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ABSTRACT. For the unbounded parallel-batch scheduling on a single machine,
we consider a new criterion, the total weighted tardy span of jobs, where the
tardy span of a job is its completion time if it is tardy and is 0 if it is early. From
the literature, the general problem is NP-hard and can be solved in pseudo-
polynomial time. When the jobs are released at time 0, we show that the
problem is NP-hard and present three pseudo-polynomial-time algorithms and
computational experiments that show the performances of the three algorithms.
Moreover, for the two cases, (i) the jobs are released at different times and the
number of different processing times is a constant and (ii) the jobs are released
at time 0 and have a common due date, we present polynomial-time algorithms.

1. Introduction. Lee et al.[19] first introduced the parallel-batch scheduling model,
where a parallel-batch machine can handle up to b jobs simultaneously in a common
batch. The parallel-batch scheduling model has many applications in real-world sce-
narios, for instance, semiconductor manufacturing (Arroyo and Leung [1]), dynamic
mould manufacturing (Liu et al. [22]), porcelain production (Ou [25]), hospital
sterilization services (Ozturk et al. [26]), multi-hybrid cell manufacturing system
(Yilmaz et al. [29]), compact strip production (Zhang et al. [32]), blockchain sys-
tem (Zhao et al. [31]), autoclave molding manufacturing (Zheng et al. [36]), and
cloud manufacturing system (Zhang et al. [33]).

Due to factors such as cost considerations, frequency of use, and other constraints,
batch processing is generally a bottleneck in the whole systems among these real-
world scenarios. Consequently, effective utilization of batch processing is essential
for both managers and researchers, and minimizing losses caused by tardy orders
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or work is critical. Furthermore, the loss of each tardy order or work is usually
assessed based on the relationship between its completion time and the promised
completion time (due date). For instance, in the literature, the maximum tardiness,
the total weighted tardiness, or the total weighted number of tardy jobs are classical
criteria reflecting the losses and have been extensively studied. It is important to
highlight the significance of evaluating the processing of tardy orders. The tardy
span is an intuitive criterion, which is a new criterion introduced by Chen et al. [4].
The tardy span of an early order is 0, and the tardy span of a tardy order is its
completion time. That is, the tardy span represents the waiting time of the order
in the processing procedure.

In real-world business operations, the tardy span of orders serves as a critical per-
formance metric with far-reaching implications. From the customer’s perspective,
it directly influences customer’s satisfaction. The smaller the tardy span, the higher
the customer satisfaction. When an order is delayed, it can disrupt the customer’s
production schedules, business operations, or personal plans. For instance, in a
supply chain where a manufacturer relies on timely delivery of raw materials from
suppliers, a tardy order for these materials can result in production halts and sig-
nificant financial losses for the manufacturer. Prolonged completion times for tardy
orders can undermine customer trust, potentially leading to customers switching
to competitors over time. On the other hand, for businesses themselves, the tardy
span is closely linked to cost management. Extended delays often incur additional
expenses. By monitoring and reducing the tardy span of orders, businesses can en-
hance their cost control measures and improve overall profitability. Thus, in terms
of market competitiveness, an organization’s ability to efficiently manage tardy or-
ders serves as a key differentiating factor, and companies that swiftly address issues
related to delayed orders and minimize the tardy span criterion gain a distinct
advantage.

The above discussion motivates us to study the unbounded parallel-batch sched-
uling for minimizing the total weighted tardy span on a single machine.

Problem formulation. A parallel-batch machine M can process up to b jobs

simultaneously, where b is the batch capacity. If b < 400, then machine M is

called bounded, and if b = +oo, then machine M is called unbounded. In this

paper, we only consider the case that M is an unbounded parallel-batch machine.

Suppose that we have n jobs Ji, Js, ..., J, to be processed on machine M without

preemption. For each Jj;, four integral parameters are given: a release time r; > 0,

a processing time p; > 0, a weight w; > 0, and a due date d; > 0. Let P = 2?21 Dj-
A schedule 7 of the n jobs is denoted by © = (B1(w), Ba(w), ..., Bm(w)), where

B;(m) is the i-th batch in 7. Given a schedule =, the following notations will be

used in this paper:

e S(B;(m)): the starting time of B;(r) in .

e p(B;(m)) = max{p; : J; € B;(m)}: the processing time of B;(r) in 7.

e C(B;(m)): the completion time of B;(r) in 7.

o C;(m) = C(B;(m)): the completion time of J; in 7 if J; € B;().

e U;(m): the tardiness indicator of J; in m, where U;(m) = 1 if Cj(m) > d;, and

Uj(m) = 0 otherwise. Particularly, J; is called tardy in = if U;(7) = 1, and early in

mif U;(m) = 0.

e C;(m)U;(m): the tardy span of J; in 7, where C;(m)U;(m) = 0 if J; is early, and

C;(m)Uj(m) = Cj(r) if J; is tardy.

o Chax(m) = max{Cj(m) : 1 < j < n}: the makespan of 7.
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o > w;C;(m)Uj(m) = Z?Zl w;C;(m)U;(m): the total weighted tardy span of 7.

More scheduling criteria, such as Lyax, > w;Cy, > w;T;, > w;Uj, and Y f;,
can be found in Brucker et al. [2]. In this paper, a scheduling problem on an
unbounded parallel-batch machine for minimizing a scheduling criterion f is denoted
by 1|r;,PB,b = +o0o|f, where PB,b = 400 indicates that the machine M is an
unbounded parallel-batch machine.

Notice that Deng et al. [7] showed that 1|r;, PB,b = +o00| >  w;C; is NP-hard,
and Liu et al. [23] presented an O(n*Q?)-time algorithm for 1|r;, PB,b = +oo| }_ f;
problem, where f; is an arbitrary regular criterion of J; and @ = max{r; : 1 <
j < n}+ P. When d; = 0 for each job J;, 1|r;,PB,b = +oo|> w,;C;U; prob-
lem is reduced to 1|r;,PB,b = +4o0|) w;C; problem. Moreover, 1|r;, PB,b =
+o0| > w;C;U; problem is a special version of 1|r;,PB,b = 4o00|)_ f; problem.
Thus, the next conclusion holds.

Theorem 1.1. 1|r;, PB,b = +o0| ) w,;C;U; problem is NP-hard and solved in
O(n*Q3?) time.

From Theorem 1.1, the following cases of 1|r;, PB,b = +o00| > w,;C;U; are stud-
ied in this paper:

1|PB,b = +OO| ijCjUj’
1|PB,b = +OO,dj = d| ijCjUj,

1|r;,PB,b = +oo, fix-p(k)| ijCjUj,

where fix-p(k) means that the n jobs have k different processing times and k is a
constant.

Literature review. In the literature, there are currently no studies that consider
the total weighted tardy span. Next, we review some most relevant results, and
please refer to Table 1, where for 1|r;, PB, b = +o0, family-jobs|Cryax problem, jobs
from different families cannot be processed in the same batch, and for 1|PB,b =
+o0o|# (S w;Cy, Cax), W = Z;;l wj, L = Cpax(0), and o is an optimal schedule
fOf ].|PB, b = +OO‘ ijcj'

More research on the unbounded paralle-batch scheduling model is well-studied,
including the studies on drop-line jobs ([9]), deteriorating jobs ([20]), family jobs
([21]), and job rejection ([24],[34]), and MapReduce jobs ([28]). On the other hand,
the combination of the bicriteria scheduling model and the unbounded parallel-
batch scheduling model is also a popular topic in the literature. More research on
this topic can be found in [3], [12], [13], [16], [17], [27], and [35].

Organization. In Section 2, we study 1|PB,b = +oo| )" w;C;U;. For the prob-
lem, we present the NP-hardness proof and three pseudo-polynomial-time algo-
rithms. In Section 3, we study 1|/PB,b = +o00,d; = d| Y w;C;U; and 1|r;,PB,b =
+00, fix-p| > w;C;U;. For the two problems, we present polynomial-time algo-
rithms. Conclusions are presented in Section 4.

2. 1|PB,b = +o00| > w;C;U; problem. We now consider 1|PB, b = 4+oco| 3 w;C;Uj.
In Section 2.1, we show its NP-hardness, and in Sections 2.2 and 2.3, we present
three pseudo-polynomial-time algorithms and computational experiments to com-
pare the performance of the three algorithms.
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TABLE 1. Some most relevant results in the literature
Problems Time complexity References
1|PB,b = 4o0| > w;Cj O(nlogn) Brucker et al. [2]
1|PB, b = 400|Lmax O(n?) Brucker et al. [2]
1|PB,b = 4o0| > U; O(n?) Brucker et al. [2]
1|PB, b= +o0| Y fj O(n*P) Brucker et al. [2]
1|PB,b = +oo| > w; T} NP-hard Brucker et al. [2]
1|PB,b = 40| > w;U; NP-hard Brucker et al. [2]
1|PB, b = 400, chains|f, f € {3 Cj, Cmax} | strongly NP-hard | Cheng et al. [6]
1|PB,b = 4o00| > T NP-hard. Liu et al. [23]
1]r;, PB,b = 4+00|Lmax NP-hard Cheng et al. [5]
1|r;, PB,b = +o0| > w;C} NP-hard Deng et al. [7]
1jr;, PB,b = 400, fix-p(k)| > w; C; polynomial Deng et al. [7]
1jr;, PB,b = +00|Cmax O(n?) Lee et al. [18]
1r;, PB,b = +oo| 3 f; o(n*Q?) Liu et al. [23]
1jr;, PB,b = 400, family-jobs|Crax strongly NP-hard | Yuan et al. [30]
1|PB, b = +o00|# (3 w;Uj, Cimax) O(n*W?P) Fan et al. [8]
1|PB, b = +oo|# (3 w;Cj, Crmax) O(nL?) Fan et al. [8]
O(n®log P) He et al. [14]
1|PB, b = +00|# (Crnax, fmax) O(n*) Geng et al. [11]
O(n?) He et al. [15]
2.1. NP-hardness  verification. We  verify = the NP-hardness of

1|PB,b = +o0| > w;C;U; by a polynomial transformation from the famous Parti-
tion problem. By [10], Partition problem is NP-complete. Recall that in an instance
of partition problem, we are given ¢ 4+ 1 positive integers ai,as,...,a; and A with
a1+ az + -+ a; = 2A, and the decision is whether there is a partition (F1, Es) of
{1,2,...,t} such that ZjeEl a; = Zj€E2 a; = A? The vector (a1,as,...,a:; A) is
called an instance of Partition problem.

Theorem 2.1. 1|PB,b = +o0| Y w;C;U; is NP-hard.

Proof. Given an instance (a1, as, ..., as; A) of Partition problem, we use the follow-
ing way to construct a scheduling instance J of 1|PB,b = +o0| > w;C;U;:

e 7 has totally 2t jobs: Ji, Ja,. .., Jo.

e For each J; with j =1,2,...,t, the parameters (p;,w;,d;) are given by

s
= 2jtA? +aj, w; = J dj = A+j(j+ 1)tA%
Py = 2T g s = gy G apear B =AU
e For each Jy1; with j =1,2,...,¢, the parameters (psy;, We+j,dit;) are given by

Praj = 25tA% wip; = A+ 1, diy; = A+ j(j + 1)tA2

e The decision is whether there is a schedule 7 of J with Zfil w;C;(m)Uj(m) < A.
Clearly, J can be obtained from (aj,as,...,a;; A) in a polynomial time. To

verify the above construction is a polynomial transformation, we need to show that

(a1,a2,...,a:;; A) has a solution if and only if the required schedule 7 of J exists.
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Given the assumption that (a1, as,...,a;; A) has a solution, {1,2,...,¢} can be
partitioned into two subsets Ey and E» such that ;.5 aj = > .cp, a; = A. By
the symmetry of Fy and Es, we convent that t € Fy. We use the following way
to construct a schedule m of J: 7 has a total of ¢ batches By (n), Ba(7),. .., Bi(m),
that is, m = (B1(w), Ba(7), ..., Be(m)). In detail, for each index j € {1,2,...,¢},
we have Ji4; € Bj(w); moreover, J; € B;(m) if j € Ey, and J; € Bjyq(nm) if
J € Es. Formally, for each index j € {1,2,...,t}, we define two job sets J; and

', where J/ = {J;} and J}' = 0 if j € Ey, and J] = 0) and J}" = {J;} if j € F,
implying that J/ U J;" = {J;}. Then, By(7) = {Ji11} U J], and for j € {2,...,1},
Bj(m) = {Ji+;} UJT; UJ[", implying that each batch of 7 has at most three jobs.

For each index j € {1,2,...,t}, p(B;(r)) = 2jtA? +a; if j € By and p(B;(7)) =
2jtA? if j € B, and so, Y27_, 2itA? < C(Bj(m)) < Y21, 2itA? + Y ,cp ai =
j(]+1)tA2+A For eachjob Jt+j Wlth] S {17 2, ce ,t}, Ct+j(7T) = C(Bj(ﬂ')) < dt+j,
implying that it is early in w. For each job J; with j € Ey, Cj(7) = C(B;(w)) < d;,
implying that it is early in 7. For each job J; with j € Es, Cj(n) = C(Bj4+1(m)) >
22;1 2itA® > d;, implying that it is tardy in 7. Thus, thzl w;C;(m)Uj(m) =
Yjen, WiC(Bjt1(m) < 3 jep, wi((F+1)(F+2)tA% + A) =37, p, a; = A. There-
fore, 7 is a required schedule of 7.

Conversely, assume that there is a required schedule w of J, that is

Zf;l w;C;(m)U;(m) < A. For our purpose, let 7 be an optimal schedule.

Claim 1. For j € {1,2,...,t}, Ju+; € Bj(n) and U4, (7w) = 0.

Since wyy; = A+ 1 for j € {1,2,...,t}, we see that U,y ;(m) = 0. Since dyj41 =
A+ 2tA? and p; > 2tA? for j € {1,2,...,2t}, we have J; 1 € B;(m). Assume that
Jiyj € Bj(m) for j € {1,2,...,i—1}. Clearly, 2 <1i <t. Now we consider job J;;.
If Jii € By(m) and s < i — 1, then Cyys(m) = O(Bs(m)) > 320_ ) peyj + 2tA% =
2521 2jtA? + 2tA? > dyys, contradicting to Uyys(m) = 0. If J;; € Bp(n) and
k>, then Cyyi(m) = C(By(m)) > 3%y pryj +26A% = 30| 25t A% + 2L A > dyy,
contradicting to U;y;(m) = 0. Hence, Jiy; € B;(m). Claim 1 holds.

Claim 2. For j € {1,2,...,t}, J; € By(n) for some k > j.

Suppose to the contrary that there exists some job J; € By(mw) with
je{1,2,...;t} and 1 < k < j. From Claim 1, Ji4t € Bj(m) and Uppi(m) =
0. Then, from p; > pi+x, we have Cypp(m) = C(Bi(m)) > Zf:_llptﬂ» +p; =
Zfz_ll 2it A% + 2jtA% > dyy, a contradiction to Uy, k() = 0. Claim 2 holds.
Claim 3. For j € {1,2,...,t}, if Uj(w) = 0, then J; € Bj(m).

For j € {1,2,...,t}, suppose that U;(w) = 0. From Claim 2, J; € By(m) with
k> j. If k > j, then from Claim 1 and p; < pi4x, we have C;(m) = C(Bg(w)) >
S ¥ pevi > dj, contradicting to U;(w) = 0. Claim 3 holds.

Claim 4. For j € {1,2,...,t}, if U;j(w) = 1, then J; € Bj;1(m).

For j € {1,2,...,t}, suppose that U;(w) = 1. From Claim 2, J; € By(m) with
k > j. From Claim 1, J;1; € Bj(w) and Upp;(m) = 0. If k = 7, then Cyp;(m) =
C(Bj(m)) = Cj(m) > d;j = di;, contradicting to Uy j(m) = 0. If k£ > j+ 1, then let
n’ be the schedule obtained from 7 by shifting J; to B;y1(m). Since p; < peyjti,
we have Cj(r) > Cj(n') = C(Bjp1 (') > S0 pryy = S0 2itA? > dj, and so,
U;(n’) = Uj(m) = 1. Moreover, for each job J; with i # j, C;(n") < C;(r), implying
that Us(r') < Uji(w). Hence, Y 7, w;Cy(n)Us(n') < Y1t w;Ci(m)Uj(m) < A,
contradicting to the optimality of w. Claim 4 holds.
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Let By = {j : Uj(n) =0, j € {1,2,...,¢}} and By = {j : Uj(m) =1, j €
{1,2,...,t}}. From Claims 3 and 4, £y = {j : J; € Bj(n), j € {1,2,...,t}}
and Fy = {j : J; € Bjii(n), j € {1,2,...,t}}. From Claims 1-4, (Eq, E5) is
a partition of {1,2,...,t}. For j € {1,2,...,t} N Ey, p(Bj(r)) = 2jtA% + aj.
For j € {1,2,...,t} N By, p(Bj(n)) = 2jtA% From Claim 1, Usy(m) = 0. Thus,
Carlm) = C(By(m)) = X'y p(By(m) = Bt + 1)A + Y, a5 < doy = A+ £2(t +
1)AZ. This implies Y,cp, a; < A. For j € By, w;Cylm) > uZisi 2
a; — H_(JH‘;W From Claims 1-4, Z?tzl w;Ci(m)U;(7) = 3 cp, wiCi(m)
ZjeEZ(aj - m) > ZjeEz aj — 1. Since Z?; w; Cj(m)Uj ()
djem, @ <A Since 3 iep aj + 3 iep, 5 = 24, ) iep a5 = Xjep, 4
Therefore, (Eq, E9) is a solution of (aj,as, ..., a:; A). The result follows.

I IA

>
A,
A.
O
2.2. Three pseudo-polynomial-time algorithms. For a schedule 7 = (B (),
By(m),...,Bmn(m)), we call it an SPT-batch schedule if for J; € B,(w) and J; €
By(m), pi < p; leads to x < y. From Brucker et al. [2], there is an optimal
schedule for 1|PB, b = +oo|f problem such that it is an SPT-batch schedule, where

f is an arbitrary regular criterion. Thus, the following lemma holds for 1|PB,b =
+oo| Y w;C;U; problem.

Lemma 2.2. 1|PB,b = +oo|Y w;C;U; problem has an optimal and SPT-batch
schedule.

From Lemma 2.2, we focus on the SPT-batch schedules. The n jobs are sorted
by the SPT rule, that is p; < py <--- < p,. Recall that P = Z?=1 p;. Lemma 2.2
enables us to design three algorithms for 1|PB,b = +oo| Y w,;C;U;.

First dynamic programming algorithm.

Given j € {0,1,...,n}, k€ {j,j+1,...,n}, and t € {0,1,..., P}, let F\"(t, k)
be the minimum value of the total weighted tardy span of jobs Jy, Js,. .., J; among
all the SPT-batch schedules of jobs Ji, Jo, ..., J, satisfied the following conditions:
(1) the maximum index of jobs in the batch contained J; is k, and so, J;, Jj41,. .., Jk
are in the same batch, and (ii) ¢ is the completion time of the batch containing J;.

For an SPT-batch schedule assuming the value Fj(l)(t, k), there are two possibil-
ities for J;:

e J; and J;_; are in the same batch, and the processing time of the batch is
pr. If J;j is early, that is, ¢ < d;, then Fj(l)(t, k) = j(i)l(t, k); if J; is tardy,
FMV(t, k) = FD (8, k) + wjt.

e J; and J;_; are in two different batches. Then, J;_; is the job of the largest
index in the previous batch, and the current batch consists of jobs J;, Jjy1,...,Jk
with processing time py. If J; is early, that is, ¢ < d;, then Fj(l)(t,k) = Fj(i)l (t—

Pk, J — 1); if J; is tardy, Fj(l)(t,k‘) = F;i)l(t —pi,J — 1) + wjt.
The above discussion enables us to design the first dynamic programming algo-

rithm.
Algorithm 2.1.
Preprocessing. The n jobs are sorted by the SPT rule, that is, p1 < ps < -+ < p,.

Initialization. F."(0,0) = 0, and F\"(t,k) = +oo for (t,k) # (0,0), k €
{0,1,...,n}, and t € {0,1,..., P}.
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Recursion. For j=1,2,....,n, k=73,7+1,...,n,and t =0,1,..., P,
FO (¢ k) = min{ X1 (.t k), Xa(j,t k),

where
FO (¢, k), if k=jandt<dj,
FO (t, k) 4+ wjt, it k=jandt>dj,

Xo(j,t,k) = FJ'(Pl(t_pk’j_ O if k2 jandt < dj,
T FY(t—pr,j—1) +wit,  ifk>jandt>d;.

Optimal value. The optimal value is min{Ffll)(t, n) : 0 <t < P}, and the
corresponding SPT-batch schedule can be generated by backtracking.

Theorem 2.3. Algorithm 2.1 solves 1|PB,b = +oo| > w;C;U; in O(n?P) time.

Proof. The correctness of Algorithm 2.1 is guaranteed by the above discussion. For
the time complexity, the preprocessing procedure takes O(nlogn) time to sort the
n jobs. The initialization procedure takes O(nP) time. There are O(n?P) choices
for (4, k,t), and for each choice of (j, k,t), the recursion procedure takes a constant
time to calculate Fj(l) (t, k). Hence, the recursion procedure takes a total of O(n?P)
time. Optimal value and the corresponding SPT-batch schedule can be determined
in O(P) time. Therefore, the total running time of Algorithm 2.1 is O(n?P). The
result follows. O

In the following, we use an instance to show the implementation of Algorithm
2.1.

Example 2.1: Consider an instance of 1|PB,b = 4o00| Y w;C;U; in which there are
six jobs Ji,Js,...,Jg, and the corresponding parameters are given by
(P1,D2, 03, P4, P5,06) = (1,2,3,4,5,6), (d1,do,ds,dy,ds,ds) = (3,4,2,9,7,10),
(w1, wa, w3, wy, ws,wg) = (7,5,1,2,1,3). We apply Algorithm 2.1 to solve 1|PB,b =
+oo| Y w;C;U; problem on this instance.

Preprocessing. The six jobs have been sorted by SPT rule.

Initialization. Fél)(0,0) = 0, and Fo(l)(t,k) = +4oo for (¢, k) # (0,0), k €
0,1,...,6,and t=0,1,...,21.

Recursion. For all j =1,2,...,6, k = 4,7+ 1,...,6, and t = 0,1,...,21, the
calculation of F j(l)(t, k) is displayed in Table 2.

TABLE 2. The implementation of Algorithm 2.1
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Optimal value. The optimal value is FG(D(Q, 6) = 12, and the corresponding SPT-
batch schedule is m = (Bi(nw), Ba(n)), where Bi(n) = {J1,J2, J3} and Ba(w) =
{Ja, J5, 6}

Second dynamic programming algorithm.

For i € {1,2,...,5}, j € {1,2,...,n}, and t € {0,1,..., P}, let W(i,j,t) be
the value of Zk:igkgj,dk<t wit. Intuitively speaking, W (i, 4, t) is the total weighted
tardy span of J;, Jit1,...,J; when J;, Jit1,...,J; are completed by time ¢. For
i=1,2,...,5, W(i,4,t) can be calculated by the following procedure: (i) if d; < ¢,
W(j,j,t) = wyt; if dj > t, W(j,4,t) = 0; (ii) for ¢ = 1,2,...,5 — 1, if d; < ¢,
Wi, j,t) = Wi+ 1,5,t) +wt; if dj > ¢, W(4,4,t) = W(i+1,5,t). The above
procedure takes O(n) time. Since there are O(nP) choices for (j,t), it takes O(n?P)
time for calculating all the values W (4, j, t).

Given j € {0,1,...,n} and ¢t € {0,1,..., P}, let Fj(2) (t) be the minimum total
weighted tardy span among all the SPT-batch schedules for jobs Ji, Jo, ..., J; such
that J; is the job with the largest index in the last batch and ¢ is the completion time
of the last batch. For an SPT-batch schedule assuming the value F ](2) (t), suppose
that the last batch consists of jobs J;, Jit1,...,J;. Then, F;Z) (t) = Fi(f)l(t —p;) +
W (i, j,t).

The above discussion enables us to design the second dynamic programming
algorithm. It is observed that this algorithm is similar to Algorithm 2.1, but the
difference is how to define the last batch of jobs Ji, Ja, ..., J;.

Algorithm 2.2.

Preprocessing. The n jobs are sorted by the SPT rule, that is, p1 < ps < -+ < p,.
For each i € {1,2,...,j}, j € {1,2,...,n}, and t € {0,1,..., P}, calculate all the
values W (i, j, t).

Initialization. FéQ) (0) =0, and FéQ) (t)=4occfort=1,2,...,P.

Recursion. For j =1,2,....,nandt=0,1,2,..., P, calculate all the values F;Z) (t)
as follows:

FO(t) = minf F), (t — py) + W(i,jt) : 1 < i < j}.

Optimal value. The optimal value is min{Fr(f) (t) : 0 <t < P}, and the corre-
sponding SPT-batch schedule is generated by backtracking.

Theorem 2.4. Algorithm 2.2 solves 1|PB,b = +o0| > w;C;U; in O(n?P) time.

Proof. The correctness of Algorithm 2.2 is guaranteed by the above discussion.
For the time complexity, notice that the preprocessing procedure takes O(nlogn)
time to sort the n jobs, and O(n?P) time for calculating all the values W (i, 7,t).
Hence, the preprocessing procedure takes a total of O(n?P) time. The initialization
procedure takes O(P) time. There are O(nP) choices for (j,t), and for each choice of
(4, 1), the recursion procedure takes O(n) time by using the preprocessing procedure.
Hence, the recursion procedure takes a total of O(n?P) time. Optimal value and
the corresponding SPT-batch schedule can be determined in O(P) time. Therefore,
the total running time of Algorithm 2.2 is O(n?P). The result follows. O

In the following, we use an instance to show the implementation of Algorithm
2.2.
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Example 2.2. Consider the same instance in Example 2.1: the correspond-
ing parameters of the six jobs Ji,Ja,...,Jg are given by (p1,pe, ps, D4, P5,06) =
(1, 2, 3, 47 5, 6), (dl7 dg, d37 d4, d5, d6) = (37 4, 2, 9, 7, 10)7 (wl, W2, W3, W4, W5, w(;) =
(7,5,1,2,1,3). We apply Algorithm 2.2 to solve 1|PB,b = +o0| > w;C;U; on this
instance.

Preprocessing. The six jobs have been sorted by SPT rule. For each i €
{1,2,...,75}, 7 € {1,2,...,6}, and t € {0,1,...,21}, the calculation of W (i, j,t)
is displayed in Table 3.

TABLE 3. The calculation of W (4, j,t)

t

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

Jj=1 i=1 0 0 0 0 28 35 42 49 56 63 70 77 84 91 98 105 112 119 126 133 140 147
J i=1 0 0 0 0 28 60 72 84 96 108 120 132 144 156 168 180 192 204 216 228 240 252
i=2 0 0 0 0 0 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100 105

j=3 i=1 0 0 0 3 32 65 k¢ 91 104 117 130 143 156 169 182 195 208 221 234 247 260 273
i=2 0 0 0 3 4 30 36 42 48 54 60 66 72 78 84 90 96 102 108 114 120 126

i=3 0 0 0 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

ji=4 i=1 0 0 0 3 32 65 78 91 104 117 150 165 180 195 210 225 240 255 270 285 300 315
i=2 0 0 0 3 4 30 36 42 48 54 80 88 96 104 112 120 128 136 144 152 160 168

i=3 0 0 0 3 4 5 6 7 8 9 30 33 36 39 42 15 48 51 54 57 60 63

i=4 0 0 0 0 0 0 0 0 0 0 20 22 24 26 28 30 32 34 36 38 40 42

j=5 i=1 0 0 0 3 32 65 7 91 112 126 160 176 192 208 224 240 256 272 288 304 320 336
i=2 0 0 0 3 4 30 36 42 56 63 90 99 108 17 126 135 144 153 162 171 180 189

i=3 0 0 0 3 4 5 6 7 16 18 40 44 48 52 56 60 64 68 72 6 80 84

i=4 0 0 0 0 0 0 0 0 8 9 30 33 36 39 42 45 48 51 54 57 60 63

i=5 0 0 0 0 0 0 0 0 8 9 10 11 12 13 14 15 16 17 18 19 20 21

j=6 i=1 0 0 0 3 32 65 78 91 112 126 160 209 228 247 266 285 304 323 342 361 380 399
i=2 0 0 0 3 4 30 36 42 56 63 90 132 144 156 168 180 192 204 216 228 240 252

i=3 0 0 0 3 4 5 6 7 16 18 40 7 84 91 98 105 112 119 126 133 140 147

i=4 0 0 0 0 0 0 0 0 8 9 30 66 K¢ 78 84 90 96 102 108 114 120 126

i=5 0 0 0 0 0 0 0 0 8 9 10 14 48 52 56 60 64 68 72 76 80 84

i=6 0 0 0 0 0 0 0 0 8 9 10 33 36 39 42 45 48 51 54 57 60 63

Initialization. FéQ) (0) =0, and Fég) (t) =400 fort=0,1,...,21.
Recursion. For j = 1,2,...,6, and t = 0,1,...,21, the calculation of F»@)(t) is

J
displayed in Table 4.
TABLE 4. The implementation of Algorithm 2.2
t
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
Jj=1 0 cO 0O o0 00 0O 00 00 0O 00 00 00 00 00 00 00 00 00 00 00 =]
j=2 oo 0 0 cO o0 00 0O 0O 00 0O 00 00 0O 0O 00 00O 00 00 00 00 o]
j=3 oo oo 3 4 5 6 0O cO o0 0O 00 0O 00 00 0O 00 0O 00 00 00 [eS)
j=4 oo oo oo 32 30 6 3 4 5 26 oo o0 O OO0 0O 00 0O 00 00 00 o]
j=5 oo oo oo oo 65 36 7 11 13 35 17 15 17 19 41 oo o0 oo 00 00 [e%S)
j=6 o0 o0 oo oo oo 78 42 16 12 34 71 54 46 53 58 83 68 69 74 79 104

Optimal value. The optimal value is F6(2)(9) = 12, and the corresponding SPT-
batch schedule is 7 = (By(w), B2(7)), where Bi(w) = {J1, J2, J5} and Ba(m) =
{J47 J57 Jﬁ}

Third dynamic programming algorithm.

For the third dynamic programming algorithm, unlike Algorithm 2.1 and Al-
gorithm 2.2, it is based on solving the hierarchical scheduling problem 1|PB,b =
+oo|Lex(} w;C;Uj, Cmax), where the hierarchical problem aims to find a feasi-
ble schedule that minimizes the secondary criterion Ciax under the constraint
that the primary criterion > w;C;U; is minimized. Clearly, each feasible sched-
ule for 1|PB,b = +oo|Lex(} " w;C;U;, Cinax) is an optimal schedule for 1|PB,b =
+oo| Y w;C;U; problem.

It is observed that 1|PB,b = +oo|Lex () w;C;U;, Cmax) has the same property
in Lemma 2.2.

Lemma 2.5. For 1|PB,b = 4oo|Lex(d  w;C;U;, Cmax), there is an optimal and
SPT-batch schedule.
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From Lemma 2.5, we focus on the SPT-batch schedules for 1|PB,b = +oo|Lex
(>-w;C;U;, Cax). Given j € {0,1,...,n}, let Q; be the set of objective vectors of
1|PB,b = 4oo|Lex (3 w;C;Uj, Crnax) on the job set {J1, Ja, ..., J;} such that there
is an SPT-batch schedule assuming each objective vector. Clearly, o = {(0,0)}.

Given j € {0,1,...,n}, we consider a vector (z,y) € ; and an SPT-batch sched-
ule 7 assuming (z,y). Assume that the last batch in = includes Jy, Jy41,...,J;,
1 <k <j. Let ' and vy’ be the total weighted tardy span and the makespan of
{J1,J2,...,Jg_1} in 7, respectively. Hence, (2’,y’) € Qx_1, 7 also assumes (2/,y'),
y=y +pjand x ="+ ciciao,wiy =2 + W(k,jy), where W(k,j,y) is
defined as the same as that in the second algorithm.

To save the running time, the third dynamic programming algorithm focuses
on the nondominated vectors in each ;. For any two vectors (z1,y1) € Q; and
(x2,y2) € Qj, if (z1,y1) < (x2,y2) and (z1,y1) # (x2,y2), then (z1,y1) dominates
(x2,y2). Hence, a vector (z,y) € §; is called the nondominated vector in €25, if no
vectors in ; dominate (z,y).

Algorithm 2.3.

Preprocessing. The n jobs are sorted by the SPT rule, i.e., p1 < ps < -+ < pp.
For each i € {1,2,...,75}, 7 € {1,2,...,n} and t € {0,1,..., P}, calculate all the
values W (i, j,t) are calculated as Algorithm 2.2.

Initialization. Qy = {(0,0)}, and Q; =0 for j =1,2,...,n.

Recursion. For j =1,2,...,n, update 2; by the following procedure:

(i) For each k = 1,2,...,7, if Qg1 # 0, then for each (z',y') € Qx_1, let
y=vy +p;, x =2 +W(k,j,y), and add the vector (z,y) to €;; otherwise, do
nothing.

(ii) For any two vectors (z,y) and (2/,3') in Q; with 2 < 2’ and y < 3/, eliminate
(@', y).

Optimal value. Let z* = min{z : (z,y) € Q,} and y* = min{y : (z*,y) € Q,}.
The optimal objective vector is given by (z*,y*) € Q,, and the corresponding
SPT-batch schedule is generated by backtracking.

Theorem 2.6. Algorithm 2.3 solves 1|PB,b = +oo|Lex(} w;C;U;,Crax) in
O(n?P) time.

Proof. The correctness of Algorithm 2.3 is guaranteed by the above discussion. For
the time complexity, the preprocessing procedure takes O(n?P) time from Theorem
2.4. The initialization procedure takes O(n) time. For the recursion procedure,
notice that y < P for each vector (z,y) € ;. Due to the elimination operation (ii)
in the recursion procedure, each §2; has at most P + 1 different vectors. Moreover,
for each vector in €2;_; with 1 <k < j, at most one new vector is generated in §2;.
Thus, the construction of 2; in the recursion procedure requires at most O(nP)
time, which is also the time needed for the elimination procedure. Moreover, j has
O(n) choices. Hence, the recursion procedure takes a total of O(n?P) time. Optimal
value and the corresponding SPT-batch schedule can be determined in O(P) time.
Hence, the overall running time of Algorithm 2.3 is O(n?P). The result follows. [

As a byproduct of Theorem 2.6, we can obtain the following result.
Corollary 2.7. 1|PB,b = +oo| > w;C;U; is solvable in O(n?P) time.

In the following, we use an instance to show the implementation of Algorithm
2.3.
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Example 2.3. Consider the same instance in Example 2.1: the correspond-
ing parameters of the six jobs Ji,Ja,...,Jg are given by (p1,pe, ps, D4, P5,06) =
(1, 2, 3, 47 5, 6), (dl7 dg, d37 d4, d5, d(;) = (37 4, 2, 9, 7, 10)7 (wl, wa, W3, Wy, Ws, wg) =
(7,5,1,2,1,3). We apply Algorithm 2.3 to solve 1|PB,b = +oo|Lex(}_ w;C;U;, Crmax)
on this instance.

Preprocessing. The six jobs have been sorted by SPT rule. For each i €
{1,2,...,75}, 7 € {1,2,...,6}, and ¢t € {0,1,...,21}, the calculation of W (i, j,t)
is the same as Table 3.

Initialization. Qy = {(0,0)}, and Q; =0 for j =1,2,...,6.

Recursion. For j =1,2,...,6, the generation of {2; is displayed in Table 5, where
the underlined states are retained in the eliminating process.

TABLE 5. The implementation of Algorithm 2.3

j=1 Qo
(0, 1)
0 = {(0, 1)}
ji=2 Qo 21!
(0, 2) (0, 3)
Qs = {(0,2)}
j=3 Qo Q4 [P}
(3, 8) (4, 4) 5, 5)
Q3 ={(3,3)}
j=4 Qo 971 Q2 Q3
(82, 4) (80, 5) (6,6) 3,7
Q4 = {(32,4),(30,5), (6,6), (3,1}
Jj=25 Qo Qq [92 Qs Q4
(65, 5) (36, 6) 0] {1, 8 {13, 9) (35,
E— — — 10) (17, 11)
(15, 12)
Qs = {(65,5),(36,6), (7,7}
7=6 Qo o 0 o N o
(78, 6) @2, 7) (16,8) (12, 9) (34, 10) (74, (7L, 11) (72,
— — E— — 11) (54, 12) 12) (46, 13)
(55, 13)

Q26 = {(78,6), (42, 7), (16,8), (12,9)}

Optimal value. z* = min{x : (z,y) € Q¢} = 12 and y* = min{y : (12,y) €
Q6} = 9. Thus, the optimal objective vector is (12, 9), and the corresponding SPT-
batch schedule is 7 = (By(w), B2(7)), where Bi(w) = {J1, J2, J3} and Bs(m) =
{J4, J5, Js }.

By Corollary 2.7, the optimal value of 1|PB,b = 4o00| > w;C;U; problem is 12,
and 7 is the corresponding optimal schedule.

2.3. Computational experiments. For problem 1|PB,b = +oo| > w;C;U;, we
now present computational experiments of applying the three pseudo-polynomial-
time Algorithms 2.1, 2.2, and 2.3 to solve different instances. To evaluate the
performance of the three algorithms, we code them in MATLAB and perform the
experiments on a personal computer powered by an Intel(R) Core(TM)i5, 1.70GHz
with 8GB RAM operating under Windows 11. We generated the instances with n =
10, 50, 100, 150, 200 jobs. For each job J; (7 = 1,2,...,n), we sample the processing
time p; from the uniform integer distributions U[l, pmax] With pmax € {20,401}, the
due date d; from the uniform integer distributions U[[O.Q*Z?zl pjl, L0~8*Z?:1 pill,
and the weight w; from the uniform integer distributions U[1,20]. For each choice
of n, we generated 20 random instances.

Table 6 shows the average and maximum running times (in seconds) of Algo-
rithms 2.1, 2.2, and 2.3. Section 2.2 already suggest that the number of jobs in the
instance class also has a major influence on the running time. For each algorithm,
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the average running times and maximum running times increase with increasing n
in all cases. Moreover, with the same selection of jobs’ parameters, the running
time of Algorithm 2.1 is significantly longer than that of Algorithm 2.2 and Algo-
rithm 2.3, and the overall running time of Algorithm 2.2 and Algorithm 2.3 is not
much different. This is mainly because the definition of the last batch is different.
Algorithm 2.1 enumerates the processing time of the current last batch, and it is
no less than the processing time of the target job J;. But in Algorithm 2.2 and
Algorithm 2.3, the processing time of the current last batch is the processing time
of the target job J;. Hence, Algorithm 2.1 need more variables and store more data
than Algorithm 2.2 and Algorithm 2.3. The increase in variables and data requires
more memory space and a larger cache during algorithm execution, resulting in
longer running time of Algorithm 2.1.

TABLE 6. Running times (in seconds) of Algorithms 2.1, 2.2 and 2.3

Algorithms 2.1 Algorithms 2.2 Algorithms 2.3
Pmax n average-time max-time average-time max-time average-time max-time
20 10 0.1103 0.3208 0.0193 0.0735 0.0205 0.1853
50 15.9155 22.6538 0.4588 0.5911 1.0644 1.3543
100 171.6305 203.6536 3.2308 3.4588 10.9800 12.7075
150 561.2204 629.1357 11.4084 13.5433 43.8931 48.6346
200 1.9834e+03  2.5626e+03 34.6359 37.7312 112.4627 114.7836
40 10 0.1593 0.2431 0.0221 0.0328 0.0092 0.0206
50 32.7658 39.4390 0.9164 1.1038 1.1524 1.3126
100 280.6231 320.3210 6.7334 7.9503 10.6998 11.5283
150 1.2671e+03  1.3664e+03 34.4556 36.3379 40.3428 43.4845
200 3.4637e+03  5.6947e+03 88.2433 97.5401 113.5564 116.5879
3. Polynomial-time algorithms. We now consider 1|r;,PB,b = +oo0,

fix-p| > w;C;U; problem and 1|PB,b = +o00,d; = d| >~ w;C;U; problem. For each
problem, we design a polynomial-time algorithm.

3.1. 1jr;, PB,b = +o0, fix-p(k)|>_w;C;U;  problem. For 1|r;,PB,
b = +o0,fix-p(k)| > w;C;U; problem, let p',p?, ... p* be the k different process-
ing times such that p' < p? < --- < pF. The n jobs are sorted in the ERD order,
ie,ry <rg <-.- <r,. Particularly, set ro := —oco and rp41 := +oo0. Let S =
{rj+apt+zop?+- - +app® i =1,2,....n, 0< 21, 20,..., 2, <, Zle x; <n}.
Suppose that S| = I. Obviously, I < n("[*) = O(nF*1). Let S = {t1,t2,...,1;}
such that t; <ty < -+ < .

Lemma 3.1. Leto = (B1(0), B2(0),. .., By (0)) be an optimal schedule for 1|r;, PB,
b= +oo, fix-p(k)| > w;C;U; problem. Then, S(B;(c)) € S forie {1,2,...,m}.

Proof. For i € {1,2,...,m}, let r(B;(c)) = max{r; : J; € B;(0)}. Obviously,
S(Bi(0)) = r(Bi(o)) € S, and S(B;(0)) > r(Bi(o)) for i € {2,3,...,m}. If
S(B;(0)) =r(Bji(o)) for each i € {2,3,...,m}, then the lemma obviously holds. If
there is some batch B;(o) such that S(B;(0)) > r(Bi(0)), i € {2,3,...,m}, then
let v = max{j : S(Bj(0)) =r(Bj(0)), 1 < j <i—1}. Since S(B1(0)) = r(Bi(0)),
v is well-defined. Notice that the starting time of each batch is either the maximum
release time of its jobs, or the completion time of the previous batch. Hence,
B,(0),By4+1(0),...,Bi(o) are processed consecutively without idle time in o. It
follows that S(B;(0)) = r(By(0)) + p(By+1) + p(By+2) + - - - + p(Bi—1). Obviously,
S(B;(c)) € S. The result follows. O
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Lemma 3.2. For 1l|r;, PB,b = 400, fiz-p(k)| > w,;C;U; problem has an optimal
schedule 0 = (Bi1(0),B2(0),...,B(0)) such that for each x = 1,2,...,m and
i=1,2,...,z, if J; € By(0) and r; < S(B;(0)), then p(B;(0)) < pj.

Proof. Suppose to the contrary that there is some job J; € Bg(o) such that
p(Bi(o)) > p; and r; < S(B;(0)), 1 <i < o < m. Let ¢’ be the schedule ob-
tained from o by shifting J; to B;(c). Since p(B;(0)) > p; and r; < S(B;(0)), o' is
a feasible schedule and Cy(0”) < Cy (o) for each J,. Hence, > 7, w;C;(0")U;(0") <
Z;;l w;C;(0)U; (o), implying that ¢’ is also an optimal schedule. Repeat the above
procedure, there is a required optimal schedule for 1|r;,PB,b = 4oo,
fix-p(k)| > w,;C;U; problem. The result follows. O

For a time point ¢, € S and a job set X = {J; : r; < t,, 1 < j < n}, let
W (ty, X) = ZJjeX:dj<tu+pmx(X) Wj(ty + Pmax(X)), where pmax(X) = max{p; :
J]‘ S X}

For h = 1,2,...,k, let J™ = {J; : p; = p", 1 < i < n} be the set of jobs
with processing time p”. Moreover, for j = 0,1,...,g and g = 0,1,...,n+ 1, let
jj(f;) ={J; € VARE r; <1y < rg} be a subset of 7" whose jobs are released after
r; and no later than 7.

Given u € {1,2,...,1} and j1,7J2,...,Jr € {0,1,...,n}, let F(u,ji,j2,...,Jk) be
the minimum total weighted tardy span of \7j(117)n U Jj(f)n U---u Jj(kk)n such that the
starting time of the first batch is not earlier than t,. Moreover, if there is some

Ji € {j1,72,---,Jx} such that j; = n, then jj(ll)zl U ._7]-(22% U---u JJ(:)n does not exist,
and set F(u,j1,72,...,jk) := +00.

For a schedule m = (B1(w), Ba(m), ..., By, (7)) assuming F(u, ji, j2, - . ., jk), there
are two possibilities for By (r):

e S(By(m)) > ty. From Lemma 3.1, F(u, j1,j2, ..., Jk) = F(u+1,J1,J2,- -, k)

e S(Bi(m)) = ty,. Assume that p(Bi(r)) = p°, s € {1,2,...,k}. Let i, be the
index such that r;, <t, <r;,4+1. From Lemma 3.2, ‘7-(1) U j»@)» U---uU j‘s) C

J1ytu J25%u Jsrtu =

B (7), and the jobs of JZEUn U jz(f)n U---u ‘-71(:)n It Uy jj(:)n are in the

Js+1,M1

remaining batches. Thus, we have F'(u, j1,j2, ..., jr) = W (tu, gLy ._7]-(2)- Uu---u

J1ytu 2,0y
(s o o -
‘7js,iu) + F(u slusPuy o ooy buy Js+15- - - 7.716)7 where tu' = tu +ps

The above discussion enables us to design a dynamic programming algorithm for
1|r;,PB,b = +o0, fix-p(k)| > w;C;U;.

Algorithm 3.1.

Preprocessing. The n jobs are sorted by the ERD rule, thatis, r; <rg < <71y
Determine the sets 7M1, 7@ .. 7%,

Initialization.  For ji,jo,...,Jk € {0,1,...,n}, set F(l,j1,52,--.,Jk) =
wt, g ug® u..oug®

Ji,n J2,n Jk,ﬂ)'
Recursion. Foru =1[-1,1-2,...,1, let i, be the unique index such that r;, <1, <
Ti,+1. FOr ji,j2,...,9k € {0,1,...,4,}, calculate all the values F(u,ji,j2,...,Jk)
as follows:

F(u+1,j1,52,---, jk()lv) @ © S(Bi(m)) > tu,
F(“v]la]Qa v a]k) = mins’lﬁsgk(W(t“’JhJu Y jjzyiu Ueeeu Jj;:iu>
FF (s s s s Js s k) S(B1(m)) = tu,

where t,, = t, + p°.
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Optimal value. The optimal value is F'(1,0,0,...,0), and the corresponding
schedule is generated by backtracking.

Theorem 3.3. Algorithm 3.1 solves al|rj, PB,b = +o0, fir-p(k)| 3 w;C;U; in O(n?*72)
time, where k is a constant.

Proof. The correctness of Algorithm 3.1 is guaranteed by the above discussion. For
the time complexity, the preprocessing procedure takes O(nlogn) time to sort n jobs
and O(nlogn) time to determine the sets T, 7@ 7% by sorting jobs in the
SPT rule. In the initialization procedure, there are O(n*) choices for (ji, j2, - .., ji),
and for each (j1,72,...,Jk), determining the sets Jj(lly)n UTP U ug% takes

J2,n Ik,

O(logn) time by binary search, and calculating W(tl,j»(l) ug® u...ug® )

Ji,n J2,m Jk,M
takes O(n) time. Hence, the initialization procedure takes O(n**1) time. In the

recursion procedure, there are O(n?**1) choices for (u,j1,72,...,jx). For each
(u, j1,Jo2,---,Jx), the index 4, is determined by binary search in O(logn) time.
Moreover, there are k choices for s, and for each s, calculating W (t,,, \7]-(117)” Ujj(j’lu U
RN ‘7](5)“) + F(u ity .oy uy Jst1, - -+ Jk) takes O(n) time, which is similar to
the initialization procedure. Hence, the recursion procedure takes O(n?+2) time.
Optimal value and the corresponding SPT-batch schedule can be determined in
O(n) time. Hence, the total running time of Algorithm 3.1 is O(n?**2) time. The
result follows. O

In the following, we use an instance to show the implementation of Algorithm
3.1.
Example 3.1. Consider an instance of 1|r;, PB,b = 400, fix-p(k)| > w,;C;U; prob-
lem in which there are five jobs Ji,Ja,...,Js5 are given by (ri,ra,r3,r4,75) =
(07 Oa 17 ]-v 7)7 (p17p27p37p47p5) = (23 4; 2, 47 2)3 (dlv d2, d3a d47 d5) = (37 ]-a 3; 87 11)a
and (w1, wsq, w3, wy, ws) = (10,1,8,2,5). Clearly, S = {0,1,...,14,15,17,19,21} =
{ti,t2,...,tig}, and k = 2. We apply Algorithm 3.1 to solve 1|r;,PB,b = +o0,
fix-p(k)| > w;C;U; problem on this instance.
Preprocessing. The five jobs have been sorted by ERD rule. Moreover, J1) =
{J1,J3,J5} and TP = {Jy, Js}.
Initialization. For j1,j2 € {0,1,...,5}, the calculation of F'(21, j1, j2) is as follows:
e jo = 0and j; € {0,1,...,5}. F(21,0,0) = WC(21,J3% U J33) = 546,
F(21,1,0) = WC(21, 7Y UJY) = 336, F(21,2,0) = WC(21, T3 ¥ UJS) = 336,
F(21,3,0) = WC(21, 7Y UJyY) = 168, F(21,4,0) = WCO(21, 7,7 U J3Y) = 168,
and F(21,5,0) = WC(21, 7.5 U J3Y) = 63.
o jo = 1land ji € {0,1,....5}. F(21,0,1) = WC(21, 705 uJ%) = 525,
F(2L,1,1) = WC(21, 7Y Ug?)) = 315, F(21,2,1) = WO(21, 75 UTY) = 315,
F(21,3,1) = WO(21, 7,5 UZ)) = 147, F(21,4,1) = WC(21, T U T = 147,
and F(21,5,1) = WC(21, 7.5 U 7Y) = 42.
o j2 = 2and ji € {0,1,....5}. F(21,0,2) = WC(21, 745 U Js%) = 525,
F(21,1,2) = WC(21, 7Y U g = 315, F(21,2,2) = WO(21, 75 UTSY) = 315,
F(21,3,2) = WO(21, 745 UJSY) = 147, F(21,4,2) = WC(21, J1Y U JLY) = 147,
and F(21,5,2) = WC(21, 7.5 U J37) = 42.
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o jo = 3and ji € {0,1,....5}. F(21,0,3) = WC(21, 745 U JiY) = 483,
F(21,1,3) = WC(21, j“)ujg(fg) =273, F(21,2,3) = WC(21, j(1>uj<2)) = 273,
F(21,3,3) = WC(21, 735 UJLY) = 105, F(21,4,3) = WC(21,j4<}5 UJsY) = 105,
and F(21,5,3) = WC(21, 75 UJAY) =0
e jo = 4and ji € {0,1,....5}. F(21,0,4) = WCO@21, 7% U JY) = 483,
F(21,1,4) = WC(21, 73 Uj(g)) =273, F(21,2,4) = WC(21, T4 Uj(Q)) = 273,
F(21,3,4) = WC(21, 7Y UJY) = 105, F(21,4,4) = WO(2L, j4<}5 UJ) =105,
and F(21,5,4) = WC(21, 75 UTP) =0
e o =5and ji € {0,1,...,5}. F(21,0,5) = WC(21, 7Y U g?) = 483,
F(21,1,5) = WO(21, 7% UJ(Z)) =273, F(21,2,5) = WC(21, 735 UJLY) = 273,
F(21,3,5) = WC(21, 7Y UJLY) = 105, F(21,4,5) = WO(2L, 7,7 uj@)) = 105,
and F(21,5,5) = WC(21, 75 UJY) =0
Recursion. In order to save space, we will not provide a detailed description of the
recursive process for v = 19,17,15,14,...,3. For u = 2, and j1,j2 € {0,1,...,5},
to = 1, implies i2 = 4, the calculation of F(2, j1, jo) is as follows:
o ji =0and j» € {0,1,...,5}. F(2,0,0) = min{F(3,0,0), WC(1, 3} U j(@))
F(5,4,4),WC(1, J31) + F(3,4,0)} = 7, F(2,0,1) = min{F(3,0,1), WC(1, Jy } U
T2 + F(5,4,4),WC(1,73Y)) + F(3,4,1)} = 0, F(2,0,2) = min{F(3,0,2),
WO(L I U T2 + F(5,4,4), WC’(l T + F(3,4,2)) = 0, F(2,0,3)
= min{F( 3,0,3), WC(1, 7} U TY) + F(5,4,4), WC(l T + F(3,4,3)} = 0,
F(2,0,4) = min{F(3,0,4),WC(1, 7% U J3) + F(5,4,4),wo,gY)
+ F(3,4,4)} = 0, F(2,0,5) = min{F(3,o,5),WC(1,J(§2 U JZ) + F(5.4,4),
WO(L,JY) + F(3,4,5)} =0,
oji=1land js € {0,1,...,5}. F(2,1,0) = min{F(3,1,0),WC(1, 7% uT3) +
F(5,4,4), WO(1, 1) + F(3,4,0)} = 7, F(2,1,1) = min{ F(3,1,1), WC(1, j(” U
j(2>) + F(5,4,4),WC(1, 7)) + F(3,4,1)} = 0, F(2,1,2) = min{F(3,1,2),
WC(Ljf}j U Ja3) + F(5,4,4) WC(l T + F(3,4,2)} = 0, F(2,1,3)
= min{F(3,1,3),WC(1, 7 UTLE)) + F(5,4,4),WC(1, 7)) + F(3,4,3)} = 44,
F(2,1,4) = min{FB,1,4,wc1,7) v I3 + F(,4,4,wc,gy)
+ F(3,4,4)} = 0, F(2,1,5) = min{F(3,1,5),WC(1, 7 UJTZ) + F(5,4,4),
C(1,T{Y) + F(3,4,5)} =0,
o ji =2and jo € {0,1,...,5}. F(2,2,0) = min{F(3,2,0),WC(L, T3} UJZ) +
F(5,4,4),WC( 1,7Y) + F(3 4,00y = 7, F(2,21) = min{F(3,21),
WO, gay u Il + F( A4), WC(l Jad) + F(3,4,1)} = 0, F(2,2,2)
= min{F(3,2,2), WO(1, 73} U T7) + F(5,4,4),W0(1,j§7{f) + F(3,4,2)} = 0,
F(2,2,3) = min{F(3,2,3),WC(LJY U J37) + F(5,4,4),WC(1,75Y)
+ F(3,4,3)) = 0, F(2,2,4) = min{F(3,2,4),WC(1, 7} U T2 + F(5,4,4),
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WC(LJ,)) + F(3,4,4)} = 0, F(2,2,5) = min{F(3,2,5), WC(L, 73 U 73) +
F(5,4,4),WC(1,754)) + F(3,4,5)} = 0,
o ji =3and j» € {0,1,...,5}. F(2,3,0) = min{F(3,3,0),WC(1, T3} UTZ) +
F(5,4,4),WC( 1, 73Y)) + F(3,4,0)} = 5, F(2,3,1) = min{F(3,3,1), WC(1, 71 U
%) + F(5,4,4),WC(1,73Y) + F(3,4,1)} = 0, F(2,3,2) = min{F(3,3,2),
WO T3y U 7f) + F(5,4,4),WC(L.J3Y) + F(3.4,2)} = 0, F(2.33)
= min{F(3,3,3), WO(L, T, U JsY) + F(5,4,4), WC(1,75Y)) + F(3,4,3)} = 0,
F(2.3.4) = min{F(3,34,WC1.7)] U J) + F(5,4.4,W01,7)
+ F(3,4,4)} = 0, F(2,3,5) = min{F(3,3,5), WC(1, 73} U T)) + F(5,4,4),
WC(L,T44) + F(3,4,5)} = 0,
o ji =4and jo € {0,1,...,5}. F(2,4,0) = min{F(3,4,0),WC(1, 7 vIZ) +
F(5,4,4),WC(1, 7\}) + F(3,4,0)} = 5, F(2,4,1) = min{F(3,4,1), WC(1, T, { U
T2 + F(5,4,4),WC(1,T%) + F(3,4,1)} = 0, F(2,4,2) = min{F(3,4,2),
WOLIL U Ji3) + F(5,4,4,WCA,T{)) + F(3,4.2)} = 0, F(2,4,3)
= min{F(3,4,3), WO(1, 7} UTZ) + F(5,4,4,WC(1,TLY)) + F(3,4,3)} = 0,
F(2,4,4) = min{F(3,4,4),WC(1.JY U JZ) + F(65,4,4),wc1,)
+ F(3,4,4)} = 0, F(2,4,5) = min{F(3,4,5), WO(1, 7.} U T3)) + F(5,4,4),
WC(1,J{Y) + F(3,4,5)} = 0,
o ji =5and jo € {0,1,...,5}. F(2,5,0) = min{F(3,5,0),WC(1, T} UITZ) +
F(5,4,4),WC(1, 7i}) + F(3,4,0)} = 5, F(2,5,1) = min{F(3,5,1), WC(1, Jo { U
T2) + F(5,4,4),WCO(LJY) + F3,4,1)} = 0, F(2,5,2) = min{F(3,5,2),
WOLZY U T3 + F(5,4,4),WC(1, 7)) + F(3.4,2)} = 0, F(2,53)
= min{F(3,5,3), WO (1, T2} U T7) + F(5,4,4), WO(1, 7)) + F(3,4,3)} = 0,
F(2,54) = min{F(3,54),WCLFAY U J7) + F(5,4,4,WC(1,7LY)
+ F(3,4,4)} = 0, F(2,5,5) = min{F(3,5,5),WC(LJi} UT)) + F(5.4,4),
WC(1, 7)) + F(3,4,5)} = 0.

The optimal value is F(1,0,0) = min{F(2,0,0), WC(0, T 5§ UJY) + F(4,3,3),

WC’(O,.70(’13)) + F(2,3,0)} = 7 and the corresponding schedule is 7 = (By(w),
BQ(T(-)7B3(7T)), where Bl(’ﬂ') = {Jl, Jg}, BQ(’/T) = {JQ J4}, and Bg(ﬂ') = {J5}
3.2. 1|PB,b = +OO,dj = d|zijjUj. For 1|PB,b = +OO,dj = d|2’ijjUj
problem, the jobs of the same processing times can be assigned to a common batch
in an optimal schedule. Moreover, the jobs of the same processing time can be
regarded as a new job, and the weight of the new job is defined as the sum of the
weights of these equal-length jobs. Since all the jobs have a common due date, this
operation does not affect the essence of the problem. Therefore, we assume that
the processing times of the n jobs are different.

Sort the n jobs by the SPT order, that is, p; < p2 < -+ < p,. If p, < d, then
the schedule in which all the jobs are scheduled in one batch and started at time 0
is optimal for 1|PB,b = +00,d; = d| > w;C;U; problem, and the optimal value is
0. Then, we assume that p,, > d.

The following lemma establishes an important property.
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Lemma 3.4. 1|PB,b = +o00,d; =d|)Y_ w,;C;U; has an optimal SPT-batch schedule
o = (B1(0),B2(0),...,Bmn(0)) such that each job of B;(o) is tardy in o, i =
2,3,....,m

Proof. Let ¢ = (B1(0), B2(0), ..., Bn(c)) be an optimal SPT-batch schedule such
that the number of batches is as small as possible. If some batch B;(o) includes
some early job(s), 2 < i < m, then from the fact that d; = d for each job J;, all
the jobs of Byi(o) U Ba(o) U ---U B;(0) are early in 0. Note that b = +o00. Let

= (B1(o) U Ba(o) U---U B;(0),Bit1(0),...,Bm(c)). Obviously, ¢’ is also an
SPT-batch schedule, the jobs of By(¢’) = B1(c) U Ba2(o) U ---U B;(o) are early in
o', and Z _Lw;C;(a")U;(0") < Z?:I w;C;(0)U;(o). This implies that ¢’ is also
an optlmal schedule. But the number of batches of ¢’ is less than that of o, a
contradiction to the choice of o. The result follows. O

From Lemma 2.2, we focus on SPT-batch schedules for 1|PB,b = +o0,d; =
d| > w;C;U;. To solve this problem, we will apply the O(nlogn)-time algorithm
for 1|PB,b = +oo| Y w;C; problem in Brucker et al. [2] as a subroutine. By using
a special shortest-path network as an auxiliary tool, the principle of the O(nlogn)-
time algorithm without introducing the detail can be stated as follows: for j €
{1,2,...,n}, let OPT(j) be the minimum total weighted completion time among all
the SPT-batch schedules for jobs J;, Jjt1,. .., Jn. Especially, set OPT(n+1) := 0.
For each j =n,n—1,...,1, OPT(j) can be calculated by the following recursion:

OPT(j) = min{W (j,n)pp + OPT(k +1) : j < k < n},
where W (j,n) = w; + wj41 + - - - + wy,. The optimal value is OPT'(1).
From Brucker et al. [2], the following lemma holds.
Lemma 3.5. All the values OPT(1),0OPT(2),...,OPT(n) can be generated in
O(nlogn) time.

Forj € {1,2,...,n},let P(j) be the variation of 1|PB,b = +00,d; = d| Y w;C;U;
such that in any SPT-batch schedule,
(1) jobs Ji, Ja,...,J; are in the first batch,

(ii) jobs Jjt1,...,J, are in the other batches,

(111) for jobs Ji, ..., J;, calculate their total weighted tardy span, and

iii) for jobs J,t1, ..., Jy, calculate their total weighted completion time.
i+

By applying the O(nlog n)-time algorithm for 1|PB, b = +o0| Y w;C}; in Brucker
et al. [2] as a subroutine, the main idea for solving P(j) is described as follows: given
j=1,2,...,n, let F; be the minimum objective value for P(j) among all the SPT-
batch schedules. Recall that W (j,n) = w; + wjqy1 + - +wy,. Set W(n+1,n) :=0
and pnpy1 = 0. Hence, F; = OPT(j+ 1)+ W(j+ 1,n)p; if p; < d, and F; =
OPT(j + 1)+ W(1,n)p, if p; > d. Finally, 1|PB,b = +oc0,d; = d| Y w;C;U; can
be solved by enumerating j, solving P(j) for each j, and picking the best one.

The above discussion enables us to design an algorithm for 1|PB,b = +o00,d; =
d| Z w Cj Uj.

Algorithm 3.2.

Preprocessing. The n jobs are sorted by the SPT rule, that is, p1 < ps < - < pn.

Step 1. For j = 1,2,...,n, calculate all the values W(1,j). For j =1,2,...,n—1,
apply the O(nlogn)-time algorithm in Brucker et al. [2] to calculate all the values
OPT(j+1). Set OPT(n+1) :=0.
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Step 2. For j =1,2,...,n, calculate F} as follows:

Fo— OPT(j+1)+W(j+1,n)p;, if p; <d,
7 OPT(j+1) +W(1,n)p;, if p; > d.

Step 3. The optimal value is min{F; : j = 1,2,...,n} and the corresponding
SPT-batch is generated by backtracking.

Theorem 3.6. Algorithm 3.2 solves 1|PB,b = +00,d; = d| Y w;C;U; in O(nlogn)
time.

Proof. The correctness of Algorithm 3.2 is guaranteed by the above discussion. For
the time complexity, the preprocessing procedure takes O(nlogn) time to sort jobs.
In Step 1, it takes O(n) time to calculate all the values W (1, 5). From Lemma 3.5,
all the values OPT(j +1),OPT(j +2),...,0PT(n) can be obtained in O(nlogn)
time. In Step 2, there are O(n) choices for j, and for each j, it takes a constant
time for calculating F; by Step 1. Hence, Step 2 takes O(n) time. Optimal value
and the corresponding SPT-batch schedule can be determined in O(n) time. Hence,
the total running time of Algorithm 3.2 is O(nlogn). The result follows. O

In the following, we use an instance to show the implementation of Algorithm
3.2.

Example 3.2. Consider an instance of 1|PB,b = +00,d; = d| > w;C;U;: there are
six jobs Ji,Js,...,Jg, and the corresponding parameters are given by
(p1,p2:P3,P4,p5,06) = (1,2,3,4,5,6), (d1,d2,d3,ds,ds5,ds) = (4,4,4,4,4,4),
(w1, wa, w3, wy, ws,wg) = (7,5,1,2,1,3). We apply Algorithm 3.2 to solve 1|PB,b =
+00,d; = d| > w;C;U; on this instance.

Preprocessing. The six jobs have been sorted by SPT rule.

Step 1. W(1,1) = 7, W(1,2) = 12, W(1,3) = 13, W(1,4) = 15, W(1,5) =
16, W(1,6) = 19. OPT(2) = 66, OPT(3) = 42, OPT(4) = 36, OPT(5) = 24,
OPT(6) = 18. Set OPT(7) := 0.

Step 2. For j =1, py =1 < d = 4. Then, F; = OPT(2) + W(2,6)p; = 78.
For j =2, po =2 < d=4. Then, F; = OPT(3) + W(3,6)ps = 56. For j = 3,
ps =3 < d=4. Then, F3 = OPT(4) + W(4,6)ps = 54. For j =4, py =4 <
d = 4. Then, F, = OPT(5) + W(5,6)py = 40. For j =5, ps =5 > d = 4.
Then, F5 = OPT(6) + W(1,6)ps = 113. For j = 6, pg = 6 > d = 4. Then,
Fs = OPT(7)+W(1,6)ps = 114.

Step 3. The optimal value is F; = 40, and the corresponding SPT-batch is 7 =
(Bl(ﬂ'),Bg(ﬂ')), where Bl(ﬂ') = {Jl, JQ, J3, J4} and BQ(TF) = {J5, J6}

4. Conclusions. In this paper, we study the unbounded parallel-batch schedul-
ing on a single machine to minimize the total weighted tardy span. For 1|PB,b =
+00| Y w;C;U;, we show its NP-hardness and present three O(n?P)-time algo-
rithms. In addition, we present computational experiments to compare the perfor-
mance of these algorithms. For 1|PB,b = +oo,r;, fix-p(k)| > w;C;U;, we present
an O(n?#*2)-time algorithm, where k, that is, the number of different job process-
ing times, is a constant. For 1|PB,b = +o00,d; = d|>_ w,;C,;U;, we present an
O(nlogn)-time algorithm.

For further research, we suggest the following topics:

(i) Design effective approximation algorithms for 1|PB,b = +oo| > w;C;U;.

(ii) Study the complexity of 1|PB,b = +oo| > C;U;.
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