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A B S T R A C T   

The particle damper (PD) filled with granular material exhibits hysteretic behavior under dy
namic excitation, meaning that its response depends not only on the current excitation but also on 
its excitation history. The hysteresis loops of a PD vary with the excitation frequency due to its 
nonlinear nature. To model the particle damping hysteresis, this study proposes using neural 
networks (NN), which have a powerful ability to recognize such nonlinear relationships. How
ever, NNs suffer from a long-standing issue called spectra bias, which means they tend to learn 
low-frequency components first and struggle to recognize high-frequency components. This is a 
problem for modeling PDs, which may involve high-frequency features in the target function. To 
address this issue, the recently developed theory of neural tangent kernel (NTK) revealed why 
NNs are perplexed by the spectra bias. Based on this theory, Fourier features embedding is 
proposed to expedite the learning of NNs on high-frequency features to extricate NNs from the 
shackle of spectra bias. After implementing the Fourier features embedding, an investigation on 
the use of transfer learning (TL), incorporated with the physics-informed neural network (PINN), 
is conducted to improve the proposed model’s performance. The concatenation of Fourier fea
tures embedding and TL formulates the proposed method, the Fourier features-embedded, 
transfer learning-incorporated physics-informed neural network (ff-TLPINN). 

The established surrogate model of the PD’s hysteretic response force under steady-state 
excitation covers a wide frequency range of 100–2000 Hz. The proposed model is validated 
using a dataset generated from the sweep-sinusoidal excitation and is shown to be more effective 
than a plain NN model. The study’s findings demonstrate the potential of using NNs to model the 
hysteresis of PDs and the effectiveness of using Fourier features embedding and TL to overcome 
the issue of spectra bias and improve the model’s performance. Overall, the proposed model 
provides a promising approach to accurately modeling the behavior of granular material-dilled 
PDs under dynamic excitation.   
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1. Introduction 

As a passive vibration control strategy, particle damping technology keeps various pronouncing merits for field application. The 
particle damping is achieved by combining collision and friction damping effects within a geometrically constrained particle bed [1]. 
The motion-caused in-elastic interaction, including collision and friction, inside particle dampers (PDs) transfer the vibration energy 
into heat. As such, this robust damping technology is not sensitive to environmental conditions and is effective in a broad frequency 
band. Moreover, the straightforward mechanism brings cost-effective manufacturing of this kind of damper. These attractive factors 
harnessing the PDs went a recent surge in the application, for instance, railway noise reduction [2–4], seismic response reduction 
[5,6], mining truck improvement [7], wind turbine tower and pipeline vibration control [8,9]. Although PDs are functional, the 
complex particle motion that occurs during vibration makes modeling their behavior a continuous challenge. A simplified model has 
been utilized in certain pursuits where the particle bed is replaced with a single impact ball, as described in Refs. [8,10–12]. The 
discrete element method (DEM) is also popular for simulating the agglomeration of dry macroscopic particles [13–17]. However, these 
well-developed modeling approaches require rigorous preset conditions, and scenario like high-frequency vibration remains a hurdle 
to these conventional attempts to comprehend particle damping effect. The PDs are susceptible to external excitation conditions, 
including amplitude and frequency. Granular material in the damper can behave like different states of matter, such as glass-like, 
liquid, or gaseous [18,19]. It means PDs exhibit highly nonlinear character, and the modeling of which is deservedly relied on ex
periments. Under such circumstances, machine learning (ML) methods [20], especially neural networks (NNs) [21], can be powerful 
for exploring the underlying nonlinear behavior of PDs hidden in experimental results. 

Veeramuthuvel et al. [22] introduced a framework for modeling PDs using NNs. In their research, they attached a particle damper 
capsule to a printed circuit board (PCB). They developed a backpropagation NN and a radial basis function NN based on the exper
imental database, and the established NN models were able to accurately predict the acceleration response of the PCB under simple 
harmonic excitation. Similarly, Wang and Wu [23] also used back-propagation NN and incorporated genetic algorithms to determine 
the optimal damper design parameters for attenuating the vibration of a cantilever beam. 

The challenge of adopting NNs to model PDs lies in the conflict that arises when there is a shortage of high-fidelity experimental 
data, making it difficult to provide the necessary resources to train the data hungry NNs. To address this issue, deep transfer learning 
(TL) was introduced in a previous study by the authors, which aimed to establish a multi-fidelity modeling approach [24]. The TL 
utilizes a trained model’s knowledge to nurture the learning of a new dataset [25]. The authors proposed a multi-fidelity modeling 
approach that involves training a low-fidelity NN model with an approximate database of governing/constitutive equations. The 
general knowledge gained from the low-fidelity model is then transferred to the next training step by transferring the NN’s low-level 
layers. In the final stage of the training process, the transferred low-level layers are frozen, and the limited high-fidelity experimental 
data is only used to update the few outermost layers. 

Despite the previously mentioned limitations of NNs, there is growing evidence of another problematic behavior exhibited by deep 
fully connected networks, which is known as spectral bias [26–29]. The NNs are hindered in recognizing solution that contains high- 
frequency components, which has profoundly restricted the performance of NNs. Since PD modeling involves a broad frequency band. 
Thus, NNs require a collaborative effort to address this limitation for PD modeling. Recent studies [30–32] have attempted to alleviate 
spectra bias by scaling input features to approximate high-frequency components. Wang et al. [33,34] introduced an alternative 
approach by analyzing the fundamental weakness of NNs using the theory of neural tangent kernel (NTK) [35]. The observation in
dicates that NNs have a bias toward learning the dominant frequencies of the most significant eigenvectors of the NTK. As a result, 
researchers have proposed the use of Fourier features embedding to customize the NTK of the fully connected networks [36,37]. The 
Fourier NN successfully elevated the performance of NNs. 

Based on the findings of these recent studies, an attempt is made in this work to model the hysteretic response force of a PD under a 
shaker’s excitation in a wide frequency bandwidth (100–2000 Hz). Two forms of excitation, i.e., steady-state simple harmonic exci
tation and sweep-sinusoidal excitation, are applied to a PD that filled with granular material (tungsten powder). The response force is 
investigated to reveal the hysteretic behavior of PD. To model PD, the Fourier NN is examined and discussed its potential to improve 
training accuracy. Additionally, the effectiveness of wavelet basis features embedding [34] was evaluated in this study. These ap
proaches formulate the Fourier/Wavelet neural network (ff/wfNN) method. Afterwards, this study presents an investigation on the 
ffNN coping with the former proposed deep TL [24]. 

The rest of the paper is arranged as follows: Section 2 aims to introduce the proposed methodology. Spectra bias is analyzed from 
the view of NTK, and the Fourier/Wavelet features embedding is applied to remedy this pathology. Section 3 describes dynamic 
experiments on a cylindrical PD under steady-state and sweep-sinusoidal excitations. In Section 4, the establishment of the ff/wfNN 
model is presented, followed by the comparison with the TL-PINN method. Section 5 shows the model reconstruction of the hysteresis 
loops based on the steady-state dataset and the validation on the sweep-sinusoidal dataset. Finally, Sec. 6 presents conclusions and 
future works. 

2. Fourier/Wavelet neural network 

Spectral bias is a ubiquitous pathology observed in neural network training. The gradient flow of NN becomes increasingly stiff 
when the objective function exhibits a high-frequency character. Such a bias is also associated with a broad input feature domain. As 
the input feature domain expands, the normalization of the input variables effectively turns low-frequency features into high- 
frequency features. This bias mentioned has an impact on the output of NNs right from their initialization stage. The derivation 
given in [38] proved when the parameters of a fully connected network θ are i.i.d. sampled from Gaussian distribution N (0,1), the 
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output of the initialized network is surely a flat function. This implies that an initialized NN’s output function already exhibits 
characteristics of low frequency. 

A novel insight is built on this limitation of NNs through the perspective by analyzing their NTK [37]. According to Jacot et al. [35], 
the continuous gradient descent flow is demonstrated with an infinitesimal learning rate η (gradient flow). Then, the gradient flow is 
defined by the neural tangent kernel operator K as follows: 

Kij = K
(
xi, xj

)
=

〈
∂f (xi, θ)

∂θ
,
∂f
(
xj, θ

)

∂θ

〉

(1)  

where f(x, θ) is the output of a fully connected NN that parameterized by θ, and x∈ Rd is the input to the NN. The training of the 
network is focused on the parameters θ since Xtrain is stable. In that case, with the asymptotic conditions [39], the dynamic of the f(x, θ)
can be derived by (see Appendix A): 

df (Xtrain, θ(t))
dt

≈ − K • (f (Xtrain, θ(t) ) − Ytrain) (2) 

It directly follows that: 

f (Xtrain, θ(t)) ≈
(
I − e− Kt) • Ytrain (3)  

where Xtrain = (xi)
N
i=1 are inputs and Ytrain = (yi)

N
i=1 are the corresponding outputs, N is the dataset size. K is a semi-definite positive 

kernel, so e− Kt can be written into QTe− ΛtQ, where the matrix Q is orthogonal. The ith column qi of the matrix Q is related to the 
eigenvector of K. The matrix Λ is diagonal, and its diagonal entries are eigenvalues λi of the NTK operator K. Herein, Eq. (3) can be 
reformed as: 
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⇒ f (Xtrain, θ(t) ) − Ytrain =
∑N

i=1

(
e− λi tqT

i Ytrain
)
qi (5)  

The left-hand side of this equation represents the error of the NN model. Obviously, along the NTK’s eigendirections (eigenvectors) or 
eigenfunction of the network with a larger eigenvalue will earn an eminent convergence speed than others. However, in the case of a 
conventional fully connected network, the primary eigenfunctions tend to possess low frequency attributes. Meanwhile, as the fre
quency of these eigenfunctions increases, the corresponding eigenvalues will gradually decrease in a monotonic manner [37]. This 
theoretical analysis reveals the essence of the spectral bias and provides potential solutions to this underlying drawback of NNs. By 
manipulating the eigenspace of the NTK, it is possible to overcome the spectral bias that affects NNs. 

The NTK theory suggests that when the NN width is infinitely large, the kernel K becomes deterministic [35]. Unfortunately, this 
condition typically does not align with the given content. Still, the analysis on the initialization of the NN to glimpse its ability to 
recognize high-frequency components can still be exploited. The corresponding proof can be found in Appendix B through an illus
trative example utilizing a physics-informed neural network (PINN) [40]. 

Fig. 1. (a) Flowchart of a Fourier/Wavelet network; The six leading NTK eigenvectors of a fully connected NN (5 layers, 100 units per hidden layer, 
tanh activations) (b) with embedded Fourier features that initialized by σ = 10; (c) without Fourier features embedding. 
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In this study, a Fourier NN (ffNN) is proposed, which incorporates a random Fourier mapping on the input features. This technique 
is shown to enhance the eigenspace of the NTK, resulting in superior performance when compared to a conventional NN. Further 
details regarding this can be found in Appendix B. Additionally, in this work, the wavelet mapping [41] will also be evaluated. 

2.1. Fourier features embedding 

To consider an ffNN with 100 hidden units per hidden layer, the random Fourier mapping is defined by γf (x) =

[
cos(Bx)
sin(Bx)

]

, where 

B ∈ Rm×d is initialized by complying with the Gaussian distribution N (0,σ2). Here, m = 50 is half of the layer width. The mapping γf in 
the first layer transfers the input data into Fourier feature space, which is subsequently fed into the fully connected NN (Fig. 1(a)). The 
introduction of the hyperparameter σ results in an increased likelihood of initializing a value bi ∈ B with a higher value. Fig. 1(b) and 
(c) shows the efficacy of this simple method in adjusting the eigenspace of the NTK. The eigenvectors of NTK exhibit more high- 
frequency features when σ is larger. The frequency characteristics of the leading NTK eigenvectors (eigenvectors with the largest 

Fig. 2. The leading NTK eigenvector of each NN architecture with and without Fourier features embedding.  

Fig. 3. Effect of different σ values on the leading eigenvector.  
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eigenvalues) are the key indicator of the spectra bias of NN. This trick can enhance the NN’s ability to recognize the high-frequency 
features, as it successfully modified the shape of the leading eigenvectors of a NN (Fig. 1(b) and (c)). This character is determined at the 
initialization stage. 

In order to explore the effect of Fourier features on different NN architectures, the leading eigenvectors of different NN with the 
number of hidden layers F chosen from {3,4, 5,6, 7}, and the width of the hidden layer C chosen from {50,100,150} are depicted in 
Fig. 2. It is observed that Fourier features can modify the eigenspace of the NN with different architectures. For the effect of the σ value, 
it can be seen that with a higher σ, the frequency components of the leading eigenvector also extend to higher frequency range (Fig. 3). 
A detailed discussion on the effect of σ value is given in Fig. 6. 

2.2. Gaussian wavelet features embeddings 

γg(x) =
Bx − T

̅̅̅̅̅
2π

√ • e−
(Bx− T)2

2 , B N
(
0, σ2),T N (0, 1) (6)  

2.3. Morlet wavelet features embeddings 

γm(x) = cos[1.75 • (Bx − T)] • e−
(Bx− T)2

2 , B N
(
0, σ2),T N (0, 1) (7) 

Fig. 4. Gaussian wavelet basis function (b = 1, τ = 0).  

Fig. 5. Morlet wavelet basis function (b = 1, τ = 0).  

Fig. 6. Frequency analysis of the leading NTK eigenvector with the most significant eigenvalue for a NN (5 layers, 100 units per hidden layer, tanh 
activations) with (a) Fourier basis embedding; (b) Gaussian basis embedding, and (c) Morlet basis embedding that initialized by different σ ∈

[1, 100]. 
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Similar to the mapping of Fourier features, the utilization of wavelet mapping (see Figs. 4 and 5) produces a comparable effect on 
the eigenspace of the NTK. For instance, a wfNN composed of 100 hidden units per hidden layer is considered. The continuous wavelet 
transform involves the Gaussian and Morlet wavelet functions [42] which serve as basis functions. These functions are scaled by a same 
vector B ∈ Rm×d, which is sampled from a normal distribution with mean 0 and variance σ2, N (0,σ2). Additionally, the wavelet basis 
function can be shifted by a translation factor T ∈ Rm×1, where τi ∈ T is initially sampled from N (0, 1) and set as trainable in the wfNN. 
Here, m = 100 equals to the network width. 

The frequency analysis of the eigenvector possessing the largest eigenvalue is depicted in Fig. 6. According to Eq. (5), this 
eigenvector is the most representative vector for the spectra character of NN. The frequency analysis result can roughly reflect the NN’s 
ability to recognize high-frequency features according to different σ values. However, it should be noted that this frequency analysis 
does not represent the frequency range that NN can recognize. For both ffNN and wfNN, the spectrum is clearly extended with a larger 
σ, implying that ffNN and wfNN are excelling in accommodating high-frequency functions with the larger σ. It is noteworthy to 
mention that in our approach, the scaling vector B is set to be trainable, which makes the feature embedding layer a specific hidden 
layer of the NN. Moreover, when σ = 1, the resulting network is equivalent to a plain NN, with Fourier/Wavelet activation functions 
employed in the first hidden layer. The value of these hyper-parameters will significantly dictate the model’s performance with 
different datasets. The selection of hyper-parameters will be discussed in Sec. 4, after obtaining the experiment dataset. 

3. Dynamic test of a nonlinear PD 

3.1. Experimental setup 

At the current stage, the response-induced damping mechanism of the granular material bed remains an unsolved puzzle, especially 
in the high-frequency range. Therefore, a comprehensive investigation on the response of granular particle beds is required before 
applying PD. In this regard, a simple experiment was designed to obtain the interaction forces that the particle bed applies to the cavity 
during simple harmonic vibration. The recorded force signal consists of the interaction force between the particle bed and cavity, and 
the inertia force of the damper cavity. Since the inertia force of the damper cavity and the accelerometer is not of interest, it will be 

Fig. 7. Schematic diagram of experimental setup.  

Fig. 8. (a) Setup of the cylindrical PD; (b) Tungsten powder filling in the damper cavity; (c) Schematic diagram of the damper cavity.  
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deduced, and the response force mentioned afterward all refer to the interaction force from the particle bed. 
In this experiment, the PD used was directly attached to the acceleration-controlled shaker (B&K LDS V-650) without being 

mounted onto any primary structure. The utilization of the shaker on a PD allows a straightforward examination of the damper 
mechanism [17]. The weight of the damper was effectively small compared to the mass of the shaker moving element. Hence, the PD 
was able to vibrate synchronously with the shaker head as an entity. It made the vibration of PD follow the demanded pattern. The PD 
was installed vertically on the impedance head (KD3001B) with the M5 screw. This sensor records the force and acceleration signal in 
the vertical direction. The impedance head was also bolted to a stainless-steel connector that connects to the shaker (see Fig. 7). An 
accelerometer (i.e., Dytran 3273) is attached to the top of the damper. This sensor records the vertical acceleration signal. This sensor’s 
purpose was to ensure the PD vibrated in sync with the shaker head. As seen in Fig. 9, there was no relative displacement between the 
PD and the shaker during vibration. The sampling rate of the force and acceleration signal was 10 kHz. The Dewesoft SIRIUS data 
acquisition system was applied in the test to collect data, the signal-to-noise ratio of this system is higher than 130 dB. 

The vibration was constrained in the vertical direction. A cylinder shapes the damper cavity to mitigate the influence of contact 
between the particle bed and cavity in the lateral direction. Aluminum alloy was chosen for the material of the damper cavity wall to 
reduce the inertia force generated by the cavity. However, the support base (marked in green in Fig. 8) was made of stainless steel to 
bear the high-frequency load. The filling particle is 0.2 mm tungsten powder, and the filling volume was 30% of the cavity volume, 
making the weight of the filled tungsten powder 128.5 g. 

The detailed parameters of the experimental apparatus are given in Table 1. In this test, two types of excitations were adopted to 
excite the PD: steady-state simple harmonic excitation and sweep sinusoidal excitation. 

3.2. Steady-state simple harmonic excitation 

The steady-state simple harmonic excitation frequency ranges between 100 and 2000 Hz with an interval of 100 Hz. The excitation 
amplitude is controlled manually by switching the gain on the amplifier; five levels of amplitude are applied to the PD: The peak 
acceleration value exhibits a range of approximately 5–25 g, with intervals of 5 g. The excitation period is of 5 s for each condition, but 
only the middle 0.1 s of the signal starting at the π phase is selected for the investigation, with the aim of avoiding the transient effect. 
Each acceleration-based vibration signal contains 1000 temporal stamps as the signal sampling rate is 10 kHz. 

Fig. 8 shows the acceleration and force signal that recorded at the frequency of 100 Hz and 1500 Hz, with an acceleration amplitude 
of approximately 20 g. It can be seen that there contains a certain degree of multi-frequency components (ultra-harmonics, e.g., 3000 

Fig. 9. Acceleration signal recorded by the accelerometer and the impedance head.  

Table 1 
Specifications of experimental apparatus.  

Experimental apparatus Parameter name Parameter value 

B&K LDS V-650 shaker Sine force peak 2.2 kN  
Max acceleration sine peak 50 g  
Usable frequency range 5 Hz to 4 kHz  
Mass of moving element 4460 g 

KD3001B impedance head Max force peak 2.5 kN  
Max acceleration peak 100 g  
Working frequency range 0.5 Hz to6 kHz  
Weight 10.8 g  
Sensitivity 2 mV/N 

Dytran 3273 accelerometer Max acceleration peak 100 g  
Weight 3.0 g 

Cylindrical damper cavity Inner cavity diameter 5.0 cm  
Inner cavity height 3.0 cm  
Weight 275.4 g  
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Hz and 4500 Hz) in a high frequency regime (see Fig. 10). The appearance of ultra-harmonics is due to the nonlinear nature of the 
particle damping, which was generated from the complex interaction force of the particle bed. The reactive force inevitably influenced 
the vibration of the shaker head. However, since the mass of PD is small, the influence is limited, and the vibration can still be roughly 
regarded as simple harmonic vibration according to the acceleration spectrum. The acceleration signal extracted for analyzation starts 
from the π phase, and its phase goes forward on the timeline. Because the signal is periodic, its phase is equivalent to the range of (0, 
2π]. Fig. 11 illustrates the acceleration phase with respect to the value of acceleration and velocity at the frequency of 100 Hz and 1500 
Hz. Similar as observed in Fig. 10. At the frequency of 1500 Hz, nonlinear effects are more significant than that at the frequency of 100 
Hz. It is presented by a larger noise in the phase of the acceleration signal. This nonlinear effect-induced noise would influence the 
model reconstruction. For this uncertainty phase reconstruction, a Bayesian-based approach can be a solution, which will be discussed 
in future work. This work mainly focuses on the improvement brought by Fourier features embedding. 

Fig. 12 gives the hysteresis loop of the PD under different excitation frequencies and levels, where the response force is dependent 
on the current excitation and the history of excitation. Relative displacement doesn’t exist in this experimental set. The velocity 
amplitude varies 20 times in the frequency range from 100 Hz to 2000 Hz. However, since the velocity amplitude is negligible 
compared to the acceleration in such high-frequency vibration. The amplitude of the response force is dependent on the equivalent 
inertia force of PD, which doesn’t change with frequency. It is noted that the acceleration amplitude is manually controlled and does 
not precisely meet the desired value in the test. Therefore, the term “excitation levels” (ELs) is chosen to represent the different 

Fig. 10. Recorded signal in time and frequency domains of (a) acceleration at 100 Hz; (b) acceleration at 1500 Hz; (c) force at 100 Hz; (d) force at 
1500 Hz. 

Fig. 11. Phase of the acceleration signal with respect to the value of acceleration and velocity at (a) 100 Hz; (b) 1500 Hz.  
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acceleration amplitudes. The nonlinear damping effect of the PD varies in the frequency range: it exhibits a viscous behavior at low 
frequencies, while at high frequencies, the damping effect is restrained by the hysteretic phenomenon. The underlying rationale for the 
reduced damping effect observed in the acceleration-controlled test scheme can be attributed to the scaling down of velocity and 
displacement with respect to frequency. Therefore, it can be conceptualized that the particle bed emulates a lump mass during micro- 

Fig. 12. Hysteresis loop (output force versus excitation acceleration) under different excitation frequencies and levels.  

Fig. 13. (a) Sweep sine acceleration signal in time; (b) Time-frequency spectrum of the acceleration signal; (c) Diagram of force versus acceleration 
at frequency range of 100–150 Hz (left), 1000–1050 Hz (middle), and 1950–2000 Hz (right). 
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displacement vibration, thereby contributing to the observed phenomenon of low damping effect. The shape of hysteresis loops in 
different frequencies varies a lot, which reflects the intricate motion of the particle bed inside the cavity. The particle bed’s movement 
is more intense in lower frequencies with the higher displacement amplitude. Thereupon, a larger area of the hysteresis loop can be 
observed due to the elevated energy dissipation level by the particle bed. However, it is rather hard to dissect the shape of every 
hysteresis loop. Luckily, the data-driven deep learning approach offers an opportunity to avoid expressing the intricate particle 
damping explicitly. The application of the proposed deep learning method will be discussed in the next section. 

3.3. Sweep sinusoidal excitation 

A sweep-sinusoidal signal is also selected as an input signal of the shaker. It keeps the same frequency range as the steady-state 
excitation: the signal frequency linearly sweeps from 100 to 2000 Hz, the total sweeping time is 20 s, and the sweep-frequency rate 
is 95 Hz/s. The acceleration amplitude is not controllable during the sweeping. In the present situation, the voltage applied to the 
shaker, which governs the electrical signal, was maintained at a consistent level equivalent to the first level of excitation during the 
steady-state condition. 

Nonlinear characteristics of PD can be observed through the detection of ultra-harmonic signals, which occur when the funda
mental frequency surpasses 1000 Hz. However, the sweeping frequency rate is not significantly high according to the setting of 95 Hz/ 
s. The resultant hysteresis loops in different frequency ranges are similar to those in the steady-state excitation case (see Fig. 13(c)), 
which are not the smooth incline ellipse shape. 

4. Framework of exploiting the Fourier NN 

4.1. Selection of the NN architecture 

For selecting a network architecture, large networks (in regard to width and depth) exhibit greater robustness in terms of their 
regression capability. However, training such networks is inevitably more laborious due to the larger number of parameters that must 
be updated during each iteration. Meanwhile, expanding the network may result in only marginal improvements in performance, 
particularly when a smaller NN is already capable of accomplishing the given task. Moreover, a solid strategy to guide the network 
selection is currently absent to the best of the authors’ knowledge. Therefore, the plain NNs on the steady-state dataset (total size of 1×

105) are tested. This dataset consists of 20 sets of frequencies (100, 200, …, 2000 Hz); 5 sets of acceleration levels (approximately 5, 
10, …, 25 g); each piece of the acceleration-controlled vibration data is 0.1 s long starting at the π phase with 1,000 temporal stamps. In 
consideration of representing the hysteretic effect, the excitation acceleration a, and its integration (i.e., velocity) v are chosen to be the 
input features. The purpose of inputting velocity is to provide the phase information of the signal. Calculating the phase directly and 
inputting it into the NN is unsuitable. Since the vibration in the test is not purely simple harmonic according to Fig. 10. The additional 
input, excitation frequency f, is intended to reflect the nonlinearity of PD in the frequency domain (see Fig. 1(a)). The network outputs 
the force response of the damper. The data corresponding to the third-level excitation (EL-3, 20% of the steady-state dataset) is 
extracted for testing the model. Training is conducted on the rest excitation levels (EL-1, EL-2, EL-4, EL-5, 80% of the steady-state 
dataset). The entire dataset is preprocessed by the min–max normalization [43]. 

Various architectures with different widths and depths are empirically selected from the candidate set. The number of hidden layers 
F is chosen from {3,4, 5,6, 7}, and the width of the hidden layer C is chosen from {50,100,150}. In this study, all hidden layers in 
one NN architecture are set to be the identical width. The tanh activation function is applied for these NNs. The training and testing 
mean squared error (MSE) after 15,000 iterations for each NN architecture is given in Fig. 14. The training of NN intuitively receives a 
reduced loss with a larger NN size. However, this merit also comes along with over-fitting, as demonstrated by the increasing testing 
loss after meeting the inflection point. The selection of the NN architecture should consider these two aspects simultaneously. By 

Fig. 14. Training and testing MSE of each NN architecture after 15,000 iterations.  
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comparing the average MSE of different NN architectures on the entire dataset (see Table 2), it can be identified that NN with {F =

5,C = 100} obtains the best model accuracy. Therefore, the network architecture of 5 hidden layers with 100 neurons in this study is 
chosen. This selection is based on the plain NNs. In addition, for a fair comparison, all methodologies will adopt the selected archi
tecture afterwards, and the training and testing loss are presented in MSE. 

4.2. Validation of the optimum features embedding strategy 

As mentioned in Table 2, the NN architecture (F = 5, C = 100) is adopted in this section to explore the optimum features 
embedding strategy. The search is conducted on the dataset of steady-state excitation test (5 excitation levels, 20 excitation fre
quencies, and 1,000 temporal stamps for each set), in which the EL-3 dataset is assigned as the testing dataset while the rest is for 
training. Ten independent trial tests are conducted on the NNs embedded with Fourier (FF), Gaussian (Ga), and Morlet (Mo) features 
that are initialized by different σ ∈ [1,100]. 

The evolution of the training MSE from one trial test with various Fourier features embedding shown in Fig. 15(a) reveals that with 
a proper σ, the ffNN is faster in convergence and consequently achieves a better accuracy after a certain number of iterations. Testing 
results in Fig. 15(b) show that Fourier features embedding is more robust (thinner one standard band) than wavelet features 
embedding (i.e., Ga and Mo). The latter one even shows worse performance than the plain network in most cases. A possible expla
nation for this phenomenon is that when the wavelet basis function is scaled with a large-value factor bi ∈ B, the function becomes a 
“thin” basis containing a wide range of zero values in its domain. As a result, the function in question exhibits limited capacity to 
accommodate the objective function effectively. Another flaw of the wfNN is that, unlike the matrix operation of the scaling factor B, 
the translation factor T can only be applied to each neuron in the embedding layer. It means that different dimensions of input x must 
share the same translation factor τi ∈ T on one neuron, which also restricts the performance of the wfNN. 

In alignment with the preceding discussion, it can be observed that for the case where σ = 1, the ff/wfNN is virtually a variant of 
plain networks, with the activation functions of the first hidden layer being the Fourier/Wavelet features mapping. Demonstrating the 
validity of this assertion, the training and testing results of the ff/wfNNs are in the vicinity of the plain NN. Among the various 
experimental trials conducted, the Fourier features initialized with σ = 30 yield the best performance. 

4.3. Incorporating ffNN with TL 

4.3.1. Framework of TL 
The knowledge acquired from the source task may be leveraged to enhance performance on the target task through TL. Previous 

Table 2 
Average MSE on the entire dataset of each NN architecture after 15,000 iterations.   

C = 50 C = 100 C = 150 

F = 3  11.02  10.90  8.93 
F = 4  8.23  8.19  6.88 
F = 5  7.91  6.60  6.80 
F = 6  7.42  6.96  6.67 
F = 7  7.05  6.69  6.83  

Fig. 15. (a) Evolution of the training MSE from one trial test of a NN embedded with Fourier features initialized by the different σ ∈ [1, 100] and a 
plain network; (b) Testing MSE with the three feature functions by the different σ ∈ [1, 100] after 15,000 iterations of gradient descent over 10 
independent trials. The black dash line represents the final testing loss of the plain network after 15,000 iterations. 
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works [44,45] have revealed that the layers at the low level of a pre-trained NN model learn features with generality. The learned 
knowledge resides in the weights/biases of the hidden layers is transferrable across tasks. After transferring the layers from the pre- 
trained NN, the layers at the low levels are frozen. In the context of the target task, only fine-tuning the high-level layers are needed. 
Analogous to the framework introduced by the authors in a prior study [24], a low fidelity ffNN model is pre-trained with the 
approximate governing equation of PD. Subsequently, this model is refined using the high-fidelity dataset obtained from the exper
iment observations (see Fig. 12). Specifically, the training of the source task utilizing the approximate governing equation is carried out 
through the physics-informed neural networks (PINNs) [40], which obviate the need for generating a database through the approx
imate governing/constitutive equations. In contrast to conventional numerical methods, PINNs produce a solution across an entire 
domain without requiring a pre-specified grid of points. The methodology of utilizing PINNs to address differential equations is 
presented upon in Appendix B. 

Following the discussion presented in the prior study [21], the approximate constitutive equation for two-phase flow equivalent 
viscosity model is proposed by Wu and Lei [46,47]. This equivalent model provides low-fidelity knowledge of the PD nature within the 
scope discussed in this study (high-frequency vibration). According to the experimental setup, the rigid connection between the PD and 
the shaker eliminates the relative displacement term in the dynamic force equation. Therefore, the force response of the PD is 
computed based on the two-phase flow model, which is given by: 

Ftpf = ma+ ceqv (8)  

where m is the total mass of the damper, a and v are vibration acceleration and velocity, respectively, ceq is the total equivalent viscous 
damping coefficient which relates to the damper response (velocity and frequency), it is written as: 

Fig. 16. Flowchart of the TL-incorporated PINN modeling approach for the PD.  

Fig. 17. (a) Evaluationolution of the training MSE from one trial test with the different free-layer number n ∈ [1, 5] and the plain ffNN; (b) Testing 
MSE with the different free-layer number n ∈ [1, 5] after 15,000 iterations of gradient descent over 10 independent trials. The black dash line 
represents the final testing loss of the plain ffNN after 15,000 iterations. 
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ceq = cc + cf (9)  

where cc represents the equivalent viscosity relates to the inter-granular collision, and cf is related to the inter-granular friction. These 
terms are calculated according to the two-phase flow theory [46,47]. In this PINN, the features domain is maintained identical to that 
of the experimental setup, i.e., acceleration ranges from 5 to 25 g, and frequency ranges from 100 to 2000 Hz. Consequently, the 
features domain is kept consistently across both the source and target tasks, making this study a prototypical example of inductive TL 
[48]. The domain adaption across tasks is no requirement. The PINN outputs the theoretical damper force Ftpf based on the two-phase 
flow model. Additionally, model testing is unnecessary for the source training task (see Fig. 16). 

4.3.2. Effect of the free layers number 
The selected ffNN architecture (5 layers, 100 units per hidden layer, tanh activations, σ = 30) is adopted in this subsection. 

Remarkably, the number of frozen layers transferred from the source task is a crucial factor for the performance of the target task. A 
reduced number of free layers in the target model can use the low-fidelity knowledge to a greater extent and expedite the training. 
Conversely, this approach impedes the learning capability of the high-fidelity dataset. 

This section aims to explore the influence of the free-layer number and confirm the optimum number of free layers. The search is 
conducted on the same dataset from the steady-state excitation test (EL-3 for testing and the rest for training). The performance of the 
different free-layer number n ∈ [1,5] over 10 independent trials is tested. For the purpose of comparison, the mean squared error (MSE) 
evaluation of the plain ffNN is also provided. 

The evolution history of the training MSE from one trial test in Fig. 17(a) shows that the transferred layers from the source task 
facilitate learning in the target task with a decreased initial error. Nevertheless, in the case of a complex and highly nonlinear issue 
such as PD, a reduction in the number of trainable layers leads to a decline in the accuracy of both training and testing using the high- 
fidelity dataset (see Fig. 17), even though the increased efficiency of training as fewer parameters are needed. The attractive advantage 
of TL is its potential in training data hungry NNs when high-fidelity data is limited [24]. It is noted that the present size of the steady- 
state dataset amounts to 1× 105, which is abundant for NN training purpose. An intuitive explanation is that the plain ffNN reaches 
almost the identical MSE where n = 5, indicating that the plain ffNN is well-driven, eventually converging to the performance level of 
the TL approach, even though its higher initial MSE. It is reasonable to anticipate that in the case of a smaller training dataset, the TL 
approach would be more appealing. A further examination of the impact of training dataset size is presented in Appendix C. 

In addition, the TL provides a slightly enhanced performance where n = 4. Therefore, despite the fact that the improvement is not 
as significant as that achieved through proper Fourier features embedding, the ffNN with TL-PINN (ff-TLPINN) is chosen to incorporate 
as it ultimately yields superior results. 

4.4. Comparison between the surrogate models 

After the discussion on ffNN and TL, the optimum strategy is achieved by the fusion of ffNN and TL-PINN (ff-TLPINN), in which the 
first layer is the Fourier-features mapping and followed by the TL-PINN approach. To be acquainted with these methods, all results 
from the different methods are compared in this subsection, including the NN, ffNN, and the ff-TLPINN (Fourier features embedding 
with σ = 30, transferring layers with the free-layer number n = 4). Furthermore, to reveal the effect of the TL-PINN approach on the 
plain NN, a similar discussion as in Section 4.3.2 is conducted. Finally, the optimum result of pure TL-PINN is also obtained with n = 4. 
Consequently, the results are presented for the sake of comparison. All surrogate models are trained using the steady-state dataset for 
15,000 iterations, employing the same training/testing dataset and network architecture. The model evaluation is then conducted on 
the entire dataset. 

Fig. 18 shows the model prediction of the MSE on the steady-state dataset of various methods. It can be seen that the TL-PINN (MSE 
4.92) enhanced the model accuracy regarding a plain NN (MSE 6.60), but a more remarkable result is presented by the properly 
initialized ffNN (MSE 1.27). Furthermore, blending the TL approach with the ffNN brings a slight improvement in the model accuracy 
(MSE 0.90) regarding the plain ffNN, indicating the most critical challenge for this task is the spectral bias of the NN. As a result, the 

Fig. 18. Prediction MSE for different approaches with the same NN architecture.  
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best accuracy is given by ff-TLPINN. This method is selected to reconstruct the hysteretic effect of PD. 

5. Model reconstruction for the PD force response 

The damper force response is reconstructed by implementing the proposed Fourier features-embedded, transfer learning- 
incorporated PINN (ff-TLPINN). An ffNN (5 layers, 100 units per hidden layer, tanh activations) with the Fourier feature embed
ding γf (X) initialized by σ = 30 was firstly trained according to the low-fidelity physics model, i.e., the two-phase flow equivalent 
viscosity model. Then, the pre-trained layers were leveraged to the second stage of training, where the low-level layers were frozen. 
The number of free layers to be updated by the high-fidelity experimental data is 4. The input vector X of the steady-state excitation 
case consists of excitation frequency f (20 settings in total), excitation acceleration a, and the corresponding velocity v (5 levels in 
total). Each set has 1000 temporal stamps. After training with the steady-state dataset for 15,000 iterations on the designated training 
dataset (excluding EL-3), the sweep-sinusoidal dataset is used to validate the established surrogate model. 

5.1. Reconstruction of the steady-state excitation case 

The proposed model manages to reconstruct the hysteresis loop of the PD. The hysteresis loop at 100 Hz shows a typical viscous 
effect (see Fig. 19), while the shape of the hysteresis loop at 1200 Hz (see Fig. 20) is significantly different from other frequencies due to 
the nonlinearity nature of the PD. The most considerable prediction error is found in this frequency case. As observed in Fig. 21, the 

Fig. 19. Hysteresis loop of 100 Hz: (a) Exact damper response force recorded in the experiment; (b) The predicted damper force response from the 
proposed model; (c) The prediction error of the surrogate model. 

Fig. 20. Hysteresis loop of 1200 Hz: (a) Exact damper response force recorded in the experiment; (b) The predicted damper force response from the 
proposed model; (c) The prediction error of the surrogate model. 

Fig. 21. Hysteresis loop of 2000 Hz: (a) Exact damper response force recorded in the experiment; (b) The predicted damper force response from the 
proposed model; (c) The prediction error of the surrogate model. 
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hysteretic phenomenon is significantly restrained at 2000 Hz. Since the excitation is acceleration-controlled, the PD actually undergoes 
a micro-displacement vibration at this frequency. Most of the force response is contributed by the inertia force of the damper. In this 
case, since the sampling frequency (10 kHz) happens to be five times the primary frequency (2 kHz), there can only be a sample of five 
points in one loop. Although the dataset contains an enormous number of temporal stamps, there are a lot of duplicated data since the 
input features are periodic signals. The error resides in these reduplicative cases and results in the prediction error. For instance, the 
force response of PD under the fifth level excitation at 2000 Hz (phase − π) is shown in Fig. 22. The experimental error is the systematic 

Fig. 22. Exact and predicted damper force under fifth excitation level at 2000 Hz (phase − π).  

Fig. 23. Prediction MSE of the proposed model and the plain NN model with respect to each frequency.  

Fig. 24. (a) Exact damper force response recorded in the sweep-sinusoidal experiment. (b) The predicted damper force response from the proposed 
model. (c) The prediction error of the surrogate model. 
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error in terms of the model training. 
The above prediction error is related to the shape of the hysteresis loop and the experimental error. Fig. 23 presents the MSE 

prediction on the entire dataset of the proposed surrogate model and a plain NN model for each frequency. The error is high for the 
proposed model in the 800–1900 Hz range. The experimental result (see Fig. 12) shows that the experimental error is relatively high in 
this range (thick trajectory). However, the signal is sampled five times per period at the frequency of 2000 Hz, reducing the difficulty in 
regression. Both models find the most considerable error at 1200 Hz, reflecting the identical influence of the unequable hysteresis loop 
shape. 

Fig. A1. One-hidden-layer NN with m hidden neurons.  

Fig. B1. Structure of Fourier/Wavelet features embedded PINN.  

Fig. B2. (a) Calculation results of different PINNs after 50,000 iterations. (b) Evolution of the residual loss of different PINNs.  
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5.2. Validation of the model with sweep-sinusoidal dataset 

Section 3.3 mentioned that the hysteretic effect of PD under a slow sweep-sinusoidal excitation is similar to the steady-state case. 
Therefore, the proposed surrogate model can be validated by the sweep-sinusoidal dataset. After establishing the surrogate model 
based on the steady-state dataset, the excitation signal from the sweep-sinusoidal test is input to the surrogate model to predict the 
corresponding force response. The result presented in Fig. 24 is expressed by force response in terms of the excitation velocity in place 
of acceleration in order to have better visualization. However, the test is still acceleration controlled, as same as the steady-state test. In 
general, the model output captures the feature of the damper force. However, an enlarged prediction error can be observed compared 
to the steady-state case in which the model is trained. Specifically, the MSE prediction on the two datasets is 4.83 for the sweep- 
sinusoidal dataset and 0.90 for the steady-state dataset, respectively. 

In this case, the prediction error in the high-frequency range is more significant with respect to a lower frequency. The error could 
come from the transient effect at this range when the damper response tends to be more complex in high-frequency vibration. The 
hysteresis loop recorded in Fig. 13 supports this conjecture, where the shape of the hysteresis loop shows a thick trajectory, indicating 
the instability from the transient response of the PD. 

6. Conclusions and future works 

The framework exploiting NN to establish the surrogate model for characterizing a particle damper (PD) was investigated in this 
paper. After in-depth exploration of the long-standing issue of spectra bias in neural networks (NNs), the proposed Fourier neural 
network (ffNN) is equipped with the capability to acquire high-frequency features. This simple technique is concatenated with the TL 
approach, which integrated PINN. The findings indicate that the efficacy of TL-PINN is limited when dealing with a task that has an 

Fig. C1. Efficacy of free-layer numbers on various dataset sizes on (a) model training and (b) model testing. Evaluated with mean MSE and one 
standard deviation. 

Fig. C2. Comparison between TL and non-TL approaches on various dataset sizes on (a) model training and (b) model testing.  
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abundant amount of high-fidelity experimental data. The conclusions can be summarized as follows:  

(1) Compared to the wavelet features, the Fourier features embedding performs better in this case. Besides, the hyperparameter σ 
should keep in line with the frequency feature in the objective function. The proper imposition of this method can address the 
pathology of spectra bias of NNs.  

(2) The number of free layers released in the second training step in TL-PINN influences the result. For a case with abundant high- 
fidelity learning resources, fewer free layers can speed up the training but hinder the accommodating ability, which worsens the 
performance of NNs. Therefore, more free layers are preferred in such situations.  

(3) The concatenated method ff-TLPINN is reliable for reconstructing the hysteretic effect of PDs in a broad frequency band. The 
MSE arising from the ff-TLPINN model (0.90) is less than one-seventh of the plain network (6.60) with the same architecture. 
Correspondingly, the MSE is 4.92 for TL-PINN and 1.27 for ffNN. 

This study investigates a PD with 30% of tungsten powder under various excitations. However, the performance of a PD is related to 
plentiful parameters, e.g., particle material, particle diameter, filling ratio, size, and shape of the damper cavity, etc. Therefore, a 
surrogate model considering all these parameters should be presented to design an optimum PD in noise/vibration control. However, 
merging all these factors into the input feature space will exponentially increase the size of the input dataset. Such a task will be too 
bulky for NNs as the input size on the temporal space is enormous (1000 stamps). Confronting the issue of dimension exploration, a re- 
design of the input–output scheme, which excludes the temporal space, is required. Moreover, the experimental error observed in 
Fig. 22 is another burden for the identification by the proposed approach. The experimental error should also be considered in NN 
training. 

The future improvement of this study can be pursued by utilizing the phase of the periodic signal in place of the temporal stamps as 
the input-related factor. This approach enables the response obtained at the same phase to be viewed as a distribution (see Fig. 22). The 
experimental error can thus be integrated into model learning. This idea is naturally oriented to the Bayesian theory-supported neural 
networks, where probability is imported to regulate the parameters in a network that differs from a point-estimate network. In another 
line of work, a large class of hysteresis loops are described by fractional derivatives. PINN can pursue the equation discovery of particle 
damping in high-frequency range based on fractional derivation equations. The Fourier features embedding can also be investigated in 
facilitating that attempt. For particle damping, there is still much more to be explored in the intricate motion of the particle bed, 
especially in this high-frequency and high-nonlinear stage. In the next step, a direct study of the particle bed’s exact movement is 
planned. 
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Appendix A. Derivation of the training dynamics of NNs 

For illustration, one-hidden-layer NN with m hidden neurons are considered (see Fig. A1), biases are included in the input vector a 
and output vector b. The single output of the NN is y = f(x, θ) parameterized by θ. 

From this structure, the output of the network can be expressed as: 

y =
∑m

i=1
biδ

(
aT

i x
)

(A1) 
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where δ(•) is the activation function. Training the network is to adjust the output to meet the labeled data ŷ ∈ Rn. Normally, the 
training is controlled by the L2 norm loss function, which can be flexibly written in (auxiliary coefficient 12 is implemented to comfort 
the following derivation): 

L (θ) =
1
2
∑n

i=1
(f (xi, θ) − ŷi)

2 (A2) 

Consider the gradient descend procedure of the network parameters, which in noted as: 

θt+1 = θt − ηt∇θL (θt) (A3)  

⇒ θt+1 = θt − ηt(f (x, θ) − ŷ)∇θf (x, θt) (A4)  

During training of the network, the input x remains stable, and only the parameter space θt is updated every iteration. If a gradient flow 
of the f(x, θ) with an infinitely small learning rate ηt is defined, it is in fact a flow of the θt . The rate of the θt is given by: 

dθ
dt

=
θt+1 − θt

ηt
= − (f (x, θ) − ŷ)∇θf (x, θt) (A5) 

Also, the first order Taylor expansion of f(x, θ) around the initial parameter value θ0 is considered: 

f (x, θ) ≈ f (x, θ0)+∇θf (x, θ0) • (θ − θ0) (A6) 

Therefore, the dynamic of this network output is: 

df (x, θ)
dt

≈ ∇θf (x, θ0) •
dθ
dt

(A7)  

⇒
df (x, θ)

dt
≈ − ∇θf (x, θ) • ∇θf (x, θ0)

T
(f (x, θ) − ŷ) (A8)  

As derived by Jacot et al. [35], the term ∇θf(x, θ) becomes deterministic and remains static when the network is infinitely wide. Even 
not like this, the parameters also hardly vary for an over-parameterized network during training, which is the so-called “lazy training” 
[49]. Under such circumstances, ∇θf(x, θ0) ≈ ∇θf(x, θ) can be assumed. Since the neural tangent kernel (NTK) operator K is defined as: 

Kij = K
(
xi, xj

)
=

〈
∂f (xi, θ)

∂θ
,
∂f
(
xj, θ

)

∂θ

〉

(A9) 

The Eq. A. 8 can be reformed as: 
df(x,θ)

dt ≈ − K • (f(x, θ) − ŷ)(A10). 
This concludes the proof. 

Appendix B. . Fourier/Wavelet feature embedded PINN on solving an SDOF vibrator 

In this illustrative example, a damped SDOF vibrator under the forced vibration is considered. This simple case is driven by the 
following ordinary differential equation (ODE): 

mẍ+ cẋ+ kx = Fsin(wt) (B1)  

With m = 1 kg, k = 200N/m, damping ratio ξ = 0.1, F = 100 N, w = 120 rad/s. The initial condition is x0 = 0 m, ẋ0 = 0 m/s. Ac
cording to these settings, the nature frequency of this vibrator is approximately 2.3 Hz, and the excitation frequency is roughly 19.1 Hz. 
Here, the physics-informed neural network (PINN) to pursue the solution to this ODE is adopted. As an emerging paradigm that 
promises profound influence on computational physics, PINNs have shown seductive efficacy in various disciplines [50–53]. However, 
PINN also suffers from spectra bias in the framework of NNs. 

To present a brief overview of the PINN, Eq. B. 1 can be reformed by the general form: 

N [x](t) = f(t), t ∈ Ω (B2)  

B [x](t) = g(t), t ∈ ∂Ω (B3)  

where N [ • ] is the differential operator and B [ • ] denotes the boundary condition, or initial condition. To seek the latent solution x(t), 
a network with the input of t and output of x (see Fig. B. 1) is built. The derivative of x with respect to t can be obtained through auto 
differentiation [54]. Then, the PINN can be trained by minimizing the physics-induced residual loss and boundary/initial condition 
loss. 

The calculation of this ODE is in the range of t ∈ [0,3]. The ff/wfPINN to solve the ODE is adopted, where Fourier/Wavelet features 
are embedded in the PINN. A vanilla PINN with the same architecture is also employed for comparison. The Gaussian basis function is 
selected for the wfPINN, both ffPINN and wfPINN are initialized by σ = 10. The fully connected network contains 3 hidden layers, 100 
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units per hidden layer, and tanh activation function is chosen in the network. 
The raw PINN fails in capturing the solution to this ODE, as its residual loss barely has no descending in the training. On the 

contrary, ffPINN and wfPINN are capable to reconstruct the relatively high-frequency components in the objective function. Besides, 
the ffPINN is also outperforms the wfPINN in this case (see Fig. B1 and Fig. B2). 

Appendix C. . Influence of the dataset size on the TL approach 

Following the discussion in Section 4.3.2, the size of the training dataset is 8 × 104 (EL-3 extracted for testing). The considerable 
dataset size goes against the TL approach showing its merits. Herein, the training dataset is randomly cut down to lessen the dataset 
size, namely 80%, 60%, 40%, and 20%. The efficacy of the TL under different number of free layers is dissected on these reduced 
datasets based on ffNN with σ = 30. 

Firstly, the most intuitive conclusion is that reducing the dataset will raise the MSE in training and testing. However, such influence 
is decreased when training the model with just one free layer, indicating that only limited data is required for training in this condition. 
But even though the model is well-trained to capture the features in the training dataset, the lessened training dataset still fails to 
provide a complete view of the task. So that the rising testing MSE with one free layer can be found when reducing the training dataset. 

It can also be observed that the effect of TL becomes more apparent with a lessened dataset. Compared with the intact training 
dataset, the optimum free-layer number is decreased on the lessened dataset. It means the source task knowledge plays a more vital 
role when the training dataset of the target task is reduced. To better present this conclusion, for each dataset size, the result on the 
plain model without the TL approach is compared with the TL approach. An index ∊train/test is defined, which is calculated by the 
training/testing MSE of the non-TL model deducting the training/testing MSE of the TL models. When ∊ > 0, the TL outperforms the 
non-TL approach and vice versa (see Fig. C1). 

The comparison in Fig. C2 provides compelling proof that ∊train/test is increasing with the decreasing dataset size. In short, the TL 
approach can facilitate establishing a better surrogate when the dataset size is small, no matter the number of free layers. 
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