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Physics informed neural networks (PINNs) are a novel deep learning paradigm primed for
solving forward and inverse problems of nonlinear partial differential equations (PDEs).
By embedding physical information delineated by PDEs in feedforward neural networks,
PINNs are trained as surrogate models for approximate solution to the PDEs without need
of label data. Due to the excellent capability of neural networks in describing complex
relationships, a variety of PINN-based methods have been developed to solve different
kinds of problems such as integer-order PDEs, fractional PDEs, stochastic PDEs and integro-
differential equations (IDEs). However, for the state-of-the-art PINN methods in application
to IDEs, integral discretization is a key prerequisite in order that IDEs can be transformed
into ordinary differential equations (ODEs). However, integral discretization inevitably in-
troduces discretization error and truncation error to the solution. In this study, we propose
an auxiliary physics informed neural network (A-PINN) framework for solving forward and
inverse problems of nonlinear IDEs. By defining auxiliary output variable(s) to represent
the integral(s) in the governing equation and employing automatic differentiation of the
auxiliary output to replace integral operator, the proposed A-PINN bypasses the limitation
of integral discretization. Distinct from the neural network in the original PINN which only
approximates the variables in the governing equation, in the proposed A-PINN framework,
a multi-output neural network is constructed to simultaneously calculate the primary out-
puts and auxiliary outputs which respectively approximate the variables and integrals in
the governing equation. Subsequently, the relationship between the primary outputs and
auxiliary outputs is constrained by new output conditions in compliance with physical
laws. By pursuing the first-order nonlinear Volterra IDE benchmark problem, we validate
that the proposed A-PINN can obtain more accurate solution than the conventional PINN.
We further demonstrate the good performance of A-PINN in solving the forward problems
involving nonlinear Volterra IDEs system, nonlinear 2-dimensional Volterra IDE, nonlinear
10-dimensional Volterra IDE, and nonlinear Fredholm IDE. Finally, the A-PINN framework
is implemented to solve the inverse problem of nonlinear IDEs and the results show that

the unknown parameters can be satisfactorily discovered even with heavily noisy data.
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1. Introduction

With the explosive growth of computing resources over the past decade, deep learning, especially deep neural networks
(DNNs), has undergone revolutionary development. In recent years, a novel DNN framework named physics informed neural
networks (PINNs) [1,2] has been developed, which successfully integrates the underlying physical information described by
partial differential equations (PDEs) with neural networks. Making the full use of physical information as prior knowledge,
PINNs can be trained with few or even no label data as surrogate models for accurate solution of PDEs. In the PINN frame-
work, fully connected feedforward neural networks are employed as the core of the surrogate models to predict the outputs
in the PDE domain, and automatic differentiation of the neural networks is utilized to calculate the differential operator
in the governing PDEs. The automatic differentiation [3], a continuous grid-free differentiation manipulation procedure, can
calculate the derivative analytically by stepping the backward chain in the neural networks. It is completely different from
traditional numerical methods such as finite difference since it doesn’t involve discretization and approximation that bring
discretization and truncation errors to the solution. By employing an optimizer to minimize the sum of residuals of the
initial conditions, boundary conditions, governing equations, and measurement data of the PDEs, PINNs are trained to accu-
rately approximate the exact solutions. Due to the excellent capability of neural networks in describing complex relationship
between inputs and outputs, PINNs create a new path to solve the forward and inverse problems involving nonlinear PDEs
[1]. Successful applications of PINNs have been made which involve diverse physical, engineering and medical areas such
as fluid mechanics [4-10], medical diagnosis [11,12], heat transfer analysis [13-15], materials science [10,16-19], and engi-
neering mechanics [20-24].

For surrogate models, the accurate expression of exact solutions and the adaptability to complex problems are two key
indicators in regard to the model performance. A great deal of research efforts has been made to improve the adaptability
and accuracy of PINN-enabled models. With the intent to enhance the adaptability of PINNs in handling irregular domains,
cPINN [25], PPINN [26], and XPINN [27] have been proposed by decomposing the equation domain into multiple subdomains
and pursuing parallel computing. In the original PINN, the boundary conditions are imposed by ‘soft’ penalty functions;
better embedding methods of the essential boundary conditions [27-29] have recently been proposed which are proven to
reduce the error on boundary conditions effectively.

Other efforts have been devoted to enhancing the solution accuracy and convergence efficiency through synthesis with
numerical methods [30], defining problem-specific activation functions [31,32], configuring special neural network frame-
works [33-35], optimizing the sampling of collocation points [9,35,36], and compromising residuals with adaptive weights
[30,35,37-43]. The quantification of uncertainty in the solution of PINNs has also been addressed by considering different
origins of uncertainty: (i) uncertainty in the equations [44-46], (ii) uncertainty in the data [47-50], and (iii) uncertainty in
the neural network models [45].

Working in synergy with traditional numerical methods or other machine learning methods, the state-of-the-art PINN-
based methods can be extended to address the problems of fractional differential equations, stochastic differential equations,
and integro-differential equations (IDEs). In [44], a new class of physics-informed generative adversarial networks (PI-GANSs)
was put forth to solve forward, inverse, and mixed stochastic problems. In [51], the spectrally dynamically orthogonal (DO)
and borthogonal (BO) constraints were introduced into the loss function to develop neural network (NN)-DO/BO methods
for solving time-dependent stochastic PDEs. In [45], the arbitrary polynomial chaos (aPC) was introduced to develop the so-
called NN-aPC for solving stochastic PDEs, where DNNs were used to learn each individual mode of the aPC expansion. In
[52], normalization of field flows for learning random fields from scattered measurements was proposed to solve data-driven
forward, inverse, and mixed stochastic PDEs. For fractional PDEs, standard numerical methods such as finite difference have
been used to discretize the fractional operators, thereby bypassing the difficulty stemming from the fact that automatic
differentiation is not applicable to fractional operators [37]. To reduce the computational cost of PINN methods, a novel
sampling-based Monte Carlo physics informed neural network (MC-PINN) has been proposed and successfully applied to
solve high-dimensional fractional PDEs problems in [53].

The IDEs, that involve both partial differential and integral operators, are widely used in a variety of disciplines of
science and engineering, such as economic mathematics [54,55], dynamics of nanobeams [56], population growth [57], glass
forming [58], and renewable energy [59]. For IDEs, in particular nonlinear IDEs, it is usually difficult to solve analytically;
therefore, numerical methods such as finite element and finite difference are often used to obtain the approximate solutions
of IDEs. However, since neural networks are convenient for calculating automatic differentiation but difficult to calculate the
integral operator, only a few attempts have been made to solve nonlinear IDEs by the PINN method. Specifically, in [37]
a discretization integration scheme working with numerical methods such as finite element, finite difference, and spectral
methods was proposed to solve the IDE problem. This method is schematically illustrated in Fig. 1. In [60], the discretization
scheme shown in Fig. 1 was applied to solve the first-order Volterra IDE, where Gauss-Legendre quadrature was adopted to
discretize the integral operator and transform this IDE into an ODE problem. However, in this discretization scheme, integral
discretization is prerequisite yet it brings two shortcomings: (i) with the approximation of integral by numerical methods
such as Gaussian Legendre quadrature, it is inevitable to generate discretization error to the solution; (ii) a high-order
discretization is usually required in order to achieve satisfactory accuracy. For example, in [60], the 20th-order Gaussian
Legendre quadrature was employed. Since the integral operator at each discrete point needs to be calculated with high-
order numerical methods, the computational cost for each iteration will increase significantly as the discrete points and the
order of discretization increase, diminishing the training efficiency of PINNs.
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Fig. 1. Discretization scheme to solve integro-differential equations (IDEs) [37]. ‘FDM’ - finite difference method; ‘FEM’ - finite element method; ‘SM’ -
spectral method; ‘AD’ - automatic differentiation.

In this paper, we propose an auxiliary physics informed neural network (A-PINN) framework to solve the forward and in-
verse problems of IDEs. A-PINN is a kind of DNNs with the same intended target as PINN, which will be trained as surrogate
models approximating the exact solutions of IDEs. Specifically, in the A-PINN framework, the DNN is configured to calculate
not only the primary outputs which approximate the primary variables, but also the auxiliary outputs which approximate
the integral(s) in the governing equation. And the automatic differentiation of the auxiliary outputs is utilized to replace the
integral operation involved in IDEs. The relationship between the primary outputs and auxiliary outputs is imposed by em-
bedding additional output conditions in compliance with physical laws. Compared with the numerical discretization scheme
adopted in the current PINN paradigm as shown in Fig. 1, the A-PINN framework affords several appealing features: (i) By
replacing the integral operation with automatic differentiation of the auxiliary outputs, A-PINN avoids the need for integral
discretization and thus eliminates discretization and truncation errors. Results of simulation studies show that A-PINN can
obtain solutions with higher accuracy than the PINN adopting numerical discretization scheme; (ii) A-PINN does not rely
on any fixed grids or nodes. It is a mesh-free method that can predict the solution at any point in the domain of solution
without interpolation; and (iii) A-PINN is also amenable to the inverse problem of IDEs to which the conventional PINN is
intractable because of integral discretization. By training the unknown parameters as hyper-parameters together with the
parameters of DNN and adding new residuals of the measurement data to the loss function, the A-PINN framework for
solving the forward problem can be easily adapted to solve the inverse problem of IDEs. Results of numerical simulations
show that A-PINN can accurately discover the unknown parameters in IDEs even with noisy data.

The remainder of this paper is organized as follows. In Section 2, we describe the general form of the forward and
inverse problems of nonlinear IDEs. In Section 3, we brief the standard PINN and then propose A-PINN. In Section 4,
we demonstrate the effectiveness of the A-PINN framework with numerous examples for solving the forward and inverse
problems of various nonlinear IDEs. More specifically, we first address a benchmark problem of 1-dimensional (1D) nonlinear
Volterra IDE and explore the impact of the parameters of A-PINN on solution accuracy. Afterwards, the forward problems
of nonlinear Volterra IDEs system, 2-dimensional (2D) nonlinear Volterra IDE, 10-dimensional (10D) nonlinear Volterra IDE,
and nonlinear Fredholm IDE are pursued. To demonstrate the capability of A-PINN to solve inverse problems of nonlinear
IDEs, the unknown parameters in both nonlinear Volterra IDE and nonlinear Volterra IDEs system are discovered. Finally, we
conclude the study in Section 5.

2. Problem statement

The general form of IDEs can be expressed as
h(x)
u™x) = f(x)+ 21 / K (x, yu(t)dt (1)
g(x)

where u™ (x) is the n-order ordinary derivative; g(x) and h(x) are the limits of integration; A is a constant parameter; and
K(x,t) is the kernel function. When g(x) and h(x) are fixed, the form represents a Fredholm IDE; otherwise, when at least
one of g(x) and h(x) is variable, the form represents a Volterra IDE. On the other hand, if the index n about the unknown
function u(x) is equal to one, the IDE is linear; otherwise, if the unknown function u(x) has an index other than one, such
as e, sinh(u), cos(u), the IDE is nonlinear. In this paper, we focus on nonlinear IDEs of both Volterra type and Fredholm
type, which are more complex than linear IDEs.

We will consider both forward and inverse problems of nonlinear IDEs. In the forward problem, where the governing
IDEs are definite, the parameters A and boundary and initial conditions which ensure a unique solution are all known. The
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Fig. 2. Backward chain for derivative calculation in fully connected feedforward neural networks.

solution of the forward problem is the value of u(x) at any x in the equation domain. In the inverse problem, where the
IDEs are definite and boundary and initial conditions may be known or not, the parameters A in the governing equation(s)
are unknown. We will use some measurement data up,(x) to discover the unknown parameters A.

3. Method

In this section, the proposed A-PINN for solving the forward and inverse problems of nonlinear IDEs is presented. First,
we brief DNNs and automatic differentiation, which are the basic knowledge of PINN. Then, the original PINN framework
and the PINN adopting integral discretization for solving IDEs are introduced. Finally, the A-PINN framework is presented in
detail.

3.1. DNNs and automatic differentiation

In both PINN and A-PINN frameworks, a fully connected feedforward neural network is used as the core of the training
model, which generally includes an input layer, an output layer and n hidden layers. The connection between layers is
expressed as follows:

yi=o(wi-y;_1+b)) 1<i<n
Z=Wni1- Yy t+bnt (2)

where i = [1,n] represents the hidden layers, and n + 1 is the output layer. y; denotes the output of the ith layer. z is
the output of the neural network. o (-) represents the activation function, which allows a neural network to map nonlinear
relationship. [w;, b;] represents the weight and bias of the ith layer, which will be updated during training. The fully
connected feedforward neural network is a combination of linear summations and activation functions. Therefore, for a
neural network with differentiable activation functions such as tanh(-) and sin(-), it is feasible to calculate the derivative of
the output z with respect to the input x following the backward chain as shown in Fig. 2. The backward chain for calculating
derivatives is called automatic differentiation [3]. Unlike the common numerical methods such as finite difference that suffers
from truncation error, the automatic differentiation can elicit analytical derivatives by following the backward chain. Even
better, in the popular machine learning platforms such as Pytorch [61,62] and Tensorflow [63], automatic differentiation is
a built-in function that can be directly called.

3.2. Physics informed neural network (PINN)

PINN is a machine learning framework based on DNNs which successfully integrates physical information with neural
networks. It has been proven that PINN can solve the forward and inverse problems of both linear and nonlinear PDEs [1].
Consider the forward problem of a PDE with Dirichlet boundary condition, given by

aMu(x, t
ALy
axn
u(0,)=¢(@,1 (3)
ux,0=g(x,0)
where % is a n-order partial differential operator; A is the parameter in the governing equation which is a known

constant in the forward problem. ¢(0,t) is the Dirichlet boundary condition at x = 0; g (x,0) is the initial condition at
t = 0. A typical PINN framework for solving this problem is shown in Fig. 3.

In the PINN framework, the input (x,t) of the neural network is the coordinates of the training points which consist of
three parts: the sampling points (x™,0) on the initial condition, the sampling points (x,t?) on the boundary condition,
and collocation points (xf,tf) in the equation domain. A fully connected feedforward DNN is employed to calculate the
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Fig. 3. A typical PINN framework to solve the forward problem of nonlinear PDEs with Dirichlet boundary condition.

predicted value upreq(x;, tj; 6) corresponding to the input point (x;, t;) which approximates the exact value uUexqct(X;, ti),
where 6 is the parameters of the DNN including weights W and biases b. The automatic differentiation of the DNN is
utilized to calculate the partial derivatives of upreq(x;, tj; 6) with respect to x; and t;, which can be substituted into the
initial condition, boundary condition, and governing equation to calculate the mean square errors of residuals of the above
components. The linear sum of the mean square errors is regarded as the loss function MSE;y. Subsequently, through
minimizing MSEyq With an optimizer to update the parameters 6 of the DNN, upreq(x;, ti; 6) would converge to the exact
value Uexqct(Xi, ti). For the PDE shown in Eq. (3), the loss function MSE;, is determined by

MSE ot = MSE; + MSEp + MSE ¢ (@)

where
1 2
st = 73 g (X7 0:6) — g (x7.0)|

1 b b\|?
MSEy = -3 [ (0.8750) = (0.17)
i=1

Muprea (Xt 0)
)\lm(?#—f-f(xif,t{)

N¢ 2

MSEszLfZ

i=

in which MSE;, MSE, and MSEy are the mean square errors of residuals of the initial condition, boundary condition, and
governing equation, respectively. N; and Nj are the numbers of sampling points on the initial and boundary conditions,
respectively. Ny is the number of collocation points randomly sampled in the equation domain. g(xi”i,O) are the exact
values at sampling points (x;:”i, 0) on the initial condition, and ¢ (0, tf’) are the exact values at sampling points (0, t%’) on the
Dirichlet boundary condition.

With the property of automatic differentiation and continuous prediction, PINN is a grid-free method that doesn’t rely
on any fixed grids or nodes and can predict the value at any point (x, t) in the equation domain without interpolation, thus
effectively avoiding the truncation and discretization errors inevitable in traditional numerical methods.

For solution to the inverse problem of PDEs, i.e., to discover the unknown parameters A in the PDE with measurement
data, only minor modifications to the PINN framework shown in Fig. 3 are needed. The PINN framework for solving the
inverse problem of PDEs is illustrated in Fig. 4. Now the unknown parameters A as hyper-parameters are trained together
with the DNN. In the inverse problem of PDEs, sometimes it is difficult to obtain the exact initial and boundary conditions.
Most often, all we know are the governing equation and measurement data. In such cases, the physical information consists
of only two parts, i.e., residuals of the governing equation and residuals of the measurement data. The loss function MSE

is thus expressed as

MSEqota) = MSEm + MSE (5)

where
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N
l m

MSE, = N E |uprea (X", €] 0, 1) — U (xf”t,m)|2
m =1

2

Ny fof

1 anupred(x~ G5 0,0) f.f

MSEf:N—fE ) S + £ (x.e])
i=1

in which MSE; and MSE; are the mean square error of residuals of the measurement data and the mean square error of
residuals of the governing equation, respectively; and Ny, is the number of the measurement data. Upreq (x:" "6, A) and
um(x{, t") are the predicted and measured values at the measurement points (x:” t{”) 0 is the parameters of the DNN and
A is the unknown parameters in the PDE.

3.3. Integral discretization in PINN for IDEs

In the state-of-the-art PINN method for IDEs, automatic differentiation is adopted to calculate the ordinary differential
operator, but numerical methods (e.g., finite element method, finite difference method, or spectral method) must be applied
to approximate the integral operator. With the integral discretization by numerical methods, IDEs can be transformed into
ODEs. This treatment however inevitably brings discretization and truncation errors to the solution by PINN. For instance,
consider the following IDE:

X
d
Yy = / e y(tyde (6)
dx
0
Discretization of the integral by the n-order Gauss Legendre yields
X n

/ e y(ndt~ Y ety (ti(x) (7)

0 i=1
where t;(x) and «; are the known integral nodes and weighting factors, respectively. After integral discretization, the IDE is
transformed into an ODE, which can be solved by PINN, as

d n
% +Y Y @iy (i) (8)

i=1
Although this seems a simple and straightforward way to treat IDEs, we note that for calculating MSEf in Eq. (4), it
is necessary to calculate the Gauss Legendre quadrature at each collocation point which involves y (tj(x)) at n integration
nodes t;(x) and all y (tj(x)) should be calculated by PINN in each iteration. For example, for a 20th-order Gauss Legendre
quadrature, the PINN should calculate y (t;(x)) at 20 different integration nodes t;(x) for each collocation point. When 100
collocation points are involved, in each iteration we need to use PINN to predict y(x) at 100 collocation points as well
as to calculate y (tj(x)) at 20 x 100 = 2000 integration nodes. With the increase of the order for discretization integration
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and the number of collocation points, the computational amount is significantly increased, which diminishes the efficiency
in training. Also, as indicated in [60], the discretization error is unavoidable in the solution due to the approximation of
integral by Gaussian quadrature.

3.4. A-PINN: auxiliary physics informed neural networks

In this section, we propose A-PINN to solve the forward and inverse problems of nonlinear IDEs. The overall framework
of A-PINN is illustrated in Fig. 5. Unlike PINN that only approximates primary variables in the governing equation, a multi-
output DNN is utilized in the A-PINN framework to simultaneously calculate the primary outputs and auxiliary outputs
which respectively represent the variables and integrals involved in the governing equation. Subsequently, the relationship
between the primary outputs and auxiliary outputs is imposed by enforcing additional output conditions in compliance
with physical laws.

We first consider the first-order nonlinear Volterra IDE:

X
u™ ) = fx) +x / K©u®de, u(0)=a (9)
0
By defining an auxiliary output v(x) to represent the integral in Eq. (9), we can transform Eq. (9) into

UM ) = FX) +r- v
v(x) = [y K(®u(t)de (10)
u0) =a
For this one-dimensional problem where the independent variable is x only, the input of the DNN is the coordinates of
x at training points which consist of two parts: the sampling points x™ on the initial condition and collocation points xf
in the equation domain. A fully connected feedforward DNN is employed to calculate the predicted value upreq(x;; ) and

auxiliary output vpreq(xi; ) which approximate the exact value uexqct(;) and the integral f;" K(t)u(t)dt, respectively, where
0 is the parameters of the DNN. To avoid integral manipulation, the relationship between u(x) and v(x) is re-expressed as

dv®) _
[ Y0 — K (x)u(x) (11)
v(0)=0

The automatic differentiation of the DNN is executed to calculate the ordinary derivative on the left-hand side of Eq. (10),
which together with the predicted value uprq(x;; #) can be substituted into the initial condition and governing equation to
calculate the mean square errors of residuals of the two components. In addition, a new output condition (i.e. Eq. (11)) is
added as a physical law to constrain the relationship between the auxiliary output v and the primary output u. The mean
square error of residuals of this new output condition is calculated by

f 2
av x; ;0
Pt (o o )

Ny

MSE, = Nl Z
f

i=

(12)
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Fig. 6. The framework of A-PINN for solving the inverse problem of IDEs.

where Ny is the number of collocation points evenly (or randomly) sampled in the equation domain. For example, if 11
collocation points are evenly sampled in the domain of [0, 1], the interval between the collocation points is equal to 0.1.
The mean square error of residuals of the initial conditions MSE; is calculated by

MSE; = [tpred (0; 8) — | + |Vpred (0; 6) — 0] (13)

The mean square error of residuals of the governing equation is calculated by

Ni|an f.
st =3 20 = () 2 e (:9))
i=1

2
(14)

The MSE;q in the A-PINN framework is considered as the weighted sum of all the mean square errors, which is ex-
pressed as

MSEotal = Wi - MSE; 4+ w s - MSEf + W - MSE, (15)

An accurate solution to the IDE can be achieved when all the residuals approach 0. If there is an imbalance among
the residuals, for example, when MSE; and MSE, approach 0 but MSE; is non-zero, we are unable to achieve an accurate
solution. An adaptive weight strategy is therefore used in this study that can automatically balance various residuals to
achieve a balanced convergence. In this strategy, the weights of various residual components are proportional to the values
of residuals while normalizing the weight of the smallest residual component to be 1 in each iteration. As such, we give
greater weights to the larger components to speed up their convergence. The weight for each component is determined by

[MSE;, MSE s, MSE, |
[wi, wp, wo| = —
min(MSE;, MSE ¢, MSE,)

(16)

In each iteration, we will calculate the adaptive weights of all residual components and take the weighted sum of all
MSE as MSEq. Converged solution of the IDE is then obtained by using an optimizer to minimize MSE;y. In this study,
we choose L-BFGS, a quasi-Newton full-batch gradient-based optimizer, to optimize the loss function. Although there is no
theoretical guarantee that the optimizer converges to globally optimal solutions, numerical experiments show that making
use of adaptive weights and L-BFGS optimizer, converged solutions with good accuracy can be obtained by A-PINN.

The inverse problem of IDEs is intended to discover unknown parameters in governing equations with measurement
data, e.g., to discover the parameter A in Eq. (9). With few modifications to the A-PINN framework for solving the forward
problem of IDEs, the proposed A-PINN can be conveniently applied to solve the inverse problem of IDEs with the procedure
framework shown in Fig. 6. For the inverse problem of Eq. (9), a fully connected feedforward DNN is configured to calculate
the predicted value upreq(x;; 0, 1) and auxiliary output vprq(X;; 6, A) which approximate the exact value Uexqce(X;) and the
integral fé‘ T K (t)u(t)dt, respectively, where 6 is the parameters of the DNN and X is the unknown parameter in the IDE.

In addressing inverse problems, it may be difficult to obtain the exact initial and boundary conditions of IDEs. Most
often, all we know may only be governing equations and sparse measurement data. Of course, if we have more information
such as boundary and initial conditions, such information can be easily incorporated into the loss function, same as the
A-PINN framework for solving forward problems. We first consider the case with the least amount of information, i.e., only

8
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governing equations and measurement data. For the IDE described by Eq. (9), the loss function MSE,, with A-PINN can be
determined by

MSEotal = W - MSEm + W s - MSE ¢ + w - MSE, (17)
where
1 o 5
MSEn = 5 3 s (7 9.2) =t 47
1 [0 uprea(x! 6, 1) ; ; ?
S e R RE )
Ny 2

f
av X0, A
PO ) (o s (0.

MSE, = NL Z
f

i=1

where Ny, is the number of measurement data. The weights still be adaptive to balance the convergence of various residual
components, but the difference from the A-PINN framework for solving forward problems is that we keep the weight of
MSE; as 1.0. It is because when there is noise in the measurement data, the optimal solution of MSE,;, will no longer be 0,
while the optimal solution of MSE¢ and MSE, is still 0. If we adjust the adaptive weights for all MSE simultaneously, A-PINN
tends to overfit the noisy measurement data by conferring MSE;, an excessive weight. Therefore, the adaptive weight is now
determined by

MSE MSE,
" 'min (MSE s, MSE,) " min (MSE s, MSE, )

[Wm, ws, wo| =1[1.0

] (18)

For inverse problems, we still choose L-BFGS optimizer to minimize MSE;, so that converged solution of the unknown
parameters can be attained.

In comparison with traditional pure numerical analysis methods such as finite difference method and the method based
on shifted Jacobi polynomials [64], the proposed A-PINN framework is more intuitive and simple for solving IDEs in that
it does not require complex matrix manipulations and integral discretization. Different from the PINN adopting integral
discretization [37,60], A-PINN is independent of any fixed grids and nodes. As pointed out before, integral discretization
brings about extra computational cost as well as discretization and truncation errors. A-PINN avoids the above shortcomings
and is convenient for application to solve the inverse problem of IDEs with only few modifications to the framework for the
forward problem.

4. Numerical experiments

In this section, we conduct numerical experiments of solving various nonlinear IDEs by A-PINN to illustrate its capability
and efficiency. The forward problems of 1D Volterra IDE, Volterra IDEs system, 2D Volterra IDE, 10D Volterra IDE, and
Fredholm IDE will be addressed first. Then the inverse problems of 1D Volterra IDE and Volterra IDEs system will be
pursued. In the numerical experiments, the activation function in all neural networks is tanh(-), a widely used differentiable
nonlinear activation function. The optimizer used in all problems is L-BFGS with 0.01 learning rate. All algorithms are coded
in Python with PyTorch, an open-source machine learning framework. The codes and trained models of the experiments
will be available on GitHub.

4.1. The forward problem of 1D nonlinear Volterra IDE

Our first experiment aims to demonstrate the ability of A-PINN for solving 1D nonlinear Volterra IDE. Here we consider
a benchmark problem, which was solved in [60] with the PINN adopting integral discretization as delineated in Section 3.4.
The 1D nonlinear Volterra IDE is expressed as

+u(x)=A/ef—"u(t)dt, x€[0,5] (19)
0

du(x)
dx

Considering the initial condition as u(0) = 1 and taking A = 1, the equation has an exact solution u(x) = e *coshx.
Defining an auxiliary output v(x) to represent the integral in the equation, Eq. (19) can be re-expressed as

9
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Table 1

The relative L2 error between the predicted and exact solutions u(x) for different numbers of
collocation points Ny. Here we use a neural network architecture with 4 hidden layers and 100
neurons in each hidden layer.

N¢ 10 20 50 100 200 500 1000
Error  9.06E-04  4.13E-04  2.59E-04 8.31E-04 6.93E-04 9.29E-04  5.20E-04

WO 1 ux)=av(), x€l0,5]
v(x) = [y e u(t)dt
u(0) =1
v(0)=0

(20)

We represent the derivative of v(x) as % =u(x) — fg e~ *u(t)dt = u(x) — v(x). A two-output DNN is constructed to
approximate u(x) and v(x) in Eq. (20). Thus, in the A-PINN framework, the mean square error of residuals of the governing
equation MSEy is calculated by

Ny 2

f.
1 AUpred(X; ; 0)
MSEy = N—f § preaixl + Upred (Xif§ 9) — Vpred (Xif§ 9)

where Ny is the number of collocation points. The mean square error of residuals of the initial conditions MSE; is calculated
by

(21)

i=1

MSE; = [ttpreq (0: 0) — 1| + [Vprea (0; 0) — O] (22)

The relationship between the primary output u(x) and the auxiliary output v(x) is constrained by a new output condi-
tion, and the mean square error of residuals of this output condition is calculated by

Ny f 2
1 Vpred(X; 5 0)
MSE, = N_f Z WTI - [upred (x,'f§ 9) — Vpred (X,'f§ 9)] (23)
i=1
The MSEq in the A-PINN framework is the weighted sum of all the mean square errors, which is expressed as
MSEotq1 = Wi - MSE; + w - MSEf + W - MSE, (24)

The weights of the three MSE are determined by the adaptive weighting strategy described in Section 3.4. First, we use
a DNN with 4 hidden layers and 100 neurons in each layer to solve this IDE. The training data set consists of two parts:
the initial point x™ =0 and 50 collocation points evenly sampled in the equation domain. To evaluate the accuracy of the
solution, we calculate the relative L2 error between the solution by A-PINN and the exact solution. The relative L2 error is
obtained by

2

M : :
\/Zi:l u;mzd - ulexact
(25)

21{\11 ’uéxact‘z

The solution by A-PINN after 2000 iterations and the exact solution are presented in Fig. 7. The relative L2 error between
the A-PINN solution and the exact value is 0.0259%. In [60], Gauss-Legendre quadrature for integral discretization was
employed to transform the same IDE into an ODE, then the ODE was solved with PINN. The relative L2 error of the result
obtained in [60] is 0.2%. This benchmark study shows that A-PINN can achieve more accurate solution for the IDE than the
PINN adopting integral discretization.

To further evaluate the performance of the proposed A-PINN, we obtain its predictive accuracy for scenarios with differ-
ent numbers of collocation points and different neural network architectures. Table 1 provides the relative L2 errors of the
solutions by A-PINN, where the number of collocation points changes from 10 to 1000 and the neural network is fixed to 4
hidden layers with 100 neurons in each hidden layer. The results show that the relative L2 errors in all cases are less than
0.1%, and the accuracy of the solutions does not alter significantly with different numbers of collocation points N ¢. Table 2
shows the results of relative L2 errors for different neural network architectures, where the number of collocation points Ny
is fixed to 50. The influences of the number of hidden layers and the number of neurons on the accuracy of the solution are
fluctuating. In general, the accuracy of the solution slightly increases with the increase of the number of neurons in each
hidden layer, while it slightly decreases with the increase of the number of hidden layers.

Ly error =

10
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1.0 1 —— u(x) of A-PINN
x  Exactu(x)
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Fig. 7. The solution by A-PINN and the exact solution for 1D Volterra IDE. Blue line - the A-PINN solution; Red mark - the exact solution. (For interpretation

of the colors in the figures, the reader is referred to the web version of this article.)

Table 2

The relative L2 error between the predicted and exact solutions u(x) for
different neural network architectures. Here we set the number of collo-
cation points Ny = 50.

Layers  Neurons

20 40 60 80 100
5.14E-04  9.11E-04  6.32E-04  1.04E-03  5.06E-04
6.93E-04  4.54E-04  3.38E-04 9.17E-04  2.59E-04

8.55E-04  3.22E-04  2.65E-04  1.71E-03 1.20E-03
1.11E-03 1.98E-03 1.27E-03 5.42E-04  1.32E-03

0 AN

4.2. The forward problem of nonlinear Volterra IDEs system

Consider the following nonlinear Volterra IDEs system:

Tu®) — 1 -8 — 1O o NP0 + v (Odt

dx? 3 2 dx
2
U0 = 1422 — xu(x) + Az fyTu? () — v3(0)ldt

u(0) =1;v(0) = —1; %O —3. MO _ o ye0,1]

(26)

We set A1 = % and Ay = }1, then the IDEs system has its exact solution as u(x) = x + e* and v(x) = x — e*. By defining

auxiliary outputs w(x) and p(x) to represent the integrals, the governing equations can be re-expressed as

d? 3 d
e =1-5 - 35 e

V0 14 x2 —xu(x) + A
= 2P ()
w0 = [o[u? (@) + v (©)ldt

p(x) = [ou?(@®) — v2(0)]de

To constrain the relationships between u(x), v(x), w(x) and p(x), we use automatic differentiation in the DNN to explore

the following physical laws:

WO — 12(x) + v2(x)
B = 12(x) — v2(0)
w(0) =0; p(0)=0

(28)

We use a four-output neural network to approximate u(x), v(x), w(x) and p(x) in Eq. (27). Thus, in the A-PINN frame-

work, the mean square error of residuals of the governing equations MSE is composed of

11
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Fig. 8. The solution by A-PINN and the exact solution for Volterra IDEs system.

2
WPy f. 3 v X0
1 0 Upred (X; 5 0) X; 1 9Vpred \ % » f
MSEft = > | =2 P 1= S - S a Wi (+]56) 29
f1 Nf ; Ix2 [ 3 5 Ix + A1 pred \ & ] ( )
Ny a2 f 2
1 0% Vpred(Xi 5 6) 2
MSEp2 = - 30| Pt — [ 1 = e (/:0) + 22pprea (x/:6) ] (30)
i=1
The mean square error of residuals of the initial conditions MSE; comprises
Ipreq (0; 6 2 9Vpreq (06 2
MSEi1 = [treg 03 0) — 1+ [vpreg (056) 1[4 | 2220 250 —z‘ y | Pt @D g (31)
2 2
MSEi; = |Wpred (0;0) — 0| + |ppred 0;0) — 0| (32)

The relationships between the primary outputs u(x), v(x) and the auxiliary outputs w(x), p(x) are constrained by two
new output conditions, and the mean square errors of residuals of these two output conditions are

2
N aw (xf-e)
1 pred \ %; »
MSEyj1 = — T Tuyed? X-f;e) Vpred X-f;9) 33
ol Nf 1:21 Ix [ pred (, + Vpred (, ] (33)
2
Ny |a (xf-e)
1 Dpred \ X; 3 2l f 2 (. f
MSEo2 = - ; —— = — [uprea (xi ,9) — Vpred (xl. ,9)] (34)

The loss function MSEy, in A-PINN is the weighted sum of all the mean square errors, which is determined by

MSEtotqr = Wi - (MSEj1 + MSE;3) + w - (MSEf1 + MSEf2) + wo - (MSEp1 + MSEy2) (35)

The weights of various MSE components are calculated automatically by the adaptive weighting strategy given in Sec-
tion 3.4. We choose a ‘shallow’ yet ‘wide’ neural network model to address this problem: it consists of 2 hidden layers with
40 neurons in each hidden layer. The training data set includes two parts: the initial value x™ =0 and 50 collocation points
evenly sampled in the equation domain. The solution by A-PINN after 500 iterations and the exact solution are presented
in Fig. 8. The relative L2 error between the A-PINN solution and the exact value is 0.00559%.

4.3. The forward problem of nonlinear 2D Volterra IDE

Consider the following nonlinear 2D Volterra IDE:

Qu(t,x)  du(t,x) ou(t,x)
atz dx at

X t
u(t,X)+g(t,X)+A//tcos(y1 —y2)u(y1,y2)dyidy: (36)
00
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with the initial and boundary conditions:

au(0, x)

u(0,x) =x; =sin(x); u(t,0) =tsin(t); 0<t,x<1 (37)
Here, the parameter A is set as 1 and g(t, x) is such chosen that the exact solution is u(t, x) = x + tsin(t + x). By defining
auxiliary outputs v(t, x) and w(t, x) to represent the integrals in the equation, the governing equation can be re-expressed
as
2
9 ‘8’?”‘) = Wty LY (£, x) + g (¢, %) + AV (£, X)
M_tfocos(m—x)u(y1,x)dy1—t w (t, X) (38)
Iw(t,X)
at

=cos(t —x)u(t,x)
The new initial and boundary conditions are v(t,0) =0 and w(0, x) = 0. In the A-PINN framework, the mean square
error of residuals of the governing equation MSEy is represented as
Ny

i=1

82upred (tifs Xif§ 9) OUpred (tifs Xif§ 9) OUpred (tifa X,f; 9) f f
92 = ax - ot _upred(,yXpQ)

2

(39)

+g(1 ) {)‘i‘)\vpred(lfaxlf,e)]

where Ny is the number of collocation points which are randomly sampled in the equation domain. The mean square error
of residuals of the initial conditions MSE; is

MSE; = Z ’upred ( ; ) m!

2
auPTEd (0’ Xz ’ 0) —sin (le)
ax

\G
Bl 35

i=

(40)

where N; is the number of training points which are randomly sampled on the initial conditions. The mean square error of
residuals of the boundary conditions MSE}, is

Np
1 2
MSE, = Z ‘upred( i 0; 9) sm (tb)‘ N_b E ‘vpred (tf’ 0; 9) — 0‘ (41)
i=1

where Nj is the number of training points which are randomly sampled on the boundary conditions. The relationships
between the primary output u (t, x) and the auxiliary outputs v (¢, X) , w(t, x) are constrained by two new output conditions,
and the mean square errors of residuals of these two output conditions are

2
Nr |ov (fxf 6)
1 pred \tj » & »
MSEo1 :N_Z T ax _tif'Wpred( lf,xlf’o) (42)
i=1

Nr low ( tf x 0

1 pred \ L s & 5

MSEy; = N_f E T) —€0s (tzf _xif> '”pred( lf,xlf’ 9) (43)
i=1

The loss function MSE;q in the A-PINN framework is the weighted sum of all the mean square errors, which is deter-
mined by

MSE¢ota1 = Wi - MSE; + Wy, - MSEy + w s - MSEf + Wy - (MSEq1 + MSEy2) (44)

The weights of multiple MSE components are calculated by the adaptive weighting strategy. We consider again a neural
network with 2 hidden layers and 40 neurons in each hidden layer. The training data set consists of three parts: 100 initial
points (0, x") randomly sampled at ¢ = 0, 100 boundary points (t?, 0) randomly sampled at x =0, and 5000 collocation

points ( lf , lf ) randomly sampled in the equation domain. The solution by A-PINN after 500 iterations and the error are

presented in Fig. 9. The relative L2 error between the A-PINN solution and the exact solution is 0.0399%.
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Fig. 9. The solution by A-PINN for 2D Volterra IDE (upper) and the error of the solution (bottom).
4.4. The forward problem of nonlinear 10D Volterra IDE
Consider the following nonlinear 10D Volterra IDE:
du(t,X1,X2,+,X9) du(t,X1,X2, - ,X9) du(t,x1,X2, - ,X9) ou(t,x1,X2,,X9) __
ot + %, + 3%y +-~-+T—f(f,xl,xz,-~-,x9)
Ft, %1, %2, -+, X9) = u(t, X1, X2, -+, X0) + g(t, X1, X2, - -+ , X9) (45)
X X t
+ 00 o ot ut, X1, x2, -+, X9)dy1dy2 - -dy1o
0<t,x1,%2,---,X9 <1
Here g (t,x1,X2,---,X9) is such chosen that the exact solution is u (t,x1,X2, -+ ,X9) =t - (X1 + X2 + X3) - sin (X4 + X5 + Xg) -

cos (x7 + Xg + Xg9). The boundary conditions of the Volterra IDE are Dirichlet boundary conditions whose value can be ob-
tained from the exact solution. Similar to the above nonlinear 2D Volterra IDE example, we define 10 auxiliary outputs
vy (t,X1,X2,- -+ ,X9), Vo (t,X1,X2,--+,X9), -+, V10 (t,X1,X2,---,X9) to represent the integrals in the equation respectively,
thus the first term in Eq. (45) can be re-expressed as

ft, x1,%2, -+, X9) =u(t,x1,X2, -+ ,X9) + &(t, X1, X2, - -+ , X9) + V1(t, X1, X2, - -+ , Xg) (46)

We define the 10 outputs’ conditions to constrain the relationship between the 10 auxiliary outputs and the primary
output u (t, x1, X2, --- , Xg). At the same time, 10 boundary conditions belonging to the auxiliary outputs are defined. Simi-
larly, we calculate the mean square error of residuals of the governing equation MSEy, the mean square error of residuals
of the boundary conditions MSE},, and the mean square errors of residuals of output conditions MSE,. There are totally 20
terms in MSE, and 10 terms in MSE,. The loss function MSEy, in the A-PINN framework is the weighted sum of all the
mean square errors, which is determined by

MSEtotqi = Wp - MSEp + W g - MSE ¢ + Wy - MSE, (47)

The weights of multiple MSE components are calculated by the adaptive weighting strategy. We train a neural network
with 4 hidden layers and 40 neurons in each hidden layer to solve this forward problem. The training data set consists of
two parts: 1000 boundary points randomly sampled on the 10 boundary conditions, and 10000 collocation points (tlf , xlf )
randomly sampled in the equation domain. To illustrate the solution of A-PINN, we define two different planes in the
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Fig. 10. A-PINN solution and error for 10D Volterra IDE. Top: solution by A-PINN on Plane 1 (left), and the corresponding absolute error (right). Bottom:
solution by A-PINN on Plane 2 (left), and the corresponding absolute error (right).

equation domain. The exact solution on Plane 1 is u(1,1,0,0, x4, Xs5,0,0,0,0) = sin(x4 + X5), and the exact solution on
Plane 2 is u(1,1,1,1,0,1,1,1, xg, xg) = 3 - sin(2) - cos(xg + X9 + 1). The solution by A-PINN after 1000 iterations on these
two planes is illustrated in Fig. 10. In addition, to estimate the accuracy of the A-PINN solution in the whole equation
domain, we randomly sample 100000 test points in the equation domain and calculate the relative L2 error with Eq. (25).
The relative L2 error of the solution by A-PINN is 0.519%.

4.5. The forward problem of nonlinear 1D Fredholm IDE

Consider the following nonlinear 1D Fredholm IDE:

du(x)
dx

1 2 T
=cosx —x+ 7 xtu?(t)dt, u (—5) =0 (48)

|
N‘:‘\NFI

The exact solution is u(x) = 1 + sinx. By defining an auxiliary output v(x) to represent the integral, Eq. (48) can be
re-expressed as

WO — cosx —x+ % - v(E)
v(x) = ff% tu?(t)de (49)

u(-3)=0

Thus we can use % = xu?(x), v (—%) =0 to constrain the relationship between u(x) and v(x). In the A-PINN frame-
work, the mean square error of residuals of the governing equation MSEy is represented as
1 L | utprea(x! s 6) 1 7 N
d\ A s
MSEf = N, > WTI —[cosx!) —x/ + lefvpred (5; 9)] (50)
i=1
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Fig. 11. The solution by A-PINN and the exact solution for 1D Fredholm IDE.

The mean square error of residuals of the initial conditions MSE; is

T 2 T 2
MSE,-:‘upred<—3;0)—0‘ +‘v,md (—5;9)—0‘ (51)

The relationship between the primary output Upreq (xlf ; 0) and the auxiliary output Vpreq (x,f ; 0) is constrained by the
new output condition as

Nr 1 f 0 ’

1 Vpred <Xi ; ) f

MSE, —_—E — 7 X upred® x.f;e) 52
0 Nf £ 3 i pred ( i (52)

The loss function MSE;y, in the A-PINN framework is the weighted sum of all the mean square errors. The neural
network architecture considered consists of 2 hidden layers, each having 20 neurons. The training data set consists of the
initial values at x = —% and 50 collocation points evenly sampled in the equation domain. The solution by A-PINN after
500 iterations and the exact solution are presented in Fig. 11. The relative L2 error between the A-PINN solution and the

exact value is 0.0477%.
4.6. The inverse problem of nonlinear 1D Volterra IDE

In this section, we will show the capability of the A-PINN framework to pursue the inverse problem of IDEs. To the best
of the authors’ knowledge, this is the first attempt to use physics informed machine learning to address the inverse problem
of IDEs. We first consider the nonlinear 1D Volterra IDE defined in Eq. (19), where A is now an unknown parameter. With
some measurement data randomly acquired in the exact solution, we will apply A-PINN to discover the value of A. Akin to
the forward problem described in Section 4.1, we define an auxiliary output v(x) = f(;‘ e!~*u(t)dt to transform Eq. (19) into
Eq. (20).

In the inverse problem, it is often difficult to know the exact initial condition of the equation. Most often, all we know
are the governing equation and discrete measurement data. As such, we have four residual components in the A-PINN
framework for the nonlinear 1D Volterra IDE. The first one is the mean square error of residuals of the measurement data,
which is represented as

1 o
2
MSE, = . Z |uprea (X" 0, 1) — um (x7)]| (53)

mi_q

where Ny is the number of measurement data, upreq (x;.“; G,A) and um(x?”) are the predicted and measured values at the
measurement point x{'. The second residual component is the mean square error of residuals of the governing equation,
which is represented as (here we simply assume that the collocation points are exactly the same as the measurement
points)

L\

MSEszlZ
m

i=1

lpred (X3 6, 1) 2
preai),( ~+ Upred (X;n; 0, k) — Vpred (XT; 0, )») (54)
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1.0 1 —— Predictive u(x) of A-PINN
x Training data without noise

Fig. 12. The training data and the predicted values of u(x) for the inverse problem of 1D Volterra IDE.

The third residual component is the mean square error of residuals of the constraint between the primary output and
the auxiliary output, which is represented as (we simply assume that the collocation points are exactly the same as the
measurement points)

2

0] 30, A
Z M — Upred (X',-";Q,?\)-i-vpred (Xgn;g,)\.) (55)

MSE, =

The last residual component is mean square error of residuals of the initial condition of the auxiliary output, which is
represented as

2
MSE; = |V pred (0; 6) — O] (56)
The loss function MSE;y, is the weighted sum of all the residual components, which is expressed as

MSEota) = Wi - MSEp + Wi - MSE; + W - MSE ¢ + W, - MSE, (57)

As explained in Section 3.4, in the case of noisy measurement data, the optimal value of MSE;, would not be 0. In this
regard, we control wy, =1 and calculate w;, w¢ and w, in line with the adaptive weighting strategy. The neural network
architecture for this problem consists of 2 hidden layers, each having 40 neurons. We randomly sample 50 measurement
data on the exact solution of the equation as noise-free training data. In the noise-free scenario, the discovered A is 0.999837
by A-PINN after 500 iterations in comparison with the exact value 1.0. The relative error is —0.0163%. The training data and
the predicted values of u(x) with the discovered XA are shown in Fig. 12.

In order to further analyze the influence of the number and the noise level of measurement data on the solution of the
inverse problem, we consider different numbers of measurement data with different noise levels as training data. The noisy
data is generated by adding Gaussian noise to the exact value, which is obtained by

um ™ (%) = u®% (x;) - (1 4 noise - randn) (58)
where u"o'sy (x;) represents the measurement data with noise, u®"(x;) represents the noise-free measurement data, noise

represents the percentage level of noise, and randn is a random variable with standard normal distribution. We test the
number of measurement data from 5 to 500 and the noise level from 0% to 10%. The relative errors of the identified
parameter A in different scenarios are shown in Table 3. It is observed that as the number of measurement data increases,
the relative error in the identified parameter decreases and more accurate value of A is achieved. However, the increase
of noise level in the measurement data results in an increase in the error of the identified parameter. Nevertheless, the
following two observations are worthy of mention: (i) When using only 5 measurement data with noise level equal to or
lower than 1%, the parameter A can be accurately discovered with the relative error less than 1%. It indicates that A-PINN
for inverse problems does not require a large number of measurement data; (ii) Even if the noise level is as heavy as 10%,
A-PINN can still accurately identify the value of the parameter A when 20 or more measurement data are collected. It
indicates that A-PINN for parameter discovery is insensitive to noise level in the presence of sufficient measurement data.

4.7. The inverse problem of nonlinear Volterra IDEs system

Consider the nonlinear Volterra IDEs system described by Eq. (26). A-PINN is applied to discover the unknown parameters
A1 and A; with measurement data which are generated by randomly sampling the exact solution u(x) = x +e* and v(x) =
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Table 3
Relative error in the identified A for different numbers of mea-
surement data and noise levels.

Nm noise
0% 1% 5% 10%

5 —1.53E-03  3.65E-03 —2.72E-02  —3.15E-02
10 3.59E-05 7.51E-03 —2.11E-02 —2.29E-02
20 —3.62E-04  1.69E-03 2.46E-03 7.32E-03
50 —1.63E-04  2.70E-03 —1.31E-02 —2.99E-03
100  1.98E-04 —3.12E-04 —3.17E-03  6.21E-03
200 —1.07E-04 —1.75E-04  6.08E-03 —5.55E-03

500  7.72E-05 7.00E-04 3.27E-03 5.10E-03

x — e, Similar to the forward problem, we introduce auxiliary outputs w(x) and p(x) to represent the integrals in Eq. (26).
A four-output neural network is configured to approximate u(x), v(x), w(x), and p(x). In the A-PINN framework, the mean
square errors of residuals of the governing equations MSE are represented as (again we simply assume that the collocation
points are exactly the same as the measurement points)

Nm | 02 m m3 2
1 I Uprea(x"; 6, 1) X" 1 0Vprea (X6, 1)
MSEfy = — — P T 4 PN T Gw X0, A 59
n Nm; X2 3 72 ax 1Wprea (456, 2) (59)
3% Vprea(x"; 0, 1) 2
d ) 2
MSEfy = — Z pre— + 1= X" + X Uprea (X5 0, 1) — A2Ppred (X' 6, 1) (60)
The mean square error of residuals of the measurement data is represented as
1 Nm N ,
MSEm=N—mZ|upred (X0, 1) — um (] )| +N—mZ|vpred (1 0,1) — v (x| (61)
i=1 i=1
The mean square error of residuals of the initial conditions of the auxiliary outputs is represented as
2 2
MSE; = |Wpred 0;6,2) — 0| + |ppred 0;6,2) — 0| (62)

The relationships between the primary outputs u(x), v(x) and the auxiliary outputs w(x), p(x) are constrained by two
new output conditions, and the mean square errors of residuals of these two output conditions are (we simply assume that
the collocation points are exactly the same as the measurement points)

N. 2
1T | 0Wpreq (X560, 1) 5 2
MSEq1 = N_m ; 8—)(' — Upred (X?H 0, }\) ~ Vpred (X;‘n§ 0, )L) (63)
N, 2
1 < | 9Ppred (X1 0, A
MSEpz = — > OPprea (339 %) _ Uprea” (X 6, 1) + Vprea® (X 6, 1) (64)
Nm — 0x
The loss function MSE;y,; is the weighted sum of all the residual components, which is expressed as
MSEtotq1 = Wi - MSEm + wj - MSE;j + Wy - (MSEf1 + MSEf2) + W - (MSEp1 + MSEo2) (65)

We set wp, =1 and calculate w;, wy and w, according to the adaptive weighting strategy. A DNN with 2 hidden layers
and 40 neurons in each hidden layer is configured to solve this inverse problem. We randomly sampled 50 measurement
data on the exact solution of the equations. By A-PINN, the discovered values of the parameters [A1, A2] are [0.503, 0.245]
after 500 iterations, with the relative errors with the exact values [0.5,0.25] being [0.6%, 2%]. The training data and the
predicted values of u(x) and v(x) are shown in Fig. 13.

5. Conclusions

In this paper, we presented the auxiliary physics informed neural network (A-PINN) framework for solving the forward
and inverse problems of nonlinear IDEs. In the proposed A-PINN, a multi-output neural network is configured to simulta-
neously represent the primary variables and integrals in the governing equations. By pursuing automatic differentiation of
the auxiliary outputs in lieu of the integral operators in IDEs, we bypass the limitation of neural networks in dealing with
integral manipulation. As integral discretization is avoided, A-PINN doesn’t suffer from discretization and truncation errors
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—— Predictive u(x) of A-PINN
—— Predictive v(x) of A-PINN
x Training data of u(x)
x Training data of v(x)

u(x)
-

—1 K% RO X3 TR 303 3¢ s0e.
Ry

TR
S
8%
>8]

0.0 0;2 0:4 0;6 Oj8 1.0
X

Fig. 13. Training data and predicted values of u(x) and v(x) for the inverse problem of Volterra IDEs system.

for forward and inverse solution of IDEs. Because of being devoid of fixed grids or nodes, A-PINN is a mesh-free method
that can calculate/predict the solution at any point in the equation domain without interpolation.

By pursuing a benchmark problem of 1D Volterra IDE, we validated that the proposed A-PINN can achieve more accurate
solution than the PINN adopting integral discretization. Through several numerical experiments, we further demonstrated
that A-PINN can accurately solve forward problems involving nonlinear 1D IDEs system, nonlinear 2D IDE, high-dimensional
(10D) nonlinear IDE, and Fredholm IDE. With few modifications to the A-PINN framework for forward problems, we suc-
cessfully applied A-PINN to discover unknown parameters in IDEs, and showed that A-PINN has the capability to accurately
identify unknown parameters in IDEs even when the measurement data are heavily polluted by noise.
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