
Engineering 51 (2025) 130–143 
Contents lists available at ScienceDirect 

Engineering 

journal  homepage:  www.elsevier .com/ locate/eng  
Research
e—ArticlePower Systems Proactively Responding to Climate Chang 
Fortifying Renewable-Dominant Hybrid Microgrids: A Bi-Directional 
Converter Based Interconnection Planning Approach 
⁎ Corresponding author. 
E-mail address: wuchenye@cuhk.edu.cn (C. Wu). 

https://doi.org/10.1016/j.eng.2025.02.020 
2095-8099/© 2025 THE AUTHORS. Published by Elsevier LTD on behalf of Chinese Academy of Engineering and Higher Education Press Limited Company. 
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/). 
Zipeng Liang a , 
a Department of Electrical and Electronic Engineering, The Hong Kong Polytechnic University, Hong Kong 999077, China 

C.Y. Chung a , Qin Wang a,b , 

b Grid Operations and Planning, US Electric Power Research Institute, Palo Alto, CA 94304, USA 

Haoyong Chen c , 

c Department of Electrical Engineering, South China University of Technology, Guangzhou 510641, China 

Haosen Yang a , Chenye Wu d,⁎ 

d School of Science and Engineering, The Chinese University of Hong Kong, Shenzhen 518172, China 

a  r  t  i  c  l  e  i n f o a  b  s  t  r  a  c  t  
Article history: 
Received 28 February 2024 
Revised 21 January 2025 
Accepted 20 February 2025 
Available online 24 March 2025 

Keywords: 
Hybrid alternating current/direct current 
microgrid 
Interconnection planning 
Bi-directional converter 
Solar power uncertainty 
Interconnection planning involving bi-directional converters (BdCs) is crucial for enhancing the 
reliability and robustness of hybrid alternating current (AC)/direct current (DC) microgrid clusters with 
high penetrations of renewable energy resources (RESs). However, challenges such as the non-convex 
nature of BdC efficiency and renewable energy uncertainty complicate the planning process. To address 
these issues, this paper proposes a tri-level BdC-based planning framework that incorporates dynamic 
BdC efficiency and a data-correlated uncertainty set (DcUS) derived from historical data patterns. The 
proposed framework employs a least-squares approximation to linearize BdC efficiency and constructs 
the DcUS to balance computational efficiency and solution robustness. Additionally, a fully parallel 
column and constraint generation algorithm is developed to solve the model efficiently. Numerical 
simulations on a practical hybrid AC/DC microgrid system demonstrate that the proposed method 
reduces interconnection costs by up to 21.8% compared to conventional uncertainty sets while ensuring 
robust operation under all considered scenarios. These results highlight the computational efficiency, 
robustness, and practicality of the proposed approach, making it a promising solution for modern 
power systems. 

© 2025 THE AUTHORS. Published by Elsevier LTD on behalf of Chinese Academy of Engineering and 
Higher Education Press Limited Company. This is an open access article under the CC BY-NC-ND license 

(http://creativecommons.org/licenses/by-nc-nd/4.0/). 
1. Introduction 

The increasing deployment of direct current (DC) sources and 
loads (e.g., solar power generation and electric vehicles), has pro-
moted the evolution of conventional alternating current (AC) 
microgrids into hybrid AC/DC microgrids (HMGs) [1]. This transi-
tion to a hybrid structure capitalizes on the strengths of both AC 
and DC microgrids. It enables AC and DC loads to be directly pow-
ered by their corresponding sources within segregated sub-
microgrids, thereby reducing conversion losses that would other-
wise be incurred. At the heart of this synergy are bi-directional 
converters (BdCs) [2], which serve as conduits for power transfer 
between AC and DC sub-microgrids [3]. These converters enhance 
the overall robustness and reliability of both subsystems [4,5]. 
Consequently, strategic interconnections for HMG networks are 
required to achieve a balance between reliability and economic 
efficiency in their operation. 

Nonetheless, effective planning for the interconnections of 
HMGs suffers from two significant challenges. The first challenge 
arises from the highly non-convex characteristics of BdCs, which 
involve various nonlinear power electronic components, such as 
insulated gate bipolar transistors, AC inductors, and DC capacitors, 
and generate complex efficiency behaviors [6]. The second chal-
lenge stems from the high degree of uncertainty associated with 
renewable energy resource (RES) outputs [7], which can intensify 
source-load imbalances within each sub-microgrid in real time 
and greatly complicate efforts to determine the required level of 
interactive power between the subsystems. Thus, developing an 
effective BdC-based interconnection plan becomes particularly 
complex for HMGs with high RES penetrations. However, prior 
studies related to microgrid planning have mainly focused on the 
design and placement of distributed energy resources in homoge-
neous AC or DC microgrid settings, leaving the interconnection 
planning of HMGs comparatively unexplored. This paper aims to
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address these challenges by presenting a robust and cost-effective 
approach to planning the interconnections of multiple HMGs with 
BdCs and RESs. 

1.1. Related work 

Among existing studies focused on interconnection planning for 
HMGs, a handful have applied oversimplified planning models that 
ignore BdC efficiency characteristics altogether [8,9]. Other studies 
have applied static BdC efficiency models in the planning process 
[10,11]. However, static models fail to capture the dynamic nature 
of BdC efficiency arising from their highly non-convex characteris-
tics, resulting in compromised interconnection planning solutions. 
This has been addressed to some extent by applying complex 
dynamic BdC efficiency models. For example, Li et al. [12] dynami-
cally modeled BdC efficiency as high-order polynomials operating 
as functions of the BdC utilization rate. Moreover, the results of 
real-world examples demonstrated that these models effectively 
captured the dynamic nature of BdC efficiency. However, highly 
non-convex optimization problems are observed when using either 
the original high-order polynomial model or a mixed integer linear 
model that includes binary variables to ensure that each BdC does 
not engage in rectification and inverter operations simultaneously 
[13–15]. 

Efforts to address the high degree of uncertainty associated 
with RES outputs have widely relied on stochastic programming 
and robust optimization [16]. Stochastic programming is designed 
to optimize decisions under uncertainty by explicitly incorporating 
probabilistic information about uncertain RES outputs [17]. It mod-
els uncertainty through scenarios [18], each representing a possi-
ble realization of the uncertain RES outputs, with associated 
probabilities. The objective is to minimize the expected cost across 
all scenarios [19]. While it provides solutions that are optimal on 
average, it requires accurate probability distributions of RES out-
puts that are often difficult to estimate, and can become computa-
tionally intensive with a large number of scenarios. 

In contrast, robust optimization handles RES uncertainty by 
assuming that uncertain RES outputs lie within a predefined uncer-
tainty set rather than relying on probabilities [20]. It seeks solu-
tions that remain feasible across all possible realizations within 
this uncertainty set, focusing on obtaining optimized planning 
solutions under worst-case scenarios within the pre-determined 
uncertainty set [21]. The main types of linear uncertainty sets cur-
rently used include box-based uncertainty sets (BbUSs) [22], 
budget-constrained uncertainty sets (BcUSs) [23], and convex-
hull-based uncertainty sets (CHUSs) [24]. BbUSs define uncertainty 
as fixed intervals for each RES unit, forming a hyper-rectangle in 
the RES output space. While simple and computationally efficient, 
they often assume independence between RES outputs, making 
them overly conservative. To improve realism, BcUSs introduce a 
budget constraint on the total deviation of RES outputs from their 
nominal values. Compared with BbUSs, BcUSs often result in less 
conservative solutions while maintaining computational efficiency 
[25]. However, determining the appropriate budget value can be 
challenging and is often subjective. The budget is typically chosen 
based on expert judgment and preference, but inaccuracies in its 
selection can result in either overly conservative or overly opti-
mistic solutions. This lack of objectivity can limit the robustness 
and economic performance of the obtained results. Compared with 
BbUSs and BcUSs, CHUSs offer superior capabilities for represent-
ing spatial and temporal correlations in RES outputs. Moreover, 
the conservativeness of CHUS solutions is much less than the solu-
tions of BbUSs and BcUSs because the convex hull is the smallest 
convex set that encompasses all historical datasets. However, 
CHUSs have limited applicability because the number of vertices 
in a CHUS increases rapidly as the number of uncertainty sources 
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increases, which greatly increases the computational complexity 
of the optimization process. 

Efforts to reduce the conservativeness of robust optimization 
solutions without introducing excessive complexity include the 
development of distributionally robust optimization (DRO) meth-
ods [26]. These methods obtain optimized planning solutions 
under the worst-case distributions within distribution ambiguity 
sets [27]. The distribution ambiguity sets employed include contin-
uous distribution uncertainty sets based on the Wasserstein or 
Kullback–Leibler metric [28], and discrete distribution uncertainty 
sets [29]. However, continuous distribution uncertainty sets can 
lead to optimization problems that are computationally intensive, 
especially when the size of the problem increases. Moreover, while 
discrete methods generate a robust solution under the worst-case 
probability distribution of predicted RES outputs, they fail to yield 
a solution that is robust against the actual worst-case scenario of 
RES output. 

Despite the progress in robust planning for HMGs, there are still 
three main research gaps that need to be addressed. ① Although 
non-convex high-order polynomial models have been proposed 
to represent the dynamic efficiency of BdCs, no study has yet intro-
duced a convex model that accurately captures this efficiency. The 
absence of such a convex model can result in convergence chal-
lenges and significant computational demands during the planning 
model solution process. ② The current uncertainty sets, such as 
BbUSs, BcUSs, and CHUSs, either tend to be too cautious and sub-
jective, resulting in unnecessarily conservative strategies, or tend 
to be computationally intensive. This results in a challenging bal-
ance between producing robust solutions and keeping the compu-
tational load manageable. ③ When planning interconnections for 
multiple HMGs, the scale of the optimization problem can grow 
considerably. This complexity necessitates tailored algorithms 
designed specifically to speed up the solution process. To encapsu-
late these points, a comparison is included in Table 1 [8–13,15,20– 
24,27–29], which contrasts the features of our proposed approach 
against those of existing methods.

1.2. Contributions of our work 

To actively tackle the challenges previously discussed in HMG 
interconnection planning, this present work proposes a tri-level 
robust BdC planning model that accounts for dynamic BdC power 
conversion losses and RES uncertainty. This model yields BdC 
investment strategies that are less conservative than those based 
on extreme scenarios within the BbUS. The key contributions are 
as follows. 

Convexification of BdC efficiency model. This work pioneers 
the use of a convex model to capture the dynamic efficiency of 
BdCs, by employing the least-squares approximation (LSA) method 
to approximate the complex efficiency expression of BdCs. Addi-
tionally, the study establishes an exact convex relaxation of the 
lower-level model, representing a significant advancement in the 
field. This innovation enables the first incorporation of a convex 
representation of dynamic BdC efficiency within a robust BdC-
based interconnection planning model, specifically tailored for 
HMGs. 

Computational efficiency of data-correlated uncertainty set 
(DcUS). This study introduces a DcUS that represents the spatial 
and temporal correlations of RES outputs in microgrid interconnec-
tion planning processes, with a specific focus on solar power gen-
eration. By truncating the BbUS with hyperplane boundary 
constraints, the study creates a DcUS that closely approximates 
the volume of the CHUS while drastically reducing the vertex count 
and enhancing computational efficiency. The strategic selection of 
hyperplanes minimizes the DcUS volume while encapsulating all 
historical data points, ensuring that the derived optimization
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Table 1 
Comparison summary of existing studies 

Refs. BdC efficiency 
models 

Convexity of BdC 
efficiency 

Convexity of BdC 
direction 

Uncertainty 
set type 

Conservativeness 
controllability 

Vertex controllability 
of uncertainty sets 

Parallelizability of 
C&CG algorithms 

[8,9] 
[10] Static × BcUS × 
[11] Static 
[12] Dynamic 
[13] Dynamic 
[15] Static × BcUS × 
[20] DcUS × 
[21] BcUS × 
[22] BbUS × × 
[23] BcUS × 
[24] CHUS 
[27] 
[28] 
[29] 
This work Dynamic DcUS 

×: not considered; : considered; C&CG: column and constraint generation.
solutions are exceptionally robust against the worst-case realiza-
tions of both solar power output and its distribution. The DcUS 
thus strikes an optimal balance between conservativeness and 
computational tractability in planning solutions, compared with 
the existing uncertainty sets. 

Development of parallel solution algorithm. The speed of the 
computation process is enhanced by customizing a fully parallel 
column and constraint generation (FPC&CG) algorithm. This algo-
rithm leverages the unique structure of the proposed planning 
model, achieving full parallelization by decomposing the overarch-
ing optimization problem into multiple independent, small-scale 
convex optimization problems that can be solved concurrently. 
This method significantly boosts computational efficiency and 
introduces a pioneering use of parallel computing techniques in 
HMG interconnection planning. 

The rest of the paper proceeds as follows. Section 2 formulates 
the tri-level robust BdC based interconnection planning model for 
solar power penetrated HMGs with dynamic BdC efficiency, while 
Section 3 models the DcUS of RES outputs. In Section 4, the robust 
interconnection planning model is tackled using a series of 
advanced methods: the LSA method, exact convex relaxation tech-
niques, and the FPC&CG algorithm. Numerical results, showcasing 
the effectiveness of these methods, are discussed in Section 5. 
Finally, Section 6 summarizes the key findings and conclusions of 
this research. 

2. Robust interconnection planning model 

This section first introduces the overall structure of an HMG and 
discusses the potential assumptions underlying the model. Subse-
quently, a tri-level robust interconnection planning model is for-
mulated to address the uncertainties associated with RES units. 

2.1. Structure and assumptions 

Fig. 1 illustrates a typical HMG structure involving two AC sub-
microgrids (MGs) and two DC MGs with corresponding AC and DC 
loads, and distributed solar power generator (SPG), diesel engine 
(DG), and fuel cell (FC) units. The system is designed to directly 
support both AC and DC loads, minimizing conversion losses. For 
instance, DC loads (e.g., data centers or electric vehicles) are pow-
ered directly from the DC MG, while AC loads (e.g., residential 
appliances) are supplied directly by the AC MG. BdCs enable power 
flow between the AC and DC MGs, facilitating flexibility in power 
sharing across subsystems [15]. This structure leverages the bene-
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fits of both AC and DC MGs, supporting diverse energy resources 
and load types.

It is important to note that BdCs and multi-terminal energy rou-
ters (MERs) are two key technologies for interconnecting different 
microgrids [30]. While both enable power flow and energy 
exchange, they differ in terms of complexity, scalability, and cost. 
MERs are a promising solution for highly scalable and advanced 
multi-microgrid systems, whereas BdCs offer a practical and 
cost-effective alternative for many applications. This study focuses 
on BdC-based interconnection planning due to its lower cost, ease 
of implementation, and technological maturity. Nonetheless, the 
proposed tri-level robust interconnection planning model is flexi-
ble enough to incorporate MERs without requiring structural 
modifications. 

To develop the microgrid interconnection planning model, sev-
eral assumptions are made to simplify the analysis and focus on 
the study’s core objectives. These assumptions are as follows: 

(1) The microgrids are assumed to primarily operate in islanded 
mode, meaning they are disconnected from the main grid. How-
ever, the framework can be easily adapted to include grid-
connected operation when necessary. 

(2) A single-stage planning approach is adopted for simplicity, 
where all decisions regarding resource allocation and interconnec-
tion design are made at a single point in time. Nonetheless, the 
methodology can be extended to a multi-stage planning frame-
work to account for phased development or dynamic adjustments 
over time. 

(3) The model focuses exclusively on steady-state interconnec-
tion design and does not consider dynamic stability aspects, such 
as transient or small-signal stability. These aspects are addressed 
in subsequent stages of microgrid control system optimization. 

It is noteworthy that, interconnection planning typically priori-
tizes static characteristics such as capacity constraints, generator 
outputs, and steady-state operational efficiency, as these factors 
serve as the foundation for system design and ensure reliable oper-
ation under normal conditions. This study focuses specifically on 
long-term interconnection planning, which spans months to years 
and aims to achieve an economically efficient balance between 
generation and load. Unlike real-time control, this process empha-
sizes minimizing investment and operational costs over the long 
term, rather than addressing transient responses or instantaneous 
electrical phenomena. 

Dynamic stability, which involves sub-second responses to dis-
turbances such as sudden load changes or renewable power fluctu-
ations [31], is excluded from this study for several reasons. First,
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Fig. 1. Typical HMG structure.

Fig. 2. Framework of the tri-level robust BdC planning model. 
the time scale of stability dynamics (milliseconds to seconds) is far 
shorter than the long-term planning horizon (months to years), 
making their inclusion irrelevant to the overall objectives of this 
model. Second, incorporating stability dynamics would signifi-
cantly increase the complexity and computational demands of 
the planning process, as they involve highly non-convex behaviors 
requiring detailed time-domain simulations. Third, long-term 
planning decisions, such as investment costs (IC), generation 
scheduling, and load management, are not directly influenced by 
transient behaviors, making stability dynamics unnecessary for 
economic planning. Finally, in practice, real-time stability control 
and long-term planning are decoupled, with the latter focused on 
investment and expansion rather than immediate operational 
safety or control. For these reasons, this study excludes stability 
dynamics while concentrating on the core objectives of long-
term microgrid interconnection planning. 

2.2. Tri-level robust interconnection planning model 

Fig. 2 presents the framework of the proposed tri-level robust 
BdC planning model. The upper level aims to minimize the total 
cost (TC), which includes BdC investment and HMG operation 
costs, while adhering to investment constraints. It determines 
the optimal placement and capacity of BdCs, considering worst-
case fluctuations identified at the middle level. The middle level 
focuses on identifying the worst-case realization of uncertainties, 
such as uncertainty in renewable generation and load demand, 
within probabilistic uncertainty sets. This ensures the system 
remains robust against extreme scenarios and provides critical 
inputs for both investment and operational planning. 

At the lower level, the model minimizes HMG operation costs 
under both forecasted and extreme scenarios while ensuring oper-
ational constraints, such as power balance and BdC limits, are met. 
The tri-level structure integrates long-term investment decisions 
with short-term operational planning, ensuring robustness to 
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uncertainties and adaptability to varying conditions. While this 
framework is centered on BdCs, it is flexible enough to incorporate 
alternative technologies like MERs, as the model’s structure 
remains unchanged, and only the input parameters (e.g., cost, scal-
ability) need adjustment. This ensures the framework provides a 
practical and scalable solution for interconnecting microgrids. 
The rest of this section will present in detail each of the three levels 
of the planning model based on the system illustrated in Fig. 2. 

2.2.1. Upper-level model 
The upper-level model aims to minimize the TC of annual BdC 

investments and annual HMG operation under the worst-case reali-
zation of the SPG output distributions, subject to BdC investment 
constraints.
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min 
Iij h ij X h H

ij 

cBDC ij h Iij h rn1 P Y 1a 

ij X h H
ij 

cBDC ij h Iij h s 1b 

Iij h 0 1 ij X h Hij 1c 

Iij h 1 ij X h Hij Hij 1d 

0 
h Hij 

Iij h nmax 
ij ij X 1e 

where represents the set of corridors; and are sets of all 
BdC-based interconnection lines and candidate interconnection 
lines, respectively; denotes the value of the objective func-
tion obtained after maximizing the middle-level model. The deci-
sion variables are defined as follows: represents the decision 
variable sets in the middle-level model; corresponds to the deci-
sion variable sets in the lower-level model; is the decision vari-
able in the upper-level model that indicates whether BdC-based 
interconnection line h is to be constructed through corridor ij 
between microgrid i and microgrid j. The parameters in the 
upper-level model are defined as follows: represents the annu-
alized IC of line h in corridor ij; denotes the maximum number 
of lines in corridor ij; is the weight parameter applied to annual-
ize the HMG operation cost; indicates the investment budget allo-
cated for the construction of BdC-based interconnection lines. Eq. 
(1b) ensures that the investment budget is not exceeded; Eq. (1c) 
defines binary variables for each candidate BdC-based interconnec-
tion line and Eq. (1d) sets for each existing BdC-
based line Finally, Eq. (1e) limits the maximum number 
of BdC-based lines that can be installed in each corridor. 

2.2.2. Middle-level model 
The middle-level model seeks the worst-case realization within 
as follows. 

n1 maxP 

s SF 

ps n2 s Y h 
s SDc 

n2 s Y 2a 

P ps 

s SF ps p0 
s 

2 
d 

s SFps s SFp0 
s 

ps 0 s SF 

2b 

d SF 2Z ln 2 1 a 1 SF 
2c 

where and denote the values of the objective function 
obtained after minimizing the lower-level model for the forecasted 
scenario and the extreme scenario in the DcUS, 
respectively, and the actual probability of the forecasted scenario 
is the decision variable in the middle-level model. As will be dis-
cussed in detail later, each extreme scenario corresponds to a single 
vertex in the DcUS. The parameters in this model are defined as fol-
lows: denotes the predicted probability in forecasted scenario 

is the weight factor enabling decision-makers to flexibly 
adjust their preference between forecasted scenarios and extreme 
scenarios; represents the uncertainty budget; denotes the num-
ber of data points for historical SPG outputs; is the confidence 
level. 

Here, the l2-norm metric is employed in Eq. (2b) to capture the 
correlation of SPG output probability distributions more accurately 
in uncertainty sets than that obtained using the l1-norm metric in 
previous studies [29]. This approach aims to minimize unnecessary 

X Hij Hij 

n1 P Y 

P 

Y 

Iij h 

cBDC ij h 

nmax 
ij 

r 
s 

h Hij; Iij h 1 
h Hij Hij . 

P 

n2 s n2 s 

s SF s SDc 

ps 

p0 
s 

s SF ; h 

d Z 
a 
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conservativeness in interconnection planning solutions. Although 
solar power has been used as an example, the same method can 
be extended to formulate distribution uncertainty sets for other 
sources of uncertainty, such as loads. Therefore, this process will 
not be elaborated on here. 

ps 
2.2.3. Lower-level model 
The lower-level model minimizes the operation costs of the 

HMGs under the forecasted scenarios and DcUS extreme scenarios 
as follows: 

minY 

s SF 

ps n2 s h 
s SDc 

n2 s 3a 

In detail, the operation costs under both these scenarios include 
the operation costs of the AC microgrid (ACM) and the DC 

microgrid (DCM) as well as the energy loss cost (ELC) of BdCs 
which are outlined as follows. 

n2 s CAC 
s CDC 

s cL s s 3b 

n2 s CAC 
s CDC 

s cL s s 3c 

CAC 
s s 

i 

cDE i s sP
DE 
i s s cSPG qac 

i s s 3d 
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s s 

j 
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FC 
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ij h s s Pdcac 
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ij h -dcac 
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where is the set of DCMs that are connected with ACM i, while 
is the set of ACMs that are connected with DCM j. The decision 

variables in the lower-level model are defined as follows: is ELC 

through BdCs in scenario denotes the output of DE unit in 

ACM i in scenario represents the output of FC unit in DCM 

j in scenario is the power flow of line h in corridor ij from 

an ACM to a DCM in scenario denotes the power flow of 

line h in corridor ij from a DCM to an ACM in scenario 
represents the binary variables indicating whether the BdC associ-
ated with line h in corridor ij operates in the rectifier state in sce-

nario denotes the binary variables indicating whether 
the BdC associated with line h in corridor ij operates in the inverter 
state in scenario and represent the SPG curtailment 

of ACM i or DCM j in scenario respectively; and 
denote the efficiency of BdCs associated with line h in corridor ij, 
respectively; and represent the utilization rate of line 
h in corridor ij in scenario respectively. The parameters in the 
lower-level model are defined as follows: represents the coeffi-
cients of BdC efficiency, where q is the exponent parameter repre-
senting the power in polynomial expansion; and 
are the cost coefficients of DE units, FC units, and BdC energy loss 
in ACM i or DCM j in scenario respectively; represents 
the penalty coefficients of SPG curtailment; and 
denote the lower and upper power outputs of DE unit in ACM i, 

respectively; and represent the lower and upper 

power outputs of FC unit in DCM j, respectively; is the capacity 

of line h in corridor ij; and denote the SPG outputs of ACM i 
and DCM j in forecasted scenario respectively; represents the 

allowable ratio of RES curtailment; and indicate the load 
demand of ACM i and DCM j in forecasted scenario respec-
tively and denote the SPG outputs of ACM i and DCM j in 
the sth vertex of the DcUS (which corresponds to the sth scenario), 

respectively; and denote the load demand of ACM i and 
DCM j in scenario respectively. 
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The operation costs for each ACM and DCM are, respectively, 
calculated in Eqs. (3d) and (3e), both of which include the fuel costs 
of conventional units and penalty costs associated with RES cur-
tailment (RC) and load-shedding demands. Eq. (3f) evaluates the 
energy loss of BdCs due to rectifier and inverter efficiencies, which 
are defined in Eqs. (3g)–(3j) based on previously proposed high-
order polynomial relationships with respect to and
[11,12]. As can be seen, Eqs. (3k)–(3t) are applicable under fore-
casted scenario Specifically, Eqs. (3k) and (3l), respectively, limit 
the power of BdC rectification and inverter operations, while Eq. 
(3m) ensures that no BdC resides in rectifier and inverter states 

simultaneously. Eq. (3n) ensures that if  
Eqs. (3o) and (3p) limit the power produced by DE and FC units, 
respectively. Eqs. (3q) and (3r) ensure that generation and load 
demands in forecasted scenarios are balanced at each ACM and 
DCM, respectively. Eqs. (3s) and (3t) limit the allowable SPG cur-
tailment in forecasted scenarios at each ACM and DCM, respec-
tively. As can be seen, Eqs. (3u)–(3zd) applicable under DcUS 
extreme scenarios have similar forms to those of Eqs. (3k)–(3t). 

Remark 1. Different from previous data-driven stochastic 
approaches that focus solely on constructing uncertainty sets for 
the probability distributions of RES generation [29,32], the pro-
posed model incorporates uncertainty sets for both the probability 
distributions and the generation outputs of RES units. This allows 
the model to produce solutions that are robust against uncertain-
ties in both aspects. Moreover, as highlighted in previous studies 
[33], a solution remains robust against any fluctuations in RES 
generation within the predefined uncertainty set if it is robust 
against a limited number of extreme scenarios within that set. To 
leverage this finding, the proposed model accounts for constraints 
under extreme scenarios, ensuring the robustness of the planning 
strategy while simultaneously reducing computational complexity. 

-acdc 
ij h s s -dcac 

ij h s s 

s . 

Zacdc 
ij h s Zdcac 

ij h s 0  Iij h 0. 
3. Minimum volume historical DcUS for solar power output 

A novel data-correlated SPG uncertainty set is developed to bal-
ance the need for security in the planning solution while minimiz-
ing unnecessary conservatism. This model accurately depicts the 
spatial and temporal correlations of SPG uncertainty by cutting 
off the unnecessary power output region in the SPG uncertainty 
set. Subsequently, a minimum high-dimensional uncertainty set 
volume based model is proposed to optimize the cutting hyper-
plane or the vertices of the DcUS. 
3.1. Solar power output uncertainty sets 

The BbUS can be expressed according to the actual SPG output 
the predicted SPG output and the upward/downward fluctu-

ations in SPG outputs as follows [21,22]. 

SBbUS ki ki eu i ku i ki ed i kd i ki i 4a 

eu i ed i 1 eu i e
d 
i 0 1 i 4b 

where and are binary variables, respectively, indicating the 
upward and downward direction of SPG output fluctuations. 
Accordingly, it can be inferred that the BbUS directly bounds the 
predicted SPG outputs. As a result, a BbUS typically provides the 
most conservative planning solutions. This is addressed to some 
extent in the BcUS by excluding unlikely scenarios from the BbUS 
via the application of an uncertainty budget detailed as below 
[23].

ki, ki, 
ku i k

d 
i/ 

eu i ed i 

C, 
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SBcUS Eqs 4a and 4b 
i 

eu i ed i C 5 

Fig. 3(a) presents the historical SPG output data, predicted data, 
and BbUS and BcUS regions corresponding to two SPG clustering 
units. Note that the number of vertices in both the BbUS and BcUS 
is 2I , where denotes the number of SPG clustering units. Addition-
ally, the number of SPG clustering units is equal to the number of 
microgrids, as each microgrid contains a group of SPG units. As can 
be seen, the application of in the BcUC truncates the BbUS by 
omitting the less likely SPG outputs located in the upper right 
and lower left corners of the historical dataset, which can therefore 
reduce the conservativeness of the obtained planning strategy to 
some extent. However, this method of controlling BcUS conserva-
tiveness neglects the spatiotemporal correlations of SPG output 
uncertainties, which can produce non-robust solutions for scenar-
ios that fall outside of the BcUS. 

By contrast, the CHUS can be expressed as follows: 

SCHUS ki ki 
m MCH 

eim kim ki i 6a 

0 eim 1 i m 
m MCH 

eim 1 6b 

where is the index representing the set which is defined as 
the set of vertices, and denotes a continuous variable within the 
interval [0, 1]. Fig. 3(b) illustrates the CHUS region corresponding to 
the historical SPG output data and predicted data presented for the 
two SPG clustering units in Fig. 3(a). In contrast to the 2I vertices 
observed for the BbUS, the number of vertices in the CHUS depends 
heavily on the historical SPG output data applied in its construction. 

The proposed DcUS formulation for applying hyperplane 
boundary constraints to the BbUS is given as follows: 

SDcUS 
Eqs 4a and 4b 

I 
i 1juiki u u 2 3 2I 1 

7a 

where is the index representing the vertices of the BbUS, and 
, are the corresponding hyperplane coefficients applied 

for the uth vertex. The vertices where all solar power units reach 
their minimum and maximum output values are designated as 
the first vertex and the last (i.e., the 2I th) vertex, respectively. Note 
that each vertex of the BbUS corresponds to a hyperplane con-
straint, with the exception of the 1st and 2I th vertices. Thus, the 
number of constraints applied in Eq. (7a) is 2I − 2. For convenience 

I 

C 

m MCH, 
eim 

u ju1, 
ju2, juI 
Fig. 3. SPG output uncertainty sets based on historical data. (a) BbUS an
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of expression, the hyperplane constraint in Eq. (7a) is rewritten in 
matrix form by Eq. (7b). 

jT 
uk u u 2 3 2I 1 7b 

where represents the coefficient matrix of the SPG output vector 
Fig. 3(b) illustrates the corresponding DcUS region. As can be 

seen, the DcUS region substantially truncates the BbUS region by 
omitting unlikely scenarios not represented in the historical data, 
as observed for the CHUS region, and therefore reduces the conser-
vativeness of planning solutions. However, the DcUS includes many 
fewer vertices than the CHUS and therefore offers enhanced solu-
tion efficiency. 

3.2. Minimum volume DcUS 

Fig. 4 illustrates the process applied for selecting the hyper-
planes that minimize the volume of the DcUS while enclosing all 
historical data points. This process can be reformulated as maxi-
mizing the remaining area of the BbUS given by the red shaded 
area in Fig. 4. In addition, each hyperplane in the DcUS must corre-
spond to a vertex in the BbUS because the proposed DcUS is a sub-
set of the BbUS. Thus, the objective function applied for selecting 
the hyperplanes can be formulated as follows:

max 
kDc u j

T 
u u dui 

2I 1 

u 2 

1 
I 

I 

i 1 

dui 8a 

where is the geometric distance between the uth vertex of the 
BbUS and the vth vertex of the DcUS. For each vertex u 3, , 
2I − 1 in the BbUS, the corresponding adjacent vertex index v in the 
DcUS can be expressed in the following manner. 

v u 2 I i i 1 2 3 I 8b 

The geometric distances between vertices are defined as fol-
lows. The geometric distance between and is set to zero 
across all SPG clustering units, except in the ith SPG clustering unit, 
where the geometric distance is computed in the manner 
described below: 

dui cui k
B 
ui kDc vi i 8c 

kB uq kDc vq 0 q 1 2 i 1 i 1 I 8d 

Here, is a binary directional parameter with a possible value of 
either 1 or −1, where a value of indicates that resides at 
the upper boundary of the BbUS in the ith SPG clustering unit,

jT 
u 

k. 

dui kB u 
kDc v 2,

kB u kDc v 

cui 
kB u cui 1 
d BcUS boundaries; (b) CHUS and DcUS boundaries. p. u.: per unit. 
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Fig. 4. Schematic illustrating the methodology applied for determining the 
hyperplane constraints of the DcUS.
and a value of indicates that is located at the lower 
boundary of the BbUS in the ith SPG clustering unit. 

The constraints of the proposed uncertainty set model primarily 
consider the geometrical position relationships between the 
hyperplanes, the vertices of the BbUS and DcUS, and the historical 
SPG output data. These constraints can be expressed as follows: 

jT 
uk

Dc 
v u kDc v RDcUS u 2 3 2I 1 8e 

jT 
ukr u r R u 2 3 2I 1 8f 

jT 
uk

B 
u u kB u RBbUS u 2 3 2I 1 8g 

jT 
u–0 u–0 u 2 3 2I 1 8h 

Here, and r refer to the set of all historical SPG output data and 
the corresponding index, respectively, and and denote 
the vertex sets of the DcUS and BbUS, respectively. In the above for-
mulation, Eq. (8e) ensures that the vertices of the proposed DcUS 
adjacent to the vth vertex of the BbUS are on the hyperplane, while 
Eqs. (8f) and (8g) restrict the historical SPG output data and the ver-
tices of the BbUS to be located on different sides of the hyperplane. 
Eq. (8h) ensures that the coefficients of the hyperplane are not con-
stantly zero. 

However, the aforementioned uncertainty set model can repre-
sent a substantial computational burden for large HMG systems. 
This issue is mitigated by applying the following two 
modifications. 

First, the volume of each resulting truncated polyhedron, along 
with the constraints delineated in Eqs. (8e)–(8h), are independent 
of each other. Thus, the optimization process in Eq. (8) can be 
decomposed into 2I − 2 smaller nonlinear optimization processes, 
which can be implemented independently in parallel. To this end, 
objective function Eq. (8a) is reformulated for each vertex 

as shown in Eq. (9a). 

max 
kDc u j

T 
u u dui 

1 
I 

I 

i 1 

dui 9a 

In addition, the computational burden can be further reduced 
by applying the logarithm within objective function Eq. (9a) and 
omitting the constant term , which yields the following. 

max 
kDc u j

T 
u u dui 

I 

i 1 

lndui 9b 

cui 1 kB u 

R 

RDcUS RBbUS 

u 2 3 2I 1, 

( ln I )
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proposition, it can be deduced that the hyperplane constraints in
the DcUS can be determined for each vertex
by solving the following nonlinear minimum uncertainty set
volume-based programming model.

Second, each historical SPG output data point generates a con-
straint in Eq. (8f). Therefore, the computational burden is reduced 
by replacing the vast amount of historical SPG output data in Eq. 
(8f) with the following constraint applied for the vertices of the 
CHUS. 

jT 
uk

CH 
s u s SDc u 2 3 2I 1 9c 

The proposed substitution is formally validated according to the 
following proposition. 

Proposition 1. Eq. (8f) will hold true for all historical SPG 
output data as long as all vertices of the CHUS satisfy Eq. (9c). 

The detailed proof is provided in Appendix A. Based on this 

u 2 3 2I 1 max 
kDc u j

T 
u u dui 

I 

i 1 

lndui 10a 

s t Eqs 8c and 8d 8e 8g and 8h 9c 10b 

The proposition relies on the relationship between Eq. (8f) and 
the vertices of the CHUS. By ensuring that all vertices of the CHUS 
satisfy Eq. (9c), it guarantees that the entire convex hull (and thus 
any point within it) satisfies the condition. In practice, incorporat-
ing Eq. (8f) for all historical data into the uncertainty set optimiza-
tion model can be computationally expensive. To address this, the 
proposition simplifies the model without sacrificing accuracy by 
considering only Eq. (9c) for the vertices of the CHUS, which is 
more computationally efficient since the number of vertices is sig-
nificantly smaller compared to the vast amount of SPG output data. 

4. Solution of the proposed robust interconnection planning 
model 

It must be noted that the lower-level model in the proposed tri-
level framework defined in Section 2 does not satisfy the strong 
duality condition due to the presence of highly nonlinear equations 
in Eqs. (3g) and (3h), in addition to binary variables. Thus, the pro-
posed model cannot be effectively solved using existing C&CG 
algorithms. As discussed, the highly nonlinear terms in Eqs. (3g) 
and (3h) are first linearized using the LSA method. Then, the binary 
variables are removed by applying an exact convex relaxation of 
the lower-level model. Finally, an FPC&CG algorithm is developed 
based on the unique structure of the proposed planning model. 

4.1. Approximating BdC efficiency with LSA 

Note that a direct linearization of the nonlinear terms 

in Eqs. (3g) and (3h) leaves Eq. (3f) 

nonlinear. Thus, Eq. (3f) is linearized as a whole. The two terms 
in Eq. (3f) have similar expressions. Here, the proposed lineariza-
tion method is illustrated in Fig. 5 for the linearization of 

as an example. The other term 

in Eq. (3f) can be linearized in a similar 

manner.

By defining a function where corre-

sponds to the variable belongs to the space of contin-
uous functions over the interval and possesses a 
continuous first-order derivative over the interval [0, 1], 

can be rewritten as follows.

u 2 3 2I 1 
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Fig. 5. Illustration of the process applied to linearize BdC efficiency. A–E represent 
specific data points used to approximate the original BdC efficiency loss expression.
Pacdc 
ij h s s 1 gacdc 

ij h -acdc 
ij h s s PR 

ij hg -acdc 
ij h s s 

g -acdc 
ij h s s -acdc 

ij h s s 1 gacdc 
ij h -acdc 

ij h s s 

Then, we seek to identify a linear Legendre expression 

that can be applied as a substitute 

for This is achieved by minimizing the approximation 

error over the interval [0, 1], as presented below: 

min d d o0 o1 
1 

0 
g  x  

1 

y 0 

oy/y x 
2 

dx 11a

where y is an index used in the polynomial expansion 
Because possesses a continuous first-order derivative over 

the interval [0, 1], the following necessary conditions are obtained 
for achieving the extreme value of the multivariate function 

d 
oc 

2 
1 

0 
g  x  

1 

y 0 

oy/y x xc dx 0 11b

where c is an index that can take values 0 or 1. This can be rewritten 
in Eq. (11c). 

1 

0 

1 

y 0 

oy/y x /c x dx 
1 

0 
g  x  /c x dx 11c

For convenience of expression, the inner product of and 
over the interval is defined as follows. 

/y /c 

1 

0 
/y x /c x dx 1 y c 1 11d 

g /c 

1 

0 
g  x  /c x dx 11e

This yields the following Hilbert matrix. 

Hb 
/0 /0 /0 /1 

/1 /0 /1 /1 
11f 

Finally, Eq. (11c) can be reformulated in the following manner. 

HbO g 11g 

Here, and Because Cramer’s deter-
minant and are linearly independent. Therefore, a 
unique solution to Eq. (11g) can be found, which yields the fol-
lowing linear expression of 

O  x 1 
y 0oy/y x (/y x xy) 
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O x o 1 ij hx o 0 ij h 11h 

PR 
ij hg -acdc 

ij h s s PR 
ij h o 

1 
ij h-

acdc 
ij h s s o 0 ij hIij h 11i 

As indicated in Eqs. (3g) and (3h), the coefficient for the BdC-
based transfer of power from ACMs to DCMs is identical to that of 
the power transferred from DCMs to ACMs. This yields the follow-
ing outcome. 

PR 
ij hg -dcac 

ij h s s PR 
ij h o 

1 
ij h-

dcac 
ij h s s o 0 ij hIij h 11j 

However, it is worth noting that a similar linearization process 

can be applied to derive the linear form of when the 

same coefficient cannot be applied to both the rectifier and 
inverter operations of a BdC. 

Finally, a mixed integer linear programming (MILP) version of 
the lower-level model can be developed by substituting Eqs. (3g) 
and (3h) with Eqs. (11i) and (11j), respectively. 

aq 

PR 
ij hg -dcac 

ij h s s

aq 
4.2. Exact convex relaxation of lower-level model 

While the lower-level model in its MILP form could be solved by 
a nested C&CG algorithm, the solution process is computationally 
demanding. To address this issue, the following convex formula-
tion of the lower-level model is presented. 

Objective function Eqs 3a —  3f  11i and 11j 12a

s t Eqs 3o —  3t  3y — 3zd 12b

0 Pacdc 
ij h s Iij hP

R 
ij h ij h s SF 12c 

0 Pdcac 
ij h s Iij hP

R 
ij h ij h s SF 12d 

0 Pacdc 
ij h s Iij hP

R 
ij h ij h s SDc 12e 

0 Pdcac 
ij h s Iij hP

R 
ij h ij h s SDc 12f 

Then, the solution of this convex formulation is formally proven 
to be exactly equivalent to the solution of the lower-level model in 
its MILP form according to the following proposition. 

Proposition 2. Given the value of a solution to the 
lower level optimization Eq. (12) is sub-optimal in the case when 

as long as 

The detailed proof is presented in Appendix A. Intuitively, the 
condition indicates that the energy loss of a BdC is posi-

tively correlated with its rectifier/inverter power Thus, 
a sub-optimal solution must be obtained when a BdC operates in 
both its rectifier and inverter modes simultaneously because 
unnecessary BdC energy loss occurs. In addition, assuming that 
the lower-level model is in its linear form yields the following 
proposition. 

Proposition 3. Lower-level model Eq. (12) is robust against any 
SPG output fluctuations enclosed within the DcUS as long as it is 
robust against the extreme scenarios or vertices of the DcUS. 

The detailed proof is presented in Appendix A. This proposition 
indicates that applying the DcUS ensures that the proposed plan-
ning model is fully robust against the worst-case realization of 
SPG output fluctuations in the standard BbUS [13], but with much 
less conservativeness.

IBDC ij h, 
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4.3. Fully parallel C&CG algorithm 

The DcUS-based tri-level robust BdC planning model obtained 
after applying LSA and convex relaxation can be compactly refor-
mulated in the following matrix form. 

minI aT I maxPminY 

s SF 

ps b
T 
1xs 

s SDc 

bT 
2xs 13a 

s t CI c I 0 1 13b 

P ps 

s SF ps p0 
s 

2 
d 

s SFps s SFp0 
s 

ps 0 s SF 

13c 

Y 
xs 
xs 

A1I A2xs A3ks 0 s SF 

A1I A2xs A3ks 0 s SDc 13d 

where and are coefficient matrices or vectors 
corresponding to the tri-level robust model. 

The middle and lower level models in Eq. (13) can be merged 
into a single-level bi-layer model using duality theory. However, 
this single-level model can be excessively large, particularly when 
the number of scenarios is substantial. In addition, the middle-
level model contains second-order cone constraints that can 
potentially complicate the solution process. This issue is addressed 
by recasting tri-level model Eq. (13) into a master–slave problem 
within the advanced FPC&CG algorithm to solve the model in 
parallel without the need for applying duality theory or Karush– 
Kuhn–Tucker (KKT) conditions. 

(1) Slave problem. A bi-layer maximization–minimization pro-
cess is applied within the slave model to identify the worst-case 
scenario in the uncertainty set under a specific set of investment 
decision variables This yields the following model. 

maxPminY 

s SF 

ps b
T 
1xs 

s SDc 

bT 
2xs 14a 

s t ps P xs xs Y 14b 

Given that and that the feasible region of is 
separate from that of objective function Eq. (14a) is reformu-
lated in Eq. (15a). 

maxPminY 

s SF 

ps b
T 
1xs maxPminY 

s SDc 

bT 
2xs 15a 

Note that the optimal value of the term in 

Eq. (15a) is independent of the maximization process, as the vari-
ables in the maximization process are not involved in any 
terms included in the minimization process. Hence, Eq. (15a) can 
be simplified as follows: 

maxPminY 

s SF 

ps b
T 
1xs minY 

s SDc 

bT 
2xs 15b 

With regard to the first term in Eq. 
(15b), the fact that its feasible region is disjoint with enables 
Eq. (15b) to be further restructured as follows: 

a b1, b2, C, c, A1, A2,, A3 
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g
s SF

pk
s bT

1x
k 1
s

s SDc

bT
2x

k 1
s 18a

Y
xk 1
s

xk 1
s

A1I A2xk 1
s A3ks 0 s SF

A1I A2xk 1
s A3ks 0 s SDc 18b

maxP 

s SF 

ps minYb
T 
1xs minY 

s SDc 

bT 
2xs 15c 

In addition, the two large-scale minimization problems in Eq. 
(15c) can be decomposed into small independent 
optimization models because the operational constraints of the 
small models under each forecasted and the operational con-
straints of the small models under extreme scenario are disjoint 
from each other. 

The parallel strategy applied for solving the small 

linear programming models for and is given as 
follows: 

ys min bT 
1xs 16a 

A1I A2xs A3ks 0 s SF 16b 

ys min bT 
2xs 16c 

A1I A2xs A3ks 0 s SDc 16d 

After obtaining the optimal solution for Eq. (16), Eq. 
(15c) is reformulated into the following second-order cone pro-
gramming model: 

Q maxps P 

s SF 

ps ys 17 

which can be solved using readily available high-efficiency algo-
rithms, such as the primal dual interior point algorithm. 

The optimal solution of the slave problem obtained in the kth 
iteration provides the upper bound (UB) for model 
Eq. (13), where Subsequently, a set of slave problem 
constraints associated with variables are generated by 

fixing the optimal probability value in the original 
slave problem Eq. (14). These constraints are then added to the 
master problem with a dummy continuous variable as follows: 

(2) Master problem. The master problem serves as a relaxation 
of the original problem and thereby provides the lower bound (LB) 
for model Eq. (13). Following the kth iteration of the C&CG algo-
rithm, the master model is formulated as the following MILP. 

min aT I g 19a 

s t CI c I 0 1 19b 
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A1I A2xk 1 
s A3ks 0 s SDc 19d 

Finally, the master problem and slave problem are solved itera-
tively until the difference between the upper and lower bounds 
satisfies the optimality threshold The proposed FPC&CG algo-
rithm is summarized in Algorithm 1.
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Algorithm 1. Fully parallel C&CG algorithm. 

1: Initialize LB = ,  U  B = k = 0, and e = 0.0001. , 

2: 
Solve master problem Eq. (19) at iteration k, and obtain 

the optimal solution Update LB = max{LB, 
. 

I g xk s xk s . 
aTI g }
3: 
Solve the small independent models of slave problem Eq. 
(16) in parallel to obtain the optimal solution 
Solve linear model Eq. (17) to find the worst-case 
probability and the optimal value Update UB = 
min{UB, . 

ys ys . 

pk s Q . 
aTI Q s SDcys }
4: 
If UB − LB cease iterations and output the final 
solution otherwise, go to step 5. 

e,
I ; 
5: 
Modify the master problem by assigning it new optimal 
cut constraints Eq. (18), and update k = k + 1. Return to 
step 2. 
Remark 2. The FPC&CG algorithm ensures the optimality of the 
obtained solutions by iteratively solving the master problem and 
subproblems, progressively refining the feasible region and objec-
tive value. At each iteration, the algorithm incorporates a new, 
previously unconsidered critical uncertainty scenario into the 
restricted master problem and updates the UB and LB of the 
objective value. Since the vertices of the uncertainty set is finite, 
the algorithm converges after a finite number of steps. Conver-
gence is achieved when the gap between the bounds falls below a 
predefined tolerance, and no newly identified adversarial scenario 
significantly degrades the solution, ensuring that the final decision 
is robustly optimal across all possible uncertainty realizations. 
Compared to typical C&CG algorithms [34,35], the developed 
FPC&CG algorithm achieves faster convergence and guarantees 
the optimality of the solutions by leveraging parallelization and 
convex relaxation techniques. 

The developed solution algorithm has the potential to effec-
tively handle large test cases with thousands of variables by com-
bining the LSA method and the FPC&CG algorithm. The LSA 
simplifies the complex efficiency expressions of BdCs into compu-
tationally efficient approximations, reducing the computational 
burden and enabling scalability. Meanwhile, the FPC&CG algorithm 
dynamically generates only relevant variables and constraints dur-
ing the optimization process, significantly reducing problem size 
and computational overhead. Its fully parallel design allows simul-
taneous processing, further accelerating computation. By tailoring 
both methods to exploit problem-specific structures, your 
approach ensures efficient, scalable, and accurate optimization 
for large-scale BdC systems. 

P 
5. Numerical results 

The performance of the proposed BdC-based interconnection 
planning method was evaluated by its application to a numerical 
case study involving the practical HMG system illustrated in 
Fig. 1. The system parameters have been reported in Ref. [36]. All 
numerical computations were executed using General Algebraic 
Modeling System (GAMS) software operating on a laptop computer 
outfitted with an Intel® i5-3230M central processing unit (CPU) 
and 4 GB random access memory (RAM). Nonlinear programming 
model Eq. (10) applied for determining the hyperplane constraints 
in the DcUS was solved using the Interior Point OPTimizer (IPOPT) 
solver, and the MILP model was solved using the CPLEX solver. The 
convergence thresholds for both these solvers and the optimality 
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threshold of the proposed FPC&CG algorithm were all set to 
10−6 , ensuring high precision, consistency with solver tolerances 
and computational efficiency. The penalty coefficients for load 
shedding (LS) and RES output curtailment were both set to 1.5 
USD∙(kW∙h)−1 . 

The performance of the proposed method was evaluated from 
three perspectives, namely: ① An analysis of the error associated 
with the proposed LSA method for approximating BdC efficiency, 
compared to the error produced by a previously proposed approxi-
mation method [10,15] that regards BdC efficiency as a 
constant. ② The convex relaxation performance of the lower-
level model. Comparisons of the costs, interconnection configura-
tions, and robustness obtained using the BbUS [22], CHUS [24], 
and the employed DcUS within the tri-level robust model. ③ Addi-
tionally, results from the previously proposed advanced distribu-
tionally robust planning (ADRP) method [29,37,38] are presented, 
which seeks to identify an optimal solution that is robust against 
the uncertainty of SPG output probability distributions but without 
considering the uncertainty of SPG output scenarios. 

5.1. Error analysis of linearization methods 

The error associated with the proposed LSA method and the 
previously proposed method was analyzed based on the absolute 

error (AE), the relative error (RE), and the average error , which 
are defined as follows. 
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The AE and RE results obtained for the proposed method and 
the previously proposed method [10,15] are presented in Fig. 6 
as functions of the BdC utilization rate.

As can be seen, the RE and AE values obtained using the pro-
posed LSA method are generally less than those of the previously 
proposed method. The superior estimation performance of the 
LSA method is particularly apparent when comparing the average 
error of 9.1% obtained for this method with the average error of 
33.4% obtained for the existing method. 

e 

gacdc 
ij h gdcac 

ij h/

(A)
5.2. Performance of convex relaxation 

The convex relaxation performance of lower-level model Eq. 
(12) was evaluated by examining the hourly violations in simulta-
neous rectifier and inverter operations by BdCs observed across 
different SPG output scenario sizes, namely, one day, one week, 
one month, and one year, according to the convex relaxation gap 
(CRG) defined as follows. 

CRG 
ij X h Hij s S 

Pacdc 
ij h s Pdcac 

ij h s 21 

The results show that the CRG values are uniformly zero for all 
scenario sizes. That is, no violations in simultaneous rectifier and 
inverter operations were observed for BdCs over all periods consid-
ered. This can be attributed to the fact that the condition 

was obtained, which strictly adheres to theo 1 0 01586 0ij h
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Fig. 6. Linearization errors obtained for different BdC efficiency estimation methods.
condition established in Proposition 2 that the relaxation in Eq. 
(12) is exact as long as 

5.3. Comparisons with different uncertainty sets 

The area and number of vertices of the BbUS, CHUS, and pro-
posed DcUS obtained for two SPG units were compared based on 
8760 h of historical data. The results are presented in Fig. 7. 

As expected, the BbUS generates the largest uncertainty set 
with the least number of vertices, while the CHUS produces the 
smallest uncertainty set size with the greatest number of vertices. 
Specifically, the area of the CHUS is reduced by 78.8% relative to 
that of the BbUS, but the number of vertices is substantially 
increased from 4 to 15. By contrast, the proposed DcUS presents 
a striking balance between the area of the uncertainty set and its 
number of vertices, where the area of the DcUS increases by only 
13.2% relative to that of the CHUS, but the number of vertices 
decreases from 15 to 6. 

The BdC interconnection planning results obtained for the sys-
tem illustrated in Fig. 1 using the proposed method with the differ-
ent uncertainty sets and the previously proposed ADRP method are 
presented in Fig. 8. As can be seen, the plan developed by the exist-
ing ADRP method includes the smallest number of 10 newly built 
BdCs, while the BbUS solution results in the largest number of 14 
newly built BdCs. By contrast, the CHUS solution introduces 12 
newly built BdCs, and the proposed DcUS solution introduces 13 
newly built BdCs. Thus, both approaches have alleviated the overly 
conservative solution obtained under the BbUS to some extent. It is 
noteworthy that most newly installed BdCs are located within the 
same HMG rather than across different HMGs. This arises because 

o 1 ij h 0. 
Fig. 7. Comparison of different uncertainty sets. 
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installing a BdC across different HMGs incurs a higher cost than 
doing so within the same HMG. In addition, the computation times 
required to obtain the BdC planning schemes using the existing 
ADRP method and the proposed method with the BbUS, CHUS, 
and DcUS were 681, 733, 6098, and 942 s, respectively. Noticeably, 
the use of the DcUS substantially reduced the computation time 
relative to that of the CHUS owing to its greatly reduced number 
of vertices. 

The cost performances of the four planning solutions presented 
in Fig. 8 were compared for simulated HMG operation over a one-
year period based on 8760 SPG output scenarios randomly gener-
ated using multivariate normal distributions. The resulting cost 
performances are summarized in Table 2 [22,24,29,37,38], where 
the costs included the BdC IC, generation cost (GC) of DEs and 
FCs, LS cost, RC cost, ELC of BdCs, and the TC.

As expected, the planning scheme obtained by the previously 
proposed ADRP method generated the lowest IC because it 
included the least number of newly built BdCs. However, it is fur-
ther observed from Table 2 that this planning scheme also incurred 
the highest GC, RC, and TC values. This is because the ADRP model 
focuses solely on the uncertainty of SPG output distributions and 
therefore neglects the uncertainty of SPG output scenarios. This 
results in an unacceptably small BdC investment that necessitates 
an excessive degree of RC, resulting in a very high RC and thus an 
unavoidably high TC. By contrast, the BdC planning scheme 
obtained using the BbUS reverses this condition, where the 
obtained scheme has the highest IC and among the lowest RC val-
ues because the BbUS encompasses all possible SPG outputs. It is 
further observed that the BdC planning scheme obtained using 
the CHUS achieved a slightly greater RC than that obtained using 
the BbUS because some of the unlikely scenarios excluded from 
this uncertainty set did actually arise during operation under the 
stochastic SPG outputs applied. However, the CHUS-based
Fig. 8. BdC planning solutions obtained with different methods. 
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Table 2 
Cost performances obtained under the four BdC planning solutions presented in Fig. 8. 

Planning solution IC (USD) GC (USD) LS (kW∙h) RC (kW∙h) ELC (USD) TC (USD) 

ADRP [29,37,38] 6 000 465 103 3569 15 045 14 404 513 428 
BbUS [22] 11 000 464 334 3569 6 501 16 157 506 597 
CHUS [24] 7 400 464 399 3569 7 216 14 855 502 831 
Employed DcUS 8 600 464 334 3569 6 501 15 507 503 546

Fig. 9. Impact of investment budget on solution cost for BdC-based interconnection 
lines. 
planning scheme obtained the lowest TC owing to its relatively low 
IC. It is further observed that the planning scheme obtained using 
the proposed DcUS provided an RC value that was equally small to 
that obtained using the BbUS because the DcUS encapsulates a 
greater area than the CHUS. However, this also yielded a slightly 
greater IC and TC for the DcUS-based scheme than the CHUS-
based scheme. Meanwhile, the relatively small area of the DcUS 
achieved a significantly lower IC and TC than the BbUS. 

The robustness of the obtained BdC planning solutions was 
evaluated quantitatively according to whether the solution failed 
to obtain a power imbalance of zero for each SPG output scenario. 
Here, a non-zero power imbalance (NzPI) indicates that the plan-
ning solution failed to be robust against the corresponding SPG 
output scenario. The number of newly built BdCs in each of the 
four planning schemes and the number of SPG output scenarios 
registering an NzPI condition from the set of 8760 scenarios 
employed during the cost analysis are listed in Table 3. 

It is evident that, the BdC planning schemes obtained using both 
the BbUS and the proposed DcUS demonstrated complete robust-
ness against all 8760 stochastic scenarios. However, it is observed 
from Table 2 that the cost of the newly built BdCs in the DcUS-
based planning scheme is only 78.2% of that in the BbUS-based 
planning scheme. By contrast, the planning schemes obtained by 
the ADRP method and with the CHUS are not fully robust against 
all possible stochastic scenarios, and the NzPI condition is observed 
for 264 and 58 scenarios, respectively. As discussed qualitatively 
above with respect to the RC values in Table 2, this arises because 
the ADRP method fails to consider the uncertainty of SPG output 
scenarios themselves, and some of the unlikely scenarios excluded 
from the BbUS by the CHUS did actually arise. 

5.4. Impacts of investment budget on the solution cost 

In practical applications, the investment budget available for 
constructing BdC-based interconnection lines may often be lim-
ited. To analyze the effect of varying budgets on solution costs, 
the proposed model is tested under different budget levels, with 
the results presented in Fig. 9. As the investment budget increases 
from 6000 to 9500 USD, the solution cost decreases overall, high-
lighting that higher budgets enable more efficient designs. A nota-
ble observation is the significant reduction in solution cost at an 
investment budget of 8600 USD compared to 7000 and 7500 
USD, indicating that 8600 USD represents a critical threshold for 
achieving cost efficiency. Beyond this level, reductions in solution 
cost become minimal, reflecting diminishing returns where further 
investments yield only marginal improvements. This stabilization 
is observed at approximately 1.9 million USD for budgets of 8600 
USD and above. 
Table 3 
Robustness performance analysis. 

Uncertainty set BdC number NzPI number 

ADRP 10 264 
BbUS 14 0 
CHUS 12 58 
Proposed DcUS 13 0 

142
These findings have practical relevance for BdC-based intercon-
nection planning. An investment budget of 8600 USD emerges as 
the optimal allocation, minimizing solution costs while avoiding 
unnecessary expenditures. Lower budgets (e.g., 6000–7000 USD) 
lead to significantly higher costs, emphasizing the inefficiencies 
caused by underfunding. On the other hand, budgets exceeding 
8600 USD provide diminishing returns, indicating that additional 
investments may not be cost-effective unless other constraints or 
technologies are addressed. Therefore, prioritizing the 8600 USD 
investment budget strikes a practical balance between cost effi-
ciency and resource utilization. 

6. Conclusions 

The present work addressed the currently complicated process 
for planning BdC-based interconnections within HMGs by propos-
ing a tri-level planning model that considers dynamic BdC effi-
ciency and solar power output uncertainty using uncertainty sets 
closely correlated with historical data. In addition, an exact convex 
relaxation of the lower-level model is derived. The complex 
expression of dynamic BdC efficiency is linearized by applying 
the LSA method, and an exact convex relaxation of the lower-
level model is derived. In addition, a novel DcUS with a manage-
able number of vertices is constructed by minimizing the volume 
of the uncertainty set that encloses all historical data of solar 
power outputs correlated in space and time. Finally, a paralleliz-
able C&CG algorithm is designed to solve the proposed model effi-
ciently. The proposed methodology was applied to a practical 
system of four isolated microgrids. The numerical results demon-
strated that the LSA method achieves superior approximation 
accuracy compared with an existing method. The effectiveness of 
applying the proposed convex relaxation technique to the lower-
level model was also verified. Comparisons of the planning strate-
gies obtained using the previously proposed ADRP method and the 
proposed method with standard uncertainty sets and the newly
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proposed DcUS demonstrated that the proposed planning 
approach with the DcUS strikes a favorable balance between eco-
nomic considerations, the robustness of solutions, and computa-
tional efficiency. 

Future extensions of this work can incorporate dynamic stabil-
ity considerations by integrating detailed dynamic models of BdCs 
and performing time-domain simulations to evaluate transient 
performance. Besides, future research can explore the implementa-
tion and modeling of MERs in microgrid interconnection planning. 
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