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Abstract—Precise dynamic model calibration is essential
in achieving reliable control of unmanned aerial vehicles
(UAV). However, the existing methods tend to use simplified
dynamic models and cannot adapt to variations of the
dynamic model. To fill this gap, this paper explores an online
dynamic model calibration (ODMC) method for the
quadrotor based on factor graph optimization (FGO). First,
the dynamic model is derived with more error terms, such as
the center of gravity (CoG), aerodynamic drag, horizontal
velocity-induced thrust (HVT) disturbance, and viscous effect.
Moreover, the IMU-body extrinsic parameters and the
gravity vector are also identified online. Second, the pose is
estimated based on the visual-inertial odometry (VIO)
together with the dynamic model parameters. The proposed
method is validated using open-source and self-collected
datasets. The evaluation demonstrates that the ODMC
performs even better than the state-of-the-art data-driven
methods (DDM) in force and torque prediction when the
maximum velocity is less than 9 m/s. Furthermore, the
effectiveness of the proposed method is validated by applying
the estimated model in the differential-flatness-based
controller (DFBC). Finally, we open-source code and
datasets at https://github.com/RoboticsPolyu/QUAD DYN to
benefit the research community.
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LIST OF SYMBOLS

Remarks

Symbol

{1}, {w},and {b}  The IMU frame {I}, the world frame
{w} , and the body frame {b}

x, ={p! R,V @} {1} sstate. p' eR®, R} e R*® are

translation vector and rotation matrix

from {1} to {w}, v}'eR® is IMU

velocity in {w}, and @, e R® is angular

velocity in {1}

Resultant thrust T, € R® and resultant

torque M, e R* in {b}

Covariance matrix

d e R?, the drag coefficients

b e R?, the viscous coefficients

T 3x3 . .
I, :diag([ltl), 2, |ﬂ )b e R*>®, the moment of inertia

pd, e R® Center of gravity (CoG)’s position in {b}

RY e R*S Gravity’s rotation matrix in {W}

K, Horizontal velocity-induced thrust (HVT)
coefficient

g Gravity constant

my UAV’s mass

ks Rotor’s aerodynamic thrust coefficient

Kn Rotor’s aerodynamic torque coefficient

p?j cR3 j -th rotor’s position in {b}

Xe :{p,'), RL} Extrinsic parameters, p; is the position
of {b} in {I}, R} is the rotation from
{b} to {1}

o, Rotating velocity of the j -th rotor

J

I. INTRODUCTION

As urban scenarios increasingly adopt unmanned aerial
vehicle (UAV) applications, reliability has become a
paramount concern [1]. A higher precision method for
online identification of dynamic models is crucial for the
reliability of UAV control. However, the precise
identification of the UAV dynamic model is challenging.
One of the primary issues is the presence of unacceptable
model errors using the simplified dynamic model in the
existing work. For example, the aerodynamic drag [2, 3],
which is usually unmodelled, has a significant effect on
the accuracy of quadrotor trajectory tracking. In addition,
for certain UAV applications, such as UAV delivery, the
dynamic model varies [4-6]. This variability is subject to
changes in the UAV’s payload, which can result in the
gravity center and geometric center not coinciding. In
short, the existing dynamic model identification methods
restricted the adaptability of UAVs in changing
environments or unforeseen circumstances. To address
these challenges, an online dynamic model calibration
(ODMC) method of quadrotors for reliability is highly
expected by incorporating more dynamic effects.
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Why do we need an explicit dynamic model of UAV?
First, the dynamic model can compensate for the
positioning after faults of external sensors occur [7]. For
example, the dynamic model can provide -effective
information to compensate for positioning, during the
GNSS signal blockage [8-10]. The works in [11, 12]
exploited a relative motion constraint combining the
quadrotor dynamic in a pre-integrated residual,
implementing a visual-inertial-dynamic odometry system.
With the help of the relative constraints coming from the
quadrotor dynamic model, the positioning performance is
improved. However, this method relied on the accuracy of
the quadrotor dynamic model. Secondly, a precise
dynamic model is vital in model predictive control (MPC)
[13-16], disturbance observer-based control [17], and
fault-tolerant control methods [16, 18, 19] for achieving
more agile and safer maneuvers. The accuracy of these
control methods depends on the accuracy of the dynamics
model. Finally, the state-of-the-art data-driven methods
(DDM) [12, 20, 21] revealed that the DDM based on a
prior quadrotor dynamic model surpassed pure learning
methods in autonomous racing. For example, in [21], deep
reinforcement learning controllers adopted a dynamics
model that combines the thrust and torque of the explicit
dynamics model and the predicted residuals. In short, a
high-accuracy quadrotor dynamic model plays an
essential role in safety-assured and high-performance
UAV positioning and control.

Existing works on UAV dynamic model calibration: on
the one hand, flight-independent dynamic model
calibration depends on specific calibration instruments
and equipment [22-25]. On the other hand, the quadrotor’s
dynamic model can be inferred from flight data [26, 27].
In [7], the aerodynamics of small fixed-wing drones can
be identified using inertial measurements from flight data
for model-based navigation. However, these offline
methods cannot infer dynamic parameters in real-time
control systems. Therefore, in recent years, some works
handled online dynamic model calibration based on the
extended Kalman filter (EKF) [28, 29] or unknown wind
estimation by particle filter [30]. In [28], an online
quadrotor identification algorithm tightly fused visual,
inertial, and aerodynamic information within a multi-state
constraint Kalman filter (MSCKF). However, those
methods simplified the dynamic models, which assumed
that thrust is proportional to the square of rotor velocity
[31] and didn’t consider other mechanical effects such as
drag, horizontal velocity-induced thrust (HVT), center of
gravity (CoG) drift, viscous effect, etc. For higher
accuracy, many works have considered other dynamic
effects. For instance, the displacement of the CoG in the
body frame was calibrated for the more precise torque
model [32]. Moreover, the drag force and drag torque
were modeled, and parameters of quadrotor dynamics
were identified by a wind tunnel experiment [33].
Additionally, some works [34-36] estimated external
forces based on simplified models. In addition to EKF, the
recent achievements in factor graph optimization (FGO)

for mobile robotics state estimation [37-40] have
demonstrated its capability to reduce nonlinear errors.
Therefore, FGO is a promising approach for highly
nonlinear dynamic calibration. Diverging from explicit
model-centric methodologies, some prevalent data-driven
methods [21], such as NeuroBEM [20] and HDVIO [12],
were proposed to learn the thrust and torque of a
quadrotor, which combined a first-principle model with a
data-driven component. Nevertheless, those data-driven
approaches still relied on a prior dynamic model. In
addition, these DDMs lack the capability for parameter
updates in real-time flight. Therefore, further research is
highly expected on online precise dynamic model
calibration.

As illustrated in Fig 1, this paper proposes an online
dynamic model calibration framework based on FGO for
reliable control. First, the proposed factor graph combines
visual inertia odometry (VI10) factors [41, 42] and online
dynamic model factors (ODMF) for state estimation. In
addition, actuator model calibration outputs the actuator’s
aerodynamic torque coefficient. The proposed ODMC is
evaluated by Blackbird UAV datasets [43], NeuroBEM
UAV datasets [20], and self-collected datasets. Finally,
the dynamic parameters are used in (1) force and torque
prediction; and (2) the differential-flatness-based
controller (DFBC) [44]; to verify the efficiency of the
identified dynamic model. The experimental results
demonstrate the improved trajectory tracking performance
after compensating for aerodynamic drag, CoG, and HVT
by comparing with existing methods.

Specifically, the main contributions of this paper
include:

1) An_online guadrotor dynamic model calibration
framework based on FGO is proposed. The
improved dynamic model considers more effects,
such as the center of gravity (CoG), aerodynamic
drag, horizontal velocity-induced thrust (HVT), and
viscous effect. In addition, the dynamic model
parameters are optimized together with the
quadrotor’s pose, gravity rotation, and extrinsic
parameters.

2) An actuator model is proposed that can map motor
input_signals into the rotor’s rotational velocity.
This paper extracts actuator’s aerodynamic torque
coefficient, eliminating the issue that cannot be
observed jointly with the z-axis inertia of the UAV’s
moment.

3) Extensive validation is conducted, which includes
thrust prediction, torque prediction, and trajectory
tracking experiments. Calibration experiments on
open-source datasets and ours are conducted to
validate the accuracy of thrust and torque prediction.
The torque can still be accurately predicted after
changing the center of gravity. Then, the quadrotor
dynamic model is applied to the controller to verify
the trajectory-tracking performance.

The structure of the paper is as follows. In section I,

the dynamic modeling of the quadrotor is given. Section
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111 introduces the proposed ODMC method. In Section VI,
experiments are conducted to evaluate the performance of
the proposed method. Section V provides a detailed

discussion of the results. Finally, the conclusion and
future work are summarized in Section V1. Moreover, the
Jacobian matrices are listed in Appendix B.
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Fig. . Overview of the proposed online dynamic model calibration method.

Il. MODELING

Multi-rotor UAVS rely on the aerodynamic thrust and
torque generated by their rotors to achieve motion control
[45]. The rotor’s thrust is proportional to the square of the
rotational velocity of the rotor [46, 47]. This paper adopts
an improved dynamic model of the quadrotor, which
additionally considers dynamic effects, such as CoG,
HVT, aerodynamic drag, viscous effect, and actuator
dynamics [48].

Rotor Speed
Sensor

Fig. 2. The frame of the quadrotor: body (geometric center)
frame {b}, IMU frame {I}, camera frame {V}, CoG frame
{M3}, and world frame {w}.

As shown in Fig 2, all frames are defined, and the CoG
frame and the body frame have the same attitude. The
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variables x={x},...,x,N, xd,xe} to be estimated include
the following:

1) N quadrotor’s states Xi|,i e{l, 2,...,N} in a fixed
time window, where x; ={p}",R}", v\, @, } is {I}’s
state. Besides, p,', R} are translation and rotation
from {I} to {w} ,Tv‘,"’ is IMU velocity in {w}, and

o = a),lwfwf] is angular velocity in {I} .
Similarly, replacing the subscript i with b
represents {b} ’s state in {w} . In this paper, we use
both  3-dimensional (3D) rotation  matrices
R €SO(3) and Lie algebra 6 € s0(3) to represent
rotation.

2) The parameters of the dynamic model are

X4 :{kf,km,lb,d,b,pk,i,,, R"Gv,kh}. k¢ is the thrust
coefficient and k, is the aeron namic torque
coefficient. |b=diag@|g,|§,|§] j" is a 3D
diagonal matrix, representing the moment of inertia.
dz[dl,dz,d3 is a 3D vector, representing the
drag coefficients [49], b:[bl,bz,b3] is a 3D
vector, representing the viscous coefficients [49].
ph is the CoG’s position in {b} . RE is the
gravity’s rotation matrix in {W} .k, is the HVT
coefficient [44, 49].



3) The extrinsic parameters X, = {pt',, Rk')} also need to
be calibrated. py is the position of {b} in {I} and
R} is the rotation from {b} to {1}.

Notably, diag() is an operator that creates a diagonal
matrix from a given vector.

A. Improved dynamic model
The dynamic model [44, 49] x, =f(x,,u,) of the
quadrotor is as follows:

Py =}
RY =Ry}
W R¥diag(d)R2 v 1
\7;"=—R"Gve3g+RbTb+ »diag(d) WD Hy @
my my

O = 1" (—0p Iy + My +diag (b))

where Ra, is the inverse matrix of Rev, m, is the weight,
T, and M, are 3D vectors, representing resultant thrust
and resultant torque, respectively, g is the gravity constant,
and e; is [0 0 1] . The skew-symmetric matrix oy is
as follows:

0 -of o
op=l o 0 - @
o @ 0

The torque term diag(b)w, in (1) represents viscous
torque [49], and H,; acts as a quadratic velocity-
dependent input disturbance [44, 49], defined as:

Hyr =k (ngv,‘;Z + Vi Vo, )e3 (3)

B. Aerodynamics
The thrust T, [50] generated by all rotors is as follows:

T
4
T =[0 0 kfzwfj] 4)

j=1
where k; is the thrust coefficient, and o is the rotating
velocity of the j -th rotor.

In addition, the resultant torque My, [50] is as follows:
4

j j 2
M, = ;{Tg <1, +(-1) kme3a)rj} )
i
where r; is the position of i -th rotor in the body frame.
In general, r; is particular to thrust TJ, and the third
element of r; is 0.
According to (4) and (5), the resultant thrust-torque of
the quadrotor model is as follows:

.
g(u):_Mbb}zKu,
"o o o o7 _ _
0 0 0 0 o
Ky ke ki ok o, ©)
K=k, ke, kel kel YT o
kel kel kel Kkl 2
L km _km km _km _a)r4—

where I, and |, are the length and width of every arm of
the quadrotor.

C. CoG effect

There is a translation pf\’,, between the body center and
the mass center. The position of rotors at the CoG frame is
redefined as ;, which is as follows:

o b

Iy =T;—Pwm ()

Therefore, the torque model needs to be re-constructed
as follows:

4 .
M, = Z{TbJ x(rj —p, )+(—1)J k€3t }

4 .
=My =D T xpiy ®)

Therefore, according to (1) and (8), angular velocity
dynamics become,

o = IBl(“"EIb‘Ob +M, +diag (b) e, ~Cypyy ) ©)

where the term C,, pi’,, is the torque caused by the CoG
effect and the C,, is as follows:

\ _
0 kol 0
j=1

4
Cy =| ks waj 0 0 (10)
j=1
0 0 0

D. Actuator model

As shown in Fig 3, the pipeline of the actuator model
includes two parts: the ESC model and the motor model.
The actuator is controlled by the control input U; from
the controller, which converts electrical energy into
mechanical energy. The ESC model converts the input
voltage v, into the analog voltage v, applied to the motor.
The battery voltage can be obtained by a voltmeter in real
time. The ESC model cannot be directly derived, but we
present an accurate model through experimental data. In
addition, the motor model maps the analog voltage v,
into the rotor speed @, , in which motor dynamics include
electrodynamics and mechanical dynamics.
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Fig. 3. The actuator model includes the electronic speed
control (ESC) model and the motor model.

Electrodynamics and mechanical dynamics models are
already well-established in [48]. A unified motor dynamic
model in [48] is as follows:

' _Sov' ~ S0, —S,0f (11)
where S, = J‘lk OR;M, 8y =37 (k@R kp®—F)
and S, =J 7k, . J is the rotor moment of inertia, v, is
analog voltage R, is resistance, and @ is magnetic flux
its coefficient is kg, , F is the viscous friction coefficient,
and k,, is the aerodynamic torque coefficient. In general,
as the electrical dynamic of the motor is much faster than
the mechanical dynamic, the whole motor dynamic is
assumed to behave as a first-order system, that is,
dl /dt ~0. Therefore, inductance L is ignored in (11). In
the calibration process, Sy, S;, S, are regarded as a unit
to be estimated.

Inspired by the ESC model of work [21], an ESC model
based on real data tests is proposed,

vl =vi U, U, +U, -U, (12)

where U; is the control input of ESC at the timestamp i,
Vg is the battery voltage, U, and U, are bias variables.
The control input U; is the stepped pulse-width
modulation (PWM) signals from the controller.

Then, based on (11) and (12), the residuals of the
actuator model are as follows:

=S (Ui —U, +U; Uy )~ Sy,
(a)|+l—a),)

At

(13)
_Szwr? _

where At is the actuator’s control and measurement cycle.

The actuator model (13) can be estimated by the least
squares method (LSM) [48].

1. METHODOLOGY

A.Covariance of thrust and torque

We assume an explicit noise model of the resultant
thrust model with additive Gaussian white noise
assumption:

T
4
szl:x ny ZTZJ] )

= (14)

=k;@f +n,,n, ~ N'(0,07),j=1234
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where o-2 is the variance of the thrust noise n, of j -th

actuator. n, and n, are unknown thrust dlsturbances in
the x-axis and y- aX|s directions in {b} , and TJ is the

thrust of | -th actuators. Also, we assume that
Ny ~N(O,af) and n, ~N(O,o§) are Gaussian white
noise.

Based on (6) and (14), the thrust and torque noise
model can be derived as follows:

T, =T, +nr.np ~N(0,P;)
N(0,Py)

where -i_h and I\7Ik)| are virtual measurements according

o (4 and (5) PT=d|ag([ax, 2,463]T) and

T o?

) (15)
Mbi :Mbi -H’]M ,nM -~

Pu :4diag([ 22 kA 1K according to (6) and
(14).

B. Error model of ODMF
The continuous-time stochastic differential equation is

modeled as,
(x(t ))dt+g( (t),u

dx =f
[f(t M)

where g(x( ), (t)) modulates the stochastic process

(1) aw(b),
(16)

perturbation.
According to (15) and the gyroscope measurement

noise variance is agz , We obtain:

P 0 0
U~ N(p T, )= 0 oL, 0| D)
0o 0 P,

Given two time instants that correspond to body frames
b, and b position, rotation, velocity, and angular

1+1 1

velocity can be propagated by virtual measurements u*
during time interval [t;,t;,,] in the body frame:

Py, = Vi At+py —0.5Rfe,gAt’
+05Ry (T, —nr )At?

Ry =RV (l +(d —mg ) At)

Vi = Vi —REegAt+RyY (-i_h —n; )/mb At (18)
+(R‘k’}fdiag( )R wVp /mb +HVT)At

Op, = O 1! (Mb. —ny +op <o, )At
+Igl(diag(b)m - hp%)At

where At is the period of states. Log(*) and Exp(*)

represent the Logarithmic map and Exponential map of
Lie theory, respectively.



We assume that the uncertainty of the error mainly
depends on the virtual measurements u; . To facilitate the
calculation of uncertainty, we deform the error model (18)

by isolating the virtual measurements uf. The dypamic
model factor’s error function rp :[§g,§g ,évT,éjj can
be derived from the error model (18) as follows:
g, =Rum, (pg‘i’+1 — Vi At +0.5Rge,gAt° —pgiv)
-0.5(T, —nr )ar®
& = Log(RURY )~ (6, —ng )t
g =Rim, (vr}i1 —vy + RVGVESQAt) (19)

—('i’bi —ny +diag(d)R vy +Hyr )At
é(u :Ib ((Dbul _(obi )+(0bl XIb(DbiAt
—(diag(b)cobi +1\A/Ibi -ny, —Ci,v,p?n)At

The dynamic model factor’s residual function can be
converted into ry = A, +B,u; +C,w; . Furthermore, the
covariance matrix PP of rp and its proof are supplied in
Appendix A.

The extrinsic transformation from the IMU frame x,, to
the body frame X, is as follows:

py =p\' +R'p}
Ry =R['R}

x 2
vﬁ“:v‘,”+R‘,”((?)|—bg) P (20)

T
| A
(!)b :(Rb) ((l)| —bg)
where @, is the angular velocity measurement, and bg is
the estimated IMU gyroscope bias.

. .0 . . .
The Jacobian matrices % are listed in Appendix B.

C. ODMC based on FGO

We adopt VIO output )‘(,i as the VIO factor from the
work [41]. iiD is rotor velocity measurement at the
timestamp i . ry(2°,%) is the dynamic model residual.
Above all, the optimization problem can be summarized

as follows:
(rp -H PX)Z + Zkelrl (ili X)i

min - ) "

X B 5D
+Zi:0 (rD (Zi 'X)PP)
where r3 =r"P7r is the Mahalanobis norm, r, is the
V10 factor residual and its covariance matrix is P,;,, and
rp is the prior residual [42, 51]. PiD is supplied in

Appendix A.

As shown in Fig 4, we construct a factor graph, in
which VIO factors and online dynamic model factors
(ODMFs) are fused based on incremental FGO. Duration

the optimization, variables that exceed the time window
will be marginalized. After the convergence of dynamic

(21)

parameters, the controller can be compensated in real time.
Above all, we derive the residual, covariance, and
Jacobian matrices of the ODMF.

QO state

Prior factor El Online dynamic model factor

@ VIO factor

Fig. 4. The factor graph of online dynamic model
calibration.

D.Controller

The DFBC [44] is adopted to verify the dynamic
parameters. By adding more dynamics terms, the
controller law is improved as follows:

To=mpa +K pMp (pév —PZV) 22)
+K,m, (VY,V -ng)- Rydiag (d)REVE — Ky

o, =Kg Logmap(RevRéV ) T O (23)

where K, K, , and K are constant diagonal matrices,
Py, Vg, and Ry are the desired target, a,s and @
are the acceleration and angular velocity from trajectory
reference, T, and o, are control input. All the desired
targets and references are generated by work [52].

Inspired by the incremental nonlinear dynamic
inversion (INDI) controller [16, 44], the compensated
angular velocity command (23) becomes:

0~ 163 (00 (0)o ) @9

where K,, is the angular velocity controller gain.

IV. EXPERIMENTS

A. Open-source datasets validation

1) lllustration of the abbreviations of different methods

ODMC, ODMC - no drag, ODMC - no ‘B ’, ODMC -
no HVT, and ODMC - no CoG represent the proposed
online dynamic model calibration method, ODMC
without aerodynamic drag term, ODMC without viscous
torque term, ODMC without HVT term, and ODMC
without CoG-induced torque, respectively.

OMDC + NEE: the proposed online dynamic model
calibration method on datasets with added Gaussian noise,
namely noise expansion experiments (NEE).

2) Force and torque prediction

This paper selects two widely used datasets Blackbird
[43] and NeuroBEM [20] to evaluate the force and torque
prediction performance. In addition, ground truth (GT)
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data is generated using a motion capture system, which
can provide centimeter-level positioning accuracy.

Force and torgue prediction: The root mean squared
error (RMSE) of the predicted force and torque is listed in
Table I. Table | shows that the prediction accuracy of the
proposed ODMC is comparable to BEM+NN and
HDVIO methods from the NeuroBEM dataset
experiments. Although data-driven methods (DDM), such
as HDVIO, have a slight advantage, online calibration
does not rely on datasets and can be applied to the unseen
flight environment. The average time for the online
calibration process is 3.4 milliseconds (approximately 294
Hz) on an NVIDIA Jetson TX2. However, the HDVIO
inference runs at around 180 Hz on the same platform
[12]. The proposed method and data-driven methods can
both exceed the required 100 Hz state-update rate for agile
flight. While data-driven methods are time-consuming,
they leverage GPUs, thereby alleviating some of the
burden on CPU resources.

In addition, Fig 5 and Fig 6 show the force, torque,
aerodynamic drag, and HVT prediction of different
datasets. What does the dynamic model prediction
precision affect? On the one hand, ODMC - no ‘B’
reveals that viscous torque is the main component of
classical dynamic unmodelled torque. Because, if viscous
torque is ignored, the x-axis and y-axis torque prediction
RMSE is greater than ODMC by 2 times for the
NeuroBEM. As for the Blackbird, the viscous torque

diag(b)ey, is negligible because the angular velocity

amplitude values in this dataset are much smaller than
those in the NeuroBEM. Additionally, the z-axis torque is
not influenced by viscous torque. On the other hand,
ODMC - no drag reveals that aerodynamic drag is the
main component of classical dynamic unmodelled force.
Compared to ODMC, ODMC - no drag’s x-axis and y-

axis ext. force RMSE increases by nearly 3 times, and the
z-axis ext. force RMSE increases by 9 times. As for the
dataset Blackbird, the predictive performance exhibits the
same pattern. Our dataset calibration experiments also
indicate that the proposed ODMC can achieve accurate
force and torque prediction. Furthermore, the explicit
model methods are comparable to data-driven methods
(DDM) proposed by other scholars.

HVT: As for ODMC - no HVT in Table I, without
considering HVT in the dataset Blackbird, the RMSE of
z-axis force prediction RMSE increases by 15%.
Although the error increment is small, it still has a crucial
impact on the high-speed control of UAVs. As for the
HVT in the dataset NeuroBEM, the prediction RMSE of
the z-axis force increases by 0.015 N.

NEE: To investigate the impact of positioning noise,
we add Gaussian noise into the position. When Gaussian
noise with a mean square error of 0.05 m (o =0.05m) is
added to the position values of the x, y, and z axes, the
RMSE of the force prediction on the z-axis of the body
frame increases by 50%. In addition, the RMSE of the
force prediction on the x-O-y plane of the body frame
increases by 1.32 times. Furthermore, Expansion noise
experiments with Gaussian noise o =0.10m is also
tested.

Dynamic _model parameters convergence: The time
window is set to 1 second in the increment smoother. As
illustrated in Fig 7, all dynamic model parameters
Xq :{kf,lb,d,b,R"GV,khJ converge to a constant value
within 9 seconds. Besides, d* is observable due to the
body’s z-axis velocity being greater than zero. Because
k, and I3 cannot be identified jointly, we set k, as a
constant value.

Table |
The RMSE of predicted force and torque

Datasets Method

Ext. Force (N) Torque (N*m)

X-axis y-axis z-axis x-axis y-axis z-axis
ODMC (Ours) 0.066 0.053 0.059 0.021 0.033 0.0071
Blackbird [43] ODMC-no*“B” 0.068 0.051 0.056 0.025 0.035 0.0088
ODMC - no drag 0.540 0.460 0.380 0.027 0.050 0.0092
ODMC - no HVT 0.068 0.053 0.068 0.022 0.033 0.0071
PolyFit [26] 0.453 0.832 0.027 0.008
BEM+NN [20] 0.204 0.504 0.014 0.004
HDVIO [12] 0.402 0.672 -
ODMC 0.185 0.188 0.459 0.0142 0.0232 0.0052
NeuroBEM [20] ODMC-no*“B” 0.196 0.212 0.616 0.0640 0.0800 0.0052
ODMC - no drag 1.080 1.160 1.792 0.0160 0.0272 0.0052
ODMC - no HVT 0.196 0.212 0.540 0.0164 0.0276 0.0052
ODMC +NEE (¢=0.05m) 0.340 0.356 0.716 0.0164 0.0272 0.0052
ODMC + NEE (6=0.10m) 0988 0.808 0.864 0.0164 0.0276 0.0052
ours ODMC 0.048 0.060 0.139 0.0112 0.0138 0.007
ODMC - no CoG 0.048 0.063 0.143 0.0112 0.0510 0.010
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Fig. 5. Blackbird: (a) Predicted force in body x-axis and force ground truth. (b) Predicted drag force and HVT Hyy . (c)

Predicted torque in body x-axis and ground truth. (d) Predicted torque in body y-axis and ground truth. (e) Predicted
torque in body z-axis and ground truth.
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Fig. 6. NeuroBEM: (a) Predicted force in body x-axis and force ground truth (maximum velocity is 8.8 m/s). (b)
Predicted drag force and HVT H,; . (c) Predicted torque in body x-axis and ground truth. (d) Predicted torque in body

y-axis and ground truth. (e) Predicted torque in body z-axis and ground truth.
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Fig. 7. NeuroBEM: Dynamic model parameters optimization process (maximum velocity is 8.8 m/s).

B. Self-dataset experiments

1) Experiment setup

We have developed a scalable quadrotor equipped with
an IMU, camera, and four rotor velocity sensors. The
quadrotor’s framework is illustrated in Fig 8. To benefit
the research community, we will open-source the
hardware, code, and datasets. The UAV performs an octo-
flight and the trajectory is generated by [52].

(c) Actuator

System

Rot__o_rr speed Image, Gyro, Acc| T265

Thrust and Angular velocityl

@) !

X
(b)

AUTHOR ET AL.: SHORT ARTICLE TITLE

Fig. 8. Overview of the quadrotor system. (a) The
framework of proposed online calibration and control. (b)
The developed quadrotor. (c) The actuator system.
2) Actuator calibration

Why do we need to calibrate the actuator? The
aerodynamic torque coefficient k;,, and the z-axis value of
the moment of inertia cannot be observed jointly. The
reason is the following: According to (5) and (19), the
torque’s  residual is €, =l,Awy, +o, xIyop At

4 -
~| diag(b)e, +Z{Tbj xr;j +(-1)’ kme36¢)r2j
i1

J-Cluph, |t
, Where A(Db, =, O . Because the first two elements
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of the thrust vector Tbj are close to 0, the third element of

Tbj xr; is zero. In other words, torque around the z-axis

(yaw torque) is only generated by differential
aerodynamic torque among the four rotating propellers.

According to (10), the third element of Ci,p® is also
Finally, the third element of € is

@

a
I8} +Ata @ (15— 1) —knAtY (1)) @f —Atb°ep
j=1

Zero.

4
3A .3 i 2 2 1
~ ljAa, —kmAtZ(—l) o, =0, because Iy —1; =0
j=1
and Ath’w; ~0 . In summary, I and k, cannot be
jointly estimated due to the linear dependence between

4 .
Ay and AtZ(—l)J wrzl , despite multiple constraints
i

4 .

given by I5Aa —kmAtZ(—l)‘ coer =0 . Therefore, we
j=1

need to calibrate k,, independently.

Calibration process: The TSB sends stepped pulse-
width modulation (PWM) signals to the motor’s ESC. At
the same time, TSB can measure the rotor velocity in
revolutions per minute (RPM). The UAV’s power module
can measure the battery voltage. All data is collected by
the onboard computer.

The calibration results are illustrated on Fig 9. PWM
starts at 1100 with a step value of 50 and continues until
1550. Each PWM value is maintained for 3 seconds. As
illustrated in Fig 9-(a), the rotor speed measurements are
collected, induced by the stepped PWM signals. The
response phase represents dynamical behavior in which
the motor’s velocity increases to a maximum value. The
steady state represents the dynamic process that does not
change or change only slightly over time. The blue line
represents the RPM difference between adjacent frames.
The purple line represents the motor velocity prediction
error based on the calibration results. The rotor velocity
prediction variances for both the response phase and
steady state are equal, indicating consistent prediction
accuracy under static and dynamic conditions. The

calibrated k, is 0.000573 N-m/RPM? . In addition,
ESC model parameters U, =760.680 RPM
U, =1255.490 RPM .

and

Rotor speed measurements

25000 [
= PWM step = 50
2 20000 | P PWM=1550
:6: Response phase
ﬁg_ 15000 |- I
g
2 10000 |

5000 PWMfllOO I

0 1000 2000 3000 4000 5000
Time (5 ms)
(@

Response phase Motor Calibration

OR = Og

—— dipm
250 1 x
——— error

200 4
150

100 4

Rotation speed (RPM)

| — — . Stadystate

T T T T T T T T T
1640 1660 1680 1700 1720 1740 1760 1780 1800
Time (5ms)

(b)
Fig. 9. (a) The rotor speed measurements induced by
stepped PWM signals. (b) Actuator calibration results.
or and og represent the response phase’s variance and

the steady state’s variance, respectively.

3) Force and torque prediction

The force and torque prediction results are listed in
Table 1. The results show that the prediction’s
performance is consistent with the open-source dataset.
Based on our datasets, the results demonstrate that the
RMSE of force and torque predictions are approximately
0.138 N and 0.014 N-m, respectively. Then, the CoG
parameter is adjusted by shifting the onboard computer
1.0 cm from the center position. As listed in Table I,
without considering CoG-induced torque, the RMSE of y-
axis torque prediction is severely distorted. Furthermore,
failing to identify the CoG parameters results in a
completely inaccurate moment of inertia.

C. Control Experiments

As shown in Fig 10, the compensated control by the
calibrated dynamic model greatly improves the trajectory
tracking accuracy of UAVs on the x-O-y plane. After
compensation, the RMSE of x, y, and z’s position tracking
error is 3.4 cm, 3.2 cm, and 1.2 cm, respectively.
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Fig. 10. Comparison of octo-flight position tracking
performance between controller based on dynamic model
compensation and uncompensated controller (maximum
velocity is 5 m/s). (a) Position tracking comparison with
dynamic model compensation and without compensation.
(b) X-axis and y-axis position tracking curves with
dynamic model compensation.

HVT impact: Besides, to verify the impact of HVT, we
compare the performance of octo-flight position tracking
with HVT compensation. As illustrated in Fig 11-(a),
without HVT compensation, the z-axis tracking
experiences a severe vibration due to the HVT effect.
Because the force generated by the horizontal velocity is
superimposed on the controlled thrust. However, with the
help of HVT compensation, the RMSE of the z-axis
position tracking significantly decreases from 2.4 cm to
1.2 cm. The maximum absolute value of errors has
decreased from 7.5 cm to 4.1 cm.

p, Tracking without HVT Compensation

1.600

—_—D

p, reference

1.575 | B

1.550 [

| _v'\/\/j\
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—b,
V
1475 | |
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@)
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p, Tracking with HVT Compensation
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—_— P,

Pz (m)

Time (s)

(b)

Fig. 11. V-shape position tracking curve for HVT evaluation.
(@) Tracking accuracy of position without HVT
compensation. (b) Tracking accuracy of z-axis position
with HVT compensation (maximum velocity is 3.5 m/s).

V. DISCUSSION

ODMC versus DDM: (a) ODMC can run online, but
DDM is_a black box relying on training data: The
HDVIO network only used a buffer of collective thrust
and gyroscope measurements as input. However, the force
is coupled with velocity. Furthermore, some hidden
variables, e.g., CoG, may change during the flight.
Current networks cannot update online efficiently.
Conversely, the first principal model derived from
physical models has stronger universality. (b) ODMC
relies on the ideal fluid assumption: The flight scenarios
are simple for low-velocity datasets below 9 m/s, in which
air behaves as an explicit model. However, when dealing
with complex aerodynamics, such as turbulent flow,
typhoons, or interaction flow, describing the model
becomes challenging. This is a bottleneck of the first
principal model.

VI. CONCLUSION AND FUTURE WORK

This paper proposes an online dynamic model
identification method based on FGO. A factor graph is
designed to perform state, extrinsic parameters, and
dynamical parameters calibration. A quadrotor is applied
to perform data collection, calibration, and control
experiments. In addition, the proposed online calibration
framework is evaluated by open-source datasets and our
self-collected datasets. The results demonstrate that the
proposed method effectively achieves accurate and robust
online identification of dynamical parameters. In addition,
the calibrated dynamic model can improve the trajectory
tracking performance of the UAVSs. In the future, we plan
to extend the work to outdoor scenarios.
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APPENDIX A
The conversion of rp is as follows:
rp = A, +Bju; +Cw;,
05At°l; 0 0

0 Aty 0 || (25)
' Atl, o o | g
0 0 At il

Thus, the covariance matrix P® of ry is as follows:
PP =cx.Cl
Ui

0.25P; At* 0 05P A2 0
| o ol A0 0o [(6)
0.5P; At? 0 Py At? 0
0 0 0 Py At?
APPENDIX B

The Jacobian matrices of error rp concerning state
X, and state x; are as follows:

o _orp Xy _ Irp Xy
OX)  OXy OX;  OXy OX
(27)
orp _ arp Xy, _ arp Xy,
6X|i+1 aXbiﬁt aXli+1 aXle 8X|

The Jacobian matrix of error rp concerning state X,

is as follows:
-R)m, (Rip,) -RimAt 0
0 -R}RY 0 —, ,At
rp o8, ae,
> | © d — 0 (28)
20 ooy vy
0 0 0 %8,
Owy, |
€, €, )
where p, aﬁ, o8, and a—“’ are as follows:
aegf 0v§l’ oo,
pp =M, (p‘t’}lv+1 — Vi At +0.5Rge;gAt? —pﬁi’)
06, X . b x
;e"=(R5*vpV) —dlag(D)(R\,'vvgf) At (29)

o0}

p, =M, (vml —vf)lv + R"Gve3gAt)

;VVV =-R&m, —diag(D)REAt
b
) 0 (15-12)s (15-12)e,
;030; = (13-13) s 0 (13-13)ey |At
| (1E-)e (12-1)e 0

where Ry’ = Expmap(egf).

The Jacobian matrix of error ry, concerning state X, |

is as follows:
Rim, O 0 o
or, 0 Iy 0 o0
—b = N (30)
Xy, 0 0 RXm, O

o 0 0 I

The Jacobian matrix of x, concerning X, is as
follows:
1 |
33 (P 0 0
b
x| © RS 0 0
x iVl | w(pl\ (31)
! 0 {((Dh —bg) Pb} I3><3 R| (Pb)
0 0 0 -RP

The Jacobian matrices of error ry concerning extrinsic
parameters X, are as follows:
oy _ory O, | 0r 2%,
oy OXy Opy Xy, 0Py
Orp _0rp %, Op O
o0  OX, 00 X, 00}

(32)
a . 1"
ﬁ:[o lys O {R?(m,i—bg)}}
o . T
G_)r;z:[RYV 0 RY(&, ~by) o}

where R{ = Expmap(el')) :
The Jacobian matrix of error rp concerning dynamical

parameters X4 is as follows:

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

ERES ad @ ok, (33)
o8, 08, 08, % B 4
k¢ ok, ol b ok,

where:
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