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Abstract—Channel state information (CSI) acquisition is es-
sential for the base station (BS) to fully reap the beamforming
gain in intelligent reflecting surface (IRS)-aided downlink com-
munication systems. Recently, [1] revealed a strong correlation in
different users’ cascaded channels stemming from their common
BS-IRS channel component, and leveraged such a correlation
to significantly reduce the pilot transmission overhead in IRS-
aided uplink communication. In this paper, we aim to exploit the
above channel property to reduce the overhead for both pilot and
feedback transmission in IRS-aided downlink communication.
Note that in the downlink, the distributed users merely receive
the pilot signals containing their own CSI and cannot leverage
the correlation in different users’ channels, which is in sharp
contrast to the uplink counterpart considered in [1]. To tackle this
challenge, this paper proposes a novel “quantize-then-estimate”
protocol in frequency division duplex (FDD) IRS-aided downlink
communication. Specifically, the users quantize and feed back
their received pilot signals, instead of the estimated channels, to
the BS. After de-quantizing the pilot signals received by all the
users, the BS estimates all the cascaded channels by leveraging
their correlation, similar to the uplink scenario. Under this pro-
tocol, we manage to propose efficient user-side quantization and
BS-side channel estimation methods. Moreover, we analytically
quantify the pilot and feedback transmission overhead to reveal
the significant performance gain of our proposed scheme over
the conventional ‘“‘estimate-then-quantize” scheme.

Index Terms—Intelligent reflecting surface (IRS), channel es-
timation, channel feedback, distributed source coding.

I. INTRODUCTION
A. Motivation

Intelligent reflecting surface (IRS) has been recognized as
a promising technique to enhance the capacity and coverage
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of the future 6G cellular networks, thanks to its ability to tune
the channels to be favorable for communication. To design
the best propagation conditions via the IRS, channel state
information (CSI) acquisition is of paramount importance.
However, such a task is challenging due to the vast number
of channel coefficients associated with the IRS [3]-[6].

This paper considers IRS-assisted downlink communication
in a frequency division duplex (FDD) system, where a multi-
antenna base station (BS) needs to know the BS-IRS-user
cascaded channels of all the users for designing its own and
the IRS’s beamforming vectors. In time division duplex (TDD)
systems, the downlink CSI can be acquired by estimating the
uplink CSI thanks to channel reciprocity. In our considered
FDD systems, the channel reciprocity does not hold and the
users have to feed back some useful information from their
received pilot signals to let the BS acquire the CSI. Under
the conventional systems without the IRS, the “estimate-then-
quantize” scheme [7]-[10] was widely used for downlink
channel estimation and feedback, where each user first esti-
mates its downlink channels with the BS based on its received
pilot signals and then feeds back the estimated channels to
the BS. However, the overall overhead of this classic protocol
is unaffordable in IRS-aided systems due to the following
reasons. First, to enable each user to estimate a huge number
of coefficients in its BS-IRS-user channel, the BS has to send
a long pilot sequence, leading to high channel estimation
overhead. Second, after the channel estimation phase, each
user has to feed back a huge number of quantization bits
for transmitting the estimated channel coefficients to the
BS, leading to high feedback overhead. This calls for some
innovative protocol to replace the conventional “estimate-then-
quantize” protocol in IRS-assisted downlink systems for low-
overhead communication.

B. Prior Work

Previous research has been conducted to reduce channel
estimation overhead in IRS-assisted uplink communication
systems, by utilizing multi-user channel correlation [1], [11],
two-timescale property [12], beamspace channel sparsity [11],
[13]-[17], IRS elements grouping [18], etc. In TDD downlink
systems, the above methods can be used for the BS to
obtain the CSI based on channel reciprocity. However, in
our considered FDD downlink systems, dedicated methods
should be proposed for low-overhead channel estimation and
feedback.
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Under FDD IRS-assisted downlink communication sys-
tems, most prior works are under the “estimate-then-quantize”
scheme. In particular, they are interested in reducing the over-
head in the feedback phase, assuming the channels are already
estimated by the users [19]-[24]. For the single-user system,
[19] proposed a novel cascaded codebook for the BS-IRS and
IRS-user subchannel, respectively, that is synthesized by two
sub-codebooks whose codewords are cascaded by line-of-sight
and non-line-of-sight components. It is demonstrated that the
cascaded codebook outperforms the naive random vector quan-
tization codebook with lower feedback bits requirement. [20]
reduced feedback overhead by selecting several dominant BS-
IRS-user cascaded channel paths based on their contributions
to spectral efficiency, instead of feeding back CSI of all the
cascaded paths. However, these two works only focused on
channel path gain information feedback, without considering
path angle information. [21] proposed to customize a cascaded
channel with a reduced number of paths for the sub-6 GHz
rich scattering environment by path selection and multi-IRS
phase shifter design, thus reducing the number of feedback
parameters. [22] leveraged the two-timescale property of the
cascaded BS-IRS-user channels [12] to build a neural network
consisting of large and small timescale feedback. The BS-
IRS channel, which is assumed to be unchanged for a long
time, only needs to be fed back in each large timescale, and
the IRS-user channel, which changes frequently but with low
dimension, is fed back in each small timescale. For the multi-
user system, [23] exploited the single-structured sparsity of
the cascaded BS-IRS-user channel, i.e., in the hybrid spatial-
angular domain channel matrix, all users share the same in-
dices of non-zero columns, due to the common sparse BS-IRS
channel. These user-independent non-zero columns’ indices
are fed back by only one user, and the user-specific non-zero
column vectors are fed back by different users, thus reducing
feedback overhead. In addition to the common indices of
non-zero columns in the beamspace channel, [24] found that
the non-zero values in different non-zero columns have the
same location offsets and amplitude ratios. These offsets and
amplitudes are shared among all users and can be exploited
to further reduce the number of feedback parameters.

Downlink CSI acquisition consists of both the downlink
pilot transmission phase and the uplink feedback transmission
phase. On one hand, the above works all assumed that each
user knows its cascaded channels perfectly. However, due to
the huge number of IRS reflecting elements, the overhead
for the users to estimate their channels is huge, which is not
considered in the above works. On the other hand, from feed-
back overhead perspective, there is a potential to significantly
improve the performance of the schemes proposed in [19]-
[24]. Recently, [1] revealed a unique property of the BS-IRS-
user cascaded channels among different users — due to the
common BS-IRS channel to all the users, each user’s cascaded
channel vector is a scaled version of another user’s cascaded
channel vector. However, [19]-[24] did not consider how to
exploit this property to reduce the feedback overhead.

C. Main Contributions

This paper aims to significantly reduce the overhead of both
the pilot transmission phase and the feedback transmission
phase for CSI acquisition in IRS-assisted downlink commu-
nication. Actually, the CSI acquisition problem is essentially
a distributed source coding (DSC) problem [25], where the
core question is what information should be fed back by the
users after they receive the pilot signals from the BS, such
that the BS can acquire the CSI with the shortest pilot signals
transmitted in the downlink and the minimum quantization
bits transmitted in the uplink. Due to the correlation in
cascaded channels among different users revealed in [1], the
conventional “estimate-then-quantize” scheme, under which
the users independently estimate the correlated channels, is not
optimal. In this paper, our goal is to leverage the correlation
among different users’ channels to reduce the overhead for
CSI acquisition in IRS-assisted downlink communication. The
main contributions of this paper are summarized as follows:

o We consider an FDD IRS-assisted downlink communica-
tion system with multiple single-antenna users. Moreover,
we assume that the channels are quasi-static block fading
channel model and the direct channels between the BS
and users are blocked. In the FDD IRS-assisted downlink
communication system, the conventional “estimate-then-
quantize” scheme cannot utilize the channel correlation
revealed in [1] because although the received signals
of all the users are correlated, each user independently
estimates its channels based on its own received signals.
To overcome this issue, in this paper, we propose a novel
“quantize-then-estimate” protocol. In sharp contrast to the
“estimate-then-quantize” counterpart, our strategy makes
each user first quantize its received pilot signals and
then transmit the quantization bits to the BS. After de-
quantization, the BS knows the pilot signals received by
all the users, which contain the global CSI. Therefore,
the BS can exploit the channel correlation revealed in
[1] to jointly estimate the cascaded channels of all the
users. The benefits of the proposed protocol for overhead
reduction are two-fold. First, the BS is able to estimate
the channels based on shorter pilot signals as shown
in [1], i.e., the number of time samples for BS’s pilot
transmission can be reduced. Second, because each user
receives fewer pilot symbols, the number of quantization
bits for feedback transmission is also reduced.

e Under our proposed protocol, we first design the code-
book to quantize the received pilot signals via the Lloyd
algorithm. Next, we design an efficient method such that
the BS can estimate all the users’ cascaded channels
based on its received feedback from the users. Specifi-
cally, we select several reference users, and the BS should
estimate the ratios among the power of channels of the
non-reference users and that of the reference users based
on the feedback received in the first a few time samples,
and estimate the channels of the reference users based on
the feedback received in the remaining time samples. The
linear minimum mean-squared error (LMMSE) estima-
tion technique is proposed to estimate the channel ratios



and the channels under the above scheme. At last, we
characterize the minimum overhead for transmitting the
pilot signals in the downlink and the feedback signals in
the uplink under our proposed ‘“quantize-then-estimate”
protocol, and the significant overhead reduction compared
to the conventional “estimate-then-quantize” protocol is
analytically demonstrated.

o To further improve the accuracy of CSI acquisition
under our proposed protocol, we consider quantization
bit allocation when users feed back their received pilot
signals to the BS. Based on [26], when the number
of IRS sub-surfaces is large, the received pilot signals
tend to be Gaussian distributed. Then, rely on the the
approximate Gaussian test channel [27], we characterize
the rate-distortion trade-off for feedback transmission and
propose an efficient approach to design the quantization
bit allocation of each user to optimize the rate-distortion
trade-off.

D. Organization

The rest of this paper is organized as follows. Section II
describes the system model for our considered IRS-assisted
multi-user downlink communication system. Section III re-
views the traditional ‘“‘estimate-then-quantize” CSI acquisi-
tion protocol and introduces our proposed “quantize-then-
estimate” protocol. Section I'V describes how to implement the
“quantize-then-estimate” protocol in practice and characterize
its minimum overhead. Section V designs a quantization bit
allocation method for each user based on an approximated
Gaussian test channel model. Section VI provides numerical
examples to demonstrate the effectiveness of our proposed
“quantize-then-estimate” scheme. Section VII concludes the
paper.

Notation: I and O denote an identify matrix and an all-zero
matrix, with appropriate dimensions. For a square full-rank
matrix A, A~! denotes its inverse. For a matrix B, BT, BH,
and B' denotes its transpose, conjugate transpose, and pseudo-
inverse matrix, respectively. [-] denotes the ceiling function.
® denotes the Kronecker product.

II. SYSTEM MODEL

We study the downlink communication in an FDD system
which consists of a BS with M antennas, K single-antenna
users, and an IRS with N passive reflecting elements, as
shown in Fig. 1. In practice, the number of BS antennas is
usually much larger than the number of users. Therefore, in
this paper, we assume that M/ > K. In our considered IRS-
assisted systems, the overhead to acquire CSI in IRS-assisted
communication systems is high due to the large number of
IRS elements N. To tackle this challenge, we adopt an IRS
element grouping strategy as in [18], [28]. Specifically, the
IRS elements are divided into D sub-surfaces to reduce the
number of channels to be estimated, and the IRS elements
within each sub-surface share a common reflection coefficient.
Let ¢g; = e?%4: ¢ C denote the reflection coefficient of the
d-th IRS sub-surface at time sample i, where 64, € [0,2m)
denotes the phase shift of ¢q ;.

the d-th sub-surface ~ _ _
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Fig. 1. An IRS-aided downlink communication system.

We assume a quasi-static block fading channel model, where
the channels remain approximately constant in each coherence
block. In addition, as shown in Fig. 1, we assume that the
direct channels between the BS and users are blocked, and
the signals can only be transmitted through the IRS reflecting
channels to the users. The baseband equivalent channels from
the BS to the d-th IRS sub-surface, and from the d-th IRS sub-
surface to user k are denoted by 4 € CM*! and tha € C k=

,K,d=1,--- D, respectively. For convenience, define
R =[ry,--- ,rp] as the overall channels from the BS to the
IRS, and t; = [tx1, -+ ,tk,p]” as the channels from the IRS
to user k. Then, the cascaded reflecting channels from the BS
to user k through the d-th IRS sub-surface is expressed as

Gr.d = thara € CM*1 vd k. (1)

In downlink communication, the pilot signals transmit-
ted from the BS at time sample ¢ are denoted by x=; =
(i1, - o m]T € CM*L i =1,... T, where x; , is the i-
th pilot sample transmitted by antenna m, and 7" is the number
of time samples to transmit the pilots. Then, the received signal
of user k at time sample 7 is expressed as

D
Yk = Z@ﬁd,ing,,d\/ZTimi + 24, VK, 1, 2

d=1

where p; denotes the transmit power at the BS at time sample
i, and z; ~ CN(0,02) denotes the additive white Gaussian
noise (AWGN) of user k at time sample 1.

III. A NOVEL QUANTIZE-THEN-ESTIMATE PROTOCOL

In this paper, we aim to propose a low-overhead channel es-
timation and feedback scheme such that the BS can efficiently
acquire the cascaded channels gy 4’s, V&, d, to design the BS
beamforming vectors and the IRS reflecting coefficients. In
this section, we will first overview the conventional method
for channel estimation and feedback in our considered IRS-
assisted FDD systems, and show its disadvantages. Then, we
will propose a novel strategy that can exploit the unique
channel property in IRS-assisted communication to reduce the
channel estimation and feedback overhead.



A. Traditional Estimate-then-Quantize Scheme

Without IRS, channel estimation and feedback have been
widely studied for downlink FDD systems [7], [8], [29]. In
the IRS-assisted network, we may adopt similar philosophy
and apply the following “estimate-then-quantize” strategy for
channel estimation and feedback.

o Phase I (Estimation): In the first phase, each user £ first
receives the pilot signals from the BS as shown in (2)
and then estimates its cascaded channel g;, 4’s, Vd, based
on the existing method proposed in [18], [28], [30], [31].

o Phase II (Feedback): In the second phase, each user
quantizes its estimated channels and feeds back the
quantization bits to the BS. The BS de-quantizes the
quantization bits to recover the cascaded channels of all
the users.

Although the above “estimate-then-quantize” strategy works
well in conventional systems without IRS, its overall over-
head for pilot and feedback transmission is significant in our
considered IRS-assisted systems. Specifically, under the above
scheme, the minimum number of pilot samples for user k to
estimate g q’s, d =1,---, D, in Phase I is T\nin = M D [1].
Moreover, each user k needs to feed back M D channel coeffi-
cientsin g 4’s,d = 1,--- , D, to the BS in Phase II. Recently,
it has been revealed in [1] that there is a lot of redundancy
in users’ cascaded channels and the number of independent
unknown variables in g q4’s, k = 1,--- ,K,d = 1,---,D,
is much smaller than KM D. Specifically, if we focus on a
particular IRS sub-surface d, then the channel between the
BS and the d-th sub-surface of the IRS, i.e., 4, is common
among the cascaded channels g 4’s of all the users. As a
result, according to (1), we have

gk.d = )\k,dgkd,d7 vk 7é kda d= ]-7 o aDa (3)

where kg is the index of the reference user selected for IRS
sub-surface d, and the channel ratio between user k& and
reference user ky is given by

N = 2o )
thy.d

(3) and (4) indicate that for each IRS sub-surface d, if the
cascaded channel of the reference user kg, i.e., gi,. 4, is known,
a scalar A 4 is sufficient for the BS to know the cascaded
channel vector of user k£ # kg, i.e., gi,q. In other words, the
BS just needs to know M D + (K — 1)D channel coefficients
ingg,qa’s,d=1,---,D,and A\ q’s, Vk # kg, d=1,--- ,D.
Therefore, the number of time samples for pilot transmission
in Phase I and the number of quantization bits in Phase II can
be hugely reduced in IRS-assisted downlink communication,
if the channel property shown in (3) and (4) can be properly
utilized. However, the conventional “estimate-then-quantize”
scheme does not take advantage of (3) and (4) for reducing
the overhead.

B. Proposed Quantize-then-Estimate Scheme

In this sub-section, we propose a novel strategy that can
leverage (3) and (4) to significantly reduce the overhead for
channel estimation and feedback in IRS-assisted downlink

communication. Note that (3) and (4) reveal the correlation
among different users’ cascaded channels, while the users are
distributed and cannot cooperate with each other to leverage
such correlation for channel estimation. To overcome this
issue, we propose a “quantize-then-estimate” protocol, where
the channels of all the users are estimated at the BS side by
utilizing (3) and (4), rather than at the distributed user side.
The proposed scheme is detailed as below.

o Phase I (Feedback): In the first phase, all the users
receive the pilot signals from the BS as shown in (2).
However, instead of estimating its own channels, each
user k quantizes its received pilot signals over 7' time
samples, i.e., Yr = [Yk,1, o yrr)T, and feeds back the
quantization bits to the BS.

o Phase II (Estimation): In the second phase, the BS de-
quantizes the received quantization bits for recovering the
pilot signals received by all the users. Then, with the
above global information about users’ received pilots, the
BS is able to leverage the correlation among different
users’ channels shown in (3) and (4) to estimate g q’s
more efficiently.

Note that the key difference between our proposed
“quantize-then-estimate” scheme and the conventional
“estimate-then-quantize” scheme shown in Section III-A
lies in what is fed back from the users to the BS and who
performs channel estimation. Under our scheme, users feed
back their received pilot signals such that the BS can perform
a joint estimation of different users’ channels by leveraging
(3) and (4). The benefits of the above joint estimation are
two-fold. First, as shown in [1], the minimum number of
pilot samples for channel estimation, i.e., Tin, can be
reduced from MD to max{M — 1,D + [(M — 1)D/K]}
by leveraging (3) and (4). Second, because signals from
fewer time samples are quantized, the feedback overhead
is significantly reduced. Specifically, without utilizing (3)
and (4), all the users need to quantize KM D samples in
Gk,q’s; while under our proposed scheme, as will be shown
later in Section IV, all the users only need to quantize
KD+ K -max{M — 1,D + [(M — 1)D/K]} samples in
Yi'S.

IV. QUANTIZATION AND ESTIMATION DESIGN

In this section, we will introduce how to quantize yy ;’s at
the user side and how to estimate the channels via leveraging
(3) and (4) at the BS side, in Phase I and Phase II of
our proposed “quantize-then-estimate” protocol, respectively.
We will also analytically characterize the overhead for pilot
and feedback transmission under our proposed scheme and
show the significant overhead reduction over the conventional
“estimate-then-quantize” protocol.

A. Quantization at User Side

In this sub-section, we introduce how the users quantize the
received pilot signals. For each user k, we assume independent
signal quantization at different time samples. Specifically,
each user k quantizes y 1, - , Yk, subsequently via scalar



quantization. At time sample ¢, the codebook for quantizing
Yk,i 1s denoted by

7Ck,i,Lk.i}a Vkviv (5)

which consists of Ly, ; codewords and is shared by user k and
the BS. We will introduce how to design Ly ;’s, Vk and 4, in
Section V. Based on the probability density function of yy ;,
the codebook given any Ly ; can be designed via the Lloyd
algorithm [32]. Given the codebook Cj ;, the codeword index
and the corresponding codeword to quantize yy, ; are given by

Chyi = {Chyin, -

lp;= —argmin  D(yr,Crii),
I, i=1k, iy, Lg,i
gk,i = Ck,i,lz R Vkviv (6)
where D(yk.i, Crit) = ||k — c;”l||§ denotes the distortion

function between vy, ; and the codeword ¢y, ; ;. The quantized
signal of y;, ; can be expressed as

ki = Yhyi + Chyis VK, 1, @)

where ey, ; denotes the error to quantize the signal y, ; with
zero mean and variance ¢ ;. Note that ey ;’s are independent
over ¢ due to scalar quantization at each time sample.

For user k, each codeword index [} ; is represented by
[logy Lk ;] quantization bits. Since independent quantization
is performed at different time samples, the total number of
bits for user k to quantize all its received pilot signals is the
sum of the number of bits over 7' time samples, i.e.,

T
By =Y [log, Ly;], Vk. (8)

i=1
Then, each user modulates its quantization bits onto quadra-
ture amplitude modulation (QAM) symbols and sends these
symbols to the BS via a feedback channel, which is assumed
to be error-free [33]. Denote the modulation rate of user & as

1y bits/sample, Vk. Thus, the number of time samples for user
k to feed back the QAM symbols to the BS is

By _

T, =
Pk

T
L > [logy Lii], Vk. 9)
HE
As show in [33], in our considered setup where the number
of BS antennas is larger than that of users, ie., M > K,
the BS can mitigate inter-user interference via zero-forcing
beamforming design. Therefore, all the users can transmit the
feedback symbols simultaneously to the BS without inter-user
interference. As a result, the number of time samples required
for all the users to finish feedback transmission is determined
by the user that needs the largest number of time samples, i.e.,

Th, = max (10)

Tto k-
1<k<K

B. Channel Estimation at BS Side

In this sub-section, we introduce how the BS can estimate
the channels. To begin with, the BS collects the QAM symbols
from the users and de-modulates the symbols to quantization
bits. Similar to [33], we assume that the feedback channels

from the users to the BS are error-free such that the BS can
perfectly decode the quantization bits and then recover 4 ;’s.

Subsequently, based on the de-quantized signals ¥ ;’s, the
BS adopts a two-step channel estimation method, where in
the first step with a duration of 7 < T samples, the BS
estimates Ay 4’s, Vk # kg and Vd, based on gy, 1, - - , U, fOr
non-reference users; while in the second step with a duration
of 79 = T — 71 samples, the BS estimates gj,,q’s based on
Ukori+1s " » Uk, +720 VK, d, for reference users. Last, user k’s
cascaded channels can be recovered based on (3), Vk. In the
following, we introduce how to estimate Ay 4’s in Step 1 and
Gk, ,d’S in Step 2.

Step 1 (Estimation of channel ratios My q’s): In the first
step, the de-quantized received signals ¥, ;’s given in (7) can
be re-written as

D
ki = GdiCkdi+ i+ i Vhi=1- 7, (11)
d=1
where
gl if k= k
Qk,d,i = \/ﬁgk“"da;’ 1 b Vvd,i=1,---,711.
VP, a9k, ais ik F ka,
(12)

Note that if we can perfectly recover «y, 4;’s in (12), then the
channel ratio can be obtained by

Mo = —BEL £ kg Vdyi =1, 7y

(13)
The main challenge to estimate o, q,;’s in (12) is that for each
k, the BS has to estimate 7; D unknown variables, i.e., o, q,i’s,
d=1,---,D,i =1,--- 7, using i < 7 D observations,
ie, Jkq’s, 1 =1,---, 7. To solve this challenge, we propose
to set identical pilot signals over all time samples, i.e.,

Vpix; = /px, Vi (14)
In this case, the received signal in (11) reduces to
D
ki = Gaitka+ zki+eri, Vhi=1-- 7, (15
d=1
where
r if k==k
Qg = \/Ijgkd,d“;’ ! D ovd. (16)
\/]3)"97dglcd,dw’ lf k # kd,

Note that in (15), for each k, there are D unknown variables,
ie., agq, d=1,---, D, rather than 71D variables as in (12).
Moreover, if oy, 4’s can be perfectly estimated, Ag 4’s can be
estimated as

Urd ke £ Ky, V.
Qky.d

Akyd = (17
In the following, we show how to estimate «j 4’s based
on (15). Let g,(j) = [Ok1, »Jkn)’ denote the overall
quantized received signals of user k£ over 7, time samples.
Then, (15) is equivalent to

(1

g = @1 + 2" el vk, (18)



where

P11 ®épa
b = : : , 19)

d)l,ﬁ ¢D,‘r1
_ T (n _ T d
a, = [k, ,op)", 2 = [2k1, 2], an

1 . . L

eé ) = [ek 1, s sepr | T If tlhere is no noise and quantization
error, ie., 2, = 0 and e,(c) = 0, then we can set ®; as

a discrete Fourier transform (DFT) matrix and then perfectly
estimate oy using

71=D (20)
time samples. In the practical case with noise and quantization
error, we can set 7y > D and ®; as the first D columns of a
71 X 71 DFT matrix. Then, we can apply the LMMSE technique
to estimate «j, as

& = (g, dgp)t

—1
— A®! (<I>1Ak'1>{{ oI+ E,(j)) 3V, @

where Aj denotes the covariance matrix of oy, and E](Cl)
denotes the covariance matrix of eg). Then, the estimated
Ak,q is expressed as

>

bd Yk £ kg, V.

A~ )

Al y.d

Ak,d = (22)
Given any reference user selection strategy kq’s, d =1,--- |
D, we can estimate Ay 4’s, k # kg, using the above method.
However, the selection of the reference user for each IRS sub-
surface d can significantly affect the accuracy for estimating
Ai,d’s, Yk # kq,Vd. This is because if user k with a very weak
value of |&y 4| is selected as the reference user, then a very
small error for estimating «y, g, i.€., G,qd — a4, Can cause
a significant error for estimating )y q in (22). Therefore, for
each IRS sub-surface d, we select the reference user as follows

.2
kq = argmax |G q|”, Vd.
k=1, K

(23)

Step 2 (Estimation of reference users’ channels gy, q’s): In
the second step, we estimate the channels of reference users,
ie., gk, d’s, d = 1,---,D. Before introducing Step 2, we
want to emphasize that after &y, 4°s are estimated in Step 1, we
already have some useful information about gy, 4’s according
to (16):

Gkyd = /DT Grya + Brya, d=1,---,D, 24)

where ;.4 denotes the error for estimating o, q. Define

that & = [OA‘k1,1v T 7&kD7D]T and g = [ggl,lv T 7ggD,D]T'
Then, we have

a=Fg+ 3, 25)
where F = /pIp ® = € CP*MDP and B8 =
[Brv1s*** » Bep,p| . This information should be used in Step

2 to estimate g.

In Step 2, the received pilots at time sample ¢ is given as

D

_(2 - _ 2

yl( = (G165 U] = \/ﬁz G i} Grgad + 6,5 )
d=1

=Fg+e?, i=mn+1,-,m+m, (26)

where Ag = [Ara, - Axc]T with A, q = 1, Vd, ef? =
[21i + €1, 5 2K + ekl and
F; = \/plorix] @ Ay, ¢pax] @ Ap] € CHXMP,
27
Since both & in Step 1 and gf)’
about g, we define

s in Step 2 contain information

T
g = (?Jfll)T7 .. ,(ggLQ)T,aT] (28)
According to (25) and (26), we have
33(2) =0Og + e
= Og + (- @)g +e®, (29)

T A . .

,FX . FT]", © is an estimation
of ® with A\, 4’s (as shown in (27), F;’s are functions of
Ak,a’s) replaced by their estimations Ay q’s given in (22), and

2) _ (2 T ... @ v ar]t :
e (e 1), (e )" ,B"| . Note that in (29),

© is known by the BS, and ® — © is the unknown estimation
error. If there is no noise and quantization error in both Step
1 (such that S\k,d = A4, Yk, d, and e = ©®) and Step 2, i.e.,
e® = 0, then (29) reduces to

g® = og. (30)

Theorem 1: In the ideal case that there is no noise in users’

received pilots given in (2) and quantization error in BS’s

received signals given in (29), i.e., ® = © and e?® = o,

the minimum number of time samples for the BS to perfectly
estimate g based on (30) is

e {311, [ 202

Proof: Please refer to Appendix. [ ]
To summarize, the minimum number of time samples to
transmit pilot signals from the BS to the users is

(MK1)DH.

where © = [FX -+ FF

€1y

Trtlin:%l +T2=D+HlaX{M—1, ’7
(32)

In the practical case with noise and quantization error, we
can use 7o > T time samples for pilot transmission. However,
the unknown error propagated from Step 1, i.e., ® — © in
(29), makes it hard to obtain the LMMSE estimator of g.
Actually, we can increase the number of time samples for
pilot transmission in Step 1 such that ® — O is sufficiently
small. In this case, we assume that ® — ® ~ 0 as in [34].
Then, (29) reduces to

g? ~ Og + e?. (33)

Based on (33), the LMMSE estimator of g can be designed.
Specifically, we can set pilot signals a;’s and IRS reflection



coefficients ¢4 ;’s,d=1,---,D,i =71 +1,--- , 71 + T2, ac-
cording to the orthogonal transmission and reflection strategy
in Section V-C in [1]. In this case, based on (33), the LMMSE
estimator of g is given as
. o -1

§= GO (@G@H + E<2>) g2, (34)
where G denotes the covariance matrix of g, and E® denotes
the covariance matrix of e(®). With the estimations of Ak,d’s
given in (22) and those of gy, q’s given in (34), the cascaded
channels can be estimated as

gk,dzj\k,dgkd,da kzl?"'7K7d:17"'7D- (35)

Remark 1: Until now, we have shown that under our pro-
posed quantize-and-estimate protocol, the minimum numbers
of time samples for pilot transmission and feedback transmis-
sion are (32) and (10), respectively. Therefore, the minimum
number of time samples for pilot and feedback transmission
is

*
Ttol = Tmin + be
T*

min

" 1
= Tmin + 1I§I}§&§XK E Zl |—1Og2 Lk'[l
i=

(36)
Note that under the conventional “estimate-then-quantize”
strategy, the minimum number of time samples for pilot
transmission is [1]

T, =MD.

cov

(37

Then, the minimum number of time samples for pilot and
feedback transmission is

*
Ttol,cov = Tcov + max {

1<k<K ’

Kk

where Ly, is the codebook size for each user k to quantize each
estimated channel coefficient. Because fewer pilot samples are
transmitted in Phase I and quantized in Phase II thanks to the
utilization of channel correlation shown in (3), the overhead of
our proposed “quantize-then-estimate” strategy characterized
in (36) is significantly reduced compared with that of the
conventional “estimate-then-quantize” strategy characterized
in (38).

At last, given the minimum number of time samples for pilot
and feedback transmission, we characterize the computational
complexity of our proposed scheme and the conventional
“estimate-then-quantize” scheme. For the feedback phase, we
count the total time of exhaustively searching the codebook for
selecting the optimal codeword as the measure of complexity.
If B bits are used to quantize each complex symbol, then
the complexity in the feedback phase under our proposed
scheme is O((D + [(M — 1)D/K1)2"), and that under the
“estimate-then-quantize” scheme is O(M D27), respectively.
For the estimation phase, we count the number of com-
plex multiplication (CM) [11] as the measure of complexity.
The main complexity of our proposed scheme comes from
computing (21) and (34), It is straightforward to see that
the two operations require A; = D?(1 + 3 + 3D) CMs
and Ay = (K[(M —1)D/K]| + D)(MD)? + (K[(M —

1)D/K] + D)>(2MD + 3 + 1) CMs, respectively, where
B is a scaling factor depending on the specific algorithm
for the matrix inversion. As a result, the total computational
complexity can be expressed as O(K A; + As). The complex-
ity of the “estimate-then-quantize” scheme can be expressed
as O(MD)*(3MD + 3 + 1)). Therefore, the complexity
in the estimation phase of the two schemes are both nearly
O((M D)3), while the complexity in the feedback phase under
our proposed scheme is much lower than that under the
“estimate-then-quantize” scheme.

V. QUANTIZATION BIT ALLOCATION

In section IV, we have proposed efficient methods to quan-
tize pilot signals at the user side and estimate the channels
at the BS side. A remaining issue that is not tackled is
how to determine the quantization bit allocation policy for
each user to achieve the best rate-distortion trade-off under
our proposed “quantize-then-estimate” scheme. The quantized
version of user k’s received pilot signal at time sample ¢ is
given in (7). However, the distribution of the quantization
errors under the Lloyd algorithm is usually non-trivial, and
it is thus difficult to analyze the rate-distortion trade-off. In
this section, we will apply the Gaussian test channel model
to approximate the rate-distortion trade-off achieved by the
Lloyd algorithm, based on which we are able to optimize
the quantization bit allocation, i.e., Ly ;’s. As will be shown
later in this section, the Gaussian test channel model yields
an analytical expression for the rate-distortion performance.
Moreover, [27] has shown analytically and numerically that
the rate-distortion trade-off obtained under the Gaussian test
channel model is a very tight approximation to that achieved
by the practical Lloyd algorithm. We will also numerically
verify the tightness of the Gaussian test channel model in terms
of rate-distortion approximation later in this section.

A. Gaussian Test Channel and Rate-Distortion Trade-off

The Gaussian test channel model to approximate (7) is given

as

Ui = Yki + €4, VK, 1 (39)
where €j, ; has the same variance as ey, ; in (7) and is assumed
to be Gaussian distributed, i.e., é;,; ~ CN(0,qx,;), and is
independent with y;, ;, Vk,i. Moreover, because each user &k
applies scalar quantization on yy, ;’s, Vi, € ;’s are independent
over 1.

As shown in Lemma 1 of [26], when the number of IRS sub-
surfaces D is large, v, i, Vk, 7, tends to be Gaussian distributed
in general, i.e., yr; ~ CN(0,uy;), where up,; = E[|yxi|*]
denotes the variance of yy, ;, Vk, . Then, under the Gaussian
test channel model given in (39), the BS can adopt an MMSE
estimator to recover gy ; based on gy, ;, and the corresponding
estimation MSE is [35]

Uik g (40)

Ve,i =
Uki + Qi



the overall MSE to

Therefore, given g, = [qx1,- - 7Qk,T]T,

estimate y;, = [yk,1,- - .Yk, 7| is given as
Uk,iqk,i
Yei =Y —2EL vk (4D)
Z ‘ Z Uk,i + qk,i

Last, because different users independently quantize their

received signals, the overall MSE to estimate y1, - ,Yx 1S
given as
KT . Cpigei
k,ik,i
Fk qr) ) (42)

where ¢ = [qT,- - ,q%]T. Moreover, according to (39), the
number of bits to quantize the sample y;, ; is [36]

= H( ki) — H(Gr.ilyr.) = H(Tri) — H(Ek.i)
= log, [Te(ur,i + qx,i)] — loga(Teqy )

— log, <1+ “’“), Vk,i,
ki

T(Ur,is Yk,i)

(43)

where (., Yr,i) is the mutual information between ¢, ; and
Yk,i» H(-) denotes the differential entropy, and the second
equality is due to independence of yj; and éj ;. Then, the
overall number of bits for user k£ to quantize yj, over 1" time
samples is

(44)

T Un
= log, (1 + ’“) . VE.
P ki

Thus, similar to (10), the feedback transmission time (in terms
of samples) under the Gaussian test channel model (39) is

(©) _ (@)
) = max 137, (45)
where
BO
7€) = u(qk)’ Vk. (46)
’ k

According to (45) and (42), the rate-distortion trade-off
under the Gaussian test channel model can be characterized
by the following optimization problem

(P0) : Minimize T'sum(q)

q
G)
B! _
B oy
M
where Tp, is the given time constraint for quantization bit
transmission. In other words, we aim to characterize given the
feedback time constraint, what is the minimum quantization
MSE.

Subject to 47

B. Quantization Bit Allocation

In this section, we aim to design the quantization bit alloca-
tion solution of each user by solving problem (P0). According
to (42), which is due to the fact that users independently
quantize their received signals, all the users can obtain their
quantization bit allocation solutions in parallel. Specifically,

the quantization bit allocation policy of user k can be obtained
by solving the following sub-problem:

(P1-k) : Minim}ize Tk(qr)

{qk,i

Subject to B,(CG)(qk) < pxThy. (48)

In the following, we propose an efficient algorithm to solve
problem (P1-k) for user k, k = 1,--- , K. Specifically, it can
be shown that I'y(gx) given in (41) and B,(CG)(qk) given in
(44) are concave and convex functions over gy, ;’s, respectively.
Therefore, the challenge is that we are minimizing a concave
function, rather than a convex function. In this case, the
majorization-minimization (MM) algorithm can be used to
obtain a locally optimal solution [37].

MM is an iterative algorithm. Under the s-th iteration of
the MM algorithm, we need to find a surrogate function of
the objective function of problem (P1-k). Because I';(gy) is
a concave function, its first-order Taylor expansion serves as
its upper bound and can thus be used as its surrogate function.
Specifically, given any point ¢'* = [¢\*) -+ ¢\")]7, the
surrogate function of T'(gy) can be set as ’

q;(f))

(al?) =1 () + (972 ) (o -
> Ty (gk), (49)

(s)

where VI'j, (q,gs)> is the derivative of I';(qr) at qr = g,

and given by

T
’LL2 U2
ka (q](j)) = kyl( ) PR k7T( )
(Uk,l + qkfl) (uk T+ q, T)
(50)

Then, under the s-th iteration of the MM algorithm, we need
to solve the following problem
(P1-k-s) : Mi{nim}ize f (qk| q](:))

dk,i

Subject to B\? (qi) < T (51)
Note that problem (P1-k-s) is a convex optimization problem,
and we can thus solve it globally based on the Lagrangian du-
ality method. Specifically, the Lagrangian of problem (P1-k-s)
is expressed as

s G 7
L(gk,m) = f (qk!q,i )) +n (B,i (qr) — Mkab) , (52)
where 17 > 0 is the Language multiplier associated with the
constraint of problem (P1-k-s). The derivative of L(qy,n)

over gi,; is expressed as

OL(qr,n) MUk, n Ui Vi
e i+ Qk,i) ki In 2 .
3 (ki + a1, )qri In (Uk g 2)

(53)



By setting the derivative given in (53) as zero, it can be
shown that given any n > 0, the Lagrangian given in (52)
is minimized when

(s) 2]
4n (q/{,i + uk,i)

2
ki + Uk,i In2

N2

1 .
ljk,i(n) = 5 —Uk,; + Vk,i.

(54)

Moreover, it can be shown that under the optimal solu-
tion to problem (P1-k-s), the constraint should be sat-
isfied with equality. Let n* denote the optimal Lagrange
multiplier to problem (P1-k-s). Then it follows that
ZiT:1 logs (1 + uk.i/@x,i(n*)) = urTr. The solution n* to
the above equation can be effectively obtained via the bisec-
tion method. Last, g ;(n™)’s will be the optimal solution to
problem (P1-k-s).

After problem (P1-k-s) is solved at the s-th iteration of
the MM algorithm, we set q,(cs) = [qea(*) - G ())"
and solve problem (P1-k-s + 1) for the (s + 1)-th iteration
of the MM algorithm. As shown in [37], under the MM
algorithm, the objective value of problem (P1-k) will decrease
after each iteration, i.e., Fk(q,(:Jrl)) < Fk(q(s)), Vs. Then, the
MM algorithm will converge to a locally optimal solution to
problem (P1-k) [37].

Let i = [g} 1, ,q} 7|7 denote the solution to problem
(P1-k) obtained via the above MM algorithm. Then, we show
how to determine the size of codebook Ci ; in (5), i.e., Li ;,
k=1---,K,o=1,---,T. According to (43), the theoretical
number of bits to quantize y; is

B{S" = log, (1 + “’“) . ki, (55)
ki
However, the above values may not be integer values. To
satisfy the constraint in each problem (P1-k), in practice, we
can set the number of quantization bits of user k at time sample
1 as
By = |B7" |, ki, (56)
where |-| denotes the floor function. Thus, the size of Cy ; in
(5) is given as

Ly =2B%i Vi i. (57)

C. Tightness of the Gaussian Test Channel Approximation

It was analytically shown in [27] that the rate-distortion
trade-off obtained from the Gaussian test channel model is a
good approximation to that obtained from the Lloyd algorithm.
In this sub-section, we provide a numerical example to verify
this in our considered system.

In the numerical example, we assume that D = 16, M = 12
and K = 11. The pilot transmission overhead T is set as 32
time samples and feedback transmission overhead T}, is set
as 64. Because quantization bit allocation can be performed
independently over different users as shown in the previous
sub-section, here we just focus on the rate-distortion trade-
off of one user. In particular, we randomly generate 100 bit

%1078

Gaussian Test Channel Model
Lloyd Algorithm

MSE of Quantized Received Signals

Ind‘ex of Minimum‘ Value = 70‘\

|
0 20 40 60 80 100
Index of Quantization Bit Allocation Solutions

Fig. 2. MSE comparison between the Gaussian test channel model and Lloyd
algorithm under quantization bit allocation solutions.

allocation solutions, each satisfying constraint (47). Given
each quantization bit allocation solution, we first calculate
the MSE obtained under the Gaussian test channel model
according to (41), and then numerically calculate the channel
estimation MSE obtained under the Lloyd algorithm based on
Monte Carlo simulation.

The comparison between the above two MSEs under 100
quantization bit allocation solutions is given in Fig. 2. It
is observed that the gap between the MSEs achieved by
the Gaussian test channel model and the Lloyd algorithm
is very small. More importantly, for any two quantization
bit allocation solutions, if one solution leads to a smaller
MSE compared to another solution under the Gaussian test
channel model, then usually this solution also leads to smaller
MSE under the Lloyd algorithm. Moreover, among the 100
quantization bit allocation solutions, the 70th quantization bit
allocation solution achieves the minimum MSE under both
the Gaussian test channel model and the Lloyd algorithm.
To summarize, the rate-distortion performance achieved by
the Gaussian test channel model is a good approximation to
that achieved by the Lloyd algorithm, and it is thus feasible
to obtain the quantization bit allocation policies of different
users by solving problems (P1-k), Vk. Note that similar
observations have also been made in [27].

D. Performance Comparison Under Different Bit Allocation
Solutions

In this sub-section, we show the gain of quantization bit al-
location under our proposed algorithm. Two heuristic schemes
are considered as the benchmark schemes. The first one is
the even bit allocation scheme. Under this scheme, given the
feedback overhead constraint Ty,, we set By = i T /T,
Vk,i. The second one is the random bit allocation scheme.
Under this scheme, for each user k, By, ;’s are randomly gen-
erated and then normalized to satisfy the feedback overhead
constraint T,.

Fig. 3 shows the quantized received signals’ normalized
MSE (NMSE) over feedback transmission overhead achieved
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Fig. 3. NMSE performance of received signals under different bit allocation
solutions.

by different quantization bit allocation schemes. The NMSE
for quantizing the received signals is defined as

K U 2
E [||gx —
sk, — ot B (1 = welE].

it Efllyll3]

where ¥ = [Jk.1, > Jk1)’» Vk. The numbers of antennas
at the BS, IRS sub-surfaces, and users are set as M = 16,
D = 20, and K = 12, respectively. The pilot transmission
overhead T is set as 40 time samples and feedback transmis-
sion overhead Tp, ranges from 30 to 80 time samples. It is
observed that when the feedback overhead constraint is tight,
our proposed quantization bit allocation scheme can achieve
the best NMSE performance.

(58)

VI. NUMERICAL RESULTS

In this section, we provide numerical results to demon-
strate the advantages of our proposed “quantize-then-estimate”
scheme for IRS-assisted communication. The BS-IRS channel
R is modeled as a Rician fading channel with both the line-
of-sight (LoS) deterministic component and the NLoS fading
component:

_ k LoS 1 B\ 3 pNLoS /~Iy3
R_’/l—i-nR +“1+/<;(C)R (CHz, (39

where x denotes the Rician factor set as 10dB. RM™S de-
notes the LoS component in R, CB € CM*M » 0 and
C' € CP*P »~ 0 denote the BS transmit correlation ma-
trix and the IRS receive correlation matrix, respectively, and
RNLS  CN(0, DIPI) denotes the i.i.d. Rayleigh fading
component with /B! being the pass loss of R. We assumed that
CP and C" are generated based on the exponential correlation
matrix model [1]. Next, the channel between the IRS and user
k is modeled as t, = (C})7ty, where C} € CP*P - 0
denotes the IRS transmit correlation matrix for user k, which
also follows the exponential correlation matrix model, Vk,
and t, ~ CN(O,é}CUI) follows the i.i.d. Rayleigh fading
channel model with (}CU denoting the pass loss. Moreover, the

pass loss of the BS-IRS channels 7;’s and that of the IRS-
user channels tj 4’s are modeled as /B! = £, (xB!/x0)* and
AU = 0o(xiV /x0)%2, Vk, respectively, where {5 meter (m)
denotes the reference distance, {; = —20dB denotes the path
loss at the reference distance, x®' and X}CU denote the distance
between the BS and the IRS, and that between the IRS and
user k, respectively, and £&; = 2.2 and & = 2.1 denote the
path loss factors for r4’s and ¢, 4’s, respectively. The distance
between the BS and the IRS is set to be 100 meters (m), and
all the users are located in a circular region, whose center is 10
m away from the IRS and 105 m away from the BS and radius
is 5 m. The power spectrum density of the noise at the users
is assumed to be —169 dBm/Hz, and the channel bandwidth
is 1 MHz. For the feedback transmission, it is assumed that
each user employs 16QAM to modulate quantization bits, i.e.,
wr = 4, Vk. Last, we use the NMSE as the metric to evaluate
the channel estimation performance. Specifically, we define
H;, =g} ,,-- ,g} p|" as the collection of user k’s cascaded
channels, and Hy, = [g},,---,g7 )" as the collection of
their estimations, k =1, - - K. Thén, the overall NMSE for
estimating all the cascaded channels is defined as

S E (I — Hyg]
S B[ Hy3)

In each numerical example, we conduct Monte Carlo simula-
tion via 5000 channel realizations to numerically obtain the
NMSE performance.

In the following, we provide two benchmark schemes for
channel estimation and feedback under our considered IRS-
assisted systems and compare the performance of our proposed
scheme over that of the benchmark schemes.

NMSE =

(60)

o Benchmark Scheme 1: The first benchmark scheme is
the conventional “estimate-then-quantize” scheme intro-
duced in Section III-A. Under this scheme, each user
k applies the LMMSE technique on its received pilot
signals given in (2) to estimate its own cascaded channels,
denoted by gy, 4’s, and feeds back the estimated channels
to the BS with codebook designed via the Lloyd algo-
rithm.

o Benchmark Scheme 2: The second benchmark scheme
is an improved “estimate-then-quantize” scheme. Under
this scheme, each user k still applies LMMSE tech-
nique to estimate its cascaded channels, denoted by
kd = [Grd1, ,gm_,M]T’s. However, for each IRS
sub-surface d, only the reference user kg feeds back
Jk,.d to the BS, and each user k£ (including k4) quan-
tizes the sum of the estimated cascaded channel, i.e.,
Ei\,{:l Jk,d,m» and transmits the quantization bits to the
BS. Then, the BS can estimate Ay q for k # kq as

ZM Jk.d
Sp=lmn v,
Zm:l Gkq,d,m

At last, the cascaded channels can be estimated based
on (3). Note that compared to Benchmark Scheme 1, the
main difference is that if a user is not a reference user,
it merely feeds back the sum of its estimated channels

Ned = (61)
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thanks to (3). This can greatly reduce the feedback over-
head. To characterize the overall overhead of Benchmark
Scheme 2, let S = {d : Vd such that ky = k}
denote the set of sub-surfaces whose reference user is
user k based on criterion (23), and s = |Sk| denote the
number of times that user k is selected as the reference
user, Vk. Therefore, each user k needs to transmit M sy,
samples about g 4, Vd € Sj, and D samples about
;\k@, Vd. Then, the number of time samples for feedback
transmission can be expressed as

{ (Msy + D)[logy Ly | } )
22

and the minimum number of overall time samples for
pilot and feedback transmission is thus

T; 9 = max
fb,ben 1<k<K

Ttol,benQ =MD + be,ben2- (63)

In the numerical examples, the numbers of antennas at the
BS, IRS sub-surfaces, and users are set as M = 12, D = 16,

and K = 11, respectively. The BS transmit power is 33 dBm
for all the time slots. Fig. 4 shows the NMSE performance
comparison between our proposed ‘“‘quantize-then-estimate”
scheme and the two benchmark schemes under the “estimate-
then-quantize” approach. In this numerical example, the pilot
transmission overhead is fixed as 40 time samples, while the
feedback transmission overhead ranges from 80 to 130 time
samples such that the overall overhead for pilot and feedback
transmission ranges from 120 to 170 time samples. It is
observed that our proposed scheme shows a significant NMSE
performance gain compared to the two benchmark schemes.
For example, when the overall overhead is 170 samples, the
NMSE achieved by our proposed scheme is 0.0319, which is
much better than that achieved by the two benchmark schemes.
This is because (3) is leveraged to reduce both pilot and
feedback transmission overhead. Note that Benchmark Scheme
2 shows a better performance than Benchmark Scheme 1
thanks to the reduction of feedback transmission overhead
by exploiting (3). However, the performance of Benchmark
Scheme 2 is much worse than that of our proposed scheme.
This is because Benchmark Scheme 2 cannot utilize (3) to
reduce the pilot transmission overhead. Specifically, given
M =12, D = 16, and K = 11, the minimum numbers of time
samples required by Benchmark Scheme 2 and our proposed
scheme are 192 and 32, respectively. Therefore, when the
pilot transmission overhead is fixed as 40 time samples, the
users cannot accurately estimate their cascaded channels under
Benchmark Scheme 2.

Next, we set the feedback transmission overhead as 90 time
samples, and the pilot transmission overhead ranges from 30 to
80 time samples, i.e., the overall overhead ranges from 120 to
170 time samples. Fig. 5 shows the performance comparison
among different schemes. Under our proposed scheme, it is
observed that as the overall overhead increases, the NMSE
shows a “first-drop-then-rise”trend, while the optimal NMSE
is achieved when the pilot transmission overhead is 40 time
samples, i.e., the overall overhead is 130 time samples. Note
that as the pilot transmission overhead increases, the BS can
estimate the channels based on more received signals, but
needs to quantize more pilot signals given the number of
quantization bits. When the pilot transmission overhead is
small, pilot transmission is the bottleneck to limit the channel
estimation performance at the BS, and it is beneficial to
increase the pilot transmission overhead. However, when the
pilot transmission overhead is large enough, the BS has enough
pilot signals to estimate the channels, and it is not a good idea
to keep increasing the pilot transmission overhead because this
will reduce the number of bits to quantize each pilot sample.
This indicates that the pilot transmission overhead should be
carefully designed. For the two benchmarks, increasing pilot
transmission overhead always results in a decreasing NMSE
because when the users feed back their channels, the amount
of feedback is independent of the number of pilot signals,
and the users can quantize better-estimated channels given the
same number of quantization bits.

Moreover, Fig. 6 shows the estimated channels’ NMSE
versus the number of BS antennas, with D = 16 and K = 11.
The pilot transmission overhead is 64 time samples and the
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Fig. 6. NMSE performance versus number of BS antennas.

feedback transmission overhead is 100 time samples. It is
observed that when the number of BS antennas increases,
the NMSE increases much more slowly under our proposed
scheme than the two benchmark schemes. This is attributed to
exploiting (3) to reduce both pilot and feedback transmission
overhead. Specifically, every additional BS antenna increases
D/K =~ 1.4545 time samples of pilot and feedback trans-
mission overhead, respectively, under our proposed scheme.
While it causes 16 time samples of pilot and feedback trans-
mission overhead, respectively, under Benchmark Scheme 1;
and D = 16 time samples of pilot transmission overhead
and D/K = 1.4545 time samples of feedback transmission
overhead under Benchmark Scheme 2.

Last, Fig. 7 shows the estimated channels’ NMSE of our
proposed scheme versus different numbers of IRS sub-surfaces
and signal-to-noise ratios (SNRs), where M = 16, K = 11,
the pilot transmission overhead is set as 80 time samples, and
the feedback transmission overhead is set as 160 time samples.
It is observed that over different SNRs and numbers of IRS
sub-surfaces, our proposed scheme performs better than the
benchmark schemes.

VII. CONCLUSION

In this paper, we studied downlink CSI acquisition in
FDD IRS-assisted communication systems. Motivated by the
correlated channels among different users, we proposed a
novel “quantize-then-estimate” protocol for reducing the over-
head in both pilot transmission and feedback transmission.
Specifically, all the users first quantize their received pilot
signals and then transmit the quantization bits to the BS.
After de-quantizing all the user’s received signals, the BS
can thus leverage the correlation embedded in users’ cascaded
channels to perform channel estimation. We designed efficient
methods for each user to allocate the quantization bits over
time and quantize the signals based on the carefully devised
codebook, and for the BS to perform the LMMSE technique
for estimating the channels based on the quantized signals.
Moreover, we analytically characterized the minimum over-
head for pilot transmission and feedback transmission under
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our proposed “quantize-then-estimate” protocol and demon-
strated the significant overhead reduction compared to the
conventional ‘“‘estimate-then-quantize” protocol. Our results
open up a new solution for low-overhead communication in
IRS-assisted systems.

APPENDIX

We prove the theorem in two cases: 1) K > D and 2)
K < D. In the case of K > D, we first prove that there
exists a unique solution to (30) only if 7 > M — 1. Define

Nd,; = ﬁgl{d7dwia d= la 7D7i =7+ la ,T1 + To.

(64)
Then the received pilot signals of user £ at time sample ¢ can
be expressed as

D
gk”i = Z (bd,i)\k,dnd,h Vk7l =71+ 17 T + T2, (65)
d=1

Define A = [A1,---,Ap], then the overall received pilots at
time sample ¢ can be re-written as

(2)

9, =[G 0T = AT, i=7+1,-- 7 + 7

(66)

where T'; = 1,114, , ¢p.inp,i)" . We set ¢pq; = 1,Vd, 1,
then T; = [n1,i,- -+ ,np.]T. With \g 4’s estimated in Step 1,
there exist D variables 7,4 ;’s and K linear equations as given
in (66). As a result, in the case of K > D, n4;’s can be
perfectly estimated. Then, with the knowledge of 74;’s and
Qu,.4’S, We can estimate gy, 4’s based on (16) and (64) from
the following equations

T
y Nd, +T2]

= \/ﬁ[mval-‘rla'“
d=1,- D,

(Qkyds Ndry+15 " -
T
) x7'1+7'2] Gk,,d>
(67)

which characterizes a linear system with M D variables and
(T2+1)D equations. Therefore, a unique solution to (67) exists



only when the number of equations is no smaller than the
number of variables, i.e. 2 > M — 1.

Next, we show that if o = M — 1, there always exists a
unique solution to (30) in the case of K > D. Specifically,
since Ag’s are linearly independent with each other with
probability one, 74,;’s can be perfectly estimated based on
(66) as

T, =A%, i=n+1l - n+M-1  (68)

Thenwe setx = [1,---,1]7, and 41, - , T+, 1271 as the
2 to M columns of a M x M DFT matrix. With the knowledge
of ngs’sand ag, q’s,d=1,---,D,i =7 +1,--- ,i+M-1,
there exists a unique solution to (67), equivalently to (30) given
as follows

Gky,d = \/ﬁ[wvw‘rlJrla T 7$71+M71}*

777d,7'1+M—1]Ta d: 17 aD' (69)

X [akd,da Nd,ri+15 """

In the case of K < D, since the number of variables and
equations in (30) are M D and oK + D, respectively, there
exists a unique solution to (30) only if the number of equations
is no smaller than that of variables, i.e., 79 > [W]

Next, we show that when 7, = [W] there always
exists a solution to (30) in the case of K < D. Specifically,
we first set the pilot signal in Step 1 as an all-one vector,

ie,x=][1,---,1]T, and the M-th pilot signal equal to zero
in Step 2, ie., ;s = 0,2 = 7 + 1,--- , 71 + 7. Then the
other pilot signals, i.e., ;m,m = 1,--- ,M — 1, as well as

the IRS reflecting coefficients, i.e., ¢q;,d = 1,---,D,i =
71+ 1,---, 71 + 7o, are set in the same way as Theorem 2 in
[1]. Then, we construct a new matrix @ € C(2E+D)xMD
by putting the [(d — 1)M + m]-th column of © into the
[(m — 1)D + d]-th column of ©, Vm,d. Since changing
the order of columns of a matrix does not change its rank,
ie., rank(®) = rank(®), in the following, we show that
under the above construction, we have rank(®) = MD
when 7 = fww Specifically, © can be re-expressed
as follows:

_ o,
©= {Ip}m—1

where Oy is the first 7K rows and first (M —1)D columns
of ©, O.,kxp is an all-zero matrix with dimension 9 K x D,
Ip is the identity matrix of dimension D, and {Ip}y—1 =
[Ip,---,Ip] € CP*M=DDP  According to Theorem 2 in
[1], rank(©,) = (M — 1)D when m = [AZDD] Next,
we derive the rank of ©. It is observed from (70) that each
of the first 72K rows of ©, whose last D elements are all
zero, is linearly independent of the last D rows of O, ie.,
{Ip} - In other words, the row space defined by the first 75 K’
rows in © does not intersect with that defined by the last D
rows in ©. In this case, rank(®) = rank([@; O.,,xxp]) +
rank({Ip}rr) = M D [38]. Therefore, for the case of K’ < D,

when 7o = [%TlD], there exists a unique solution to (30)
given by

OTQKXD

il P (70)

g=0tg?, (71)

Theorem 1 is thus proved.
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