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Abstract. This paper studies the asymptotic error distributions of several
symplectic and non-symplectic methods for stochastic Hamiltonian systems.

Focusing on stochastic Hamiltonian systems driven by additive noise, we obtain

the asymptotic limit of the normalized error distribution of the θ-method (θ ∈
[0, 1]) that is symplectic if and only if θ = 1

2
. The upper bound for the second

moment of the asymptotic error distribution suggests that the midpoint method
may minimize the error constant of the θ-method over a large time horizon T .

Furthermore, we take the linear stochastic oscillator as a test equation and

investigate exact asymptotic error constants of several symplectic and non-
symplectic methods. Our result implies that in the long-time computation,

the probability that the error deviates from zero decays exponentially faster

for the symplectic methods than for the non-symplectic ones.

1. Introduction. Consider the following 2d-dimensional stochastic Hamiltonian
system:

d

(
X1

t

X2
t

)
=

(
0 Id

−Id 0

)
DH(X1

t , X
2
t )dt+

m∑
k=1

(
0 Id

−Id 0

)
DHk(X

1
t , X

2
t ) ◦ dW k

t

(1.1)
for t ∈ [0, T ] with the initial value (X1

0 , X
2
0 ) ∈ Rd × Rd. Here, H,H1, . . . ,Hm :

R2d → R are the Hamiltonians and W = (W 1, . . . ,Wm)⊤ is an m-dimensional
Brownian motion defined a complete filtered probability space

(
Ω,F , {Ft}t∈[0,T ],P

)
with the filtration {Ft}t∈[0,T ] satisfying the usual conditions. One of the most
intrinsic properties of (1.1) is that its phase flow preserves the symplectic structure
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in phase space, i.e., dX1
t ∧dX2

t = dX1
0 ∧dX2

0 for t ∈ [0, T ] and almost surely ω ∈ Ω
(see, e.g., [1]). Such a property is called symplecticity, which implies that the sum
of the oriented areas of the projections of phase flow onto each coordinate plane
(xi, yi), i = 1, 2, . . . , d, is invariant.

Stochastic Hamiltonian systems have numerous applications in various fields,
including chemistry, physics, and celestial mechanics. A basic principle in designing
efficient numerical methods for (1.1) is that the numerical method should preserve
the symplecticity of the phase flow of (1.1). Such a numerical method is called a
symplectic method, originating from the pioneering work of Milstein et al. (see,
e.g., [18]). Extensive numerical simulations (see, e.g., [8, 12, 13, 26]) show that
when applied to stochastic Hamiltonian systems, symplectic methods exhibit long-
time stability compared to non-symplectic methods. The underlying mechanism
behind the superiority of symplectic methods for stochastic Hamiltonian systems
has attracted considerable attention recently. Inspired by deterministic systems,
some studies have explained the long-term stability of symplectic methods through
modified equations and backward error analysis techniques (see, e.g., [26, 27]). From
a probabilistic standpoint, [6, 7] investigated this issue by proving that symplectic
methods can asymptotically preserve the large deviation principles of key physical
observables associated with stochastic Hamiltonian systems, while [5] addressed this
issue from the perspective of the law of iterated logarithm. Following this research
line, we study the asymptotic error distributions of numerical methods to reveal the
long-time superiority of symplectic methods over non-symplectic ones for stochastic
Hamiltonian systems.

When the normalized error process of a numerical method converges in distribu-
tion to a limiting process as the stepsize vanishes, the limit distribution is referred
to as the asymptotic error distribution. This kind of weak convergence result can
be viewed as a central limit type theorem (see, e.g., [14]), which reduces to the
classical central limit theorem when the asymptotic error distribution is Gaussian.
Fruitful results have been established for various stochastic systems. For instance,
[17] proved that for stochastic differential equations with Lipschitz nonlinearity

and multiplicative noise, the normalized error process {
√
NUN

t }t∈[0,T ] of the Eu-
ler–Maruyama method converges in distribution to some process U = {Ut}t∈[0,T ].
This result was later extended in [22] to equations with locally Lipschitz nonlinear-
ities. The exact rate of convergence of numerical methods for differential equations
driven by fractional Brownian motion was investigated in, e.g., [15, 19, 28, 25]. For
more related works, we also refer to [10, 21] for the Euler method of stochastic
Volterra equations and to [11] for the accelerated exponential Euler method of sto-
chastic partial differential equations. Beyond numerical accuracy, asymptotic error
distributions provide deeper insights into the error structure of numerical methods
[2]. Prior work established that the limiting error process for the Euler–Maruyama
method forms a gradient in the Dirichlet form sense, enabling error analysis via local
Dirichlet forms [3, 4]. The error structure plays a crucial role in error propagation
in Monte Carlo simulations, particularly in financial modeling (see, e.g., [3]).

In this work, we focus on the stochastic Hamiltonian system with additive noise
(i.e., (1.1) with affineHk, k = 1, . . . ,m) and study the asymptotic error distribution
of the θ-method (θ ∈ [0, 1]). The θ-method is symplectic for (1.1) if and only if
θ = 1

2 , corresponding to the midpoint method. Since this method exhibits first-
order strong convergence for the additive noise case, the normalized error is defined
using a normalization constant N , rather than

√
N that is commonly used for
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the multiplicative noise case (see, e.g., [17, 22]). The normalized error process
can be decomposed into a negligible part that vanishes identically in probability
and a dominant part that converges in distribution to the solution of a stochastic
differential equation. This suggests that the sharp strong convergence order of the
θ-method is 1 for (1.1) with additive noise, regardless of the value of θ ∈ [0, 1]. We
further provide in Theorem 2.7 an upper bound estimate for the second moment of
the asymptotic error distribution, which depends on θ and T . This upper bound
is minimized when θ = 1

2 for large T , which implies that the midpoint method has
the smallest asymptotic error constant among all θ-methods.

Inspired by [6], we take the linear stochastic oscillator as a test equation to further
investigate the exact asymptotic error constants of its numerical methods. In detail,
we derive the error constant KT for several concrete symplectic and non-symplectic
methods for the test equation, and find that the growth of KT is approximately
proportional to T for the symplectic methods and to T 3 for the non-symplectic
methods. Consequently, at the scale ϵ, the probability that the error deviates from
zero decays exponentially faster for symplectic methods than for non-symplectic
methods. This comparison suggests that the considered symplectic methods exhibit
superior long-term performance over their non-symplectic counterparts for the test
equation, particularly in terms of their asymptotic error distribution. Based on these
findings, we plan to extend our investigation to the error structure of symplectic
methods for stochastic Hamiltonian systems in future work.

The rest of this paper is organized as follows. In section 2, we establish the
asymptotic error distribution of the θ-method for (1.1) with additive noise. By
taking the linear stochastic oscillator as a test equation, we further study the exact
asymptotic error constants of several symplectic and non-symplectic methods in
section 3. Numerical experiments are finally performed in section 4 to verify the
theoretical results. Throughout the paper, we denote by D the derivative operator
and by C a generic constant which may change from occurrence to occurrence. We
will explicity write C(T, p, σ, · · · ) to emphasize the dependence of the constant C
upon the parameters T, p, σ, · · ·

2. Asymptotic error distribution of θ-method. In this section, we investigate
the asymptotic error distribution of the normalized error for the θ-method applied
to the stochastic Hamiltonian system (1.1) with additive noise. Specifically, we
consider the following model

dXt = b(Xt)dt+ σdWt, t ∈ [0, T ], (2.1)

where σ ∈ R2d×m is a constant matrix and

b := J ·DH with J :=

(
0 Id

−Id 0

)
.

The following assumption ensures that b : R2d → R2d has bounded derivatives up
to order 3.

Assumption 2.1. Assume that H : R2d → R is four times differentiable and that
there exists some constant C > 0 such that for any x ∈ R2d,

∥D2H(x)∥+ ∥D3H(x)∥+ ∥D4H(x)∥ ≤ C.

Examples of H fulfilling Assumption 2.1 include

H(x) = ∥x∥2, H(x) =
1

2
∥x∥2 + sin(x1), x = (x1, . . . , x2d) ∈ R2d.
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By introducing a uniform partition of [0, T ] with stepsize h = T
N , where N ∈ N+,

the θ-method applied to (2.1) readsX̂N,θ
k+1 = X̂N,θ

k + hb
(
θX̂N,θ

k+1 + (1− θ)X̂N,θ
k

)
+ σ∆Wk,

X̂N,θ
0 = X0,

(2.2)

where ∆Wk := W(k+1)h − Wkh, k = 0, 1, . . . , N − 1. We define the continuous
version of the θ-method (2.2) as

XN,θ
t = X0 +

∫ t

0

b(ZN,θ
s )ds+

∫ t

0

σdWs, t ∈ [0, T ],

where ZN,θ
s := θXN,θ

R(s) + (1 − θ)XN,θ
L(s), L(s) := ⌊s/h⌋h, and R(s) := ⌈s/h⌉h. Here,

⌊·⌋ and ⌈·⌉ represent the floor and ceiling functions, respectively. It is clear that

XN,θ
kh = X̂N,θ

k for k ∈ {0, 1, . . . , N}.

Remark 2.2. In view of the fundamental convergence theorem (see [18, Theorem
1.1.1]), for any p ∈ N+,

E
[
∥Xt −XN,θ

t ∥2p
]
≤ C(p, T )h2p ∀ t ∈ [0, T ]. (2.3)

Remark 2.2 reveals that the error of the θ-method for (2.1) has first-order con-
vergence of accuracy, which motivates us to define the normalized error process

UN,θ
t := N(Xt −XN,θ

t ), t ∈ [0, T ]. (2.4)

To obtain the limit distribution of (2.4), we introduce an auxiliary process ŨN,θ =

{ŨN,θ
t , t ∈ [0, T ]} via

ŨN,θ
t =

∫ t

0

Db(Xs)Ũ
N,θ
s ds+N

∫ t

0

TN,θ
s Db(XN,θ

s )b(XN,θ
s )ds (2.5)

+N

∫ t

0

Db(XN,θ
L(s))σS

N,θ
s ds

+N

∫ t

0

D2b(XN,θ
L(s))

(
σ(Ws −WL(s)), σS

N,θ
s

)
ds

− N

2

∫ t

0

D2b
(
XN,θ

L(s)

)(
σSN,θ

s , σSN,θ
s

)
ds =:

4∑
i=0

IN,θ
i (t),

where

TN,θ
s : = (1− θ)(s− L(s))− θ(R(s)− s),

SN,θ
s : = (1− θ)

(
Ws −WL(s)

)
− θ
(
WR(s) −Ws

)
.

(2.6)

The following lemma shows that the normalized error process UN,θ
· has the same

limit distribution as the auxiliary process ŨN,θ
· if either of them converges in dis-

tribution.

Lemma 2.3. Let Assumption 2.1 hold. Then for any θ ∈ [0, 1], we have

lim
N→∞

E
[

sup
0≤t≤T

∥UN,θ
t − ŨN,θ

t ∥2
]
= 0.
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Proof. By the mean value theorem,

UN,θ
t = N

∫ t

0

b(Xs)− b(XN,θ
s )ds+N

∫ t

0

b(XN,θ
s )− b(ZN,θ

s )ds

= N

∫ t

0

Db(Xs)(Xs −XN,θ
s )ds

−N

∫ t

0

∫ 1

0

(1− ξ)D2bξ(Xs, X
N,θ
s )(XN,θ

s −Xs, X
N,θ
s −Xs)dξds

+N

∫ t

0

Db(XN,θ
s )(XN,θ

s − ZN,θ
s )ds

−N

∫ t

0

∫ 1

0

(1− ξ)D2bξ(X
N,θ
s , ZN,θ

s )(ZN,θ
s −XN,θ

s , ZN,θ
s −XN,θ

s )dξds

=:

3∑
i=0

RN,θ
i (t),

(2.7)

where D2bξ(Y, Ỹ ) := D2b((1− ξ)Y + ξỸ ) for ξ ∈ [0, 1] and any two 2d-dimensional

vectors Y and Ỹ . In view of XN,θ
s − ZN,θ

s = b(ZN,θ
s )TN,θ

s + σSN,θ
s , we can further

obtain that

RN,θ
2 (t)

= N

∫ t

0

TN,θ
s Db(XN,θ

s )b(XN,θ
s )ds+N

∫ t

0

TN,θ
s Db(XN,θ

s )
(
b(ZN,θ

s )− b(XN,θ
s )

)
ds

+N

∫ t

0

Db(XN,θ
L(s))σS

N,θ
s ds+N

∫ t

0

D2b(XN,θ
L(s))

(
σ(Ws −WL(s)), σS

N,θ
s

)
ds

+N

∫ t

0

D2b(XN,θ
L(s))

(∫ s

L(s)

b(ZN,θ
s )dr, σSN,θ

s

)
ds

+N

∫ t

0

∫ 1

0

(
D2bξ(X

N,θ
L(s), X

N,θ
s )−D2b(XN,θ

L(s))
)(
XN,θ

s −XN,θ
L(s), σS

N,θ
s

)
dξds,

and

RN,θ
3 (t) =−N

∫ t

0

(TN,θ
s )2

∫ 1

0

(1− ξ)D2bξ(X
N,θ
s , ZN,θ

s )
(
b(ZN,θ

s ), b(ZN,θ
s )

)
dξds

− 2N

∫ t

0

TN,θ
s

∫ 1

0

(1− ξ)D2bξ(X
N,θ
s , ZN,θ

s )
(
b(ZN,θ

s ), σSN,θ
s

)
dξds

+N

∫ t

0

∫ 1

0

(1− ξ)
(
D2b

(
XN,θ

L(s)

)
−D2bξ

(
XN,θ

s , ZN,θ
s

))(
σSN,θ

s , σSN,θ
s

)
dξds

−N

∫ t

0

∫ 1

0

(1− ξ)D2b
(
XN,θ

L(s)

)(
σSN,θ

s , σSN,θ
s

)
dξds.

It follows from (2.5) and (2.7) that

UN,θ
t − ŨN,θ

t

=

∫ t

0

Db(Xs)
(
UN,θ
s − ŨN,θ

s

)
ds+RN,θ

1 (t)
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+N

∫ t

0

TN,θ
s Db(XN,θ

s )
(
b(ZN,θ

s )− b(XN,θ
s )

)
ds

+N

∫ t

0

D2b(XN,θ
L(s))

(∫ s

L(s)

b(ZN,θ
s )dr, σSN,θ

s

)
ds

+N

∫ t

0

∫ 1

0

(
D2bξ(X

N,θ
L(s), X

N,θ
s )−D2b(XN,θ

L(s))
)(
XN,θ

s −XN,θ
L(s), σS

N,θ
s

)
dξds

−N

∫ t

0

(TN,θ
s )2

∫ 1

0

(1− ξ)D2bξ(X
N,θ
s , ZN,θ

s )
(
b(ZN,θ

s ), b(ZN,θ
s )

)
dξds

− 2N

∫ t

0

TN,θ
s

∫ 1

0

(1− ξ)D2bξ(X
N,θ
s , ZN,θ

s )
(
b(ZN,θ

s ), σSN,θ
s

)
dξds

+N

∫ t

0

∫ 1

0

(1− ξ)
(
D2b

(
XN,θ

L(s)

)
−D2bξ

(
XN,θ

s , ZN,θ
s

))(
σSN,θ

s , σSN,θ
s

)
dξds

=:

∫ t

0

Db(Xs)
(
UN,θ
s − ŨN,θ

s

)
ds+RN,θ

1 (t) +

6∑
j=1

JN,θ
j (t). (2.8)

In view of (2.3), we have

E
[

sup
0≤t≤T

∥RN,θ
1 (t)∥2

]
≤ CN2E

[(∫ T

0

∥XN,θ
s −Xs∥2ds

)2]
≤ Ch2.

Note that each of the terms {JN,θ
j (t), j = 1, 2, . . . , 6} in (2.8) has strong convergence

order at least 1/2, i.e., there exists some consant C > 0 independent of h such that
for any j = 1, 2, . . . , 6,

E
[

sup
0≤t≤T

∥JN,θ
j (t)∥2

]
≤ Ch. (2.9)

We illustrate (2.9) by taking j = 6 as an instance. By the mean value theorem and
the boundedness of D3b = JD4H under Assumption 2.1, one has

JN,θ
6 (t) = N

∫ t

0

∫ 1

0

∫ 1

0

(1− ξ)D3b
(
ζXN,θ

L(s) + (1− ζ)((1− ξ)XN,θ
s + ξZN,θ

s )
)

(
XN,θ

L(s) − (1− ξ)XN,θ
s − ξZN,θ

s , σSN,θ
s , σSN,θ

s

)
dζdξds.

The bound (2.9) for j = 6 then comes from the relation ZN,θ
s = θXN,θ

R(s)+(1−θ)XN,θ
L(s)

and the fact that {XN,θ
t , t ∈ [0, T ]} is 1/2-Hölder continuous in time in Lp(Ω;R2d)

for any p ≥ 1. Hence, it holds that

E
[

sup
0≤s≤t

∥∥UN,θ
s − ŨN,θ

s

∥∥2]
≤ CE

[
sup

0≤s≤t

∥∥∥∫ s

0

Db(Xr)
(
ŨN,θ
r − UN,θ

r

)
dr
∥∥∥2]+ Ch

≤ C

∫ t

0

E
[

sup
0≤r≤s

∥ŨN,θ
r − UN,θ

r ∥2
]
ds+ Ch,

which, together with the Gronwall inequality, finishes the proof.

In the sequel, we denote by “
d⇒ ” the convergence in distribution for random

variables. Let {Yn}∞n=1 be a sequence of random variables with values in a metric

space (E, dE), all defined on (Ω,F ,P). Let (Ω̃, F̃ , P̃) be an extension of (Ω,F ,P) and
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let Y be an E-valued random variable on the extension. We say that Yn F-stably
converges in law to Y if

E[Zf(Yn)] → Ẽ[Zf(Y )]

for all bounded and continuous f : E → R and all bounded random variables Z on
(Ω,F), where Ẽ denotes the expectation with respect to P̃.

The following lemma is a variant of Slutsky’s theorem.

Lemma 2.4. Let {Xn}∞n=1 and {Yn}∞n=1 be two sequence of E-valued random vari-
ables. Assume that Xn converges F-stably in law to X, and the distance dE(Yn, Xn)
converges in probability to 0. Then Yn also converges F-stably in law to X.

Proof. Let f : E → R be a bounded and Lipschitz continuous function with Lips-
chitz constant K, i.e.,

|f(x)− f(y)| ≤ min{KdE(x, y), 2∥f∥L∞(E)} ∀ x, y ∈ E.

Then, by the Vitali convergence theorem, we have that for any bounded random
variable Z,

lim
n→∞

|E[Zf(Yn)]− E[Zf(Xn)]| = 0.

This result, combined with the fact that Xn converges F-stably in law to X, implies

lim
n→∞

|E[Zf(Yn)]− Ẽ[Zf(X)]| = 0. (2.10)

Now, let f : E → R be a bounded and continuous function. We can find two
sequences of bounded and Lipschitz continuous functions, {fk}∞k=1 and {gk}∞k=1,
such that fk increases monotonically to f (fk ↑ f) and gk decreases monotonically
to f (gk ↓ f) as k → ∞. Then, from (2.10), for any nonnegative bounded random
variable Z,

lim inf
n→∞

E[Zf(Yn)] ≥ lim inf
n→∞

E[Zfk(Yn)] = Ẽ[Zfk(X)] ∀ k = 1, 2, . . .

Passing to the limit as k → ∞ in the above inequality yields

lim inf
n→∞

E[Zf(Yn)] ≥ Ẽ[Zf(X)].

Similarly, by utilizing the sequence gk, we can show that for any nonnegative
bounded random variable Z,

lim sup
n→∞

E[Zf(Yn)] ≤ Ẽ[Zf(X)].

The above two inequalities together establish (2.10) for any nonnegative bounded
random variable Z and any bounded, continuous function f : E → R. For a
general bounded random variable Z, we can express it as Z = Z+ − Z−, where
Z+ = max{Z, 0} and Z− = −min{Z, 0}, and apply the previous result to Z+ and
Z− separately. The proof is completed.

To identify the limit distribution of the normalized error process UN,θ
· or equiv-

alently that of the auxiliary process ŨN,θ
· , we next prepare for the convergence of

the terms IN,θ
i , i = 1, 2, 3, 4, as the discretization parameter N goes to infinity.

Lemma 2.5. Let Assumption 2.1 hold. Then we have the following results.

(1) For any t ∈ [0, T ], IN,θ
i (t) converges to Iθi (t) in L2(Ω;R2d) as N → ∞ for

i = 1, 3, 4. Here, Iθi , i = 1, 3, 4 are defined as

Iθ1 (t) :=
(1− 2θ)T

2

∫ t

0

Db(Xs)b(Xs)ds,
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Iθ3 (t) :=
(1− θ)T

2

m∑
k=1

∫ t

0

D2b(Xs)(σ·,k, σ·,k)ds,

Iθ4 (t) := − (1− 2θ + 2θ2)T

4

m∑
k=1

∫ t

0

D2b(Xs)(σ·,k, σ·,k)ds.

(2) IN,θ
2 F-stably converges in law to Iθ2 in C([0, T ];R2d) with

Iθ2 (t) :=
(1− 2θ)T

2

∫ t

0

Db(Xs)σdWs +

√
3

6
T

∫ t

0

Db(Xs)σdW̃s, t ∈ [0, T ] (2.11)

where {W̃t, t ∈ [0, T ]} is an m-dimensional standard Brownian motion independent
of {Wt, t ∈ [0, T ]}.

Proof. We estimate the terms {IN,θ
i (t), i = 1, 2, 3, 4} separately.

Estimate of IN,θ
1 (t). Since NTN,θ

s = T
(
Ns
T − ⌊Ns

T ⌋
)
− θT , we have

IN,θ
1 (t) = T

∫ t

0

b(XN,θ
s )b(XN,θ

s )
{Ns

T
− ⌊Ns

T
⌋
}
ds− θT

∫ t

0

Db(XN,θ
s )b(XN,θ

s )ds.

By Remark 2.2 and the uniform boundedness of Db and D2b, for any t ∈ [0, T ],

lim
N→∞

E
∫ t

0

∥Db(XN,θ
s )b(XN,θ

s )−Db(Xs)b(Xs)∥2ds = 0.

Then applying [11, Proposition 4.2] yields that limN→∞ IN,θ
1 (t) = Iθ1 (t) in L2(Ω;R2d).

Estimate of IN,θ
2 (t). By (2.6) and the stochastic Fubini theorem, it holds that

IN,θ
2 (t) = (1− θ)N

∫ t

0

∫ s

L(s)

Db(XN,θ
L(s))σdWrds− θN

∫ t

0

∫ R(s)

s

Db(XN,θ
L(s))σdWrds

= ÎN,θ
2 (t) + ĨN,θ

2 (t)

for any t ∈ [0, T ], where

ÎN,θ
2 (t) := (1− θ)N

∫ t

0

Db(XN,θ
L(r))σ(R(r)− r)dWr

− θN

∫ t

0

Db(XN,θ
L(r))σ(r − L(r))dWr,

ĨN,θ
2 (t) := −(1− θ)N

∫ t

L(t)

Db(XN,θ
L(r))σ(R(t)− t)dWr

− θN

∫ R(t)

t

Db(XN,θ
L(r))σ(t− L(t))dWr.

Denoting by ÎN,θ,k
2 (t) the kth entry of ÎN,θ

2 (t), we have

ÎN,θ,k
2 (t)

= T

2d∑
i=1

m∑
j=1

σi,j

∫ t

0

∂ib
k(XN,θ

L(s))
{
⌊Ns

T
⌋ − Ns

T
+ 1− θ

}
dW j

s , k = 1, . . . , 2d.
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For ν ∈ {1, . . . ,m} and µ ∈ {1, . . . , 2d}, the cross variation process between ÎN,θ,µ
2

and W ν is

⟨ÎN,θ,µ
2 ,W ν⟩t =

2d∑
i=1

∫ t

0

∂ib
µ(XN,θ

L(s))σi,νT
{
⌊Ns

T
⌋ − Ns

T
+ 1− θ

}
ds,

which combined with [11, Proposition 4.2] and Remark 2.2 leads to

lim
N→∞

⟨ÎN,θ,µ
2 ,W ν⟩t =

(1− 2θ)T

2

∫ t

0

2d∑
i=1

∂ib
µ(Xs)σi,νds in L2(Ω;R). (2.12)

Similarly, it holds that for any µ, µ̃ ∈ {1, . . . , 2d},

lim
N→∞

⟨ÎN,θ,µ
2 , ÎN,θ,µ̃

2 ⟩t

=
θ3 + (1− θ)3

3
T 2

2d∑
i1,i2=1

m∑
j=1

∫ t

0

∂i1b
µ(Xs)∂i2b

µ̃(Xs)σi1,jσi2,jds.
(2.13)

Based on (2.12) and (2.13), and by applying [16, Theorem 4-1], we deduce that

there is an M -biased F-conditional Gaussian martingale Iθ2 = (Iθ,12 , Iθ,22 , . . . , Iθ,2d2 )

on some extension of (Ω,F , {Ft}t∈[0,T ],P) such that ÎN,θ
2 converges F-stably in law

to Iθ2 , and satisfies

⟨Iθ,µ, Iθ,µ̃⟩t =
θ3 + (1− θ)3

3
T 2

2d∑
i1,i2=1

m∑
j=1

∫ t

0

∂i1b
µ(Xs)∂i2b

µ̃(Xs)σi1,jσi2,jds,

⟨Iθ,µ2 ,W ν⟩t =
(1− 2θ)T

2

∫ t

0

2d∑
i=1

∂ib
µ(Xs)σi,νds,

where µ, µ̃ ∈ {1, . . . , 2d} and ν ∈ {1, . . . ,m}. Furthermore, [16, Proposition 1-4]
indicates that Iθ2 (t) can be expressed in the following form:

(1− 2θ)T

2

∫ t

0

Db(Xs)σdWs +

√
3

6
T

∫ t

0

Db(Xs)σdW̃s,

where W̃ is an m-dimensional Brownian motion independent of W . This result,

coupled with the convergence of ĨN,θ
2 to 0 in L2(Ω;C([0, T ];R2d)), establishes that

IN,θ
2 converges F-stably in law to Iθ2 in C([0, T ];R2d) (see Lemma 2.4).

Estimate of IN,θ
3 (t). By (2.6), we divide IN,θ

3 (t) = IN,θ
3,1 (t) + IN,θ

3,2 (t), where

IN,θ
3,1 (t) := (1− θ)N

∫ t

0

D2b(XN,θ
L(s))

(
σ(Ws −WL(s)), σ(Ws −WL(s))

)
ds,

IN,θ
3,2 (t) := −θN

∫ t

0

D2b(XN,θ
L(s))

(
σ(Ws −WL(s)), σ(WR(s) −Ws)

)
ds.

Furthermore, we have

IN,θ
3,1 (t) = (1− θ)

2d∑
i1,j1=1

m∑
k=1

N

∫ t

0

∂i1,j1b(X
N,θ
L(s))σi1,kσj1,k(W

k
s −W k

L(s))
2ds+ (1− θ)

2d∑
i1,j1=1

m∑
i2,j2=1
i2 ̸=j2

N

∫ t

0

∂i1,j1b(X
N,θ
L(s))σi1,i2σj1,j2(W

i2
s −W i2

L(s))(W
j2
s −W j2

L(s))ds
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=: ĨN,θ
3,1 (t) + ÎN,θ

3,1 (t).

By the relation d(W i
tW

j
t ) = W i

t dW
j
t + W j

t dW
i
t + δi,jdt for i, j ∈ {1, . . . ,m} and

the stochastic Fubini theorem, we obtain

ĨN,θ
3,1 (t)

= 2(1− θ)N

2d∑
i1,j1=1

m∑
k=1

∫ t

0

∂i1,j1b(X
N,θ
L(r))σi1,kσj1,k(W

k
r −W k

L(r))(R(r) ∧ t− r)dW k
r

+ (1− θ)T

2d∑
i1,j1=1

m∑
k=1

∫ t

0

∂i1,j1b(X
N,θ
L(s))σi1,kσj1,k

(Ns

T
− ⌊Ns

T
⌋
)
ds

=: IN,θ
3,1,1(t) + IN,θ

3,1,2(t),

and

ÎN,θ
3,1 (t)

= (1− θ)N

2d∑
i1,j1=1

m∑
i2,j2=1
i2 ̸=j2

∫ t

0

∂i1,j1b(X
N,θ
L(r))σi1,i2σj1,j2(R(r) ∧ t− r)(W i2

r −W i2
L(r))dW

j2
r

+ (1− θ)N

2d∑
i1,j1=1

m∑
i2,j2=1
i2 ̸=j2

∫ t

0

∂i1,j1b(X
N,θ
L(r))σi1,i2σj1,j2(R(r) ∧ t− r)(W j2

r −W j2
L(r))dW

i2
r

=: IN,θ
3,1,3(t) + IN,θ

3,1,4(t).

Analogous to the estimate of IN,θ
1 (t), it can be shown that

lim
N→∞

IN,θ
3,1,2(t) =

1− θ

2
T

m∑
k=1

∫ t

0

D2b(Xs)(σ·,k, σ·,k)ds = Iθ3 (t) in L2(Ω;R2d),

since D3b = JD4H is uniformly bounded due to Assumption 2.1. Moreover,

limN→∞ IN,θ
3,1,i = 0 in L2(Ω;C([0, T ];R2d)) for i ∈ {1, 3, 4}. Hence, for any fixed

t ∈ [0, T ],

lim
N→∞

IN,θ
3,1 (t) = Iθ3 (t) in L2(Ω;R2d). (2.14)

By the stochastic Fubini theorem,

IN,θ
3,2 (t) = −θN

2d∑
i1,i2=1

m∑
i2,j2=1

∫ t

0

∫ r

L(r)

∂i1,j1b(X
N,θ
L(r))σi1,i2σj1,j2

(
W i2

s −W i2
L(r)

)
dsdW j2

r

− θN
2d∑

i1,i2=1

m∑
i2,j2=1

∫ R(t)

t

∫ t

L(t)

∂i1,j1b(X
N,θ
L(t))σi1,i2σj1,j2

(
W i2

s −W i2
L(t)

)
dsdW j2

r ,

from which we obtain that limN→∞ IN,θ
3,2 = 0 in L2(Ω;C([0, T ];R2d)). This along

with (2.14) proves the convergence in L2(Ω;R2d) of IN,θ
3 (t) to Iθ3 (t) for any fixed

t ∈ [0, T ].

Estimate of IN,θ
4 (t). For the term IN,θ

4 (t), we have

IN,θ
4 (t) = −N

2
(1− θ)2

∫ t

0

D2b(XN,θ
L(s))

(
σ(Ws −WL(s)), σ(Ws −WL(s))

)
ds

+N(1− θ)θ

∫ t

0

D2b(XN,θ
L(s))

(
σ(Ws −WL(s)), σ(WR(s) −Ws)

)
ds
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− N

2
θ2
∫ t

0

D2b(XN,θ
L(s))

(
σ(WR(s) −Ws), σ(WR(s) −Ws)

)
ds.

The first term and third term on the right hand side can be estimated similarly

to IN,θ
3,1 (t); while the second term on the right hand side converges to 0 (see the

estimate of IN,θ
3,2 (t)). As a result, we derive that

lim
N→∞

IN,θ
4 (t) = − (1− 2θ + 2θ2)T

4

m∑
k=1

∫ t

0

D2b(Xs)(σ·,k, σ·,k)ds in L2(Ω;R2d).

The proof is completed.

Combining Lemmas 2.3 and 2.5, we can conclude the asymptotic error distribu-
tion of the θ-method (2.2) for (2.1).

Proposition 2.6. Let Assumption 2.1 hold and θ ∈ [0, 1]. Then for any t ∈ [0, T ],

UN,θ
t converges to Uθ

t in distribution. Here, Uθ
t satisfies the following equation

Uθ
t =

∫ t

0

Db(Xs)U
θ
s ds+

(1− 2θ)T

2

∫ t

0

Db(Xs)b(Xs)ds

+
(1− 2θ)T

2

∫ t

0

Db(Xs)σdWs +

√
3

6
T

∫ t

0

Db(Xs)σdW̃s

+
(1− 2θ2)T

4

m∑
k=1

∫ t

0

D2b(Xs)(σ·,k, σ·,k)ds,

where {W̃t, t ∈ [0, T ]} is an m-dimensional standard Brownian motion independent
of {Wt, t ∈ [0, T ]}.

Proof. We introduce a process UN,θ = {UN,θ
t , t ∈ [0, T ]} by

UN,θ
t =

∫ t

0

Db(Xs)UN,θ
s ds+ Iθ1 (t) + Iθ3 (t) + Iθ4 (t) + IN,θ

2 (t). (2.15)

Here, Iθ1 (t), I
θ
3 (t), and Iθ4 (t) are precisely as defined in Lemma 2.5(1), while IN,θ

2 (t)
is given by (2.5). Comparing (2.5) and (2.15), we can infer that

E
[
∥ŨN,θ

t − UN,θ
t ∥

]
≤ C

∫ t

0

E
[
∥ŨN,θ

s − UN,θ
s ∥

]
ds+

∑
i=1,3,4

E
[
∥IN,θ

i (t)− Iθi (t)∥
]
.

Applying Gronwall’s inequality yields

E
[
∥ŨN,θ

t − UN,θ
t ∥

]
≤

∑
i=1,3,4

E
[
∥IN,θ

i (t)− Iθi (t)∥
]

+ C
∑

i=1,3,4

∫ t

0

E
[
∥IN,θ

i (s)− Iθi (s)∥
]
ds.

Note that for each fixed i ∈ {1, 3, 4},

sup
t∈[0,T ]

E
[
∥IN,θ

i (s)∥+ ∥Iθi (s)∥
]
≤ C

for some constant C > 0 independent of N . This estimate, coupled with the

L2(Ω;Rd) convergence of IN,θ
i (t) to Iθi (t) for i = 1, 3, 4 (see Lemma 2.5(1)) and

the bounded convergence theorem, implies that for any fixed t ∈ [0, T ],

lim
N→∞

E
[
∥ŨN,θ

t − UN,θ
t ∥

]
= 0.
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By Slutsky’s theorem, to complete the proof, it remains to show that UN,θ
t converges

in distribution to Uθ
t . Recall from Lemma 2.5(2) that IN,θ

2 converges F-stably in
law to Iθ2 in C([0, T ];R2d). Since X, Iθ1 , I

θ
3 , and Iθ4 are F-measurable, this stable

convergence further implies that the joint process (X, Iθ1 , I
θ
3 , I

θ
4 , I

N,θ
2 ) converges in

distribution to (X, Iθ1 , I
θ
3 , I

θ
4 , I

θ
2 ) (see [17, Lemma 2.1]). Given that UN,θ is a con-

tinuous functional of (X, Iθ1 , I
θ
3 , I

θ
4 , I

N,θ
2 ), it directly follows from the continuous

mapping theorem that UN,θ converges in distribution to Uθ in C([0, T ];R2d). The
proof is completed.

Proposition 2.6 also holds for general stochastic differential equations with con-
stant diffusion term σ. It suggests that the strong convergence order 1 is sharp for
the θ-method applied to nonlinear stochastic differential equations with additive
noise.

Theorem 2.7. Let Assumption 2.1 hold, θ ∈ [0, 1], and T ≥ 1. Assume that there
exists R > 0 such that the Hessian matrix D2H is uniformly positive definite for all
x ∈ R2d with ∥x∥ > R. Then there exist some constants Ci, i = 0, 1, 2, 3 dependent
on H and σ but independent of θ and T such that for any t ∈ [0, T ],

E
[
∥Uθ

t ∥2
]
≤ fθ(T )

:= eC0T

(
C1(1− 2θ)2T 4 + C2(θ

2 − θ +
1

3
)T 3 + C3(1− 2θ2)2T 2

)
.

(2.16)

Proof. In this proof, we denote by K1,K2, . . . , the generic constants that may de-

pendent on H and σ, but independent of θ and T . The process Ŵ := (θ2 − θ +
1
3 )

− 1
2 ( (1−2θ)

2 W+
√
3
6 W̃ ) is a standard Brownian motion with respect to the filtration

generated by W and W̃ , and

(1− 2θ)T

2

∫ t

0

Db(Xs)σdWs +

√
3

6
T

∫ t

0

Db(Xs)σdW̃s

=

√
θ2 − θ +

1

3
T

∫ t

0

Db(Xs)σdŴs.

Then by the Itô formula and Proposition 2.6, we have

1

2
E
[
∥Uθ

t ∥2
]
= E

∫ t

0

(Uθ
s )

⊤Db(Xs)U
θ
s ds+

(1− 2θ)T

2
E
∫ t

0

(Uθ
s )

⊤Db(Xs)b(Xs)ds

+
(1− 2θ2)T

4

m∑
k=1

E
∫ t

0

(Uθ
s )

⊤D2b(Xs)(σ·,k, σ·,k)ds

+ (θ2 − θ +
1

3
)T 2E

∫ t

0

tr(Db(Xs)σσ
⊤Db(Xs)

⊤)ds.

By the Young inequality and Assumption 2.1, for any t ∈ [0, T ],

E
[
∥Uθ

t ∥2
]
≤ K0

∫ t

0

E
[
∥Uθ

s ∥2
]
ds+K1(1− 2θ)2T 2E

∫ t

0

∥b(Xs)∥2ds

+K2(1− 2θ2)2T 2 +K3(θ
2 − θ +

1

3
)T 3. (2.17)
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Utilizing the Itô formula again as well as the anti-symmetry of J , for any t ∈ [0, T ],

E [H(Xt)] =
1

2
E
∫ t

0

tr(D2H(Xs)σσ
⊤)ds ≤ K4t.

Recall that there exists some constant R > 0 such that the Hessian matrix D2H
is uniformly positive definite for all x ∈ R2d with ∥x∥ > R, i.e., there exists some
constant λ0 > 0 such that x ∈ R2d with ∥x∥ > R and a ∈ R2d,

a⊤D2H(x)a ≥ λ0∥a∥2.
Moreover, the continuity of H implies that minx∈R2d,∥x∥≤2R H(x) =: H2R > −∞.

Hence for any x ∈ R2d with ∥x∥ ≥ 2R and x̂ := x
∥x∥R,

H(x) = H(x̂) +DH(x̂) · (x− x̂) +

∫ 1

0

(1− η)(x− x̂)⊤D2H(x̂+ t(x− x̂))(x− x̂)dη

≥ H(x̂)− λ−1
0 ∥DH(x̂)∥2 − 1

4
λ0∥x− x̂∥2 + 1

2
λ0∥x− x̂∥2

≥ H2R − λ−1
0 |H ′

R|2 +
1

16
λ0∥x∥2,

where H ′
R := max{∥DH(y)∥ : y ∈ R2d, ∥y∥ = R} and the last line is due to

∥x− x̂∥ = (1−R/∥x∥)∥x∥ ≥ 1
2∥x∥. For any x ∈ R2d with ∥x∥ ≤ 2R,

H(x) ≥ H2R ≥ H2R − 1

4
λ0R

2 +
1

16
λ0∥x∥2.

Denoting a1 := 1
16λ0 > 0 and

a2 := max{−H2R + λ−1
0 |H ′

R|2,−H2R +
1

4
λ0R

2, 0} ≥ 0,

it holds that for any x ∈ R2d,

H(x) ≥ a1∥x∥2 − a2.

The linear growth of b implies that for any t ∈ [0, T ] and T ≥ 1,

E
[
∥b(Xt)∥2

]
≤ K5(1 + E

[
∥Xt∥2

]
) ≤ K5

(
1 +

K4t+ a2
a1

)
≤ K6T.

Plugging the above inequality into (2.17), we obtain (2.16) from the Gronwall in-
equality, which completes the proof.

According to (2.16), for any fixed sufficiently large T > 0,

f 1
2
(T ) = min

θ∈[0,1]
fθ(T ).

This implies that in the long-time computation, the error constant of the midpoint
method may be smaller than that for the θ-method with θ ̸= 1

2 .

3. Test equation. In this section, by taking the linear stochastic oscillator as
the test equation, we study the asymptotic error distribution of several numerical
methods. In subsections 3.1 and 3.2, we study the variance of the asymptotic
error distributions for several concrete symplectic and non-symplectic methods for
the test equation. A comparison between symplectic and non-symplectic methods
will be discussed in subsection 3.3. In the sequel, let R = O(hp), p ≥ 0, stand
for |R| ≤ Chp for all sufficiently small h > 0, where C is independent of h. Let
K ∼ T p, p ≥ 0, stand for limT→∞ K/T p = C, where C is independent of T . We
denote by N (m,Σ) the normal distribution with mean m ∈ R and variance Σ > 0.
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By introducing X2
t := Ẋ1

t and Xt := (X1
t , X

2
t )

⊤, the linear stochastic oscillator

Ẍ1
t +X1

t = αẆt (α > 0) can be rewritten as

dXt =

(
0 1
−1 0

)
Xtdt+ α

(
0
1

)
dWt, t ∈ [0, T ] (3.1)

with initial value X0 := (X1
0 , X

2
0 )

⊤. Here, W = {Wt}t∈[0,T ] denotes a 1-dimensional
standard Brownian motion defined on (Ω,F , {Ft}t≥0,P). The exact solution of (3.1)
is given by (see e.g., [24])

X1
t = X1

0 cos t+X2
0 sin t+ α

∫ t

0

sin(t− s)dWs,

X2
t = −X1

0 sin t+X2
0 cos t+ α

∫ t

0

cos(t− s)dWs.

(3.2)

The symplectic structure of its phase flow is preserved (see, e.g., [23]), i.e.,

dX1
t ∧ dX2

t = dX1
0 ∧ dX2

0 ∀ t ≥ 0.

We consider a general convergent numerical method for (3.1) of the form(
X̂N

k+1,1

X̂N
k+1,2

)
= A

(
X̂N

k,1

X̂N
k,2

)
+ αb∆Wk :=

(
a11 a12
a21 a22

)(
X̂N

k,1

X̂N
k,2

)
+ α

(
b1
b2

)
∆Wk, (3.3)

with the initial value (X̂N
0,1, X̂

N
0,2) = (X1

0 , X
2
0 ), where ∆Wk := W(k+1)h −Wkh, for

k = 0, 1, . . . , N − 1. The numerical method (3.3) has first-order convergence of
accuracy for (3.1) if (see [6, Theorem 4.1])

|a11 − 1|+ |a22 − 1|+ |a12 − h|+ |a21 + h| = O(h2), |b1|+ |b2 − 1| = O(h). (3.4)

A numerical method {(X̂N
k,1, X̂

N
k,2)}Nk=0 for (3.1) is called symplectic if

dX̂N
k+1,1 ∧ dX̂N

k+1,2 = dX̂N
k,1 ∧ dX̂N

k,2 ∀ k ∈ {0, 1, . . . , N − 1}.
Recall that (3.3) is a symplectic method if and only if det(A) = 1 (see e.g., [23]).
Since {X2

t }t∈[0,T ] is the derivative of {X1
t }t∈[0,T ] and many physical observations

(e.g., the mean position 1
T

∫ T

0
X1

t dt and the mean velocity
X1

T

T ) of (3.1) depends

on {X1
t }t∈[0,T ], we mainly consider the error eN := X̂N

N,1 − X1
T . In terms of the

numerical method (3.3), it follows from [23] that

X̂N
N,1 = (a11α̂N−1 + β̂N−1)X

1
0 + a12α̂N−1X

2
0

+ α

N−1∑
k=0

(b1α̂N−1−k + γα̂N−2−k)∆Wk,
(3.5)

where γ = a12b2−a22b1, α̂k = (det(A))
k
2 sin((k+1)ξ)

sin(ξ) , and β̂k = − (det(A))
k+1
2 sin(kξ)

sin(ξ)

for any integer k, with ξ ∈ (0, π) satisfying

cos(ξ) =
tr(A)

2
√
det(A)

, sin(ξ) =

√
4 det(A)− (tr(A))2

2
√
det(A)

. (3.6)

Utilizing (3.2) and (3.5), it holds that

eN = [a11α̂N−1 + β̂N−1 − cos(T )]X1
0 + [a12α̂N−1 − sin(T )]X2

0

+ α

N−1∑
j=0

∫ tj+1

tj

(b1α̂N−1−j + γα̂N−2−j − sin(T − s)) dWs.
(3.7)
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For the linear problem (3.1), the error eN is a Gaussian random variable whose
variance plays a crucial role in determining its distribution. By the Itô isometry,

Var(eN )

α2
=

N−1∑
j=0

∫ tj+1

tj

|b1α̂N−1−j + γα̂N−2−j − sin (T − s)|2 ds, (3.8)

which enables the asymptotic expansion of Var(eN ) with respect to h for a con-
crete numerical method. In the following, we discuss several concrete first-order
convergent numerical methods for the test equation (3.1). However, this discussion
is not intended to cover all types of symplectic and non-symplectic methods. A
comparison of higher-order symplectic and non-symplectic methods, as well as the
investigation of pseudo-symplectic methods (see, e.g., [20]), is also meaningful and
warrants further investigation in the future.

3.1. Error of symplectic methods. In this subsection, we focus on the asymp-
totic error distributions of the errors {eN}N∈N+

for several symplectic methods,
including symplectic β method and general symplectic methods with ξ = h.

3.1.1. Symplectic β method (β ∈ [0, 1]). Applying the symplectic β method to (3.1),
the coefficients Aβ and bβ are given by

Aβ =
1

1 + β(1− β)h2

(
1− (1− β)2h2 h

−h 1− β2h2

)
,

bβ =
1

1 + β(1− β)h2

(
(1− β)h

1

)
.

The symplectic β method reduces to the midpoint method when β = 1
2 . Note that

the entries of Aβ and bβ satisfy (3.4). It is clear that

det(Aβ) = 1, tr(Aβ) =
2−

(
2β2 − 2β + 1

)
h2

1 + β (1− β)h2
, γ =

βh

1 + β(1− β)h2
,

sin(ξ) =
h
√
4− (1− 2β)2h2

2 + 2β(1− β)h2
, cos(ξ) =

2− (2β2 − 2β + 1)h2

2 + 2β(1− β)h2
.

By the Taylor expansion arcsin(h) = h + 1
6h

3 + 3
40h

5 + O(h7), we have ξ =

h + (β
2

2 − β
2 + 1

24 )h
3 + (3β

4

8 − 3β3

4 + 7β2

16 − β
16 + 3

640 )h
5 + O(h7). Plugging the

expressions of ξ, Aβ and bβ into (3.8), a lengthy computation leads to

Var(eN ) = (3β2 − 3β + 1)
(α2

6
T +

α2

12
sin(2T )

)
h2 +O(h3). (3.9)

Hence we derive the central limit theorem of the error of the stochastic β method

NeN − E[NeN ]
d⇒ N

(
0, α2T 2(3β2 − 3β + 1)

(T
6
+

sin(2T )

12

))
.

Remark 3.1. For any fixed T > 0, the error constant of the midpoint method
(β = 1

2 ) is minimal among symplectic β methods for the test equation (3.1).
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3.1.2. General symplectic methods with ξ = h. By (3.6), for the symplectic method,
the condition ξ = h is equivalent to tr(A) = 2 cos(h). By assuming further that the
coefficients aij(·), bi(·), i, j = 1, 2, are smooth functions satisfying (3.4), we have

a11 = 1 + a
(1)
11 h

2 + a
(2)
11 h

3 + a
(3)
11 h

4 +O(h5),

a22 = 1− (1 + a
(1)
11 )h

2 − a
(2)
11 h

3 + (
1

12
− a

(3)
11 )h

4 +O(h5),

a12 = h+ a
(1)
12 h

2 + a
(2)
12 h

3 + a
(3)
12 h

4 +O(h5),

a21 = −h+ a
(1)
21 h

2 + a
(2)
21 h

3 + a
(3)
21 h

4 +O(h5),

b1 = b
(1)
1 h+ b

(2)
1 h2 + b

(3)
1 h3 + b

(4)
1 h4 +O(h5),

b2 = 1 + b
(1)
2 h+ b

(2)
2 h2 + b

(3)
2 h3 + b

(4)
2 h4 +O(h5).

(3.10)

In view of (3.10), it holds that Var(eN ) = Ke
Th

2 +O(h3), where the error constant
Ke

T is given by

Ke
T = α2 1 + 3b

(1)
1 (b

(1)
1 − 1) + 3(a

(1)
12 + b

(1)
2 )2

6
T

+ α2 (1− 2b
(1)
1 )(a

(1)
12 + b

(1)
2 )(cos(2T )− 1)

2

+ α2 1 + 3b
(1)
1 (b

(1)
1 − 1)− 3(a

(1)
12 + b

(1)
2 )2

12
sin (2T ) .

(3.11)

Furthermore, the corresponding central limit theorem of the error is

NeN − E[NeN ]
d⇒ N

(
0, T 2Ke

T

)
.

We present three existing symplectic methods satisfying ξ = h in Table 1.

Symplectic method A b Ke
T

Exponential method

(
cos(h) sin(h)
− sin(h) cos(h)

) (
0
1

)
α2

6 T + α2 sin(2T )
12

Integral method

(
cos(h) sin(h)
− sin(h) cos(h)

) (
sin(h)
cos(h)

)
α2

6 T + α2 sin(2T )
12

Optimal method

(
cos(h) sin(h)
− sin(h) cos(h)

)
1
h

(
2 sin2(h2 )
sin(h)

)
α2

24 T + α2 sin(2T )
48

Table 1. Symplectic methods with ξ = h for (3.1).

Remark 3.2. When T ≫ 1, among the symplectic methods with ξ = h, the
numerical method satisfying

b
(1)
1 =

1

2
and a

(1)
12 + b

(1)
2 = 0 (3.12)

has the minimal error constant. Obviously, the optimal method fulfills (3.12). Be-
sides, we construct a symplectic method satisfying (3.12):

A =

(
cos(h) sin(h)
− sin(h) cos(h)

)
, b =

(
h
2
1

)
. (3.13)
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3.2. Error of non-symplectic methods. This subsection is devoted to studying
the asymptotic error distributions of errors {eN}N∈N+ for several non-symplectic

methods, including the θ-method (θ ̸= 1
2 ) and the PC(EM-BEM) method (see e.g.,

[23]).

3.2.1. θ-method (θ ∈ [0, 1
2 ) ∪ ( 12 , 1]). For θ ∈ [0, 1

2 ) ∪ ( 12 , 1], the coefficients of the
θ-method for (3.1) are given by

Aθ =
1

1 + θ2h2

(
1− (1− θ)θh2 h

−h 1− (1− θ)θh2

)
, bθ =

1

1 + θ2h2

(
θh
1

)
,

for which (3.4) is satisfied. It can readily be shown that

cos(ξ) =
1− (1− θ)θh2√

1 + (1− θ)2h2
√
1 + θ2h2

,

sin(ξ) =
h√

1 + (1− θ)2h2
√
1 + θ2h2

,

det(Aθ) =
1 + (1− θ)2h2

1 + θ2h2
, γ =

(1− θ)h

1 + θ2h2
.

On this basis, we can further formulate ξ in terms of h as follows ξ = h+ (θ− θ2 −
1
3 )h

3 + (θ4 − 2θ3 +2θ2 − θ+ 1
5 )h

5 + (3θ5 − θ6 − 5θ4 +5θ3 − 3θ2 + θ− 1
7 )h

7 +O(h9).
Plugging the above relations into (3.8), we can obtain

Var(eN ) = Kθ
Th

2 +O(h3), (3.14)

where the error constant Kθ
T is given by

Kθ
T =

α2(2θ − 1)2

24
T 3 − α2 sin(2T )(2θ − 1)2

16
T 2

+ α2

(
(1− θ)3 − 5θ3

6
+

(2θ − 1)2 cos(2T )

16

)
T

+ α2

(
1

48
+

(2θ − 1)
2

32

)
sin(2T ).

Thus the error {eN}N∈N+
of the θ-method with θ ∈ [0, 1

2 ) ∪ ( 12 , 1] satisfies the
following central limit theorem

NeN − E[NeN ]
d⇒ N (0, T 2Kθ

T ).

3.2.2. PC(EM-BEM) method. The PC(EM-BEM) method is a predictor-corrector
method using the Euler–Maruyama method as the predictor and the backward
Euler–Maruyama method as the corrector, whose coefficients are given by

A =

(
1− h2 h
−h 1− h2

)
, b =

(
h
1

)
.

By a straightforward calculation, we have

det(A) = 1− h2 + h4, tr(A) = 2− 2h2, γ = h3,

sin(ξ) =
h√

1− h2 + h4
, cos(ξ) =

1− h2

√
1− h2 + h4

,
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which leads to ξ = h+ 2h3

3 + h5

5 + h7

7 +O(h9). Further, we can simplify (3.8) into

Var(eN ) = α2
(T 3

24
− T 2 sin(2T )

16
+

6 cos2(T ) + 5

48
T +

5 sin(2T )

96

)
h2 +O(h3). (3.15)

Then for the PC(EM-BEM) method, NeN − E[NeN ] converges in distribution to

N
(
0, α2T 2

(T 3

24
− T 2 sin(2T )

16
+

6 cos2(T ) + 5

48
T +

5 sin(2T )

96

))
.

3.3. Comparison between symplectic and non-symplectic methods. Let

e
(s)
N and e

(ns)
N be the errors of the considered symplectic and non-symplectic methods

for (3.1), respectively. It has been shown in subsections 3.1 and 3.2 that the error

constant K
(s)
T := KT ∼ T for symplectic methods and that the error constant

K
(ns)
T := KT ∼ T 3 for non-symplectic methods. Since K

(s)
T /K

(ns)
T → 0 as T → ∞,

one can choose a sufficiently large time T0 > 0 so that K
(s)
T < K

(ns)
T for all T ≥ T0.

Fix ϵ > 0 and T ≥ T0. It follows from K
(s)
T < K

(ns)
T that

lim
N→∞

P
(
|Ne

(s)
N − E[Ne

(s)
N ]| > ϵ

)
= N (0, T 2K

(s)
T )({|x| > ϵ})

= N (0, T 2K
(ns)
T )

({
|x| > ϵ

√
K

(ns)
T /K

(s)
T

})
< N (0, T 2K

(ns)
T )

({
|x| > ϵ

})
= lim

N→∞
P
(
|Ne

(ns)
N − E[Ne

(ns)
N ]| > ϵ

)
.

Therefore there exists N0 ∈ N+ such that for any N ≥ N0,

P(|Ne
(s)
N − E[Ne

(s)
N ]| > ϵ) < P(|Ne

(ns)
N − E[Ne

(ns)
N ]| > ϵ). (3.16)

The above inequality (3.16) compares the error’s deviation of symplectic and non-
symplectic methods for the test equation (3.1). For the test equation and from
the perspective of their asymptotic error distributions, the considered symplectic
methods demonstrate superior performance compared to their non-symplectic coun-
terparts, although they may have the same mean square convergence order.

We can draw a further comparison between symplectic and non-symplectic meth-
ods of the test equation, via the theory of the large deviation principle. In fact, by

the Gärtner–Ellis theorem (see, e.g., [9, Theorem 2.3.6]), and the fact that e
(s)
N and

e
(ns)
N are Gaussian random variables, a direct computation gives

lim
N→∞

1

N2
log
( P(|e(s)N | > ϵ)

P(|e(ns)N | > ϵ)

)
= lim

N→∞

1

N2
logP(|e(s)N | > ϵ)− lim

N→∞

1

N2
logP(|e(ns)N | > ϵ) = −Rϵ(T ),

where Rϵ(T ) :=
ϵ2(K

(ns)
T −K

(s)
T )

2T 2K
(ns)
T K

(s)
T

> 0. Hence there exists some N1 ∈ N+ such that

P(|e(s)N | > ϵ)

P(|e(ns)N | > ϵ)
≤ exp

(
− 1

2
N2Rϵ(T )

)
∀ N > N1. (3.17)

The relation (3.17) reveals that at the scale ϵ, the probability of the error’s deviation
from zero decays exponentially faster for the symplectic method than for the non-
symplectic method.
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4. Numerical experiments. In this section, we present numerical experiments
to demonstrate that the normalized errors associated with symplectic methods are
smaller than those of non-symplectic methods.
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(a) Sympletic β method (θ = 0)
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(b) Sympletic β method (θ = 1/2)

Figure 1. The variance Var(en)/h
2 of normalized error against

time tn of sympletic β method for the test equation (3.1).

4.1. Linear stochastic oscillator. In Figs. 1-3, we plot the variance of the nor-
malized error en/h against time tn = nh based on 2000 sample paths for sev-
eral numerical methods, applied to the test equation (3.1) with T = 80, the
initial value (1, 0), and α = 1. The corresponding exact solution is computed
via numerical integration of (3.2) with partition parameter Nref = 217. For the
symplectic β method (resp. symplectic methods with ξ = h), we set the step-
size h = T/N with discretization parameters N ∈ {29, 210, 211, 212} (resp. N ∈
{26, 27, 28, 29}). As shown in Fig. 1 (resp. Fig. 2), Var(en)/h

2 for these symplec-
tic methods grows nearly linearly with respect to time tn, in agreement with the

reference line g(t) = 3β2 − 3β + 1)(α
2

6 t + α2

12 sin(2t)) in (3.9) (resp. g(t) = Ke
t in

Table 1). For the θ-method and the PC (EM–BEM) method, we set the step-
size h = T/N with N ∈ {212, 213, 214, 215}. The reference lines in Fig. 3(a)
and Fig. 3(b) are given by the function g(t) = Kθ

t with θ = 1/4 (see (3.14))

and g(t) = t3

24 − t2 sin(2t)
16 + 6 cos2(t)+5

48 t + 5 sin(2t)
96 (see (3.15)), respectively. It can

be observed from Figs. 1-3 that the variance of the normalized error approaches
the corresponding reference line as h decreases. Moreover, a comparison between
these figures shows that Var(en)/h

2 ∼ t3n for non-symplectic methods, whereas
Var(en)/h

2 ∼ tn for symplectic methods. This demonstrates that symplectic meth-
ods exhibit smaller errors compared to non-symplectic ones.

4.2. Pendulum problem. The motion of a simple pendulum with unit length and
mass can be described by ϑ̈(t) = −g sin(ϑ(t))+Ẇ (t), where ϑ is the angle, g = 9.8 is
the gravitational acceleration and W is a 1-dimensional standard Brownian motion.
By introducing X1

t = ϑ(t) and X2
t = ϑ̇(t), we have

d

(
X1

t

X2
t

)
=

(
0 1
−1 0

)(
g sin(X1

t )
X2

t

)
dt+

(
0
1

)
dWt, t ∈ [0, T ]. (4.1)

In Fig. 4, we plot the evolution of log(E[|en|2]/h2) over time tn for the θ-method
and symplectic β method (see [18, (3.6) in pp. 225]) for (4.1) with T = 10 and
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(a) Exponential method
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(c) Optimal method
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(d) New method (3.13)

Figure 2. The variance Var(en)/h
2 of normalized error against

time tn of symplectic methods with ξ = h for the test equation
(3.1).
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(a) θ-method (θ = 1/4)
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(b) PC(EM-BEM) method

Figure 3. The variance Var(en)/h
2 of normalized error against

time tn of non-symplectic methods for the test equation (3.1).

the initial value (π2 , 0), where en denotes the error between the exact and numerical
solutions at time tn. The expectation is estimated by averaging over 1000 sample
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(b) Symplectic β method

Figure 4. The evolution of the second moment of the normalized
error en/h over time tn for the θ-method (left) and the symplectic
β method for the pendulum problem (4.1).

paths, and the reference solution is computed using the Euler–Maruyama method
with a small stepsize 10−5. The numerical solutions are computed with a stepsize
h = 5/1024. Among all θ-methods, the midpoint method (i.e., θ = 1

2 ) yields the

smallest second moment of the error. Fig. 4(a) also shows that log(E[|en|2]/h2)
grows at most linearly with respect to time, indicating that E[|en|2]/h2 grows at
most exponentially in tn, which is consistent with the upper bound given in The-
orem 2.7. Fig. 4(b) suggests that all symplectic β methods exhibit similar second
moments of the normalized error for β ∈ {0, 0.1, . . . , 1}, with the special case β = 1

2
corresponding to the midpoint method. This implies that, for the nonlinear prob-
lem, the error constant of the midpoint method (β = 1

2 ) may not be the smallest
among the symplectic β methods, in contrast to the case of the linear test equation
(see Remark 3.1).
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