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Reach-Avoid Differential Graphical Games for Single Evader and

Multiple Pursuers with Nonlinear Dynamics
Rugang Tang, Chengfeng Luo, Tianqi Wang, Xin Ning, Chih-Yung Wen

Abstract—This paper investigates the single-evader and multi-
pursuer (SEMP) reach-avoid differential graphical (RADG)
games of nonlinear heterogeneous players subject to saturated
input and limited communication channels. The evader’s ob-
jective is to reach a designated target area while avoiding
the pursuers, whose aim is to intercept the evader. First, we
reformulate the SEMP RADG game as an optimal control
problem within a weighted communication topology graph by
incorporating the interception and control errors. Then, optimal
control strategies that account for input saturation are derived
by solving the coupled Hamilton-Jacobi (HJ) equations. These
strategies are shown to constitute the Nash Equilibrium (NE) of
the game. In addition, four types of pursuers, namely, isolated,
passive, invisible, and regular pursuers, are defined based on
the communication topology, and the conditions for achieving an
Interactive Nash Equilibrium (INE), which is proposed for SEMP
RADG games, are analyzed. Moreover, a single-network approx-
imate dynamic programming (ADP) algorithm using concurrent
learning (CL) is proposed to provide the near-optimal solutions
to the coupled HJ equations. Asymptotic capture conditions are
established through an examination of equilibrium points, and
extensions to general pursuit-evasion (PE) games and half-space
targets are further discussed. Our results are validated through
numerical simulations.

Note to Practitioners—This paper addresses the practical
challenges encountered in coordinating multiple autonomous
agents, such as unmanned aerial vehicles or ground robots, in
pursuit-evasion scenarios characterized by nonlinear dynamics
and limited communication. Unlike traditional approaches that
often rely on ideal communication assumptions or consider
linear agent models, the proposed framework enables each agent
to make distributed decisions based on local information and
restricted communication channels. Practitioners can utilize the
developed real-time single-network algorithm to design near-
optimal interception and evasion strategies, even under stringent
communication limitations and actuator constraints. Future re-
search will extend this framework to address scenarios involving
multiple evaders operating in more complex and dynamic envi-
ronments.

Index Terms—Multi-agent systems (MAS), Nonlinear systems,
Approximate dynamic programming (ADP), Reach-Avoid Differ-
ential game (RADG), Interactive Nash Equilibrium (INE)

I. INTRODUCTION

Pursuit-evasion (PE) differential games have attracted con-
siderable attention in the field of multi-agent systems (MAS)
due to their extensive applications in security, collision avoid-
ance, defense, transportation, and strategic scenarios [1]–[5].
In PE differential games, evaders strive to avoid capture by a
group of pursuers, whose primary objective is to capture the
evaders. The strategies adopted by both parties are determined
by their dynamic behaviors, communication constraints, and
performance capabilities. As a special branch of PE games,
the Reach-avoid (RA) differential game further complicates the

problem by requiring the evader to reach a designated target
area while simultaneously avoiding interception [6]–[10].

The prevalent approach addressing PE games and RA games
involves formulating the game scenarios as optimal control
problems, including identifying the optimal strategies that
minimize the cost function while adhering to the system
dynamics and constraints [11]. Such optimal control problems
can be solved through the application of Hamilton-Jacobi (HJ)
equations [12]–[14]. In [15], a distributed control strategy is
developed to tackle multi-agent pursuit-evasion (MPE) games,
and the conditions for finite-time capture are provided. In
addition, the presence of malicious pursuers is modeled us-
ing subjectively malicious factors, and the impact of these
malicious pursuers on capture time is explicitly quantified
[16]. Nevertheless, these studies primarily focus on PE games
with linear dynamics, and the extension to RA games with
nonlinear dynamics remains an open challenge. On the other
hand, geometric tools are quite effective in the analysis of RA
games, as demonstrated in several studies [17]–[20]. Reference
[21] examines a multiplayer reach-avoid game in which a team
of pursuers endeavors to safeguard a target region from an
evader within a constant flow field. Even though this analytical
method offers the advantage of circumventing the substan-
tial computational demands associated with high-dimensional
spaces, it encounters challenges when considering complex
system dynamics.

The complexity of RA games is further increased by the
presence of multiple pursuers and/or evaders. In this scenario,
the interactions among different agents are influenced by
the communication topology, which dictates the information
exchange between agents. Graph theory has been extensively
employed to model these interactions, with agents represented
as nodes and their interactions captured by edges [22]. Nev-
ertheless, the application of graph theory has predominantly
focused on the cooperative control problems of multi-agent
systems (MAS) [23]–[26] and general PE games [15], [16],
[27], [28], with limited attention paid to RA games. The major
difference between the cooperative control problems and PE
or RA games is that the cooperative control problems aim
to drive all agents to achieve some common objectives or
behaviors, whereas in RA games, pursuers and evaders have
distinct objectives and strategies.

In summary, the existing literature on RA games has pre-
dominantly focused on simplified dynamics, often neglecting
the complexities introduced by nonlinear dynamics. Addition-
ally, the influence of communication constraints on the strate-
gic interactions among agents has not been comprehensively
examined. To address these gaps, this paper proposes a unified
framework for single-evader and multi-pursuer reach-avoid
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Fig. 1: Overall framework of SEMP RADG with NN approximation.

differential graphical games characterized by nonlinear dy-
namics and limited communication. The primary contribution
of this paper is summarized as follows:

• Single-evader and multi-pursuer reach-avoid differential
games are reformulated as an optimal control problem
that incorporates both interception and control errors
within two weighted communication graphs. In addition,
in contrast to the previous studies in [7], [8], [21], our
work takes into account the communication topology
and more complex dynamics of the agents. Furthermore,
unlike in [10], [12], [15], [16], this study considers
heterogeneous nonlinear systems with input saturation.

• Optimal strategies considering input saturation are de-
rived from coupled Hamilton-Jacobi (HJ) equations and
proven to constitute a Nash Equilibrium (NE). A stricter
Interactive Nash Equilibrium (INE) concept is introduced
to diagnose the NE’s quality by identifying whether
the equilibrium is fully interactive or exhibits informa-
tion asymmetries due to communication constraints, a
departure from standard analyses [12], [15], [16]. A
computationally efficient single-network ADP algorithm
with concurrent learning (CL) is proposed to solve the HJ
equations, and its convergence to near-optimal solutions
for nonlinear RADG games is rigorously established.

• Conditions for asymptotic capture are derived through a
detailed analysis of the equilibrium points, which offers
deeper insights into the strategic interactions between
the evader and the pursuers. Our proposed method is
subsequently extended to general pursuit-evasion games,

as discussed in [15], [16], [29], through the design of
a virtual target point. Additionally, scenarios involving a
half-space target area [10], [30], [31], as opposed to a
spherical target area, are investigated, thereby broaden-
ing the framework’s applicability to a diverse array of
situations.

The remainder of this paper is organized as follows, with the
overall framework illustrated in Fig. 1. Section II formulates
the SEMP RADG game of nonlinear heterogeneous systems
over communication networks. Section III derives the optimal
strategies for the evader and pursuers and establishes the
conditions for Nash Equilibrium (NE) and Interactive Nash
Equilibrium (INE). In Section IV, a single-network ADP
algorithm is presented to obtain approximate solutions to the
coupled HJ equations. Section V analyzes the asymptotic
capture conditions and discusses extensions to general PE
games and half-space targets. Numerical simulations validating
the proposed approach are provided in Section VI, followed
by concluding remarks in Section VII.

Notations: Rn denotes the n-dimensional real Euclidean
space. Rm×n represents the set of all m× n real matrices.
The Euclidean norm of a vector is denoted by ‖ · ‖. The
symbol 1n represents an n×1 column vector with all elements
equal to 1. The notation [ai j]

m×n refers to an m× n matrix
where ai j is the element in the i-th row and j-th column.
The operator diag{· · ·} is used to construct a diagonal or
block-diagonal matrix. For a vector v = [v1,v2, · · · ,vn]

T , the
element-wise square is denoted as v2 = [v2

1,v
2
2, · · · ,v2

n]
T , and

for an operator φ , such as tanh or ln, the element-wise
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application is expressed as φ(v) = [φ(v1),φ(v2), · · · ,φ(vn)]
T .

The symbols λmin(·) and λmax(·) denote the minimum and
maximum eigenvalues of a matrix, respectively. For a matrix
A ∈ Rm×n, the submatrix AP,Q ∈ R(m−p)×(n−q) is obtained by
selecting rows indexed by P = {a1,a2, · · · ,ap} and columns
indexed by Q = {b1,b2, · · · ,bq}.

II. PROBLEM FORMULATION AND PRELIMINARIES

A. RA games with nonlinear Dynamics

Consider an RA game with a single evader and multiple
pursuers taking place in Ω⊆Rn. The target area Ωd(xd ,RA0)=
{x∈R | ‖x−xd‖≤RA0} is a subset of Ω with xd the center and
RA0 as the radius. The evader e0 is governed by the following
nonlinear differential equation:

ẋe(t) = f (xe(t))+g(xe(t)) ·u(t), xe(0) = x0
e , (1)

where xe ∈ Rn is the state vector of the evading agent,
u = [u1,u2, · · · ,um]T : Rt≥t0 → Rm is the input vector satis-
fying −usat ≤ uk ≤ usat with usat > 0 for all k ∈ {1, ...,m},
f : Rn → Rn and g : Rn → Rn×m with g 6= 0 are nonlinear
smooth functions.

Meanwhile, there are q malicious attackers in Ω, labeled
as p1 to pq. The dynamics of the i-th pursuer pi, i ∈P ,
{1,2, · · · ,q}, is given by

ẋpi(t) = fpi (xpi(t))+gpi(xpi(t)) · vi(t), xpi(0) = x0
pi, (2)

where xpi ∈ Rn is the state vector of agent pi, vi =
[v1

i ,v
2
i , · · · ,vm

i ]
T : Rt≥t0 → Rm is the input vector satisfying

−vsat
i ≤ vk

i ≤ vsat
i with vsat

i for all k ∈ {1, ...,m}, fpi : Rn→Rn

and gpi : Rn → Rn×m with gpi 6= 0 are nonlinear smooth
functions. The capture radius of pi is denoted by RAi . For
simplicity of expression, t will be omitted in the following
derivation if not necessary.

An example of the RA game in a 2-dimensional space is
shown in Fig. 1. There are three pursuers with capture radii
RA1 , RA2 , and RA3 , and one evader in the space. The radius
of the target area is RA0 . The evader aims to reach the target
area while avoiding being captured by the pursuer, while the
pursuer’s objective is to intercept and capture the evader.

The PE game terminates under one of the following three
conditions: (i) Evader is captured by one or more pursuers; (ii)
Evader runs out of the game space Ω; (iii) Evader reaches the
target area Ωd . The pursuers win in conditions (i) and (iii),
and the evader wins in condition (iii). If conditions (i) and
(iii) are satisfied simultaneously, i.e., the evader is captured
by the pursuer at the boundary of Ωd , then the evader also
wins. Define X = [xT

e ,x
T
p1, · · · ,xT

pq]
T as the global states of the

game, the termination set is

T := Te
⋃

Tp (3)

where
Te := {X | ‖xe− xd‖2 ≤ RA0} (4)

represents the success set of evader where it reaches the target
area, and

Tp := T o
p

⋃
T c

p (5)

is the success set of pursuers, which contains the subset

T o
p := {X | xe /∈Ω}, (6)

i.e., the evader is out of Ω, and the subset

T c
p := {X | ‖xpi− xe‖2 ≤ RAi , f or any i = 1, 2, · · · , q}, (7)

which indicates that the evader is captured by the pursuers.

B. Communication Graphs

A weighted directed graph Gp = (Πp,Ep) is defined to
describe the communication between the pursuers, where
Πp = {p1, p2, · · · , pq} is the set of nodes and Ep ⊆Πp×Πp is
the set of weighted edges. The edge from node p j to node pi is
denoted as (p j, pi),∀pi, p j ∈Πp, representing that the pursuer i
can receive the information from pursuer j. The weight αi j > 0
if (p j, pi) ∈ Ep; otherwise, αi j = 0. The in-degree matrix is
defined as a diagonal matrix Dp = diag{dp

1 ,d
p
2 , · · · ,d

p
q } where

dp
i = ∑

q
j=1 αi j, and the weighted adjacency matrix is denoted

as Ap = [αi j]
q×q. The neighbor set of pi is represented as

Ni = { j | (p j, pi) ∈ Ep}.
In addition, an extended directed graph Ge = (Πe,Ee) is

established by incorporating the node e0 with Πe = Πp∪{e0}
and Ee⊆Πe×Πe. The edge from node pi to node e0 is denoted
as (pi,e0),∀pi ∈ Πp, representing that the evader can access
pursuer i’s information. The weight βi > 0 if (pi,e0) ∈ Ee;
otherwise, βi = 0. Similarly, the edge from node e0 to node
pi is denoted as (e0, pi). αi0 > 0 if (e0, pi) ∈ Ee; otherwise,
αi0 = 0. Define the in-degree of the evader as de = ∑

q
i=1 βi,

and the adjacency vector of the evader to pursuers as Ape =
[α10,α20, · · · ,αq0]

T . The neighbor set of e0 is denoted as Ne =
{i | (pi,e0)∈Ee}. It is assumed that there are no repeated edges
or self-loops, i.e., (pi, pi) /∈ Ee,∀pi ∈Πp and (e0,e0) /∈ Ee. A
sequence of edges S = {(ps0, ps1),(ps1, ps2), ...,(ps(r−1), psr)}
is called a directed path from ps0 to psr if there exists a
directed edge (psi, ps(i+1)) ∈ Ee for each i = 0,1, · · · ,r− 1
(here, psi can represent the evader e0). If such a path exists,
we assert that node ps0 is connected to node psr, or node psr
is reachable from node ps0. A directed graph is said to be
strongly connected if there exists a directed path from every
node to every other node in Πe.

C. RADG games with graphs

In RA games, the objective of the pursuers is to intercept
the evader while simultaneously moving closer to the other
pursuers to achieve coordinated interception. Hence, the inter-
ception error of pi, considering coordination, is defined as

δpi = ∑
j∈Ni

αi j(xpi− xp j)+αi0(xpi− xe). (8)

It can be easily derived using (1)-(2) that δpi is governed by

δ̇pi =(dp
i +αi0)( fpi(xpi)+gpi(xpi) · vi)−αi0( f (xe)+g(xe) ·u)
− ∑

j∈Ni

αi j ( fp j(xp j)+gp j(xp j) · v j) .

(9)
On the other hand, the evading agent aims to get closer to

the target area while avoiding the attacks from the pursuers.
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Hence, we define the control error of e0 considering avoid
distance as

δe = β0(xe− xd)− ∑
i∈Ne

βi(xe− xpi), (10)

where β0 is a user-defined weight representing the evader’s
tendency to move toward the target area. A detailed analysis
of β0 is provided in Section V-B. The dynamics of e0 is

δ̇e =(β0−de)( f (xe)+g(xe) ·u)
+ ∑

i∈Ne

βi( fpi(xpi)+gpi(xpi) · vi). (11)

Moreover, define

Jpi(δpi,vi) =
∫

∞

0
ri(δpi ,vi)dt (12)

as the cost function of pi, and

Je(δe,u) =
∫

∞

0
re(δe,u)dt (13)

as the cost function of e0, where ri(δpi ,vi) and re(δe,u) are
the costs for every time instant, whose specific form will be
given in Section III-A.

Then, the SEMP RADG game investigated in this pa-
per is formulated as the following optimal control prob-
lem: Given the constraints of the error system dynamics (9)
and (11), which are determined by the initial state X0 =
(x0

e ,x
0
p1,x

0
p2, · · · ,x0

pq), the dynamics (1) and (2), and the com-
munication graphs Gp and Ge, the objective is to find the
distributed optimal controllers for u and vi, i = 1,2, · · · ,q, that
minimize the cost functions (12) and (13).

Finally, we use the following technical lemma to conclude
this section:

Lemma 1. [32] Let A = [ai j] ∈ Rn×n be a diagonally
dominant matrix that |aii| ≥ ∑ j 6=i |ai j|, ∀ i = 1,2, · · · ,n and

S =

{
i ∈ N | |aii|>

n

∑
j=1; j 6=i

|ai j|
}
6= /0 (14)

where N = {1,2, · · · ,n}. In addition, for each i /∈ S there
is a sequence of nonzero elements of A of the form
aii1 ,ai1i2 , · · · ,airs with s ∈ S, then A is nonsingular.

III. OPTIMAL SOLUTIONS FOR RADG GAMES

A. Optimal Strategy with input saturation

The cost functions, which incorporate input saturation ef-
fects, are defined as follows:

ri(δpi,vi) = Qi(δpi)+ψi(vi), (15)

re(δe,u) = Qe(δe)+ψe(u), (16)

where Qi(δpi), Qe(δe) : Rn → R are user-defined positive
definite functions that penalize the interception errors and the
control error, and

ψi(vi),
∫ vi

0
vsat

i Ri tanh−1
(

ξ

vsat
i

)
dξ

=vsat
i vT

i Ri tanh−1
(

vi

vsat
i

)
+

1
2
(
vsat

i
)2 Riln

(
1m−

v2
i

(vsat
i )2

)
(17)

and

ψe(u),
∫ u

0
usatRe tanh−1

(
ξ

usat

)
dξ

=usatuT Re tanh−1
( u

usat

)
+

1
2
(
usat)2 Reln

(
1m−

u2

(usat)2

)
(18)

are positive definite functions penalizing the input of pi
and e0, respectively. ξ is the variable of integration. Ri =
diag{r1

i ,r
2
i , · · · ,rm

i }, Re = diag{r1
e ,r

2
e , · · · ,rm

e } are all diagonal
matrices with positive diagonal elements. Ri = [r1

i ,r
2
i , · · · ,rm

i ],
Re = [r1

e ,r
2
e , · · · ,rm

e ] are row vectors.

Assumption 1. There exist constants q
i
,qi,qe

,qe ∈ R>0 such
that q

i
||δpi||2 ≤ Qi(δpi) ≤ qi||δpi||2 for all pi ∈ P , and

q
e
||δe||2 ≤ Qe(δe)≤ qe||δe||2 for e0.

The value function of pi and e0 at time t can be defined
according to the cost function

Vpi(δpi, t) = min
vi

∫
∞

t
ri(δpi,vi)dτ (19)

and

Ve(δe, t) = min
u

∫
∞

t
re(δe,u)dτ. (20)

Define the Hamilton functions as

Hpi(δpi,∇Vpi) = ∇V T
pi δ̇pi + ri (21)

and
He(δe,∇Ve) = ∇V T

e δ̇e + re (22)

for pi and e0, respectively, where ∇Vpi ,
∂Vpi
∂δpi

, ∇Ve ,
∂Ve
∂δe

.
The optimal control strategies can then be obtained by

solving ∂Hpi
∂vi

= 0 and ∂He
∂u = 0 as

v∗i =−vsat
i tanh

[
(dp

i +αi0)

vsat
i

R−1
i gT

pi∇Vpi

]
(23)

and

u∗ =−usat tanh
[
(β0−de)

usat R−1
e gT

∇Ve

]
. (24)

The Hamilton-Jacobi (HJ) equation simplifies to
minvi Hpi(δpi,∇Vpi) = 0 and minu He(δe,∇Ve) = 0 in
infinite-horizon problem. Letting Bi = (dp

i + αi0)gT
pi and

Be = (β0−de)gT gives

∇V T
pi δ̇
∗
pi +Qi(δpi)+ vsat

i tanh
(

1
vsat

i
R−1

i Bi∇Vpi

)T

Bi∇Vpi

+ vsat
i

2Riln

{
Im×1−

[
tanh

(
1

vsat
i

R−1
i Bi∇Vpi

)]2
}

= 0
(25)

and

∇V T
e δ̇
∗
e +Qe(δe)+usat tanh

(
1

usat R−1
e Be∇Ve

)T

Be∇Ve

+usat 2Reln

{
Im×1−

[
tanh

(
1

usat R−1
e Be∇Ve

)]2
}

= 0
(26)
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where

δ̇
∗
pi =(dp

i +αi0)

{
fpi(xpi)−gpi(xpi) · vsat

i tanh
[

1
vsat

i
R−1

i Bi∇Vpi

]}
− ∑

j∈Ni

αi j

{
fp j(xp j)−gp j(xp j) · vsat

j tanh

[
1

vsat
j

R−1
j B j∇Vp j

]}

−αi0

{
f (xe)−g(xe) ·usat tanh

[
1

usat R−1
e Be∇Ve

]}
(27)

and

δ̇
∗
e =(β0−de)

{
f (xe)−g(xe) ·usat tanh

[
1

usat R−1
e Be∇Ve

]}
+ ∑

i∈Ne

βi

{
fpi(xpi)−gpi(xpi) · vsat

i tanh
[

1
vsat

i
R−1

i Bi∇Vpi

]}
.

(28)

B. Nash Equilibrium for RADG Games

The concept of Nash equilibrium (NE) has attracted signif-
icant attention in PE games. Although the control strategies
of the other players are not explicitly incorporated in (12)
and (13), they critically influence the dynamics described by
(9) and (11). Therefore, it is realistic to consider the Nash
equilibrium strategy for the RADG games. First, we present
the definition of the RADG game. Let v−i denote the set of
strategies for all pursuers except pi, v−e denote the set of
strategies for all players other than e0. We have the following
definition:

Definition 1. (Global Nash equilibrium for RADG games)
The set of policies v∗ = {u∗,v∗1,v∗2, · · · ,v∗q} is a global Nash
equilibrium solution for single evader multiple pursuers reach-
avoid differential games if the inequalities

J∗pi ≡ Jpi
(
δpi,v∗i ,v

∗
−i,u

∗)≤ Jpi
(
δpi,vi,v∗−i,u

∗) , (29)

J∗e ≡ Je
(
δe,u∗,v∗−e

)
≤ Je

(
δe,u,v∗−e

)
(30)

hold for all agents in the game, then the (q + 1)-tuple of
the distributed local cost functions {J∗e ,J∗p1,J

∗
p2, . . . ,J

∗
pq} is

the Nash equilibrium of the game, where v∗−i = v∗\{v∗i ∪u∗},
v∗−e = v∗\{u∗}.

The following theorem illustrates the conditions required to
achieve Nash equilibrium in RADG games.

Theorem 1. (Nash equilibrium in RADG games) Let (1),
(2) be the dynamics of the evader and the pursuers, re-
spectively. Let (12), (13) be the cost functions with the
local errors (8) and (10). Then a RADG game is in
Nash equilibrium with the optimal strategies (23) and
(24). Moreover, the Nash equilibrium of the game is
{Ve(δe(0)),Vp1(δp1(0)),Vp2(δp2(0)), · · · ,Vpq(δpq(0))}.
Proof. Notice that Vpi(δpi(∞)) = Vpi(0) = 0 [15], the cost
function (12) can be written as

Jpi =
∫

∞

0
[Qi(δpi)+ψi(vi)]dt +Vpi(δpi(0))+

∫
∞

0
∇V T

pi δ̇pi(t)dt.
(31)

Define

J′pi =
∫

∞

0
[Qi(δpi)+ψi(v∗i )]dt +Vpi(δpi(0))+

∫
∞

0
∇V T

pi δ̇
∗
pi(t)dt.

(32)
Noting (9), the cost function can be rewritten as

Jpi =J′pi−
∫

∞

0
[∇V T

pi(d
p
i +αi0)gpi(xpi) · v∗i +ψi(v∗i )]dt

+
∫

∞

0
[∇V T

pi(d
p
i +αi0)gpi(xpi) · vi +ψi(vi)]dt

(33)

if v−i = v∗−i and u = u∗, which indicates that all other agents
in the RADG game use the optimal strategy. Then, as (25)
holds, J′pi =Vpi(δpi(0)). Hence,

Jpi =Vpi(δpi(0))−
∫

∞

0
[∇V T

pi(d
p
i +αi0)gpi(xpi) · v∗i +ψi(v∗i )]dt

+
∫

∞

0
[∇V T

pi(d
p
i +αi0)gpi(xpi) · vi +ψi(vi)]dt.

(34)
By (17), we have

∂Jpi

∂vi
=
∫

∞

0
[(dp

i +αi0)gT
pi
(xpi)∇Vpi +

∂ψi(vi)

∂vi
]dt

=
∫

∞

0
[(dp

i +αi0)gT
pi
(xpi)∇Vpi + vsat

i Ri tanh−1(
vi

vsat
i

)]dt.

(35)
Letting ∂Jpi

∂vi
= 0 yields

vi =−vsat
i tanh

[
(dp

i +αi0)

vsat
i

R−1
i gT

pi∇Vpi

]
= v∗i , (36)

which implies that vi = v∗i is the stationary point. Furthermore,

it is easy to get ∂ 2Jpi
∂vi

=
∫

∞

0 Ri[
1

1−(vi/vsat
i )2 ]dt > 0 at vi = v∗i ,

which proofs (29) with the cost of Jpi =Vpi(δpi(0)).
The proof of (30) follows a similar argument to the above

and is thus omitted.

C. Interactive Nash Equilibrium under Communication
Graphs

In [12], [33], [34], the underlying communication graph in
graphical differential game problems is strongly connected,
thereby rendering the analysis of Nash equilibrium both ef-
fective and comprehensive. Nevertheless, in adversarial reach-
avoid games, it becomes essential to examine the diverse com-
munication topologies among agents, particularly with regard
to the interactions between the pursuit and evasion groups.
Therefore, in this paper, we do not make any assumptions to
the communication topology; instead, we classify the pursuers
into four categories based on their communication nature with
the evaders.

1) Isolated pursuers. If there is neither a directed path from
e0 to pi nor a directed path from pi to e0, then pi is called
an isolated pursuer. The set of the index of all isolated
pursuers is defined as Piso.

2) Passive pursuers. If pi is connected to e0, while there is
no directed path from e0 to pi, then pi is called a passive
pursuer. The set of the index of all passive pursuers is
defined as Pp.

3) Invisible pursuers. If e0 is connected to pi, while there
is no directed path from pi to e0, then pi is called an
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invisible pursuer. The set of the index of all invisible
pursuers is defined as Pinv.

4) Regular pursuers. If pi and e0 are connected to each
other, then pi is called a regular pursuer. The set of the
index of all regular pursuers is defined as Pr.

The above four cases cover all communication situations
between the pursuer and the evader which leads to P =Piso∪
Pp ∪Pinv ∪Pr. It is worth pointing out that although the
different types of pursuers may exert distinct influences on the
game, they do not alter the Nash equilibrium as established
in Theorem 1. Inspired by Definition 5 in [12], we propose a
more stringent equilibrium definition for SEMP RADG games.

Definition 2. (Interactive Nash equilibrium for SEMP RADG
games) The set of policies v∗ = {u∗,v∗1,v∗2, · · · ,v∗q} is an
interactive Nash equilibrium (INE) solution for single evader
multiple pursuers reach-avoid differential games if the Nash
equilibrium condition holds and, in addition, the following
conditions hold:

1) For all pi ∈P , there exists some strategy v′i such that
Je
(
δe,u∗,v∗−i∪ v′i

)
6= Je

(
δe,u∗,v∗−e

)
.

2) There exists a strategy-cost function pair (u′,Jpi) such
that Jpi

(
δpi,v∗i ,v

∗
−i,u

′) 6= Jpi
(
δpi,v∗i ,v

∗
−i,u

∗).
Remark 1. Definition 2 imposes stricter requirements than
Definition 1 by mandating mutual influence between the pur-
suers and the evader. Specifically, the set of pursuers must be
able to affect the evader’s cost function, and conversely, the
evader must be able to influence at least one of the pursuers’
cost functions. This bidirectional dependency ensures that,
in an interactive Nash equilibrium, the strategies of both
parties are interdependent, resulting in a more interactive and
dynamically coupled equilibrium compared to the standard
Nash equilibrium.

The INE provides a formal criterion for characterizing the
NE. Satisfying its condition of bidirectional influence confirms
a dynamically coupled equilibrium, whereas a failure to do
so reveals structural properties of the communication graph,
such as information asymmetries or strategic decoupling.

We then have the following result:

Theorem 2. (INE in SEMP RADG games) Let an SEMP
RADG game be in Nash equilibrium. Then the SEMP RADG
game is in interactive Nash equilibrium if and only if P =
Pp∪Pr and Pr 6= /0.

Proof. Necessity: If Piso 6= /0 or Pinv 6= /0, then there exists
some pi that is not connected to e0, which contradicts the
first condition of Definition 2. Therefore, P = Pp ∪Pr.
Subsequently, if Pr = /0, then P = Pp which means that
all the pursuers are passive pursuers. Consider that the value
of the passive pursuer will not be influenced by the input of
the evader, the second condition does not hold. In conclusion,
if the two conditions hold, then P = Pp∪Pr and Pr 6= /0.

Sufficiency: If P = Pp ∪Pr holds in an SEMP RADG
game, then the pursuer is either a passive pursuer or a regular
pursuer, which means that all the pursuers are connected to the
evader. Then, the control input of pi can influence the value
of e0 for all pi ∈P . On the other hand, if Pr 6= /0, then there

exists pi such that there is a directed path from e0 to p j which
makes Jpi influenced by the input of e0.

Since the pursuers in a strongly connected graph are all
regular pursuers, we have P = Pp∪Pr and Pr 6= /0. Thus,
we can easily establish the following corollary:

Corollary 1. Let Ge in an SEMP RADG game be strongly
connected, and the game be in Nash equilibrium, then the
game is in interactive Nash equilibrium.

IV. APPROXIMATE OPTIMAL STRATEGY VIA
APPROXIMATE DYNAMIC PROGRAMMING

A. Value Function Approximation

The optimal strategies (23) and (24) for the RADG game
depend on solving the coupled Hamilton-Jacobi (HJ) equa-
tions (25) and (26). As these nonlinear partial differential
equations are generally intractable, this section introduces an
Approximate Dynamic Programming (ADP) algorithm to find
numerical solutions. Unlike conventional Actor-Critic (AC)
architectures [2], [12], [35]–[37], which use separate networks
for the policy (actor) and value function (critic), the proposed
method employs a single-network ADP to approximate the
value function.

Assumption 2. [38] The solutions to (25) and (26) are non-
negative and smooth.

Assumption 2 is a standard condition in ADP that guar-
antees the applicability of the Weierstrass high-order approx-
imation theorem, thereby enabling the value functions to be
approximated with arbitrary precision. We assume that Vpi, Ve,
and their derivatives respectively with respect to δpi and δe can
be expressed as

Vpi =W T
piφpi + εpi,∇Vpi = ∇φ

T
piWpi +∇εpi (37)

and
Ve =W T

e φe + εe,∇Ve = ∇φ
T
e We +∇εe (38)

where Wpi,We ∈ RN are the ideal weights of the NN with
independent basis φpi,φe : Rn → RN , respectively. εpi and εe

are the NN approximation errors. ∇φpi =
∂φpi
∂δpi

, ∇φe = ∂φe
∂δe

,

∇εpi =
∂εpi
∂δpi

, ∇εe =
∂εe
∂δe

are the corresponding gradient oper-
ators. According to the Weierstrass high-order approximation
theorem, as N → ∞, the corresponding NN estimation errors
εpi and εpi will both converge to zero. Substituting (37) and
(38) into (25) and (26), one can get

H̄pi(δpi,∇φ
T
piWpi) =W T

pi∇φpiδ̇pi + ri = εHpi (39)

and
H̄e(δe,∇φ

T
e We) =W T

e ∇φeδ̇e + re = εHe , (40)

where H̄pi and H̄e are the Hamilton functions with approx-
imated value functions, εHpi = −∇εT

piδ̇pi, εHe = −∇εT
e δ̇e are

the residual errors caused by uncompleted basis.
The exact Wpi, Wpi are unknown, therefore, the estimated

weights Ŵpi and Ŵe are introduced to approximate Vpi and
Ve as V̂pi = Ŵ T

piφpi and V̂e = Ŵ T
e φe. Then, the approximated
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optimal strategies for the pursuers and evader are respectively
given by

v̂i =−vsat
i tanh

[
(dp

i +αi0)

vsat
i

R−1
i gT

pi∇φ
T
piŴpi

]
(41)

and
û =−usat tanh

[
(β0−de)

usat R−1
e gT

∇φ
T
e Ŵe

]
. (42)

B. Distributed Tuning Law

In this subsection, we propose a distributed network update
law. Compared to [11], [12], [38], [39], our update law no
longer requires persistent excitation conditions.

Define the estimate errors of Wpi and We as W̃pi =Wpi−Ŵpi
and W̃e =We−Ŵe, respectively. Then, the Hamilton functions
with the estimated weights are given by

Ĥpi(δpi,∇V̂pi) = Ŵ T
pi∇φpiδ̇pi + ri = ε̄Hpi (43)

and
Ĥe(δe,∇V̂e) = Ŵ T

e ∇φeδ̇e + re = ε̄He . (44)

Recall (39) and (40), it can be seen that the residual errors
caused by the uncompleted basis and the estimated weights
are ε̄Hpi = εHpi−W̃ T

pi∇φpiδ̇pi and ε̄He = εHe−W̃ T
e ∇φeδ̇e. Define

E = 1
2 ∑

q
i=1 ε̄T

Hpi
ε̄Hpi +

1
2 ε̄T

He
ε̄He . To make E sufficiently small,

the update law of the NN weights is designed following the
modified Levenberg-Marquardt algorithm. In addition, concur-
rent learning technology is applied, which adds historical data
to relax the restriction of the persistent excitation condition.

˙̂Wpi =−ηi
χi

(χT
i χi +1)2 ε̄Hpi −

k

∑
j=1

ηi
χi(t j)

(χT
i (t j)χi(t j)+1)2 ε̄Hpi(t j)

(45)
and

˙̂We =−ηe
χe

(χT
e χe +1)2 ε̄He −

k

∑
j=1

ηe
χe(t j)

(χT
e (t j)χe(t j)+1)2 ε̄He(t j)

(46)
where χi = ∇φpiδ̇pi, χe = ∇φeδ̇e, χi(t j) and χe(t j) are the
historical data at each sampling time t j, j = 1,2, · · · ,k with
0 = t1 < t2 < · · ·< tk < t the sampling instants, ηi and ηe are
the user-defined constant gains that dictate the learning rates.
It can be easily seen that the update law for the strategy of pi
and e0 in (45) and (46) depends only on the information of
itself and its neighbors, respectively. This ensures distributed
decision-making by players.

C. Stability Analysis

First, we recall the concept of the uniformly ultimately
boundedness as follows:

Definition 3. (Uniformly ultimately boundedness) A system
ẋ = f(x, t) is uniformly ultimately bounded (UUB) if there
exists a compact set S ∈Rn so that for all x ∈ S there exists a
bound B and a time T(B,x) such that ‖x(t)−xe‖ ≤ B for all
t ≥ T.

Like in [12], [35], [38], we make the following standard
assumptions.

Assumption 3.
(i) NN-related bound: The ideal NN weighs We and Wpi,

the NN basis φe and φpi and their derivative, and the
approximation errors εe and εpi and their derivative for e0
and all pi ∈P are assumed to be bounded with positive
constants bW

e , bW
i , bφ

e , bφ

i , b∇φ
e , b∇φ

i , bε
e , bε

i , b∇ε
e , b∇ε

i
respectively.

(ii) System bound: The functions g and gpi for e0 and all
pi ∈P are assumed to be bounded in domain Ω with
positive constants bg

e and bg
i .

Remark 2. These are standard assumptions in the neural
adaptive control literature. Moreover, many practical systems
satisfy Assumption 3.ii, such as the satellite pursuit-evasion
game [1], single integrator dynamics for quadcopters [40],
and Dubins vehicle models [41], [42]. It should be noted that
the boundedness conditions specified above are only required
for the stability analysis of the closed-loop system, ensuring
the boundedness of the overall system. These conditions are
not directly utilized in the design of the control strategies. In
practice, the system states and network weights will converge
to an equilibrium, and the stability of the system typically
does not depend on the explicit values of these bounds.
Furthermore, under Assumption 3, it follows that εHpi and εHe

are bounded by bεH
i and bεH

e , respectively.

We have the following result:

Theorem 3. Under Assumptions 1 to 3, consider the dynamics
of the interception errors (9) and the control error (11), the
approximate optimal strategies (41) and (42) with the NN
update laws (45) and (46), then the interception errors δpi
for i = 1,2, · · · ,q, the control error δe and the NN weights
estimation errors W̃pi, W̃e are UUB.

Proof. Choose the Lyapunov function candidate as

J =
q

∑
i=1

(
J1

i + J2
i
)
+ J1

e + J2
e (47)

where J1
i =Vpi, J2

i =
1
2W̃ T

piW̃pi, J1
e =Ve, J2

e =
1
2W̃ T

e W̃e. By direct
calculation, we have

J̇1
i =−Qi(δpi)−ψi(vi)≤−q

i
‖δpi‖2−ψi(vi) (48)

and
J̇1

e ≤−q
0
||δe||2−ψe(u). (49)

Substituting W̃pi =Wpi−Ŵpi into (45) and using the fact that
ε̄Hpi = εH pi−W̃ T

pi∇φpiδ̇pi yield

˙̃Wpi =−ηi[σiσ
T
i +

k

∑
j=1

σ
T
i (t j)σi(t j)]W̃pi

+ηi[
σT

i εHpi

χT
i χi +1

+
k

∑
j=1

σi(t j)εHpi(t j)

χT
i (t j)χi(t j)+1

],

(50)

where σi = χi/(χ
T
i χi +1) and σi(t j) = χi(t j)/[χ

T
i (t j)χi(t j)+

1].
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Using Young’s inequality, we have

ηiW̃ T
pi

σiεHpi

1+χT
i χi

≤ 1
2

ηiW̃ T
pi

σiσ
T
i W̃pi +

1
2

ηiε
T
H pi

εH pi (51)

and
k

∑
j=1

ηiW̃ T
pi

σi(t j)εHpi(t j)

1+χT
i (t j)χi(t j)

≤
k

∑
j=1

1
2

ηiW̃ T
pi

σi(t j)σ
T
i (t j)W̃pi

+
k

∑
j=1

1
2

ηiε
T
H pi

(t j)εH pi(t j),

(52)

which lead to

J̇2
i =W̃ T

pi
˙̃Wpi ≤−

1
2

ηiλmin(Ξi)‖W̃pi‖2 +
1
2

ηi(k+1)bεH
i ,

(53)
where Ξi = σiσ

T
i +∑

k
j=1 σi(t j)σ

T
i (t j).

Similarly, one may obtain

J̇2
e ≤−

1
2

ηeλmin(Ξe)‖W̃e‖2 +
1
2

ηe(k+1)bεH
e , (54)

where Ξe = σeσT
e +∑

k
j=1 σe(t j)σ

T
e (t j).

As a result

J̇ ≤−
q

∑
i=1

q
i
||δpi||2−q

0
||δe||2

− 1
2

q

∑
i=1

[
ηiλmin(Ξi)||W̃pi||2

]
− 1

2
ηeλmin(Ξe)||W̃e||2

+
1
2

q

∑
i=1

ηi(k+1)bεH
i +

1
2

ηe(k+1)bεH
e .

(55)

Note that from the definition of Ξi, i = 1, ...,q and
Ξe, there must exist some T0 > 0 such that ζ1 ,
min{λmin (Ξ1) , ...,(Ξq) ,λmin (Ξe)}> 0. First consider for 0≤
t < T0, (55) can be further written as:

J̇ ≤1
2

q

∑
i=1

ηi(k+1)bεH
i +

1
2

ηe(k+1)bεH
e . (56)

Since the right-hand side of (56) is finite and T0 is finite, we
conclude that Vpi, i = 1, ...,q, Ŵpi, i = 1, ...,q, Ve, Ŵe are all
finite over 0≤ t < T0.

Now consider for t ≥ T0, it can be easily verified that J̇ ≤ 0
if one of the following conditions holds.

1) Error state condition.
q

∑
i=1
||δpi||2 + ||δe||2 ≥

(k+1)(∑q
i=1 ηib

εH
i +ηebεH

e )

2min(q
i
,q

0
)

= bδ

(57)
where min(q

i
,q

0
) is the minimum value of q

0
and q

i
for

i = 1,2, · · · ,q.
2) NN estimate error condition.

q

∑
i=1
||W̃pi||2+||W̃e||2≥

(k+1)(∑q
i=1 ηib

εH
i +ηebεH

e )

2ζ1
= bŴ .

(58)
Therefore, we deduce that the interception errors δpi, the
control error δe, and the estimation errors W̃pi and W̃e are
uniformly ultimately bounded (UUB). This concludes the
proof.

Remark 3. The number of historical data points k should be
chosen sufficiently large to ensure that Ξi and Ξe are full rank,
thus guaranteeing ζ1 6= 0. Unlike previous methods [11], [12],
[38], [39], the concurrent learning (CL) technique employed
here utilizes both historical and current data, thereby relaxing
the persistent excitation requirement and enhancing practical
applicability.

In addition, we have the following corollary:

Corollary 2. Under Assumptions 1-3, let (42) be the control
policy of e0, (41) be the control policy of pi ∈P , and (46)
and (45) be the updating law. Then, the set of control input
v̂= {û, v̂1, v̂2, · · · , v̂q} will be attracted to a cube neighborhood
C of v∗ = {u∗,v∗1,v∗2, · · · ,v∗q} and the RADG game is in the
approximate Nash equilibrium, where

C (v∗,ζ e
2 ,ζ

i
2) = {v = (u,v1,v2, · · · ,vq) ∈ Rm×(q+1) |

‖u−u∗‖< ζ
e
2 ,‖vi− v∗i ‖< ζ

i
2}

(59)

with

ζ
e
2 =

‖β0−de‖
usatλmin(Re)

bg
eb∇φ

e (b∇ε
e +

√
bŴ ),

ζ
i
2 =
‖dp

i +αi0‖
vsat

i λmin(Ri)
bg

i b∇φ

i (b∇ε
i +

√
bŴ )

for i = 1,2, · · · ,q.

Proof. From (58), one can get ‖W̃e‖ <
√

bŴ , using the La-
grange mean value theorem, we have tanh(a)− tanh(b) =
(1− tanh(c))(a− b), where b ≤ c ≤ a. Then, by using (24),
(42) and (38), if Assumption 3 holds, one can obtain

‖û−u∗‖=‖usat tanh
[
(β0−de)

usat R−1
e gT

∇Ve

]
−usat tanh

[
(β0−de)

usat R−1
e gT

∇φ
T
e Ŵe

]
‖

≤ ‖
[
1− tanh2(c′)

]
(β0−de)R−1

e gT (∇Ve−∇φ
T
e Ŵe)‖

≤ ‖β0−de‖
λmin(Re)

bg
eb∇φ

e (b∇ε
e +

√
bŴ )

(60)
since 0 < 1− tanh2(c′) ≤ 1 with c′ a mid-value between
(β0−de)

usat R−1
e gT ∇Ve and (β0−de)

usat R−1
e gT ∇φ T

e Ŵe. The same proce-
dure is omitted for

‖v̂i− v∗i ‖ ≤
‖dp

i +αi0‖
vsat

i λmin(Ri)
bg

i b∇φ

i (b∇ε
i +

√
bŴ ). (61)

V. EQUILIBRIUM POINTS AND EXTENSIONS

The Nash equilibrium solution for the proposed RADG
game has been established above, with an ADP approach
adopted to approximate the solution. In this section, we extend
our analysis by examining the equilibrium points and exploring
several extensions of the RADG framework. First, we discuss
the characteristics of the equilibrium points and demonstrate
the conditions for asymptotic capture. Then, we analyze the
configuration of these equilibrium points, revealing that, under
certain conditions, RADG games may transition into general
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PE games. Finally, we present an extension of the RADG
formulation to accommodate a half-space target.

Theorem 2 establishes that an INE solution requires the
absence of isolated and invisible pursuers, alongside the pres-
ence of at least one regular pursuer. Therefore, this section
reasonably assumes that P = Pp∪Pr and Pr 6= /0.

A. Equilibrium Points and Asymptotic Capture

Regular pursuers are divided into two categories P−p
r and

P p
r based on whether passive pursuers are connected to them.

P−p
r is the set of all the indices of pursuers that satisfy i∈Pr

and there is no directed path from p j to pi for all j ∈Pp and
P p

r = Pr\P−p
r .

Define X = {xe,xp1,xp2, · · · ,xpq} as the equilibrium set of
the SEMP RADG game that satisfies δpi = ∑ j∈Ni αi j(xpi −
xp j)+αi0(xpi− xe) = 0 for all i ∈P and δe = β0(xe− xd)−
∑i∈Ne βi(xe− xpi) = 0. The following Theorem demonstrates
the asymptotic capture of the pursuers in P−p

r .

Theorem 4. (Equilibrium and asymptotic capture) Under
Assumptions 1 and 3, let (1), (2) be the dynamics of the evader
and the pursuers, respectively; and let (12), (13) be the cost
functions with the local errors (8) and (10). If Assumption
2 is enhanced to the solutions to (25) and (26) are positive
definite, then X is asymptotically reached under the optimal
strategies (23) and (24).

Moreover, if P = Pp∪Pr and Pr 6= /0, then the pursuers
in P−p

r will capture the evader in an asymptotic behav-
ior; that is, if the termination conditions are ignored, then
limt→∞(xpi(t)− xe(t)) = 0, ∀ i ∈P−p

r .

Proof. Choose the Lyapunov function candidate as Vpi(δpi),
with (21) and (22), one can get

V̇pi(δpi) = ∇Vpiδ̇
∗
pi =−Qi(δpi)−ψi(v∗i ) (62)

and
V̇e(δe) = ∇Veδ̇

∗
e =−Qe(δe)−ψe(u∗) (63)

as (25) and (26) hold. Since Qi(δpi), ψi(vi), Qe(δe), and ψi(u)
are all positive definite equations, V̇pi(δpi)< 0 and V̇e(δe)< 0.
Therefore, the equilibrium set is reached and δp1 = δp2 = · · ·=
δpq = δe = 0.

To prove xpi = xe for all i ∈ P−p
r , define Dpe =

diag{α10,α20, · · · ,αq0} and substituting δp1 = δp2 = · · · =
δpq = 0 into (8), one can get

[Dp−Ap +Dpe][xp1,xp2, · · · ,xpq]
T = ApexT

e . (64)

Consider the group of pursuers pi, i∈P−p
r . Notice that αi j =

0 for all i ∈P−p
r and j ∈P p

r ∪Pp, otherwise there exists a
path from at least one passive pursuer to pi which contradicts
the definition. Therefore, the following equation holds.

[Dp−Ap +Dpe]P−p
r ,P−p

r
[xp1,xp2, · · · ,xpq]

T
P−p

r ,{1,2,··· ,n}
= ApeP−p

r ,{1}x
T
e .
(65)

From (8), it is obvious that xpi = xe, ∀ i ∈P−p
r is a solution

to (65). Next, we show that xpi = xe, ∀ i ∈P−p
r is the only

solution. Since αi0 + dp
i ≥ ∑

q
j=1 |αi j| for each i, [Dp−Ap +

Dpe]P−p
r ,P−p

r
is a diagonally dominant matrix. Notice that

there exists i such that αi0 > 0, otherwise Pr = /0, which
leads to

{
i ∈P−p

r | αi0 +dp
i > ∑

q
j=1 |αi j|

}
6= /0. In addition,

for all i ∈P−p
r , pi are all connected to the evader. According

to Lemma 1, [Dp−Ap +Dpe]P−p
r ,P−p

r
is nonsingular, which

completes the proof.

B. Equilibrium Points Configuration: Choice of β0

Theorem 4 presents the equilibrium conditions; however, the
ultimate positions of the equilibrium points are not addressed.
In fact, under the conditions of Theorem 4, we can further
establish the following corollary, which discusses the config-
uration of the equilibrium points and proposes a criterion for
choosing β0.

Corollary 3. (Equilibrium points configuration) Let the con-
ditions of Theorem 4 hold and assume that X /∈ Tp during
the interval under consideration. If xd = 0 and the optimal
strategies (23) and (24) are implemented with

β0 ≥
‖X̄− e‖

RA0

+de or β0 ≤−
‖X̄− e‖

RA0

+de (66)

where X−e = ∑i∈Ne βi xpi denotes the center of gravity of the
pursuers in Ne, then the equilibrium position of the evader
xe, will lie within the target area Ωd(xd ,RA0) = {x ∈Rn | ‖x−
xd‖ ≤ RA0}.
Proof. Substituting δpe = 0 into (10), one can get (β0 −
de)xe =−∑i∈Ne βixpi+β0xd . Letting xd = 0 and β0 6= de yields

xe =
X−e

β0−de . (67)

Substituting condition (66) into (67) yields ‖xe− xd‖ ≤ RA0 ,
which ensures that the evader’s equilibrium position lies within
the target area. Note that, without loss of generality, the
coordinate origin can be chosen such that xd = 0.

Remark 4. If β0 = de, then (10) reduces to

δe =−β0xd + ∑
i∈Ne

βixpi (68)

which implies that the evader’s state has no effect on the con-
trol error. Consequently, the optimal control becomes u∗ = 0,
rendering the evader passive.

Remark 5. When β0−de is sufficiently small, equation (67)
implies that ‖xe‖ becomes appreciably larger than ‖X−e‖ such
that ‖xe‖ is beyond the target area (xd = 0). Moreover, the
pursuers in Pr continue to converge toward the evader. Con-
sequently, by judiciously positioning the virtual target area,
the proposed algorithm can be effectively extended to general
pursuit-evasion games [15], [16], [29]. Notably, Theorems 1–
4 remain valid under this setting. A numerical example in
Section VI-A illustrating this behavior is provided.
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C. Extension to Half-space Targets

In the preceding sections, the target area was modeled as
a sphere. However, in certain scenarios [10], [30], [31], the
target region may instead be represented as a half-space. In this
subsection, we extend the proposed algorithm to accommodate
this alternative target geometry.

Definition 4. (Half-space target) In Rn, a half-space target is
defined by the inequality LT x+b≥ 0, where x∈Rn, L∈Rn is
a nonzero normal vector, and b ∈ R denotes the translational
offset of the corresponding hyperplane from the origin.

Considering the target region defined by a half-space LT x+
b≥ 0, the control error (10) is modified to

δe =
β0(LT xe +b)L

‖L‖2 − ∑
i∈Ne

βi(xe− xpi). (69)

Moreover, the HJ equation (26) is modified to

∇V T
e δ̇
∗
e +Qe(δe)+usat tanh

(
1

usat R−1
e Be∇Ve

)T

Be∇Ve

+usat 2Reln

{
Im×1−

[
tanh

(
1

usat R−1
e Be∇Ve

)]2
}

= 0
(70)

where

δ̇
∗
e =

β0LT

‖L‖2

{
f (xe)−g(xe) ·usat tanh

[
1

usat R−1
e Be∇Ve

]}
L

−de
{

f (xe)−g(xe) ·usat tanh
[

1
usat R−1

e Be∇Ve

]}
+ ∑

i∈Ne

βi

{
fpi(xpi)−gpi(xpi) · vsat

i tanh
[

1
vsat

i
R−1

i Bi∇Vpi

]}
.

(71)

The following theorem demonstrates the conditions required
to achieve NE in RADG games with half-space targets.

Theorem 5. (Nash equilibrium in RADG games with half-
space targets) Let (1), (2) be the dynamics of the evader
and the pursuers, respectively. Let (12), (13) be the cost
functions with the local errors (8) and (69). Then a RADG
game is in Nash equilibrium with the optimal strategies (23)
and (24). Moreover, the Nash equilibrium of the game is
{Ve(δe(0)),Vp1(δp1(0)),Vp2(δp2(0)), · · · ,Vpq(δpq(0))}.
Proof. The proof is omitted due to the similarity with the proof
of Theorem 1.

VI. NUMERICAL SIMULATIONS

This section presents numerical simulations to validate the
efficacy of the proposed algorithm. Two distinct scenarios are
examined: the first investigates RADG games within various
flow fields, encompassing three cases with different flow con-
figurations, while the second focuses on heterogeneous multi-
agent systems and includes a comparative analysis against
existing methods. All simulations were implemented in Python
3.9 on a computer equipped with an AMD Ryzen 7840H CPU
and 32 GB of RAM, utilizing the fourth-order Runge-Kutta
method with a time step of 0.01 seconds.

A. RADG games in Flow Fields

Case 1: RADG game in Steady Uniform Flow. We begin
with a simplified scenario involving a reach-avoid game within
a steady, uniform flow field. Here, agents are modeled using
single integrator dynamics, and the flow velocity remains
constant. As depicted in Fig. 2 (a), the trajectories obtained
through the proposed algorithm closely approximate the the-
oretically optimal trajectory, as delineated in [21].

Case 2: RADG game in Non-Uniform Flow. Building
on the results from the simplified uniform flow scenario, this
case assesses the algorithm’s robustness in a more complex
environment characterized by a non-uniform flow field and
communication constraints. These factors, combined with non-
linear dynamics, introduce challenges that exceed the analyt-
ical scope of prior works such as [21]. The RADG game is
conducted within a flow field defined by f (x) = [−0.01x1 +
0.01x2,−0.01x1 − 0.01x2(1 − (cos(2x1) + 2)2)]T , with each
agent governed by the following nonlinear dynamics:[

ẋ1

ẋ2

]
=

[
sin
(
2x1
)
+2, 0

0, cos
(
2x1
)
+2

][
u1

u2

]
(72)

where x1 and x2 represent the agent’s states, and u1,u2

are the control inputs. The initial positions are set to x0
e =

[−10,10]T for the evader and x0
p1 = [−10,1]T , x0

p2 = [−9,7]T ,
x0

p3 = [−10,−1]T , x0
p4 = [−6,7]T , and x0

p5 = [1,2.5]T for the
pursuers. Each pursuer has a capture radius of 1.0, and the
control inputs are saturated at 1.5 for the evader and 0.8
for the pursuers. The communication topology is depicted in
Fig. 3. For the critic NN, the basis functions are chosen as
φ(x) = [(x1)2,x1x2,(x2)2]T for all agents. The initial weights
are set to Ŵe(0) = Ŵpi(0) = [1,1,1]T , and the learning rates
are uniformly set to ηe = ηi = 1.0.

In this case, the target area is a sphere centered at xd =
[0,0]T with radius RA0 = 1.5, and β0 = 2.5 is set slightly above
de = 2. Fig. 2 (b) shows that the evader successfully reaches
the target area Ωd . The passive pursuers p4 and p5 act as
dynamic obstacles and tend to converge to each other, while p2
approaches p3 due to its limited information. Simultaneously,
p1 moves toward p3 and pursues the evader.

The RADG game terminates when the evader reaches the
target area. However, in order to verify the convergence
performance of the algorithm, we let the game last up to
20 seconds. Fig. 4 illustrates the state trajectories of the
evader and pursuers p1, p2, and p3. The evader’s state [x1

e ,x
2
e ]

T

converges to the estimated equilibrium [x̂1
e , x̂

2
e ]

T =
∑i∈Ne βixpi

β0−de ,
while the states of pursuers in P−p

r asymptotically approach
the evader. The instantaneous costs for all agents, shown
in Fig. 5, converge to zero, consistent with infinite-horizon
optimality. The evolution of the transferred states is depicted
in Fig. 6. Figs. 7 and 8 present the control inputs and neural
network weight updates, respectively.

Case 3: General PE Game in Non-Uniform Flow. This
scenario explores a general pursuit-evasion game within a
Rankine vortex model, characterized by a core radius of
30.0 and an angular velocity of 0.03 rad/s, ensuring velocity
continuity at the vortex core boundary. Employing the same
agent settings and parameters as Case 2, except for β0,
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Fig. 2: Agent trajectories across scenarios: (a) RADG in steady, uniform flow, benchmarked against optimal trajectories from
[21], (b) RADG in non-uniform flow with communication constraints, and (c) General PE game employing a virtual target.
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Fig. 4: States of the agents in case 2 with β0 = 2.5.

we leverage the principle outlined in Remark 5. By setting
β0 to 1.9, such that β0 − de = −0.1, the reach-avoid game
effectively transitions into a general pursuit-evasion scenario.
As illustrated in Fig. 2 (c), the evader diverges from both the
pursuers and the virtual target area, while pursuers p1, p2, and
p3, being connected to the evader, converge towards it.
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Fig. 5: Costs of agents in case 2 with β0 = 2.5.
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B. RADG games with Heterogeneous Agents

This subsection investigates a RADG game with heteroge-
neous agents governed by distinct dynamics, as summarized in
Table I. The models include single/double integrators, Dubins
vehicles, planar drones, and the nonlinear system from (72).

Remark 6. For agents with higher-order dynamics, such as
double integrators, Dubins vehicles, and drones, we define
their positions as [x1,x2]T and treat the remaining states as
auxiliary variables. The interception error (8) and control
error (10) are then defined based on these position states.
This approach allows the proposed RADG framework to ac-
commodate a wide range of agent dynamics while maintaining
the core principles of the reach-avoid game.

TABLE I: Models of Heterogeneous Agents.

Model Dynamics Model Dynamics

Single
Integrator

[20], [21], [43]

{
ẋ1 = u1

ẋ2 = u2

Dubins
Vehicle

[41], [42]


ẋ1 = vcos(x3)

ẋ2 = vsin(x3)

ẋ3 = u1

Double
Integrator

[43]


ẋ1 = x3

ẋ2 = x4

ẋ3 = u1

ẋ4 = u2

Drone
[44]–[47]


ẋ1 = x3 cos(x4)

ẋ2 = x3 sin(x4)

ẋ3 = u1

ẋ4 = u2

Simulations are conducted in a 20× 20 workspace, with
a spherical target centered at the origin with a radius of
RA0 = 2.0. Each scenario includes one evader and up to
10 pursuers, with their initial positions and dynamic mod-
els randomly assigned. In accordance with Theorem 2, the
communication topology is generated to exclude isolated and
invisible pursuers. The critic NN employs a 68-dimensional
polynomial basis, with weights initialized from a distribution

with a mean of 1 and a variance of 0.5. A representative
simulation is illustrated in Fig. 9.

The proposed graph-based single-network ADP (GSADP)
is benchmarked against three baselines over 50 generated
scenarios: Multi-Agent Deep Deterministic Policy Gradient
(MADDPG) [2], [37], State-following (StaF) ADP [40], and
a Graph-based StaF ADP variant that integrates the graph
structure from Section II-B. As detailed in Table II, the pro-
posed online algorithm surpasses the baselines in performance
metrics, achieving a decision speed comparable to the offline-
trained MADDPG. While integrating the StaF ADP from
[40] into our graph-based framework yields a similar win
rate, it incurs a substantially higher computational cost, which
highlights the computational efficiency of the proposed single-
network approach.
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Fig. 9: A representative simulation with proposed method.

TABLE II: Performance Metrics.

Method Win a

Rate
Capture b

Time
Decision c

Time
Learning
Paradigm

GSADP 42% 5.94s 0.00094s online
MADDPG d 34% 6.74s 0.00023s offline
StaF ADP e 10% / 0.13527s online

Graph-StaF ADP 40% 6.03s 0.14410s online
a Evader’s win rate, all pursuers utilize the proposed algorithm (Eq. (41)).
b Average capture time, the evader utilizes the proposed algorithm

(Eq. (42)), given as 10s if the evader wins.
c Average computational time per decision-making step, including state

transfer, control computation, and neural network updates.
d The training process for the pursuers was configured in accordance with

the specifications provided in [2] while the evader will get a reward when
it reaches the target.

e StaF ADP in [40] was originally designed for the evader, thus there is no
comparison for capture time.

VII. CONCLUSION AND FUTURE WORKS

This paper addressed SEMP RADG games for nonlinear
heterogeneous agents under limited communication and sat-
urated input. First, we reformulated the pursuit-evasion (PE)
problem as a distributed optimal control problem to derive
Nash equilibrium strategies. Then, by introducing a four-type
pursuer categorization (i.e., isolated, passive, invisible, and
regular), we defined the Interactive Nash Equilibrium (INE)
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for graphical games. A single-network, Concurrent Learning
(CL)-based ADP algorithm was developed to compute near-
optimal strategies. Furthermore, we established asymptotic
capture conditions and extended our result to general PE
games and the case with half-space targets. Simulations suc-
cessfully validated the proposed GSADP framework. This
work lays a foundation for future research in the domain of
differential games, particularly in enhancing the robustness and
adaptability of strategies in complex dynamic environments.
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