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Lagrangian dual variable corresponding to the

Tt forward capacity of the line [ at the period ¢
fi Power flow on the line [ at the period ¢
Functions
f(e,0) Fuel cost of the. unit with the input power out-
’ put and the online state

w,(®)  State-value function to the input state

V,(®)  Cost of the input state
[®], i~th component of the input state

ConvH(e®) convex hull of the MILP feasible set

I. INTRODUCTION

he deregulation of electricity markets has underscored the

importance of transparent pricing mechanisms to reflect re-
source values and guide market equilibrium [1]-[3]. Since the
main content of electricity market construction, the electricity
price and its pricing mechanism can reflect the resource values
and guide the market participants to join the market in a suffi-
ciently competitive manner, attracting wide attention from both
academic and industrial fields [4]-[7].

To ensure market transparency, the electricity spot market is
expected to be established as a perfectly competitive market in
which each participant attempts to maximize its own profit until
the market equilibrium is satisfied and finally happens to be the
maximum welfare. In this situation, the electricity price will be
the marginal cost of the whole power system. Therefore, in past
practice, locational marginal prices (LMPs), which represent
this marginal cost, have been widely implemented in independ-
ent system operators (ISOs), such as PIM, New York ISO, New
England ISO, California ISO, Midwest ISO, and several Chi-
nese provincial ISOs [8]-[9].

LMPs have been investigated in [3] and [10]-[15]. Among
them, in [3], the authors started utilizing the marginal costs to
price the electricity energy production. Later, realizing the ne-
cessity of managing network congestion, the authors in [10]
took the congestion cost into the electricity price, eventually
giving the LMPs. Note that such LMPs, which now can reflect
not only the energy cost but also its delivery cost, have been
widely applied today. Furthermore, LMPs have been extended
in [11] to take into account the incalculable transmission loss in
the past, thus making LMPs more accurate. Then, in [12], au-
thors further explored the accuracy of the LMPs considering the
transmission loss and analyzed the sensitivity of such LMPs
with respect to the system load. Moreover, a solution named
continuous LMPs has been proposed to eliminate the inherent
step change in LMPs due to the load variation in [13],the loss
of the transmission in LMPs then has been embedded in [14],
and the authors in [15] introduced uncertainty to LMPs, further
accommodating the transition to renewable energy.

Note that the above-mentioned LMPs were derived from the
network-constrained economic dispatch (NCED) problem with
online states of the unit fixed at the optimal solution of the net-
work-constrained unit commitment (NCUC) problem [16]. In
fact, start-up/shut-down and fixed costs determined by these

online states are important and should be reflected in electricity
prices [17]-[18]. However, the non-convexity brought by such
binary decisions makes it hard to establish a uniform electricity
price that supports maximum welfare [19], which indicates that
the participant units tend to deviate from the scheduling instruc-
tions issued by ISOs for more revenue. To incentivize compli-
ance, the uplift cost is needed [20]-[22]. However, the uplift
cost was defined in a non-uniform manner, whose non-trans-
parency would undermine the fairness of the electricity spot
market, and should be minimized as much as possible [23].

Motivated by this, the authors in [21] then introduced an ap-
proach that treated online states as continuous variables to price
non-convexities in the NCUC, which reduced uplift costs. In a
similar vein, non-convexities have been priced by relaxing in-
tegrality constraints in the NCUC problem while incorporating
equality constraints that fixed the online state to its optimal
value in [17] and [24]. Later, in [22], the authors have intro-
duced the concept of the convex hull pricing, which has since
attracted significant attention due to its theoretical potential to
minimize the uplift cost. Specifically, the minimum uplift cost
has been proved to be equal to the duality gap between the
NCUC problem and its Lagrangian dual problem. Convex hull
prices, developed by the optimal dual solution, naturally
achieve the minimum uplift cost.

However, obtaining the convex hull price is not straightfor-
ward, as deriving the exact Lagrangian dual solution poses chal-
lenges. Therefore, in [25], a sub-gradient simplex cutting plane
method has been proposed to approximate the convex hull
price. Further advancements have been made in [26], which in-
corporated an incentive-compatibility constraint into the pric-
ing model to get closer to the convex hull price. In [27], a pric-
ing scheme then has been designed to reduce price discrimina-
tion and align it with the minimum uplift cost. Subsequently, a
convex primal formulation for convex hull pricing was intro-
duced in [23], and Benders decomposition was employed in
[28] to accelerate this formulation. Note that the key to the con-
vex primal formulation lies in developing the convex hull
model for the single-unit commitment (1UC) problem. To make
the convex primal formulation implementable, the authors in
[29] then proposed a convex hull model for the 1UC without
ramping constraints, while the authors in [30] developed a more
advanced state-transition formulation. In addition, a network-
flow formulation in [31] described the feasible region of each
unit, offering an approximate convex hull price. Moreover, sev-
eral studies also focused on the polyhedral description of 1UC
problems. In [32], the authors excluded integers and proposed
a polynomial algorithm for the 1UC. In [33], a tight polyhedral
approximation has been introduced for quadratic cost functions.
Beyond the 1UC problem, the ramping production is described
as a polyhedron by a series of inequalities [34], which were ap-
plicable to 1UC. Later, the online interval has been investigated
and several inequalities also have been introduced for the min-
up/down constraints in UCs in [35]. Most notably, the authors
in [36] conducted a comprehensive polyhedral study, deriving
strong valid inequalities to yield a convex hull model for the
fuel-constrained 1UC problem. Next, several studies have in-
vestigated solving the Lagrangian dual problem of the NCUC.



An extreme-point subdifferential method was introduced in
[37] and [38], focusing on solving the Lagrangian dual problem
of the NCUC. It ensured a better convergence performance,
eventually yielding a more effective convex hull price. In addi-
tion, the authors in [39] has employed the level method, which
can converge within fewer iterations to a certain gap, yielding
a price that outperformed many of the traditional approaches.
Moreover, the authors in [40] conducted a comprehensive sur-
vey, which reviewed and compared the performance across
many existing approaches. In general, the authors in [41] de-
scribed convex hull pricing by Dantzig-Wolfe decomposition
and Column Generation, achieving convergence. Its innovation
lay in that it analyzed the essence of the convex primal formu-
lation and cut along the edge of this formulation. In theory, this
can lead to the exact Lagrangian dual solution, thus yielding the
convex hull price. In recent research, more researchers in [42]-
[43] announced the benefits of convex hull pricing in transpar-
ency, and there have researchers compared the convex hull pric-
ing with several prices that have been applied in practice, show-
ing its excellent performance in [44].

Although the convex hull pricing has gained attention due to
its excellent performance, challenges still exist in its applica-
tions, either due to the fact that obtaining the exact optimal La-
grangian dual solution of the NCUC is hard [45], or requiring
massive iterations. To address this issue, this paper redefines
the formulation for the optimal Lagrangian dual solution of the
NCUC, and the main contributions of this paper are as follows:

i) An explicit Lagrangian dual formulation of the NCUC is
derived, where the convex hull model for 1UC problems is em-
ployed with ramping constraints and minimum on/off time, en-
abling the optimal Lagrangian dual solution via two linear pro-
gramming (LP) models. The first LP reformulates the NCUC
by replacing mixed-integer constraints with convex hull relax-
ations, while the second, which is obtained by fixing the inner
variables in the Lagrangian dual problem to their optimal values
from the first LP, gives the optimal Lagrangian dual solution.

ii) A convex hull pricing method is proposed utilizing the
above proposed explicit Lagrangian dual formulation of the
NCUC. Compared with the traditional iteration methods, the
proposed method only needs to solve the LP model for the op-
timal Lagrangian dual solution of the original NCUC. There-
fore, the convex hull pricing model is also explicit and does not
require any iteration, definitely avoiding the convergence issue
and huge computational burden, compared with the previous it-
erative methods when addressing pricing problems.

The remainder of this paper is organized as: Section II illus-
trates the explicit Lagrangian dual formulation of NCUC, Sec-
tion III shows the proposed convex hull pricing, Section IV
does several experiments, and Section V concludes this paper.

II. EXPLICIT FORMULATION FOR THE LAGRANGIAN
DUAL OF THE NCUC

A. Basis of the NCUC Problem

At the beginning, the NCUC problem aims to minimize the
total operation costs, including fuel cost and unit start-up/shut-
down costs, while satisfying power balance and transmission

capacity constraints. Generally speaking, the NCUC problem
can be denoted as the following MILP formulation:

P1 min YU Y e, (1a)
st D DN AN (1b)
| ijl Hlﬁb(g)pg.t o le Hz,bel,(zmd |§ F;,W,Vt (1c)

(€D ys Ty ty,5d,,) € QSHLP*U“ Vg (1d)

where G, T, and B represent the numbers of units, scheduling
periods, and buses, respectively; cgi, Pyt Tt Ugs, and dy are the
cost, power output, online state, start-up instruction, and shut-
down instruction of the unit g at the period ¢, respectively; P
denotes the load demand of the bus b at the period ¢; H;,) and
H,, are the power transfer distribution factors from the bus of
the unit ¢ and bus b to the transmission line /; and F} is the ca-
pacity of the transmission line % Q)" denotes the feasible
region of unit ¢ modeled as the mixed-integer linear program-
ming (MILP). In this NCUC model, (1a) denotes the objective
function, representing the total cost; (1b)-(1c) represent these
system-wide constraints, which include both power balance and
transmission limits; and (1d) denotes the feasible region of the
1UC problems. Specifically, the feasible region ;""" is:

c,, =Clu + C’;dw + fy(pg_t,a:g‘t),Vg,Vt (2a)
f(p,m,)> K, (p,, — Pz )+ Mz, Vg,Vi,Vi (2b)
u_q_j, + d_w S L v.ga Vi (20)
u,, — dgl’(’ =z, — :vgttfl,‘v’g, \47 (2d)
Ig,t‘Pgmin S pg’t S Ig.t‘Pgma.x7vg7 Vt (26)
P, =P, SR +u (R —R™), VgVt (26)
pgl71 _ pgl’l S R;egu + dg’l(R;nit _ R;egu)7vg7 vt (zg)
t+TgO‘]71 on
o a, 2u T VgVt (2h)
T

Do 1, 2u (T—t+1),Yg, Y i)

t+7" 1 o '
> (=, )>d T Vg vt (2i)

T

Z‘r:t <1 - ngr> Z dg,t (T - t + 1)7vg7Vt (21{)
ug,f7d_q7t’ zg‘i € {Oa 1}7v97Vt (21)

where C, and C) are start-up and shut-down costs of the unit g,
f(pg1,24:) 1s the fuel cost of the unit g operating at period ¢ when
its power output is p,, and its online state is z,; K,;, M, and
P are slope, intercept, and segment point of the i-th segment
of the cost function for the unit ¢g; Pi™ and P;™ are minimum
and maximum power outputs of unit g; Ry*" is the regular ramp
rate of the unit g; R™ is the start-up/shut-down ramp rate of the
unit g; 75" and T3" are minimum on and off time of the unit ¢;
¥, 18 auxiliary variable for constructing minimum on/off con-
straints, which denotes the online state of the unit g at the period
7. In this region, (2a)-(2b) is the cost; (2¢)-(2d) define the logi-
cal relationship among the online status, start-up instruction,
and shut-down instruction; (2e) is the power output range; (2f)



-(2g) limit the maximum ramp rate of the unit; and (2h)-(2k) are
the minimum on/off time limits; (21) are binary variables.

B. Convex Hull Model for the 1UC Problem
Now, this subsection develops a convex hull model for the
1UC problem. At the beginning, the overview of constructing
this convex hull model can be visualized as Fig. 1 shows:
( begin )
1
‘ construct the 1UC shown as (3a)-(3b) ‘
1

‘ ‘ establish state space S, and state transition A ,(e) ‘ ‘
1

‘ develop the Bellman equations (5) for the 1UC ‘
1

derive the LP model (7a)-(7¢c) and its dual model (8a)-(8d)
based on the Bellman equations (5)

1

‘ ‘ deduce the correspondence (9a)-(9¢) ‘ ‘

!

‘ construct the convex hull model (10a)-(10b) ‘
1

C end )
11

D:D correctness is verified in Appendix C
Fig. 1. Flowchart of Constructing the Convex Hull Model for the 1UC.

details are shown in Appendix A and B

As shown in Section II-A, the 1UC problem could be:
. T
min thl €, (3a)
) c Q?IILP—IUC (3b)

Note that the 1UC problem has been formulated as a sequen-
tial decision-making problem. As a result, this 1UC problem
can be addressed through the dynamic programming (DP) tech-
nique. Here, let S, be the state space of the unit g, whose com-
ponents are five-dimensional vectors (see Appendix A). More-
over, let A,(®) be the state set of the unit g that contains all
successor states of the input state based on the feasible region
"1 (see Appendix B). Now, the above 1UC problem can
be described by the following Bellman equations:

T % .

ZH ¢,, = min {wy(sl) |s € Sy} 4)
where ¢}, is the optimal value of the c,;, s; denotes the state at
the period ¢, and wg(st) denotes the state-value function corre-
sponding to the state s, which can be represented as follows:
@, (s,)=min {V (s,)+w, (s A ()}, Vs, €8 (5)
and V,(®) represents the cost of the input state, i.e.,

Vi(s,)=C)ls ], +Cpls ], + £([s].[5,),).5, €S, (6)

In (6), [s); is the i-th component of the state s, Then, such
above Bellman equations can be solved as an LP, i.e.,

s.t. (cgvt,pgﬂa:gm,u d

g.t? gt

t+l) | Si41 €

max @, (7a)
s.t. w, < wg(sl), Vs, € Sg (7b)

@, (s,) <V (s)+w@,(s,,),Vs., €As) Vs, €8 (Tc)

However, only the optimal objective of the 1UC problem can
be obtained from this LP model. Therefore, to further deduce
the optimal scheduling decision for the 1UC problem, the opti-
mal decision of the Bellman equations is necessary, which can
be derived from the more informative dual model of the above
LP model (7a)-(7c). This dual model can be denoted as follows:

min Zf 129 €S, ZQHIEA (s,) f’ f+1)1/(1(8ﬁ) (83.)

s.t. Zs ES Zs EA 1’ 2) 1 (Sb)
ZleGA( )wg(st’stJrl) = Zs/ 16‘4 (s, )wg( t— 17 ) S € S (80)

w (St’st+l)>0781+l GA!](st),st GSy (8d)

where wy(s,,s,,,) is the Lagrangian dual variable corresponding
to the associated constraint, which describes the state transition
from the state s, to the state s,.; in (7c). Ay (®) denotes a set
that contains all former states of the input state based on
Q"1 According to the complementary slackness condition,
once an optimal Lagrangian dual solution is nonzero, its corre-
sponding constraint is binding. Since each constraint in the LP
model (7a)-(7c) represents a state transition, the binding one
has a specific practical meaning to the optimal Lagrangian dual
solution. Specifically, if wy(s,8..1)=1, @y(8) < Vi(8,)+04(8141)
is binding, which indicates that the optimal state of unit g is the
state s, at the period ¢ and should transfer to the state s,,, at the
period t41. After drawing the correspondence, the scheduling
decision can be derived through the following equations:

= s D a8V () (%)
D DR DENRCACE ,H)[s L o)
=D o e @ on sl )
SD D DRSRIEACRUN LRt
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Now, the optimal scheduhng dec1510n of the 1UC problem
(32)-(3b) can be obtained from the LP model (8a)-(8d), along
with (9a)-(9¢). In addition, this LP model, along with (9a)-(9¢)
could be recognized as the convex hull model of the 1UC prob-
lem (3a)-(3b) (see Appendix C). Now, this convex hull model
can be represented as the following formulation:

. T
min ZH €y
(c Y N N T Jf)GConVH(QL\HLP’lUC) (10b)

where ConvH(€,"™"""), which is (8b)-(8d) and (9a)-(9¢), de-
notes the convex hull of the original MILP feasible set.

(10a)

C. Explicit Formulation Construction

Since the convex hull of the 1UC problem is developed in an
explicit manner, an LP model can be deduced, which is:

. G T
win Y057 ¢
P2 g=1 t=1 g;t
— ZB 1oad vt
t b

G
s.t. o= pgv bt

(11a)

(11b)



(11c)

G
| Ey:l Hltb(g)pg-t o
(c €Dy Jf,ujf, )€ ConVH(QMILP W Vg (11d)

Note that, formally, P2 is the same as P1, with the only dif-
ference being that each unit in P2 is replaced with its convex
hull. Now, based on the well-known result in Lagrangian relax-
ation world (see e.g., Theorem 5.1 in [46]), the following Prop-
osition 1 extends this result to the NCUC, which illustrates that
P2 can be used to derive the optimal dual solution of P1.

H P [< F,VIVt

Lb™ bt

Proposition 1: Note that the optimal dual objective of P1 is
equivalent to the optimal objective of P2.
Proof: Here, let P1 be denoted as its compact formulation, i.e.,

c1 min q'y (12a)
s.t. Dy>d:(m) (12b)
Y cY (120)

where (12b) represents (1b)-(1c), (12c) represents (1d), and 7
is the Lagrangian dual variable of the corresponding constraint
(1b)-(1c). Now, the associated Lagrangian dual problem is:

D-C1 max D% () = (13)
meR,

Notice that the dual function DCI(TI') is an MILP optimizing
a linear function within the MILP set Y. Given that the optimal
solution of a linear function should be the vertex of its feasible
region, the value of the Lagrangian dual function D () can
be obtained through the following LP model, i.e.,

max mln q'y—m(Dy—d)

weR

max ¢

—n(Dy, —d),i=1,...,| vert(Y) | (14b)

where v; is the i-th vertex of the set Y, and vert(e) is an oper-
ator used to generate all vertices of the input set. Then, by sub-
stituting (14a)-(14b) into (13), 7 becomes the decision variable
and the Lagrangian dual problem (13) could be reformulated as
an LP model, which is represented as follows:

(14a)

s.t. p < q"

max ¢ (15a)

st. ¢<q —w(Dy’ —d):(5),i=1...] vert(Y)| (15b)

TeR, (15¢)

where ¢, is the dual variable associated with its constraint.

Note that an LP model will satisfy the strong duality if it is
feasible. Hence, the optimal objective of the above LP model
could be obtained from its dual problem ie.,

min Z‘mt q'y° (16a)

s.t. S 67,(Dyf ~d)>0 (16b)
Z\;ert 6 _1 (160)

6, >0,y € vert(Y),Vi (16d)

Note that all vertices of the set Y take the convex combina-
tion by Lagrangian dual variables, represented as:

[vert(Y)| ° [vert(Y)|
Zizl 6z'yi > Z,;:1 6;‘ =1

(172)

6, >0,y € vert(Y),Vi (17b)

which defines a feasible region that coincides with the convex
hull of the MILP set Y, enabling (16a)-(16d) to be denoted as:

C2 min qu (18a)
s.t. Dy>d:(m) (18b)
y € ConvH(Y) (18¢)

Through the above transformations, the optimal dual objec-
tive of C2 is verified to be the optimal objective of C2, yielding:

max  D(m) = q'y™" (19)

where y“*™ is the optimal solution of (18a)-(18c). Note that C2
can be recognized as the compact formulation of P2, further
showing that the optimal dual objective of P1 is equivalent to
the optimal objective of P2. Q.E.D.

Moreover, this LP, i.e., P2, can be used to derive the optimal
dual solution of P1, as demonstrated in Proposition 2.

Proposition 2: Optimal Lagrangian dual solutions P1 and P2

coincide with each other.

Proof: let the compact formulations C1 and C2 represent P1

and P2. Here, it begins with the Lagrangian dual of C2, i.e.,

D-C2max D%(m) = q'y — m(Dy —d) (20)
meR,

max min
meR,  yeConvH(Y)

Based on Strong Duality, no duality gap will exist between
C2 and its dual problem D-C2, resulting in an equivalence'

DCZ (ﬂ_CZ(*)) — qu _ 71_CZ(%«) (Dy _ d) — T C2 (21)

where %) represents the optimal dual solution of C2, and it
also can be a feasible dual solution of C1, yielding:

DCI (71_02(*)) — C2(x) (Dy _ d)

min
yeConvH(Y)

min q'y—mw (22)
yeY

Generally speaking, optimizing a linear function within its
feasible region is equivalent to doing so over the convex hull of
that region. Therefore, the following derivation can be made:

min

DCl C2(x) — T, C2(x) D . d
(77 ) yeConvH(Y) 7y-7 ( y ) (23)
Note that the right-hand side of (23) is D%*(7®*™)), which is

equal to q"y“**). Now, according to (19), the relationship has:
quC2 _ I:é%x DCI( ) > DCI( ) _ quCZ *) (24)

which, based on the Squeeze Theorem, suggests that:
max D%(w) =D (7)) = 7 c arg max D% (m) (25)
e

mER +

Here, the optimal dual solution of C2 is equivalent to that of
C1, verifying that the optimal Lagrangian dual solutions P1 and
P2 have coincided with each other. Q.E.D.

Now, according to Proposition 1 and Proposition 2, an al-
ternative LP formulation, i.e., P2, has been illustrated that it can
be employed to address the Lagrangian dual problem of P1.

III. EXACT CONVEX HULL PRICING BASED ON THE
PROPOSED EXPLICIT FORMULATION

Generally speaking, the convex hull price is described by the
marginal cost of each bus based on the NCUC in a direct



manner. To obtain the convex hull, it could begin by defining
the functional relationship between the minimum cost and the
load demand of the bus b at the period ¢ as follows:

oac . G T
d)(R;l,t l) = min Zg:l Zl,:l C.fm
s.t. (1b) - (1d)

where ¢(Pii'), indeed, is the functional relationship between
the optimal objective of P1 and the associated load demand.
Of course, the associated marginal cost can be obtained by
differentiating ¢(Pii") on Pii* according to the Equilibrium
Theory [21]-[24]. However, identifying the implicit function
@(Pyi') is obviously difficult. Therefore, the Envelope Theo-
rem is taken, providing the equivalence to differential ¢(P5i)

oad

over Py, which can be denoted as the following formulation:
do(B"™) (A B.)|
load - load
dr; oF;
where AP @71 and ") represent assoc1ated dual solu-
tions while EPI( ,,8 ~) is the Lagrangian function of P1, i.e.,

LB =20, 36
—Zt RYODINIED B A
L BE +J‘2t)
721 lZf 17n 11

with A, 0.1, and y,, are Lagrangian dual Varlables corresponding
to the power balance at the period ¢, the reverse transmission
limit of the line [ at the period ¢, and forward transmission limit
of the line [ at the period ¢. In addition, fi; represents the power
flow on the line [, at the period ¢, whose detail is as follows:

G load
fll‘,t = Zg:lHl,b(g)pg,t T L 1H1bez VIVt (29)

Now, based on the equivalence denoted by (27), the convex
hull price can be generated as the following formulation, i.e.,

_ 0L (A B.7)

bt 8Pload
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where IT;; denotes the convex hull price of the bus b at the pe-
riod ¢. In fact, the convex hull price is obtained from the exact
optimal Lagrangian dual solution of P1. However, only approx-
imate dual solutions are achieved in most implementations.

As shown in Section II, an explicit LP formulation, denoted
by P2, is introduced, whose Lagrangian dual solution is equiv-
alent to that of P1. Therefore, the convex hull price can be ob-
tained through P2. Specifically, solving the dual problem of P2
can be solved through two steps involving two LPs:

Step 1: Solve the LP model P2, and subsequently provide its
optimal solutions ch; ", pgﬁ( )b ), us”, and &3

Step 2: Solve the following LP model ie.,

max DN, B,7)

)\eR.ﬂeR+ ,~/ER+

(26)

‘ =APIE) =PI y=y P10 =

(28)

(30)

(€2))

where DP2)(\,3,7) is the Lagrangian dual function of P2 with
Cot> Dot Tgt, Ugt, and dy, fixed at their respective optimal values
obtained from P2, i.c., cbi”, por”, 2br™, ubs™, and db2%. Spe-

cifically, D?*®(X,3,7) is represented as follows:

CENCNCRIED DD DI
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and fi7") is the value of fi as p,, fixed at pw ). Next, solving

(31) can generate the dual solution of P2 (i.e., AP, 8% and
~F2)), coinciding with P1. Hence, the convex hull price, de-
noted by (30) could be determined as follows:

=N H (B =P 33

Now, through P2, the exact dual solutlon of the NCUC is
obtained by solving two LPs, yielding the exact convex hull
price.

Discussion: Employing this explicit formulation, the Lagran-
gian dual solution of NCUC, i.e., P1, can be obtained through
(11a)-(11d), i.e., P2, which only needs to solve two LP models
with well-established LP algorithms. In comparison, the tradi-
tional implicit Lagrangian dual formulation relies on iterative
techniques, leading to a huge computational burden and end-
less oscillations. Meanwhile, the oscillations might result in a
low-quality solution. In contrast, by using this proposed explicit
formulation, obtaining the Lagrangian dual solution of the
NCUC does not rely on iterations, improving the computational
efficiency and simultaneously enhancing the solution quality.

On the basis of the mathematical foundation of the convex
hull price[17], [22] and [27], the following Proposition 3 has
been employed to demonstrate that the uplift cost yielded by the
above proposed convex hull price (33) is equivalent to the du-
ality gap between P1 and its associated Lagrangian dual prob-
lem, which achieves the uplift minimization in theory.

Proposition 3: The uplift cost yielded by the convex hull price
(33) equals the duality gap between P1 and its dual problem.
Proof: Now, the uplift cost to (33) is the fee, including the op-
portunity costs and the financial transmission rights [22], i.e

max 37030 "

P1(+)
b(g)o,tpg.t - Cg.t) - (Hh(g).tpg,f - Cg.t )]
s.t. (1d)

+ XL

Oppom\mty Costs

F +fP1 )+’Yll)f2<*)(F; _jl-Pl(*))]

St

Financial Transmission Rights
(34)
where ", p,,, ) and fii") are optimal values of ¢y, pys, and fis
derived from the P1. In (34), Iy, corresponds to (33), i.e.,
* L * *
Hb(g),t = )‘th< : + Zl:lHl,b(g) (511,12( = ’yl,Pf( )) (35)

Here, by performing the transformations (details in Appendix
D) on (34), this uplift cost (34) will become:

ZJ IZt 1 gr . DP1<>\P2(*)7BP2(*), prz(*)) (36)

Since AP2), @*2) and 4"**) coincide with A¥**), BP'*) and
~F1) | then the term after the minus sign could be:

max - D™ B,7) (37)

)‘EI{,[JelL,'yeR+



which further yields the following formulation, i.e.,
> DI B,) (38)

As (38) demonstrates, this uplift cost is equivalent to the op-
timal objective of P1 minus its optimal dual objective, i.e., the
duality gap, thereby verifying Proposition 3. Q.E.D.
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IV. CASE STUDY

To demonstrate the effectiveness of the proposed convex hull
pricing approach, this paper then investigates and compares the
locational marginal prices (i.e., LMPs), Lagrangian relaxation
prices (i.e., LRPs), integer relaxation prices (i.e., IRPs), the con-
vex hull prices based on Dantzig-Wolfe (D-W) decomposition
approach (i.e., DWPs) [41], and the proposed convex hull prices
(i.e., CHPs) on the IEEE-30 and the Polish-2383 systems. More
details of these mentioned approaches are as follows:

M-LMP: Locational marginal prices derived from the opti-
mal Lagrangian dual solution of the SCED with integer fixed;

M-LRP: Approximate convex hull prices derived from the
sub-optimal Lagrangian dual solution of the NCUC provided

by the sub-gradient algorithm;

M-IRP: Approximate convex hull prices derived from the op-
timal Lagrangian dual solution of the NCUC, with its integer
variables relaxed to continuous variables varying from 0 to 1;

M-DWP: Convex hull prices obtained from the Dantzig-
Wolfe decomposition proposed in [41];

M-CHP: Convex hull prices from the optimal Lagrangian
dual solution of NCUC provided by the proposed approach.

All these numerical experiments are conducted on a personal
computer equipped with an Intel (R) Core (TM) i7-13700K and
a 32.0 GB RAM and solved using the solver COPT 7.2.8.

A. IEEE-30 System

Here, this applied IEEE-30 system, containing 6 units, 30
buses, and 41 branches, is tested with the five prices [47]. Gen-
erally, ISOs issue the scheduling instructions based on the opti-
mal solution of NCUC and request all units to follow the in-
structions. Then, ISOs should pay units according to electricity
prices. Here, LMPs, LRPs, IRPs, DWPs, and CHPs associated
with each unit are depicted in Fig. 2 with issued instructions.

(a) Unit 1 (b) Unit 2 (c) Unit 3
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Fig. 2. Prices and Scheduling Instructions.

Note that the M-LMP only considers energy costs, but start-
up, shut-down, and fixed costs are included in M-LRP, M-IRP,
M-DWP, and M-CHP. If the marginal unit does not tend to start
up or shut down, its marginal cost will be determined solely by
energy costs, indicating that all of these prices are the same,
such as prices during the periods from 0:00 to 14:00 at Unit 5
(Differences might result from the cost generated by financial
transmission rights). However, if the marginal unit is about to
start up or shut down, its marginal cost will change, causing
LMPs to notably differ from LRPs, IRPs, DWPs, and CHPs.
Moreover, the changes in the marginal cost of the marginal unit
would even alter which unit is considered marginal in the sys-
tem, finally leading to an elevation in LRPs, IRPs, DWPs, and
CHPs compared to LMPs. Specifically, taking the period 11:00
as an example, the LMP is 22.7$/MW, while LRP, IRP, DWP,
and CHP are rising to 29.5$/MW, 30.5$/MW, and 30.1$/MW.
Before taking the start-up, shut-down, and fixed costs into ac-
count, Unit 1 is online with its minimum output (144MW) and
avoids Unit 3 from reaching its maximum output while having
the lowest marginal price (22.7$/MW) to be the marginal unit
of the system. Hence, the LMP is 22.7$/MW. However, once
start-up, shut-down, and fixed costs are included, Unit 1 tends

to stay offline, causing Unit 3 to reach its limit. To achieve the
power balance, Unit 1 is required to keep the online state and
will become the marginal unit of the system, thereby leading to
an elevation in LRP, IRP, DWP, and CHP. Also, as prices dur-
ing periods from 0:00 to 14:00 demonstrate, marginal prices at
Unit 5 only rely on the energy costs without any intention to
start up or shut down, suggesting that LRPs, IRPs, DWPs, and
CHPs should be the same as LMPs.

However, LRPs, DWPs, and IRPs mismatch LMPs during
these periods, indeed showing that LRPs and IRPs are worse
than CHPs. Now, to illustrate the performance of all prices, ac-
tual incomes, optimal incomes, and opportunity costs of each
unit according to these prices are illustrated in Table I. Actual
incomes in the third column of Table I denote the revenues
when units settle with LMPs, LRPs, IRPs, DWPs, and CHPs
while following the scheduling instructions. Here, these actual
incomes show that revenues settled utilizing IRPs ($55650.5),
DWPs ($64142.6), and CHPs ($64142.6) exceed those settled
utilizing LMPs ($8480.0), except for LRPs ($2746.1). Its es-
sence is that by comparing with LMPs, start-up, shut-down, and
fixed costs are considered when determining IRPs, DWPs, and
CHPs, thereby providing better cost coverage.



Moreover, the optimal incomes are listed in the fourth col-
umn, illustrating revenues from self-scheduling. All five prices
can guide units to achieve profits. However, there is a difference
between the actual and optimal incomes, indeed indicating that
these units tend to deviate from the scheduling instructions for
more revenue. In the common perception, a smaller difference
means less incentive for units to deviate from instructions. To
further illustrate the incentives associated with different prices,
the opportunity cost denoting this difference is employed and
listed in the fifth column. In comparison, the total opportunity
cost from LMPs is the highest $18002.9 (3.81), followed by
LRPs $9812.5 (2.08), then by IRPs $6137.3 (1.30), and finally
with DWPs and CHPs having the lowest $4719.8 (1.00), which
indicates that units are the least willing to deviate from the
scheduling instructions when settled using DWPs and CHPs.

Table I Cost Comparisons of Each Unit

Appro. ID Act. Inc. ($) Opt. Inc. ($) Oppt. Costs ($)
1 15887.1 20511.4 4624.3
2 -7060.0 0.0 7060.0
3 -2202.1 1418.3 3620.4
M-LMP 4 1855 2188.3 3333
5 0.0 2364.9 2364.9
6 0.0 0.0 0.0
Total 8480.0 26482.9 18002.9
1 9064.3 11229.7 21654
2 -7059.0 0.0 7059.0
3 822.8 1328.9 506.1
M-LRP 4 -82.0 0.0 82.0
5 0.0 0.0 0.0
6 0.0 0.0 0.0
Total 2746.1 12558.6 9812.5
1 28854.4 29919.1 1064.7
2 -3913.4 0.0 39134
3 31643.9 31868.7 224.8
M-IRP 4 -934.4 0.0 934.4
5 0.0 0.0 0.0
6 0.0 0.0 0.0
Total 55650.5 61787.8 6137.3
1 31818 33445.3 1627.3
2 -2870.5 0.0 2870.5
3 35196.4 35417.1 220.7
M-DWP 4 -1.3 0.0 1.3
5 0.0 0.0 0.0
6 0.0 0.0 0.0
Total 64142.6 68862.4 4719.8
1 31818 334453 1627.3
2 -2870.5 0.0 2870.5
3 35196.4 35417.1 220.7
M-CHP 4 -1.3 0.0 1.3
5 0.0 0.0 0.0
6 0.0 0.0 0.0
Total 64142.6 68862.4 4719.8

* “Appro.”, “Act.”, “Inc.”, “Opt.”, and “Oppt.” denote approach, actual, in-
comes, and opportunity, respectively.

Then, Table II compares the uplift costs among LMPs, LRPs,
IRPs, DWPs, and CHPs. To be more specific, obtained results

are $18002.9 (4.62), $13297.0 (1.42), $10077.3 (1.05), $8959.3
(1.00), and $8959.3 (1.00), showing that both DWPs and CHPs
achieve the minimum in the uplift costs. In fact, both LRPs and
IRPs are also aiming to obtain the DWPs or CHPs, but they fail
to achieve this as they do not provide the optimal Lagrangian
dual solution for the NCUC, which demonstrates that the DWPs
and CHPs are more effective in minimizing uplift costs.

Table II Comparisons of Uplift Costs on IEEE-30

Appro. Uplift Costs Percentage
M-LMP 18002.9 200.9%
M-LRP 13297.0 148.4%
M-IRP 10077.3 112.5%
M-DWP 8959.3 100.0%
M-CHP 8959.3 100.0%

As seen in Fig. 3, a notable observation from the comparison
of results is that the electricity price generated by the proposed
M-CHP method is identical to the price obtained from the M-
DWP [41]. Since the price derived from M-DWP is recognized
as the exact convex hull price, this confirms the effectiveness
of our M-CHP method in producing the exact convex hull price,
rather than an approximation. Then, for delivering exact convex
hull prices, the M-CHP method has outperformed many other
approaches, such as traditional sub-gradient and integer relaxa-
tion pricing methods, as it provides the exact convex hull price.
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Fig. 3. Convergence Comparisons.

Last but not least, since the M-CHP avoids iterations, another
significance of it is its excellent convergence. Here, this is evi-
dent from the convergence comparison shown in Fig. 3, where
the convergence characteristics of these five methods are eval-
uated. Sub-plot (a) has demonstrated the solving time and the



corresponding Lagrangian dual value, while sub-plot (b) repre-
sents the total time, which includes both solving and modeling,
along with the Lagrangian dual value. In Fig. 3, the M-LMP,
M-IRP, and M-CHP are represented by rays, with the vertical
axis indicating the Lagrangian dual value and the horizontal
axis indicating the solving time (or total time). Moreover, the
curves show the relationship between the Lagrangian dual value
and the solving or total time. As plots show, it is clear that the
M-CHP is better than M-LMP, M-LRP, and M-IRP, while it is
matched by the M-DWP when the latter converges. Although
both the M-CHP and the M-DWP will reach the same Lagran-
gian dual value (the same electricity price), M-DWP requires

77.20s for solving and 99.02s for total time, whereas the M-
CHP takes only 0.03s for solving and 0.43s for total time to
achieve the exact convex hull price. In conclusion, the M-CHP
not only can yield the exact convex hull price but also maintains
excellent convergence.

B. Polish-2383 System

A large-scale system, i.e., the Polish-2383 system, involving
323 units, 2383 buses, and 2896 branches, is used to show the
effectiveness of the proposed approach in ensuring revenue ad-
equacy and minimizing uplift costs [47].

Table 111 Comparisons of Total Costs on Polish-2383

Act. Inc. (x107$) Opt. Inc. (x107$)

Oppt. Costs (x10°$) Uplift Costs (x10°$)

Scen. LMP LRP IRP DWP CHP |LMP LRP IRP DWP CHP | LMP LRP IRP DWP CHP|LMP LRP IRP DWP CHP
#1  0.608 1.0551.469 1.585 1.585/0.669 1.083 1.470 1.586 1.586|6.109 2.824 0.103 0.089 0.089| 6.109 2.881 0.103 0.089 0.089
#2 0.790 1.390 1.723 1.821 1.821(0.846 1.412 1.725 1.822 1.822| 5.590 2.133 0.183 0.093 0.093| 5.590 2.198 0.205 0.116 0.116
#3 1.026 0.8850.819 0.927 0.927(1.120 0.904 0.841 0.929 0.929| 9.400 1.8912.220 0.178 0.178|9.400 1.891 2.220 0.180 0.180
#4 0312 1.0102.016 2.098 2.098|0.490 1.1052.020 2.100 2.100| 17.79 9.534 0.342 0.188 0.188| 17.79 9.668 0.363 0.201 0.201
#5 0.454 0.551 0.577 0.603 0.603|0.460 0.553 0.578 0.603 0.603 | 0.602 0.167 0.099 0.031 0.031| 0.602 0.180 0.099 0.031 0.031
#6 0.323 0.381 0.357 0.377 0.377(0.327 0.383 0.359 0.377 0.377| 0.420 0.166 0.195 0.026 0.026| 0.420 0.166 0.195 0.026 0.026

Aver. 0.586 0.879 1.160 1.235 1.235|0.652 0.907 1.166 1.236 1.236| 6.652 2.786 0.524 0.101 0.101| 6.652 2.831 0.531 0.107 0.107

* “Scen.”, “Act.”, “Inc.”, “Opt.”, and “Oppt.” denote scenarios, actual incomes, and opportunity, respectively; and the LMP, LRP, IRP, DWP, and CHP represent these

methods, i.e., M-LMP, M-LMP, M-LRP, M-IRP, M-DWP, and M-CHP, respectively.
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Fig. 4. Comparison of the Time Consumption.

Table III compares the actual income, optimal income, and
opportunity cost obtained from these four prices under different
scenarios. As actual incomes illustrate, all these prices meet
revenue adequacy, where the exact convex hull price obtained
from M-DWP and M-CHPs achieves $1.235 x 107, which is bet-
ter than LMPs ($0.586x107), LRPs ($0.879x 107), and IRPs
($1.160x107). Then, optimal incomes from the self-scheduling
with LMPs, LRPs, IRPs, and the exact convex hull price (DWPs
and CHPs) are $0.652x107, $0.907x107, $1.166x107, and
$1.236x 107, all of which are higher than the corresponding ac-
tual incomes. Higher than actual incomes further illustrate that
units tend to deviate from the instructions of ISOs. This inten-
tion demonstrates that the opportunity cost yielded from LMPs
(36.652x10°) is higher than LRPs ($2.786x10%), IRPs
(30.524x10%), and the exact convex hull price ($0.101 x 10%)

while showing that these latter three prices are better than LMPs
in incentive compatibility, especially DWPs and CHPs. In ad-
dition, uplift costs involve not only the opportunity cost but also
the financial transmission right. This right, denoted by the sec-
ond term of (34), describes the difference between the implied
value of the available transmission capacity at specific prices
and the value of the transmitted flows, as the instructions, which
is non-uniform and will be solely settled by ISOs. Taking this
right into account, the resulting cost, which is the uplift cost, is
the payment that ISOs should pay. The uplift cost associated
with the exact convex hull price (obtained from M-DWP and
M-CHP) is $0.107x 10°, which is lower than those of LMPs
(36.652x10°), LRPs ($2.831x10°), and IRPs ($0.531x10%).
Therefore, LMPs and approximations (LRPs and IRPs) are less
effective than the exact convex hull price (DWPs and CHPs) in



achieving market transparency. In addition, as the above results
indicate, the M-CHP yields the same results as the employed
M-DWP, which means that the M-CHP can develop the exact
convex hull, outperforming other approximations.

Moreover, the proposed M-CHP not only produces the exact
convex hull price but also maintains excellent computational
efficiency. Following the comparisons of total costs, Fig. 4 pre-
sents the time consumption results of these five methods. As
shown in sub-plots (a) to (e), the M-LMP, M-IRP, and M-CHP
only take 4.52s, 3.94s, and 10.49s. This is expected, as none of
these methods require iterative procedures. In contrast, M-LRP
and M-DWP, which rely on iterative processes to approach or
achieve the exact convex hull price, require substantially more
time, 1698.65s and 2085.59s, due to the large number of itera-
tions involved. In addition to solving time, the total time con-
sumption (i.e., solving time plus modeling time) is shown in
sub-plots (f)—(j). Consistent with the earlier results, the total
time required by M-LMP (1152.62s), M-IRP (1125.04s), and
M-CHP (1164.41s) is significantly lower than that of M-LRP
(3439.50s) and M-DWP (4150.30s). The longer total time of the
latter two methods is attributed to their iterative nature and the
repeated model reconstruction in each iteration.
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Fig. 5. Time Consumption of M-LMP, M-IRP, M-CHP, and the first
iteration for M-LRP and M-DWP.

To further show computational differences, Fig. 5 compares
the time consumption of the M-LMP, M-IRP, M-CHP, and the
first iteration of the M-LRP and M-DWP. In these tests, the it-
erative procedures of the M-LRP and M-DWP are simplified by
minimizing the complexity of model updating in subsequent

iterations. Hence, the majority of the modeling time is concen-
trated in the first iteration, becoming the representative of the
overall modeling effort in each method. Under the settings, the
first iteration of the M-LRP and the M-DWP requires 1.0s and
2.7s for solving, and 558.7s and 843.5s for total time (including
modeling). Compared with these results, non-iterative methods
(M-LMP, M-IRP, and M-CHP) spend slightly higher one-time
addressing durations but benefit from avoiding the cumulative
overhead of multiple iterations. This indicates that even when
model updates are streamlined, iterative methods still incur sig-
nificant modeling costs from the outset. Moreover, as the num-
ber of iterations increases, often depending on system charac-
teristics and convergence criteria, the total time grows substan-
tially. In conclusion, the M-LMP, M-IRP, and M-CHP outper-
form the iterative methods. Also, while the M-LMP and M-IRP
are faster, none of can guarantee the exact convex hull price. In
contrast, the M-CHP achieves both efficiency and exact convex
hull pricing, matching the result from the M-DWP while avoid-
ing its iterative heavy burden, eventually making the M-CHP
effective for convex hull pricing in practical applications.

V. CONCLUSION

This paper proposes an explicit Lagrangian dual formulation
of the NCUC, where a convex hull model is developed for the
1UC problem, making the proposed formulation implementable
and further allowing this optimal Lagrangian dual solution to
be obtained using two simple LP models, eventually finishing
convex hull pricing. Numerical experiments show that the pro-
posed method achieves uplift cost reductions with less compu-
tational time. On one hand, the proposed pricing method (M-
CHP) has achieved uplift cost reductions of 48.4% (vs. M-LRP)
and 12.5% (vs. M-IRP) on the IEEE 30 system, with more sig-
nificant reductions, being less than one-sixtieth of the M-LRP
and one-fifth of the M-IRP observed on the large-scale Polish
2383 system. On the other hand, the total time consumption of
the proposed M-CHP is reduced to around 25% of the M-DWP,
which can yield the exact convex hull price on the Polish-2383
system. In conclusion, from the viewpoint of reducing the uplift
costs, the M-CHP can yield the exact convex hull price, which
is the same as that obtained from the M-DWP, being better than
the M-LRP and M-IRP in achieving market transparency. In ad-
dition, by further comparing the total time consumption, the M-
CHP only needs to spend around 25% of the time required by
the M-DWP, showing its excellent computational efficiency.

In practice, the proposed method can provide the exact con-
vex hull price. It not only has strong economic interpretability
and incentive compatibility, but also does well in computational
efficiency by avoiding traditional iterations. As a result, it has
offered ISOs a theoretically reasonable, computationally effi-
cient, and scalable convex hull pricing approach.

APPENDIX A

Specifically, S, is employed to denote the state space, whose
elements are vectors. In order, the components of these vectors
are power output, online state, start-up instruction, shut-down
instruction, and duration of the current online state.

To represent this state space conveniently, S, is characterized



by two sub-sets (denoted by S§ and Sy ), whose details are:
e Since 7°'=1, S; would be denoted as:

P x1x{0,1} x0x1 39)

e Since T}">1, S; would be denoted as:
79(]><1><1><0><1+79(]><1><0><0><{2,...,Tq°“} (40)

e Since 7)"'=1, S, would be denoted as:
0x0x0x{0,1} x1 (41)

e Since 7}">1, S; would be denoted as:
0><O><0><1><1+O><0><O><0><{2,...,Tq°“'} (42)

In addition, P, can be obtained as follows:
P, =P, UF,UF,UT, (43)
where Py1, Py2, Pos, and Pya respectively are:

{ min + nRI’eUu ‘ nRregu [ Pn]ﬁ) qum]7n e Z} (44)
{p;ﬂ&x + nR;(‘,E,ll | nR;PB\l E [‘Pgﬂll!l _ %{113x70]’n e Z} (45)
{R;nit _|_ nR;egu | nRyregu c [Rmin _ R’init7P(max _ R;nit}’n c Z} (46)
{‘Pgsng + nR;egu ‘ nR;eg\l c [‘ngnm %5:5’ Pmlx ‘Pgsng} , n e Z, VZ} (47)

Now, the state space S, can be developed as S, US, .

APPENDIX B

Then, based on operational requirements involving the logic
of online status (2c)-(2d), ramping limits (2f)-(2g), and mini-
mum on/off time limits (2h)-(2k), all possible state transitions
can be generated. Here, [s]; is also employed to denote the i-th
component of the state s,. A,(s;) contains all immediate succes-
sors of the state s, where s, € S,, which could be:

o If 7,"=1, then A,(s:) could be developed as follows:

Given the state s; where [s),=1, [s];=1, [$],=0, and [s]s;=1,

then A,(s;) could be generated as follows:

A(S): [f“] X1X0X0X1Hr+1]1_[st]1 |§
AN OxOxOxlxl,[ﬁ]lgR;m

chgu
! (48)

Moreover, A,(s) also is (48) for the state s, where [s],=1,
[s)5=1, [s],=0, and [s];=1.
o If T;">1, then A,(s;) could be developed as follows:

Given the state s; where [s],=1, [s];=1, [$],=0, and [s];=1,
then A,(s;) could be generated as follows:
A (s)=1s,,,], xIx0x0x2][s

g t+l]l - [st]l |S R_;egu (49)
Given the state s where [s],=1, [s];=0, [s],=0, and

1<[s];< T)", then Ay(s;) could be generated as follows:

A (s) =[5, ], x1x0x0x[s, ], +L[[s ], —[s], [< B (50)
Given the state s where [s],=1, [s];=0, [s],=0, and

[s)s=T;", then A,(s;) could be generated as follows:

[t+1} X].XOXOXTOD|[ [5] |SR1‘€g\1

] —
n:l‘:ll td1 g (5])
OXOXOX]'X]"[t]I Rg

o If T)"=1, then A,(s;) could be developed as follows:
Given the state s; where [s),=0, [s],=0, [s];=0, [s],=1, and
[s)s=1, then A(s:) could be generated as follows:

t+1 ]l

t+1 ]1

A (s) =

9

< Rinit

[, x1x0x0x1,P™ <[5 ] <R

(52)
Ox0x0x0x1

Ar/ (Si) =
Moreover, A,(s) also is (52) for the state s, where [s],=0,
[Sf]QZOg [5]5=0, [s],=0, and [s];=1.
o If 7)">1, then A,(s;) could be developed as follows:
Given the state s; where [s],=0, [s),=0, [s]5=0, [s],=1, and
[s)s=1, then A(s;) could be generated as follows:

A (5,)=0x0x0x0x2 (53)

Given the state s; where [s),=0, [s],=0, [s];=0, [s],=0, and
1<[s]s< T, then A,(s;) could be generated as follows:

A (s)=0x0x0x0x[s] +1 (54)

Given the state s; where [s],=0, [s),=0, [s];=0, [s],=0, and
[s],=T;", then A,(s;) could be generated as follows:

i X IXIX0x L P <[s
A(st): y i
g O><O><O><O><Tg0

let

[S H»l ]1 - g

(35)

APPENDIX C
Here, the LP model (8a)-(8d) along with (9a)-(9¢) can pro-
vide the optimal scheduling decision. Specifically, these equa-
tions (9a)-(9e), indeed, have no material effect on the optimal
objective of the LP model (8a)-(8d). Therefore, this optimal ob-
jective still equals the original 1UC problem (3a) (3b), having:

Zt 1 gt _Zt 12565 Zb €4 ( g t’ z+1) ( )(56)

where c¢;; is the optimal value of ¢y obtalned from (3a)-(3b)
and wj(s,,s,,,) is the optimal value of wy(s,,s,,,). Then, match-
ing these Values for the same period t, which yields:
Zs es, Z 5,164, (5 f’ f+1)vg(8t)

Now, taklng Dits Thty Uy, and d;_, to be the optimal values of

Darts Loty Ugts and d, derived from (3a)-(3b), c;. could be:
_cmM+CMM+f(M,t) (58)

and replacmg c;cand V,(s;) in (57) based on (6) and (58) gives:

= Z t=1 Zses Es (€4 (,g)w (St,StH)V (St) (59a)

(57)

* Q

= s 2o ay @ es ) (59)
ZZ% Dol (59%)
=2 EWA (s08,.)l8),  (599)

SD N DESRIEA RN CY R CED

Moreover, as mentioned in [48], ifa polyhedron is the con-
vex hull of the original MILP feasible region, it requires to ver-
ify that optimizing a linear function in any direction, i.e., utiliz-
ing any coefficients of the cost function, within this polyhedron
and the MILP feasible region provides the same solution.

Therefore, this LP model (82a)-(8d), along with (9a)-(9¢), can
provide the same solution regardless of the coefficients, illus-
trating that the resulting feasible region can be then recognized
as the convex hull model of the original 1UC problem (3a)-(3b).



APPENDIX D

According to (29) and (33), /1 and TIy). in (34) can be ex-
panded, further yielding the following formulation:

G T P2(x) P2(x) Pl(*) P1(x)
Zg:lZl:l (/\t b~ )\f - Cg?‘ + Cyt )
L

max 4y f'lpq, l_b@(ﬁ” — P
_Zg 1Zt X rzi Z/ 1Hl,b(_q)(ﬁll.)t2( ) _'71112(*))
s.t. (1d)
Y S L BE + B S H 2t =Y H B
+Zl 1Zf ! 711 %r (25:1 Hl-,b(!l)p;:(*) - Zle H,B)]
(60)

and performing elimination on the constant pﬁ(*)

Zq 121 ] )\tPZ qt _>\P2

in (60) yields:

+ CPI *))

e P2< ) P2< )
Z Zf 1Poi2 q)(ﬁl,t Ny )
s.t. (1d)
P *) load
+Zl lzt 1 . F Zb 1Hle7t (61)
P2(x) B load
+Zl:l Zi:] ’Yl 12 E + ,-y“ b=1 H b})bt )

Since the second part in (61) is a constant and it does not af-
fect the maximization problem, it can be incorporated, yielding:

P2(x P2(x), P1(x Pl(*)
Zg 1Ztl(A ql_)\ (/L C +C )

LTI £ + A *>(F L) 162
s.t. (1d)
Also, ;1" is a constant that can be moved outside the maxi-

mum problem. Consequently, (62) can be reformulated as:
ZG ZT P16
g=1 t=1 gt
P2(x P2(x
quzmA qti)‘ q,t)

(63)
+ +Z Zt 1 F+ff>+%.t (F;_ﬁt)]
s.t. (1d)
Note that the power balance is satisfied in P1, having:
G P1(x) __ B load
Zg:1 pg.t - Zb:l E),t ’Vt (64)

then the following relationship is true:

P2( G p1x)y T\ Pax) load
Zt 1/\f2 (Zgzlpy,: )_Zrzl)\tz <Z P ) (65)
Now, taking (65) into (63) will generate:
Eg LZr 1 oi
T
_Zq 1Zr 1Cfl<t
e B oa
+Zf 1)\751)2 p - Zb:l Pblt d)
+ +ZI 121‘ lﬁpz(* F +fli)
+21:1Zzzlﬁyu *) 1_ Lf)

s.t. (1d)

(66)

Generally, maximizing an objective function is equivalent to
minimizing its negative. Therefore, (66) can be denoted as:

ZG ZT 1)
g=1 t=1 gt
G T
D2
g=1 t=1 g:t
o PZ *) o B load
Zt 17t p Zb:1pb.l, )

(67)

min - )
N _Zl IZt 1ﬁ F Jrfl,l)
_lelztzl%,t *) F; _fz,t)
s.t. (1d)

Note that the minimization problem is the Lagrangian dual
function of P1 with the dual variables fixed at AP2*), 3%2*) and
P2 e., DPY(AFP2() @P20) AP2)) thereby giving:

¢ T Pix) P1/yP2x) QP2(x) _ P2(x)
Zg:1zt:1 Cot D (A By )
Ultimately, (34) has been equivalently reformulated as (36).

(68)
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