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Physics informed neural networks (PINNs) are a novel deep learning paradigm primed for 
solving forward and inverse problems of nonlinear partial differential equations (PDEs). 
By embedding physical information delineated by PDEs in feedforward neural networks, 
PINNs are trained as surrogate models for approximate solution to the PDEs without need 
of label data. Due to the excellent capability of neural networks in describing complex 
relationships, a variety of PINN-based methods have been developed to solve different 
kinds of problems such as integer-order PDEs, fractional PDEs, stochastic PDEs and integro-
differential equations (IDEs). However, for the state-of-the-art PINN methods in application 
to IDEs, integral discretization is a key prerequisite in order that IDEs can be transformed 
into ordinary differential equations (ODEs). However, integral discretization inevitably in-
troduces discretization error and truncation error to the solution. In this study, we propose 
an auxiliary physics informed neural network (A-PINN) framework for solving forward and 
inverse problems of nonlinear IDEs. By defining auxiliary output variable(s) to represent 
the integral(s) in the governing equation and employing automatic differentiation of the 
auxiliary output to replace integral operator, the proposed A-PINN bypasses the limitation 
of integral discretization. Distinct from the neural network in the original PINN which only 
approximates the variables in the governing equation, in the proposed A-PINN framework, 
a multi-output neural network is constructed to simultaneously calculate the primary out-
puts and auxiliary outputs which respectively approximate the variables and integrals in 
the governing equation. Subsequently, the relationship between the primary outputs and 
auxiliary outputs is constrained by new output conditions in compliance with physical 
laws. By pursuing the first-order nonlinear Volterra IDE benchmark problem, we validate 
that the proposed A-PINN can obtain more accurate solution than the conventional PINN. 
We further demonstrate the good performance of A-PINN in solving the forward problems 
involving nonlinear Volterra IDEs system, nonlinear 2-dimensional Volterra IDE, nonlinear 
10-dimensional Volterra IDE, and nonlinear Fredholm IDE. Finally, the A-PINN framework 
is implemented to solve the inverse problem of nonlinear IDEs and the results show that 
the unknown parameters can be satisfactorily discovered even with heavily noisy data.
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1. Introduction

With the explosive growth of computing resources over the past decade, deep learning, especially deep neural networks 
(DNNs), has undergone revolutionary development. In recent years, a novel DNN framework named physics informed neural 
networks (PINNs) [1,2] has been developed, which successfully integrates the underlying physical information described by 
partial differential equations (PDEs) with neural networks. Making the full use of physical information as prior knowledge, 
PINNs can be trained with few or even no label data as surrogate models for accurate solution of PDEs. In the PINN frame-
work, fully connected feedforward neural networks are employed as the core of the surrogate models to predict the outputs 
in the PDE domain, and automatic differentiation of the neural networks is utilized to calculate the differential operator 
in the governing PDEs. The automatic differentiation [3], a continuous grid-free differentiation manipulation procedure, can 
calculate the derivative analytically by stepping the backward chain in the neural networks. It is completely different from 
traditional numerical methods such as finite difference since it doesn’t involve discretization and approximation that bring 
discretization and truncation errors to the solution. By employing an optimizer to minimize the sum of residuals of the 
initial conditions, boundary conditions, governing equations, and measurement data of the PDEs, PINNs are trained to accu-
rately approximate the exact solutions. Due to the excellent capability of neural networks in describing complex relationship 
between inputs and outputs, PINNs create a new path to solve the forward and inverse problems involving nonlinear PDEs 
[1]. Successful applications of PINNs have been made which involve diverse physical, engineering and medical areas such 
as fluid mechanics [4–10], medical diagnosis [11,12], heat transfer analysis [13–15], materials science [10,16–19], and engi-
neering mechanics [20–24].

For surrogate models, the accurate expression of exact solutions and the adaptability to complex problems are two key 
indicators in regard to the model performance. A great deal of research efforts has been made to improve the adaptability 
and accuracy of PINN-enabled models. With the intent to enhance the adaptability of PINNs in handling irregular domains, 
cPINN [25], PPINN [26], and XPINN [27] have been proposed by decomposing the equation domain into multiple subdomains 
and pursuing parallel computing. In the original PINN, the boundary conditions are imposed by ‘soft’ penalty functions; 
better embedding methods of the essential boundary conditions [27–29] have recently been proposed which are proven to 
reduce the error on boundary conditions effectively.

Other efforts have been devoted to enhancing the solution accuracy and convergence efficiency through synthesis with 
numerical methods [30], defining problem-specific activation functions [31,32], configuring special neural network frame-
works [33–35], optimizing the sampling of collocation points [9,35,36], and compromising residuals with adaptive weights 
[30,35,37–43]. The quantification of uncertainty in the solution of PINNs has also been addressed by considering different 
origins of uncertainty: (i) uncertainty in the equations [44–46], (ii) uncertainty in the data [47–50], and (iii) uncertainty in 
the neural network models [45].

Working in synergy with traditional numerical methods or other machine learning methods, the state-of-the-art PINN-
based methods can be extended to address the problems of fractional differential equations, stochastic differential equations, 
and integro-differential equations (IDEs). In [44], a new class of physics-informed generative adversarial networks (PI-GANs) 
was put forth to solve forward, inverse, and mixed stochastic problems. In [51], the spectrally dynamically orthogonal (DO) 
and borthogonal (BO) constraints were introduced into the loss function to develop neural network (NN)-DO/BO methods 
for solving time-dependent stochastic PDEs. In [45], the arbitrary polynomial chaos (aPC) was introduced to develop the so-
called NN-aPC for solving stochastic PDEs, where DNNs were used to learn each individual mode of the aPC expansion. In 
[52], normalization of field flows for learning random fields from scattered measurements was proposed to solve data-driven 
forward, inverse, and mixed stochastic PDEs. For fractional PDEs, standard numerical methods such as finite difference have 
been used to discretize the fractional operators, thereby bypassing the difficulty stemming from the fact that automatic 
differentiation is not applicable to fractional operators [37]. To reduce the computational cost of PINN methods, a novel 
sampling-based Monte Carlo physics informed neural network (MC-PINN) has been proposed and successfully applied to 
solve high-dimensional fractional PDEs problems in [53].

The IDEs, that involve both partial differential and integral operators, are widely used in a variety of disciplines of 
science and engineering, such as economic mathematics [54,55], dynamics of nanobeams [56], population growth [57], glass 
forming [58], and renewable energy [59]. For IDEs, in particular nonlinear IDEs, it is usually difficult to solve analytically; 
therefore, numerical methods such as finite element and finite difference are often used to obtain the approximate solutions 
of IDEs. However, since neural networks are convenient for calculating automatic differentiation but difficult to calculate the 
integral operator, only a few attempts have been made to solve nonlinear IDEs by the PINN method. Specifically, in [37]
a discretization integration scheme working with numerical methods such as finite element, finite difference, and spectral 
methods was proposed to solve the IDE problem. This method is schematically illustrated in Fig. 1. In [60], the discretization 
scheme shown in Fig. 1 was applied to solve the first-order Volterra IDE, where Gauss-Legendre quadrature was adopted to 
discretize the integral operator and transform this IDE into an ODE problem. However, in this discretization scheme, integral 
discretization is prerequisite yet it brings two shortcomings: (i) with the approximation of integral by numerical methods 
such as Gaussian Legendre quadrature, it is inevitable to generate discretization error to the solution; (ii) a high-order 
discretization is usually required in order to achieve satisfactory accuracy. For example, in [60], the 20th-order Gaussian 
Legendre quadrature was employed. Since the integral operator at each discrete point needs to be calculated with high-
order numerical methods, the computational cost for each iteration will increase significantly as the discrete points and the 
order of discretization increase, diminishing the training efficiency of PINNs.
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Fig. 1. Discretization scheme to solve integro-differential equations (IDEs) [37]. ‘FDM’ – finite difference method; ‘FEM’ – finite element method; ‘SM’ – 
spectral method; ‘AD’ – automatic differentiation.

In this paper, we propose an auxiliary physics informed neural network (A-PINN) framework to solve the forward and in-
verse problems of IDEs. A-PINN is a kind of DNNs with the same intended target as PINN, which will be trained as surrogate 
models approximating the exact solutions of IDEs. Specifically, in the A-PINN framework, the DNN is configured to calculate 
not only the primary outputs which approximate the primary variables, but also the auxiliary outputs which approximate 
the integral(s) in the governing equation. And the automatic differentiation of the auxiliary outputs is utilized to replace the 
integral operation involved in IDEs. The relationship between the primary outputs and auxiliary outputs is imposed by em-
bedding additional output conditions in compliance with physical laws. Compared with the numerical discretization scheme 
adopted in the current PINN paradigm as shown in Fig. 1, the A-PINN framework affords several appealing features: (i) By 
replacing the integral operation with automatic differentiation of the auxiliary outputs, A-PINN avoids the need for integral 
discretization and thus eliminates discretization and truncation errors. Results of simulation studies show that A-PINN can 
obtain solutions with higher accuracy than the PINN adopting numerical discretization scheme; (ii) A-PINN does not rely 
on any fixed grids or nodes. It is a mesh-free method that can predict the solution at any point in the domain of solution 
without interpolation; and (iii) A-PINN is also amenable to the inverse problem of IDEs to which the conventional PINN is 
intractable because of integral discretization. By training the unknown parameters as hyper-parameters together with the 
parameters of DNN and adding new residuals of the measurement data to the loss function, the A-PINN framework for 
solving the forward problem can be easily adapted to solve the inverse problem of IDEs. Results of numerical simulations 
show that A-PINN can accurately discover the unknown parameters in IDEs even with noisy data.

The remainder of this paper is organized as follows. In Section 2, we describe the general form of the forward and 
inverse problems of nonlinear IDEs. In Section 3, we brief the standard PINN and then propose A-PINN. In Section 4, 
we demonstrate the effectiveness of the A-PINN framework with numerous examples for solving the forward and inverse 
problems of various nonlinear IDEs. More specifically, we first address a benchmark problem of 1-dimensional (1D) nonlinear 
Volterra IDE and explore the impact of the parameters of A-PINN on solution accuracy. Afterwards, the forward problems 
of nonlinear Volterra IDEs system, 2-dimensional (2D) nonlinear Volterra IDE, 10-dimensional (10D) nonlinear Volterra IDE, 
and nonlinear Fredholm IDE are pursued. To demonstrate the capability of A-PINN to solve inverse problems of nonlinear 
IDEs, the unknown parameters in both nonlinear Volterra IDE and nonlinear Volterra IDEs system are discovered. Finally, we 
conclude the study in Section 5.

2. Problem statement

The general form of IDEs can be expressed as

u(n)(x) = f (x) + λ

h(x)∫
g(x)

K (x, t) u(t)dt (1)

where u(n)(x) is the n-order ordinary derivative; g(x) and h(x) are the limits of integration; λ is a constant parameter; and 
K (x, t) is the kernel function. When g(x) and h(x) are fixed, the form represents a Fredholm IDE; otherwise, when at least 
one of g(x) and h(x) is variable, the form represents a Volterra IDE. On the other hand, if the index n about the unknown 
function u(x) is equal to one, the IDE is linear; otherwise, if the unknown function u(x) has an index other than one, such 
as eu , sinh(u), cos(u), the IDE is nonlinear. In this paper, we focus on nonlinear IDEs of both Volterra type and Fredholm 
type, which are more complex than linear IDEs.

We will consider both forward and inverse problems of nonlinear IDEs. In the forward problem, where the governing 
IDEs are definite, the parameters λ and boundary and initial conditions which ensure a unique solution are all known. The 
3
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Fig. 2. Backward chain for derivative calculation in fully connected feedforward neural networks.

solution of the forward problem is the value of u(x) at any x in the equation domain. In the inverse problem, where the 
IDEs are definite and boundary and initial conditions may be known or not, the parameters λ in the governing equation(s) 
are unknown. We will use some measurement data um(x) to discover the unknown parameters λ.

3. Method

In this section, the proposed A-PINN for solving the forward and inverse problems of nonlinear IDEs is presented. First, 
we brief DNNs and automatic differentiation, which are the basic knowledge of PINN. Then, the original PINN framework 
and the PINN adopting integral discretization for solving IDEs are introduced. Finally, the A-PINN framework is presented in 
detail.

3.1. DNNs and automatic differentiation

In both PINN and A-PINN frameworks, a fully connected feedforward neural network is used as the core of the training 
model, which generally includes an input layer, an output layer and n hidden layers. The connection between layers is 
expressed as follows:

yi = σ
(

w i · yi−1 + bi
)

1 ≤ i ≤ n

z = wn+1 · yn + bn+1 (2)

where i = [1, n] represents the hidden layers, and n + 1 is the output layer. yi denotes the output of the ith layer. z is 
the output of the neural network. σ(·) represents the activation function, which allows a neural network to map nonlinear 
relationship. [ωi, bi] represents the weight and bias of the ith layer, which will be updated during training. The fully 
connected feedforward neural network is a combination of linear summations and activation functions. Therefore, for a 
neural network with differentiable activation functions such as tanh(·) and sin(·), it is feasible to calculate the derivative of 
the output z with respect to the input x following the backward chain as shown in Fig. 2. The backward chain for calculating 
derivatives is called automatic differentiation [3]. Unlike the common numerical methods such as finite difference that suffers 
from truncation error, the automatic differentiation can elicit analytical derivatives by following the backward chain. Even 
better, in the popular machine learning platforms such as Pytorch [61,62] and Tensorflow [63], automatic differentiation is 
a built-in function that can be directly called.

3.2. Physics informed neural network (PINN)

PINN is a machine learning framework based on DNNs which successfully integrates physical information with neural 
networks. It has been proven that PINN can solve the forward and inverse problems of both linear and nonlinear PDEs [1]. 
Consider the forward problem of a PDE with Dirichlet boundary condition, given by

λ
∂nu(x, t)

∂xn
+ f (x, t) = 0

u (0, t) = ϕ(0, t) (3)

u (x,0) = g (x,0)

where ∂nu(x,t)
∂xn is a n-order partial differential operator; λ is the parameter in the governing equation which is a known 

constant in the forward problem. ϕ(0, t) is the Dirichlet boundary condition at x = 0; g (x,0) is the initial condition at 
t = 0. A typical PINN framework for solving this problem is shown in Fig. 3.

In the PINN framework, the input (x, t) of the neural network is the coordinates of the training points which consist of 
three parts: the sampling points (xini, 0) on the initial condition, the sampling points (xb, tb) on the boundary condition, 
and collocation points (x f , t f ) in the equation domain. A fully connected feedforward DNN is employed to calculate the 
4
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Fig. 3. A typical PINN framework to solve the forward problem of nonlinear PDEs with Dirichlet boundary condition.

predicted value upred(xi, ti; θ) corresponding to the input point (xi, ti ) which approximates the exact value uexact(xi, ti), 
where θ is the parameters of the DNN including weights W and biases b. The automatic differentiation of the DNN is 
utilized to calculate the partial derivatives of upred(xi, ti; θ) with respect to xi and ti , which can be substituted into the 
initial condition, boundary condition, and governing equation to calculate the mean square errors of residuals of the above 
components. The linear sum of the mean square errors is regarded as the loss function MSEtotal . Subsequently, through 
minimizing MSEtotal with an optimizer to update the parameters θ of the DNN, upred(xi, ti; θ) would converge to the exact 
value uexact(xi, ti). For the PDE shown in Eq. (3), the loss function MSEtotal is determined by

MSEtotal = MSEi + MSEb + MSE f (4)

where

MSEi = 1

Ni

Ni∑
i=1

∣∣∣upred

(
xini

i ,0; θ
)

− g
(

xini
i ,0

)∣∣∣2

MSEb = 1

Nb

Nb∑
i=1

∣∣∣upred

(
0, tb

i ; θ
)

− ϕ
(

0, tb
i

)∣∣∣2

MSE f = 1

N f

N f∑
i=1

∣∣∣∣∣λ∂nupred(x f
i , t f

i ; θ)

∂xn
+ f

(
x f

i , t f
i

)∣∣∣∣∣
2

in which MSEi , MSEb and MSE f are the mean square errors of residuals of the initial condition, boundary condition, and 
governing equation, respectively. Ni and Nb are the numbers of sampling points on the initial and boundary conditions, 
respectively. N f is the number of collocation points randomly sampled in the equation domain. g

(
xini

i ,0
)

are the exact 
values at sampling points 

(
xini

i ,0
)

on the initial condition, and ϕ(0, tb
i ) are the exact values at sampling points (0, tb

i ) on the 
Dirichlet boundary condition.

With the property of automatic differentiation and continuous prediction, PINN is a grid-free method that doesn’t rely 
on any fixed grids or nodes and can predict the value at any point (x, t) in the equation domain without interpolation, thus 
effectively avoiding the truncation and discretization errors inevitable in traditional numerical methods.

For solution to the inverse problem of PDEs, i.e., to discover the unknown parameters λ in the PDE with measurement 
data, only minor modifications to the PINN framework shown in Fig. 3 are needed. The PINN framework for solving the 
inverse problem of PDEs is illustrated in Fig. 4. Now the unknown parameters λ as hyper-parameters are trained together 
with the DNN. In the inverse problem of PDEs, sometimes it is difficult to obtain the exact initial and boundary conditions. 
Most often, all we know are the governing equation and measurement data. In such cases, the physical information consists 
of only two parts, i.e., residuals of the governing equation and residuals of the measurement data. The loss function MSEtotal

is thus expressed as

MSEtotal = MSEm + MSE f (5)

where
5
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Fig. 4. The framework of PINN to solve the inverse problem of PDEs.

MSEm = 1

Nm

Nm∑
i=1

∣∣upred
(
xm

i , tm
i ; θ,λ

) − um
(
xm

i , tm
i

)∣∣2

MSE f = 1

N f

N f∑
i=1

∣∣∣∣∣λ∂nupred(x f
i , t f

i ; θ,λ)

∂xn
+ f

(
x f

i , t f
i

)∣∣∣∣∣
2

in which MSEm and MSE f are the mean square error of residuals of the measurement data and the mean square error of 
residuals of the governing equation, respectively; and Nm is the number of the measurement data. upred

(
xm

i , tm
i ; θ,λ

)
and 

um(xm
i , tm

i ) are the predicted and measured values at the measurement points 
(
xm

i , tm
i

)
. θ is the parameters of the DNN and 

λ is the unknown parameters in the PDE.

3.3. Integral discretization in PINN for IDEs

In the state-of-the-art PINN method for IDEs, automatic differentiation is adopted to calculate the ordinary differential 
operator, but numerical methods (e.g., finite element method, finite difference method, or spectral method) must be applied 
to approximate the integral operator. With the integral discretization by numerical methods, IDEs can be transformed into 
ODEs. This treatment however inevitably brings discretization and truncation errors to the solution by PINN. For instance, 
consider the following IDE:

dy

dx
+ y(x) =

x∫
0

et−x y(t)dt (6)

Discretization of the integral by the n-order Gauss Legendre yields

x∫
0

et−x y(t)dt ≈
n∑

i=1

αie
ti(x)−x y(ti(x)) (7)

where ti(x) and αi are the known integral nodes and weighting factors, respectively. After integral discretization, the IDE is 
transformed into an ODE, which can be solved by PINN, as

dy

dx
+ y(x) ≈

n∑
i=1

αie
ti(x)−x y(ti(x)) (8)

Although this seems a simple and straightforward way to treat IDEs, we note that for calculating MSE f in Eq. (4), it 
is necessary to calculate the Gauss Legendre quadrature at each collocation point which involves y (ti(x)) at n integration 
nodes ti(x) and all y (ti(x)) should be calculated by PINN in each iteration. For example, for a 20th-order Gauss Legendre 
quadrature, the PINN should calculate y (ti(x)) at 20 different integration nodes ti(x) for each collocation point. When 100 
collocation points are involved, in each iteration we need to use PINN to predict y(x) at 100 collocation points as well 
as to calculate y (ti(x)) at 20 × 100 = 2000 integration nodes. With the increase of the order for discretization integration 
6
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Fig. 5. The framework of A-PINN for solving the forward problem of IDEs.

and the number of collocation points, the computational amount is significantly increased, which diminishes the efficiency 
in training. Also, as indicated in [60], the discretization error is unavoidable in the solution due to the approximation of 
integral by Gaussian quadrature.

3.4. A-PINN: auxiliary physics informed neural networks

In this section, we propose A-PINN to solve the forward and inverse problems of nonlinear IDEs. The overall framework 
of A-PINN is illustrated in Fig. 5. Unlike PINN that only approximates primary variables in the governing equation, a multi-
output DNN is utilized in the A-PINN framework to simultaneously calculate the primary outputs and auxiliary outputs 
which respectively represent the variables and integrals involved in the governing equation. Subsequently, the relationship 
between the primary outputs and auxiliary outputs is imposed by enforcing additional output conditions in compliance 
with physical laws.

We first consider the first-order nonlinear Volterra IDE:

u(n)(x) = f (x) + λ

x∫
0

K (t)u(t)dt, u(0) = a (9)

By defining an auxiliary output v(x) to represent the integral in Eq. (9), we can transform Eq. (9) into⎧⎪⎨
⎪⎩

u(n)(x) = f (x) + λ · v(x)

v(x) = ∫ x
0 K (t)u(t)dt

u(0) = a

(10)

For this one-dimensional problem where the independent variable is x only, the input of the DNN is the coordinates of 
x at training points which consist of two parts: the sampling points xini on the initial condition and collocation points x f

in the equation domain. A fully connected feedforward DNN is employed to calculate the predicted value upred(xi; θ) and 
auxiliary output vpred(xi; θ) which approximate the exact value uexact(xi) and the integral 

∫ xi
0 K (t)u(t)dt , respectively, where 

θ is the parameters of the DNN. To avoid integral manipulation, the relationship between u(x) and v(x) is re-expressed as{
dv(x)

dx = K (x)u(x)

v(0) = 0
(11)

The automatic differentiation of the DNN is executed to calculate the ordinary derivative on the left-hand side of Eq. (10), 
which together with the predicted value upred(xi; θ) can be substituted into the initial condition and governing equation to 
calculate the mean square errors of residuals of the two components. In addition, a new output condition (i.e. Eq. (11)) is 
added as a physical law to constrain the relationship between the auxiliary output v and the primary output u. The mean 
square error of residuals of this new output condition is calculated by

MSEo = 1

N f

N f∑∣∣∣∣∣∂vpred(x f
i ; θ)

∂x
− K

(
x f

i

)
upred

(
x f

i ; θ
)∣∣∣∣∣

2

(12)

i=1

7
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Fig. 6. The framework of A-PINN for solving the inverse problem of IDEs.

where N f is the number of collocation points evenly (or randomly) sampled in the equation domain. For example, if 11 
collocation points are evenly sampled in the domain of [0, 1], the interval between the collocation points is equal to 0.1. 
The mean square error of residuals of the initial conditions MSEi is calculated by

MSEi = ∣∣upred (0; θ) − a
∣∣2 + ∣∣vpred (0; θ) − 0

∣∣2 (13)

The mean square error of residuals of the governing equation is calculated by

MSE f = 1

N f

N f∑
i=1

∣∣∣∣∣∂
nupred(x f

i ; θ)

∂xn
− [

f
(

x f
i

)
+ λ · vpred

(
x f

i ; θ
)]∣∣∣∣∣

2

(14)

The MSEtotal in the A-PINN framework is considered as the weighted sum of all the mean square errors, which is ex-
pressed as

MSEtotal = wi · MSEi + w f · MSE f + wo · MSEo (15)

An accurate solution to the IDE can be achieved when all the residuals approach 0. If there is an imbalance among 
the residuals, for example, when MSE f and MSEo approach 0 but MSEi is non-zero, we are unable to achieve an accurate 
solution. An adaptive weight strategy is therefore used in this study that can automatically balance various residuals to 
achieve a balanced convergence. In this strategy, the weights of various residual components are proportional to the values 
of residuals while normalizing the weight of the smallest residual component to be 1 in each iteration. As such, we give 
greater weights to the larger components to speed up their convergence. The weight for each component is determined by

[
wi, w f , wo

] =
[
MSEi,MSE f ,MSEo

]
min(MSEi,MSE f ,MSEo)

(16)

In each iteration, we will calculate the adaptive weights of all residual components and take the weighted sum of all 
MSE as MSEtotal . Converged solution of the IDE is then obtained by using an optimizer to minimize MSEtotal . In this study, 
we choose L-BFGS, a quasi-Newton full-batch gradient-based optimizer, to optimize the loss function. Although there is no 
theoretical guarantee that the optimizer converges to globally optimal solutions, numerical experiments show that making 
use of adaptive weights and L-BFGS optimizer, converged solutions with good accuracy can be obtained by A-PINN.

The inverse problem of IDEs is intended to discover unknown parameters in governing equations with measurement 
data, e.g., to discover the parameter λ in Eq. (9). With few modifications to the A-PINN framework for solving the forward 
problem of IDEs, the proposed A-PINN can be conveniently applied to solve the inverse problem of IDEs with the procedure 
framework shown in Fig. 6. For the inverse problem of Eq. (9), a fully connected feedforward DNN is configured to calculate 
the predicted value upred(xi; θ, λ) and auxiliary output vpred(xi; θ, λ) which approximate the exact value uexact(xi) and the 
integral 

∫ xi
0 K (t)u(t)dt , respectively, where θ is the parameters of the DNN and λ is the unknown parameter in the IDE.

In addressing inverse problems, it may be difficult to obtain the exact initial and boundary conditions of IDEs. Most 
often, all we know may only be governing equations and sparse measurement data. Of course, if we have more information 
such as boundary and initial conditions, such information can be easily incorporated into the loss function, same as the 
A-PINN framework for solving forward problems. We first consider the case with the least amount of information, i.e., only 
8
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governing equations and measurement data. For the IDE described by Eq. (9), the loss function MSEtotal with A-PINN can be 
determined by

MSEtotal = wm · MSEm + w f · MSE f + wo · MSEo (17)

where

MSEm = 1

Nm

Nm∑
i=1

∣∣upred
(
xm

i ; θ,λ
) − um

(
xm

i

)∣∣2

MSE f = 1

N f

N f∑
i=1

∣∣∣∣∣∂
nupred(x f

i ; θ,λ)

∂xn
− [

f
(

x f
i

)
+ λ · vpred

(
x f

i ; θ,λ
) ]∣∣∣∣∣

2

MSEo = 1

N f

N f∑
i=1

∣∣∣∣∣∂vpred(x f
i ; θ,λ)

∂x
− K

(
x f

i

)
upred

(
x f

i ; θ,λ
)∣∣∣∣∣

2

where Nm is the number of measurement data. The weights still be adaptive to balance the convergence of various residual 
components, but the difference from the A-PINN framework for solving forward problems is that we keep the weight of 
MSEm as 1.0. It is because when there is noise in the measurement data, the optimal solution of MSEm will no longer be 0, 
while the optimal solution of MSE f and MSEo is still 0. If we adjust the adaptive weights for all MSE simultaneously, A-PINN 
tends to overfit the noisy measurement data by conferring MSEm an excessive weight. Therefore, the adaptive weight is now 
determined by

[
wm, w f , wo

] = [1.0,
MSE f

min
(
MSE f ,MSEo

) ,
MSEo

min
(
MSE f ,MSEo

) ] (18)

For inverse problems, we still choose L-BFGS optimizer to minimize MSEtotal so that converged solution of the unknown 
parameters can be attained.

In comparison with traditional pure numerical analysis methods such as finite difference method and the method based 
on shifted Jacobi polynomials [64], the proposed A-PINN framework is more intuitive and simple for solving IDEs in that 
it does not require complex matrix manipulations and integral discretization. Different from the PINN adopting integral 
discretization [37,60], A-PINN is independent of any fixed grids and nodes. As pointed out before, integral discretization 
brings about extra computational cost as well as discretization and truncation errors. A-PINN avoids the above shortcomings 
and is convenient for application to solve the inverse problem of IDEs with only few modifications to the framework for the 
forward problem.

4. Numerical experiments

In this section, we conduct numerical experiments of solving various nonlinear IDEs by A-PINN to illustrate its capability 
and efficiency. The forward problems of 1D Volterra IDE, Volterra IDEs system, 2D Volterra IDE, 10D Volterra IDE, and 
Fredholm IDE will be addressed first. Then the inverse problems of 1D Volterra IDE and Volterra IDEs system will be 
pursued. In the numerical experiments, the activation function in all neural networks is tanh(·), a widely used differentiable 
nonlinear activation function. The optimizer used in all problems is L-BFGS with 0.01 learning rate. All algorithms are coded 
in Python with PyTorch, an open-source machine learning framework. The codes and trained models of the experiments 
will be available on GitHub.

4.1. The forward problem of 1D nonlinear Volterra IDE

Our first experiment aims to demonstrate the ability of A-PINN for solving 1D nonlinear Volterra IDE. Here we consider 
a benchmark problem, which was solved in [60] with the PINN adopting integral discretization as delineated in Section 3.4. 
The 1D nonlinear Volterra IDE is expressed as

du(x)

dx
+ u(x) = λ

x∫
0

et−xu(t)dt, x ∈ [0,5] (19)

Considering the initial condition as u(0) = 1 and taking λ = 1, the equation has an exact solution u(x) = e−x cosh x. 
Defining an auxiliary output v(x) to represent the integral in the equation, Eq. (19) can be re-expressed as
9
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Table 1
The relative L2 error between the predicted and exact solutions u(x) for different numbers of 
collocation points N f . Here we use a neural network architecture with 4 hidden layers and 100 
neurons in each hidden layer.

N f 10 20 50 100 200 500 1000

Error 9.06E-04 4.13E-04 2.59E-04 8.31E-04 6.93E-04 9.29E-04 5.20E-04

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

du(x)
dx + u(x) = λv(x), x ∈ [0,5]

v(x) = ∫ x
0 et−xu(t)dt

u(0) = 1

v(0) = 0

(20)

We represent the derivative of v(x) as dv(x)
dx = u(x) − ∫ x

0 et−xu(t)dt = u(x) − v(x). A two-output DNN is constructed to 
approximate u(x) and v(x) in Eq. (20). Thus, in the A-PINN framework, the mean square error of residuals of the governing 
equation MSE f is calculated by

MSE f = 1

N f

N f∑
i=1

∣∣∣∣∣∂upred(x f
i ; θ)

∂x
+ upred

(
x f

i ; θ
)

− vpred

(
x f

i ; θ
)∣∣∣∣∣

2

(21)

where N f is the number of collocation points. The mean square error of residuals of the initial conditions MSEi is calculated 
by

MSEi = ∣∣upred (0; θ) − 1
∣∣2 + ∣∣vpred (0; θ) − 0

∣∣2 (22)

The relationship between the primary output u(x) and the auxiliary output v(x) is constrained by a new output condi-
tion, and the mean square error of residuals of this output condition is calculated by

MSEo = 1

N f

N f∑
i=1

∣∣∣∣∣∂vpred(x f
i ; θ)

∂x
− [

upred

(
x f

i ; θ
)

− vpred

(
x f

i ; θ
)]∣∣∣∣∣

2

(23)

The MSEtotal in the A-PINN framework is the weighted sum of all the mean square errors, which is expressed as

MSEtotal = wi · MSEi + w f · MSE f + wo · MSEo (24)

The weights of the three MSE are determined by the adaptive weighting strategy described in Section 3.4. First, we use 
a DNN with 4 hidden layers and 100 neurons in each layer to solve this IDE. The training data set consists of two parts: 
the initial point xini = 0 and 50 collocation points evenly sampled in the equation domain. To evaluate the accuracy of the 
solution, we calculate the relative L2 error between the solution by A-PINN and the exact solution. The relative L2 error is 
obtained by

L2 error =

√∑M
i=1

∣∣∣ui
pred − ui

exact

∣∣∣2

√∑M
i=1

∣∣ui
exact

∣∣2
(25)

The solution by A-PINN after 2000 iterations and the exact solution are presented in Fig. 7. The relative L2 error between 
the A-PINN solution and the exact value is 0.0259%. In [60], Gauss-Legendre quadrature for integral discretization was 
employed to transform the same IDE into an ODE, then the ODE was solved with PINN. The relative L2 error of the result 
obtained in [60] is 0.2%. This benchmark study shows that A-PINN can achieve more accurate solution for the IDE than the 
PINN adopting integral discretization.

To further evaluate the performance of the proposed A-PINN, we obtain its predictive accuracy for scenarios with differ-
ent numbers of collocation points and different neural network architectures. Table 1 provides the relative L2 errors of the 
solutions by A-PINN, where the number of collocation points changes from 10 to 1000 and the neural network is fixed to 4 
hidden layers with 100 neurons in each hidden layer. The results show that the relative L2 errors in all cases are less than 
0.1%, and the accuracy of the solutions does not alter significantly with different numbers of collocation points N f . Table 2
shows the results of relative L2 errors for different neural network architectures, where the number of collocation points N f
is fixed to 50. The influences of the number of hidden layers and the number of neurons on the accuracy of the solution are 
fluctuating. In general, the accuracy of the solution slightly increases with the increase of the number of neurons in each 
hidden layer, while it slightly decreases with the increase of the number of hidden layers.
10
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Fig. 7. The solution by A-PINN and the exact solution for 1D Volterra IDE. Blue line – the A-PINN solution; Red mark – the exact solution. (For interpretation 
of the colors in the figures, the reader is referred to the web version of this article.)

Table 2
The relative L2 error between the predicted and exact solutions u(x) for 
different neural network architectures. Here we set the number of collo-
cation points N f = 50.

Layers Neurons

20 40 60 80 100

2 5.14E-04 9.11E-04 6.32E-04 1.04E-03 5.06E-04
4 6.93E-04 4.54E-04 3.38E-04 9.17E-04 2.59E-04
6 8.55E-04 3.22E-04 2.65E-04 1.71E-03 1.20E-03
8 1.11E-03 1.98E-03 1.27E-03 5.42E-04 1.32E-03

4.2. The forward problem of nonlinear Volterra IDEs system

Consider the following nonlinear Volterra IDEs system:⎧⎪⎪⎨
⎪⎪⎩

d2u(x)
dx2 = 1 − x3

3 − 1
2

dv(x)
dx + λ1

∫ x
0 [u2(t) + v2(t)]dt

d2 v(x)
dx2 = −1 + x2 − xu(x) + λ2

∫ x
0 [u2(t) − v2(t)]dt

u(0) = 1; v(0) = −1; du(0)
dx = 2; dv(0)

dx = 0; x ∈ [0,1]
(26)

We set λ1 = 1
2 and λ2 = 1

4 , then the IDEs system has its exact solution as u(x) = x + ex and v(x) = x − ex . By defining 
auxiliary outputs w(x) and p(x) to represent the integrals, the governing equations can be re-expressed as

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

d2u(x)
dx2 = 1 − x3

3 − 1
2

dv(x)
dx + λ1 w(x)

d2 v(x)
dx2 = −1 + x2 − xu(x) + λ2 p(x)

w(x) = ∫ x
0 [u2(t) + v2(t)]dt

p(x) = ∫ x
0 [u2(t) − v2(t)]dt

(27)

To constrain the relationships between u(x), v(x), w(x) and p(x), we use automatic differentiation in the DNN to explore 
the following physical laws:

⎧⎪⎨
⎪⎩

dw(x)
dx = u2(x) + v2(x)

dp(x)
dx = u2(x) − v2(x)

w(0) = 0; p(0) = 0

(28)

We use a four-output neural network to approximate u(x), v(x), w(x) and p(x) in Eq. (27). Thus, in the A-PINN frame-
work, the mean square error of residuals of the governing equations MSE f is composed of
11
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Fig. 8. The solution by A-PINN and the exact solution for Volterra IDEs system.

MSE f 1 = 1

N f

N f∑
i=1

∣∣∣∣∣∣
∂2upred(x f

i ; θ)

∂x2
− [

1 − x f 3

i

3
− 1

2

∂vpred

(
x f

i ; θ
)

∂x
+ λ1 wpred

(
x f

i ; θ
)]∣∣∣∣∣∣

2

(29)

MSE f 2 = 1

N f

N f∑
i=1

∣∣∣∣∣∂
2 vpred(x f

i ; θ)

∂x2
− [ − 1 + x f 2

i − x f
i upred

(
x f

i ; θ
)

+ λ2 ppred

(
x f

i ; θ
)]∣∣∣∣∣

2

(30)

The mean square error of residuals of the initial conditions MSEi comprises

MSEi1 = ∣∣upred (0; θ) − 1
∣∣2 + ∣∣vpred (0; θ) + 1

∣∣2 +
∣∣∣∣∂upred (0; θ)

∂x
− 2

∣∣∣∣
2

+
∣∣∣∣∂vpred (0; θ)

∂x
− 0

∣∣∣∣
2

(31)

MSEi2 = ∣∣wpred (0; θ) − 0
∣∣2 + ∣∣ppred (0; θ) − 0

∣∣2 (32)

The relationships between the primary outputs u(x), v(x) and the auxiliary outputs w(x), p(x) are constrained by two 
new output conditions, and the mean square errors of residuals of these two output conditions are

MSEo1 = 1

N f

N f∑
i=1

∣∣∣∣∣∣
∂ wpred

(
x f

i ; θ
)

∂x
− [

upred
2
(

x f
i ; θ

)
+ vpred

2
(

x f
i ; θ

)]∣∣∣∣∣∣
2

(33)

MSEo2 = 1

N f

N f∑
i=1

∣∣∣∣∣∣
∂ ppred

(
x f

i ; θ
)

∂x
− [

upred
2
(

x f
i ; θ

)
− vpred

2
(

x f
i ; θ

)]∣∣∣∣∣∣
2

(34)

The loss function MSEtotal in A-PINN is the weighted sum of all the mean square errors, which is determined by

MSEtotal = wi · (MSEi1 + MSEi2) + w f · (MSE f 1 + MSE f 2) + wo · (MSEo1 + MSEo2) (35)

The weights of various MSE components are calculated automatically by the adaptive weighting strategy given in Sec-
tion 3.4. We choose a ‘shallow’ yet ‘wide’ neural network model to address this problem: it consists of 2 hidden layers with 
40 neurons in each hidden layer. The training data set includes two parts: the initial value xini = 0 and 50 collocation points 
evenly sampled in the equation domain. The solution by A-PINN after 500 iterations and the exact solution are presented 
in Fig. 8. The relative L2 error between the A-PINN solution and the exact value is 0.00559%.

4.3. The forward problem of nonlinear 2D Volterra IDE

Consider the following nonlinear 2D Volterra IDE:

∂2u(t, x)

∂t2
= ∂u(t, x)

∂x
− ∂u (t, x)

∂t
− u (t, x) + g (t, x) + λ

x∫ t∫
tcos (y1 − y2) u (y1, y2)dy1dy2 (36)
0 0

12
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with the initial and boundary conditions:

u(0, x) = x; ∂u(0, x)

∂t
= sin(x); u(t,0) = tsin(t); 0 ≤ t, x ≤ 1 (37)

Here, the parameter λ is set as 1 and g(t, x) is such chosen that the exact solution is u(t, x) = x + tsin(t + x). By defining 
auxiliary outputs v(t, x) and w(t, x) to represent the integrals in the equation, the governing equation can be re-expressed 
as ⎧⎪⎪⎨

⎪⎪⎩
∂2u(t,x)

∂t2 = ∂u(t,x)
∂x − ∂u(t,x)

∂t − u (t, x) + g (t, x) + λv (t, x)
∂v(t,x)

∂x = t
∫ t

0 cos (y1 − x) u (y1, x)dy1 = t · w (t, x)
∂ w(t,x)

∂t = cos (t − x) u (t, x)

(38)

The new initial and boundary conditions are v(t, 0) = 0 and w(0, x) = 0. In the A-PINN framework, the mean square 
error of residuals of the governing equation MSE f is represented as

MSE f = 1

N f

N f∑
i=1

∣∣∣∣∣
∂2upred

(
t f

i , x f
i ; θ

)
∂t2

− [
∂upred

(
t f

i , x f
i ; θ

)
∂x

−
∂upred

(
t f

i , x f
i ; θ

)
∂t

− upred

(
t f

i , x f
i ; θ

)

+ g
(

t f
i , x f

i

)
+ λvpred

(
t f

i , x f
i ; θ

)
]
∣∣∣∣∣
2

(39)

where N f is the number of collocation points which are randomly sampled in the equation domain. The mean square error 
of residuals of the initial conditions MSEi is

MSEi = 1

Ni

Ni∑
i=1

∣∣∣upred

(
0, xini

i ; θ
)

− xini
i

∣∣∣2 + 1

Ni

Ni∑
i=1

∣∣∣wpred

(
0, xini

i ; θ
)

− 0
∣∣∣2 + 1

Ni

Ni∑
i=1

∣∣∣∣∣∂upred
(
0, xini

i ; θ)
∂x

− sin
(

xini
i

)∣∣∣∣∣
2

(40)

where Ni is the number of training points which are randomly sampled on the initial conditions. The mean square error of 
residuals of the boundary conditions MSEb is

MSEb = 1

Nb

Nb∑
i=1

∣∣∣upred

(
tb

i ,0; θ
)

− tb
i sin

(
tb

i

)∣∣∣2 + 1

Nb

Nb∑
i=1

∣∣∣vpred

(
tb

i ,0; θ
)

− 0
∣∣∣2

(41)

where Nb is the number of training points which are randomly sampled on the boundary conditions. The relationships 
between the primary output u (t, x) and the auxiliary outputs v (t, x) , w(t, x) are constrained by two new output conditions, 
and the mean square errors of residuals of these two output conditions are

MSEo1 = 1

N f

N f∑
i=1

∣∣∣∣∣∣
∂vpred

(
t f

i , x f
i ; θ

)
∂x

− t f
i · wpred

(
t f

i , x f
i ; θ

)∣∣∣∣∣∣
2

(42)

MSEo2 = 1

N f

N f∑
i=1

∣∣∣∣∣∣
∂ wpred

(
t f

i , x f
i ; θ

)
∂t

− cos
(

t f
i − x f

i

)
· upred

(
t f

i , x f
i ; θ

)∣∣∣∣∣∣
2

(43)

The loss function MSEtotal in the A-PINN framework is the weighted sum of all the mean square errors, which is deter-
mined by

MSEtotal = wi · MSEi + wb · MSEb + w f · MSE f + wo · (MSEo1 + MSEo2) (44)

The weights of multiple MSE components are calculated by the adaptive weighting strategy. We consider again a neural 
network with 2 hidden layers and 40 neurons in each hidden layer. The training data set consists of three parts: 100 initial 
points 

(
0, xini

i

)
randomly sampled at t = 0, 100 boundary points 

(
tb

i ,0
)

randomly sampled at x = 0, and 5000 collocation 
points 

(
t f

i , x f
i

)
randomly sampled in the equation domain. The solution by A-PINN after 500 iterations and the error are 

presented in Fig. 9. The relative L2 error between the A-PINN solution and the exact solution is 0.0399%.
13
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Fig. 9. The solution by A-PINN for 2D Volterra IDE (upper) and the error of the solution (bottom).

4.4. The forward problem of nonlinear 10D Volterra IDE

Consider the following nonlinear 10D Volterra IDE:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂u(t,x1,x2,··· ,x9)
∂t + ∂u(t,x1,x2,··· ,x9)

∂x1
+ ∂u(t,x1,x2,··· ,x9)

∂x2
+ · · · + ∂u(t,x1,x2,··· ,x9)

∂x9
= f (t, x1, x2, · · · , x9)

f (t, x1, x2, · · · , x9) = u(t, x1, x2, · · · , x9) + g(t, x1, x2, · · · , x9)

+ ∫ x9
o · · · ∫ x1

0

∫ t
0 t · u(t, x1, x2, · · · , x9)dy1dy2 · · ·dy10

0 ≤ t, x1, x2, · · · , x9 ≤ 1

(45)

Here g (t, x1, x2, · · · , x9) is such chosen that the exact solution is u (t, x1, x2, · · · , x9) = t · (x1 + x2 + x3) · sin (x4 + x5 + x6) ·
cos (x7 + x8 + x9). The boundary conditions of the Volterra IDE are Dirichlet boundary conditions whose value can be ob-
tained from the exact solution. Similar to the above nonlinear 2D Volterra IDE example, we define 10 auxiliary outputs 
v1 (t, x1, x2, · · · , x9) , v2 (t, x1, x2, · · · , x9) , · · · , v10 (t, x1, x2, · · · , x9) to represent the integrals in the equation respectively, 
thus the first term in Eq. (45) can be re-expressed as

f (t, x1, x2, · · · , x9) = u(t, x1, x2, · · · , x9) + g(t, x1, x2, · · · , x9) + v1(t, x1, x2, · · · , x9) (46)

We define the 10 outputs’ conditions to constrain the relationship between the 10 auxiliary outputs and the primary 
output u (t, x1, x2, · · · , x9). At the same time, 10 boundary conditions belonging to the auxiliary outputs are defined. Simi-
larly, we calculate the mean square error of residuals of the governing equation MSE f , the mean square error of residuals 
of the boundary conditions MSEb , and the mean square errors of residuals of output conditions MSEo . There are totally 20 
terms in MSEb and 10 terms in MSEo . The loss function MSEtotal in the A-PINN framework is the weighted sum of all the 
mean square errors, which is determined by

MSEtotal = wb · MSEb + w f · MSE f + wo · MSEo (47)

The weights of multiple MSE components are calculated by the adaptive weighting strategy. We train a neural network 
with 4 hidden layers and 40 neurons in each hidden layer to solve this forward problem. The training data set consists of 
two parts: 1000 boundary points randomly sampled on the 10 boundary conditions, and 10000 collocation points 

(
t f

i , x f
i

)
randomly sampled in the equation domain. To illustrate the solution of A-PINN, we define two different planes in the 
14
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Fig. 10. A-PINN solution and error for 10D Volterra IDE. Top: solution by A-PINN on Plane 1 (left), and the corresponding absolute error (right). Bottom: 
solution by A-PINN on Plane 2 (left), and the corresponding absolute error (right).

equation domain. The exact solution on Plane 1 is u (1,1,0,0, x4, x5,0,0,0,0) = sin(x4 + x5), and the exact solution on 
Plane 2 is u (1,1,1,1,0,1,1,1, x8, x9) = 3 · sin(2) · cos(x8 + x9 + 1). The solution by A-PINN after 1000 iterations on these 
two planes is illustrated in Fig. 10. In addition, to estimate the accuracy of the A-PINN solution in the whole equation 
domain, we randomly sample 100000 test points in the equation domain and calculate the relative L2 error with Eq. (25). 
The relative L2 error of the solution by A-PINN is 0.519%.

4.5. The forward problem of nonlinear 1D Fredholm IDE

Consider the following nonlinear 1D Fredholm IDE:

du(x)

dx
= cosx − x + 1

4

π
2∫

− π
2

xtu2(t)dt, u
(
−π

2

)
= 0 (48)

The exact solution is u(x) = 1 + sinx. By defining an auxiliary output v(x) to represent the integral, Eq. (48) can be 
re-expressed as⎧⎪⎨

⎪⎩
du(x)

dx = cosx − x + x
4 · v(π

2 )

v(x) = ∫ x
− π

2
tu2(t)dt

u
(−π

2

) = 0

(49)

Thus we can use dv(x)
dx = xu2(x), v 

(−π
2

) = 0 to constrain the relationship between u(x) and v(x). In the A-PINN frame-
work, the mean square error of residuals of the governing equation MSE f is represented as

MSE f = 1

N f

N f∑∣∣∣∣∣∂upred(x f
i ; θ)

∂x
− [

cos(x f
i ) − x f

i + 1

4
x f

i vpred

(π

2
; θ

)]∣∣∣∣∣
2

(50)

i=1

15



L. Yuan, Y.-Q. Ni, X.-Y. Deng et al. Journal of Computational Physics 462 (2022) 111260
Fig. 11. The solution by A-PINN and the exact solution for 1D Fredholm IDE.

The mean square error of residuals of the initial conditions MSEi is

MSEi =
∣∣∣upred

(
−π

2
; θ

)
− 0

∣∣∣2 +
∣∣∣vpred

(
−π

2
; θ

)
− 0

∣∣∣2
(51)

The relationship between the primary output upred

(
x f

i ; θ
)

and the auxiliary output vpred

(
x f

i ; θ
)

is constrained by the 
new output condition as

MSEo = 1

N f

N f∑
i=1

∣∣∣∣∣∣
∂vpred

(
x f

i ; θ
)

∂x
− x f

i · upred
2
(

x f
i ; θ

)∣∣∣∣∣∣
2

(52)

The loss function MSEtotal in the A-PINN framework is the weighted sum of all the mean square errors. The neural 
network architecture considered consists of 2 hidden layers, each having 20 neurons. The training data set consists of the 
initial values at x = −π

2 and 50 collocation points evenly sampled in the equation domain. The solution by A-PINN after 
500 iterations and the exact solution are presented in Fig. 11. The relative L2 error between the A-PINN solution and the 
exact value is 0.0477%.

4.6. The inverse problem of nonlinear 1D Volterra IDE

In this section, we will show the capability of the A-PINN framework to pursue the inverse problem of IDEs. To the best 
of the authors’ knowledge, this is the first attempt to use physics informed machine learning to address the inverse problem 
of IDEs. We first consider the nonlinear 1D Volterra IDE defined in Eq. (19), where λ is now an unknown parameter. With 
some measurement data randomly acquired in the exact solution, we will apply A-PINN to discover the value of λ. Akin to 
the forward problem described in Section 4.1, we define an auxiliary output v(x) = ∫ x

0 et−xu(t)dt to transform Eq. (19) into 
Eq. (20).

In the inverse problem, it is often difficult to know the exact initial condition of the equation. Most often, all we know 
are the governing equation and discrete measurement data. As such, we have four residual components in the A-PINN 
framework for the nonlinear 1D Volterra IDE. The first one is the mean square error of residuals of the measurement data, 
which is represented as

MSEm = 1

Nm

Nm∑
i=1

∣∣upred
(
xm

i ; θ,λ
) − um

(
xm

i

)∣∣2 (53)

where Nm is the number of measurement data, upred
(
xm

i ; θ,λ
)

and um(xm
i ) are the predicted and measured values at the 

measurement point xm
i . The second residual component is the mean square error of residuals of the governing equation, 

which is represented as (here we simply assume that the collocation points are exactly the same as the measurement 
points)

MSE f = 1

Nm

Nm∑∣∣∣∣∂upred(xm
i ; θ,λ)

∂x
+ upred

(
xm

i ; θ,λ
) − vpred

(
xm

i ; θ,λ
)∣∣∣∣

2

(54)

i=1
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Fig. 12. The training data and the predicted values of u(x) for the inverse problem of 1D Volterra IDE.

The third residual component is the mean square error of residuals of the constraint between the primary output and 
the auxiliary output, which is represented as (we simply assume that the collocation points are exactly the same as the 
measurement points)

MSEo = 1

Nm

Nm∑
i=1

∣∣∣∣∂vpred(xm
i ; θ,λ)

∂x
− upred

(
xm

i ; θ,λ
) + vpred

(
xm

i ; θ,λ
)∣∣∣∣

2

(55)

The last residual component is mean square error of residuals of the initial condition of the auxiliary output, which is 
represented as

MSEi = ∣∣vpred (0; θ) − 0
∣∣2 (56)

The loss function MSEtotal is the weighted sum of all the residual components, which is expressed as

MSEtotal = wm · MSEm + wi · MSEi + w f · MSE f + wo · MSEo (57)

As explained in Section 3.4, in the case of noisy measurement data, the optimal value of MSEm would not be 0. In this 
regard, we control wm = 1 and calculate wi , w f and wo in line with the adaptive weighting strategy. The neural network 
architecture for this problem consists of 2 hidden layers, each having 40 neurons. We randomly sample 50 measurement 
data on the exact solution of the equation as noise-free training data. In the noise-free scenario, the discovered λ is 0.999837 
by A-PINN after 500 iterations in comparison with the exact value 1.0. The relative error is −0.0163%. The training data and 
the predicted values of u(x) with the discovered λ are shown in Fig. 12.

In order to further analyze the influence of the number and the noise level of measurement data on the solution of the 
inverse problem, we consider different numbers of measurement data with different noise levels as training data. The noisy 
data is generated by adding Gaussian noise to the exact value, which is obtained by

unoisy
m (xi) = uexact

m (xi) · (1 + noise · randn) (58)

where unoisy
m (xi) represents the measurement data with noise, uexact

m (xi) represents the noise-free measurement data, noise
represents the percentage level of noise, and randn is a random variable with standard normal distribution. We test the 
number of measurement data from 5 to 500 and the noise level from 0% to 10%. The relative errors of the identified 
parameter λ in different scenarios are shown in Table 3. It is observed that as the number of measurement data increases, 
the relative error in the identified parameter decreases and more accurate value of λ is achieved. However, the increase 
of noise level in the measurement data results in an increase in the error of the identified parameter. Nevertheless, the 
following two observations are worthy of mention: (i) When using only 5 measurement data with noise level equal to or 
lower than 1%, the parameter λ can be accurately discovered with the relative error less than 1%. It indicates that A-PINN 
for inverse problems does not require a large number of measurement data; (ii) Even if the noise level is as heavy as 10%, 
A-PINN can still accurately identify the value of the parameter λ when 20 or more measurement data are collected. It 
indicates that A-PINN for parameter discovery is insensitive to noise level in the presence of sufficient measurement data.

4.7. The inverse problem of nonlinear Volterra IDEs system

Consider the nonlinear Volterra IDEs system described by Eq. (26). A-PINN is applied to discover the unknown parameters 
λ1 and λ2 with measurement data which are generated by randomly sampling the exact solution u(x) = x + ex and v(x) =
17
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Table 3
Relative error in the identified λ for different numbers of mea-
surement data and noise levels.

Nm noise

0% 1% 5% 10%

5 −1.53E-03 3.65E-03 −2.72E-02 −3.15E-02
10 3.59E-05 7.51E-03 −2.11E-02 −2.29E-02
20 −3.62E-04 1.69E-03 2.46E-03 7.32E-03
50 −1.63E-04 2.70E-03 −1.31E-02 −2.99E-03
100 1.98E-04 −3.12E-04 −3.17E-03 6.21E-03
200 −1.07E-04 −1.75E-04 6.08E-03 −5.55E-03
500 7.72E-05 7.00E-04 3.27E-03 5.10E-03

x − ex . Similar to the forward problem, we introduce auxiliary outputs w(x) and p(x) to represent the integrals in Eq. (26). 
A four-output neural network is configured to approximate u(x), v(x), w(x), and p(x). In the A-PINN framework, the mean 
square errors of residuals of the governing equations MSE f are represented as (again we simply assume that the collocation 
points are exactly the same as the measurement points)

MSE f 1 = 1

Nm

Nm∑
i=1

∣∣∣∣∣∂
2upred(xm

i ; θ,λ)

∂x2
− 1 + xm3

i

3
+ 1

2

∂vpred
(
xm

i ; θ,λ
)

∂x
− λ1 wpred

(
xm

i ; θ,λ
)∣∣∣∣∣

2

(59)

MSE f 2 = 1

Nm

Nm∑
i=1

∣∣∣∣∣∂
2 vpred(xm

i ; θ,λ)

∂x2
+ 1 − xm2

i + xm
i upred

(
xm

i ; θ,λ
) − λ2 ppred

(
xm

i ; θ,λ
)∣∣∣∣∣

2

(60)

The mean square error of residuals of the measurement data is represented as

MSEm = 1

Nm

Nm∑
i=1

∣∣upred
(
xm

i ; θ,λ
) − um

(
xm

i

)∣∣2 + 1

Nm

Nm∑
i=1

∣∣vpred
(
xm

i ; θ,λ
) − vm

(
xm

i

)∣∣2 (61)

The mean square error of residuals of the initial conditions of the auxiliary outputs is represented as

MSEi = ∣∣wpred (0; θ,λ) − 0
∣∣2 + ∣∣ppred (0; θ,λ) − 0

∣∣2 (62)

The relationships between the primary outputs u(x), v(x) and the auxiliary outputs w(x), p(x) are constrained by two 
new output conditions, and the mean square errors of residuals of these two output conditions are (we simply assume that 
the collocation points are exactly the same as the measurement points)

MSEo1 = 1

Nm

Nm∑
i=1

∣∣∣∣∣∂ wpred
(
xm

i ; θ,λ
)

∂x
− upred

2 (
xm

i ; θ,λ
) − vpred

2 (
xm

i ; θ,λ
)∣∣∣∣∣

2

(63)

MSEo2 = 1

Nm

Nm∑
i=1

∣∣∣∣∣∂ ppred
(
xm

i ; θ,λ
)

∂x
− upred

2 (
xm

i ; θ,λ
) + vpred

2 (
xm

i ; θ,λ
)∣∣∣∣∣

2

(64)

The loss function MSEtotal is the weighted sum of all the residual components, which is expressed as

MSEtotal = wm · MSEm + wi · MSEi + w f · (MSE f 1 + MSE f 2) + wo · (MSEo1 + MSEo2) (65)

We set wm = 1 and calculate wi , w f and wo according to the adaptive weighting strategy. A DNN with 2 hidden layers 
and 40 neurons in each hidden layer is configured to solve this inverse problem. We randomly sampled 50 measurement 
data on the exact solution of the equations. By A-PINN, the discovered values of the parameters [λ1, λ2] are [0.503, 0.245]
after 500 iterations, with the relative errors with the exact values [0.5, 0.25] being [0.6%, 2%]. The training data and the 
predicted values of u(x) and v(x) are shown in Fig. 13.

5. Conclusions

In this paper, we presented the auxiliary physics informed neural network (A-PINN) framework for solving the forward 
and inverse problems of nonlinear IDEs. In the proposed A-PINN, a multi-output neural network is configured to simulta-
neously represent the primary variables and integrals in the governing equations. By pursuing automatic differentiation of 
the auxiliary outputs in lieu of the integral operators in IDEs, we bypass the limitation of neural networks in dealing with 
integral manipulation. As integral discretization is avoided, A-PINN doesn’t suffer from discretization and truncation errors 
18
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Fig. 13. Training data and predicted values of u(x) and v(x) for the inverse problem of Volterra IDEs system.

for forward and inverse solution of IDEs. Because of being devoid of fixed grids or nodes, A-PINN is a mesh-free method 
that can calculate/predict the solution at any point in the equation domain without interpolation.

By pursuing a benchmark problem of 1D Volterra IDE, we validated that the proposed A-PINN can achieve more accurate 
solution than the PINN adopting integral discretization. Through several numerical experiments, we further demonstrated 
that A-PINN can accurately solve forward problems involving nonlinear 1D IDEs system, nonlinear 2D IDE, high-dimensional 
(10D) nonlinear IDE, and Fredholm IDE. With few modifications to the A-PINN framework for forward problems, we suc-
cessfully applied A-PINN to discover unknown parameters in IDEs, and showed that A-PINN has the capability to accurately 
identify unknown parameters in IDEs even when the measurement data are heavily polluted by noise.
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