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Abstract—Beyond diagonal reconfigurable intelligent surface
(BD-RIS) refers to a family of RIS architectures characterized
by scattering matrices not limited to being diagonal and enables
higher wave manipulation flexibility and large rate performance
gain over conventional (diagonal) RIS. However, whether BD-RIS
aided network is able to deliver more data volume compared
to conventional RIS aided network is still questionable, because
far more time may be wasted to estimate the massive channel
coefficients associated with the off-diagonal entries of the BD-RIS
scattering matrix. Somehow counter intuitively, for the first time
in the literature, this paper rigorously proves that the channel
estimation overhead in fully connected BD-RIS aided network
is actually of the same order as that in the conventional RIS
aided network, which was characterized in [1]. This amazing
result stems from a key observation: for each user antenna, its
cascaded channel matrix associated with one reference BD-RIS
element is a scaled version of that associated with any other BD-
RIS element due to the common RIS-base station (BS) channel.
In other words, the number of independent unknown variables
is far less than it would seem at first glance. Building upon this
property, this paper manages to characterize the overhead to
perfectly estimate all the channels in the ideal case without noise
at the BS, and propose a two-phase estimation framework for
the practical case with noise at the BS. The main message of this
paper is that we can benefit from the non-diagonal scattering
matrix design at a channel estimation cost similar to that in
conventional RIS aided network.

Index Terms—Beyond diagonal reconfigurable intelligent sur-
face (BD-RIS), channel estimation, low-overhead communication.

I. INTRODUCTION
A. Motivation

Reconfigurable intelligent surfaces (RISs) have emerged as
a promising technology for the sixth-generation (6G) cellular
network, thanks to their unprecedented capabilities to tune
the wireless propagation environment. Conventionally, the
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scattering matrices of RISs are diagonal matrices such that the
RIS elements change the propagation properties independently
[3], [4]. Recently, a new technology, i.e., beyond diagonal
RIS (BD-RIS), has attracted more and more attention [5], [6].
Specifically, BD-RIS leverages inter-element connections to
generate non-diagonal scattering matrices. This non-diagonal
structure enables more flexible wave manipulation, enhanced
beamforming, and expanded coverage that are critical for
6G networks [5], [7]. Because of the great potential of BD-
RIS and the optimality of BD-RIS to achieve the maximum
SNR and capacity of wireless channel [6], [8], research has
been conducted on multiple fronts: physics-consistent mod-
eling [6], [9], optimal and suboptimal architecture designs
[6], [8], [10], transmissive, reflective, hybrid and multi-sector
modes [7], [11], performance optimization and analysis [12]-
[15], hardware impairments [16], and integration with other
technologies and applications such as integrated sensing and
communication (ISAC) [17]-[22], physical layer security [23],
full duplex systems [24].

The enhanced performance of BD-RIS depends critically on
the availability of channel state information (CSI). Without the
BD structure, the channel estimation overhead in conventional
RIS assisted communication has been characterized in [1].
However, unlike conventional (diagonal) RIS with a single-
connected architecture, the interconnected architecture of BD-
RIS makes it necessary to estimate far more channel coeffi-
cients associated with the non-diagonal elements of the BD-
RIS scattering matrix [6], [25]. Moreover, due to the circuit
requirement, the non-diagonal scattering matrices of the BD-
RIS are unitary matrices [6], [7]. This imposes constraints
since all reflecting elements must be adjusted jointly (un-
like conventional RIS with independently tunable elements),
thereby complicating the design of time-varying scattering
strategies for channel estimation. Due to the above reasons,
it is widely believed that the channel estimation overhead in
BD-RIS assisted communication is significantly larger than
that in conventional RIS assisted communication [25]-[29].
Note that if too much time is spent on channel estimation, the
true network throughput gain over the conventional RIS aided
communication is questionable, despite the rate gain due to
the freedom to design non-diagonal scattering matrices.

In this work, somehow counter intuitively, we aim to reveal
the fact that the channel estimation overhead of the BD-RIS
aided communication and the conventional RIS aided com-
munication are of the same order. Specifically, we consider a
fully connected BD-RIS architecture [6] where each reflecting
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element is connected to all other elements to form a full non-
diagonal scattering matrix. While this architecture provides
the highest flexibility for wave manipulation, it inherently
incurs the highest channel estimation overhead due to the
largest number of interconnections compared to other BD-
RIS architectures, e.g., group connected BD-RIS [6], tree
and forest-connected BD-RIS [10], band-connected and stem-
connected BD-RIS [8], whose corresponding graphs have
fewer edges (hence interconnections) than fully-connected
BD-RIS. By addressing the most challenging fully connected
BD-RIS architecture, we will establish a theoretical foundation
relating channel estimation overhead to BD-RIS architectural
complexity and provide insights that help reducing overhead
for other BD-RIS architectures.

B. Prior Work

Under the conventional RIS aided communication, previous
research has been conducted to reduce channel estimation
overhead by utilizing multi-user channel correlation [1], [30],
two-timescale property [31], beamspace channel sparsity [30],
[32]-[34], RIS elements grouping [35], etc. However, these
methods cannot be applied to BD-RIS aided communication,
because massive new channel coefficients associated with
the off-diagonal entries in the scattering matrix have to be
estimated as well.

Under the BD-RIS assisted communication, most prior
works on channel estimation have focused on single-user
multiple-input multiple-output (MIMO) scenarios [25]-[28].
[25] and [26] proposed a least square (LS)-based method to
derive a closed-form estimation of the cascaded user-RIS-base
station (BS) channel and formulated a BD-RIS design problem
aimed at minimizing the mean square error (MSE) estimation.
[27] developed two tensor decomposition—based methods. One
offers a closed-form solution based on the Block Tucker
Kronecker factorization (BTKF) algorithm. Given an initial
LS estimator of the cascaded channel, it leverages rank-one
matrix approximation to extract the individual user-RIS and
RIS-BS channels, yielding a noise rejection gain compared to
the LS estimation scheme. The other employs an alternating
LS (ALS)-based approach to directly decouple the estimation
of cascaded channel into individual channel matrices, thereby
reducing overhead for estimation. [28] proposed a semi-blind
joint channel and symbol estimation scheme based on tensor
modeling of the received signals and a trilinear alternating
estimation scheme was derived. For the multi-user scenario,
[29] adapted the ALS method for multiple single-antenna users
by assuming that all users transmit orthogonal pilot sequences
such that channels from all users can be simultaneously
estimated by the BS.

However, in a fully connected BD-RIS assisted communi-
cation system with N BS antennas, M BD-RIS elements,
and K users each with U antennas, most of the above
methods [25]-[27] require a channel estimation overhead of
KUM?, because all the channel coefficients are estimated
independently. Although the ALS-based method proposed
in [28], [29] can reduce the channel estimation overhead
via 1-mode and 2-mode unfoldings of the received signal

TABLE I
COMPARISON OF CHANNEL ESTIMATION OVERHEAD
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tensor, the overhead is still fundamentally high because all
the channel coefficients are treated as independent variables.
Note that in the conventional RIS assisted communication, it
has been shown in [1] that the channel estimation overhead
is M + [M(KU — 1)/q], where ¢ is the rank of RIS-BS
channel. An important question motivating this work arises:
Is it possible to reduce the channel estimation overhead in
BD-RIS assisted communication to the same order as that in
conventional RIS assisted communication?

C. Main Contributions

In this paper, we study the channel estimation problem
in BD-RIS assisted uplink communication consisting of K
users each with U antennas, one fully connected BD-RIS
with M elements, and one BS with /N antennas. Based on
the pilot signals from the users, the BS needs to estimate the
channels that are necessary for the subsequent BS and BD-
RIS beamforming design. The contributions of this paper are
summarized as follows.

o We rigorously show that in the ideal case without noise
at the BS, 2M + [M(KU — 1)/q] time instants are
sufficient to perfectly estimate all the cascaded channels,
where ¢ denotes the rank of the RIS-BS channel matrix.
On one hand, the overhead of our approach is an order-
of-magnitude lower than that achieved by the existing
approaches designed for fully connected BD-RIS [25]-
[27], which is KUM?. Moreover, in the practical case
with noise at the BS, we design an efficient algorithm to
accurately estimate the cascaded channels with a much
smaller MSE compared to that achieved by the existing
approaches [25]-[29].

e We achieve the above amazing result by revealing an
important hidden property of the cascaded user-RIS-BS
channels in BD-RIS aided communication — for each
user antenna, its cascaded user-RIS-BS channel matrix
associated with any BD-RIS element is a scaled version
of that associated with a reference BD-RIS element. This
is because all cascaded channels share a common RIS-BS
channel. This indicates that the overall cascaded chan-
nel is fundamentally determined by a single reference
channel matrix and a set of scaling coefficients. This key
insight reveals that the number of independent variables
to be estimated is drastically smaller than what is assumed
in prior works [25]-[27], which treated all channel coeffi-
cients independently, leading to larger channel estimation



overhead. To our best knowledge, our work is the first
one to reveal this important property in BD-RIS assisted

communication.
e Our results mitigate the biggest concern about BD-RIS
aided communication — whether its throughput per-

formance outperforms that of conventional RIS aided
communication, considering the fact that far more chan-
nel coefficients should be estimated. Specifically, the
channel estimation overhead in conventional RIS aided
communication is M + [M (KU — 1)/q] [1]. Therefore,
the channel estimation overheads of the fully connected
BD-RIS aided communication and of the conventional
RIS aided communication are actually of the same order.
This indicates that we can reap the rate gain arising from
the non-diagonal scattering matrix design with a similar
channel estimation overhead to conventional RIS aided
communication. Therefore, our results provide solid proof
of the effectiveness of BD-RIS in future wireless network.
A comparison among the channel estimation overheads
achieved by different schemes in different systems is
summarized in Table 1.

D. Organization

The rest of this paper is organized as follows. Section II
introduces the system model. Section III states the channel
estimation problem without and with noise at the BS, re-
spectively, and reveals the channel property of the cascaded
channels under the BD-RIS assisted communication. Section
IV considers the case without noise and characterizes the
overhead for perfectly estimating the channels in a special
case of a single-antenna user. Section V generalizes the result
to a general case of multiple multi-antenna users. Section
VI proposes an efficient channel estimation method under
the practical case with noise. Section VII provides numerical
examples to demonstrate the effectiveness of our proposed
scheme. Section VIII concludes the paper.

Notations: For ease of reference, Table II summarizes the
main variables which will be used throughout this paper. Fur-
thermore, I and O denote an identify matrix and an all-zero
matrix with appropriate dimensions, respectively. For a matrix
A, AT and A" denote its transpose and conjugate transpose,
respectively. For a square full-rank matrix A, A~! denotes
its inverse. vec(-) denotes the vectorization of a matrix, and
unvec(-) denotes the reverse operation of the vectorization.
A(I,:) and A(:,I) extracts the subset of rows and columns
from a matrix A, respectively, where [ is a sequence of row-
index or column-index. || - || denotes the Frobenius norm. [-]
denotes the ceiling function. ® denotes the Kronecker product.
The distribution of a circularly symmetric complex Gaussian
(CSCG) random vector with mean  and covariance matrix X
is denoted by CN (x, ). E[-] denotes the expectation operator.

II. SYSTEM MODEL

We consider an uplink communication system consisting of
a BS with N antennas, a BD-RIS with M passive reflecting
elements, and K users each with U antennas, as shown in
Fig. 1. We assume a quasi-static block fading channel model,

TABLE 11
MAIN VARIABLES AND THEIR PHYSICAL MEANINGS
Dy, Direct channel matrix from user k to the BS
Ry Channel matrix from user k to the BD-RIS
G Channel matrix from the BD-RIS to the BS
gm Channel vector from the m-th RIS element to the BS
Overall effective channel from user k to the BS via BD-RIS
Hy, I
at time instant ¢
Jg Cascaded user-RIS-BS channel matrix for user k&
Sub-block of Jy, representing the cascaded channel
Qp,u,m | associated with the u-th antenna of user k via the m-th RIS
element
P, Scattering matrix of the BD-RIS at time instant ¢
bt.m m-th column of the scattering matrix ®;
By, Matrix of scaling coefficients for user k
Br,u Vector of scaling coefficients for the u-th antenna of user k
Ty ¢ Transmit data signal from user k at time instant ¢
ag Transmit pilot signal from user k at time instant ¢
Received signal at the BS with the direct channel part
Yt removed at time instant ¢
n Additive white Gaussian noise (AWGN) vector at the BS at
t time instant ¢
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Fig. 1. A BD-RIS assisted MU-MIMO uplink communication system.

where the channels remain approximately constant in each
coherence block with 7" time instants. Define D), € CV*U as
the direct baseband equivalent channels from user k to the BS.
The baseband equivalent channel from the u-th antenna of user
k to the m-th BD-RIS reflecting element and that from the m-
th BD-RIS element to the BS are denoted by 7y o, € C and
gn €CNU E=1... K,u=1,---, U m=1,---,M,
respectively. Define

Tk1,1 Tk,U1

Rk- c (CMXU7 Vk,

)

Tk,1,M Tk,UM

as the overall channels from user k£ to the BD-RIS, and
G =[gi1, -+ ,gu] € CVN*M a5 the overall channels from the
BD-RIS to the BS. The rank of G is denoted by ¢, which is an
unknown number. Then, at time instant ¢, the effective uplink
channel from user k to the BS through the BD-RIS, resulting
from the direct channel and the RIS reflection channel, is
expressed as

Hk,t = Dk + Gq)tle Vkatv (2)

where ®; = [y 1, , pr.m] € CM*M denotes the scattering
matrix of the BD-RIS at time instant ¢, with ¢, ,, being

— - ~
- ’I' Connection between any two elements:

1
1
1
1
1
1
1
1
1
]



its m-th column. Since the BD-RIS has a fully connected
architecture where each reflecting element is connected to the
other elements, ®; is a full matrix, where the entry on the i-th
row and the j-th column denotes the reconfigurable coefficient
of the inter-connection between the i-th and the j-th BD-RIS
reflecting element. Moreover, ®, is a unitary matrix, i.e.,

ol®, = 07 =1, Wt 3)

due to the circuit requirement [5]. Then, the received signal
of the BS at time instant ¢ is expressed as

K
ytT = Zklek,t\/i?wk,t + ny

K
= ZkZl (D + G®:Ry) \/pxy s + 104, t=1,--- T,
“)

where p denotes the identical transmit power of all users,
Tit € CU*! denotes the unit-power transmit signal of user &
at time instant ¢, and n; ~ CN'(0,02Iy) denotes the additive
white Gaussian noise (AWGN) of the BS at time instant .

In this paper, we consider the legacy two-stage transmission
protocol for the uplink communications, where each coherence
block of length T time instants is divided into the channel
estimation stage consisting of 7 < T time instants and
data transmission stage consisting of 7" — 7 time instant.
Specifically, in Stage I, each user k transmits a sequence of
7 pilot symbols, i.e., Txr = ar: = |ak1t, akud),
k=1,---,K,t =1,---,7, to the BS, where ay,, is the
pilot symbol transmitted by the u-th antenna of user k at time
instant ¢. According to (4), at time instant ¢ of Stage I, the
received signal of the BS is

+ K
yt :Zk:1 (Dk;+G§tRk) \/ﬁak,t‘i_nt’ t = 17 ST,
&)

The task of the BS is then to perform channel estimation based
onytT, t=1,---,T.

In Stage II, the scattering matrix of the BD-RIS is fixed over
different time instants [25], i.e., &, =®, t =7+ 1,---,T.
According to (4), at time instant ¢ of Stage II, the received

signal of the BS is
K —
yl =Y (D + G®Ry) pxps +ny, t=7+1,---,T,
k=1
(6)

where xj, ¢ ~ CN(0, Sy) denotes the message signal of user
k at time instant t. Then, the channel capacity of user k is

-1
C, = log, det (IN +Cy, (Z#kcyj + o IN) ) , Vk,
@)
where Cy, = pH. S, H with H, = D;+G® R, denoting
the effective channel between the BS and user k, Vk. By

applying the connection between vectorization and Kronecker
product [36], we have

G®R;, = unvec(Jy @), Vk, €)

where ¢ = vec(®) and
Qi1

QM

Jy=R{ ®G = € CUNXM?

)

Qrui

Qru,Mm

(€))
with
Qk,u,m = Tk,u,mG S (CNXM, Vk,u,m,

denoting the (u,m)-th sub-block of Jj. Note that in the
conventional RIS assisted communication, since the scattering
matrix ® is diagonal, for each user k, we need to estimate the
channels corresponding to the diagonal elements in ®, i.e.,
Tk, 1915 s Tku,MgM, Which consists of UNM channel
coefficients [1], [30], [37]. In contrast, the non-diagonal scat-
tering matrix of BD-RIS introduces inter-element connections,
fundamentally complicating the cascaded channel structure.
Specifically, as shown in (9), we need to estimate UN M 2
channel coefficients to estimate in each Jj.

(10)

III. PROBLEM STATEMENT FOR CHANNEL ESTIMATION

It is observed from (7) and (8) that to maximize the network
throughput by jointly optimizing the transmit covariance ma-
trices S,’s of the users and the scattering matrix ® at the BD-
RIS, the BS has to estimate the user-BS channels D;,’s and the
user-RIS-BS cascaded channels J}’s in the channel estimation
stage. Note that the direct user-BS channels Dy’s can be
obtained via conventional channel estimation techniques by
turning off all the RIS reflecting elements. Therefore, in this
paper, we assume that Dy’s are perfectly known and focus
on low-overhead methods to estimate Jj’s. For simplicity,
under the channel estimation stage, let us define the effective
received signals by removing the contribution made by the
user-BS channels as:

K K
v =y - Zklek\/ﬁak,t = ZkzlG@tRk\/ﬁak,t + m,

K . ‘
- Zk:l\/ﬁ(akat QIN)Jpdr+my, t=1,---,7,
(11)

where ¢; = vec(®,). Because the received signals in (11) are
linear functions of Jj’s, one straightforward way to estimate
them is to solve these linear functions. Because there are
KUNDM? unknown variables in Ji,---,Jg, theoretically
speaking, the minimum number of time instants required by
the above estimation method is KUM?, as shown in [25]-
[27]. Note that for conventional RIS aided communication, the
required overhead is M + [M (KU —1)/q] [1]. The overhead
required by the above scheme in BD-RIS aided communication
is thus an order-of-magnitude higher than that in conventional
RIS aided communication (O(M?) versus O(M)), which
could potentially overwhelm the beamforming gain brought by
BD-RIS. Therefore, in this paper, we consider the following

two questions for estimating Jy,--- , Jx basedon yy,--- ,y,.
e QI: In the ideal case without noise, i.e., n; = 0,
Vt, is it possible to perfectly estimate Ji,--- , Jx with

the overhead similar to that in conventional RIS aided
communication as shown in [1]?



e Q2: In the practical case with noise, how to design
efficient algorithms to estimate J1, - - - , Jx given signals
received by 7 > T time instants with small MSE?

This paper aims to break the limitation of the approaches
proposed in [25]-[27] and provide positive answers to the
above questions. Note that [25]-[27] treat all the entries
in Jy,---,JJg as independent unknown variables. However,
these entries are highly correlated. Specifically, according to
(9) and (10), different sub-blocks of each Jj follow the
relationship

Qk’,u,m = Bk,u,le,l,h V(k, u, ’ITL) 7é (17 17 1)5 (12)
where
Tku,m
ﬂk,u,m = . (13)
T1,1,1

In other words, after 1, is estimated, it is sufficient
to estimate a scalar S, to reconstruct the whole ma-
trix Qg u,m. V(k,u,m) # (1,1,1). To summarize, in J}’s,
Vk, independent unknown variables are Q11,1 and By u.m’S,
V(k,u,m) # (1,1,1). Thus, the total number of independent
unknown variables to estimate in Jy’s is NM + KMU — 1.
This number is significantly smaller than the total number of
unknown variables in J3’s, which is KU N M?2. This indicates
that it is possible to estimate Jj’s with much lower overhead
compared to the existing schemes proposed in [25]-[27],
which did not exploit the channel property shown in (12).

On the other hand, how to leverage the above channel
property to address Q1 and Q2 is challenging. This is because
if we treat Q1,11 and [y 'S as unknown variables, then
the received signals in (11) are no longer linear functions of
these variables, which complicates the theoretical analysis and
algorithm design. In the rest of the paper, we first answer
Q1 by considering a special case of a single-antenna user.
This simple case can help shed the light on how the channel
property shown in (12) can significantly reduce the channel
estimation overhead. Then, based on the insights from this
special case, we generalize the theoretical result of Q1 to the
case of multiple multi-antenna users. At last, we will design
an efficient channel estimation algorithm to address Q2.

IV. CHANNEL ESTIMATION OVERHEAD IN SPECIAL CASE
OF A SINGLE-ANTENNA USER

Let us first focus on QI under the special single-user and
single-antenna case, i.e., K = 1 and U = 1. In this case, we
omit the subscripts k£ and v in the variables defined above.
The user-RIS channel reduces to © = [r1,--- 7|7, Then,
the cascaded channel J can be expressed as

J=r"9G=[Q., - ,Qul, (14)
where
Qm:Tva mzlv"'7M7 (15)

is the m-th sub-block of J. Similar to (12), the correlation
among Q.,,’s can be modeled as:

Qn = BmQ1, m#1, (16)

where

r
ﬂm = ﬂ7
1

a7

denotes the scaling coefficient between Q,, and Q;. In the
ideal case without noise, the received signal in (11) reduces
to:

Y :\/ﬁatG'iI)tr:\/f)ath_ﬁt, t= 1, s T.

As discussed in Section III, to reduce the number of estimated
variables, we should utilize the channel property shown in (16)
and (17) to replace J by Q1 and f3,,,’s, m = 2,--- , M. Then,
the received signal given in (18) reduces to

(18)

M
Y = /Pay <Q1¢t,1 + Zm_zﬁle(ﬁt,m) , V. (19)

The key challenge to characterize the number of time instants
to estimate (1 and [,---,8) from the received signals
shown in (19) lies in fact that y;’s are non-linear functions

of Q1 and fBs,---, By, due to the product terms f,,Q1,
m = 2,--- , M. Note that without the unitary constraint (3),
we can set ¢ ,, = 0, m = 2, -, M, in the first few time in-

stants, such that the received signal in (19) is only contributed
by the first RIS reflecting element. Therefore, we can estimate
Q. by solving linear functions. Then, in the following time
instants, we can set ¢ ,, # 0, m = 2,--- , M. Given Q1, the
received signals given in (19) are linear functions of 3,,’s, and
we can estimate them efficiently. However, for BD-RIS, due to
the inter-connected circuits to control the reflecting elements,
we cannot design a scattering matrix ®, with ¢,; # 0 and
Gt =0, m = 2,---, M, by shutting down the 2nd to the
M-th reflecting elements. Such a scattering matrix does not
satisfy the unitary constraint (3).

Although the above approach of shutting down some BD-
RIS elements is not possible, the philosophy behind this
approach to deal with the product terms 2Q1, - - - , By Q1. 1S
correct — we can sequentially estimate Q1 and fBo,--- , B
in two stages, while in each stage, we perform estimation
via solving linear equations such that we can characterize the
estimation overhead. The question is, when the above on/off
strategy is not feasible to BD-RIS, how to design the BD-RIS
scattering matrices and the user pilot signals over time so as to
first estimate Q1 without the effect of 5,,Q1, m =2,--- , M,
and then estimate (32, --- , By given Q.

Our strategy is described as follows. We divide the overall
T time instants into two parts with the same length 4, i.e.,
7 = 2§. The BS-RIS scattering matrices and the user pilot
signals in these two parts are given as follows.

o At time instants ¢ = 1,--- ,6 in the first part, the user
pilot signals are arbitrary non-zero scalars, i.e.,

at;«éO.

Moreover, let P = [p1,---,py] € CM*M be an
arbitrary unitary matrix. Then, each m-th column of
the scattering matrix at time instant ¢, ie., ®; =
(i1, e, is set as

(20)

¢t,m = p((7n+t—2) mod M)+1> m = 17 e 7M7 (21)



where mod denotes the modulo operation.
o At each time instant t = § + 1, ..., 20 in the second part,
the user pilot signal is set as

ar = a¢—§. (22)
Moreover, the BD-RIS scattering matrix ®; =
[Dt,1,- - @e,m] is set as
Py = e-i‘g(,{)t,(;,l7

¢t,m = ¢t—6,m7 m = 27 T 7M7 (23)

where j is the imaginary unit, and 6 € (0,27) is an
arbitrary phase shift. It can be shown that the scattering
matrix at time instants § + 1,--- ,2J also satisfies (3).
Given the above strategy, the received signals over 7 = 2§
time instants can be re-written as

M
Yo = VIuQidey +vbay BuQidem,  (24)
jo M
Yot = VPare ' Qudra + Vpar) | SuQiPrm,
t:17"'757 (25)

where ¢, ,,’s are given in (21) and (23). Then, we have the
following theorem.

Theorem 1. When § = M, based on the received signals over
2M time instants as given in (24) and (25), we can perfectly
estimate Q1 and Ba,- - , Bar almost surely, not matter what
the rank of G, i.e., q, is.

Proof. We first prove that when § = M, it is sufficient to
perfectly estimate Q1 from (24) and (25). When § = M, by
subtracting yi,- - ,yn from yasy1, -+, Yaur, respectively,
the signal components contributed by [$2Q1 to [BpQ; can
be eliminated, obtaining M effective received signals merely
contributed by Q. The t-th effective received signal is

U =Ymre — Yo = Vpar (e’ —1)Qipyy, t=1,--- M.
(26)
Then, the overall effective received signal is expressed as
Yi=[g, L gu] = Ve - 1)Qi%1,  (27)
where ¥y = [a1¢1.1,- - ,apmPum) € CMxM 'y, is a linear
function of Q. According to (21), it can be shown that

W, = [a1¢1,1, san@ra] = [aipr, - anpu]. (28)

Because P is an unitary matrix, we have rank(¥;) =
rank(P) = M. Then, Q; can be perfectly estimated as
Qi = (vp(e’ — 1)) e (T e{) 7 (29)
After Q1 is known, we then prove that when § = M, it
is sufficient to perfectly (5o, , By from (24) and (25). We
just focus on the signals received in the first M time instants
given in (24), because those received in the following M time
instants given in (25) contain the same information about 3,,’s.
By removing the signals contributed by the first reflecting
element, we obtain the following signals according to (24):

_ M
Yt =Yt — VP Q1911 = \/ﬁatzmz2ﬁmQ1¢t,m,

=FpB, t=1,---,M, (30)

where Ft :7\/130/th [¢t,27"' 7¢t,]VI] S CNX(M_1)7t =

Lo M, B = [B,--,Bu]". Define gt =
(g7, ,9%]T. 1t then follows that
g = 0,5, G1)
where
©, = [F/,. - 7FJ\TAT c CMNx(M-1) (32)

Proposition 1. For ©; given in (32), we have rank(®;) =
M — 1 almost surely.

Proof. Please refer to Appendix A. ]

According to Proposition 1, we can perfectly estimate

625"' aﬂM as

p=(efe)efylh. (33)

This completes the proof of Theorem 1. ]
Theorem 1 indicates that

T=2M, (34)

time instants are sufficient to perfectly estimate J. Via this one
single-antenna user example, we have shown how to utilize
the channel property in (16) to estimate @, and (s, - , B,
instead of J directly as in other works [25]-[27]. This method
can reduce the channel estimation overhead from M? time in-
stants as required by [25]-[27] to 2M. The key reason for this
reduction is that instead of estimating all the N M ? coefficients
in J in an independent manner, our scheme leverages the
property in (16) to estimate only a N x M reference channel
matrix @, and M — 1 scaling coefficients (s, - - - , By, Which
fundamentally reduces the number of variables to be estimated
from NM? to NM + M — 1. Although the received signals
are not linear functions of Q1, B2, -, By as shown in (19)
due to the product terms 3,,Q1’s, we manage to devise a pilot
transmission and BD-RIS scattering mechanism based on (20)-
(23) such that the order of the channel estimation overhead is
reduced from O(M?) to O(M), as shown in Theorem 1.

In the rest of this paper, we first generalize this channel
estimation overhead result to the general case with multiple
multi-antenna users in Section V. Then, we will propose an
efficient channel estimation algorithm for the practical case
with noise in Section VI

Remark 1. In the case when Q1 is not a full-rank matrix and
its rank q is known as prior information, we can potentially
use T < 2M time instants to estimate the channel, as there
are less than M N independent unknowns in Q.. However,
before we estimate the channels, we do not know the value of
q, and we have to quantify the number of time instants that is
required for channel estimation given any value of q, which is
2M shown in Theorem 1.

Remark 2. Note that under the conventional RIS scenario,
the required number of time instants to estimate the cascaded
channels for beamforming design in the case of a single-
antenna user is M [37]. On one hand, under BD-RIS, our
proposed method leads to a channel estimation overhead that
is still linear in M, same as that in the conventional RIS



scenario, although the number of unknown variables in J
is quadratic in M. This is because our scheme can utilize
the channel property shown in (16) to reduce the number of
independent variables to be estimated. On the other hand, the
inter-connected circuits to control different reflecting elements
raise the channel estimation overhead from M to 2M. There
are two reasons. First, the number of independent unknown
variables is increased from M'N to M N + M — 1. Second,
because of the unitary constraint on scattering matrix, we have
less design flexibility. We need to adopt the design rule in
(22) and (23) for creating M pair of received signals, each
covering two time instants.

V. CHANNEL ESTIMATION OVERHEAD IN GENERAL CASE
OF MULTIPLE MULTI-ANTENNA USERS

In this section, we consider Q1 under the general case of
multiple multi-antenna users, i.e., K > 1 and U > 1. In the
ideal case without noise, the received signal in (11) reduces
to

K K _
Yy = Zk:lGQtRk\/ﬁak’t = Zk:1\/ﬁ(a£t ® IN)Jk¢)t
(35

Similar to the special case in Section IV, to reduce the number
of variables to estimate, we should utilize the channel property
shown in (12) and (13) to replace Ji.’s by Q1,1,1 and B w,m s,
(k,u,m) # (1,1, 1). According to the cascaded channel given
in (9) and the channel property in (12) and (13), Jj, can be
re-expressed as

Jy=Bl ®Qi1.1, Yk, (36)

where
Bk = [ﬁk,lv e 7/6k,U] € CMXU) \V/k, (37)

with B v = Bty Bew]’s Vu, and By 11 = 1. Then,
by substituting (36) into (35), the received pilot signal given
in (35) reduces to

K
Y= Zklel,l,lq)tBk\/ﬁak,ta t=1,---,7.

Similar to the special case in Section IV, the challenge is that
y¢’s given in (38) are non-linear functions of Q1,1 and By’s.
Recall that in Section IV, we tackled this nonlinearity by first
isolating and estimating the reference cascaded channel Q1 1 ;
adopting the design of BD-RIS scattering matrices and pilot
signals as (20)-(23), and then estimating the corresponding
scaling coefficients. By mimicking this approach, we extend it
to a two-phase channel estimation protocol for the general case
of multiple multi-antenna users such that @ ;,; and By’s can
be estimated separately and effectively. The overall channel
estimation protocol is summarized in Fig. 2, where in Phase
I with 7y < 7 time instants, the cascaded channel @ 1, and
scaling coefficients 31 12, -, 1,1, are estimated based on
Y1, -+ ,Yr, for the 1st antenna of user 1; while in Phase II
with 7 = 7—7 time instants, the scaling coefficients 5, ,, s,
(k,u) # (1,1), are estimated based on Yy, 1, , Yr, 47, fOr
the 2nd to U-th antennas of user 1 and all antennas of users
2 to K. In the following, we introduce the implementation
details of Phase I and Phase II, respectively.

(38)

Phase II: Estimation of Cascaded Channels
Associated to Other Antennas of User 1
(Qi2.m: -+ Q1.0.m.¥m), and Other Users
(Q2,ums s Qrcyum, Yu,m)

gz:l?; augr(l)cof;cicnts Estimation of Scaling Coefficients
g Bi2, . Bruvand By, - ,Bg

Bz Bram

Phase I: Estimation of Cascaded Channels
Associated to the 1st Antenna of User 1

Qi1+, Quim)

Reference Cascaded

Estimation of
Channel Q11

L ) L ]
T Y

A Single-Antenna User Case
with 71 Time Instants (Section IV)

Multiple Multi-Antenna Users Case
with Additional 7, Time Instants (Section V)

Fig. 2. Illustration of the two-phase channel estimation protocol.

A. Phase I: Estimation of the Cascaded Channel Associated
with the st Antenna of User 1

Specifically, in Phase I at time instants ¢ = 1,--- 71, we
only allow the 1st antenna of user 1 to transmit non-zero pilot
symbols to the BS, while all the other antennas keep silent,
ie.,

a {ata
kau,t =
Uy 07

Then, the received signals of the BS in (38) over 71 time
instants can be re-written as

M
Yyr = Vpar | Q11061 + Zm:251,1,mQ1,1,1¢t,m ;
y T1s (40)

ifk=1,u=1,

' t=1,---
otherwise,

(39)

t=1, -

y; given in (40) is the same as that in the special single-user
and single-antenna case in (19). As a result, we can apply
the same method as Section IV to estimate unknown variables
of Q11,1 and B1,12, -, B1,1,m. Specifically, we divide the
overall 7; time instants in Phase I into two parts with the same
length 4, i.e., 71 = 26. The BD-RIS scattering matrices and
the user pilot signals at different time instants follow (20)-(23),

According to Theorem 1, we can utilize
T =2M, 41

time instants to perfectly estimate Q;:i; and
Bi1,2, . P1,1,m based on yi,--- ,y, in (40) according to
(29) and (33), respectively, no matter what the value of q is.

B. Phase II: Estimation of the Scaling Coefficients of the
Other Antennas of User 1 and the Other Users

After Q11,1 and 31,12, -, B1,1,m are estimated in Phase
I, the remaining unknown variables to estimate reduce to

B=[B12,,Biu,Ba, - ,Bg| € CMXEU-D (42

In the following, we introduce how to estimate B in Phase II.

Specifically, in Phase II at time instants t = 7, +1,--- |, 71 +79,
we keep the 1st antenna of user 1 silent, i.e.,
a114=0, t=71+1,---,71 + 72, (43)

while for the other antennas of user 1 and all anten-
nas of users 2 to K, we define the overall transmit pi-

_ T T 1T _
lot symbols as a; = [al,z,t, AU G gyt 7aK,t]



[@14,- - saxy—147 € CHEU=UX1 Then, the received sig-
nals in (38) over 7, time instants can be re-written as

Ql,l,l@ Bfat Tt t:7—1+17"'77-1+7—27

(44)
where

T, = Jpal @ Q. 1,®;, € CV>*MEU=D " (45)

and b = vec(B). The overall received signal of the BS over
Phase II is given by

y(2) = [y3—1+17 T 7y71-1+72]T = 9267 (46)

where

0, = [ T+l ’T7,'111+7'2] (47)

According to (10), rank(Q1,1,1) = rank(G) = ¢. Note that
after Q11,1 is estimated, we can obtain the specific value of
g. Then, according to (45) and (47), we have rank(®y) <
Toq. Therefore, to perfectly recover M (KU — 1) unknowns
in b based on the linear equations (46), the number of time
instants 75 should satisfy 75 > (%] In the following,
we design a strategy of BD-RIS scattering matrices and user
pilot signals such that the lower bound of the number of time
instants can be achieved, which is equivalent to showing that
when 75 = [w] the matrix ®2 have a full rank of
M(KU —-1).

Given rank(Q1 1,1) = ¢, the singular value decomposition
(SVD) of Q1,11 is expressed as Q11,1 = UXVH where U
and V are N x N and M x M unitary matrices, respectively,
and ¥ is a N x M rectangular diagonal matrix with ¢ non-
zero singular values, denoted by o1, - - - , 0. For simplicity, we
assume that these singular values are sorted in a descending
order, i.e., oy > --- > 04. Note that

UTT, =al oU"Q,,,®, =a] o SVI®, Vi

€ CNT2xM(KU-1)

(48)
Therefore, ®, has the same rank as the following matrix

ég = (Irz (9 UH)G')Q

_ H — H
a1,71+1EV ‘I’n+1 aKU71,n+1EV ‘1’71+1

C_74KU71,7'1 +72 EVHq)Tl +72
(49)

In the following, we show that when 7, = (%L

denoted by 7o, such that the number of rows is the minimal
integer that is no smaller than the number of columns, we can
make rank(©,) = M(KU — 1).

Define U, as the smallest integer such that MfO is an
integer. Next, define n = L%{)_lj and U, = KU — 1 — qU,.
Our job is to divide the M (KU —1) columns in ©, into n+1
groups, where in each of the first n groups, there are MU,
columns, while in the last block, there are MU, columns (note
that when % is an integer, there are just 77 groups, because
U, =0). Our goal is to set many user pilot signals as zero
such that (:)2 is a diagonal block matrix, i.e., the non-zero rows
in different blocks are non-overlapping. Then, all the columns
tend to be linearly independent.

= H
a1~,71+‘r22v (I)Tl+‘r2 e

To achieve this goal, we aim to make @2 consist of
n+ +1 diagonal blocks, denoted by ©,, € CT?*MUo
s =1,---,n, and @277]4,1 € Cva*MUv 1f we can make
each block full rank, i.e., rank(@z s) =MU,, s=1,---n,
and I‘ank(@2m+1) = MU,, then each column in @275,
s =1,---,n+1, cannot be linear combination of others in the
same block. Moreover, owing to the diagonal block structure of
(:)2, each column in (:)2 cannot be linear combination of oth-
ers. In this case, we have rank(®,) = Z"+1 rank(@y ) =
nMU, + MU, = M(KU — 1). In the following, we set user
pilot signals and BD-RIS scattering matrices such that o,
consists of 1+ 1 diagonal blocks (:)2717 . ,(:)2’,7“, and each
block (:)275, Vs, is full rank.

To achieve the above aims, we divide the overall 7> time
instants into 77 4+ 1 non-overlapping groups, i.e.,

To={n+G-—1r+1,- , 11+ s=1,---,n,
Tpr1={n+nmo+1,--- 71+ 07 + 7.},
(50
where 7, = %, and 7, = [%-‘, and divide the overall

KU —1 user antennas into 7+ 1 non-overlapping groups, i.e.,
Z/IS = {(3_1)U0+17 7SUO}7 s = 17 1,
Upp1 ={nUo+1,--- ,nU, + U, }.

Then, the s-th group of user antennas only transmit pilot

signals during the s-th group of time instants, s = 1,--- ,n+1,
ie.,

61V

a1 =0, jEU, t€Ty, s#5. (52)

In this case, @2 is a diagonal block matrix, where each of the
first n diagonal block (:)2_’5, consists of 7, x U, sub-blocks,
with the sub-block in the ¢-th block row and j-th block column
being @(571)Uo+j17—o,5+isz@To,s+i’ where s = 1,---,7,
Tos =TI+ (s— D)7, i=1,---,7, (s— 1)Uy +j € Us. The
last diagonal block (:)27,7“ consists of 7, x U, sub-blocks,
with the sub-block in the i-th row block and j-th column
block being @y, _s_j,TM“HEVH'IJTM“H, 1 =1,---,7,
nUs + j € Upy1.

Next, we set a;’s and ®,’s within each of @2 s § =
1,---,n+1, such that it achieves full rank. To achieve this, we
let each user antenna transmit pilot signals during € or € + 1
consecutive time instants, where € = [M 1. The set of time
instants allocated to the [(s — 1)U, + ji- th antenna is defined
as

Ts,j = {To,s +1,--- s To,s +€}, 1fj =1,
Toj = {70+ (G = D(e—1) + [H], -
aTo,s+j(€_1)+|—%—|}, 1f_7227
s=1,---,n+1, (s= 1)U, +j € Us, (53)

where p = mod(%). Then, the user pilot signals during time
instants t =7y + 1,--- , 71 + T are set as follows

A(s—1)U,4jt = Ct, L1 E Ty,
a(s—1)U,+4¢ = 0, otherwise,
s=1,---,n+1, (s— 1)U, +j € U, (54)
where ¢; is a non-zero scalar. Moreover, let P =

[p1,- - ,par] € CM*M be an arbitrary unitary matrix, then



the BD-RIS scattering matrices ®;’s at time instants ¢

71+ 1,---,7 + To are set as

®, =VP(Suy,:), teTs, s=1,--- ,n+1, (55)
where

S = cireshift(Sar0, (£ — 75,5 — 1)g mod M), (56)

with circshift denoting the to-the-left circular shifting opera-
tion, and Sys0 = {1,---, M}. In this case, each a,; ; XV ®,
is a scaled version of the first ¢ rows of P (S, :), Vj,t. With
S, given in (56), the rows in P are permuted in a circular
way along the domain of time instants in 62. Then, we have
the following theorem.

Theorem 2. When 1o = [%1 if the user pilot signals
are set according to (54), and the BS-RIS scattering matrices
are set according to (55), then we can have rank((:)g) =
M(KU —1).

Proof. Please refer to Appendix B. ]

According to Theorem 2, it is sufficient to perfectly estimate
b with

M(KU -1
7 = [( )} : (57)
q
time instants, and the estimator of b is given by
b= (040, ey (58)

To further explain the above design of user pilot signals and
BD-RIS scattering matrices, we provide a simple example as
follows.

Example 1. Consider the case when M = 3, K = 4, U =
1, N = 2, and q = 2, while the channel for user 1, i.e.,
Q1.1,1, has already been estimated in Phase I using 71 = 2M
time instants. In the following, we show that when To = 5,
rank(ég) = 9. According to (53), user 2, 3, and 4 transmits
pilot signals at time instants t = 2M + 1,2M + 2, t = 2M +
2,2M + 3, and t = 2M + 4,2M + 5, respectively. Moreover,
according to (54), the transmitted pilot signals at time instants
t=2M+1,--- ,2M + 5 are

T

2 2M 41, A3 2M+1, G4,2M +1 carr+1,0,0]7,

H

~ — - T
A2 2M+2, A3 2M+2, A4 2M +2 CoM+25 C2M +2, 0] s

T

A2,2M 44,03 2M+4, A4,2M +4 0,0, canrsa]”,

[ =1
[ ' =1
[@2,20+3, 03 2M+3, @4,2M+3]T [0, canr+3, ]T,
[ ' =1
[ ] =10,

A2,2M+5,A32M+5, 04,2M +5 0,0,0, canrys]”,  (59)

respectively. Then, according to (55), the BD-RIS scattering
matrix at time instants t =2M + 1,--- ;2M + 5 are set as

¢2M+2 = V[p?)aplap?]Tv
P04 = Vp1,p2, 03],
(60)

@111 = VIp1,p2,p3)7,
@15 = Vp2,ps,p1)7
@15 = Vps, p1,p2)”

respectively. Thus, based on (49), O, is given as

0, =
camr 11 2[p1, p2, p3] T o o
cam+23[ps, p1,p2) T canr 123 [ps, p1, p2] T o
o cam+33[p2, p3, p2]T o
o o cav+a2[p1, p2, p3]”
o o cam+53[p3, p1,p2]T
(61)
where & = | 7} 0 01 and [p1,p2,p3] is a unitary
0 g9 0
matrix. By setting copyyy = 1, t = 1,--- |5, and eliminating

all the zero rows, we can obtain a matrix @4 as follows

[ op] 0" 0" ]
oap; 00 of
op; oip; O
oapi oapf 0T
T T T
&= | gr oM G (62)
o” of  opt
o” 07 oypl
o of opt
- of 0" oup! |

©,, has the same rank as ©+ because it is built by eliminating
the zero-rows in ©. Then, by setting the 4th row as the
difference between the 4th row and the 1st row multiplied by
22, the 3rd row as the difference between the 3rd row and the
6th row multiplied by ";, and the Tth row as the difference
between the Tth row and the 10th row multiplied by Z—;, we
obtain the following matrix

[oypf 07 0T ]
opt 0T 0T
opi 07 0T
0" oyp] O
T T T
S s (63)
o 0"  oip]
0" 0"  o9p]
o" o' oipd
OT OT OT

@; has the same rank as s, because the former is obtained
via elementary row operation of the latter. It can be shown
that each of the first 9 rows in @; cannot be obtained via
linear combination of the other rows. For example, when we
look at the 1st row, i.e., lelT, it can not be obtained via
linear combination of the first block of the 2th row and the
first block of the 3th row, because p; is linearly independent
with po and ps. This indicates that the rank of @;, which is
the rank of O,, is equal to 9, the number of columns in O,.

To summarize, under the case of multiple multi-antenna
users, according to Theorem 1 and Theorem 2, we can utilize

(KU

M q_ﬂ’

7':7’1—|—7'2:2M+’7 (64)

bl



time instants to perfectly estimate Qi 1,1 according to (29)
and estimate By, --- , Bg according to (33) and (58). Then,
we can recover J’s based on (12) for beamforming design.

Remark 3. Compared to the method proposed in [25]-[27],
our proposed scheme significantly reduces channel estimation
overhead through the channel property indicated in (12) from
two aspects. First, the channels associated with different RIS
reflecting elements for the same single antenna are highly
correlated. This correlation allows us to reduce the required
number of time instants in Phase I from from M? to 2M in
a single-user and single-antenna case. Second, the channels
associated with different antennas and users also exhibit
significant correlation. As a result, for a case of multiple multi-
antenna users with a total of KU antennas, the scheme in
[25]-[27] requires KUM? time instants, while our proposed

scheme requires only 2M + f%} time instants.

VI. CHANNEL ESTIMATION FOR CASE WITH NOISE AT
THE BS

In the previous section, we have shown how to perfectly es-
timate all the cascaded channels using 7 = 2M + [MEU=1)
time instants for the ideal case without noise at the BS. In
this section, we consider Q2 and introduce how to estimate
the cascaded channels under our proposed two-phase scheme
for the practical case with noise at the BS, using 7 > 7 time
instants.

A. Phase I: Estimation of the Cascaded Channel Associated
With the Ist Antenna of User 1

In Phase I with noise at the BS, with only the 1st antenna of
user 1 transmitting non-zero pilot symbols as (39), the received
signal of the BS given in (40) is re-expressed as

M
Yr = /Por | Qu11P:1 + Zm:251,1,m,Q1,1,1¢t,m, + Ny,
t=1,-- 7.
(65)

As in Section IV, we divide the overall 7; time instants into
two parts with the same length ¢, i.e., 771 = 2J. The BD-
RIS scattering matrices and the user pilot signals over various
instants of these two parts follow (20) to (23) in Section IV.
In this case, the received signal at time instant ¢t = 1,--- , 7y
in Phase I given in (24) and (25) is re-expressed as

M
Yt = V/parQi1,10:1 + \/ﬁatzm:251,1,mQ1,1,1d)t,m +ny,
(66)

and

o M
Ys+t = /Dare” Q11,101 + \/ﬁatzm:2ﬂl,1,mQ1,1,l¢)t,m

+TL5+t, til,"',(s, (67)

respectively, where 6 > M. Then by subtracting y1,--- ,Ys
from ysi1, -+ ,Y2s, respectively, we can obtain § noisy
effective received signals as follows:

Yt = Ys+t — Yt = \/ﬁat(eje - 1DQ1,1,10:1 + 21,
t:17'”757 (68)

where z; = ns1, — n, denotes the effective noise, and z; ~
CN(0,0%1y) with 02 = 202, The overall effective received
signal over 7; time instants in Phase I is

Y = Y1, ¥s) = \/ﬁat(eje -1)Q111%¥1 + Z4,

where ¥y = [a1¢11,...,a5¢61], and Z; = [z1,-- -, 25].
Based on (69), we apply the linear minimum MSE (LMMSE)
estimator to estimate Q1,11 as follows:

Qi1

= (VP(? — 1))V (B CoW, +0215) Wl Cy,
(70)

(69)

where Cp = E[Q1{'} 1Q1,1,1] denotes the covariance matrix
of Q11,1

Next, based on the estimation of Q1 ;1 given in (70), the
noisy version of effective received signal given in (30) is re-
expressed as

Yy =Y — \/ﬁatQLm(ﬁm = FtBl,l +e+mny

= FtBl,l + (Fy — Ft)Bl,l +e +ng, t=1,---,9,
(71)

where Bi1 = [Bi12,-, Brml’ e = Pa(Qian —

Ql,Ll)d)t,la and Ft = ﬁatQ171}1[¢t’2, SN d)t,M]- T;hen, the

overall effective received signal used for estimating 34,7 is
g =i m ]t

= @161,1 + (@1 — @1)61’1 + é(l) + ,,71’(1)7

where @, = [FT,--- F|T, e = [e],---,el]T, and
A = T ... ;nl]". In (72), the error propagated from
Phase I, i.e., ®; — C;)l and €1, makes it hard to obtain the
LMMSE estimator of BLL In practice, we can increase the
pilot sequence length in Phase I, i.e, 71, such that ®; — @1
and eV are sufficiently small. In this case, we assume that
©; — ©; ~ 0 and é) ~ 0. Then, (72) reduces to

g~ (:)151,1 +al.

(72)

(73)
Based on (73), the LMMSE estimator of 5'1,1 is designed as

~ ~ R ~ -1
Bi1=C5,00 (6:Cs00 +0°Ixs) 5V, (74

where Cj, denotes the covariance matrix of B 1.

B. Phase II: Estimation of the Scaling Coefficients of the
Other Antennas of User 1 and the Other Users

In Phase II with noise at the BS, with the pilot transmission
rule in (43) and the estimation of @y ;1 given in (70), the
received signal of the BS given in (44) is re-expressed as

yr = T;b + ny

:ﬁ5+(1—'t_Tt)E+nta t:7—1+17"‘;7_1+7—27
(75)

where Tt = \/‘6(‘1? ® Q1,1,1 ®,. Then, the overall received
signal for estimating b is re-expressed as

y? =00 +n® =O,b+ (©s — éz)l_’ +n®, (76)



2 — T rT T 2 —
where ©, = [T7 .- TF 17, and n® =
[nI .-~ .nI 17 Similar to Phase I, we can increase 71

such that the propagated error @ — o, can be sufficiently
small. In this case, we assume that @5 — @5 ~ 0. Then, (76)
reduces to

y? ~ b+ n?. (77)

To estimate b based on (77), we set the pilot signals and BD-
RIS scattering matrices as follows. At time instants ¢t = 77 +
1,---, 71 4 T2, we set the pilot signals as in (54) and BD-RIS
scattering matrices as in (55) according to Theorem 2. On the
other hand, Theorem 2 characterizes the minimal number of
time instants for perfect channel estimation in noiseless case,
and does not specify how to design user pilot signals and
BD-RIS scattering matrices at time instants larger than this
minimal number. In the noisy case, at time instants ¢t = 7y +
To+1,--+ , 71 + 72, we generate a ¢S, Vk, u, based on i.i.d.
complex standard normal distribution, and ®; as a random
unitary matrix. Then, based on (77), the LMMSE estimator of
b can be designed as

b=C,0! (é)QCbé)f +02IN72> fy@ (78)
where C,, denotes the covariance matrix of b.

In summary, with the estimation of Ql,l,l given in (70) and
the estimations of 3, ., s given in (74) and (78), the cascaded
channels associated with the m-th BD-RIS reflecting element
and the u-th antenna of user k& can be estimated as

Qk,u,m = Bk,u,le,l,h V(k, u,m) 7é (17 1a 1);

based on (12).

At last, we characterize the computational complexity of
the LMMSE estimators applied in our proposed scheme. We
count the number of complex multiplication (CM) [30] as
the measure of complexity. In (70), the estimation of Q11 1
requires Ay = SM? + 6°M + 63 + N6 + NM6 + NM
CMs; In (74), the estimation of (3; ; requires Ay = No(M —
)24+ 2(M —1)3 + N6(M — 1) + (M — 1)2 CMs; And in
(78), the estimation of b requires Az = Nmo(M (KU —1))%+
2(M(KU —1))?+ NoM(KU — 1) + (M(KU —1))? CMs.
Note that A;, Ay and Az asymptotically costs O(5% + Nd2),
O(NJSM?), and O(NToaM?K?U?), respectively, which all
depend dominantly on the number of BD-RIS elements M.

(79

VII. NUMERICAL RESULTS

In this section, we provide numerical results to demonstrate
the advantages of our proposed scheme. The channel between
the BS and the BD-RIS and that between the u-th antenna of
user k and the m-th BD-RIS reflecting element are modeled as
G ~ CN(0,/RBMT) and 7y m ~ CN(0,£VR), respectively,
where /RB and ¢UR denote the pass loss and follow the same
model as [1], unless otherwise emphasized. In this case, the
rank of G is ¢ = min{M, N}. The transmit power of users
is p = 33 dBm. The power spectrum density of the noise
at the BS is assumed to be —169 dBm/Hz, and the channel
bandwidth is 1 MHz. The normalized mean-squared error
(NMSE) is used as the metric to evaluate the performance
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Fig. 3. NMSE performance versus total pilot length when M = 8, N =
4,U =2.

of channel estimation. Specifically, the overall NMSE for
estimating all the users’ cascaded channels is defined as

Ty — Tkl

1K |
NMSE =E | — , (80)
sz:1 [Tl %

where the overall estimated channel of user k, i.e., jk, is
given as the same form as Jj, in (9), with Qy, .., replaced by
Qk,u,ma Vk, U, m.

A. Single-User Case

In the literature, the channel estimation problem under BD-
RIS assisted communication has also been studied in [25]-
[27]. Different from our work which utilizes the hidden chan-
nel property given in (12), the above works directly estimate
all entries in Jj’s based on (11). To show the performance gain
of our proposed scheme, we adopt the following benchmark
schemes.

o Benchmark Scheme I: The LS estimator proposed in
[25], [26], which directly applies the LS technique to
estimate J; based on (11).

o Benchmark Scheme II: The BTKF algorithm [27],
which obtains a LS channel estimate via the 3-mode
unfolding of the received pilot tensor and then yields
decoupled estimates using rank-one (Kronecker) approx-
imation.

o Benchmark Scheme III: The Block Tucker alternating
least squares (BTALS) algorithm [27], which iteratively
refines decoupled channel estimates via alternating LS on
the 1-mode and 2-mode tensor unfoldings of the received
pilot tensor.

Figs. 3-6 show the NMSE performance comparison between
our proposed scheme and the three benchmark schemes under
the single-user case. In Fig. 3, we set the numbers of BD-
RIS elements, antennas at the BS and antennas at the user as
M =8, N =4 and U = 2, respectively, and the total pilot
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Fig. 5. NMSE performance versus number of BD-RIS elements when N =
8,U =4,7 = 160.

sequence length ranges from 20 to 120. It is observed that our
proposed scheme shows a significant NMSE performance gain
compared to the three benchmark schemes. For Benchmark
Scheme I and Benchmark Scheme II, this is because the pilot
sequence length required by these two schemes is 128 while
that required by our proposed scheme is 7 = 18 due to the
utilization of (12). Note that Benchmark Scheme III achieves
a lower NMSE than Benchmark Scheme I and II, due to that
it already exploits the tensor decomposition structure of the
cascaded channel to reduce estimation overhead. However,
Benchmark Scheme III still performs worse than our proposed
scheme because it treats all the channel coefficients as inde-
pendent variables.

Fig. 4 shows another numerical example with larger num-
bers of BD-RIS elements, antennas at the BS and at the user

with M = 16, N = 12 and U = 4. The total pilot sequence
length ranges from 40 to 140. Observations similar to Fig. 3
can be obtained. Under this setup, the required pilot sequence
length under our proposed scheme is 36 while that under
Benchmark Scheme I and Benchmark Scheme II is 1024.
Thus, these two schemes can hardly work. Moreover, note that
in both Fig. 3 and 4, the performance gain of our proposed
scheme compared to Benchmark Scheme III becomes smaller
as the pilot length increases. This is because Benchmark
Scheme III exploits an iterative alternating LS strategy that
gradually refines the channel estimates and averages noise,
especially with an abundance of pilot symbols [38], [39].
However, this improved performance comes at the expense
of higher pilot transmission overhead due to its not exploiting
the correlation in (12), which aggravates its disadvantage of
high computational complexity caused by iterative nature.
Fig. 5 shows the NMSE performance versus the number of
the BD-RIS elements, with N = 8 and U = 4. The total pilot
sequence length is fixed as 160. It is observed that Benchmark
Scheme I and Benchmark Scheme II show a deteriorated
NMSE performance, which is caused by the pilot sequence
length being insufficient, i.e., less than the required value.
Moreover, when the number of BD-RIS elements increases,
the NMSE increases more significantly under Benchmark
Scheme III than our proposed scheme. This is attributed
to that exploiting (12) is more efficient than utilizing ten-
sor decomposition in channel estimation overhead reduction.
Specifically, for the single-user and single-antenna case, every
additional BD-RIS element increases only 1 unknown variable
to estimate under our proposed scheme, while it causes N + 1
unknown variables to estimate under Benchmark Scheme III.
In the previous numerical results, we assume that the
user-RIS channels and RIS-BS channels are all Gaussian
distributed. However, we want to emphasize that the results
in this paper hold for an arbitrary distribution of the channels.
To illustrate this, we show another numerical result in Fig. 6.
In this numerical example, the RIS-BS channel follows Rician
fading model
LGLOS 4 L
1+k 1+k
where k denotes the Rician factor set as 10dB, G-°3 denotes
the LoS component in G, and GN°S ~ CAN(0,(REBMT)
denotes the i.i.d. Rayleigh fading component. We set the
numbers of BD-RIS elements, antennas at the BS and antennas
at the user as M = 8, N =4 and U = 2, respectively, and the
total pilot sequence length ranges from 20 to 120. It can be
observed that our proposed scheme still performs much better
than the three benchmarks in estimation NMSE.

G = GNLOS

(81)

B. Multi-User Case

In the multi-user and multi-antenna case, we first explore
the effect of different allocations between the pilot sequence
length of two phases under our proposed scheme. Define
Tres = T—T as the length of pilot sequence exceeding 7 in (64),
and p as the proportion of the additional pilot sequence length
Tres allocated to Phase I. In Fig. 7, we set the numbers of BD-
RIS elements, antennas at the BS, antennas at the user, and
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Fig. 6. NMSE performance under Rician fading model of RIS-BS channel
G.

the number of users as M =8, N =4, U =2, and K = 2,
respectively. The total pilot sequence length 7 is set as 30, 50,
80 and 130, respectively. We show the NMSE performance of
our proposed scheme under different values of g. It is observed
that for each set of total pilot sequence length 7, the NMSE
shows a “first-drop-then-rise”’trend. Note that as p increases,
Q11,1 can be estimated based on more received signals in
Phase I, leading to less estimation error propagated to Phase II,
which, however, reduces the number of pilot symbols available
for Phase II to estimate B. When the pilot sequence length in
Phase I is small, the estimation error propagated to Phase I is
the bottleneck to limit the overall NMSE performance, and it
is beneficial to increase p. However, when the pilot sequence
length in Phase I is sufficiently large, the BS has enough
pilot signals to estimate Q1,1,1, and it is not a good idea to
keep increasing p because this will reduce the pilot signals to
estimate B in Phase II. This indicates that the pilot sequence
length allocation should be carefully designed. In the rest of
this section, we always set g such that an optimal NMSE
performance can be achieved under our proposed scheme.

In the literature, no work has considered the multi-user and
multi-antenna case yet. To show the performance superiority
of our proposed scheme, in this subsection, we extend the
benchmark schemes in Section VII-A to the multi-user case,
where users transmit pilot signals at orthogonal time instants.
The benchmark schemes are as follows.

o Benchmark Scheme I: The LS estimator is applied to
estimate all users’ cascaded channels J}’s.

o Benchmark Scheme II: The BTKF algorithm is applied
to estimate all users’ cascaded channels J}’s.

o Benchmark Scheme III: The BTALS algorithm is ap-
plied to estimate all users’ cascaded channels Jy’s.

In Fig. 8, the numbers of BD-RIS elements, antennas at the
BS and users, and users are set as M = 16,N = 8, U =
4, K = 3, respectively. The total pilot sequence length ranges
from 100 to 400. It is observed that our proposed scheme

NMSE

0.4 0.6 0.8 1

Fig. 7. NMSE performance under different pilot sequence allocations.
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Fig. 8. NMSE performance versus total pilot length when M = 16, N =
8,U=4,K =3.

shows a significant NMSE performance gain compared to
the three benchmark schemes, due to leveraging the channel
properties shown in (12). Note that although Benchmark
Scheme III achieves a lower NMSE than Benchmark Scheme I
and Benchmark Scheme II due to exploiting the built-in tensor
decomposition structure of the cascaded channel, it regards the
channels of different users as independent and performs much
worse than our proposed scheme in the multi-user case.

Fig. 9 shows the NMSE performance versus the number
of users, where M = 16,N = 8,U = 2, the total pilot
length is fixed as 7 = 64. It is observed that as the number of
users increases, the NMSE performance of all three benchmark
schemes degrades markedly. In contrast, our proposed scheme
maintains robust NMSE performance even with such a limited
pilot sequence length, indicating its superiority in the multi-
user case.
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VIII. CONCLUSIONS

In this paper, we revealed an important channel property
for BD-RIS aided multi-user MIMO communication. Specifi-
cally, arising from the common RIS-BS channel, the cascaded
channel associated with one pair of BD-RIS element and BS
antenna is a scaled version of the associated with any other
pair of BD-RIS element and BS antenna. By exploiting this
correlation, we addressed two key challenges: quantifying the
pilot transmission overhead for perfect channel estimation in
noise-free case and proposing practical estimation design in
the case with noise. Interestingly, it is theoretically shown
that the overhead for channel estimation in BD-RIS aided
communication is in the same order as that in conventional
RIS aided communication, although the number of channel
coefficients in these two systems are different by orders
of magnitude. Numerical results verified that our approach
can estimate channels accurately with significantly reduced
overhead compared to existing algorithms. It is interesting
to characterize the channel estimation overhead in other RIS
related systems as future works, such as the group connected
BD-RIS aided narrowband system and the BD-RIS aided
orthogonal frequency division multiplexing (OFDM) system.

APPENDIX
A. Proof of Proposition 1

To prove rank(®;) = M — 1, it is equivalent to showing
the equation ©13 = 0 holds for a vector 8 € CM-1)x1 it
and only if 3 = 0. The equation is equivalent to

Ql[¢t,27 R ¢t,M]B = 07

Let S = ker(Q1) be the null space of Q1. The dimension of
this subspace is dim(S) = M — g. Define

) ¢t,M]B e cMx1,

t=1,...,M. (82

geeey

wy = [¢t,23 ce (83)

Then w,; must lie in the null space S, i.e.,

wyeS, t=1,...,M. (84)
Define
bD =M, b T =10, 82y, Bu]T, (85)
then given ®,’s in (21), w, can be re-expressed as
w; = PbY, (36)

_

— pp®
where b = [b", - (m—t) mod M+1’

Ym, t=2,---,M.

This proof proceeds by contradiction. We assume there
exists a non-zero vector B = [fBa,...,[y|T € CM-Dx1
such that equations (82) holds. Let W = {w, ..., wys} and
B={bW ... b}, Since P is unitary, the dimensions of
the subspaces spanned by these two sets are identical:

I with b

dim(span(W)) = dim(span(B)). (87)

Next, we determine the dimension of B. Let B =
™M) b2 ... bM)]. The dimension of span(B) is equal to
the rank of B. Note that B is actually a circulant matrix.
Based on Proposition 1.3 in [40], it can be shown that the
rank of B will be M (full rank) with probability 1 given 3
in this paper. This implies that the vectors b(), ... (M) are
linearly independent. Therefore, for any 3 # 0:

dim(span(B)) = rank(B) = M. (88)

Based on (87), it follows that dim(span(W)) = M.

Recall that ®,3 = 0 for 3 # 0, implies that w, € S for
all t =1,..., M. This requires the subspace spanned by w;’s
to be contained within the null space S, i.e., span(W) C S,
which implies the relationship between the dimensions of these
two subspaces:

dim(span(W)) < dim(S) & M <M —q< ¢ <0. (89)

This result is a contradiction, because ¢ = rank(G) must
be a positive integer (¢ > 1). The only way to resolve this
contradiction is to reject the initial assumption that a non-zero
B could satisfy ®,3 = 0. Therefore, the only solution on
(82) and (31) is B = 0, i.e., nullily(®;) = 0. Based on Rank-
Nullity Theorem, it can be obtained that rank(®,) = M — 1.

B. Proof of Theorem 2

Given user pilot signals and BD-RIS scattering matrices
as in (54) and (55), respectively, the matrix ©, is a block-
diagonal matrix consisting of 1 4+ 1 diagonal blocks, C:')275,
s=1,---,n+ 1. We show that each (:)2,5 is full rank.

First let us consider the first 7 blocks (:)g’s’s, s=1,---,m.
Each @273, Vs, consists of 7, x U, sub-blocks, and the sub-
block in the i-th block row and j-th block column is denoted
by

= H NxM
s,i,J — a(s_l)UoJl‘jaTo,s"!‘iEV @, .+i€C )

$,0,J
5:15"'7777izlv"’7T07j:13"'an' (90)



Based on (54) and (55), many of =, ; ;’s are zero blocks, and
the non-zero sub-blocks are expressed as

[

_ H
8,4, — CTo.s"FiEV q’To,s+'i

= CTU,5+i2P(SM,TU,S+Z‘7 :)7 To,s +i€ Ts,j- (91)

Define a matrix E, ; ; € C**M with its ¢/-th row given as

~ 1
= . .(d.) = =...(d.: f=1.... 92
SJ:j(q’ Cry 1i0g 8,2,]((17 )7 q s ,q, (92)
then we obtain
Eeig = P(Snr,,+:(Q):3),s 93)

where @ = {1,---,q}, and given any sequence B, |B]
denotes its length and B(I) denotes its sub-sequence with I C
{1,---,|B|}. Thus, we can built a matrix @ 4 € CTe?*MUo
by setting ésym as the block in its i-th block row and j-th
block column. Then, (:)2,5 has the same rank as (:)2’5 because
it is built by eliminating the zero-rows in (:)213 and scaling
the non-zero rows in @2, s. We next show that @273 has a full
rank, Vs =1,--- ,n.

Define a sequence obtained by repeating {1,---, M} for
U, times, i.e.,

Jg={ 1,--- M ,., 1,---,M }, 94)
—— ——
the 1st M elements the U,-th M elements
and divide it into 7, parts, i.e.,
j:{jlv"' 7~7T0}7 (95)

where J; contains q elements, ¢ = 1,--- ,7,. Then, based on

(56), we have

S]W,To,s-i-i(Q) - u7ia To,s +i€e Ts,j~ (96)
As a result, @2,3 can be re-expressed as
62,3 =
rP(J1) O o T
o)
P(Je) P(J.) 0]
o P(Jze-;-[%ﬂ]_z) o)
. (97
(0] (0] "'P(j(Uofl)(efl)wL[(U";l)pW)
o o
I (0] (o] P(one+(%]—UU)

In this case, © s is built by p?,---,pl,. Moreover, since
|Ts ;| =e€ore+1,Vs,j, it can be obtained that

1Ts,jlq > eq = M, (98)

and

Tsjlg < (e+1)g < 3M, 99)

because ¢ —2M = (2—€)q—2p < 0= (e+1)g—3M < 0.
Thus, for each m € {1,---, M}, the number of pl being
used to build the j-th block column in @275, denoted by iy, 5,
fulfills

1< pim,; < 3. (100)

Moreover, for each pair of j and j+ 1, it should be noted that
Toj N Y1 ={Ts;(ITs)} ={Ls;42(1)},  (A0D

which indicates the only one common block row index such
that =, ; ; and Z, ; j 11, are both non-zero, j = 1,--- , U, — 1.
For ease of description, by changing the order of rows such
that the rows containing each pl are stacked together, we
obtain a matrix @;S as follows

(9;,8,1
e, =| - (102)
®;s,M7
where (-);,s,m € CYoxMUo i built by pl, and 07, Vm. @;S

has the same rank as O, because it is built by changing the
order of rows in ® ;. Based on the above two properties in
(100) and (101), (-);sm has the following structure:

* Qg,s,m
either p2 or 07. Denote @g <mlj1,jo] as the block at
the j1-th block row and the jg’-ih block column, ji,jo =
1, U,

¢ According to (100) and (101), we have

consists of U, x U, blocks, where each block is

O, wlir.jol = PL, Vi1 = jo;
O, mlit,jo] =07, ji > jo+1and j; < jo — 1;

O} . nliz + 1,52 = P, or O}, [ — 1.j2] = P, Via;

(103)

and ©) , , [j2—1,j2] = pl, and O] _ , [j2,j2—1] = pT,

V3o > 2, never holds at the same time.
Such a matrix can always be equivalent to a diagonal block
matrix via elementary row operations, i.e.,

p;Z;L e OT
O e | 1|, vm (104)

As a result, (-); s 1s equivalent to a matrix ©3 ; as follows

T
pl...O pM... 0

Se= b (105)
0---py 0 ---pu

which has the same rank as @;S because it is built via row
operation of @;G It can be shown that each of the rows
in ©3 ; cannot be obtained via linear combination of the
other rows, because p1, - - - , pps are linearly independent with
each other. This indicates that rank(@®3 ;) = rank(@%s) =
I‘al’lk((:)g’s) = MU,. Therefore, each of the first n di-
agonal blocks in O, are all full-rank, i.e., rank(ég,s) =
rank(@y ) = MUy, u=1,--- 1.

Next, we consider the last diagonal block (:)2_,74_1 in (:)2,
which consists of 7,, x U, blocks. Similar to C:)gyu’s, we can
built a matrix Oz ;1 € C9*MUv by setting én+17i7j as the
block in its ¢-th block row and j-th block column, where

St = P(Syryyn+i(Q)), i=1,--- 7, j=1,---,U,.

(106)



Then, (:)2,,,“ has the same rank as é)2’7—,+1. Then, by changing
the order of rows in @3 ,, 1 such that the rows containing each
pl are stacked together, we obtain a matrix

t

+ ®2m+1,1

@277]_‘_1 — T - ,
627n+1,M’

(107)

having the same rank as ©o,1, where ®;,n+1,m €
Tvdg
CI3# 1*MUs ¥, and has the same structure as @) s,
s = 1,---,n. Thus, via elementary row operations, each
@;n +1,m can be equivalent to a diagonal block matrix,
where the U, blocks on the main diagonal are pl. As
a result, each of the rows in @;n 41 cannot be obtained
via linear combination of the other rows, indicating that
ran~k(®;n+1) = rank(®3 ,41) = MU,, which is the rank

of @, 1. At last, the rank of @2 is given as

n+1
rank(©z) = Y~ Oy, = MU, + MU, = M(KU —1).

u=1

(108)
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