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Safety-Quantifiable Planar-Feature-based LiDAR 
Localization with a Prior Map for Intelligent Vehicles 

in Urban Scenarios 
Jiachen Zhang, Xikun Liu, Weisong Wen*, and Li-Ta Hsu 

Abstract—Safety-quantifiable and accurate localization is of 
great importance for safety-critical applications with navigation 
requirements, such as intelligent vehicles (IV). LiDAR-based 
localization with the prior map is highly expected due to its high 
accuracy. However, how to reliably quantify the safety (quantify 
the maximum potential localization error) of LiDAR localization 
is still an open challenge. Integrity monitoring (IM) is one of the 
most stringent existing solutions to quantify the safety of satellite 
navigation, where usually tens of measurements are involved and 
interpreted by an almost locally linear model. Differently, the 
number of measurements involved in the LiDAR localization 
problem is significantly larger (e.g. 2000). Moreover, the LiDAR 
measurement model is highly non-linear. The convexity of the 
LiDAR localization is still to be quantified. To fill these gaps, this 
paper proposes a safety-quantifiable planar feature-based LiDAR 
localization method with a prior map. Specifically, the LiDAR 
localization framework utilizing representative planar features 
with maximum spectral attributes is proposed. The cardinality 
restriction facilitates feasible safety quantification regardless of 
thousands of measurements. To quantify the convexity of the 
LiDAR localization problem, the Hessian matrix of the planar 
feature measurement model is analytically derived. The local 
convex property during non-linear optimization of the localization 
model is quantified from dual perspectives. Additionally, different 
from existing methods, the protection level of the derived LiDAR 
localization is estimated for both translation and rotation to 
quantify the safety. The feasibility of the proposed method is 
validated using the datasets collected in typical urban canyons of 
Hong Kong. 

Index Terms—3D LiDAR; Non-convexity; Planar features, 
Safety-quantifiable Localization; Urban canyons.  

I. INTRODUCTION

A. Motivation

Localization is one of the key prerequisites for intelligent
vehicles (IV) [1]. Light detection and ranging (LiDAR) gains 
increasing popularity due to its high reliability and precision [2]. 
With the help of the precise prebuilt 3D point cloud map, 
centimeter-level accuracy can be obtained by feature-based 
LiDAR localization [3]. However, as shown in our previous 
work in [4], the performance of LiDAR localization is 
significantly challenged in urban canyons, due to the numerous 
unexpected moving objects, insufficient geometric features, etc.  
Researchers tend to improve the robustness and accuracy 
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through sensor fusion [5], robust estimation [6], etc. However, 
hardly any existing feature-based LiDAR localization method 
confirms the safety in a real-world test. Reliable safety 
quantification of the localization results is of great significance 
for IV to guarantee the passengers’ physical safety. Without 
safety quantification, hazardous operations consequently could 
occur. Such concern partly prevents the massive deployment of 
safety-critical intelligent applications [7].  

The safety quantification of the localization solution requires 
awareness of the potential maximum localization error. 
Although safety concepts have been defined by ISO 26262 [8], 
the safety issue has not been effectively tackled. For example, 
what would the noise of the LiDAR measurements lead to the 
potential localization error? How would the potential 
undetected LiDAR outlier measurements contribute to the 
potential localization error and how to quantify it?  

Interestingly, integrity monitoring (IM) was developed for 
the aviation industry as the safety quantification theory. 
Specifically, integrity is introduced to quantify the trust that can 
be placed in the correctness of the position information 
provided by the Global Navigation Satellite System (GNSS) [9]. 
IM is implemented mainly in two steps [10]. First, fault 
detection and exclusion (FDE) are performed. In particular, 
faulty measurements that exhibit significant inconsistency with 
other measurements are detected and excluded. However, some 
faults that are not readily noticeable but potentially exist could 
result in a potential error in the position estimation. In addition, 
the noise contained in the GNSS measurements would also lead 
to potential errors. Second, the protection level (PL) is 
evaluated. It represents the potentially largest error caused by 
both undetected faults and noise.  

An alert limit (AL) is defined according to aviation 
application requirements [11]. When the estimated PL is larger 
than AL, an alert would be triggered and the position solution 
would be supposed as unavailable [12]. Integrity risk defines 
the probability that the actual localization error exceeds the AL, 
while PL is smaller than AL [11]. In such cases, the navigation 
system is unaware of the hazardous situation. Therefore, 
certifiable conditions limiting the integrity risk are stipulated to 
realize safety awareness.  

IM for satellite navigation has been developed over decades 
and plays a major role in its life-critical applications [13]. 
Currently, the optimization-based LiDAR localization methods 
using low-level features, such as planar features and edge 
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features, achieve impressive performance in various scenarios 
[14]. LiDAR measurements are kind of similar to the GNSS 
ones as both of them provide range measurements. Therefore, 
safety-quantifiable LiDAR-based localization following a 
similar idea can greatly contribute to LiDAR-based 
autonomous driving tasks in challenging environments, e.g., 
driving in dense traffic involving vehicles and pedestrians, 
enabling safer decision-making and path planning. However, 
the IM technique could not directly be applied to feature-based 
LiDAR localization. The safety quantification of feature-based 
LiDAR localization is still to be investigated. Challenges on 
both FDE and PL estimation are delineated as follows.  

 
Fig. 1. Illustration of the contributions in this paper. The 3D LiDAR provides 
dense, omnidirectional, and stereo measurements encircling the vehicle. For 
clarification, only measurements in specific directions are shown by the blue, 
green, and red dots. The lateral and longitudinal PL is shown by the orange 
ellipse which defines the maximum potential error of the estimated pose. 

B. Major Challenges for Safety-quantifiable LiDAR-based 
Localization 

1) Challenges on FDE 
FDE is crucial to achieving safety-quantifiable LiDAR-based 

localization [15]. However, it is more challenging compared 
with that for satellite navigation due to the two main factors.  

On the one hand, at least thousands of measurements are 
involved for both pointwise [16] and feature-wise [17] LiDAR-
based localization  (while only tens in satellite navigation). FDE 
on such a great number has intolerable latency thus 
computationally intractable. Fortunately, the full measurement 
set provides redundant constraints. As shown in Fig. 1, the blue 
and green LiDAR features share similar contributions in 
LiDAR localization. Outlier constraints could be contained 
such as that on dynamic objects painted in red. Given this fact, 
can we select a subset of representative measurements? The 
computational feasibility of FDE could be guaranteed by the 
reduced measurements. The accuracy of the localization could 
be guaranteed by well-conditioned constraints. The first 
challenge lies in how to select those representative 
measurements from the dense point clouds from 3D LiDAR.   

On the other hand, the measurement model of LiDAR is 
highly non-linear [17] (while that of satellite navigation could 
be totally tackled as a linear one after first linearization [18]).  
The potential faults during LiDAR localization could exist in 
raw LiDAR range measurements, feature extraction, point 
cloud registration, and convergence of the non-linear point 
association. All kinds of undetected faults concentratedly react 
to the optimization of the non-linear measurement model. The 

convexity (the convex or nonconvex property) of the model 
determines the quality of the converged solution. In other words, 
the potential localization error induced by the fault existing 
before the optimization would be determined by the convexity 
of the model. As illustrated in Fig, 1, for illustration purposes, 
the measurement association cost is projected to one specific 
dimension of the pose. Its convexity in the possible pose 
solution space should be investigated to justify the safety 
quantification of LiDAR localization. In summary, the FDE is 
effective only if the convex property of the LiDAR measurement 
model is certified. The second challenge lies in the exploration 
of its convexity.  
2) Challenges in PL estimation 

For the safety-quantifiable LiDAR-based localization, the 
significant challenge consists in that the practical and 
applicable PL formulation has not been constructed. Besides, 
the numerical value of PL for the pose estimation including 
translation and rotation is not well developed. The PL is mainly 
derived and represented in the form of probability distributions 
for GNSS [13]. A specific numerical value of the PL would be 
instructive for IV. The safety could be monitored intuitively.  
As shown in Fig. 1, the value of PL in the lateral and the 
longitudinal direction is shown by the orange ellipse. It directly 
quantifies the potential error bounds of the pose estimations.  

C. Related Works 

To enable feasible FDE for LiDAR localization methods, 
compact and informative feature selection used for pose 
estimation then becomes the primary task. Feature selection 
methods targeting feature reduction are widely investigated in 
visual localization while rarely used in LiDAR localization. The 
work [19] drew inspiration from works [20] and [21] in the 
visual area. The author proposed a stochastic-greedy algorithm 
to select the most representative LiDAR features. The selection 
criterion is based on the spectral attribute of the information 
matrix of the LiDAR odometry. However, the impact of the 
feature reduction on prior map-based LiDAR localization still 
needs investigation.  

Concerning the safety-quantification issue of LiDAR 
localization, the literature is sparse. The work [22] derived the 
integrity risk equation accounting for the feature separation 
degree and the incorrect feature association. However, the 
landmarks are assumed to be constant and repeatedly observed 
by each frame. While the mission-critical applications of 
LiDAR-based localization face a more complicated situation 
with landmarks coming in and out of view. The work [23] 
quantified the integrity risk caused by LiDAR feature 
association faults.  All possible associations among features and 
prior landmarks should be evaluated which is computationally 
expensive. The work [24] extended the IM work [25] and [26] 
from GNSS to LiDAR. In detail, the feature association fault 
hypothesis is used to develop the probability distribution of 
pose estimation error and PL, which are assumed as Gaussian 
and chi-squared respectively. The work [27] further improved 
the performance of [24] in a recursive manner. Faults in a 
preceding time window besides that of the current epoch are 
considered. However, both methods supposed the measurement 
model is linear regardless of the realistic non-linearity of the 
measurement model. In addition, both methods are validated 
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under the simplified assumption that the associations between 
the features of the new coming LiDAR frame and those in the 
prior map are assumed known. While in realistic urban areas, 
the ground-true correspondence is unknown. The work [28, 29] 
introduced integrity monitoring for landmark-based 
localization in realistic applications with consideration of 
incorrect feature extraction and misassociations in the frame of 
extended Kalman filter (EKF) and particle filter, respectively. 
However, the landmark-based methods require typical features 
of the environment, such as tree trunks, light poles, etc. Safety 
quantification for mainstream optimization-based LiDAR 
localization using low-level features (e.g., planar and edge 
features) needs to be explored. 

In summary, the existing work focuses on quantifying the 
impact of the feature extraction and association faults on the 
pose estimation error. Explicit FDE hasn’t been performed. One 
of the common problems is that these methods are submitted to 
simplified assumptions thus unpractical in real urban scenes. 
Besides, the PL is presented in a probabilistic expression which 
is not instructive enough for IV. Moreover, most relevant 
publications aim at filter-based localization methods. To the 
best of our knowledge, the safety quantification method for 
non-linear optimization-based LiDAR localization has not been 
developed. The challenges exposed by safety-quantifiable 
LiDAR localization urgently need to be addressed.  

D. Contributions 

To tackle the challenges listed above, this paper proposed a 
safety-quantifiable planar feature-based LiDAR localization 
method. It’s targeted at IV in realistic urban canyons with prior 
map requirements.  It’s noted that the proposed method applies 
to relative localization pipelines as the LiDAR is a kind of local 
sensor [30]. The main contributions are illustrated in Fig. 1 and 
summarized as follows: 

(1) Light-weight LiDAR localization with intelligent 
LiDAR feature selection: The paper proposes an efficient 
LiDAR localization method by exploiting a small number of 
representative features. The spectral attributes of the 
information matrix provided by planar features function as the 
criterion of feature selection. The small quantity but well-
conditioned constraints ensure accurate localization. More 
importantly, the efficient FDE required by safety quantification 
is achieved.   

(2) Certification of convex property in large pose solution 
space of planar feature-based LiDAR localization model: 
The analytical Hessian matrix of the objective registration 
function relative to the pose state is rigorously derived, which 
is typically approximated through the Jacobian matrix and the 
convex property consequently is left unexplored. The positive 
definiteness (PD) of the Hessian matrix is further investigated 
from two perspectives to quantify the convexity. The 
certification indicates that the subsequent PL quantification is 
free from the problem caused by the non-convexity during the 
pose estimation. 

(3) Quantification of the PL for both translation and 
rotation estimation: A residual-based PL quantification 
method is delicately designed, which is inherited from IM 
methods for satellite navigation [18], [31] and free from 
unrealistic scenario assumptions. The numerical value rather 

than the possibility of the 6-degree PL of the estimated 
translation and rotation is calculated.  

(4) Experimental verification: The proposed method is 
verified on challenging localization datasets collected from the 
urban canyons of Hong Kong. The feasibility of the proposed 
LiDAR localization and the safety quantification method is 
validated step-by-step.  

The remainder of this paper is organized as follows. An 
overview of the proposed method is given in Section II. The 
detailed lightweight LiDAR localization method is introduced 
in Section III. The certification of the local convex property of 
the adopted LiDAR measurement model is elaborated in 
Section IV. In Section Ⅴ, the safety quantification approaches 
are presented. Real-life experiments and discussions were 
conducted to evaluate the proposed method in Section Ⅵ. 
Finally, Section Ⅶ presents the conclusions and future 
perspectives. 

II. SYSTEM OVERVIEW AND NOTATIONS 

 
Fig. 2. Overview of the proposed method. 

Fig. 2 shows an overview of the proposed method in this 
paper. The input of the system is the 3D point cloud generated 
by LiDAR. A drift-free offline point cloud map is constructed 
in advance. It’s accumulated by registering the points with pose 
ground truth from NovAtel SPAN-CPT [32]. The LiDAR 
localization framework facilitating feasible FDE is painted in 
blue. Planar feature points are extracted according to the 
smoothness of the point [17]. Each feature is associated with a 
fitted local plane generated from the map. The spectral attribute 
of the information matrix produced by the association is 
investigated. Features preserving strong spectral intensity at 
each dimension of the pose provide well-conditioned 
constraints. Under the cardinality restriction, such features are 
iteratively selected as representative ones. Non-linear 
optimization is performed on the representative associations for 
pose estimation. The convexity of the non-linear localization 
model is certified based on Hessian matrix derivations. 
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The subsequent safety quantification is completed in two 
steps. At first, FDE painted in yellow is iteratively implemented. 
The residual vector is projected to its parity space. According 
to the Chi-square test in this space, the fault measurements are 
detected and excluded. Then, the PL calculation painted in 
orange is performed.  The PL induced by the single potential 
fault fails to be detected during the FDE procedure and that 
induced by the noise are calculated respectively. The numerical 
value of the PL on each dimension of the rotation and 
translation is achieved with the corresponding adaptor matrix.  

The safety quantification results are expected to provide a 
safety constraint on the pose estimation. On the one hand, the 
safety cost will be constructed as a residual between the pose 
estimation and the PL estimation. Such costs will be restricted 
and optimized. On the other hand, the PL will be constrained to 
be smaller than AL. Such formulations confirm that when 
minimum safety cost is achieved, the provided pose estimation 
has credible PL which is as tight as possible within the AL.  

In this paper, matrices are denoted as bold uppercase letters, 
e.g. 𝐇. Vectors are denoted with bold lowercase letters, e.g. 𝐩. 
Variable scalars are denoted with lowercase italic letters, e.g. 𝑡. 
Constant scalars are denoted with lowercase letters, e.g. n. In 
addition, the LiDAR body frame at the 𝑘 epoch is represented 
as {∙}ℒೖ . The map frame, defined as the initial LiDAR body 
frame, is a kind of local world frame and is denoted as {∙}ℳ . 

III. LIGHTWEIGHT LIDAR LOCALIZATION WITH INTELLIGENT 

FEATURE SELECTION 

The lightweight planar feature-based LiDAR localization 
method contributed by the intelligent representative feature 
selection is elaborated in this part. 
A. Planar Feature-based LiDAR Localization Formulation 

This section provides a brief description of the planar feature-
based LiDAR localization formulation used in this paper.  

Referred to [17], planar feature points are first extracted 
according to the horizontal smoothness. LiDAR localization is 
further accomplished via the registration between the planar 
feature points in the current frame and the prior map. 
Specifically, the registration is formulated as a non-linear 
optimization problem. As depicted in Fig. 3, the one-shot 
optimization manner is adopted so that the state of each epoch 
is independently estimated. The objective function is defined as 
follows,  

𝐓ℒೖ

ℳ = argmin
𝐓ℒೖ

ℳ
𝑓൫𝐓ℒೖ

ℳ൯        (1) 

with 𝑓൫𝐓ℒೖ

ℳ൯ =
ଵ

ଶ
∑ 𝑟௞,௜

் w௞,௜𝑟௞.௜
௠
௜ୀଵ  , 

where the pose of the 𝑘 -th LiDAR frame to be estimated 

relative to the prior map is denoted as 𝐓ℒೖ

ℳ = ቈ
𝐑ℒೖ

ℳ 𝐭ℒೖ

ℳ

𝟎ଵ×ଷ 1
቉ ∈

𝑆𝐸(3)  containing the rotation part 𝐑ℒೖ

ℳ ∈ 𝑆𝑂(3)  and the 

translation part 𝐭ℒೖ

ℳ ∈ ℝଷ [33]. For simplicity, the rotation could 

also be expressed as its corresponding Lie algebra 𝛗ℒೖ

ℳ ∈

𝑆𝑂(3) [34]. The initial guess of the pose is predicted under the 
assumption of uniform motion as follows: 

𝐓ෙℒೖ

ℳ = 𝐓ℒೖషభ

ℳ ൫𝐓ℒೖషమ

ℳ ൯
ିଵ

𝐓ℒೖషభ

ℳ  .     (2) 

 
Fig. 3. Illustration of the proposed planar feature-based LiDAR localization 
method. 

The 𝑖-th planar feature registration residual constraining the 
𝑘-th pose is denoted as 𝑟௞.௜ in (1). Planar feature point sets in 
the 𝑘-th LiDAR frame and the prior map are denoted as 𝒫ℒೖ  
and 𝒫ℳ  respectively. For feasible FDE, a subset of 
representative features denoted as ℱℒೖ  is selected from 𝒫ℒೖ  to 
perform the registration. The selection approach will be detailed 
in section Ⅲ.B. The 𝑖-th point among the 𝑚 selected planar 

points 𝐩௜
ℒೖ ∈ ℱℒೖ  with 𝑖 ∈ [1, 𝑚] , is projected to the 𝒫ℳ  

denoted as 𝐩௞,௜
ℳ  under the initial guess. As shown in Fig. 3, in 

𝒫ℳ  a planar patch painted in gray, which 𝐩௞,௜
ℳ  is expected to be 

associated with, could be parameterized depending on the 
principal component analysis (PCA) of neighbors around 𝐩௞,௜

ℳ  

[35]. The residual namely the distance between 𝐩௜
ℒೖ  and the 

fitted planar patch is the function of 𝐓ℒೖ

ℳ  as follows, 

𝑟௞.௜ = 𝐧௞,௜
் 𝐩௞,௜

ℳ + 𝑑௞,௜       (3) 

with 𝐩௞,௜
ℳ = 𝐓ℒೖ

ℳ𝐩௜
ℒೖ , 

where 𝐧௞,௜  and 𝑑௞,௜  are the normal vector and the const 
parameter of the planar patch respectively. 

The weight accounting for the uncertainty of the residual is 
denoted as  w௞,௜  in (1), which is empirically determined. It’s 
interpreted as a constant which is the inverse of the covariance 
of the nominal Gaussian noise in the LiDAR raw measurements.  

Typical second-order gradient-based non-linear optimization 
algorithm Levenberg-Marquardt (LM) [36] implemented in 
Ceres Solver [37] is utilized to solve the objective function. 
During optimization, the following linearization definitions 
hold by stacking the residuals in the matrix form: 

𝐫௞ = 𝐉௞𝐱௞ + 𝐛௞ + 𝛈௞       (4) 

with 𝐫௞ = ቎

𝑟ଵ

𝑟ଶ

⋮
𝑟௠

቏ , 𝐱௞ = [
𝛗ℒೖ

ℳ

𝐭ℒೖ

ℳ
 ] ∈ ℝ଺, 𝐉௞ =

డ𝐫ೖ

డ𝐱ೖ
೅  , 

where 𝐱௞ is the pose to be estimated equally to 𝐓ℒೖ

ℳ . 𝐉௞ ∈ ℝ௠×଺ 
denotes the Jacobian matrix of 𝐫௞ relative to 𝐱௞ which could be 
found in [30]. The 𝑖-th row of 𝐉௞ is the Jacobian matrix of 𝑟௜ 
relative to 𝐱௞ denoted as 𝐉௞,௜ ∈ ℝଵ×଺. The residuals led by bias 
from faulty measurements is denoted as 𝐛௞ ∈ ℝ௠ . The 
residuals are also disturbed by Gaussian noise 𝛈௞ ∈ ℝ௠ with 
𝛈௞~𝒩(𝟎, 𝐐௞). 𝐐௞ is empirically determined according to the 
precision of LiDAR measurements. The weight matrix 𝐖௞ for 
𝐫௞ is denoted as: 

𝐖௞ = 𝐐௞
ିଵ = ൦

w௞,ଵ

0
⋮
0

0
w௞,ଶ

⋮
0

…
…
⋱
…

0
0
⋮

w௞,௠

൪ ∈ ℝ௠×௠ .   (5) 

Moreover, the quantified effect of different 𝐖௞  on the PL is 
fully investigated in the experiments. 
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B. Representative Feature Selection Based on Information 
Matrix Spectrum Analysis 

In this section, the representative feature selection approach 
involved in pose estimation is presented, which aims to achieve 
both efficient FDE for safety quantification and highly accurate 
pose estimation. 

The information matrix contributed by each feature for the 
estimated pose is defined as 𝚪௞,௜ = 𝐉௞,௜

் w௞,௜𝐉௞,௜  [38]. The 
spectral attribute of 𝚪௞,௜ measures the quality of the constraint 
on the estimated pose [39]. The eigenvalues are exploited to 
reveal the spectral attribute of a matrix in this paper [21], [39]. 
Each of the six eigenvalues of the information matrix reflects 
the spectral intensity in the corresponding dimension of the 
translation and rotation. A large eigenvalue reflects the strong 
spectral intensity and thus provides a strong and healthy 
constraint. On the contrary, a small eigenvalue reflecting weak 
spectral intensity provides a weak or even ill constraint. It’s 
generally accepted that more features involved would achieve 
information matrices with stronger spectral attributes in all 
dimensions. The localization methods tend to use all the 
available features. However, the great number of features make 
the FDE procedure for safety quantification intractable. 
Fortunately, the spectrum gains of the information matrices are 
demonstrated to be monotone and submodular [40]. The subset 
of features named representative features, which guarantees a 
strong spectrum intensity of the information matrices, could be 
achieved. Most importantly, the cardinality restriction of the 
subset promises efficient FDE for safety quantification. 

Algorithm 1 Representative Feature Selection. 

Inputs: Full feature set 𝒫ℒೖ , cardinality restriction on 
representative feature set 𝑚, the initial guess of the pose 
𝐓ෙℒೖ

ℳ. 

Outputs: Representative feature set ℱℒೖ  . 
ℱℒೖ ←  ∅. 
While |ℱℒೖ| < 𝑚, 

Produce the subset 𝒮ℒೖ by random sampling from 𝒫ℒೖ. 

Define minimum spectrum intensity (MEV) set ℯ𝒮ℒೖfor 
𝒮ℒೖ . 

ℯ𝒮ℒೖ ←  ∅. 

For each 𝐩௜
ℒೖ ∈ 𝒮ℒೖ, 

Calculate the registration residual and the 
information matrix: 

𝐩௞,௜
ℳ =  𝐓ෙℒೖ

ℳ 𝐩௜
ℒೖ , 

𝑟௜ = 𝐧௜
்𝐩௞,௜

ℳ + 𝑑௜,  
𝚪௞,௜ = 𝐉௞,௜

் w௞,௜𝐉௞,௜ . 
Calculate the MEV 𝑒௠௜௡,௜ of 𝚪௞,௜.  

ℯ𝒮ℒೖ ← ℯ𝒮ℒೖ ∪ 𝑒௠௜௡,௜ 
End for. 

𝑖 ← argmax
௜

ℯ𝒮ℒೖ . 

ℱℒೖ ← ℱℒೖ ∪ 𝐩௜
ℒೖ , 𝒫ℒೖ ← 𝒫ℒೖ ∖ 𝐩௜

ℒೖ  
End while. 

The representative feature selection issue is formulated as 
follows: 

argmax
ℱℒೖ⊆𝒫ℒೖ

𝑒(ℱℒೖ)        (6) 

with 𝑒(ℱℒೖ) = ∑ 𝑒௠௜௡,௜
௠
௜ୀଵ  and  |ℱℒೖ| ≤ 𝑚 , 

where 𝑒௠௜௡,௜ represents the minimum eigenvalue (MEV) of the 
information matrix 𝚪௞,௜. The cardinality restriction is defined as 
|ℱℒೖ| ≤ 𝑚. The selected feature number is limited by  𝑚 which 
is empirically set as 20% of all the available features [21]. To 
construct ℱℒೖ , the features maximizing the minimum spectrum 
intensity sum of the information matrices should be iteratively 
selected from the full feature set 𝒫ℒೖ . Inspired by the work [40] 
and [19], each representative feature is searched on a random 
subset of 𝒫ℒೖ instead of the whole 𝒫ℒೖ . Otherwise, there would 
be intolerable time consumption. The detailed procedure of the 
representative feature selection is delineated in Algorithm 1. 

IV. CONVEX PROPERTY CERTIFICATION OF THE LIDAR 

LOCALIZATION MODEL 

This section elaborates on the convex property certification 
of the localization model defined by (1), including Hessian 
matrix derivation and its two-perspective PD investigation. 
Such certification ensures that the PL resulting from the 
undetected faults and noise in the non-linear localization model 
is credibly assessed. There won’t be interference from the 
convergence quality caused by the non-convexity.  

A. Convexity Certification Preparation: Analytical Hessian 
Matrix Derivation 

Above all, the definiteness (e.g. PD, negative definiteness, 
etc.) of the Hessian matrix at the final converged pose solution 
determines the local convexity (e.g. convex property, concave 
property, etc.) of the objective function [41]. To be specific, the 
PD indicates the strictly local convex property at the converged 
solution. Therefore, it’s in expectation as it guarantees that at 
least local optimum is achieved given the initial guess. 
Furthermore, for the commonly used second-order gradient-
based non-linear optimization algorithms such as the L-M 
algorithm used in this paper, the PD of the Hessian matrix at the 
operating point before convergence is expected. It essentially 
provides another perspective of the local convex property of the 
localization model at the converged state. It implies that the 
optimization is iterated toward the descending direction of the 
objective function [41]. The solution is updated in line with the 
least-square goal.  

Specifically, the Hessian matrix of the objective function 
defined by (1) relative to the pose state is derived based-on 
matrix differential on Euclidean space and manifolds, which 
can be derived as  

𝐇௞ =
𝝏௙(𝐱ೖ)

𝝏𝐱ೖ𝝏𝐱ೖ
೅ .         (7) 

Substituting the 𝐟(∙)  defined as (1), 𝐇௞  could be further 
factorized as 

𝐇௞ = ∑ 𝐇௞.௜
௠
௜ୀଵ          (8) 

with 𝐇௞.௜ =
𝝏௙೔(𝐱ೖ)

𝝏𝐱ೖ𝝏𝐱ೖ
೅  and 𝑓௜(𝐱௞) =

ଵ

ଶ
𝑟௞,௜

் w௞,௜𝑟௞,௜  , 

The chain rule is exploited to derive 𝐇௞.௜  . 𝐩௞,௜
ℳ  is selected as 

the intermediate variable according to (3). Referring to 𝐩௞,௜
ℳ , 

𝑓௜(𝐱௞)  is expanded according to the second-order Taylor 
approximation as 
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𝑓௜൫𝐩௞,௜
ℳ + 𝛿𝐩௞,௜

ℳ ൯ = 𝑓௜൫𝐩௞,௜
ℳ ൯ + ቀ𝐆

𝐩ℳ
௙

ቁ
்

𝛿𝐩௞,௜
ℳ  

+
ଵ

ଶ
൫𝛿𝐩௞,௜

ℳ ൯
்

ቀ𝐇
𝐩ℳ
௙

ቁ ൫𝛿𝐩௞,௜
ℳ ൯ ,       (9) 

where the gradient matrix and the Hessian matrix are denoted 

as 𝐆
𝐩ℳ
௙  and 𝐇

𝐩ℳ
௙  respectively. The detailed derivation of these 

two matrices can be found in Appendix A. The increment 𝛿𝐩௞,௜
ℳ  

is induced by the increment 𝛿𝐱௞ as follows, 

𝛿𝐩௞,௜
ℳ = 𝐃𝐱

𝐩ℳ

𝛿𝐱௞ ,        (10) 

in which  𝐃𝐱
𝐩ℳ

 represents the Jacobian matrix of 𝐩௞,௜
ℳ  relative to 

𝐱௞ . The detailed derivation can be found in Appendix B. 
Replacing 𝛿𝐩௞,௜

ℳ  in (9), the second-order Taylor approximation 
of 𝑓௜(𝐱௞) referring to 𝐱௞ is finally derived as follows, 

𝑓௜(𝐱௞ + 𝛿𝐱௞) = 𝑓௜(𝐱௞) + ቀ𝐆
𝐩ℳ
௙

ቁ
்

𝐃𝐱
𝐩ℳ

𝛿𝐱௞ 

+
ଵ

ଶ
𝛿𝐱௞

் ൬ቀ𝐃𝐱
𝐩ℳ

ቁ
்

𝐇
𝐩ℳ
௙

𝐃𝐱
𝐩ℳ

൰ 𝛿𝐱௞ ,    (11) 

where the Hessian matrix of 𝑓௜(𝐱௞) referring to 𝐱௞ namely 𝐇௞.௜  
is represented as  

𝐇௞.௜ = ቀ𝐃𝐱
𝐩ℳ

ቁ
்

𝐇
𝐩ℳ
௙

𝐃𝐱
𝐩ℳ

.      (12) 

Analytical expression of 𝐇௞ is finally achieved by adding all 
𝐇௞.௜ as shown in (12). In Section Ⅵ, to certify the convexity of 
the objective function, the eigen decomposition of the Hessian 
matrix is performed and the decomposed information is 
investigated. 

B. Dual-perspective Convexity Certification Approach 

The pose solutions around the initial guess and the converged 
pose comprise the possible pose solution space. The 
investigation of the convexity of the non-linear LiDAR 
localization model should be performed in this space. This 
section provides a dual-perspective approach to quantify 
convexity.  

On the one hand, the definiteness of the Hessian matrix at the 
converged pose solution is investigated given different initial 
guesses. Besides the initial guesses derived from the uniform 
motion assumption, other guesses are produced by adding 
increments to it. If the same converged pose and its PD could 
be maintained along with the variation of the initial guess, the 
convex property is proved in the possible solution space. On the 
other hand, given the specific initial guess derived from the 
uniform motion assumption, the definiteness of the Hessian 
matrix around the converged pose is investigated. If the PD 
could be maintained, the objective function is in the descending 
direction from the neighbors of the converged pose to the 
converged pose itself. In other words, the converged pose is the 
one with the minimal cost in the surrounding solution space. 
Then the convex property is dually demonstrated. 

V. SAFETY QUANTIFICATION FOR PLANAR FEATURE-BASED 

LIDAR LOCALIZATION 

The safety quantification of the planar feature-based LiDAR 
localization results is inspired by the residual-based receiver 
autonomous integrity monitoring (RAIM) method for GNSS 
[18], [31]. Authoritative AL for IV hasn’t been developed by 

related organizations. Therefore, the integrity risk couldn’t be 
quantified. This paper implements safety quantification in the 
manner of calculating the numerical value of PL on each 
dimension of the pose. As mentioned before, it’s more 
instructive and intuitionistic for IV. 

Algorithm 2 Iterative Faulty Measurements Detection and 
Exclusion on Parity Space 

Inputs: The original representative planar feature set ℱℒೖ  
with size 𝑚 at time epoch 𝑘 . The prior planar feature map 
𝒫ℳ . The initial guess of the pose 𝐓ෙℒೖ

ℳ . Significance level 𝛼 
for Chi-square test. 
Outputs: The fault-excluded planar feature set ℱത ℒೖ  and the 
optimized pose 𝐓෡ℒೖ

ℳ  at time epoch 𝑘.  

Step 1: Register ℱℒೖ  to 𝒫ℳ  achieving converged 𝐓෡ℒೖ

ℳ  and 
𝐫௞. 
Step 2: Project 𝐫௞ to its parity space as 𝐩௞ = 𝐔௞𝐫௞ =
[𝑝ଵ , 𝑝ଶ , ⋯ , 𝑝௠  ]். 
Step 3: Perform the Chi-square test on the statistic 𝜆௞ =
𝐩ഥ௞

்𝐩ഥ௞ given the critical value 𝜀 = 𝒳௠ି଺,ଵିఈ
ଶ . 

If  𝜆௞ > 𝜀,  

𝐩௝
ℒೖ = argmax

𝐩
ೕ

𝓛ೖ

𝜆௞, 𝐩௝
ℒೖ ∈ ℱℒೖ. 

ℱത ℒೖ ← ℱℒೖ ∖  𝐩௝
ℒೖ . 

𝑚 ← 𝑚 − 1, 𝜀 ← 𝒳௠ି଺,ଵିఈ , ℱℒೖ ← ℱത ℒೖ . 
Repeat steps from 1 to 3. 

Else,  
Return ℱത ℒೖ  and 𝐓෡ℒೖ

ℳ . 

A. Fault Detection and Exclusion 

In this section, the FDE method preparing for PL calculation 
is presented.  

The parity space approach to reject faulty measurements has 
been developed for decades in the control field [42]. The parity 
space is a kind of measurement space independent from the 
state. The rejection is performed in this space where the 
isolation from the state enhances the sensitivity of the 
measurement model to the fault.  

The first key point of the approach consists of parity space 
construction. The projection matrix 𝐔௞ is defined to project the 
residual vector 𝐫௞  to its parity space denoted as 𝐩௞ . 𝐔௞  is 
demonstrated as (7) in [42] to be in the null space of the 
linearized coefficient matrix of the measurement model as 
follows, 

𝐔௞𝐉௞ = 𝟎 .         (13) 
Adequate  𝐔௞ is specified as 

𝐔௞ = 𝐈 − 𝐉௞(𝐉௞
்𝐖௞𝐉௞)ିଵ𝐉௞

்𝐖௞ .    (14) 
Then, the 𝐩௞ is achieved as  

𝐩௞ = 𝐔௞𝐫௞ = 𝐔௞𝐛௞ + 𝐔௞𝛈௞ .     (15) 
where 𝐩௞~𝒩(𝛍௞, 𝐔௞𝐐௞𝐔௞

்)  according to the linear 
transformation of the Gaussian distribution. With no faulty 
measurements, 𝛍௞ is the zero vector as the 𝛈௞ follows the zero 
mean Gaussian distribution. While with faulty measurements 
involved, 𝛍௞ is decided by 𝐔௞𝐛௞ which is significantly larger. 
The standardized 𝐩௞ is denoted as 𝐩ഥ௞. The quadratic sum of 𝐩ഥ௞ 
subjects to Chi-square distribution represented as  𝜆௞ = 𝐩ഥ௞

்𝐩ഥ௞ 
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and 𝜆௞~𝒳௠ି଺
ଶ . For given significance level 𝛼 , the 

corresponding critical value  𝒳௠ି଺,ଵିఈ
ଶ  denoted as 𝜀  is 

determined. Consequently, the faulty measurements could be 
detected through a comparison between the 𝜆௞ and 𝜀, which is 
the Chi-square test. It’s concluded that if 𝜆௞  is larger than 𝜀, 
faulty measurements occur. 

Once faulty measurements are detected, the feature that 
contributes most to 𝜆௞  is removed and the optimization is 
implemented on the remained feature sets. The process is 
repeated until the Chi-square test on 𝜆௞ is passed which means 
no fault exists anymore. The detail is shown in Algorithm 2.  

B. Residual-Based Translation and Rotation PL Calculation 

This section presents the calculation of PL which can be 
formulated as follows [43], 

𝛀௞ = 𝛀௞,௕ + 𝛀௞,ఎ ,      (16) 
where 𝛀௞ ∈ ℝ଺ is the PL for the 6D pose estimation. 𝛀௞,௕ ∈ ℝ଺ 
and 𝛀௞,ఎ ∈ ℝ଺ represent the part induced by undetected fault 
and the Gaussian noise respectively.  

The 𝛀௞,ఎ is the commonly used “3-sigma” that is the triple 
standard deviation of the error in the estimated pose resulting 
from the Gaussian noise denoted as 𝛈௞ in (4). It’s defined as 

𝛀௞,ఎ = 3ඥ𝑑𝑖𝑎𝑔((𝐉௞
்𝐖௞𝐉௞)ିଵ) ,     (17) 

where 𝑑𝑖𝑎𝑔(∙)  denotes the diagonal elements of (∙) . The 
detailed derivation of 𝛀௞,ఎ could be found in Appendix C. The 
remained section focuses on the derivation of 𝛀௞,௕. 

Considering the residual 𝐛௞  induced by the faulty 
measurements, its impact on the pose estimation is quantified 
as 

δ𝐱௞ = (𝐉௞
்𝐖௞𝐉௞)ିଵ𝐉௞

்𝐖௞𝐛௞ ,      (18) 
which is derived from the linearized measurement model shown 
in (4). The factorization of δ𝐱௞ on each component of the pose 
is as follows, 

ω௞,௕,௖
ଶ = 𝛿𝐱௞

்𝐂௖𝛿𝐱௞ = 𝐛௞
்𝚺௞,௖𝐛௞    (19) 

with 𝚺௞,௖ = 𝐖௞𝐉௞(𝐉௞
்𝐖௞𝐉௞)ିଵ𝐂௖(𝐉௞

்𝐖௞𝐉௞)ିଵ𝐉௞
்𝐖௞ , 

where the subscript 𝑐  represents the index of the pose 
component arranged in 𝐱௞ . It ranges from 1 to 6 and 
corresponds to the rotation and translation on the x-axis, y-axis, 
and z-axis respectively. ω௞,௕,௖ represents the c-th component of 
𝛀௞,௕ .   𝐂௖  is the dimension adaptor matrix for component 
selection with 𝑐 -th diagonal element assigned 1 and all the 
others 0. For instance, the adaptor matrix for the rotation on the 
z-axis is defined as 

𝐂ଷ =

⎣
⎢
⎢
⎢
⎢
⎡
0 0 0
0 0 0
0 0 1

0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0⎦

⎥
⎥
⎥
⎥
⎤

 .          (20) 

Moreover, the 𝑐-th component of 𝛀௞,௕ is defined as  
ω෥௞,௕,௖ = argmax

𝐛ೖ

ω௞,௕,௖ .      (21) 

Considering the chi-square test elaborated in Algorithm 2, the 
constraint on 𝐛௞ holds as follows, 

𝐛௞
்𝚲௞𝐛௞ ≤ 𝜀 ,        (22) 

where 𝚲௞ = 𝐖௞𝐔௞.  As demonstrated in [31], under this 
constraint, 𝛀௞,௕  is further derived with ω෥ ௞,௕,௖  defined as 
follows, 

ω෥ ௞,௕,௖
ଶ = argmax

𝛄ೖ

൛max〈𝚺௞,௖, 𝛄௞, 𝚲௞〉୉୚𝜀ൟ ,   (23) 

where 𝛄௞ ∈ ℝ௠ denotes the binary vector for undetected faulty 
measurement selection. For example, if the third planar feature 
in ℱത ℒೖ  is assumed the potential fault after FDE, the third 
element of 𝛄௞ is assigned as 1 while others are 0 as follows, 

𝛄௞ = [0 0 1 0 ⋯  0]்.       (24) 
One fault hypothesis is adopted in this paper for pilot 

validation of the proposed formulation. The formulation could 
be extended to that with multiple undetected faults hypothesis 
in compromise of computational complexity. 

In (23), max〈𝚺௞,௖, 𝛄௞, 𝚲௞〉୉୚  is defined as the maximum 
eigenvalue of 𝛄௞

் 𝚺௞,௖ 𝛄௞(𝛄௞
் 𝚲௞𝛄௞)ିଵ . All the 𝑚  possible 𝛄௞ 

are enumerated to find the ω෥௞,௕,௖. 
In summary, according to the (16), (17), and (23), the PL on 

the 𝑐 -th component of the 6D pose is denoted as ω௞,௖  and 
expressed as 

ω௞,௖ =  ω෥௞,௕,௖ + 𝛀௞,ఎ,௖ ,      (25) 
where 𝛀௞,ఎ,௖ is the 𝑐-th element of 𝛀௞,ఎ.  

VI. EXPERIMENT RESULTS AND DISCUSSION 

A. Introduction of the Experiment 

Experimental scenes: The proposed safety-quantifiable 
planar feature-based LiDAR localization method is verified on 
two typical urban canyons in Hong Kong. The first one is 
denoted as urban canyon 1, which is located in the light-
urbanized area of Kowloon Tong. The data lasts for around 200 
seconds, the total length of the trajectory is around 680 meters. 
As shown in Fig. 4, the buildings are relatively low with less 
traffic density. The second one is denoted as urban canyon 2. 
It’s located in the more urbanized area of Tsim Sha Tsui and 
open-sourced in our UrbanNav dataset [32]. The scene is 
complicated with high-building groups and various 
transportation participants. The data of urban canyons 2 lasts 
longer for around 400 seconds with the total length of the 
trajectory around 1840 meters. 

 

Fig. 4. The prior point cloud map (top) and typical scene (bottom) of the 
evaluated urban canyons 1 and 2. 
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Sensor setups: The installation details of the data collection 
vehicle can be found in our open-sourced UrbanNav dataset 
[32]. In both experiments, the Velodyne HDL-32E, a 32-
channel mechanical 3D LiDAR, is exploited to produce point 
clouds at a frequency of 10 Hz. The NovAtel SPAN-CPT, a 
GNSS (GPS, GLONASS, and Beidou) RTK/INS (fiber-optic 
gyroscopes) integrated navigation system was used to provide 
the ground truth of pose estimation at a frequency of 100 Hz. 
The transformation matrix between the two sensors has been 
calibrated beforehand. The LiDAR point cloud is collected via 
the robot operation system (ROS) [44]. Thus, time 
synchronization is implemented under Unix time.  

In the experiment, we use the real-time 10 Hz point cloud 
observation from the LiDAR as the input cloud. In the 
meantime, the point cloud of each frame is registered to the 
global frame according to the ground truth and then 
accumulated to produce the offline point cloud map. The 
accumulated offline point cloud maps for urban canyons 1 and 
2 are depicted in Fig. 4.  

The coordinate axis 𝑥, 𝑦, 𝑧 of the LiDAR body frame point 
to the right (lateral), forward (longitudinal), and up of the 
vehicle respectively. The z-axis is defined as the vertical 
direction of the LiDAR body. The orientation is defined as the 
rotation around the z-axis quantitatively and depicted as the 
positive 𝑦 direction in figures. The plane constructed by the x-
axis and the y-axis is defined as the horizontal direction of the 
LiDAR body.  

Experimental contents: To demonstrate the main 
contributions of this paper, we evaluate the performance of the 
proposed method in the following aspects: 

(a) Pose estimation accuracy: To verify the effectiveness 
of the proposed FDE-feasible LiDAR localization framework, 
the accuracy performances with different cardinality 
restrictions of representative feature selection are investigated.  

The proposed pipeline was developed referring to F-LOAM 
[30] which is one of state of the art (SOTA) LiDAR localization 
methods. We adapted F-LOAM with the proposed intelligent 
representative feature selection method. Thus, the proposed 
localization pipeline exploiting 100% available features is the 
SOTA conventional feature-based LiDAR localization method. 

Due to the offline map referenced, the absolute pose error 
(APE) including the absolute translation error (ATE) and the 
absolute rotation error (ARE) implemented in EVO [45] is 
adopted as the accuracy metric. 

(b) Convex property certification for the pose 
estimation model: To quantify the convexity of the localization 
model, the convex property under different initial guesses and 
that around the converged pose is extensively analyzed. 

(c) PL quantification for both translation and rotation 
estimation: The PL calculation results on 6d pose components 
are compared with the “3-sigma” pose estimation error from 
Gaussian noise (conventional safety-quantification results) and 
the practical pose estimation error namely APE. 

B. Experimental Results in Urban Canyon 1  

1) Pose Estimation Accuracy in Urban Canyon 1 
Fig. 5 illustrates the root mean squared (RMS) ATE of pose 

estimations from the proposed FDE-feasible LiDAR 
localization framework. The horizontal axis represents different 
cardinality restrictions for representative feature selection. It’s 
denoted by feature percentage, which is defined as the selected 
feature number 𝑚 mentioned in Algorithm 1 divided into the 
total available feature number. With the feature percentage set 
to 6%, the largest RMS ATE of 0.272 m is achieved. As the 
feature percentage increased to 20%, the RMS ATE decreased 
significantly by  44%  to 0.152  m. However, with more 
features (> 20%) involved, the accuracy performance of the 
translation estimation maintains the same level. When all the 
available features are exploited for the localization 
(conventional SOTA method), the RMS ATE is slightly 
improved by 2.6% to 0.148 m compared with that when only 
20% representative features are selected to use.  

Fig. 6 illustrates the RMS ARE of the proposed FDE-feasible 
LiDAR localization framework given different feature 
percentages. The RMS ARE was continuously decreased by 
74%  from 1.027  degrees to 0.269  degrees as the feature 
percentage increased from 6% to 20%. After this, minor ARE 
improvement is achieved as the feature percentage is further 
increased. 

In summary, the monotonicity and sub-modularity of the 
spectrum gains of the information matrix concerning the feature 
number during the translation and rotation estimation are 
exhibited in Fig. 5 and Fig. 6 respectively. The result indicates 
that when 20% of representative features are exploited, 
comparable translation and rotation estimation accuracy is 
achieved compared to the conventional SOTA method that uses 
all the features. Therefore, the effectiveness of the proposed 
representative feature selection method is verified. This method, 
aiming at feasible FDE for the safety-aware LiDAR localization 
pipeline, in the meanwhile guarantees accurate performance. 

 
Fig. 5. RMS ATE produced by the proposed FDE-feasible LiDAR localization 
framework with varying feature percentages in urban canyon 1 

 
Fig. 6. RMS ARE produced by the proposed FDE-feasible LiDAR 
localization framework with varying feature percentages in urban canyon 1 
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2) Convex Property Certification for the Pose estimation 
model in Urban Canyon 1 

This section quantifies the convexity of the planar feature-
based LiDAR localization model. Its convex property is 
presented in the possible pose solution space from two 
perspectives.  

(a) Convex property under different initial guesses:  
For the proposed LiDAR localization pipeline, the normal 

initial guess of the pose at the k-th epoch is denoted as 𝐓ෙℒೖ

ℳ  

(translation 𝐭̌ℒೖ

ℳ, rotation 𝐑ෙℒೖ

ℳ  ) produced by (2). The non-linear 

optimization of the objective function (1) is conducted based on 

the initial guess. Various translation initial guess ൫𝐭̌ℒೖ

ℳ൯
ᇱ
 with 

increment ∆𝐭 added to 𝐭̌ℒೖ

ℳ is produced as follows, 

൫𝐭̌ℒೖ

ℳ൯
ᇱ

= 𝐭̌ℒೖ

ℳ  + ∆𝐭 .       (26) 

Various rotation initial guess ൫𝐑ෙℒೖ

ℳ ൯
ᇱ
 with increment ∆𝐑 added 

to 𝐑ෙℒೖ

ℳ  is produced as follows, 

൫𝐑ෙℒೖ

ℳ ൯
ᇱ

= 𝐑ෙℒೖ

ℳ ∆𝐑 .      (27) 

The ∆𝐑 is calculated from its Lie algebra ∆𝛗 which could be 
interpreted as a rotation vector. The proposed localization 
pipeline with different initial guesses is elaborated in Table I. 

TABLE I  
NOTATIONS OF THE PROPOSED LOCALIZATION FRAMEWORK 

WITH DIFFERENT INITIAL GUESSES 

Name ∆𝐭(m) ∆𝛗(⁰) Name ∆𝐭(m) ∆𝛗(⁰) 

SOL0 - - SOL3 [0  0  5]் - 
SOL1 [5  0  0]் - SOL4 [5  5  5]் - 

SOL2 [0  5  0]் - SOL5 - ൣ0,0, 10⁰൧
்
 

Note: “-” denotes no translation or rotation increment on 𝐓ෙℒೖ

ℳ. 

For SOL0 to SOL5, the MEV of the Hessian matrix at the 
converged pose for each epoch is plotted in Fig. 7. Given 
different initial guesses, the MEV for full epochs are larger than 
zero with manifestation in the zoomed panel. Consequently, the 
strong convex property [46] of the planar feature-based 
localization model in the possible pose solution space is 
maintained. 

 
Fig. 7. The minimum eigenvalue of the Hessian matrix at the converged pose 
at each epoch given different initial guesses in urban canyon 1 

 
Fig. 8. The illustration of the initial forward motion direction (left) and the 
converged forward motion direction (right) produced by SOL0 and SOL5 in 
urban canyon 1  

The iterative process under different rotation initial guess is 
displayed to further investigate the convex property of the 
localization model. Fig. 8 plots the initial and the converged 
forward motion direction of the vehicle from SOL0 and SOL5. 
As shown in the left panel, the initial forward motion direction 
of SOL0 rotates 10⁰ counterclockwise to produce that of SOL5. 
As shown in the right panel, after convergence, the forward 
motion direction produced by SOL0 and SOL5 are almost the 
same. 

In summary, with different initial guesses, the PD holds for 
the converged poses. The convex property of the adopted planar 
feature-based LiDAR localization model in the possible pose 
solution space is demonstrated in this perspective.  

(b) Convex property around the converged pose 
solution: 

The definiteness of the Hessian matrix at the pose solution 

൫𝐓෡ℒೖ

ℳ൯
ᇱ
around the converged poses 𝐓෡ℒೖ

ℳ(translation 𝐭̂ℒೖ

ℳ, rotation 

𝐑෡ℒೖ

ℳ ) is investigated to analyze the convex property of the 

proposed localization model. Fig. 9 illustrates the MEV of the 
Hessian matrix in the solution space constructed by multiple 

൫𝐓෡ℒೖ

ℳ൯
ᇱ
 at the certain epoch 𝑘 = 110s.  

For the sake of figure illustration, the 2-dimensional 

heatmaps are utilized. ൫𝐓෡ℒೖ

ℳ൯
ᇱ
 is produced by adding increments 

on any two dimensions of translation or rotation of 𝐓෡ℒೖ

ℳ  

successively. In each subfigure, the axis label denotes the 

increment thus one coordinate in the map represents one ൫𝐓෡ℒೖ

ℳ൯
ᇱ
. 

In detail, ∆𝐭௫  and ∆𝛗௫ , expressed as [∆𝑡௫, 0,0]் and 
[∆𝜑௫, 0,0]், represent the translation and rotation increment on 
the 𝑥-axis respectively. Other labels ∆𝐭௬ ,  ∆𝐭௭ , ∆𝛗௬  and ∆𝛗௭ 
are defined in the same way. For example, in the top left panel 

of Fig. 9, ൫𝐓෡ℒೖ

ℳ൯
ᇱ
 is derived by adding  ∆𝐭௫  and ∆𝐭௬  to 𝐭̂ℒೖ

ℳ  

successively as (26). In the bottom left panel of Fig. 12, ൫𝐓෡ℒೖ

ℳ൯
ᇱ
 

is derived by multiplying the rotation matrix corresponding to 
∆𝛗௫  and ∆𝛗௬  on the right of  𝐑෡ℒೖ

ℳ  successively as (27). ∆𝐭(∙) 

and ∆𝛗(∙)  range from −1 m to 1 m and from −10°  to 10° 

respectively in the experiment. The 𝐓෡ℒೖ

ℳ  is located at the center 

of each subfigure, where the increment is none. 
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Fig. 9. The MEV of the Hessian matrix at the pose solutions around the 
converged one at epoch 110s in urban canyon 1. The axis label denotes the 
increment of the pose solution relative to the converged one. ∆𝐭(∙) and ∆𝛗(∙) 
denotes translation and rotation increment respectively on the dimension 
specified by the subscript (∙). The MEV is mapped to color referring to the color 
bar. 

The MEV at each ൫𝐓෡ℒೖ

ℳ൯
ᇱ
 is mapped to color referring to the 

color bar. Though MEV varies with different increments, they 
are positive without exception. The PD of the Hessian matrix in 
the solution space around the converged pose is demonstrated. 
The same result is found for full epochs. 

In summary, the objective function is in the descending 
direction from the neighbors of the converged pose to the 
converged pose itself. The cost of the objective function is 
proved to be minimized at the converged pose. The convex 
property of the adopted planar feature-based LiDAR 
localization model around the converged pose is demonstrated 
in this perspective.  

3) PL Quantification in the Urban Canyon 1 
For the pose estimated by the proposed LiDAR localization 

pipeline, the calculated PL is presented in this section. As 
derived in section Ⅴ. B, the PL depends on the selection of the 
weight matrix 𝐖௞. 𝐖௞ is the inverse of 𝐐௞ which is determined 
by the LiDAR ranging precision. It’s noted that the adopted 
LiDAR HDL-32E achieves measurements with centimeter-
level precision.  In the ideal case without dynamic objects and 
motion distortion, the ranging precision is declared as 2 cm [47]. 
On the one hand, considering the complexity of the urban 
scenario, the 𝐖௞ is first determined with the ranging precision 
taken as 6 cm. The PL, “3-sigma” and the APE are compared 
and discussed. On the other hand, the performances of PL 
calculated with various precision namely various weight 
matrices are investigated.  

Fig. 10 (a) shows the PL, “3-sigma”, and APE on lateral and 
longitudinal translation estimates, and the orientation estimate. 
For the 3 components, the “3-sigma” drawn in blue is smaller 
than the APE drawn in green at numerous epochs. Table II 
further counts the percentage of epochs when “3-sigma” is 
larger than APE denoted by the item “3-sigma>APE (%)”. 
Except for the translation on the z-axis, “3-sigma>APE (%)” is 
lower than 35% for other pose components. It’s indicated that 
“3-sigma” is insufficient for safety quantification. The safety 
hazard that APE exceeds the maximum tolerance while “3-
sigma” is unaware probably occurs. The PL drawn in red is 
generally larger than the APE. Table II counts the percentage of 

epochs when PL is larger than APE denoted by the item “PL> 
APE (%)”. For each of the 6d pose components, the percentage 
is larger than 70%, significantly higher compared with “3-
sigma>APE (%)”. In other words, a large proportion of PL 
envelops APE. In this sense, PL is more capable of capturing 
the situation where APE is too large to satisfy safety 
requirements. In conclusion, the PL outperforms “3-sigma” for 
safety quantification. 

 
Fig. 10. The PL, “3-sigma”, and APE for lateral and longitudinal translation 
estimates, and the orientation estimate. (a) urban canyon 1. (b) urban canyon 2. 

TABLE II 
“PL>APE(%)” AND “3-SIGMA>APE(%)” FOR THE 6 POSE 

COMPONENTS IN URBAN CANYON 1  

Pose Component PL>APE(%) 3-sigma>APE(%) 

Translation 
x-axis 87.95 25.37 
y-axis 78.56 6.98 
z-axis 99.71 76.60 

Rotation 
x-axis 87.22 33.97 
y-axis 87.32 28.56 
z-axis 70.75 20.85 

 
 
Nevertheless, it should be noted that the PL fails to reflect 

the APE tightly. Taking the orientation estimate as an example, 
the epochs when PL is smaller than APE make up 30%. This 
estimation is dominated by the registration of points in the 
horizontal direction of the LiDAR body. The points have high 
resolution. Moreover, it’s sensitive to orientation estimation 
thus providing healthy constraints. The derived PL is 
consequently conservative. 

 
Fig. 11. The “PL>ARE(%)” for each component of the 6d pose changes 
concerning the LiDAR ranging precision in urban canyon 1.  
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Fig. 11 illustrates “PL>APE (%)” concerning the LiDAR 
ranging precision. Theoretically, measurements with higher 
precision produce pose estimations with smaller potential errors, 
whereas measurements with lower precision produce pose 
estimations with larger potential errors. The proposed PL 
calculation method exhibits consistency with this principle. For 
each component of the 6d pose, the “PL>APE (%)” gradually 
increased with the precision decreased from 2 cm to 10 cm. 
With higher precision, the derived PL is relatively small. 
Consequently, the epochs of “PL>APE” make up a lower 
percentage. With lower precision, the derived PL is relatively 
large. Thus, the epochs of “PL>APE” make up a higher 
percentage. 

In conclusion, the LiDAR ranging precision is proven of 
noticeable importance to the performance of the PL. The weight 
matrix is determined by the precision in this paper. The delicate 
design of the weight matrix should explicitly consider 
measurement errors besides measurement noise. It’s expected 
to produce the PL reflecting the APE tightly. 

C. Experimental Results in Urban Canyon 2 

To further verify the performance of the proposed method, 
another experiment was conducted in a denser urban canyon 2. 
The results are directly in line with the previous one. 
1) Pose Estimation Accuracy in Urban Canyon 2 

TABLE III 
RMS APE OF THE PROPOSED LIDAR POSE ESTIMATION 

METHOD IN URBAN CANYON 2  
Feature 

Percentage (%) 
RMS ATE (m) RMS ARE (°) 

6 0.128 0.368 
7 0.116 0.297 
10 0.108 0.267 
20 0.093 0.139 
40 0.093 0.133 
60 0.092 0.128 
80 0.091 0.127 

100 0.091 0.124 
 

The RMS APE of the pose estimations from the proposed 
pipeline referring to the feature percentage is summarized in 
Table III. With the feature percentage increases from 6% to 
20%, both RMS ATE and RMS ARE are improved 
significantly. While the feature percentage exceeds 20%, a 
slight improvement is achieved. In summary, the monotonicity 
and sub-modularity of the spectrum gains of the information 
matrix concerning the feature number during the translation and 
rotation estimation are demonstrated again in urban canyon 2. 
Moreover, the 20% cardinality restriction in Algorithm 1 is also 
effective for urban canyon 2. The localization method 
exploiting a representative subset of features rather than all the 
available features guarantees both accurate estimation and 
feasible FDE. 
2) Convex Property Certification for the Pose estimation 
model in Urban Canyon 2 

This section presents that the convex property of the planar 
feature-based LiDAR localization model holds in the possible 

pose solution space from two perspectives in urban canyon 2.  
(a) Convex property under different initial guess:  
The proposed localization framework with different initial 

guesses is named in Table IV. Compared with the experiment 
on urban canyon 1, larger pose increments are exploited. 

TABLE IV  
SOLUTION NOTATIONS OF THE PROPOSED LOCALIZATION 

FRAMEWORK WITH A DIFFERENT INITIAL GUESS FOR URBAN 

CANYON 2  

Name ∆𝐭(m) 
∆𝛗 
(⁰) Name ∆𝐭(m) ∆𝛗(⁰) 

SOL0 - - SOL3 [0  0  30]் - 
SOL1 [30  3  0]் - SOL4 [30  30  30]் - 

SOL2 [0  30  0]் - SOL5 - ൣ0,0, 30⁰൧
்
 

Note: “-” denotes no translation or rotation increment on 𝐓ෙℒೖ

ℳ. 

For SOL0 to SOL5, the MEV of the Hessian matrix at the 
converged pose for each epoch is plotted in Fig. 12.  Given 
different initial guesses, the minimum eigenvalues for full 
epochs are positive.  

The iterative process under different translation initial 
guesses is displayed to further investigate the convex property 
of the localization model. Fig. 13 plots the initial trajectory and 
the converged trajectory from SOL0 and SOL1 respectively. As 
shown in the left panel, there are 30m along the x-axis between 
the initial trajectories of SOL0 and SOL1. As shown in the right 
panel, the converged trajectories of the two solutions 
overlapped. The convex property of the localization model 
given different initial guesses is validated in urban canyon 2. 

 
Fig. 12. The minimum eigenvalue of the Hessian matrix at the converged pose 
for each epoch given different initial guesses of optimization in urban canyon 
2 

 

Fig. 13. The initial trajectory (left) and the converged trajectory (right) 
produced by SOL0 and SOL1 in urban canyon 2. 

(b) Convex property around the converged pose solution:  

y(
m

)

y(
m
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Fig. 14 illustrates the MEV of the Hessian matrix in the pose 
solution space around the converged pose at the epoch 150 s. 
The figure labels have the same definition as that of Fig.9.  

 
Fig. 14. The MEV of the Hessian matrix at the pose solutions around the 
converged one at epoch 150s in urban canyon 2. The axis label denotes the 
increment of the pose solutions relative to the converged one. ∆𝐭(∙) and ∆𝛗(∙) 
denotes translation and rotation increment respectively on the dimension 
specified by the subscript (∙). The MEV is mapped to color referring to the color 
bar. 

All the MEVs are positive. The Hessian matrixes at the pose 
solutions around the converged pose have PD. The objective 
function would descend with the pose state iteratively updated 
from the surrounding ones to the converged one. The convex 
property of the localization model around the converge pose is 
validated in urban canyon 2. 
3) PL Quantification in Urban Canyon 2 

This section presents the calculated PL for the pose 
estimations in urban canyon 2. Fig. 10 (b) shows the PL, “3-
sigma” and APE for lateral and longitudinal translation 
estimates and the orientation estimate. At numerous epochs, “3-
sigma” is smaller than the APE while PL envelops the APE. 
Table V counts the percentage of “PL>APE” and “3-
sigma>APE”. For all the 6 pose components, the “PL>APE (%)” 
is significantly larger than “3-sigma>APE (%)”. The proposed 
PL method outperforms “3-sigma” for safety quantification in 
urban canyon 2.  

Yet the PL still couldn’t reflect the APE tightly. In particular, 
the PL is significantly larger than the APE for the translation 
components. The current FDE method is subject to the 
Gaussian assumption which is not enough practically. The 
remaining faults in the measurement model, which failed to be 
neither excluded in the FDE procedure nor considered by the 
single fault assumption, result in such PL.  

Fig.15 illustrates “PL>APE (%)” concerning the LiDAR 
ranging precision in urban canyon 2. For each component of the 
6d pose, the percentage increases with the decrease of the 
precision. The same conclusions are reached as the experiment 
in urban canyon 1. 

TABLE V 
“PL>APE(%)” AND “3-SIGMA>APE(%)” FOR THE 6 POSE 

COMPONENTS IN URBAN CANYON 2  

Pose Component PL>APE(%) 3-sigma>APE(%) 

Translation 
x-axis 90.51 33.42 
y-axis 85.52 33.37 

z-axis 99.58 89.57 

Rotation 
x-aixs 95.82 36.93 
y-axis 96.02 28.74 
z-axis 89.32 30.57 

 

Fig. 15. The “PL>ARE(%)” for each component of the 6d pose changes 
concerning the LiDAR ranging precision in urban canyon 2.  

VII. CONCLUSION 

Reliable and accurate localization is critical for the 
realization of intelligent vehicles. This paper aims to quantify 
the safety of the localization results for IV in urban canyons. 
Given a prior map, a safety-quantified planar feature-based 
LiDAR localization method is proposed.  

The safety quantification method inheriting from that of 
satellite navigation contains two steps namely FDE and PL 
calculation. Representative planar features with maximum 
spectral attribution are selected to perform the localization. The 
quantity reduction of the feature enables feasible FDE. The 
experiments show that the localization accuracy exploiting 
representative features is comparable with the conventional 
SOTA pipeline exploiting all the available features. Hardly any 
accuracy comprise is caused.  

Moreover, the convexity of the proposed LiDAR localization 
model is quantified through PD analysis of the Hessian matrix. 
The optimal pose estimation in the large possible pose solution 
space is provided given the measurements. It’s indicated that 
the subsequent safety quantification accounting for the noise 
and the undetected fault in the measurement model is credible. 
Based on the parity space approach, planar features with large 
residuals are considered as faults and iteratively excluded. The 
residual-based PL for each component of the 6d pose is 
quantified respectively. The proposed PL is demonstrated to 
outperform the conventional “3-sigma” for safety awareness.  

Since the PL couldn’t reflect the APE tightly, the FDE 
combined with weight matrix estimation [48] will be proposed. 
The faulty measurements should be excluded via low weights 
and thus produce accurate pose estimation and tight PL results. 
Such a combination is beyond Gaussian distribution. More 
importantly, the localization of real-world data suffers from 
intractable faults. For example, the fault of the planar patch 
obtained from the prior map is hard to quantify. Fortunately, the 
source, format, and value of the faults can be customized via 
simulation. To formulate the PL induced by intractable faults, 
an investigation of the safety quantification method on the 
simulated real-life driving dataset [49] will be necessarily 
performed. Moreover, pure LiDAR localization won’t be safe 
under feature-insufficient scenarios and bad weather [50]. 
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LiDAR/inertial/GNSS integrated localization leveraging the 
complementarity of multiple sensors is demonstrated to provide 
robust and accurate results in such cases [51, 52]. The safety 
quantification for fused localization will be explored in future 
work.  
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APPENDIX 

A. Derivation of the Gradient Matrix and the Hessian Matrix 
of 𝑓௜(∙) Relative to 𝒑௜

ℳ   

As the weighting is constant, it’s omitted in the following 

derivation for clarity. The gradient matrix  𝐆
𝐩ℳ
௙  is derived as  

𝐆
𝐩ℳ
௙ =

డ௙೔ቀ𝐩ೖ,೔
ℳ ቁ

డ𝐩ೖ,೔
ℳ =

డቀ
భ

మ
௥ೖ,೔

೅ ௥ೖ,೔ቁ

డ𝐩ೖ,೔
ℳ   

=
డቀ

భ

మ
௥ೖ,೔

೅ ௥ೖ,೔ቁ

డ௥ೖ,೔

డ௥ೖ,೔

డ𝒑ೖ,೔
ℳ = 𝑟௞,௜𝒏௞,௜ .     (28) 

The Hessian matrix 𝐇
𝐩ℳ
௙  is derived as 

𝐇
𝐩ℳ
௙

=
డ𝐆

𝐩ℳ
೑

డቀ𝐩ೖ,೔
ℳ ቁ

೅ =
డ௥ೖ,೔𝐧ೖ,೔

డቀ𝐩ೖ,೔
ℳ ቁ

೅ = 𝐧௞,௜
డ௥ೖ,೔

డቀ𝐩ೖ,೔
ℳ ቁ

೅ = 𝐧௞,௜𝐧௞,௜
் . (29) 

B. Derivation of the Jacobian Matrix of 𝒑௞,௜
ℳ  Relative to 𝒙௞ 

The Jacobian matrix denoted as 𝐃𝐱
𝐩ℳ

 is derived according 
to the left disturbance [53] manner as follows, 

𝐃𝐱
𝐩ℳ

=
డ𝒑ౡ,೔

ℳ

డ𝐱ೖ
೅ =

డቀ𝐓ℒೖ
ℳ𝐩

೔

ℒೖቁ

డ𝐱ೖ
೅ = lim

ஔ 𝐱ೖ→𝟎

ఋ𝐓ℒೖ
ℳቀ𝐓ℒೖ

ℳ𝐩
೔

ℒೖቁି𝐓ℒೖ
ℳ𝐩

೔

ℒೖ

ఋ𝐱ೖ
೅  , (30) 

where the minor increment of the pose is denoted as 

𝛿𝐱௞
் = ቈ

𝛿𝛗ℒೖ

ℳ

𝛿𝐭ℒೖ

ℳ
቉ ,        (31) 

and equally as 

𝛿𝐓ℒೖ

ℳ = ቈ
𝐞𝐱𝐩 ቀ𝛿𝛗ℒೖ

ℳ ∧
ቁ 𝛿𝐭ℒೖ

ℳ

𝟎 1
቉ ,    (32) 

where the 𝛿𝛗ℒೖ

ℳ ∧
 represents the skew-symmetric matrix of the 

𝛿𝛗ℒೖ

ℳ . Substituting the increment to (29), 𝐃𝐱
𝐩ℳ

is further derived 

as 

𝐃𝐱
𝐩ℳ

= lim
ஔ 𝐱ೖ→𝟎

൬𝐞𝐱𝐩 ቀ𝛿𝛗ℒೖ

ℳ ∧
ቁ൰ ൫𝐓ℒೖ

ℳ𝐩௜
ℒೖ൯ + 𝛿𝐭ℒೖ

ℳ − ൫𝐓ℒೖ

ℳ𝐩௜
ℒೖ൯

𝛿𝐱௞
்  

= lim
ஔ 𝐱ೖ→𝟎

ቀ𝟏 + 𝛿𝛗ℒೖ

ℳ ∧
ቁ ൫𝐓ℒೖ

ℳ𝐩௜
ℒೖ൯ + 𝛿𝐭ℒೖ

ℳ − ൫𝐓ℒೖ

ℳ𝐩௜
ℒೖ൯

ቂ൫𝛿𝛗ℒೖ

ℳ ൯
்

൫𝛿𝐭ℒೖ

ℳ൯
்

ቃ
 

= ቂ−൫𝐓ℒೖ

ℳ𝐩௜
ℒೖ൯

∧
𝐈ቃ .               (33) 

 

C. Derivation of the PL Induced by Gaussian Noise 𝜴௞,ఎ 

The LiDAR planar feature registration residual disturbed 
only by Gaussian noise is formulated as follows, 

𝐫௞ = 𝐉௞𝐱௞ + 𝛈௞ ,        (34) 

which is the same as (4) with the 𝐛௞ eliminated. The error in the 
estimated 𝐱ො௞ denoted as 𝛿𝐱ො௞ is derived as 

𝛿𝐱ො௞ = 𝐉௞
ା(𝐫௞ − 𝐉௞𝐱ො௞ − 𝛈௞) ,     (35) 

where 𝐉௞
ା  represents the pseudo-inverse matrix of 𝐉௞ . As 

𝛈௞~𝒩(𝟎, 𝐐௞), 𝛿𝐱ො௞ is subject to Gaussian distribution as with 
the mean and the covariance denoted as 𝛍ఋ𝐱ොೖ

 and 𝚺ఋ𝐱ොೖ
 

respectively. According to the linear transformation rule of the 
Gaussian distribution, 𝛍ఋ𝐱ොೖ

 is derived as 

𝛍ఋ𝐱ොೖ
= 𝐉௞

ା(𝐫௞ − 𝐉௞𝐱ො௞) .      (36) 

The 𝚺ఋ𝐱ොೖ
 is derived based on the definition of covariance as 

follows, 

𝚺ఋ𝐱ොೖ
= 𝔼 ቂ൫𝛿𝐱ො௞ − 𝛍ఋ𝐱ොೖ

൯൫𝛿𝐱ො௞ − 𝛍ఋ𝐱ොೖ
൯

்
ቃ ,   (37) 

where 𝔼[∙] represents the expectation. Substituting (34) and (35) 
into (36), 𝚺ఋ𝐱ොೖ

 is further derived as  

𝚺ఋ𝐱ොೖ
= 𝔼[(𝐉௞

ା𝛈௞)(𝐉௞
ା𝛈௞)்] = 𝐉௞

ା𝔼[𝛈௞𝛈௞
்]𝐉௞

ା்
= 𝐉௞

ା𝐐௞𝐉௞
ା்

.(38) 

The inverse of 𝚺ఋ𝐱ොೖ
 could be expressed as 

𝚺ఋ𝐱ොೖ

ିଵ = ൫𝐉௞
ା𝐐௞𝐉௞

ା்
൯

ିଵ
= 𝐉௞𝐖௞𝐉௞

் .   (39) 

Consequently, 𝚺ఋ𝐱ොೖ
= (𝐉௞𝐖௞𝐉௞

்)ିଵ  and 𝛀௞,ఎ  is defined as the 
commonly used “3-sigma” rule that is the triple standard 

deviation of 𝛿𝐱ො௞  thus expressed as 3ඥ𝑑𝑖𝑎𝑔((𝐉௞
்𝐖௞𝐉௞)ିଵ)  in 

(17) 
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