distribution is referred
to as the asymptotic error distribution. This kind of weak convergence result can
be viewed as a central limit type theorem (see, e.g., [14]), which reduces to the
classical central limit theorem when the asymptotic error distribution is Gaussian.
Fruitful results have been established for various stochastic systems. For instance,
[17] proved that for stochastic differential equations with Lipschitz nonlinearity
and multiplicative noise, the normalized error process {vVNU} }eejo,r) of the Eu-
ler-Maruyama method converges in distribution to some process U = {U; }iejo,17-
This result was later extended in [22] to equations with locally Lipschitz nonlinear-
ities. The exact rate of convergence of numerical methods for differential equations
driven by fractional Brownian motion was investigated in, e.g., [15, 19, 28, 25]. For
more related works, we also refer to [10, 21] for the Euler method of stochastic
Volterra equations and to [11] for the accelerated exponential Euler method of sto-
chastic partial differential equations. Beyond numerical accuracy, asymptotic error
distributions provide deeper insights into the error structure of numerical methods
[2]. Prior work established that the limiting error process for the Euler-Maruyama
method forms a gradient in the Dirichlet form sense, enabling error analysis via local
Dirichlet forms [3, 4]. The error structure plays a crucial role in error propagation
in Monte Carlo simulations, particularly in financial modeling (see, e.g., [3]).

In this work, we focus on the stochastic Hamiltonian system with additive noise
(i.e., (1.1) with affine Hy, k = 1,...,m) and study the asymptotic error distribution
of the #-method ( € [0,1]). The #-method is symplectic for (1.1) if and only if
0 = %, corresponding to the midpoint method. Since this method exhibits first-
order strong convergence for the additive noise case, the normalized error is defined
using a normalization constant N, rather than /N that is commonly used for
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the multiplicative noise case (see, e.g., [17, 22]). The normalized error process
can be decomposed into a negligible part that vanishes identically in probability
and a dominant part that converges in distribution to the solution of a stochastic
differential equation. This suggests that the sharp strong convergence order of the
@-method is 1 for (1.1) with additive noise, regardless of the value of € [0, 1]. We
further provide in Theorem 2.7 an upper bound estimate for the second moment of
the asymptotic error distribution, which depends on 6 and 7. This upper bound
is minimized when 0 = % for large T', which implies that the midpoint method has
the smallest asymptotic error constant among all #-methods.

Inspired by [6], we take the linear stochastic oscillator as a test equation to further
investigate the exact asymptotic error constants of its numerical methods. In detail,
we derive the error constant K7 for several concrete symplectic and non-symplectic
methods for the test equation, and find that the growth of Kr is approximately
proportional to T for the symplectic methods and to T for the non-symplectic
methods. Consequently, at the scale €, the probability that the error deviates from
zero decays exponentially faster for symplectic methods than for non-symplectic
methods. This comparison suggests that the considered symplectic methods exhibit
superior long-term performance over their non-symplectic counterparts for the test
equation, particularly in terms of their asymptotic error distribution. Based on these
findings, we plan to extend our investigation to the error structure of symplectic
methods for stochastic Hamiltonian systems in future work.

The rest of this paper is organized as follows. In section 2, we establish the
asymptotic error distribution of the #-method for (1.1) with additive noise. By
taking the linear stochastic oscillator as a test equation, we further study the exact
asymptotic error constants of several symplectic and non-symplectic methods in
section 3. Numerical experiments are finally performed in section 4 to verify the
theoretical results. Throughout the paper, we denote by D the derivative operator
and by C' a generic constant which may change from occurrence to occurrence. We
will explicity write C(T,p,o,---) to emphasize the dependence of the constant C
upon the parameters T, p, o, - -

2. Asymptotic error distribution of §-method. In this section, we investigate
the asymptotic error distribution of the normalized error for the #-method applied
to the stochastic Hamiltonian system (1.1) with additive noise. Specifically, we
consider the following model

dX, = b(X,)dt + odW,, te[0,T], (2.1)

where o € R24X™ ig a constant matrix and

. . (0 I
b:=J-DH with J.—(_Id 0).

The following assumption ensures that b : R?¢ — R?¢ has bounded derivatives up
to order 3.

Assumption 2.1. Assume that H : R??* — R is four times differentiable and that
there exists some constant C' > 0 such that for any x € R?<,

ID*H (x)|| + | D*H(2)|| + || D*H(2)| < C.
Examples of H fulfilling Assumption 2.1 include

1 .
H(z) = ||z||?, H(z)= §||gc||2 +sin(z1), 2= (21,...,T2q) € R*.
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By introducing a uniform partition of [0, 7] with stepsize h = %, where N € N,
the 6-method applied to (2.1) reads

R = R0+ m (0% + (1 - 0XY) + oaw, )
Xév’e = X,

where AWy, := Wyypyn — Wen, k= 0,1,..., N — 1. We define the continuous
version of the f-method (2.2) as

+ t
Xth‘g:XO+/ b(ZéV"’)ds+/ ocdWs, tel0,T],
0

where ZN0 := OX 30 + (1= 0)X 70, L(s) := |s/h]h, and R(s) := [s/h]h. Here,

|-] and [-] represent the floor and ceiling functions, respectively. It is clear that
X0 =X for ke {0,1,...,N}.

Remark 2.2. In view of the fundamental convergence theorem (see [18, Theorem
1.1.1]), for any p € Ny,

E[| X, — X;"?|?] < C(p, T)h* Y te[0,T]. (2.3)

Remark 2.2 reveals that the error of the #-method for (2.1) has first-order con-
vergence of accuracy, which motivates us to define the normalized error process

UM = N(x, - xN?), telo,T). (2.4)

To obtain the limit distribution of (2.4), we introduce an auxiliary process UNo =
(UMt €[0,T]} via

/Db )UN9d3+N/ TN Dop(X N0 b(XN0)ds (2.5)
+N/ Db(X}))oSNds

+N/ D*b(X ) (0(Ws = Wis), oS27)ds

N/ -
D*(X} %) (05N, 05N d ZIN"

where
TN = (1-6)(s — L(s)) — 0(R(s) — 5),

(2.6)
S0 = (1= 0)(Ws — Wig)) —0(Was) — Ws).

The following lemma shows that the normalized error process UMY has the same
limit distribution as the auxiliary process UN? if either of them converges in dis-
tribution.

Lemma 2.3. Let Assumption 2.1 hold. Then for any 6 € [0,1], we have

lim E| sup UMY —UN?|?| =o.
N—o0 0<t<T
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Proof. By the mean value theorem,
UMt = N/ b(X,) — b(XN)ds + N/ b(XN?) —b(ZN0)ds
- N/ Db(X,) (X, — XN ds

- N/ / (1 —&)D%e(Xq, XN (XN — X, XN — X,)deds
0 JO

+ N/Ot Db(XNO)(XN0 — ZN9)ds

R e A S A o
0 JO

3
SO A0
=0

2.7)

where D2be(Y,Y) := D2b((1 — €)Y +£Y) for € € [0,1] and any two 2d-dimensional
vectors Y and Y. In view of X0 — ZN:0 = p(ZN-9)TN-6 4 58N0 we can further
obtain that

Ry (1)

—N/ TNeDb(XN")b(XN")ds—i-N/ TN Db(XN0) (b(ZX0) — b(X %)) ds
+N/ Db(X 1Y) asN9d5+N/ D2b(X ) (0(Wys = Wis)),0820)ds
+N/ D*(X70) / b(Z;Vﬂ)dr,aS;Vﬂ)ds

L(s)
N9
+N/O/O (Dbe(X 5, X20) = D2b(XL( )))(XN" L(), oS0 deds,
and
RYO(5) =— N / (T)2 / — €)De (XN, ZN0) (b(ZN0), b(Z10)) déds

—2N/ TN"/ be (X0, ZN0) (b(Z]0), 0SN)déds

L(s)

—N// (1= D*b(X 7)) (oSN, oSN 7)deds.

It follows from (2.5) and (2.7) that

+N/ / (1-¢) (D% XN") D?be (XN, ZN9)) (oSN, 55N0)d¢ds

UN,@ B UN,9

/ Db(X)(UNO — TN ds + RY“(t)
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t
N [ TP (Z) - b)) as
0
t s
LN / p2(x ) ( / b(Z2)dr, o5} ) ds
L(s)

+N// (D2be(X 70, XN0) = D2b(X ) (X0 = X700, 0SM) deds

- [y / (1 D2e(X N0, 239 (W 2N, b2 ) deds
—2N/ TN*‘)/ (1= &D?e(XN0 ZN0) (b(ZN?), 05 %)d¢ds

+N// (1= )(D*b(X70) = D*be (X0, Z2N0)) (0SN7, SN0 déds

6
/ DH(X,) (UM — TN)as + BV () + 3 7). (2.8)

J
j=1

In view of (2.3), we have

T 2
E[ sup ||R{V’9(t)2} < CNQEK/ | X N0 —XS|2ds> ] < Ch%.
0<t<T 0

Note that each of the terms {J;V’O(t),j =1,2,...,6} in (2.8) has strong convergence
order at least 1/2, i.e., there exists some consant C' > 0 independent of h such that
forany j =1,2,...,6,

E[ sup_[lJ ()H <cn. (2.9)

0<t<T

We illustrate (2.9) by taking j = 6 as an instance. By the mean value theorem and
the boundedness of D3b = JD*H under Assumption 2.1, one has

) N/// (1= ODB(CXNY + (1= (1 — X0 4 €250))
(X0 — (= OXN = ¢zN0 55N, aS;V»")dgdgds.

The bound (2.9) for j = 6 then comes from the relation ZN-¢ = HXR( )+(1 0)X, ( )

and the fact that {X}"? ¢ € [0,7]} is 1/2-Holder continuous in time in LP(€2; R2)
for any p > 1. Hence, it holds that

E[ sup [|[UN? _ﬁgvveuz}

0<s<t

< CIE{ sup

0<s<t

/ Db(X,) (TN — U”drH]+0h

gc/ { sup TN — Ug“’||2]ds+0h,
0

0<r<s
which, together with the Gronwall inequality, finishes the proof. O
In the sequel, we denote by * 4 the convergence in distribution for random

variables. Let {Y;,}22; be a sequence of random variables with values in a metric
space (F,dg), all defined on (2, F,P). Let (2, F,P) be an extension of (2, F,P) and
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let Y be an E-valued random variable on the extension. We say that Y,, F-stably
converges in law to Y if
E[Zf(Yn)] = E[Zf(Y)]
for all bounded and continuous f : E — R and all bounded random variables Z on
(Q, F), where E denotes the expectation with respect to P.
The following lemma is a variant of Slutsky’s theorem.

Lemma 2.4. Let {X,}22, and {Y,}52 be two sequence of E-valued random vari-
ables. Assume that X,, converges F-stably in law to X, and the distance dg(Yn, Xy)
converges in probability to 0. Then'Y, also converges F-stably in law to X.

Proof. Let f : E — R be a bounded and Lipschitz continuous function with Lips-
chitz constant K, i.e.,

[f(2) = f(Y)| < min{Kdg(z,y),2[|fl|L~@m)} V2ycF.

Then, by the Vitali convergence theorem, we have that for any bounded random
variable Z,
lim [BIZf(Y,)] ~ EIZf(X,)]| = 0.

This result, combined with the fact that X,, converges F-stably in law to X, implies
lim [E[Z[(Ya)] - E[Zf(X)]| = 0. (2.10)

Now, let f : E — R be a bounded and continuous function. We can find two
sequences of bounded and Lipschitz continuous functions, {fx}72, and {gx}32,,
such that fi increases monotonically to f (fx T f) and gi decreases monotonically
to f (gr 4 f) as k — oo. Then, from (2.10), for any nonnegative bounded random
variable Z,

liminf E[Zf(Y,)] > liminf E[Z f(Y,)] = E[Zf(X)] VEk=1,2,...
n—oo n—oo
Passing to the limit as k — oo in the above inequality yields
liminf E[Z f(Y,,)] > E[Zf(X)].
n—oo

Similarly, by utilizing the sequence gy, we can show that for any nonnegative
bounded random variable Z,
lim sup E[Z (V)] < B[Zf(X)].

n—oo
The above two inequalities together establish (2.10) for any nonnegative bounded
random variable Z and any bounded, continuous function f : F — R. For a
general bounded random variable Z, we can express it as Z = ZT — Z~, where
ZT =max{Z,0} and Z~ = —min{Z, 0}, and apply the previous result to Z* and
Z~ separately. The proof is completed. O

To identify the limit distribution of the normalized error process UMl or equiv-
alently that of the auxiliary process U.N’o, we next prepare for the convergence of
the terms IZ»N ’9, i=1,2,3,4, as the discretization parameter N goes to infinity.

Lemma 2.5. Let Assumption 2.1 hold. Then we have the following results.
(1) For any t € [0,T], IZ.N’Q(t) converges to I?(t) in L2(Q;R??) as N — oo for
i=1,3,4. Here, I?,i =1,3,4 are defined as

)= 50 | DXL )H(X.)ds,
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1—9
13( Z/ D2 O’ k,O’ k)d
m

II(t) == — (I_QOWZ/ D?b(X,) (0. g, 0. )ds.
(2) Iév’e F-stably converges in law to I§ in C([0,T];R??) with
I8(t) == / Db(X,)odW, + —T/ Db(X,)odW,, te[0,T] (2.11)
where {Wt, t €[0,T]} is an m-dimensional standard Brownian motion independent

of {Wy,t €[0,T]}.

Proof. We estimate the terms {ING( t),i=1,2,3,4} separately.
Estimate ofIfV’ (t). Since NTNY =T (& — | &2]) — 0T, we have

M) = T/Ot b(ngﬂ)b(ngﬂ){Ns L—J}ds - QT/Ot Db(XNO)p(XN0)ds.

By Remark 2.2 and the uniform boundedness of Db and D?b, for any t € [0, T],

t
lim IE/ | Db(XNYp(X V) — Db(X,)b(X,)|]?ds = 0.
0

N—oc0

Then applying [11, Proposition 4.2] yields that limy e I20(t) = I? () in L2(€2; R?).
Estimate of I)"?(t). By (2.6) and the stochastic Fubini theorem, it holds that

R(s)
0t = (1-6) N/ / Db(X (%) )odW,ds — eN/ / Db(X 0 )odW,ds
=L+ 1)

for any t € [0, 7], where

D) :=(1-6 N/ Db(X 7))o (R(r) = r)dW,

,eN/ Db(X ) o(r — L(r)dW,,

B = -(1-ON L(t)Db(Xﬁfﬂ o(B(1) )W,

R(t)
_oN / XN )l — L(t)) AW,

Denoting by TQN’Q’k(t) the kth entry of fQN’o(t), we have

fN,e,k(t)
2d m Ns Ns )
—TZZUH/abk X” L J—T+1—9}dwg, k=1,...,2d.

=1 j=1
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For v e {1,...,m} and p € {1,...,2d}, the cross variation process between IN O
and WY is
Ns Ns
TN,0, 1 v 1L N 0 IR B _
(IO vy / aibk( ))a“,T{LTJ =+ 1 9}ds,
which combined with [11, Proposition 4.2] and Remark 2.2 leads to
( t 2d
N 6 Iy 14 _ ;L 3 2 .
Jim (17 W), = / Zab $oiyds in L2(Q;R).  (2.12)
Similarly, it holds that for any wu,x € {1,...,2d},
;@J@W@W»
6 (2.13)
+ T2 Z Z/ azlb 8121) ( )Uil,jaig,jds-
11,t2=1 j=1
Based on (2.12) and (2.13), and by applying [16, Theorem 4-1], we deduce that
there is an M-biased F-conditional Gaussian martingale 1§ = (120’1, 13’2, . ,1-20,201)

on some extension of (2, F, {ft}te[o,T] ,IP) such that IAQN’Q converges F-stably in law
to I§, and satisfies

(100, Oy, — 6° T2 Z Z/ )0,V (X )04, 0y 5ds,

i1,t2=1j=1
t 2d

<I§’“,W”>t—(1‘29 / D00 (X,)onas,

where p, ;1 € {1,...,2d} and v € {1,...,m}. Furthermore, [16, Proposition 1-4]
indicates that I9(¢) can be expressed in the following form:

1-20)T [* ¢ —
(% / Db(Xs)odWS+§T / Db(X.)odIT,,
0 0

where W is an m-dimensional Brownian motion independent of W. This result,
coupled with the convergence of I to 0 in L2(€2; C([0, T]; R24)), establishes that
Iév’e converges F-stably in law to I§ in C([0, T]; R??) (see Lemma 2.4).

Estimate of I,/ (t). By (2.6), we divide I."?(t) = Ié\’rl’e(t) + Igéa(t), where

LYW =01-0 N/ D?b( (e(Wa = Wi(e), o (Ws = Wi()))ds,

= 70N/ D?b( L(S) (W Wis)), o(Whrs) *We))ds.

Furthermore, we have

I?],V19 (1- Z ZN/ iy b( s))U’Ll kO j1, k(W WL(S)) ds+(1-0)

i1,51=1 k=1

Z Z N/ Diy,2 b L(s))011,12ajl7]2(W WF(S))(W Wﬁs))d

i1,j1=112,j2=1
1272
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N6 2N,6
=131 (t) + I35 (1)

By the relation d(W/W}) = WidW} + WjdW} + &; ;dt for 4,5 € {1,...,m} and
the stochastic Fubini theorem, we obtain
N0
I377(t)

Z Z/ iy, b( L(r))alhkgh k(W WL(T))(R(T) Nt — T)dWJ-C

11,J1=1 k=1

Z Z/ 811 ]1 L(s )011 kO j1, k<]?—[fw8 L%J)ds

i1,j1=1 k=1
1311()+1312()

and
IR0

0 )
E § / i1,510 L(r))o-ilﬂé Oj1,ga (R(r) At — 7")(erl2 - L(r))dVV]2
i1,J1=1142,j2=1
i27#£]2

N,6 1

(1-0)N E E / i1,510 L(r))gihiz Tirga (R(r) ANt =) (sz W[],Q(r))dWrz
11,J1= 17,2 ‘7;2 1
i2#j2

0 0
= Ié\,]l,li(t) + 151,4(t)~

Analogous to the estimate of I:""?(¢), it can be shown that

lim I, (t 7T D2y( =I{(t) inL*(Q;R*
Jim 1Y, Z / Voo )ds = (1) in L2(Q:B),
since Db = JD*H is uniformly bounded due to Assumption 2.1. Moreover,

limy 00 Iévl = 0 in L2(Q;C([0,T);R?9)) for i € {1,3,4}. Hence, for any fixed
te€0,T7,

lim I23%(t) = I9(t)  in L2(Q;R?). (2.14)
N—oo 77

By the stochastic Fubini theorem,

Y (t) = N Z //L< 0iy 1 (X 1 ()01 120513 (W2 = W2 ) dsd W2

11,i2=112,j2=1
R(t) ft o _
— 6N Z Z / / 0iy,i DX (1)) Ti1,i2 051 50 (Wa2 — W2, )dsd W2,

11,i2=1192,j2=1 L(t)
from which we obtain that limy_, Igz’e = 0 in L2(€;C([0,T]; R??)). This along
with (2.14) proves the convergence in L2(Q; R??) of Iév’e(t) to I§(t) for any fixed
te€0,T).

Estimate of IN’G( t). For the term I."%(t), we have

) = - /D2 (XN (Ws = Wi(e))s o (W, = W) ds

1 - 9/ D2 L( ) (W WL(S)) (WR(S) - Ws))ds
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- —92/ D?b( Xiv(f o(Wgsy = Ws),0(Wg(s) — WS))ds.

The first term and third term on the right hand side can be estimated similarly
to Ié\f 1’9(15); while the second term on the right hand side converges to 0 (see the

estimate of Ié\f (). As a result, we derive that

1—20+205)T
lim I)V0(t) = _(1=20+20)T + / D*b(X) (0., 0.1)ds  in L2(Q;R?*).
N—00
The proof is completed. O

Combining Lemmas 2.3 and 2.5, we can conclude the asymptotic error distribu-
tion of the #-method (2.2) for (2.1).

Proposition 2.6. Let Assumption 2.1 hold and 6 € [0,1]. Then for any t € [0,T7,
UtN’e converges to Uf in distribution. Here, U satisfies the following equation

t _ t
Ul :/ Db(Xs)Ujds+w/ Db(X)b(X;)ds
/ Db(X)odW, +—T/ Db(X)adW,

1—22
—I—( 0 /D2 O'k,O'k)d

where {Wy,t € [0,T]} is an m-dimensional standard Brownian motion independent
of {Wy,t € [0, T}

Proof. We introduce a process YN = {UMN"? t € [0,T]} by
t
Uy’ = / Db(X)UNOds + I7(t) + I5(t) + I0(t) + I, (¢). (2.15)
0

Here, 19(t), I{(t), and I{(t) are precisely as defined in Lemma 2.5(1), while 12 (¢)
is given by (2.5). Comparing (2.5) and (2.15), we can infer that

E |10 -uM)] <c / B [T -y s+ :ZE [IAOESHOI]E

Applying Gronwall’s inequality yields

E[I0 -] < 30 m[IMw - 1)l

i=1,3,4
e / [129(s) — 12(5)]] .
1=1,3,4
Note that for each fixed i € {1, 3,4},
sup E (I (s)l| + 17/ ()] < €
te[0,T)

for some constant C' > 0 independent of N. This estimate, coupled with the
L2(£;R%) convergence of IiN’e(t) to I?(t) for i = 1,3,4 (see Lemma 2.5(1)) and
the bounded convergence theorem, implies that for any fixed ¢ € [0, T,

lim E [||ﬁtN79 - uj“n} —0.
N —o00
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By Slutsky’s theorem, to complete the proof, it remains to show that Z/ltN 6 converges
in distribution to Uf. Recall from Lemma 2.5(2) that I’ % converges F-stably in
law to I§ in C([0,T];R??). Since X,17,1§, and I{ are F-measurable, this stable
convergence further implies that the joint process (X, ¢, ¢, 1 )fJéV 79) converges in
distribution to (X, 1{,1,1,1§) (see [17, Lemma 2.1]). Given that U™V'? is a con-
tinuous functional of (X, IY,1¢, 1 ,Iév ’0), it directly follows from the continuous
mapping theorem that U":Y converges in distribution to U? in C([0,7];R?¢). The
proof is completed. O

Proposition 2.6 also holds for general stochastic differential equations with con-
stant diffusion term o. It suggests that the strong convergence order 1 is sharp for
the #-method applied to nonlinear stochastic differential equations with additive
noise.

Theorem 2.7. Let Assumption 2.1 hold, 6 € [0,1], and T > 1. Assume that there
exists R > 0 such that the Hessian matriz D*>H is uniformly positive definite for all
x € R2 with ||z|| > R. Then there exist some constants C;, i = 0,1,2,3 dependent
on H and o but independent of 8 and T such that for any t € [0,T],

E[|U717]) < fo(T)

1
= ¢CoT <Cl(1 —20)2T* + Co (0% — 0 + g)T3 + O3(1 — 26%)*1?
(2.16)
Proof. In this proof, we denote by Ki,Ks,..., the generic constants that may de-
pendent on H and o, but independent of § and T. The process W := (6% — 0 +

%)—% (%W—&- %W) is a standard Brownian motion with respect to the filtration
generated by W and W, and

% / Db(Xs)adWer?T / Db(X,)odW,
0 0

t
= /02— 0+ éT/ Db(X,)odW,.
0

Then by the It6 formula and Proposition 2.6, we have

20)T

SE[U/P] =E / (W) Db vt + L2 / (%) DY (X, s

0
m

1 — 292
ZE/ (UF)T D2(X,) (0 oy 00}l

00+ DT [ DU )0 DBOE s
0

By the Young inequality and Assumption 2.1, for any ¢ € [0, T,

t
E[JUI] < Ko [ BJUYI7] ds+ Ko T2E/ Ib(X.)ds
0

+ Ka(1 —20%)°T% + K3(6% — 0 + 3) (2.17)
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Utilizing the It6 formula again as well as the anti-symmetry of J, for any ¢ € [0, T,

E[H(X;)] = %E /t tr(D*H (X )o0 " )ds < Kyt.
0

Recall that there exists some constant R > 0 such that the Hessian matrix D2 H
is uniformly positive definite for all z € R?? with ||z|| > R, i.e., there exists some
constant Ao > 0 such that z € R?? with ||z|| > R and a € R??

a' D*H(z)a > \ol|al®.
Moreover, the continuity of H implies that mingcgza |z <2r H(7) =: Hap > —o0.
Hence for any x € R?? with ||z|| > 2R and & := PR

1
H(z) = H() + DH(#) - (x — &) + /O (1= )z — &) D2H(E + t(x — 2))(x — #)dy
R 1 o1 )
> 1(8) = X D@ = holle = 31 + Sl - 32
1
> Hap — Ay '|HR” + —Xollz])?,

16

where Hj, = max{||DH(y)|| : v € R?? |ly| = R} and the last line is due to
Iz — 2l = (1 — R/llal) o] > . For any 7 € R with |lz] < 2R,

1 1
H(l‘) Z HQR 2 HQR — 1A0R2 + T6A0||$|‘2
Denoting a1 := 1—16)\0 > 0 and
1
ag = max{—Hap + \g ' |HR|?, —Hap + ZA0R27 0} >0,

it holds that for any x € R??,

H(x) > el oo,
The linear growth of b implies that for any ¢ € [0,7] and T > 1,
Kyt + as
T>

E [[6(X)1I?] < Ks(1+E[1X:]%]) < Ko (1+ <KoT.

Plugging the above inequality into (2.17), we obtain (2.16) from the Gronwall in-
equality, which completes the proof. O

According to (2.16), for any fixed sufficiently large T' > 0,
T)= mi T).
(1) = jmin. fo(T)
This implies that in the long-time computation, the error constant of the midpoint
method may be smaller than that for the #-method with 6 # %

3. Test equation. In this section, by taking the linear stochastic oscillator as
the test equation, we study the asymptotic error distribution of several numerical
methods. In subsections 3.1 and 3.2, we study the variance of the asymptotic
error distributions for several concrete symplectic and non-symplectic methods for
the test equation. A comparison between symplectic and non-symplectic methods
will be discussed in subsection 3.3. In the sequel, let R = O(h?),p > 0, stand
for |R| < ChP for all sufficiently small h > 0, where C is independent of h. Let
K ~ TP p >0, stand for limp_,. K/TP = C, where C is independent of T. We
denote by N (m,Y) the normal distribution with mean m € R and variance 3 > 0.
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By introducing X7 := X} and X; := (X}, X?)7, the linear stochastic oscillator
X! + X} = aW,; (a > 0) can be rewritten as
dX, = (_01 é) X,dt +a (?) AWs, te0,T] (3.1)

with initial value Xo := (X, X3)". Here, W = {W,};¢[0,7] denotes a 1-dimensional
standard Brownian motion defined on (Q, F, {F; }+>0,P). The exact solution of (3.1)
is given by (see e.g., [24])

¢

X} = Xgcost+ Xjsint + a/ sin(t — s)dWs,
0

; (3.2)

th = —Xé sint + Xg cost + a/ cos(t — s)dWs.
0

The symplectic structure of its phase flow is preserved (see, e.g., [23]), i.e.,
dX} ANdXE =dX) AdXE Y it>0.

We consider a general convergent numerical method for (3.1) of the form

b XN Xy
CRLL) = A (SR ap AT, = <a“ a”) B 4o <b1> AWy, (3.3)
Xk+1,2 Xk,2 a1 a99 ng b

with the initial value ()A(é\’fl,)?é\fg) = (Xg, X3), where AW} := Wigey1)n — Wi, for

k =0,1,...,N — 1. The numerical method (3.3) has first-order convergence of
accuracy for (3.1) if (see [6, Theorem 4.1])

|a11 - 1| + ‘1122 - 1| + ‘alg - h| + |a21 + h‘ = O(h2), |b1| + |b2 — 1| = O(h) (34)
A numerical method {()/(:,i\[17 XI?,IQ)}{CV:O for (3.1) is called symplectic if
AXN NAXY o = dXN A dXDY, YEe{01,...,N 1}

Recall that (3.3) is a symplectic method if and only if det(A) = 1 (see e.g., [23]).
Since {X7?}ieo, is the derivative of {X{},ej0,7) and many physical observations
(e.g., the mean position % fOT X}dt and the mean velocity XT;) of (3.1) depends
on {X/}ici0,r), We mainly consider the error ey := )?ﬁl — X4, In terms of the
numerical method (3.3), it follows from [23] that

Xﬁ,l = (allaNfl + ﬂNfl)X(% + alzaNleg

N R (3.5)
+a Z (iA@Nn—1-k +YON—2—k) AW},
k=0

where 7y = a12bs — assby, Gk = (det(A))2 st and By = — (det(A)) sael
for any integer k, with £ € (0, 7) satisfying
tr(A 4det(A) — (tr(A))?
cos(§) = L, sin(§) = yAdet(d) — (tr(4)) . (3.6)
2¢/det(A) 2y/det(A)
Utilizing (3.2) and (3.5), it holds that
en = [ani@n—1 + By—1 — cos(T)]X¢ + [arz@n—1 — sin(T)] X2
N-1 (3.7)

tj+1
+ « Z / (blaN_1_j —‘r’)/(/)é\N_g_j —sin(T—s)) dWs.
j=0 “ti
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For the linear problem (3.1), the error ey is a Gaussian random variable whose
variance plays a crucial role in determining its distribution. By the It6 isometry,

Var(ey) n— [Ut0 N 2
= Z / |blOéN,1,j +van—2—j — sin (T — 8)| ds, (38)
tv

o?

which enables the asymptotic expansion of Var(ey) with respect to h for a con-
crete numerical method. In the following, we discuss several concrete first-order
convergent numerical methods for the test equation (3.1). However, this discussion
is not intended to cover all types of symplectic and non-symplectic methods. A
comparison of higher-order symplectic and non-symplectic methods, as well as the
investigation of pseudo-symplectic methods (see, e.g., [20]), is also meaningful and
warrants further investigation in the future.

3.1. Error of symplectic methods. In this subsection, we focus on the asymp-
totic error distributions of the errors {ex}nyen, for several symplectic methods,
including symplectic 5 method and general symplectic methods with & = h.

3.1.1. Symplectic § method (8 € [0,1]). Applying the symplectic 8 method to (3.1),
the coefficients Ag and bg are given by

A — 1 1—(1-p)%n? h
P 1+ B(1=pB)h2 —h 1—-B2h2)°

1 (1 B)h
%_1+BG—BM2< 1 )'

The symplectic 8 method reduces to the midpoint method when 8 = % Note that
the entries of Ag and bg satisfy (3.4). It is clear that

2— (282 -28+1)h? _ Bh
(T ) R T RO e

sin(e) = hy/A— (1 —2B)2R? cos(€) = 2= (282 — 28 + 1)h?

2+28(1—pB)h? 7’ 2+428(1—pB)h?

det(Ag) = ]., tI‘(AB) =

By the Taylor expansion arcsin(h) = %h?’ + 5h% + O(h"), we have £ =
h+ (5 =84 Lyns + (32 - 38 4 % — & 4 3905 + O(h7). Plugging the
expressions of &, Ag and bg into (3.8), a engthy computation leads to

2 2

Var(en) = (362 — 38 + 1) (%T + % sin(2T)>h2 +Oh?). (3.9)

Hence we derive the central limit theorem of the error of the stochastic 8 method

New ~ EfNen] 4 (0.01%(35 ~ 35+ 1) (§ + 2ED)),

Remark 3.1. For any fixed T' > 0, the error constant of the midpoint method

(B = 1) is minimal among symplectic # methods for the test equation (3.1).
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3.1.2. General symplectic methods with £ = h. By (3.6), for the symplectic method,
the condition £ = h is equivalent to tr(A) = 2cos(h). By assuming further that the
coefficients a;;(-),b;(+), 4,7 = 1,2, are smooth functions satisfying (3.4), we have

an = 1+a)h + g B + iRt 4+ O(h°),
az =1 (14 a{)2 — a0 + (5 — o)t + 00,
ar = htaiy W + a0 + a3t + O(°),
az1 = ~h+ ag W + ag) b + af)ht + O(h°),
by = b0+ P2 468 + 6V Rt + O(h°),
by =1+ b5 b + 05712 + 01 + 05 ht + O (D).

(3.10)

In view of (3.10), it holds that Var(ey) = K%h? + O(h3), where the error constant
K is given by

21300 1) + 3(afy) 1 5)?
6

K& = T
e 21" (0} + b5 (cos(2T) — 1) (3.11)
2
WD _ 1y _ 2(gD 4 p(Dy2
+a2 14 3b;7(by 11)2 3(ag +by ") sin (27) .

Furthermore, the corresponding central limit theorem of the error is
Ney —E[Ney] 2 N (0, T2K5) .
We present three existing symplectic methods satisfying & = h in Table 1.

Symplectic method A b K&
Exponential method <—C(s)1sr(11(1})z) 2)2%?)) <(1)> %2 T+ %
ntera mettod | (G0 Gof) | (i) | $7+ 2
Optimal method (_C(S)lsr(l’(l})l) ig;i’/}))) 1 2:11;1;&;5) atp  o%snar)

TABLE 1. Symplectic methods with £ = h for (3.1).

Remark 3.2. When T > 1, among the symplectic methods with & = h, the
numerical method satisfying

1
bgl) =3 and ag) + bgl) =0 (3.12)

has the minimal error constant. Obviously, the optimal method fulfills (3.12). Be-
sides, we construct a symplectic method satisfying (3.12):

a=(Cny ma) v=() (.13
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3.2. Error of non-symplectic methods. This subsection is devoted to studying
the asymptotic error distributions of errors {ex}nen, for several non-symplectic
methods, including the §-method (6 # 3) and the PC(EM-BEM) method (see e.g.,
[23]).

3.2.1. 6-method (6 € [0,%) U (,1]). For 6 € [0,3) U (3,1], the coefficients of the
f-method for (3.1) are given by

o 1 1—(1—06)0n2 h o 1 0h
T 14 62h2 —h 1—(1-6)6n%)° T 14+62p2\ 1)

for which (3.4) is satisfied. It can readily be shown that

cos(t) = 1—(1—6)0n?
1+ (1 —-02R2VT ¥ 62R2
. h
B i ey gy 75 Vs e
1+ (1— 0)2R2 (1-6)h
%
detd) = — e — VT Tr e

On this basis, we can further formulate £ in terms of h as follows £ = h + (6 — 6% —
)R + (0 — 203 +20% — 0+ L)h® + (307 — 0% — 50 +50° — 302 + 6 — L)hT + O(h°).
Plugging the above relations into (3.8), we can obtain

Var(ey) = K&h? + O(h®), (3.14)
where the error constant K% is given by

a?(20-1)%2 5 a?sin(2T)(20 — 1)2T2

KY = T —
24 16
L2 ((1 — 9); — 503 N (26 — 1)126005(2T)> T
1 (20-1)°
+ 042 (48 + (32)> SiIl(QT).

Thus the error {ex}nen, of the 6-method with 6§ € [0,3) U (3,1] satisfies the
following central limit theorem

Ney —E[Nen] 2 N(0, T?K2).

3.2.2. PC(EM-BEM) method. The PC(EM-BEM) method is a predictor-corrector
method using the Euler—-Maruyama method as the predictor and the backward
Euler-Maruyama method as the corrector, whose coefficients are given by

1-h*  h h
AZ(—h 1—h2>’ b:<1>'

By a straightforward calculation, we have
det(A) =1—h*+h*, tr(A)=2-2h* ~=h3
h 1—h?

)= A O e
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which leads to £ = h + % + %5 + % + O(h?). Further, we can simplify (3.8) into

T3 T?sin(27)  6cos®(T) +5, . 5sin(27T)
Var(eN):o‘Q(ﬂ_ 6 48 T+

Then for the PC(EM-BEM) method, Ney — E[Ney] converges in distribution to

)h2 +O(R%). (3.15)

T3  T?sin(2T)  6cos?(T) +5 5sin(27)
o2 (47
N (0.7 (3 6 48 't o6 ):

3.3. Comparison between symplectic and non-symplectic methods. Let
655) and eg\?s) be the errors of the considered symplectic and non-symplectic methods
for (3.1), respectively. It has been shown in subsections 3.1 and 3.2 that the error

constant K;S) := Kp ~ T for symplectic methods and that the error constant

KFEF"S) := K¢ ~ T3 for non-symplectic methods. Since Krfps)/Krfpm) —0as T — oo,
one can choose a sufficiently large time Ty > 0 so that Kj(ﬂs) < K}"S) for all T' > Tp.
Fix € > 0 and T > Tj. It follows from K;g) < K(Tns) that

Jim P(INely — E[NeR]| > ¢) = N0, T°K7)({la] > })
oo

= N(O, 2K ({|2] > e/ K KOV < N0, T2KS) ({|2] > €})

_ (ns) _ (ns)
= A}gnoo]P’UNeN E[Ney™]| > €).
Therefore there exists Ny € Ny such that for any N > Ny,
P(INe) —E[NelY)| > €) < PN — E[Ne{IV]| > o). (3.16)

The above inequality (3.16) compares the error’s deviation of symplectic and non-
symplectic methods for the test equation (3.1). For the test equation and from
the perspective of their asymptotic error distributions, the considered symplectic
methods demonstrate superior performance compared to their non-symplectic coun-
terparts, although they may have the same mean square convergence order.

We can draw a further comparison between symplectic and non-symplectic meth-
ods of the test equation, via the theory of the large deviation principle. In fact, by
the Gértner—Ellis theorem (see, e.g., [9, Theorem 2.3.6]), and the fact that eg\f) and

ns . . . . .
eg\, ) are Gaussian random variables, a direct computation gives

1 P (s)
lim — log <7(|€(N)‘ >€) )
Nooo N P(ley™| > €)

= Jim b logB(ely)| > ) - Jim L log B(ely”| > €) = ~R. (D)

L EQ(K;!LS>7K§:S))

where R (T) := ——72~ > 0. Hence there exists some N7 € N such that
22K K ()

P (s) 1
W < exp ( _ §N2RE(T)) VN> N. (3.17)
P(lex™[>¢)

The relation (3.17) reveals that at the scale €, the probability of the error’s deviation
from zero decays exponentially faster for the symplectic method than for the non-
symplectic method.
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4. Numerical experiments. In this section, we present numerical experiments

to demonstrate that the normalized errors associated with symplectic methods are
smaller than those of non-symplectic methods.

Symplectic § method Midpoint Method

Time ¢ Time ¢

(a) Sympletic 8 method (6 = 0) (b) Sympletic 8 method (6 = 1/2)

FIGURE 1. The variance Var(e,)/h? of normalized error against
time ¢, of sympletic 8 method for the test equation (3.1).

4.1. Linear stochastic oscillator. In Figs. 1-3, we plot the variance of the nor-
malized error e, /h against time ¢, = nh based on 2000 sample paths for sev-
eral numerical methods, applied to the test equation (3.1) with T" = 80, the
initial value (1,0), and @ = 1. The corresponding exact solution is computed
via numerical integration of (3.2) with partition parameter Nyo; = 2'7. For the
symplectic S method (resp. symplectic methods with & = h), we set the step-
size h = T/N with discretization parameters N € {29 210 211 212} (resp. N €
{2627 28 29}). As shown in Fig. 1 (resp. Fig. 2), Var(e,)/h? for these symplec-
tic methods grows nearly linearly with respect to time t,,, in agreement with the
reference line g(t) = 3% — 38 + 1)(%21? + ‘f—; sin(2t)) in (3.9) (resp. ¢(¢t) = Kf in
Table 1). For the §-method and the PC (EM-BEM) method, we set the step-
size h = T/N with N € {212 213 214 215} The reference lines in Fig. 3(a)
and Fig. 3(b) are given by the function g(t) = K? with § = 1/4 (see (3.14))
and g(t) = é% _ e Silnﬁ(%) + 6coszét)+5t + 5Sigﬁ(2t) (see (3.15)), respectively. It can
be observed from Figs. 1-3 that the variance of the normalized error approaches
the corresponding reference line as h decreases. Moreover, a comparison between
these figures shows that Var(e,)/h? ~ t3 for non-symplectic methods, whereas
Var(e,)/h? ~ t, for symplectic methods. This demonstrates that symplectic meth-
ods exhibit smaller errors compared to non-symplectic ones.

4.2. Pendulum problem. The motion of a simple pendulum with unit length and
mass can be described by 9(t) = —gsin(d(t))+ W (t), where 9 is the angle, g = 9.8 is
the gravitational acceleration and W is a 1-dimensional standard Brownian motion.
By introducing X} = 9(t) and X2 = 9(t), we have

d (g) - <_01 (1)) <9Si§((§(tl>> dt + <(1)> AW, te[0,T].  (41)

In Fig. 4, we plot the evolution of log(E|[|e,|?]/h?) over time t, for the §-method
and symplectic f method (see [18, (3.6) in pp. 225]) for (4.1) with T = 10 and
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Exponential Method Integral Method
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FIGURE 2. The variance Var(e,)/h? of normalized error against
time ¢, of symplectic methods with & = h for the test equation
(3.1).

f-method 4 PC-method
3000 - method 25 210 metho

7000 -

6000 -

5000 -

4000 -

Var(ea)/h

3000 -

2000 -

1000 [

0 L L
[ 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80
Time ¢ Time ¢

(a) O-method (0 = 1/4) (b) PC(EM-BEM) method

FIGURE 3. The variance Var(e,)/h? of normalized error against
time ¢,, of non-symplectic methods for the test equation (3.1).

the initial value (7,0), where e,, denotes the error between the exact and numerical

solutions at time t,. The expectation is estimated by averaging over 1000 sample
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log(El(e.]/h?)

Time Time

(a) 6-method (b) Symplectic 8 method

FIGURE 4. The evolution of the second moment of the normalized
error e, /h over time t,, for the 8-method (left) and the symplectic
B method for the pendulum problem (4.1).

paths, and the reference solution is computed using the Euler-Maruyama method
with a small stepsize 107°. The numerical solutions are computed with a stepsize
h = 5/1024. Among all f-methods, the midpoint method (i.e., § = 1) yields the
smallest second moment of the error. Fig. 4(a) also shows that log(E||e,|?]/h?)
grows at most linearly with respect to time, indicating that E[|e,|?]/h? grows at
most exponentially in t¢,,, which is consistent with the upper bound given in The-
orem 2.7. Fig. 4(b) suggests that all symplectic  methods exhibit similar second
moments of the normalized error for 8 € {0,0.1,...,1}, with the special case 5 = %

corresponding to the midpoint method. This implies that, for the nonlinear prob-

lem, the error constant of the midpoint method (8 = %) may not be the smallest

among the symplectic 8 methods, in contrast to the case of the linear test equation
(see Remark 3.1).
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