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Abstract 

Damage indices that are sensitive to early damage or abnormality of bridges are essential 

to take protective measures before any catastrophic failure of bridges occurs. Influence lines 

(ILs) have been proved as a promising bridge damage index numerically and experimentally. 

However, a comprehensive study on using various types of ILs for damage detection is still 

unavailable. This paper explicitly reveals the intrinsic relationships among various types of ILs, 

including deflection, rotation, bending stress, and shear stress ILs, and their corresponding first-

and second-order finite differences with respect to moving force locations. Subsequently, the 

sensitivities and detectable ranges of various types of ILs are investigated and compared 

systematically through two representative examples, namely, a simply supported beam and a 

continuous beam. The sensor locations that correspond to high sensitivities and wide detectable 

ranges are identified for various types of ILs. The pros and cons of calculating the finite 

differences of ILs for damage detection are also illustrated with consideration of measurement 

noise. An experiment on a simply supported beam was conducted to partially validate the 

findings in this study. The conclusions of this study answer fundamental questions regarding 

the rational selections of IL types and sensor locations in IL-based damage detection methods. 

Keyword: sensitivity analysis; influence line; damage detection; bridge health monitoring 

1 Introduction 

The long-term effects of traffic loads and harsh environmental conditions cause the 

continuous deterioration and damage accumulation of bridges during their long service life. 

Bridge monitoring systems that adopt various types of sensors have been extensively deployed 

recently, and different techniques based on sensing data were developed for load 

characterization, system identification, or abnormality detection of bridges [1-3]. Vibration-

based damage detection methods are regarded as best-known groups that can be categorized 
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into two sub-groups, namely, frequency- and time-domain methods [4-6]. The family of 

frequency-domain methods includes, but is not limited to, those based on change in frequencies 

[7], mode shapes [8], frequency response functions [9], mode shape curvature [10], and modal 

strain energy [11]. Although they demonstrated varying degrees of success in previous studies, 

these dynamic characteristics (e.g., modal frequencies) or responses are either insensitive to 

local damage or too sensitive to changes in ambient environment (e.g., temperature) [12]. 

Among the time-domain methods, representative examples correspond to those employing 

moving load-induced response time histories [13-16]. The merits of the moving load-based 

methods are: they closely resemble the actual conditions of vehicles passing a bridge; they can 

excite structures with large amplitudes and high signal-to-noise ratios when moving loads get 

close to sensor locations [17]; and they require relatively fewer sensors when applied in large-

scale bridges [18]. 

Meanwhile, influence lines (ILs), which are in close proximity to slowly moving load-

induced responses and represent static properties that describe the variation of reactions, 

internal loadings, displacements, or stresses at specific locations, have been widely adopted in 

various bridge engineering applications, such as bridge design and performance evaluation 

[19,20], bridge weight-in-motion [21], and model updating [22,23]. The IL-based methods 

show their superiority in mitigating the impact of temperature fluctuations and zero drift 

because the measurement duration is considerably shorter than the environmental change 

period [12]. Very recently, IL-based damage detection approaches have emerged. For example, 

Zaurin and Catbas [24] identified the strain ILs of a four-span bridge model by integrating video 

images and sensor data and then verified that it was a promising damage indicator 

experimentally [25]. Later, the methodology was applied to detect and locate common damage 

scenarios on a steel bascule bridge [26]. Chen et al. [12] proposed a group of stress IL (SIL)-

based damage localization indices and verified its effectiveness through a case study of Tsing 

Ma Bridge, in which the damage-induced SIL change ratio at the measured location was 

approximately 10%–20%, considerably higher than the frequency change ratio. Considering 

the environmental and measurement noise in sensor data, Zhu et al. [27] further integrated 

multiple SILs with information fusion technique to improve the accuracy of damage 

localization. More recently, Chen et al. [28] investigated and verified a deflection IL (DIL)-

based damage quantification method for beam structures experimentally. The recorded 

maximum DIL change ratio was 13% of the amplitude of the baseline DILs, whereas the 

frequency change ratio was only 1.8%. Zeinail and Story [29] proposed a damage localization 

and quantification method based on the second-derivative of DIL. Alamdari et al. [30] explored 

a damage identification technique based on rotation ILs (RILs) for a cable-stay bridge. 

Huseynov et al. [31] adopted the RIL difference between healthy and damaged states as a 
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damage indicator and located the damage location successfully in the experiment of a simply 

supported beam. The sensitivity of RIL to damage was also briefly discussed based on the 

experimental results. More studies about IL-based damage detection approaches include, but 

are not limited to, those reported in [32-35]. Numerical case studies, laboratory experiments, 

and even field tests have been conducted in the aforementioned studies and demonstrated the 

prospect of IL-based damage detection methods in comparison with frequency change ratios. 

Meanwhile, numerous studies have verified the feasibility of ILs extraction from the moving 

vehicle-induced dynamic responses of a bridge by using various algorithms [12,36-39]. More 

detailed information on bridge IL identification has been summarized in the review [40]. 

A series of past studies proved that ILs were promising and effective damage indices for 

bridge structures, in which different structural topologies, damage scenarios, and ILs types 

(including finite differences of ILs) were considered. However, several fundamental issues, 

such as the intrinsic relationships, sensitivities, and detectable ranges of various ILs, have failed 

in drawing adequate attention. The insightful answers based on parallel comparisons will be 

essential for the selection of appropriate IL indices, optimal sensor placement, and condition 

assessment of beam structures using ILs. 

To this end, this paper presents a systematic study on the damage detection of beam 

structures using various types of ILs and their finite differences. First, in a simply supported 

beam example, the analytical expression of damage-induced DIL changes and partial 

derivatives of DIL changes with respect to force and sensor locations are presented, where the 

intrinsic relationships among various types of ILs are revealed. Subsequently, a numerical 

example of a three-span continuous beam is established to analyze and compare the damage 

sensitivities of various ILs of interest and their corresponding finite differences in a 

dimensionless way. The noise effect on the detection performance of IL-based indices is also 

discussed briefly in this section. Then, the detectable range of various ILs from different sensor 

locations is evaluated, thereby shedding light on optimal sensor selection and placement. 

Finally, an experiment on a simply supported beam was conducted to validate parts of the 

findings in the study. 

Unlike the past studies in which various types of IL-based indices were adopted intuitively, 

this work aims to: (1) reveal the intrinsic relationships among different IL-based indices, 

including different types of ILs and their finite differences; (2) systematically compare different 

IL-based indices in beam structures in terms of damage sensitivity and anti-noise performance; 

(3) shed light on the multi-type sensor placement and rational selection of IL-based indices for 

different beam configurations; and (4) experimentally validate the feasibility and effectiveness 

of the first-order finite difference of IL changes in damage localization. 
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2 Relationship of Various ILs 

As mentioned previously, the use of various ILs, including DIL, RIL, and SIL, have been 

proposed for damage detection in beam structures [12,30,31]. A general concept is to use the 

change in ILs as an effective indicator of beam damage: 

 d uIL IL IL   , (1)

where the subscripts u and d stand for the undamaged and damaged statuses, respectively. In 

addition to the direct use of the IL change, the finite difference of different orders was also 

suggested to construct improved damage indices [12]. 

This section illustrates the impact of damage on different types of ILs and the relationships 

among different types of IL-based indices by using a damaged simply supported beam. The 

example of a simply supported beam is selected because: (a) its ILs can be derived 

mathematically, thereby enabling analytical discussions; and (b) it represents a simple and 

common form of bridges, covering approximately 95% of the recently-constructed high-speed 

rail bridges in China [41]. A more complicated three-span continuous beam will be analyzed 

numerically in the next section. 

Fig. 1 shows the schematic of a damaged simply supported beam subjected to a moving 

load, where l is the beam length; EI is the flexural rigidity of the cross section; x is the position 

of the moving load; y is the sensor location; and c and 2ξ express the location and extent of the 

damaged elements, respectively. 

 

Fig. 1 Simply supported beam under a moving load. 

2.1 Damage-induced DIL Change 

Among various types of ILs, DIL has very straightforward physical meaning. The 

deflection under a unit load represents the beam’s flexibility. Thus, a DIL under a moving load 

represents a row or subrow in the flexibility matrix of the beam, and multiple DILs represent a 

submatrix of the flexibility matrix [12,28]. However, compared with a finite number of 

elements in the flexibility matrix, DILs represent curves with much higher spatial resolution. 

Consequently, any structural stiffness loss caused by local damage or global deterioration 
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changes DILs. DIL changes can be monitored at different stages to evaluate the performance of 

a bridge in its life cycle. 

When a unit load is located at position x, the deflection of the intact beam measured by a 

displacement sensor at position y can be derived mathematically by using the diagram 

multiplication method, 
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, (2)

where flexural rigidity EI is assumed uniform along the intact beam. 

 

Fig. 2 Multiple DILs form a deflection influence surface. 

Given a fixed sensor location yi, varying x value in Eq. (2) provides a DIL function/curve. 

When multiple displacement sensors are installed at different locations (Fig. 2), connecting 

multiple DILs forms an unusual influence surface defined by Eq. (2). Notably, the definition of 

influence surface herein refers to Eq. (2) for a beam and is different from the traditional concept 

that corresponds to three-dimensional (3D) structures. The deflection influence surface DIL(x, 

y) possesses the following features: 

(1) According to Maxwell’s theorem of reciprocal displacements, DIL(a, b) = DIL(b, a). Thus, 

the deflection influence surface is symmetrical about the 45° line. This property of symmetry 

is applicable to any types of beam structures, including a damaged beam; 

(2) Given a limited number of sensors and the high sampling frequency of each sensor, the 

spatial resolutions of the influence surface vary. Thus, high resolution in the x-direction and 

low resolution in the y-direction can be achieved. 
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If a damage occurs in the segment [c – ξ, c + ξ] where the flexural rigidity reduces to 

d (1 )EI EI   , then the corresponding DIL change (i.e., ΔDIL) induced by the damage is 

given by, 

  
 

   y mDIL , , ,
1

c

c
x y M x y M x x dx

EI











 

  , (3)

where α is the damage coefficient; and  m ,M x x  and  y ,M x y  denote the bending moment 

functions at an arbitrary location x  along the beam when a unit vertical force acts at locations 

x and y, respectively. Notably, the simply supported beam is a statically determinate structure, 

and thus the bending moment functions  m ,M x x  and  y ,M x y  does not change before and 

after damage. The flexural rigidity only changes in the damaged segment [c – ξ, c + ξ]. 

Therefore, only the integral interval [c – ξ, c + ξ] needs to be considered in the above equation. 

Specifically, if the damage is located at the left side of the sensor location (i.e., c + ξ < y), 

then the DIL change ΔDIL in a simply supported beam can be expressed as 
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. (4)

Similarly, if the damage is located at the right side of the sensor location (i.e., c – ξ > y), 

then ΔDIL is given as 
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. (5)

Fig. 3 shows the change in the deflection influence surface ΔDIL(x, y) induced by a 

damage located at c = 0.3375l with damage severity α = 0.05 and extent 2ξ = l/120 in the simply 

supported beam. Given that the influence surfaces of the simply supported beam with and 

without damage are both symmetrical about the 45° diagonal line, Fig. 3 shows that the damage-

induced change ΔDIL(x, y) is also symmetrical about the same line. In Eqs. (4) and (5), given 
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a sensor location yi and a damage location c, the DIL change ΔDIL is a linear function of the 

force location x with positive and negative slopes on the two sides of the damage. This 

phenomenon explains why the peak of any ΔDIL(x, yi) in Fig. 3 can be an indicator of damage 

location, regardless of where the displacement sensor yi is located. Moreover, Fig. 3 illustrates 

that the ΔDIL change becomes more significant (i.e., more sensitive to the damage) when the 

displacement sensor comes closer to the damage location; meanwhile, the change ΔDIL will be 

minimal if the damage location is far from the measurement location of DIL. 

 

Fig. 3 Change ΔDIL(x, y) induced by a damage at c = 0.3375l in a simply supported beam. 

2.2 Other Types of ILs  

Chen et al. [12] suggested to calculate the finite difference of the change in ILs as new 

damage indices with improved sensitivity. If the DIL is measured with a high spatial resolution 

in the x-direction (i.e., with high sampling rate in comparison with moving speed of the unit 

force), then the first- and second-order difference terms approximate the derivatives with 

respect to the force location x, 

 
       ,

DIL , DIL , DIL ,
DIL ,

x

x x y x y x y
x y

x x

    
  

 
, (6)

 
     

 
   

2

,2 2

DIL , 2 DIL , DIL , DIL ,
DIL ,

xx

x x y x y x x y x y
x y

xx

          
  


. (7)

Given the typically low density of sensors, calculating the derivatives of ΔDIL(x, y) 

directly with respect to the sensor location y is difficult. However, based on the relationships 

among deflection, rotation, bending moment, and shear force of a beam, the changes in RIL, 

bending moment IL, and shear force IL can be expressed as the equivalent derivatives with 

respect to y location 
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, (10)

where ΔRIL, ΔMIL, and ΔFIL denote the changes in the RIL, bending moment IL, and shear 

force IL, respectively. In practice, bending and shear stress ILs of the beam are more often 

measured to estimate bending moment and shear force, respectively. The corresponding IL 

changes are given as 
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where ΔBSIL and ΔSSIL stand for the change in the bending and shear stress ILs, respectively; 

W is the section modulus to calculate critical bending stress; and Q and t are the first moment 

of area (static moment) and cross-sectional width used to calculate critical shear stress, 

respectively. The bending and shear stresses herein refer to the maximum stresses of a section. 

Given ΔDIL in Eq. (4), Eqs. (8)–(12) can be rewritten as  
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. (17)

Eqs. (6)–(12) lead to an interesting conclusion that various types of IL changes are related 

to the partial derivatives of ΔDIL of different orders and with respect to various variables. 

Therefore, the discussion of ΔDIL and their partial derivatives will shed light on the damage 

effect on various ILs. Notably, Eq. (13) only corresponds to the ΔRIL measured at the right 

side of the damage location (i.e., c + ξ < y). 

Fig. 4 shows different partial derivatives of the deflection influence surface change 

induced by a damage located at c = 0.3375l. The following findings and discussions can be 

made after the inspections of Eqs. (6)–(17) and Fig. 4: 

Considering the symmetry of ΔDIL surface, calculating the partial derivatives of the 

symmetric ΔDIL surface with respect to the x or y dimension produces similar effects. Therefore, 

ΔDIL,yx and ΔDIL,yyxx in Fig. 4 are also symmetrical surfaces about the 45° diagonal line, 

whereas other surfaces are no longer symmetrical. 

For the same reason, the pairs ΔDIL,x and ΔDIL,y, ΔDIL,xx and ΔDIL,yy, and ΔDIL,yxx, and 

ΔDIL,yyx in Fig. 4 are mirror-symmetrical to each other. This phenomenon reveals the intrinsic 

relationships between the first-order difference of deflection ΔDIL,x and the rotation ΔRIL (Eq. 

(13)), and between the second-order difference of deflection ΔDIL,xx and the bending stress 

ΔBSIL (Eq. (16)). The corresponding surface changes are similar in terms of magnitude and 

trend. However, it does not mean that their corresponding ILs will be the same. In fact, they 

represent the observations of the same surface in different directions. For example, the IL 

change curves ΔDIL,x and ΔRIL can be obtained by cutting the influence surface in Fig. 4(b) in 

the y- and x-directions, respectively. Fig. 5 shows the representative IL changes at selected 

locations, y = 0.2l, 0.5l, and 0.75l. 

The ΔDIL function shown in Eq. (4) is derivable. However, the partial derivative results 

change dramatically in the damaged segment, which results in the discontinuity in the partial 

derivatives on two sides of the damaged segments (Fig. 5(b)). Such discontinuity can be utilized 

to identify damage locations that can be more than one. For example, ΔDIL,x in the undamaged 

segments are constant, and thus the damage location can be identified via either a sudden drop 

or rise in the magnitude.
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Fig. 4 Partial derivatives of the deflection influence surface change ΔDIL induced by a damage at 10 

c = 0.3375l in the simply supported beam (x and y are the force and sensor locations, respectively). 11 
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Fig. 5 Representative DIL changes and its first- and second-order derivatives in the simply 16 

supported beam. 17 

ΔDIL,y (equivalent to ΔRIL) in the undamaged segments are linear functions of x, and the 18 

damage location can be identified via the turning point. When the rotation sensor (e.g., tiltmeter) 19 

is located on the left or right side of the damage (i.e., y < (c – ξ) or y > (c + ξ)), the coefficients 20 

of ΔDIL,y are always positive or negative, respectively. Thus, the sensitivity of ΔRIL depends 21 

on which side the sensor is located in, but is independent of the exact position in each segment 22 

(Fig. 5(d)). The damage location in ΔRIL can be further highlighted by calculating the first- or 23 

second-order difference of ΔRIL (i.e., ΔDIL,yx or ΔDIL,yxx). 24 

The simply supported beam is a statically determinate structure. Thus, the damage will not 25 

cause any changes in bending moment and shear force, as shown by Eqs. (14) and (15), 26 

respectively. However, the result will differ if the beam is statically indeterminate, wherein any 27 

stiffness change may cause internal load redistribution. 28 

Consequently, ΔDIL,yy and ΔDIL,yyy (equivalent to ΔBSIL and ΔSSIL) almost exhibit no 29 

changes, except in the damaged segment, as shown by Eqs. (16) and (17) and Figs. 4(g) and (j). 30 
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When a sensor is installed in the damaged segment (i.e., (c – ξ) < y < (c + ξ)), an insightful 31 

relationship can be obtained from Eqs. (9) and (14) 32 

,

d ,

DIL( , )

DIL ( , )

yy

yy

x yEI

EI x y



  , where 0 x l  , c y c     , (18)

where the damage coefficient α can be directly estimated by the ratio of the ΔDIL,yy to DILd,yy, 33 

thereby indicating the relationship between the damage severity and DIL change ratio. 34 

Eqs. (16) and (17) mean that the damage will not be detected if the strain sensors are not 35 

installed at the damage location. Although the recent development of distributed strain sensing 36 

using emerging fiber optic sensors may address this need [30,42], it is still regarded as a quite 37 

costly solution. It should be emphasized again that the detectable ranges of ΔBSIL and ΔSSIL 38 

will vary in a statically indeterminate structure. 39 

However, it does not mean that the conclusion in Eq. (18) is useless. Given the similarity 40 

between the ΔDIL,xx and ΔDIL,yy surfaces in Fig. 4, the ΔDIL,xx curve can also be used to 41 

quantify the damage coefficient. ΔDIL,xx is nonzero when the moving loading passes the 42 

damage location [c – ξ, c + ξ], 43 

,

d ,

DIL( , )

DIL ( , )

xx

xx

x y

x y



 , where c x c     , 0 y l  , (19)

which indicates that the damage can be detected even if the sensor location y is different from 44 

the damage location. Compared with the extremely narrow detectable range of ΔBSIL indices, 45 

ΔDIL,xx shows superior performance in the simply supported beam. Moreover, Eq. (19) 46 

suggests that the damage coefficient α can be identified on the basis of the DIL measurement 47 

alone, where the structural model information is not required. 48 

In general, ΔDIL and ΔRIL exhibit much wider detectable ranges compared with ΔBSIL 49 

and ΔSSIL, which agrees with the common view that displacement and strain responses are 50 

regarded as global and local damage indices, respectively. 51 

The partial derivatives with respect to x in Fig. 4 correspond to the calculation of finite 52 

difference, which may exacerbate the measurement noise effect greatly; whereas the partial 53 

derivatives with respect to y correspond to the change of measured quantity by using different 54 

types of sensors, which are not associated with the amplification of measurement noise.  55 

In summary, in the considered simply supported beam with single damage, the damage 56 

can be identified via the changes in ΔDIL, ΔRIL, and their first- or second-order differences 57 

with respect to force location x (i.e., ΔDIL,x, ΔDIL,xx, ΔRIL,x, and ΔRIL,xx). 58 

More detailed comparisons regarding the sensitivity, detectable range, noise impact, and 59 

multi-damage scenarios will be discussed in the succeeding sections by employing a continuous 60 

beam example. 61 
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3 Damage Sensitivity 62 

Fig. 6 shows a three-span continuous beam that is a typical statically indeterminate 63 

structure. The beam with three equal spans l and flexural rigidity EI is modelled in this section. 64 

A unit vertical force is successively applied to the different loading points on the beam along 65 

the longitudinal direction. A damaged segment (1.275l–1.3l) within the central span is 66 

simulated, where the sectional height is reduced to represent α = 5% loss in the moment of 67 

inertia I of the section. 68 

The DIL and RIL functions of the continuous beam are calculated using the static 69 

numerical method (global stiffness and moving force matrices). Subsequently, the SIL function 70 

is calculated using Eqs. (11) and (12). Based on the calculated IL functions in the intact and 71 

damaged states, their sensitivity to damage is discussed systematically, wherein the sensitivity 72 

is hereinafter defined as the change in various types of ILs divided by the damage coefficient α 73 

and the damage extent ratio β. Greater sensitivities imply that the damage is more likely to be 74 

detected [43]. Considering the different magnitudes and units of various types of ILs, these 75 

sensitivity results are further normalized by the peak-to-peak amplitude of the corresponding 76 

baseline influence surface of each type, 77 

    
     u u

,,

IL , 1
,

max IL , min IL ,
x yx y

x y
s x y

x y x y 





,
 (20)

where ΔIL is the change of different types of ILs;   u
,

max IL ,
x y

x y  and   u
,

min IL ,
x y

x y  are 78 

the highest and lowest points of the influence surfaces of different types, respectively, and their 79 

difference stands for the peak-to-peak amplitude of the influence surface of the intact beam; α 80 

is the damage severity coefficient; and β = 2ξ/3l represents the damage extent 2ξ normalized 81 

by the total beam length 3l. Such normalization enables the dimensionless discussion and 82 

comparison of the sensitivity of different types of ILs. The two critical parameters, i.e., damage 83 

severity and damage extent, are only used to normalize sensitivity comparison. It needs to be 84 

clarified that these IL-based damage indices require only the measured ILs in the intact state 85 

and damage state, and the knowledge of damage severity and extend is unnecessary in damage 86 

detection. 87 

Damage sensitivities typically change nonlinearly with damage levels (damage severity 88 

and extent). Since this observation is well known in the literature, the corresponding discussion 89 

is skipped in this study. All the damage sensitivities presented in this section correspond to 90 

minor damage levels. Notably, only the findings that are not mentioned in the simply supported 91 

beam will be elaborated in this section. 92 
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 93 

Fig. 6 Schematic of a three-span continuous beam 94 

3.1 DIL and RIL 95 

Figs. 7–8 show the dimensionless sensitivity coefficient surfaces of the ΔDIL and ΔRIL 96 

functions, respectively. The two horizontal axes denote the force location x and the sensor 97 

location y, respectively. The degree of damage sensitivity is expressed by the colormap. 98 

Similar to the simply supported beam, the property of symmetry about the diagonal line 99 

can be observed in the ΔDIL surface in Fig. 7. Given any fixed sensor locations yi, the peak 100 

coefficient of each ΔDIL(x, yi) curve always occurs at the damage location (i.e., when the force 101 

passes the damaged segment), thereby verifying the capability of the ΔDIL index for damage 102 

localization. In the central span where the damage occurs, the highest sensitivity occurs when 103 

the displacement sensor is installed at the damage location. The peak change in the ΔDIL curve 104 

in the central span attenuates with the increasing distance between the sensor and damage 105 

locations; and the sensitivity becomes zero at the supports. However, this attenuation trend with 106 

the increasing separation distance from the damage cannot be extended to the other spans. In 107 

two other side spans, given various sensor locations yi, the relatively higher and lower 108 

sensitivity occur at the mid-span and in the vicinity of support, respectively. 109 

 110 

(a) 3D diagram                          (b) Planar projection 111 

Fig. 7 Dimensionless sensitivity coefficients of ΔDIL in the three-span continuous beam. 112 
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Fig. 8 shows the corresponding damage sensitivity of RIL. Some similar observations to 113 

that of DIL can be provided. Given any fixed sensor location yi, a peak that corresponds to the 114 

force at the damage location exists in each ΔRIL curve. In the central span with the damage, 115 

the sensitivity attenuates with the increasing distance from the damage location; but even at 116 

two support locations, the sensitivity is not zero. In two side spans, the sensitivity coefficients 117 

are relatively larger near the support rather than at the mid-span. 118 

  119 

(a) 3D diagram                          (b) Planar projection 120 

Fig. 8 Dimensionless sensitivity coefficients of ΔRIL in the three-span continuous beam. 121 

3.2 BSIL and SSIL 122 

Figs. 9 and 10 show the dimensionless damage sensitivity of BSIL and SSIL, respectively. 123 

When the sensors are installed at the damage locations, the BSIL and SSIL changes will be 124 

higher than other sensor locations by at least one order of magnitude. Considering that the 125 

installation of the strain sensor at the exact damage location is practically difficult, this scenario 126 

is not a typical goal in damage detection studies; and thus the corresponding sensitivity results 127 

are excluded in Figs. 9 and 10 so that other parts of the surface can be displayed properly. 128 

Unless otherwise stated, such exclusion will be applied to the discussion of any ΔBSIL and 129 

ΔSSIL sensitivity in the following sections. 130 

Notably, unlike the conclusion in the simply supported beam, the sensitivity coefficients 131 

when the strain sensors are installed at undamaged locations are nonzero because of the 132 

redistribution of internal loads in the three-span continuous beam. Therefore, the measurement 133 

of bending and shear stress ILs at undamaged locations can also be utilized to detect damage in 134 

statically indeterminate beams. 135 

Fig. 9 shows that when the sensor location is near the second support (i.e., y = l) that is 136 

closer to the damage, the ΔBSIL curve exhibits the highest damage sensitivity. The sensitivity 137 

coefficients generally attenuate with the increasing distance between the second support and 138 
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the sensor locations. Nevertheless, the ΔBSIL is less sensitive to the damage than ΔDIL and 139 

ΔRIL in terms of the peak values of the sensitivity coefficients shown in Figs. 7 and 8. 140 

Fig. 10 shows that the ΔSSIL curves vary when sensors are installed in different spans but 141 

are identical when sensors are installed in the same span. Such observation indicates that ΔSSIL 142 

is not sensitive to the sensor locations. However, the overall magnitude of the ΔSSIL sensitivity 143 

coefficient is lower than those of the other types of ILs. 144 

 145 

(a) Excluding sensor in damage location              (b) Planar projection 146 

Fig. 9 Dimensionless sensitivity coefficients of ΔBSIL in the three-span continuous beam (the 147 

sensors installed at the damage location are excluded). 148 

 149 

(a) Excluding sensor in damage location              (b) Planar projection 150 

Fig. 10 Dimensionless sensitivity coefficients of ΔSSIL in the three-span continuous beam (the 151 

sensors installed at the damage location are excluded). 152 
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3.3 Finite Difference of IL 153 

3.3.1 Single-damage Scenario 154 

In addition to various types of ILs, the finite differences of ILs have also been explored as 155 

damage indices. Fig. 11 illustrates the dimensionless sensitivity curves for the finite difference 156 

results of ΔDIL, wherein the three sensor locations are selected as the relatively sensitive 157 

locations for DIL. 158 

Given a displacement sensor location yi, the ΔDIL curve in Fig. 7 exhibits multiple peaks, 159 

only one of which corresponds to the damage locations. In Fig. 11, the finite differences of 160 

ΔDIL can not only improve the damage sensitivity in comparison to ΔDIL but also highlight 161 

the damage locations more clearly by exhibiting much more significant fluctuations when the 162 

force location x approaches the damage location. The coefficient curves of ΔDIL,x exhibit a 163 

sudden change (drop or rise) at the damage location, whereas ΔDIL,xx exhibits a unique peak in 164 

the damage segment [c – ξ, c + ξ]. The coefficient of the selected ΔDIL,xx reaches up to 20 when 165 

the moving force acts on the damage location, although it attenuates rapidly when the force gets 166 

away from the damage location. Thus, damage localization can be realized via these 167 

characteristics in the coefficient magnitude. Similar to the simply supported beam, the 168 

sensitivity curves of ΔDIL,x and ΔRIL (i.e., ΔDIL,y) are similar in terms of magnitude and trend 169 

but in different observation directions.  170 

 171 

(a) First-order ΔDIL,x                      (b) Second-order ΔDIL,xx 172 

Fig. 11 Representative dimensionless sensitivity coefficients of finite difference of ΔDIL in the three-173 

span continuous beam. 174 

Some similar observations can be made to the finite differences of other types of ΔIL. 175 
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Given a sensor location yi, the finite differences of ΔRIL, ΔBSIL, and ΔSSIL can locate damage 176 

via the sudden change in the coefficient magnitude. Moreover, the calculation of the finite 177 

differences can enhance the sensitivity of ΔRIL; however, the finite differences of ΔBSIL and 178 

ΔSSIL results in low sensitivity results. The corresponding figures are not presented in this 179 

study because of page limits. 180 

3.3.2 Multi-damage Scenario with Measurement Noise 181 

In addition to the original damaged segment, another new damaged segment (0.6–0.625l) 182 

is introduced with a flexural rigidity reduction of 5% to simulate a multi-damage scenario. 183 

Given that the shapes of ΔIL and their finite difference at a given sensor location are similar, 184 

only the analysis results of ΔDIL are elaborated as an example. In particular, the noise-185 

contaminated ΔDIL* was considered 186 

 *
noiseΔDIL ΔDIL N  , (21)

where η ൴s the no൴se level, γ ൴s the average of the ΔDIL, and Nnoise refers to a random var൴able 187 

that follows a Gauss൴an d൴str൴but൴on between [−1, 1]. The measurement noise level of η = 7.5%, 188 

which is consistent with the experimental results previously reported by the authors [28], is 189 

introduced in this study. Notably, the static measurement noise level is typically low, 190 

considering the common dynamic measurement noise can be effectively removed or minimized 191 

by averaging signals in a sufficient period. 192 

F൴g. 12 shows the DIL-based ൴nd൴ces w൴th and w൴thout no൴se ൴nterference when the 193 

deflect൴on sensor ൴s installed at y = 1.5l. Three peaks appear ൴n the coeff൴c൴ent curve of ΔDIL, 194 

out of which, two sharp peaks correspond to the simulated double damages (F൴g. 12(a)). The 195 

calculat൴ons of ΔDIL,x or ΔDIL,xx highlight two sudden changes in the curve that correspond to 196 

damage locations accurately. 197 

However, the superiority of the finite difference indices in terms of sensitivity and 198 

localization should be interpreted more carefully. In F൴g. 12, the f൴n൴te d൴fference computat൴on 199 

ampl൴f൴es the no൴se effect. ΔDIL,x can still identify the sharp changes near the damage locations 200 

fairly well, indicating that ΔDIL,x will be a promising damage indicator in multi-damage 201 

scenarios; whereas ΔDIL,xx cannot capture the damage location information anymore because 202 

of the noise effect. Similar observations can be made for other types of ILs.  203 

The noise amplification may limit the application of finite difference-based indices at a 204 

high noise level. Denoising methods, such as iterative multi-parameter Tikhonov regularization 205 

[44] and Sparse regularization [45], may be applied to reduce the noise effect before or after 206 

the computation of high-order finite difference and achieve satisfactory anti-noise robustness. 207 

In the numerical or experimental studies in this paper, a simple smoothing method by using a 208 
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larger interval “nΔx” (n ≥ 1) is applied to mitigate the noise effect, which is equivalent to an 209 

averaging process.  210 

 211 

(a) ΔDIL 212 

 213 

(b) ΔDIL,x 214 

 215 

(c) ΔDIL,xx 216 

Fig. 12 Detection performance of DIL-based indices in the three-span continuous beam. 217 

4 Detectable Range for Variable Damage Locations 218 

The discussions in Sections 2 and 3 are based on fixed damage locations (single or double). 219 

Considering practically unknown damage locations in a beam, this section examines the 220 
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damage sensitivity with varying damage locations. Subsequently, the effective detectable 221 

ranges are evaluated considering the different types of ILs, sensor locations, and damage 222 

locations, wherein detectable range refers to the range of detectable damage locations with one 223 

specific sensor location. 224 

The detectable range is judged by the magnitude of the dimensionless sensitivity 225 

coefficient s in Eq. (20). Our previous experimental study [28] reported that a single damage in 226 

a simply supported beam could be detected accurately by using the ΔDILs measured at 1/4, 1/2, 227 

and 3/4 spans. The corresponding peak sensitivity coefficients s are estimated as 1.5, 2.5, and 228 

5.2 for the three sensor locations. A conservative threshold of 1.5 is suggested to determine the 229 

detectable range, indicating that the required change ratio of 230 

        u u
,,

IL , max IL , min IL ,
x yx y

x y x y x y   is approximately 0.125% for successful damage 231 

detection, given the damage severity of α = 10% and damage extent ratio of β = 1/120. Notably, 232 

this threshold is essentially related to the precision of the used sensors. 233 

Table 1 Detectable damage range with different sensor locations 234 

Types of ILs Sensor Location (×l) Detectable Range (×l) Ratio* (%) 

DIL 0.25 0.125–0.65 17.5 

0.5 0.175–0.75, 0.975–1.45 35.0 

0.75 0.275–0.825; 1–1.4 31.7 

1.25 0.575–0.775; 1.175–1.625 21.7 

1.5 0.55–0.8; 1.25–1.75; 2.2–2.45 33.3 

RIL 0 (support) 0.05–0.625 19.2 

0.25 0.225–0.65 14.2 

0.5 0.25–0.7 15.0 

0.75 0.275–0.825 18.3 

1 (support) 0.425–0.925; 0.975–1.475 33.3 

1.25 1.15–1.625 15.8 

1.5 1.275–1.725 15.0 

BSIL 0.75 0.5–0.85, 1–1.025; 1.075–1.35; 21.7 

1 (support) 0.4–1.45 35.0 

1.25 0.6–0.75, 1.125–1.425 15.0 

SSIL all Sensor Location < 0.1 

*Ratio is the percentage of this detectable range to the total length 3l of the beam. 235 
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 236 
(a) ΔDIL                                    (b) ΔRIL 237 

 238 
(c) ΔBSIL                                   (d) ΔSSIL 239 

Fig. 13 Detectable damage range of different types of ILs shown in the sp-p plot for the three-span 240 

continuous beam. 241 

Given an assumed damage location ci and a sensor location yi, the sensitivity curve s(x, yi) 242 

for each IL can be computed as a function of x according to Eq. (20). Then, the peak-to-peak 243 

amplitude of the curve will be computed as    p-p max ( , ) min ( , )i i
xx

s s x y s x y  . If sp-p ≥ 1.5, 244 

then the damage location ci is regarded to be detectable at the sensor location yi. By varying the 245 

damage and sensor locations, the distributions of sp-p for different types of ILs can be obtained 246 

(Fig. 13). Consequently, the detectable range that corresponds to the assumed threshold can be 247 

determined. 248 

The diagonal values in the four graphs in Fig. 13 are always the largest, indicating that the 249 

ILs measured at damage locations are the most sensitive to the damage. The contour line of sp-250 

p = 1.5 in Fig. 13 clearly indicates the detectable range of different sensor locations. Table 1 251 
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summarizes the detectable ranges at several key sensor locations. Considering the symmetry of 252 

the three-span continuous beam, only sensor locations in the left half of the beam are presented. 253 

The detectable ranges of ΔDIL are largest when the d൴splacement sensor ൴s ൴nstalled ൴n the 254 

m൴ddle of the f൴rst and second span; whereas the largest detectable range of ΔRIL ൴s ach൴eved 255 

when the rat൴onal sensor ൴s deployed at the support. The highest ratios of the detectable ranges 256 

using ΔDIL and ΔRIL are similar (≈ 30%), desp൴te the d൴fferent d൴str൴but൴ons of the൴r detectable 257 

range. 258 

ΔBSIL near the m൴ddle support (0.75–1.25l) has relat൴vely larger detectable rat൴o, whereas 259 

that measured at other sensor locat൴ons can only reflect damage that exactly occurs at the sensor 260 

locat൴on. Thus, the sensor locat൴ons of ΔBSIL that can locate damage are cons൴derably narrower 261 

൴n compar൴son w൴th those of ΔDIL and ΔRIL. ΔSSIL may not be su൴table for damage detect൴on 262 

because of ൴ts extremely narrow detectable range. 263 

Notably, ΔDIL can hardly detect damages close to the supports; wh൴le ΔRIL and ΔBSIL 264 

can ൴f the sensors are deployed at proper locat൴ons. The complementary character൴st൴cs of ΔDIL, 265 

ΔRIL, and ΔBSIL suggest that the deployment of mult൴ple types of sensors can enlarge the 266 

detectable range and ൴mprove damage detect൴on results. 267 

5 Simply Supported Beam Experiment 268 

A simply supported stainless steel beam was tested in this section to validate the 269 

effectiveness of the various types of IL-based indices. The beam had a total length of 650 mm 270 

(a major span of 600 mm between two supports) and a cross-section of 25 mm × 3 mm. The 271 

beam was equally divided into 65 segments, with each segment 10 mm long. In addition to the 272 

intact beam, a damage scenario was also tested, in which the width of the cross section was 273 

reduced in the 19th segment. 274 

Fig. 14(a) shows the layout of the experimental setup, and Fig. 14(b) shows the 275 

corresponding experimental photographs. The laser displacement sensors (model No. 276 

KEYENCE LK-500) were installed at the 18th, 25th, 33rd, and 48th nodes, which corresponded 277 

to the 1/4, 1/2, and 3/4 positions of the main span. Four strain gauges were placed at the same 278 

locations as the laser displacement sensors, but with an additional one at the 9th node. The dial 279 

gauges (model No. Mitutoyo 543-790) were placed at the 5th and 65th nodes to measure the 280 

displacement and then compute the rotation angle of the supports. A KYOWA data acquisition 281 

system (model No. EDX-100) was used to collect the displacement and strain signals at a 282 

sampling rate of 10 Hz. Due to the page limit, only part of the experimental results is presented 283 

in this paper. 284 

Fig. 15 shows the measured DILs, RILs, and strain ILs at different locations in an intact 285 
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state. Taking the DIL at the 25th node as an example, Fig. 16 shows the DIL change and its first-286 

order finite difference when the single damage was introduced. As aforementioned, a simple 287 

smoothing method was applied to mitigate the noise amplification effect. 288 

Even with the presence of the measurement noise, the ΔDIL and its first-order finite 289 

difference can still satisfactorily locate the damage, which demonstrates the feasibility of using 290 

these IL-based indices for damage localization. Note that the measured DIL results at the 18th, 291 

33rd, and 48th nodes can successfully locate damage as well. However, the noise effect in the 292 

second-order finite difference was too significant, which prevented successful damage 293 

detection in the experimental case. 294 

 295 

(a) Layout of experimental setup. 296 

 297 
(b) Photograph of experimental setup 298 

Fig. 14 Experimental setup of a simply supported beam. 299 
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(a) DILs (b) RILs (c) Strain ILs 

Fig. 15 IL measurement in an intact state of the tested beam. 300 

Similarly, Fig. 17 shows the damage detection result using the ΔRIL-based indices 301 

measured at the left support, which is closer to the damage than the right one. Both ΔRIL and 302 

its first-order finite difference can locate damage fairly well. Fig. 18 shows the detection results 303 

using the strain ILs. Only the strain IL measured in the damaged segment can identify damage, 304 

which confirms the finding that strain IL is not suitable for damage detection in a simply 305 

supported beam (or any statically determinate beam). 306 

These experimental results partially validate the feasibility and effectiveness of using IL 307 

changes (including ΔDIL and ΔRIL) and their corresponding first-order finite difference in 308 

damage identification in a simply supported beam. 309 

 310 

(a) ΔDIL 311 
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 312 

(b) ΔDIL,x 313 

Fig. 16 The damage-induced changes of DIL-based indices measured at the 25th node of the 314 

tested beam. 315 

 316 

(a) ΔRIL 317 

 318 

(b) ΔRIL,x 319 

Fig. 17 The damage-induced changes of RIL-based indices measured at the left support of the 320 

tested beam. 321 
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 322 

Fig. 18 The damage-induced changes of strain IL-based indices in the tested beam. 323 

6 Conclusions 324 

This paper investigates a series of IL-based damage indices, including DIL, RIL, BSIL, 325 

SSIL, and their corresponding first- and second-order finite differences. The intrinsic 326 

relationships among different types of ILs are revealed for the first time to illustrate their 327 

similarities and differences. The normalized sensitivities and detectable ranges of different 328 

types of ILs are evaluated through numerical examples of a simply supported beam and a three-329 

span continuous beam. An experiment on a simply supported beam was performed to validate 330 

the effectiveness of different types of IL-based damage indices. The major results and findings 331 

are summarized as follows: 332 

For the simply supported beam case: 333 

(1) RIL and DIL can be used to detect damage; whereas BSIL and SSIL cannot detect damage 334 

unless the damage occurs at the sensor location. In this regard, RIL and DIL are superior in 335 

terms of their relatively wide detectable range. 336 

(2) The finite differences (first- or second-order) of ΔDIL with respect to the force location can 337 

highlight the damage locations by showing the dramatic changes in the magnitude of the 338 

curves. 339 

(3) Other types of ILs (i.e., ΔRIL, ΔBSIL, and ΔSSIL) can be expressed as partial derivatives 340 

of ΔDIL of different orders with respect to y-direction (sensor location); meanwhile, the 341 

finite differences can be expressed as partial derivatives with respect to x-direction (force 342 

location). This finding reveals the intrinsic relationships between ΔRIL and the first-order 343 

difference of ΔDIL and between ΔBSIL and the second-order difference of ΔDIL. These 344 

results essentially represent the observations of the same surface in different directions, 345 

thereby showing the similarities and differences in the results. 346 

(4) Damage coefficient is theoretically equal to the ratio of ΔDIL,xx (i.e., the second-order 347 

difference of DIL change) to the DIL,xx in the damage state, which provides a useful model-348 
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free method for damage detection in the simply supported beam. 349 

(5) The IL changes (including ΔDIL and ΔRIL) and their first-order finite difference can 350 

successfully locate damage in the experimental case. 351 

For the continuous beam that represents a statically indeterminate bridge: 352 

(1) If the sensor and damage are in the same span, then the damage sensitivity of DIL and RIL 353 

is mainly influenced by the d൴stance between the sensor and damage locat൴ons; ൴f the sensor 354 

൴s ൴nstalled ൴n other spans, the DIL measured at the mid-span and RIL at the support exhibit 355 

relatively great sensitivity.  356 

(2) Considering the redistribution of internal loads, BSIL and SSIL, even when installed at 357 

undamaged locations, exhibit the changes induced by damage. BSIL measured at the 358 

nearest support to the damage has the highest sensitivity. The sensitivity of SSIL depends 359 

on which span the sensor is located in but is independent of the exact position in each span. 360 

(3) Calculating the finite differences of ΔDIL and ΔRIL can enhance damage sensitivity and 361 

highlight damage locations through the sudden changes in the curves. However, such 362 

calculations may also amplify the noise interference. The first-order difference is suggested 363 

in damage detection in consideration of a balance between the sensitivity and noise 364 

interference. Noise filtering operation should be performed when high-order difference is 365 

desirable. 366 

(4) Considering variable damage locations, ΔDIL measured at the middle of each span shows 367 

a relatively wide detectable range; whereas ΔRIL and ΔBSIL measured near the middle 368 

support have larger detectable ranges; ΔSSIL can detect damage that only appears at the 369 

sensor location. These observations suggest different optimal installation locations for 370 

displacement transducers, tiltmeters, and strain gauges in the beam. The complementary 371 

characteristics of various types of ILs also suggest the benefits of deploying multiple types 372 

of sensors for the detection of beam damages. 373 

It needs to be pointed out that this study focused on the analytical revelation based on 374 

simple beam models and ideal data setting. Although a simple test partially verified the findings 375 

in the simply supported beam, systematic experimental studies need to be conducted in the 376 

future to compare different types of ILs in damage detection for more complex structures in the 377 

laboratory and in-situ environments. 378 
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