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Abstract

Sparse representation of Polynomial Chaos Expansion (PCE) has been widely used in the field of Uncertainty Quantification
(UQ) due to its simple model structure and low computational cost. The sample quality is a crucial issue that affects the precision
of sparse PCE model. In this paper, a hybrid sequential sampling strategy is proposed to collect samples with high quality and
in relatively small quantities for training PCE model. To achieve fast convergence rate and modelling stability, the proposed
strategy takes into account both input information and target model feature by combining compressive sampling and Bayesian
experimental design. First, a sequential sampling framework is established to collect samples that approximately match the
coherence-optimal distribution, which is derived from the compressive sampling theory, during the iteration process. Then,
by resorting to the Bayesian Compressive Sensing (BCS) method and information theory, favourable sampling points in each
iteration are determined according to the modelling results, substituting for randomly selecting sampling points. The performance
of the proposed sampling strategy is evaluated on several analytical functions through comparison with three input-dependent
only sampling methods and two output-dependent only sampling methods. Results show that the proposed strategy outperforms
the input-dependent only methods and has no worse performance than the output-dependent only methods in convergence rate
and computational stability in most circumstances. The proposed strategy is further applied to two engineering cases for global
sensitivity analysis of structural static and dynamic properties. It is illustrated that with automatically collected samples and
observations, the PCE models can be obtained with desired accuracy, and the sensitivity analysis can be pursued with low
computational cost and high precision.
© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

Keywords: Polynomial chaos expansion (PCE); Bayesian compressive sensing; Sequential sampling; Coherence-optimal sampling; Bayesian
experimental design

1. Introduction

Simulation models generated by computer to model physical phenomena or engineering systems have been made
available for decades with the development of computer technology. More and more complex simulation models
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are built to attain analysis results with high accuracy, and these models can be used as reliable references to help
solve practical problems. However, the simulation modelling result will inevitably have discrepancy to the real
system observations. The uncertainty existent in the input parameters of a simulation model, which may induce
estimation difficulty or inaccurate estimation of these parameters, is one of the causes, and this may produce
erroneous judgement to the problems that we focus on [1]. An efficient strategy in dealing with such problems
is to perform Uncertainty Quantification (UQ) on input parameters to explore the uncertainty propagation from the
input parameters to the model output [2]. With the aid of UQ, further analysis on the input parameters or target
system could be conducted, such as parameter sensitivity analysis and system reliability analysis [3-5]. In the past
decades, numerous techniques to address the UQ problem have been developed, such as Monte Carlo Simulation
(MCS) [6], perturbation method [7,8], first-order and second-order reliability methods (FORM/SORM) [9,10], and
surrogate modelling approaches [2,11]. However, with the increasing demand on accuracy, the target simulation
model becomes much more complicated, which is expensive and time-consuming to execute. Some of the methods,
such as MCS method, are extremely costly and intractable when a huge number of samples and model observations
are needed in exploring the UQ problem. In such situations, the surrogate modelling techniques have attracted
considerable attention. By use of a simple mathematical model to map the relation between inputs and outputs,
the surrogate modelling techniques can build a surrogate model as an alternative to a complex analytical or
computational model, which is in general cheap to evaluate. If an adequate surrogate model is formulated, the
model observations of interest can be obtained with low cost.

Polynomial Chaos Expansion (PCE) is one of surrogate modelling techniques, which has wide applications in
the field of UQ due to its low training cost in modelling highly complex systems [12]. The basic idea behind
PCE is to expand the model responses onto a series of polynomials. By calculating the PCE coefficients of each
polynomial component, it could be trained to represent the model responses of interest as a polynomial function
of the inputs. A significant property of these polynomials is that they are orthogonal to each other with respect to
the joint probability density function of the inputs, which makes the computation simpler. Several methods were
proposed to estimate the PCE coefficients, in which the non-intrusive method is more adaptive to most problems
since no information about the governing equations is needed compared with the intrusive method [13]. This means
that the target problem could be regarded as a ‘black box’ problem where observations can be collected using
different samples of input variables. There are two main categories in the non-intrusive method, i.e., projection
method [14] and regression method [15—17]; and the latter is more popular because of its efficiency in dealing
with multivariate problems [18]. When applying the PCE technique to problems with high input dimension or
high polynomial degree, the full expansion of the PCE model will involve massive unknown coefficients, thereby
requiring more samples and observations in modelling [19,20]. It would be highly expensive for complex problems in
performing the regression calculation. The recently emerging compressive sensing and sparse representation theory
can help alleviate the “curse of dimensionality” issue that is a major drawback in applying the PCE technique. Owing
to the “sparsity of effects” principle that most phenomenon-describing models are dominated by main effects and
interactions of low order [21], real-world problems are generally considered compressible on polynomial chaos [22].
The sparse representation methods feature an appealing merit in garnering the PCE coefficients with less amount of
model evaluations. In the compressive sensing framework, the sparsity is realised through modifying the regression
equation by adding a regularisation term, such as /p-norm or /;-norm term [23,24]. A variety of algorithms have been
developed to solve the sparse PCE, such as Least Angle Regression (LAR), Orthogonal Matching Pursuit (OMP),
and Basis Pursuit Denoising (BPDN) [22,24-27]. These algorithms enable to recover a sparse approximation of
PCE model with desired accuracy, while the number of samples and observations required for model training can
be less than that of the unknown coefficients.

Clearly, the sample quality affects the solution quality when the sample quantity is restricted. In order to obtain
a reliable sparse PCE model, it is crucial to choose a set of well-designed samples. The sample set is known as
the Experimental Design (ED) [28-30]. In the context of PCE, many sampling strategies have been proposed, such
as Monte Carlo [31], Latin Hypercube Sampling (LHS) [28,32], D-optimal design [33,34], and others [35-37].
A recent literature review of the sampling methods is available [38]. Typically, samples will have good quality
(e.g., the corresponding observations could discover more comprehensive information about the target model) when
they spread over the input domain in a space filling way [39,40]. MCS is a traditional way to generate random
samples from a given distribution. However, when only a few samples are collected, the sample distribution may
have a large discrepancy from the target distribution, that is, the samples will not be able to evenly spread across the
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probability space. LHS can overcome this drawback [41]. Even when the sample number is small, the LHS method
can collect samples from the target distribution in a space filling way. To make the samples more contributive to the
training of PCE model, D-optimal sampling strategy was proposed, which was originally designed for Ordinary Least
Square (OLS) method [42]. To attain the smallest estimation uncertainty of coefficients in using the OLS method,
samples are collected at those places which minimise the determinant of the information matrix. Thus, the training
of PCE model with these samples will circumvent ill-conditioned regression matrix. Diaz et al. [34] further extended
this method to /;-minimisation problem by employing QR factorisation. Based on the compressive sensing theory,
Hampton and Doostan [43] proposed a coherence-optimal sampling strategy, in which a lower bound of sample
quantity which can address the /;-minimisation problem with desired accuracy in a high likelihood was deduced.
In their work, the input distribution was modified by multiplying a weight function to form a coherence-optimal
distribution; thus the regression matrix would have the lowest coherence when sampling from this distribution, and
the samples needed for best recovery of sparse representation would be the minimum.

Although the methods mentioned above were originated from different theories, they were designed to collect all
samples at once. However, the best size (less but enough) of ED generally remains unknown when the target model
information is not known a priori. It is hard to determine the size of ED in advance. Sequential sampling strategy,
or called active learning, has been proposed to cope with this problem in the field of PCE through refinement of
the non-sequential sampling methods [25,28,30]. The sequential sampling strategy begins with a small ED size,
and then gradually adds new samples and the corresponding model evaluations to the current selection set until a
predefined stop criterion is satisfied (e.g., the precision of the trained PCE model). This kind of strategy is flexible to
help determine the ED size because the previously selected samples and the corresponding observations will be kept
in the subsequent iterations, and the final sample size could be determined automatically. In the previous studies,
LHS was coupled with sequential sampling to form a nested LHS method for the purpose of space filling [28].
D-optimal design was refined with sequential sampling to achieve a robust evaluation of PCE model [34].

The above sampling strategies, either sequential or non-sequential, were developed only based on the input
distribution and polynomials, which we refer to as input-dependent only approaches. The target model feature is
not considered. It results in the same sampling strategy for problems when their PCE models have identical input
dimension, input distribution and polynomial truncation degree. However, it is common sense that a simple target
model shall need fewer samples to train a PCE model with desired accuracy than a complex model. In view of this,
ED method based on Bayesian regression has been developed to collect samples in the light of information about
the experiment outcome [44], which is in general called Bayesian Experimental Design (BED) [45,46]. To apply
BED in a sequential sampling framework, the PCE model is trained with samples and observations at each iteration
by Bayesian modelling approaches. The information in the modelling results could be exploited by assessing the
prediction uncertainty to instruct the next sampling position. Thus, the target model information in each sample and
corresponding observation can be fully utilised to instruct the next sampling position under the sequential sampling
framework. Zhou et al. [27] employed Sparse Bayesian Learning (SBL) to train the PCE model. In their study, each
unknown coefficient was assigned with a Gaussian prior distribution with a unique hyperparameter, which induces
an equivalent sparsity effect to the iteratively reweighted least-squares method [47]. At each iteration step of the
sampling process, the trained PCE model could make predictions to unobserved points. Prediction variance and
cross-validation error were obtained at each point, and the point which owns both large prediction variance and
large cross-validation error was sampled in the next iteration. This strategy is designed to optimise the sampling
process for both global exploration and local exploitation.

Nevertheless, BED is largely contingent on the modelling quality, and it will lose its effectiveness when the
modelling results are highly inaccurate, i.e., at the beginning of sequential sampling process when samples are
scarce. Under this circumstance, instructing sampling process based on the modelling results is likely to be
incredible. To overcome this drawback and to make full use of both input and output information, a hybrid
sequential sampling strategy is proposed in this paper by combining BED and compressive sampling theory. In
the proposed method, a sequential sampling framework is first designed to collect samples from the coherence-
optimal distribution. This framework provides restriction on the available sampling region in the input space in
each iteration by employing the so-called Progressive Latin Hypercube Sampling (PLHS) method so that the
collected samples overall will approximately match the coherence-optimal distribution with appealing space filling
property. Making use of Bayesian compressive sensing (BCS) as a sparse representation approach to elicit the
coefficients, BED is then pursued to determine the specific point to be collected, instead of random sampling, in the
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restricted sampling region in each iteration. Benefitting from the Bayesian modelling technique, the obtained PCE
model in each iteration could make predictions to anywhere in the restricted sampling region, and the differential
entropy is used to interpret the modelling results and quantify the uncertainty of the predicted results. The next
sample position is determined at a point which has large prediction uncertainty. If the predefined stop criterion is
satisfied, the sequential process terminates and samples at the current stage will be the best result. In the proposed
hybrid sequential sampling strategy, the collected samples which overall approximately match the coherence-optimal
distribution in each iteration could help pursue a small sample quantity for accurate recovery of /; minimisation,
and the sample collected in each iteration contributes more to PCE modelling in the subsequent training stage. It
can also be deemed that the sampling process in accordance with BED is restrained to make the distribution of
overall samples in each iteration close to the coherence-optimal distribution. Even though the modelling results at
the beginning of the sampling process might not be able to afford effective information to instruct the next sample,
the whole sample set is always controlled to hold a favourable space filling property, and the regression equation
can be formulated in good quality. The proposed sampling strategy will be compared with three input-dependent
only methods and two output-dependent only methods by validation on analytical functions with different degrees
of complexity. Additionally, two engineering cases will be presented to illustrate the applicability of the proposed
method for global sensitivity analysis.

The rest of this paper is organised as follows. In Section 2, the basic knowledge about PCE is briefed for
completeness of description, and the sparse regression method used to build a sparse PCE model is introduced.
In Section 3, two popular sampling strategies related to this study are introduced. Then, the new hybrid sequential
sampling strategy is proposed in Section 4, which is followed by comparison and validation with several case studies
given in Section 5. Finally, conclusions are drawn in Section 6.

2. Polynomial chaos expansion and sparse representation

For completeness of description and unity of symbols, the principle of PCE is briefed here. PCE is a surrogate
model technique that represents the scalar model output y as an expansion of a set of orthogonal polynomials of
input variables & = (£, &, ...&;) with d dimensions. Here the orthogonal polynomials defined in a probabilistic
space can be expressed as:

/¢i(§)¢j(§)[7(§)d§ = w;d;; (1)

where ¢;(Z), ¢;(¢) are two orthogonal polynomials of the random variables & with different degrees and p(¢) is the
probability density function of &; w; is a constant; §;; is the Dirac function, which is equal to one when i = j and
otherwise zero. For computational convenience, the orthogonal polynomials are commonly normalised with respect
to the probability density function so that w; is equal to one when i = j, namely orthonormal polynomials [48].
Thus, the PCE can be expressed as:

Y=Y catru(®) )

aeNd

where ¢, are unknown coefficients; v,(&) are multivariate orthonormal polynomials, which can be written as a
tensor product of univariate polynomials when the input variables are assumed to be independent from each other:

d
Va (&) = [ [ 6o, &) 3)
i=1
and @ = (o, oz, . . . ¢g) represent the indices of the polynomial bases, in which «;(i € [1, d]) denotes the degree of
each independent variable &; in a polynomial term. Therefore, for different distributions, there are different types of
orthogonal polynomials with respect to the probability density functions. For example, the Hermite polynomials are
associated with the Gaussian distribution and the Legendre polynomials are orthogonal with respect to the uniform
distribution. Some commonly used polynomial types are summarised in Table 1 [48]:
In practice, to facilitate calculation, the PCE representation in Eq. (2) will be truncated such that only a finite
number of coefficients are kept in training. A general truncation strategy is to keep the total degree of PCE not
exceeding a given degree p:

AP =la eN: |al, < p} ?
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Table 1

Type of univariate orthogonal polynomials with different continuous variables.
Random variable Polynomial type Support
Uniform Legendre [a, b]
Gaussian Hermite (—00, +00)
Beta Jacobi [a, b]
Gamma Laguerre [0, +00)

and thus, the cardinality in the truncated PCE is:

_(d+p\_ d+p)
r=(a0) =S o

It is obvious that the cardinality of PCE will suffer from the “curse of dimensionality” issue with the growing

dimension or total degree. The model output y is then expressed as a sum of the truncated PCE and a truncation
error &,

Y= ) aVa@+e=¥Ec+e 6)

ac AP

where W (§) = [Vg, (§), Vo, (§), ..., VYup(§)] and ¢ = [cq,, Cay - - -5 caP]T. By resorting to the regression methods
(e.g., the OLS method), if an ED with N samples from the random variables {E(i)}jvzl = {“;'(1), 8(2), ...,E(N)}
is made and the corresponding model observations ¥ = { y(")}fv=1 at these sampled points are obtained, we can
reformulate the above equation as:

Y=VYc+e @)

D, y@, Ly = (V) , T (?),..., T (EYV) e +e (8)
The OLS method seeks to obtain the solution of ¢ by solving:

¢ = argmin | ¥e — Y|, ©)

To get a unique solution, the number of samples N should be larger or at least equal to the number of unknown
coefficients, and an oversampling rate of 2~3 times is recommended for obtaining reliable and robust results [49].
Due to the “curse of dimensionality” issue, the required model observations will grow exponentially with the
increase of input dimension or PCE degree, which would be unaffordable for complex target models. Thus, the
sparse representation methods that can solve Eq. (9) with sampling number far less than the number of unknown
coefficients tend to be more promising. Some of them belong to /;-norm regularisation methods and some have
equivalent effect of /p-norm regularisation. By placing penalty on the unknown coefficients, the regression problem
in Eq. (9) can be redefined as the following optimisation problem:

&= argmin {|We — Y5+ 2 el (10)

where A is a regularisation coefficient which controls the penalty weight to the coefficients, and the norm in ||c||
can be either Iy, [; or [,(0 < p < 1) norm to induce different sparsity. Among them, /; minimisation is preferable
since it can drive a sparse solution and meanwhile is more tractable than /- and /,-norm regularisation [50]. In
the present study, the BCS method proposed in [51], which has been demonstrated to endow a similar effect to [;
minimisation through introducing a hierarchical form of Laplace priors to the coefficients, is recalled as the sparse
regression procedure to solve Eq. (10). The principle of this method is briefly introduced in the following according
to [51].

By assuming the truncation error follows a zero mean Gaussian distribution with variance equal to B!, the
likelihood function can be formulated according to Eq. (7) as:

p(yle,B) =N (y|¥c, 1) (11)

A conjugate prior, Gamma distribution p(g), is placed on B to facilitate the calculation. The /; regularisation
formulation in Eq. (10) is equivalent to applying a Laplace prior on the coefficients ¢. However, this setting is
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not a conjugate prior to the likelihood function for tractable Bayesian inference. Hence, hierarchical priors are
applied to alleviate this problem [51,52]:

,
peM) =]]N (0. 2) (12)

i=1
Ai
p Guil) = T Gull,k/2) = %exp(—%) (13)

Likewise, « is modelled with a Gamma hyperprior p(x).
Now, the Bayesian inference can be deduced to calculate the posterior distribution of all the parameters:

P (yle, B) p (cId) p (Ak) p(B)p(k)
pc, Ak, ply) = 14
p(y)
Nevertheless, the calculation of the marginal likelihood p(y) is analytically intractable, so an asymptotic approx-
imation is employed to generate an iteration process to gradually approach the optimal parameter values [51,53].

To this end, the posterior distribution is decomposed as:

p(c,h,k, Bly) = p(clk,k, B,y) p (X, k, Bly) (15)

The posterior distribution of the target coefficients ¢ conditional on all other parameters and observations can be
obtained from p (c|A, k, B, ¥), which is a Gaussian distribution N (c|u., ) with:

pe=XpP"y (16)
L. = (BT + diag (1/4)) (17

Consequently, the unknown parameters in Eqgs. (16) and (17) can be estimated through maximising p (A, , 8|y),
which can be alternatively pursued by maximising p(y, A, k, B). To reduce the computational cost and speed up
the iteration process in the asymptotic approximation, a fast Laplace algorithm was proposed [51]. The central idea
is to update only a single A; instead of updating the whole A in each iteration so that the updates of u. and X,
become efficient. The details of the algorithm can be found in [51].

At the beginning of the algorithm, the model will be set as empty, namely A = 0 [51]. So only 8 needs to be
assigned with a proper value to launch the algorithm. Even though a fixed value, B~! = 0.01 || y||§, was suggested
in [51] for initialisation, it is found that different values of 8 will affect the solution. Cross-Validation (CV) has
been proven a good tool to provide proper choice of the hyperparameters in PCE, such as estimating the polynomial
degree and the error tolerance [24,32], when no validation dataset is available. Here we choose CV technique to
help determine a proper value for 8 as initialisation, which was also adopted in [22]. The principle of the so-called
K-fold CV is to randomly partition the training data into K parts with equal size; one part is regarded as test data
while the remaining K — 1 parts are used as training data. Thus, the average predicted error on the test data could
be evaluated. By taking each part as test data in turn, a total of K average predicted errors can be obtained, and the
average of these K values is defined as the CV error. When applying the K-fold CV to choose a proper value of
the model parameter, a bunch of values of the target parameter should be chosen in advance. For each value with
given training data, a CV error will be estimated. The parameter value with the smallest CV error will be viewed
as the best choice. In this study, a 10-fold CV method is used to select the initial value of the parameter S.

BCS is a sparse representation method that can provide high degree sparsity to solutions [51]. As such, the PCE
model resulting from BCS can be expressed with a very simple structure. An appealing benefit of BCS compared
with other regularisation algorithms is that, based on the modelling result, this method can make predictions to
unknown points with a distribution instead of a deterministic way, which provides a reference of our confidence on
the estimated value at a point. This property will be utilised in BED as described in the next section.

3. Coherence-optimal sampling and BED

In this section, two sampling schemes to be utilised in our method are outlined. One is the coherence-optimal
sampling strategy originated from the compressive sampling theory, and the other is BED. It has been proven that
the former can achieve the minimum sample quantity while preserving satisfactory recovery performance in solving
/; minimisation problem [43]. This sampling method was compared with several input-dependent only sampling
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methods by verifying on several benchmark function tests in [22] and was shown promising to collect high-quality
samples. The latter capitalises on the information provided by model observations through Bayesian modelling
techniques, which has wide applicability to various problems [46].

3.1. Coherence-optimal sampling

The coherence parameter in the context of PCE is defined as [43]:
(&, AP = sup max |y (§)I (18)
aeAp.d

which has been testified to be a vital parameter of bounding the number of samples needed for accurate recovery
of /; minimisation problem. A lower coherence parameter value represents a smaller bound of the sample number.
Eq. (10) can be rewritten in a weighted form:

¢ = argmin {|[W¥c — WY |3+ el } (19)

Here we focus on /; minimisation problem. The weight matrix W is an identity matrix in Eq. (10) so that
WW¥ = W¥. The regression matrix WW¥ is controlled by the truncated polynomials at sampled points. To achieve
the lowest sample bound, the concept of isotropy of regression matrix is introduced. The regression matrix in the
context of PCE is isotropy if the ED is sampled from the input distribution, and the lowest sampling number could be
achieved in a large probability for accurate reconstruction [43,54]. With the input variables & and the corresponding
truncated polynomials, a coherence parameter value can be determined to bound the lowest sample number for
accurate recovery of /; minimisation problem in a high likelihood. To attain this bound, the samples should be
collected from the input distribution. Therefore, in target to recover an /; minimisation problem with satisfactory
performance and as small number of samples as possible, one should reduce the coherence parameter value and
sample from the corresponding distribution to make the regression matrix isotropic.

Now we consider a new polynomial basis which is modified from the original standard polynomials by
multiplying a weight coefficient, where the coherence parameter of the new polynomial basis would be the minimum
as defined below:

Ponin(p, AP = sup max [w(@)va (©)I (20)
acAPd
in which the weight coefficient is determined by:
1
w(g) = (21
cB (%)

where B (£) = max,_ 4p.d |¥g (¢)]. Then, new variables y with distribution in compliance with the new orthogonal
polynomial basis Y7 (y) = w (£) ¥ () are obtained. Thus, the weight matrix can be calculated from the weight
coefficient:

Wi, i)=w(y?) (22)

where ¥ is a sample from the distribution of y. The detailed statements of the coherence-optimal sampling and
its convergence theorems can be found in [43].

In principle, the coherence-optimal sampling strategy amounts to discovering a weighted orthogonal polynomial
system w(¢)Y, (¢) that achieves the lowest coherence parameter value; then sampling from the corresponding new
distribution will make the new regression matrix WW isotropic [43]. One difficulty in this method is that the new
distribution is generally not a standard or known distribution, and therefore direct sampling from this distribution is
undoubtedly hard. In [43], a Monte Carlo Markov Chain (MCMC) approach was utilised to generate samples without
calculating the specific expression of the distribution. This sampling method was originally proposed for Hermite
and Legendre polynomials. For problems with input distribution that is neither uniform distribution nor Gaussian
distribution but has known probability density function, the isoprobabilistic transform can be adopted to convert the
original input distribution to uniform or Gaussian distribution [30]. Then the coherence-optimal sampling method
can be performed on the transformed distribution, and the corresponding PCE model can be built and trained.
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3.2. BED

It is worth mentioning that, in the coherence-optimal sampling method, only information from the input
distribution and the truncated orthogonal polynomials is used; but the model observations, which represent the target
model characteristic, are not utilised. Most of the commonly used sampling methods such as LHS, D-optimal, etc.,
are all input-dependent only. For various problems which can be modelled by the PCE technique with the same
input dimension, input distribution and total polynomial degree, the formulated coherence-optimal distributions
for sampling in the coherence-optimal sampling method are identical to each other. However, for problems with
different complexity, the target model characteristic will influence the sampling result. BED takes advantage of
this kind of information to instruct the sampling process [55-58]. A noticeable metric used in BED to quantify
the information inherent in variables is the Shannon entropy in the context of information theory. The core idea in
BED with information theory is that samples will be collected from a predefined candidate pool to maximise the
information gain about the target model [58]. When applying BED for sequential sampling, the unobserved positions
in the candidate pool are assumed as random variables, and the trained PCE model by use of Bayesian modelling
techniques can make predictions to the unobserved positions with distributions instead of deterministic evaluations.
The unreliability of the trained model can be reflected in the predicted results by evaluating the prediction uncertainty
at each unobserved point. Then, we intend to get the next sample at a location which owns a large prediction
uncertainty, because the observation collected at this position will provide more information to train the PCE model
in the next iteration [56]. The PCE model trained using such collected samples and observations would reduce its
uncertainty to a large extent. The target of interest is usually assumed as a continuous variable, so the differential
entropy which extends from the Shannon entropy is [56,59]:

Hp(X) = —/f(X)IOg(f (x))dx (23)

where f (x) denotes the probability density function of a continuous variable X. The unit of the differential entropy
depends on the base of the logarithm. The commonly used bases are 2, Euler’s number and 10, which generate
entropy units of bits, nats and bans, respectively. A large entropy value implies that less information is known
about x and more uncertainty exists in this variable.

Obviously, BED will make better use of the modelling results to make the trained PCE model more and more
accurate. In another aspect, however, it has no robust guarantee on the calculation stability. Moreover, the Bayesian
modelling approaches require enough data for training. The uncertainty will keep in a high level at almost all
predicted points when scarce data is used. Under this circumstance, the predicted results are not accurate and will
provide invalid instruction in the sampling process [60]. The initial sample size for a sequential sampling process
is usually arbitrary and in general insufficient for modelling. Purely relying on BED will get samples with poor
quality at the beginning of sampling process. In the next section, a new sequential sampling strategy in connection
with BED will be proposed, where the samples will be constrained simultaneously to approximately follow the
coherence-optimal distribution and to ensure the quality of samples.

4. Sequential experimental design

In this section, a method to sequentially sample from the coherence-optimal distribution is first introduced. Then
BED in conjunction with the differential entropy is pursued where the BCS method is utilised to build the sparse
PCE. Finally, these two methods are fused to develop a hybrid sequential sampling strategy which is expected to
achieve high convergence rate and stable modelling performance.

4.1. Sequential sampling strategy from coherence-optimal distribution

To sequentially sample from a given distribution, a general framework is to first generate an initial sample set
of small size from this distribution, and then gradually add samples until the quantity meets the requirement. There
are two challenges in forming this framework.

The first one is about the generation of a small size of initial samples from a given distribution. In principle,
the LHS method is amenable to generating small number of samples from a known distribution with good space
filling property. It generates LHS samples in a multi-dimensional space. In each dimension, the definition domain
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Fig. 1. Simple 2-D example of PLHS algorithm. (For interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

of the variable is uniformly divided into N equal probability slices according to the marginal distribution, where N
is the target number of samples. By randomly generating one sample in each slice, a total of N scalar samples are
generated in this dimension. Then, the scalar samples from different dimensions are randomly matched together;
the generated samples in this multi-dimensional space are referred to as LHS samples, and this distribution property
is called Latin hypercube property. However, there are two issues in applying the LHS method to collect samples
from coherence-optimal distribution. First, LHS was originally designed for problems with independent variables,
while the coherence-optimal distribution may have non-negligible dependence among variables in a multivariable
problem. To apply LHS, the dependence among input variables is ignored in this study. As a result, the collected
LHS samples will follow a quasi-coherence-optimal distribution instead of the coherence-optimal distribution, but
these samples can distribute over the input space in a more space filling way. Second, the generation of LHS
samples from the quasi-coherence-optimal distribution is still difficult since each univariate distribution is mostly
not a standard distribution. Equally dividing the input space by probability distribution is intractable. In view of
this, an approximate operation is proposed in this study. First, a large number of samples are generated from the
target distribution by use of MCMC method or other procedures. Then, according to the initial size of ED, the input
space in each dimension is partitioned into slices so that each slice contains the same quantity of samples. As the
sample quantity approaches infinity, these slices will have the same probability. Therefore, with enough samples
(e.g., 10°) being generated from the target distribution, these divided slices in each dimension could be thought
to have approximately equal probability, and random sampling from these slices will achieve a near LHS sample
set. We refer to this method as Near-LHS (NLHS) algorithm, which will be implemented to generate LHS samples
from a non-standard distribution. This near LHS sample set conforms to the quasi-coherence-optimal distribution
in a space filling way.

The second challenge is how to ensure that the samples always possess a favourable space filling property during
the sampling process, since each new sample will destroy the Latin hypercube property of the overall samples.
Here, a ‘doubling procedure’ adapted from the so-called Progressive-LHS (PLHS) algorithm [40] is employed to
maintain the distribution property of the collected samples during the sequential sampling process. When a near
LHS sample set of size n; has been generated by the NLHS algorithm, the input space is uniformly sliced into n;
equal probability slices by the marginal distribution in each dimension. To add samples, the ‘doubling procedure’ is
to perform extra n, = n; slicing operations in the input space of each dimension. A total of 2n; equal probability
slices in each dimension are generated. In other words, each slice from the last operation is equally divided into
two parts in each input dimension. Slice from different dimensions will form an input subspace, named a block.
Those blocks, where slices in all dimensions have no samples located, are defined as active blocks. Subsequently,
extra n; samples are randomly sampled from these newly generated active blocks, and the resulting 2r; samples in
total are still LHS samples. For easy interpretation, a simple 2-D example is illustrated in Fig. 1.

9
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Assume that the initial sample set has two sample points, so the marginal probability distributions of two variables
in this 2-D plane are uniformly divided into two slices, that is, four blocks, as shown in Fig. 1(a). Two samples
are generated so that each slice has one sample projection in this dimension. Then, to seek for new samples, the
two distributions are doubly sliced as depicted in Fig. 1(b), where the new samples together with the original ones
comply with the target distribution. The newly generated active blocks are marked in white and inactive blocks
are in grey. By randomly choosing one active block and sampling once from it, three of the original four active
blocks become inactive according to the definition of active block, and they are marked in blue in Fig. 1(c). So,
the last sample can only be collected in the final active block, as shown in Fig. 1(d), and all the blocks become
inactive. When no more active block exists, the ‘doubling procedure’ will be executed again if more samples are
needed. It is apparent that this algorithm imposes a constraint to each sampling operation, and finally the samples
will be the near LHS samples. One drawback of this algorithm is that it is less flexible in controlling the sample
size. It is known that the samples are near LHS samples only when no active block exists. After each ‘doubling
procedure’, the number of samples in need to construct the LHS samples will be doubled (e.g. 2, 4, 8, 16, and so
on in the previous case). But this is not a problem since generating LHS samples in a strict way during the iteration
process is not imperative in this study. By use of the NLHS algorithm with the ‘doubling procedure’ (NLHS-DP),
a sequential sampling framework can be formulated to sample from the quasi-coherence-optimal distribution. The
detailed description of this algorithm is shown in Algorithm 1.

Algorithm 1. NLHS-DP algorithm

Input: Coherence-optimal samples Xy ; Initial sampling number Ny; Total sampling number N;.
Initialisation:

1. Divide the coherence-optimal samples X into Ny slices uniformly according to the input dimension d;
Totally d sets of slices will be obtained, and in each set, there are Ny slices;

2. In each dimension, randomly collect one sample from each slice; d sets of Ny samples corresponding to the
input dimensions will be obtained, and they will be randomly combined in dimension to get the initial Ny
samples.

Iteration:

1. Check the slices in each dimension; If no block is active, get into step 2; otherwise go to step 3;

2. Under the current sample number Nj, re-divide input space in each dimension into 2N slices so that each
slice contains % coherence-optimal samples. New N ,f active blocks are generated;

3. Randomly select one active block, and randomly collect one sample from this active block;

4. With the newly added sample, some active blocks become inactive; re-evaluate the blocks to find the
remaining active blocks;

5. If the total sampling number is reached, quit iteration.

4.2. BCS-based BED

Under the framework of NLHS-DP, samples are still randomly generated since at each iteration, at least one block
is active. One should first randomly choose an active block (if there is than one active block), and then randomly
sample once in this block. So, the NLHS-DP algorithm is thought to be less robust and slow to convergence. In view
of this, BED is introduced in this study. By use of the BCS method to calculate the PCE coefficients, the trained
PCE model can be used to make predictions to those unknown places with Gaussian distributions. By considering a
set of points Xy, = {£M, £, ..., E™)} (o0 be predicted, the polynomial basis will form a new matrix ¥,,,, with
N, rows. According to the posterior distribution of the coefficients, N (¢|u., X.), the predictions to these points can
be obtained as [61]:

Ypre(th) ~N (‘Ilnew,uc’ lI’new Zc‘IlnewT) (24)

Then the prediction Y, (§©) ~ N(u;, 0;%) at each point £© can be obtained. Here Y;"r)e denotes the variable with
its prediction at point . f(Y?) represents the probability density function of Y),. Thus, the differential entropy
at each predicted point can be calculated by:

Hp(YS),) = —/f(Y(i))ln (Fx)dy® (25)
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Here we use Euler’s number as base of logarithm. A point with high entropy value denotes that the obtained PCE
model is less certain at this point, and the predicted result at this point has a high uncertainty. Thus, this point
has a higher priority to be selected than other points since observation at this point will provide more information
about the target model. Training a PCE model with this observation will reduce the prediction uncertainty to a large
extent. For Gaussian distribution, the differential entropy can be elicited as:

pre

Hp (Y))) = %m |o7?| + %ln (2m) + % (26)

which is related only to the variance value and easy to be calculated.
4.3. Hybrid sequential sampling strategy

In this section, a hybrid sequential sampling strategy is proposed by fusing the sequential sampling framework
and BED. Assume that a set Xy, = (W @ . ™) with N, samples is generated in the input space beforehand.
In each iteration, the model observations corresponding to the selected samples are collected to train the PCE model.
Taking advantage of the BCS method, the obtained PCE model can make predictions to the points which belong
to the active blocks in the candidate set. Then the differential entropy values of these points can be obtained from
the prediction results, and the point with the maximum entropy value is selected as the next sample. By doing
so, the random sampling operation in sequential sampling framework is replaced by a different sampling criterion
which employs the differential entropy to instruct the sampling process. This new sampling strategy is termed
coherence-entropy (Coh-entro) algorithm. The algorithmic procedure is detailed in Algorithm 2.

In the proposed method, the collected samples are controlled to conform to the quasi-coherence-optimal
distribution in each iteration. Even though the samples do not strictly obey the coherence-optimal distribution, they
still have a good space filling property to cover the input space, and it is speculated that such distribution property
could still help bound the number of samples. The isotropic property of the regression matrix cannot be achieved,

Algorithm 2. Coherence-entropy algorithm

Input: Problem input dimension d; total degree p; initial sampling number Ny; total sampling number N, or
desired accuracy ¢; candidate set Xy, ; selection set S and observation set Y.

Initialisation:

1. Generate N coherence-optimal samples X by employing MCMC sampling method according to the
problem dimension and total degree;

2. Generate Ny initial samples which yield the quasi-coherence-optimal distribution and add them into the
selection set S = Xy,;

3. Get model observations at sampled points in the selection set Y = Y (Xy,).

In the ith iteration:

1. Build PCE model according to the selection set S and the corresponding observations Y by employing the
BCS method;

2. If the total sampling number N, is reached or the desired accuracy ¢ is achieved, quit iteration; otherwise,
get into step 3;

3. Check all the blocks; If no more active block exists, get into step 4; otherwise get into step 5;

4. Under the current sample number Ny, re-divide the input space into 2Ny slices in each dimension so that
each slice contains coherence-optimal samples. Ng new active blocks are generated;

N
5. Abandon the canczllivdgate points which do not belong to active blocks temporarily;

6. Make prediction to the remaining candidate points and calculate the corresponding differential entropy;
7. Add the candidate point £ which owns the largest differential entropy value to the selection set
S=SU S(i), and get model observation at this point ¥ =Y U ng;

8. According to the current sample set, re-evaluate the active blocks;

9. Update the candidate set by deleting the selected point Xy, = DCN,\E(i).
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but it is expected that the regression matrix can be in good condition for regression calculation when using [;
sparse representation method. BED based on the BCS method and differential entropy is employed to substitute the
random selection operation in sequential sampling framework. It can be deemed that the BED is constrained so that
the samples can have a good distribution property while enriching the target model information received from the
corresponding observations. Thus, the PCE model can be trained to be more and more accurate with the gradually
increased target model information. In addition, even if the collected samples and the corresponding observations
at the beginning of the iteration process are not enough for training an accurate PCE model, which gives rise to
a worse performance of the BED, the generation of samples from the quasi-coherence-optimal distribution still
provides a foundation for further sampling and PCE modelling. The proposed method not only makes full use of
the input information, but also earns much information from the observations and modelling results. It is expected
to have both better convergence rate and computational stability.

4.4. Termination criterion

Several criteria have been proposed to terminate the sampling process through evaluating the precision of
the obtained PCE model, such as Kullback-Leibler Divergence (KLD) and Leave-One-Out (LOO) error [15,35].
Inspired by the idea of comparing the responses obtained from the PCE model in successive iterations for modelling
accuracy evaluation, a simple criterion capitalising on the changes of the PCE model mean and standard deviation
(std) in successive iterations, is employed in this study to assess convergence of the obtained PCE model. These
values can be easily obtained from the PCE coefficients, and they are good statistical measures to represent the
PCE model. When the PCE model mean and std values in successive iterations keep stable or the change values of
these two statistical measures are smaller than a given threshold, the PCE model is considered to have converged
with satisfactory modelling accuracy.

5. Numerical examples

In this section, two analytical benchmark functions with different input dimensions and degrees are addressed
to validate the proposed method. The PCE models are also truncated on different degrees to test the algorithm
performance. Three state-of-art input-dependent only sampling methods (Coh-Opt, D-Coh-Opt, and Seq-D-Coh-Opt)
proposed in [34] and [43], which are based on coherence-optimal sampling and D-optimal design, are compared with
the proposed method (Coh-entro). Among them, the Coh-Opt and D-Coh-Opt methods are non-sequential sampling
strategies while the Seq-D-Coh-Opt method is a sequential sampling strategy. In addition, two output-dependent
sequential sampling methods are also compared in this study. One is the component of the proposed method, BED
with differential entropy. The other is the CV-ELF criterion which was proposed in [27]. The CV-ELF criterion
is based on the PCE modelling results inferred by SBL to instruct the next sample, which is an output-oriented
method. For the convenience of comparison, the termination criterion used for the benchmark tests is set as sample
upper limit instead of convergence evaluation. The size of the candidate sample set in the Coh-entro algorithm is
set as N, = 10*. In order to assess the real precision of the obtained PCE models, a validation set with N,, = 10*
random samples and the exact model values are used. The relative root mean square error (RMSE) egyse [34] is
calculated by:

>t Oipwe = Ypep)
TR

After the benchmark study, the proposed method will be applied to two engineering problems to build accurate
PCE models for parameter sensitivity analysis. The convergence is assessed by the termination criterion which
automatically determines the ED size with desired accuracy.

The Matlab codes of the Coh-Opt, D-Coh-Opt, and Seq-D-Coh-Seq methods are available online [34]. An
in-house code of the CV-ELF criterion has been developed according to [27], but the sparse solver there has
been changed in this study to BCS with Laplace prior for fair comparison. The code of the BCS method is
also available [51]. For the sake of brevity, the methods of Coh-Opt, D-Coh-Opt, Seq-D-Coh-Seq, and BED with
differential entropy are denoted as Coh, D-coh, Coh-seq, and Entro hereafter.

ERMSE = 27)
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Fig. 2. RMSE with different ED size under degree 9.
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Fig. 3. RMSE with different ED size under degree 11.

5.1. Two-dimensional function

The first test function is a low-dimensional analytical function as given in Eq. (28), which has been studied as
a benchmark test function for PCE modelling [35,62]. The random input variables are uniformly distributed with a
mean of 2.0 and a probability density function height of 0.7222. The analytical results of the mean and std of this
function are 0.079 and 1.124, respectively.

y =1In(1+ x,%) *sin (5x2) (28)

Two total degrees, 9 and 11, are chosen as truncation degree of the PCE model, which will result in the full
PCE expansions of P = 55 and P = 78 multivariate Legendre polynomials. The initial sampling number is set as
10. Each method is calculated 30 times to ensure statistical stability. The RMSE results with respect to the increase
of ED size are shown by box plots in Figs. 2 and 3.

In the box plots, bold vertical lines represent the range between upper and lower quartiles of the 30 results, and
fine vertical lines represent the 1.5 times interquartile range which constrains the normal value limitation. Values
out of them are regarded as outliers, which are depicted as plus symbols in the plots. The dot inside the white
circle denotes the median of RMSE, and the lines that vary with respect to the ED size represent the variation of
the median of RMSE obtained by different methods. It can be observed that the CV-ELF criterion and the proposed
Coh-entro strategy have lower validation error than other three input-dependent only sampling methods and the
Entro sampling method under almost all circumstances. In the final converged results, except for the D-coh strategy
with PCE degree 9, the PCE models with samples generated by the Coh-entro strategy and the CV-ELF criterion
both have smaller validation error than the other four methods. In the circumstances of ED size much larger than
the number of unknown coefficients, samples from the D-coh strategy can construct a better regression matrix by
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Fig. 4. Mean (left) and variance (right) of the condition number with increasing ED size under degree 9.
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Fig. 5. Mean (left) and variance (right) of the model means and standard deviations with increasing ED size under degree 9.

sampling at once to form well-conditioned equations which make the solutions stable. For the PCE models with
degree 11, the final converged results from the Coh-entro strategy have a bit higher validation error than the CV-ELF
criterion, while the Coh-entro strategy has a better performance than the three input-dependent only methods and
the Entro method.

To illustrate the solution stability of the regression calculation during the sampling process, the condition number
of the regression matrix and the mean and std values of the obtained PCE model calculated during the iteration
process are depicted. The condition number is defined as [35,63]:

condition number = | W.|| - ||\I;;f || (29)

where W, represents a submatrix of ¥ in Eq. (7) with columns corresponding to non-zero coefficients; 1 denotes
Moore—Penrose inverse. The norm can be of any form, such as 1-norm, 2-norm, co-norm, etc. Here 2-norm is used.
A large condition number represents poor performance of the regression matrix and implies that the regression
solution becomes more sensitive to changes in the input values and observations, i.e., the correct solution is hard to
find. Hence, a large condition number appearing in the sequential sampling process means that the corresponding
regression solution may be incorrect. Three strategies, the proposed Coh-entro strategy, the Entro method and the
CV-ELF criterion, which are all sequential sampling methods and output-oriented, are compared here. Figs. 4 and
6 show the mean and variance of the condition number during the 30 repeated tests with respect to the increase
of ED size. It can be seen that under the PCE degree 9, the condition number of the Entro method is always
the largest among the three strategies. The condition number of Coh-entro has its mean values mostly lower than
CV-ELF during the whole iteration process and ultimately becomes stable at a very low value. The variance values
of the condition number have a similar variation trend with the mean values, which demonstrates that the condition
number is stable in the repeated tests with the increased samples. Under the PCE degree 11, the results of the three
methods all show large fluctuation, where the condition number of the Entro method is again the largest during
nearly the whole iteration process. In the first half of iteration process before 50 samples, the Coh-entro strategy
gives rise to lower condition number than the CV-ELF criterion; but they have similar performance in the second
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Fig. 7. Mean (left) and variance (right) of the model means and standard deviations with increasing ED size under degree 11.

half of iteration process. The iteration stability of the obtained PCE models is represented by the model mean and
std values. Figs. 5 and 7 show the statistical properties (mean and variance) of the obtained PCE model mean and
std values during the 30 repeated tests against the increase of ED size. The PCE models with samples generated
by Coh-entro and CV-ELF have better convergence performance than the Entro method. The PCE model obtained
by the Coh-entro strategy is more stable than that resulting from the CV-ELF criterion under the PCE degree 11 as
illustrated in Fig. 7 since the variance values from Coh-entro are a bit lower than CV-ELF. Several large outliers
emerge during the iteration process with the CV-ELF criterion.

The final samples from the three methods in one test under degree 11 are provided in Fig. 8 for comparison. It
is clear that the samples generated by the Entro method almost concentrate on the corners and edges of the input
space, and the samples generated by CV-ELF concentrate more on the edges of the input space than Coh-entro. In
contrast, the proposed Coh-entro strategy places samples in a more space filling way.

In summary, the proposed Coh-entro strategy and the CV-ELF criterion outperform the input-dependent only
methods and the Entro method in terms of convergence rate, and the Entro method suffers from stability problem
during the iteration process. Through constraining the sample distribution to approximately match the coherence-
optimal distribution, the proposed strategy overcomes this drawback and improves the solution stability. It not only
generates samples in a more space filling way but also results in a low condition number in regression calculation.
One more benchmark test on a low-dimensional function is provided in the Appendix, where the Ishigami function
is studied.

5.2. High-dimensional function

The second benchmark test function is a high-dimensional function [22,35]. Its expression is as follows:
5 & 1< 1<
_a_2 oo 2 .3 2 2 4
y=3 7 ;:] ix; + 7 ;:] ixj +iIn 3d ;:] i(x; +x;) (30)
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Fig. 9. RMSE with different ED size under input dimension 15.

where d is the input dimension chosen by user. All the input variables conform to uniform distributions defined
on the interval [1, 2]. The input dimension is selected as d = 15, and the total degree of the PCE model is chosen
as 3, which results in polynomial items with P = 816. The initial sampling number is set as 20. The operation is
repeated for 30 times to ensure statistical stability.

The RMSE results with respect to the increase of ED size are shown in Fig. 9. The output-oriented methods
exhibit similar convergence trends and perform better than the input-dependent only methods in terms of conver-
gence rate. All six methods converge to similar validation errors, and the proposed Coh-entro strategy has the lowest
validation error at the end of the sampling process.

The condition number of the regression matrix and the obtained PCE model mean and std values of the three
output-oriented sampling methods are depicted in Figs. 10 and 11. It is apparent that the condition number from
the Entro method and the CV-ELF criterion fluctuates more than the Coh-entro strategy during the whole iteration
process, especially when the model has 100 to 140 samples. By contrast, the Coh-entro strategy has less extremely
large values, which all concentrate at the beginning of the iteration process where ED size is less than 60. When
the samples are more than 60, the condition number keeps stable at a very low value. The variance of the condition
number shows that the proposed strategy is robust in the repeated tests.

The solution stability of the regression calculation during the iteration process is demonstrated through the model
mean and std given in Fig. 11. After convergence, the PCE model from the Coh-entro strategy has no obvious
outlier while the Entro method and the CV-ELF criterion show more fluctuations. Moreover, it can be found from
the variances of the model mean and std that the Coh-entro strategy converges to a lower value of variance than the
Entro method and the CV-ELF criterion, which indicates that the PCE model from the Coh-entro strategy performs
more stable than those from the Entro method and the CV-ELF criterion.

In addition, another input dimension d = 20 is tested with polynomial terms P = 1771 when the total truncation
degree is chosen as 3. Due to the heavy computational burden, the number of repeated tests in this case is set as 10.
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Fig. 11. Mean (left) and variance (right) of the model means and standard deviations with increasing ED size under input dimension 15.
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Fig. 12. RMSE with different ED size under input dimension 20.

The initial sampling number is set as 20 which is the same as the previous case. The RMSE results with respect to
the increase of ED size are illustrated in Fig. 12. The three output-oriented methods outperform the input-dependent
only methods, and both have similar convergence rate.

The condition number of the regression matrix and the obtained PCE model mean and std values from the
output-oriented methods are plotted in Figs. 13 and 14. It can be seen from the condition number that the three
methods have similar performance. All of them give rise to large fluctuations during the iteration process. The reason
might be because the number of samples is too small compared with the polynomial terms, making the calculation
unstable with sparse representation. However, even with large fluctuation on the condition number, the convergence
performance of Coh-entro is still a bit better than the Entro method and the CV-ELF criterion, as illustrated in
Fig. 14. Moreover, the variances of the model mean and std obtained by the Coh-entro strategy finally converge to
lower values than those from the Entro method and the CV-ELF criterion, demonstrating that the proposed method
can help obtain more stable PCE models during the sampling process.
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Fig. 14. Mean (left) and variance (right) of the model means and standard deviations with increasing ED size under input dimension 20.

5.3. A 2-D truss structure

In order to demonstrate the application of the proposed method, two engineering cases with different target
responses are devoted to parameter sensitivity analysis. Here, the Analysis Of Variance (ANOVA, or called Sobol’
indices) method is used to analyse the parameter sensitivity [64—66]. Firstly, a brief introduction to the ANOVA
method is given. The ANOVA method is a variance-based global sensitivity analysis method, which works on the
entire input domain and analyses the influence of each independent input variable on the model output. Suppose a
model can be decomposed as the following summands [67]:

d
fEE L LEN=fo+ Y fE+ D fiEE)+ e+ fraa b Ea) (31)

i=1 I<i<j<d

and

/ ﬁ1i2~~-ik (Silv éizﬁ R gik) P(Eir)dfir =0 re [17 k] k =< d (32)
D

where D is the definition domain of input variables; p(&;,) is the marginal probabilistic density function of §; . The
total variance of the model f (&, &,,...,&;) is decomposed into the summation of each summand variance which
can be simply calculated by integration. The total variance is obtained by:

Vi =Y Vit Y Vij+-+Vig . (33)
l<i<d I<i<j<d
where
mwu=/-1fﬁﬂﬂ@P%“~£w%@f~@ma~da k<d (34)
D D
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Fig. 15. Layout of the truss structure.

Table 2

Input distributions of the truss structure.
Variable Distribution Mean Standard deviation
Elastic moduli Ey, E; (Pa) Lognormal 2.10el1 2.10e10
Cross-section area A (m?) Lognormal 2.0e—3 2.0e—4
Cross-section area A, (m?2) Lognormal 1.0e—3 1.0e—4
Vertical forces P~ Pg (N) Gumbel 5.0e4 7.5e3

Subsequently, the variance of each summand can be normalised by the total variance Vi, and the variance

contribution of each summand can be obtained by
Vitia—ir
Siyigeiy = Vo (35)

To quantify the variance contribution of each variable, the first-order index is defined as the S value that only
contains variance value from one variable in numerator, which represents the independent variance contribution
from this variable to the model output. The total index is the sum of all S values that involve the target variable in
numerator, including interaction terms with other variables. By comparing the first-order index and the total order
index, the interaction effect of input variables on the output can be identified. When applying ANOVA based on
the PCE model, the calculation of indices becomes convenient since the multivariate orthogonal polynomials satisfy
the condition in Eq. (32). The ANOVA indices can be easily calculated from the PCE coefficients.

A 2-D truss structure is first introduced to validate the applicability of the proposed sampling method to build
PCE model for sensitivity analysis, which has been widely studied as a benchmark test in the past [15,28,68]. As
depicted in Fig. 15, this structure comprises 23 bars and 13 nodes, and the target is the maximum deflection in the
midspan under 6 vertical forces.

A total of ten input variables are considered in this case, which include six vertical forces (P;, P>, P3, Py, Ps, Pe),
the elastic moduli (E;, E;) and the cross-section areas (A;, A;) of the horizontal bars and diagonal bars. The
distributions of these variables are reported in Table 2 [28] and they are assumed to be mutually independent.
A PCE model using Hermite polynomials is built to investigate the relation between the vertical deflection u and
the ten variables. The input variables are first transformed into standard Gaussian variables to ease computational
burden. Second-order PCE has been used to characterise engineering structures [12]. Here, the total degree to
truncate the PCE model is chosen as 3 to compromise between model accuracy and computational burden. Thus,
the total number of polynomial terms is P = 286. The initial sampling number is set as 20. To ensure computational
stability, the variation values of the model mean and std in two successive iterations smaller than a given threshold
is considered as the convergence criterion. The threshold value is selected as 107 in this case. To test the robustness
of the proposed sampling method when applied to this engineering problem, the modelling process is repeated 10
times, and only the CV-ELF criterion is compared herein. A validation dataset with 10* finite element runs is used
to calculate RMSE of the obtained PCE model. The RMSE values and the numbers of ED after convergence in 10
repeated tests are shown in Fig. 16. It can be observed that the RMSE values after convergence from the Coh-entro
strategy are much lower than those from the CV-ELF criterion, and the obtained PCE model with CV-ELF is not
stable since the validation errors have a large discrepancy in the repeated tests. Finally, samples from the Coh-entro
strategy are around 210 and range between 180 to 250, which are a bit more than samples used in the CV-ELF
criterion, but the former guarantees the obtained PCE model in high accuracy and stability.

19



B.Y. Zhang and Y.Q. Ni Computer Methods in Applied Mechanics and Engineering 386 (2021) 114130

T — 260 T T
0.02} I ] —_—
1 240 1
1 1
0.015 | , 220} I
@)
=200F —_—
o 1
0.01F o
é 5180 -1
K
£
S 160
Z
T 140 1
0.005 . I . 1ok i
—_—
— : 100 : :
Coh-entro CV-ELF Coh-entro CV-ELF
Fig. 16. Convergence results for truss structure.
Table 3
Sensitivity indices of input variables for the truss structure.
Variables First-order indices Total indices
MC CV-ELF Coh-entro MC CV-ELF Coh-entro
Mean Std Mean Std Mean Std Mean Std
E; 0.370 0.360 6.46e—3 0.367 4.02e—3 0.372 0.366 6.70e—3 0.372 3.75e-3
E; 0.011 0.013 1.53e—3 0.012 6.29¢e—4 0.013 0.013 1.53e-3 0.012 5.87e—4
Ap 0.362 0.371 1.65e—2 0.365 4.80e—3 0.373 0.377 1.60e—2 0.370 5.04e—3
Ay 0.012 0.013 1.08e—3 0.012 5.82e—4 0.013 0.014 1.11e-3 0.013 5.53e—4
Py 0.004 0.004 1.47e-3 0.004 5.19e—4 0.005 0.004 1.52e—3 0.005 5.16e—4
P 0.037 0.036 3.12e—-3 0.039 2.17e-3 0.038 0.036 3.15e—-3 0.039 1.98e—3
P 0.077 0.075 1.16e—2 0.076 1.77e-3 0.078 0.076 1.18e—2 0.077 1.74e—3
Py 0.077 0.076 4.43e—-3 0.076 1.77e-3 0.078 0.077 4.37e-3 0.077 1.90e—3
Ps 0.037 0.038 2.63e—3 0.037 1.29e—-3 0.038 0.039 2.58e—3 0.038 1.50e—3
Ps 0.004 0.004 8.40e—4 0.004 2.28e—4 0.005 0.005 8.59e—4 0.004 2.74e—4

With the PCE models obtained by the CV-ELF criterion and the Coh-entro strategy, the mean and std values of
Sobol’ indices of the ten input variables are given in Table 3. The Sobol’ indices obtained by Monte Carlo (MC)
simulations are also shown in Table 3 as a reference. The sample size of MC simulations is 10°. It can be observed
from the table that, for given distributions of the input variables, the elastic moduli and the cross-section areas of
horizontal bars have the largest impact on the deflection u, and the material properties of diagonal bars show low
impact. Among the six vertical forces, the deflection is more sensitive to the forces which are closer to the midspan.
It can also be observed that the first-order indices are approximately equal to the total indices, indicating that the
input variables have few correlated influences on the target response. Through comparison between two methods, it
is found that the results obtained by Coh-entro are closer to the reference values. Moreover, the Coh-entro strategy
can get smaller std values than the CV-ELF criterion, which indicates that the results obtained by Coh-entro are
more stable than CV-ELF in 10 repeated tests.

5.4. An extradosed cable-stayed bridge

The second engineering application is the modelling of the dynamic characteristics of a bridge structure with
respect to structural material properties and the analysis of parameter sensitivity. Only the proposed sampling method
is used. The target structure is an extradosed cable-stayed bridge with three spans of 460 metres long in total. The
girders are designed as single box with three rooms of 33.5 metres wide. Two towers of 40 metres high each are
rigidly consolidated with the girders. The girders are continuously supported on piers. A finite element model of the
superstructure is built as the target model without modelling the piers, which is displayed in Fig. 17. The girders
and towers use C55 concrete, and displacements at the second support counted from the left end are constrained.
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Fig. 18. First vertical mode.

Table 4
Input distributions of the extradosed cable-stayed bridge.
Variable Distribution Mean Standard deviation
Elastic modulus E|~Ej, (girder) (Pa) Lognormal 3.55e10 3.55e9
Elastic modulus Eq3, E14 (tower) (Pa) Lognormal 3.55e10 3.55e9
Elastic modulus E|5~E;g (cable) (Pa) Lognormal 1.95el11 1.95e10
Density D;~Dj; (girder) (kg/m3) Weibull 2549 254.9
Density Dj3, D4 (tower) (kg/m3) ‘Weibull 2549 254.9
Density Djs~Djg (cable) (kg/m3) Weibull 8005 800.5

Our target on the bridge dynamic characteristics is the first vertical natural frequency. The corresponding mode
shape is shown in Fig. 18. To identify the impact of the structure material properties on the target characteristic, each
side span of the girder is divided into three equal-length regions and the middle span is divided into six equal-length
regions. Moreover, the cables on the same side of each tower are grouped into one group, as shown in Fig. 17.
Together with the two towers, eighteen portions (substructures) are considered. The elastic moduli and densities
of these eighteen substructures, 36 input variables in total, are taken as input variables in this study. Distributions
of these variables are reported in Table 4, and they are assumed to be mutually independent. The mean values of
these variables are their nominal values, and the variance is set as 0.1 coefficient of variation, which is defined
as the ratio of the std to the mean [12]. The input variable distributions are chosen subjectively to reflect the
parameter uncertainty, but this setting does not affect the assessment of the proposed method. The input variables
are transformed into standard Gaussian variables to build a Hermite PCE model. The total degree to truncate the
PCE model is chosen as 3 to ensure the calculation accuracy, and this will generate a PCE model with polynomial
terms P = 9139. The initial sampling number is set as 20. The threshold to terminate the sampling process is set
as 107>, Finally, a total of 192 samples are obtained to attain the precision. The obtained PCE model is then used
to quantify the parameter sensitivity by calculating the ANOVA indices. Moreover, due to the heavy computational
burden in generating massive MC simulations in this case, the reference solution of the ANOVA indices is obtained
by building a sparse PCE model trained with 5000 LHS samples for comparison. The first-order indices and the
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Fig. 19. First-order indices of input variables of the extradosed cable-stayed bridge.

total indices of the 36 variables are calculated. Since these two indices of each parameter have almost the same
value, only the first-order indices are plotted in Fig. 19, in which S represents the ANOVA indices calculated with
samples collected by the proposed Coh-entro strategy, and Sr,,, denotes the reference value.

From the results of sensitivity analysis, it can be concluded that the ANOVA indices obtained by the proposed
Coh-entro strategy have very tiny discrepancy compared with the reference solutions, demonstrating that the PCE
model trained with 192 samples collected by Coh-entro is reliable for sensitivity analysis. In 36 input variables, the
material properties of the two towers, E3, E14 and D3, D14, are insensitive to the first vertical nature frequency,
which is in line with our knowledge that the towers have less influence on the girder vibration. Moreover,
the densities of the stay cables, Djs~Dg, are insensitive to the first vertical nature frequency; and the elastic
moduli of the cables, Ejs~Eg, are also in low sensitivity. £, and Ds~ D7 are the most sensitive parameters, and
E\, E3, Eg, E7, Ey, E19, E11 and D;, Dg have the second most influence on the frequency. The remaining parameters
have extremely small sensitivity values, which means that these parameters are less influential. Moreover, it is worth
noting that for each of the parameters the first-order indices and the total indices have nearly the same values, which
implies that there are slight interaction effects among these parameters on the first vertical natural frequency.

6. Conclusions

This paper proposes a new sequential sampling method termed coherence-entropy strategy for polynomial chaos
expansion (PCE) modelling, which comprises two popular sampling strategies, coherence-optimal sampling and
Bayesian experimental design (BED), to take advantage of input and output information simultaneously. The
Bayesian compressive sensing (BCS) is employed as a sparse regression procedure to calculate the unknown
coefficients associated with a simple representation of PCE model, which also provides the foundation for BED.
The input information is first utilised to form a coherence-optimal distribution in line with compressive sampling
theory. Sampling in this distribution ensures a lower bound on sample quantity for accurate recovery of the PCE
coefficients. In order to build a sequential sampling framework, the Latin hypercube sampling (LHS) method is
instead employed to collect samples from the quasi-coherence-optimal distribution, which ignores the dependence
among input variables in the coherence-optimal distribution. BED is encompassed in the sequential sampling
framework by use of the differential entropy to expedite convergence. It also benefits sampling at the beginning
of iteration process in that the collected samples in the quasi-coherence-optimal distribution will always have a
favourable space filling property.

To validate the proposed method, three analytical functions (one shown in the Appendix) with different
complexity were studied, and the results from the proposed method were compared with those from three input-
dependent only methods and two output-oriented methods, in which the Coh-Opt method and the Entro method are
the components of the proposed method. It is shown that the proposed approach and the output-oriented methods
generally outperform the input-dependent only methods in convergence rate, and meanwhile the modelling results
have good accuracy after convergence. The proposed method generally has the fastest convergence rate. Among the
output-oriented methods, the proposed strategy gets samples in a more space filling way than the Entro method and
the CV-ELF criterion, and the obtained PCE models are in more stable convergence performance as shown in the
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repeated tests. For the problems with relatively less unknown PCE coefficients, the proposed strategy gives rise to
the condition number of the regression matrix in a low value, thus performing better than the Entro method and
the CV-ELF criterion. For the problems with the number of unknown coefficients much higher than the required
ED size, the condition number is hardly kept at a low value, but the proposed sampling strategy still ensures a
fast convergence rate and a high PCE modelling accuracy after convergence. Also, it is observed that the proposed
method has a faster convergence rate than the Coh-Opt method and gets more stable modelling results than the Entro
method, which demonstrates that the combination of BED and coherence-optimal sampling could help improve both
methods. Furthermore, two engineering cases on parameter sensitivity analysis for static and dynamic structural
properties were investigated. It is demonstrated that, by imposing an accuracy threshold to the PCE model, the best
sample number can be determined automatically and reliable sensitivity analysis results can be achieved.

Generation of samples to obey the coherence-optimal distribution with good space filling property is in general
difficult under the sequential sampling framework, so the lower bound of sample number for accurate recovery of
/; minimisation problem under the compressive sensing theory could not be achieved in the proposed approach.
However, combining both input and output information to instruct sampling process was demonstrated effective. In
the future work, some other input-dependent sampling procedures, which may be easy to be implemented under the
sequential sampling framework, will be considered to combine with BED to achieve better outcomes.
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Appendix. Benchmark test on the Ishigami function

The Ishigami function is a highly nonlinear and nonmonotonic function with three input variables which has
been extensively studied in the past [22,27,35]. All the variables conform to uniform distributions on the interval
[—m, m]. The expression of this function is as follows:

y = sinx; 4+ a (sin x2)2 + bxs*sinx; (A.1)

where a and b are two parameters which are commonly set as 7 and 0.1, respectively. The analytical mean is 3.5
and the std is 3.7208. Three total degrees, 9, 12 and 14, are considered in this study, which generate different
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Fig. A.1. RMSE with different ED size under degree 9.
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Fig. A.4. Mean (left) and variance (right) of the condition number with increasing ED size under degree 9.

polynomial items of P = 220, P = 455, and P = 680. The initial sampling number is set as 20. Each method is
calculated for 30 times to ensure statistical stability.

The RMSE results with respect to the increase of ED size are shown by box plots in Figs. A.1 to A.3. In this
case, the CV-ELF criterion and the proposed Coh-entro strategy have much faster convergence rate than the input-
dependent only methods in all the cases with different degrees. The Entro method performs worse than CV-ELF
and Coh-entro except under degree 9. Only around 60, 80 and 80 samples are needed for convergence of CV-ELF
and Coh-entro with PCE degrees of 9, 12 and 14, respectively, and the input-dependent only methods need around
70, 100 and 120 samples respectively for convergence. The Entro method needs around 70 and 120 samples for
convergence with PCE degrees of 9 and 12, respectively. In degree 14, the validation error from the Entro method
decreases fast but it cannot converge to a stable result. This demonstrates that by use of the model observation
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(c)

Fig. A.10. Final samples from (a) Entro; (b) CV-ELF; (c) Coh-entro.

information under the Bayesian framework, the sampling process will have a quite fast convergence rate; but using
only BED may not be able to achieve stable solutions. Moreover, the proposed Coh-entro strategy has an apparently
better convergence performance than the CV-ELF criterion, particularly for the PCE models with degrees p = 12
and p = 14.

To provide an intuitive insight into the computational stability of the Entro method, the Coh-entro criterion and
the CV-ELF method, the condition number of the regression matrix and the statistical properties (mean and variance)
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of the model mean and std values under different degrees are depicted in Figs. A.4 to A.9. As illustrated in Fig. A.4
under the PCE degree 9, the condition numbers from the CV-ELF criterion and the Coh-entro method exhibit similar
trends with increasing ED, while the condition numbers from the Entro method show a bit larger values than these
two methods. For the PCE models of degrees 12 and 14, the condition numbers from the Coh-entro strategy mostly
keep lower than those from the Entro method and the CV-ELF criterion, except for a few emerged peaks. The
variance of the condition numbers in these two cases shows that the Coh-entro strategy generates more stable and
lower condition numbers than the Entro method and the CV-ELF criterion in most circumstances, especially after
convergence. In regard to the model mean and std under the PCE degree 9 in Fig. A.5, all the three methods
render the PCE models converge to the target one. When the PCE degree is altered to 12, Coh-entro has a quick
convergence rate compared with CV-ELF, and the variances of model mean and std from Coh-entro mostly keep at
low values after convergence, as shown in Fig. A.7 (right); whereas the Entro method cannot converge well. The
same phenomenon can be observed in Fig. A.9 for the PCE degree 14.

The final samples of these three methods in one test under degree 14 are shown in Fig. A.10 for comparison.
It is seen that the samples from the Entro method still concentrate more on the edges of the input space, and the
samples from the Coh-entro strategy are more space filling than those from the CV-ELF criterion.
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