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Construction of Soil-Water Characteristic Curve of Granular Materials with Toroidal 1 
Model and Artificially Generated Packings 2 

 3 

Abstract The soil-water characteristic curve (SWCC) of granular materials is crucial for many 4 

emerging engineering applications, such as permeable pavement and methane hydrate extraction. 5 

Laboratory determination of the SWCC of granular materials suffers from inaccurate volume 6 

readings by the diffused air bubbles in the hanging column and sudden desaturation at small matric 7 

suction intervals. Theoretical determination of the SWCC of granular materials also suffers from 8 

semi-empirical nature in the prediction from grain size distribution, or from the limitation of 9 

assumed cubic packing or face-centered cubic packing with a toroid meniscus water model. In this 10 

study, real three-dimensional particle packing was first rendered with the discrete element method 11 

using approximation of spheres. Then, the Young-Laplace equation was applied to calculate the 12 

volume of toroidal meniscus water between each pair of spheres, which adds to the water content 13 

in the pendular regime of the SWCC. Additionally, a digitized image algorithm was used to 14 

identify the pore throats and calculate the air entry value and residual matric suction, the 15 

connection of which yields a straight line approximating the funicular regime. The SWCC was 16 

thus constructed. Comparison with laboratory measured SWCCs suggested that although 17 

reasonable agreement was reached in general for glass beads, residual water content was 18 

underestimated especially for non-spherical granular materials. Several possible reasons were 19 

discussed including the existence of patchy water accounting for the major portion of water in the 20 

beginning of pendular regime of granular materials, which was also observed in microscopic 21 

photos through a special desaturation experiment.  22 

Keywords: soil-water characteristic curve, granular materials, packing, toroidal model, discrete 23 

element method. 24 

1   Introduction 25 

The soil-water characteristic curve (SWCC) of granular materials is a crucial property for 26 

many emerging engineering applications, such as permeable pavement, geotechnical structures 27 

made of construction and demolished wastes, ocean methane hydrate extraction, and CO2 28 

imbibition in enhanced oil recovery. Comprising a relationship between matric suction and water 29 
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content, SWCC characterizes the key properties of unsaturated soil and can be used to derive many 30 

mechanical properties including shear strength, stiffness, consolidation, and hydraulic 31 

conductivity (Fredlund et al. 1978; Lu et al. 2009; Lu et al. 2008; Fredlund et al. 2012; Gens 1996; 32 

Sheng and Zhou 2010; Zhang and Lytton 2008). Matric suction 𝛹, originating from meniscus 33 

water (Fredlund and Rahardjo 1993), is the difference of air pressure and pore water pressure (i.e. 34 

𝑢𝑎 − 𝑢𝑤 ). Laboratory determination of SWCC of granular materials often involves a hanging 35 

column. The accuracy of the measured SWCC suffers from diffused air bubbles in the volume 36 

reading in the hanging column and sudden desaturation at small matric suction values. Semi-37 

empirical formulas were also used in predicting the SWCC from grain size distribution (e.g. 38 

Fredlund and Xing 1994; van Genuchten 1980), while the physical meanings of the associated 39 

fitting parameters are mostly unclear.  40 

There are four regimes in the SWCC, namely: (1) saturated regime (saturated with non-41 

negative pore water pressure); (2) capillary regime (saturated with negative pore water pressure); 42 

(3) funicular regime (continuous water and air phases with matric suction > air entry value (AEV)); 43 

and (4) pendular regime (discontinuous water phase and continuous air phase) (Fredlund and 44 

Rahardjo 1993; Fredlund 2006; Mitarai and Nori 2006). In pendular regime, water was perceived 45 

to be mainly in the form of liquid bridges (meniscus toroid) and absorbed films (Leverson and 46 

Lohnes 1995; Mason et al. 1999). The volume of meniscus toroid between a pair of ideal spherical 47 

particles of different sizes under a given matric suction can be described by the Young-Laplace 48 

equation (Fisher 1926; Orr et al. 1975; Lian et al. 1993; Lechman and Lu 2008). By combining the 49 

solution with a certain particle packing, the macroscopic SWCC of granular materials can be 50 

predicted. Two basic types of ideal particle packings, namely simple cubic packing and face-51 

centered packing are often built to simulate the loosest and densest situation respectively (Cho and 52 
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Santamarina 2001; He et al. 2010; Likos and Lu 2004; Cao et al. 2017). However, they fail to 53 

represent an actual packing state. Therefore, actual particle size distribution and porosity were also 54 

taken into consideration in recent mathematical simulations by establishing the distribution of pore 55 

sizes (Likos and Jaafar 2013; Suits et al. 2011; Wan et al. 2018). Gan et al. (2013) adopted a 56 

complicated particle–water discrete element method to investigate the hysteresis of SWCC with 57 

considerations of real particle size distribution and random packing and achieved some reasonable 58 

results. To date, successful and simple construction of SWCC of granular particles by directly 59 

generating a real particle arrangement (e.g. by discrete element method) with definite theoretical 60 

basis is still very limited.  61 

The objective of this study is to propose a new method to predict the SWCC of granular 62 

materials. The following tasks were carried out: (1) Generating a 3D rendition of spherical particles 63 

at realistic porosity to simulate granular materials with discrete element method; (2) Employing 64 

the Young-Laplace equation to calculate the volume of toroidal meniscus water between each pair 65 

of spheres, which adds to the water content in the pendular regime of SWCC; (3) Using a digitized 66 

image algorithm to simulate the connectivity of pores and calculate the air entry value and the 67 

residual matric suction, which define the beginning and the end of the funicular regime. Through 68 

the above steps, SWCC was constructed. Finally, the performance of the proposed SWCC model 69 

was evaluated with comparisons of measured data and microscopic photos.  70 

 71 

2   Theoretical models for construction of SWCC in microscopic scale 72 

2.1   A numerical solution to Young-Laplace equation for the toroidal meniscus 73 

model in the pendular regime 74 
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Although granular materials are usually irregularly shaped, idealized spheres are used to 75 

simulate the particles in this study, which would greatly simplify the calculations. The toroidal 76 

meniscus model (also known as liquid bridge) [Fig.1(a)] is often used to delineate the water phase 77 

between adjacent particles in the pendular regime, usually with the following assumptions: gravity 78 

is neglected, particles are spheres, and water only resides in the meniscus toroid near the contact 79 

between each pair of spheres. The geometrical configuration of the meniscus toroid depends on 80 

surface tension (Ts) and matric suction 𝛹 = (𝑢𝑎 − 𝑢𝑤) [Fig.1 (b)], which is described by the 81 

Young-Laplace equation: 82 

 (𝑢𝑎 − 𝑢𝑤) = 𝑇𝑠 · (
1

𝜌1
+
1

𝜌2
) (1) 

where 𝜌1 and 𝜌2 are the local curvature of the meniscus in orthogonal directions [Fig. 83 

1(b)]. The Young-Laplace equation is a second-order differential equation and its boundary 84 

conditions depend on liquid-solid contact angle, sphere radii and the gap between spheres. Many 85 

of the previous studies used circle approximation to solve the Young-Laplace equation, in which 86 

the curvature radius 𝜌1 is considered constant. This approximation leads to a constant value of 87 

𝜌2, which disagrees with the reality and results in errors especially for spheres with different sizes, 88 

as pointed out by some researchers (Lechman and Lu 2008; Lu et al. 2008). 89 

Consequently, it is important to adopt the exact solution of the Young-Laplace equation in 90 

calculating the configuration of the meniscus toroid. As the meniscus is a rotational surface, Eq.(1) 91 

can be transformed into Eq. (2), under a coordination system established in Fig.1(c): 92 

 
𝛹

𝑇𝑠
= 2𝐻 =

1

𝜌1
+
1

𝜌2
=

𝑟̈

(𝑟̇2 + 1)3/2
−

1

𝑟(𝑟̇2 + 1)1/2
 (2) 

where H represents the mean curvature of the meniscus.  93 
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The boundary conditions can be written as follows: 94 

 

{
  
 

  
 
𝑟|𝑧=𝑧1 = 𝑅1 sin 𝛼1                    (a)

𝑟̇|𝑧=𝑧1 = −
1

tan(𝛼1 + 𝛽)
        (b)

𝑟|𝑧=𝑧2 = 𝑅2 sin 𝛼2                    (c)

𝑟̇|𝑧=𝑧2 =
1

tan(𝛼2 + 𝛽)
            (d)

 (3) 

Given matric suction 𝛹, surface tension 𝑇s, filling angles 𝛼1, 𝛼2 and contact angle 𝛽, the 95 

generatrix between two particles can be solved. However, as the filling angles are unknown, the 96 

analytical solutions are highly complicated and inconvenient to use (Orr et al. 1975). To address 97 

this problem, Lian et al. (1993) proposed a numerical solution for particle pairs with equal sizes 98 

based on the Euler method, which is extended in this study to consider arbitrary radii and inter-99 

particle distance. 100 
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(a) 

 

 

(b) 
 

(c) 

Figure 1. Schematic diagrams of the meniscus toroid model: (a) A 3D diagram; (b) Diagram 101 
of force balance of an area element on the meniscus; (c) A plane-coordinate system for the 102 
numerical solution 103 

In Fig.1(c), (Xi, Yi) describes a series of dense points on the meniscus toroid generatrix. 104 

The values of Yi+1 at the point next to (Xi, Yi) can be approximated by a second-order Taylor series:  105 

 𝑌𝑖+1 = 𝑌𝑖 + 𝛥𝑋 ∙ 𝑌̇𝑖 +
1

2
𝛥𝑋2 ∙ 𝑌̈𝑖 (4) 

where 𝑌̇ =
d𝑌

d𝑋
 and 𝑌̈ =

d2𝑌

d𝑋2
. 106 
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Meanwhile, by making the substitution 𝑄 = 1 + 𝑌̇2 (Lian et al. 1993), Eq. (2) can be 107 

simplified as Eq. (5):  108 

 
d𝑄

d𝑌
−
2𝑄

𝑌
= 4𝐻𝑄3/2 (5) 

where 
d𝑄

d𝑌
=

d𝑄

d𝑋

d𝑋

d𝑌
= 2𝑌̇𝑌̈

1

𝑌̇
= 2𝑌̈.  109 

The solution of Eq. (5) is 
𝑌

𝑄1/2
+ 𝐻𝑌2 = 𝐶, which can be written as Eq. (6): 110 

 𝑌̇𝑖 = ± [
𝑌𝑖
2

(𝐶 − 𝐻𝑌𝑖
2)
2 − 1]

1/2

 (6) 

By rewriting Eq. (5), we have: 111 

 𝑌̈𝑖 =
1 + 𝑌̇𝑖

2

𝑌𝑖
+ 2𝐻 (1 + 𝑌̇𝑖

2
)
3/2

 (7) 

With Eqs. (4), (6) and (7) and boundary conditions (3), the configuration of the generatrix 112 

can be solved point by point. As long as the interval 𝛥𝑋 is sufficiently small, the accuracy of the 113 

solution will be ensured.  114 

As shown in Fig. 1(c), the starting point (X1, Y1) on the generatrix curve is unknown, 115 

depending on the value of filling angle 𝛼1.Therefore, an iteration algorithm based on MATLAB 116 

was developed. This algorithm mainly includes four steps: (1) Set the filling angle at the bigger 117 

sphere as 𝛼1 =
𝜋

2
−𝛽

1000
∙ 𝑘 (k varies from 1 to 1000), and obtain 𝑋1 , 𝑌1 , 𝑌̇1, 𝑌̈1 and C based on 118 

geometric relationships and Eqs. (6)-(7); (2) Use Eq. (4) to extend the generatrix point by point, 119 

until it reaches the other sphere; (3) By looping k from 1 to 1000, different generatrix curves from 120 

different values of 𝛼1 can be obtained; (4) Among these generatrix curves, the only one that best 121 
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fits all the boundary conditions will be selected as the true generatrix for the meniscus toroid 122 

between the two spheres.  123 

With this algorithm, generatrix curve can be obtained with the given 𝛹, 𝑇s, 𝛽, 𝑅1, 𝑅2 124 

and inter-particle gap D. It is worth noting that for non-contacting pairs of particles, there are two 125 

solutions under the same condition (Fig. 2). The generatrix curve with higher volume (i.e. higher 126 

𝛼1) was chosen as the exact solution to the Young-Laplace equation based on the minimum energy 127 

principle (Lian et al. 1993; Gras et al. 2011).  128 

 

 

(a) (b) 

Figure 2. Typical results of the algorithm. (a) The value of ξ approaches zero twice as α1 129 
increases; (b) The positions of two different generatrix solutions plotted in MATLAB as a 130 

result of (a). (𝝃 = |𝒀̇𝐞𝐧𝐝 − 𝐭𝐚𝐧(
𝛑

𝟐
− 𝜷 − 𝜶𝟐)|  is an index in the algorithm to evaluate the 131 

convergence of the solution. The lower ξ is, the better a solution fits the boundary conditions) 132 
After determination of the generatrix curve, toroid volume can be calculated accordingly. 133 

First, the total volume surrounded by meniscus can be expressed as Eq. (8): 134 

 𝑉 =∑𝜋𝑌𝑖
2 𝛥𝑋 (8) 

Within the total volume, the solid part is calculated by the integral:  135 
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𝑉cap1 =

2𝜋

3
𝑅1

3[1 − (cos 𝛼1)
3] − 𝜋𝑅1

3 cos 𝛼1 sin 𝛼1 (9) 

 
𝑉cap2 =

2𝜋

3
𝑅2

3[1 − (cos 𝛼2)
3] − 𝜋𝑅2

3 cos 𝛼2 sin 𝛼2 (10) 

And the meniscus toroid volume is: 136 

 𝑉𝑤 = 𝑉 − 𝑉𝑐𝑎𝑝1 − 𝑉𝑐𝑎𝑝2 (11) 

The results calculated by this method were almost identical to the data given in Lechman 137 

and Lu (2008) (Fig. 3), which was also verified by the tables provided by Orr et al. (1975). 138 

 

Figure 3. Verification of the numerical solution in this study using the analytical solution in 139 

Lechman and Lu (2008), in which  is the contact angle, R is the radius of the spheres and 140 
V is the volume of the water 141 

 142 

2.2   Influencing factors of the toroidal meniscus 143 

0.0001

0.001

0.01

0.1

1

0.01 0.1 1 10 100
ψR/Ts

V/R3

β=0 (Numerical)

β=π/6 (Numerical)
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The influence of particle size, matric suction, contact angle and inter-particle gap on water 144 

content of an unsaturated system was investigated using the abovementioned method, as shown in 145 

Figs. 4-6.  146 

Fig. 4 shows different water-matric suction curves of three pairs of particles with different 147 

particle sizes. It is indicated that particle pairs with larger or unequal sizes tend to have lower 148 

values of Vw/Vsphere. This suggests that coarser and better-graded granular materials will have lower 149 

water content with the same matric suction.  150 

 

Figure 4. Influence of particle size on the water retention curves of a pair of spheres 151 
(surface tension Ts=0.0731 N/m, contact angle β=0°, inter-particle gap D=R1/2) 152 
 153 

Fig. 5 shows that for a pair of spheres with 0.1mm diameter, the shape of SWCC is 154 

dependent on the values of inter-particle gap D. On general, particles with larger D will have lower 155 

water content under the same matric suction. However, when D is very close to zero, the increase 156 

of D will cause the SWCC to move up slightly at the lower suction stage. Computation results also 157 

show that when D is larger than 0.02mm, no water bridge can be formed between the two particles, 158 

indicating the existence of a limit of D for the formation of meniscus toroid.  159 

0

0.01

0.02

0.03

0.04

0.05

0.06

0.1 1 10 100
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Matric suction ψ (kPa)
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R1=0.1mm,R2=0.05mm

R1=0.05mmR2=0.05mm
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Figure 5. Influence of inter-particle gap on the water retention curves of a pair of spheres 160 
(Ts=0.0731N/m, R1=R2=0.1mm, β=38.1°) 161 

 162 

Fig. 6 shows that increasing contact angle results in lower water volume at the level of 163 

matric suction. This effect is one of the possible explanations to the hysteresis phenomenon of 164 

SWCCs during drying and wetting processes in the pendular regime, as the contact angle might be 165 

different in the two processes (Likos and Lu 2004; Gan et al. 2013).  166 

 

Figure 6. Influence of contact angle on the water retention curves of a pair of spheres 167 
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(Ts=0.0731N/m， R1=R2=0.1mm，D=0.005mm) 168 

 169 

 170 

2.3   The microscopic model for the funicular regime 171 

The toroidal meniscus model is only applicable for the pendular regime after the residual 172 

water content. At the funicular stage, many pores in the granular material are still filled with water. 173 

The water can flow in the channels formed by a series of pores, which are usually termed pore 174 

throats. A pore throat will transform from saturated to unsaturated state when its pore water shrinks 175 

into rings or films after the matric suction increases to a certain value (i.e. snap-off effect) (Likos 176 

and Jaafar 2013). The snap-off suction for an idealistic cylindrical throat can be calculated by Eq. 177 

12 based on Young-Laplace equation:   178 

 
𝜓s =

2𝑇𝑠 cos 𝛽

𝑟
 (12) 

where 𝜓s is the snap-off suction and r is the radius of the throat. In granular materials, the 179 

size of pore throats is not uniform, which causes different values of 𝜓s. In this study, the minimum 180 

𝜓s is used as the lower bound of suction (i.e. air entry value, AEV) in funicular regime, as the 181 

water begins to flow out from the largest pore throat. Meanwhile, the maximum 𝜓s defines the 182 

upper bound of suction (i.e. residual suction) in funicular regime, as all pore throats will be 183 

unsaturated under this suction value. A straight line was drawn between AEV and residual suction 184 

to simulate the funicular regime. 185 

In random packing models, it is hard, if possible, to simulate the equivalent radius r and 186 

calculate snap-off suction of each three-dimensional pore throat. A simplified process was 187 

therefore adopted to determine the snap-off suction of the pore throats within a porous model 188 
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consisting of randomly packed particles, the details of which will be presented in the subsequent 189 

section. 190 

 191 

3   Simulations of SWCC based on real particle packing 192 

3.1   3D rendition of particle packing with the discrete element method 193 

Packings of several granular material samples reported in the literature (Manahiloh and 194 

Meehan 2015; Cao et al. 2017; Jaafar and Likos 2011) were reconstructed with Particle Flow Code 195 

(PFC) 3D 5.0 (Itasca 2016). The original porosity (n), D50 and grain size distribution are shown in 196 

Table 1 and Fig. 7. 197 

Table 1: Measured parameters of granular materials 198 

 199 

Materials Porosity n D50 (mm) Sources 

Ottawa 20-30 sand 0.417 0.70 Cao et al. 2017 

Ottawa 50-70 sand 0.447 0.23 Cao et al. 2017 

0.25-0.60 mm glass beads 0.286 0.60 Manahiloh and Meehan 2015 

0.25-0.30 mm glass beads 0.375 0.25 Jaafar and Likos 2011 
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 200 

Figure 7. Grain size distribution of four granular material samples used in the experiments 201 
and the simulated results by DEM 202 
 203 

In the PFC model, granular particles are approximated to be spheres with different radii 204 

and distributed randomly in a box under the effect of gravity. Moreover, the Hertz contact model 205 

with the approximation theory of Mindlin and Deresiewicz (1953) was employed in this study. 206 

Shear modular G and Poisson’s Ratio 𝜈 are the two most important parameters, which were set 207 

as 30 GPa and 0.2, respectively. It was found after the trial and error process that with friction 208 

coefficient 𝜇 = 0.1, particle overlap can be effectively reduced for glass beads. However, for 209 

Ottawa sands with higher porosity, 0.1 was too small to build the models, and therefore 0.5 was 210 

used for Ottawa sands. The built PFC model for each type of granular material contained around 211 

4000 to 10000 spheres, distributed in four cubic boxes. It should be noted that the numerical model 212 

represents a small soil element instead of the whole soil mass. The parameters of the DEM models 213 

are listed in Table 2 and a sample of simulated granular material is shown in Fig. 8. The particle 214 

distribution curves of models in PFC are very close to the input ones, as shown in Fig. 7. 215 

Table 2. Parameters of samples in DEM models 216 

0%
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50%

60%

70%

80%

90%

100%

0.11

Percent Passing

Grain Size (mm)

Ottawa 20-30 Sand

Ottawa 50-70 Sand

0.25-0.60 glass beads
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(DEM)
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Materials Porosity n 
Coordination  

Number 

Friction 

coefficient μ 

Other 

parameters 

Ottawa 20-30 sand 0.417 4.68 

0.5 

G=30 GPa 

𝜐=0.2 

ρ=2600 kg/m3 

Ottawa 50-70 sand 0.447 5.08 

0.25-0.60 glass 

beads 
0.286 6.55 

0.1 

0.25-0.30 glass 

beads 
0.375 5.61 

 217 

Figure 8. The numerical model of a typical granular material built in PFC3D 218 
 219 

3.2   Construction of SWCC in the pendular regime 220 

The above sections yielded: (1) a meniscus toroid model with accurate numerical solution, 221 

which provides a relationship between the meniscus water volume and matric suction at the contact 222 

of two spherical particles; and (2) the real packing model of a macroscopic sample consisting of 223 

graded spheres, which was rendered with discrete element method at a measured porosity. 224 

Combining the above two results, the total meniscus water volume of this sample at a given matric 225 



17 

 

suction which was assumed to be homogeneous within the element (Gras et al. 2011), can be 226 

calculated by summing up the volumes of meniscus water between each possible pair of adjacent 227 

particles. Thus, the SWCC in the pendular regime can be obtained.  228 

Water content can be converted to degree of saturation (S) by Eq. 12: 229 

 𝑆 = 𝑉water/ (𝑉solid ∙
𝑛

(1 − 𝑛)
) (13) 

3.3   Construction of SWCC in the funicular regime 230 

A digitized image algorithm was developed on MATLAB to determine the shapes of 231 

connected pore throats and to calculate snap-off matric suctions, as elaborated as follows. Firstly, 232 

slice the model parallelly into a number of layers along vertical direction, and obtain a binary 233 

image for each layer, as shown in Fig. 9. Secondly, identify all independent two-dimensional pores 234 

for each layer after smoothing and filtering the images. The snap-off matric suction for each two-235 

dimensional pore is calculated by: 236 

 
𝜓s
𝑖,𝑘 =

𝑇𝑠𝐶 cos 𝛽

𝐴
, 𝑘, 𝑖 = 1,2, … (14) 

in which A represents the area of the pore, C is the perimeter, i is the pore ID and k is the layer ID. 237 

Thirdly, assuming the drainage direction is from the bottom to the top boundary, all 2-D pores at 238 

different layers can be connected from the bottom to the top via the overlaps and categorized into 239 

a certain number of connected pore throat “trees” in the three-dimensional space. For each 240 

connected 3-D pore throat, the snap-off matric suction (𝜓s
𝑖) is controlled by its maximum value 241 

within the whole pore throat (𝜓s
𝑖 = max{𝜓s

𝑖,𝑘} , 𝑘 = 1,2, …). The lower bound of 𝜓s
𝑖 is the air 242 

entry value (AEV) [Eq. (15)], at which the sample begins to desaturate. The upper bound of 𝜓s
𝑖 243 
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corresponds to residual suction (𝜓𝑟) [Eq. (16)] at residual water content, which is the boundary 244 

between the funicular and pendular regime, where theoretically there is no saturated pores.  245 

 𝐴𝐸𝑉 = min{𝜓s
𝑖} , 𝑖 = 1,2, … (15) 

 𝜓𝑟 = max{𝜓s
𝑖} , 𝑖 = 1,2, … (16) 

The degree of saturation at AEV is 100%, and the residual saturation degree is calculated 246 

by Young-Laplace equation used in the pendular regime. Finally, the SWCC between the two limits 247 

is drawn as a straight-line segment to represent the funicular regime, which is a close 248 

approximation for coarse-granular materials as the major desaturation process does occur within a 249 

very small matric suction range. Thus, the SWCC involving the capillary, funicular, and pendular 250 

regimes has been constructed for a granular material sample. 251 

 252 

 

  

(a) Top layer (a) Middle layer (c) Bottom layer 

Figure 9. Horizontal cross-sections of the 3-D connected pore throats after smoothing, in 253 
which the white regions represent the pores and the black regions represent the particles 254 
(0.25-0.30mm glass beads) 255 

 256 

3.4   Results  257 
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Calculated soil water characteristic curves (SWCCs) with the above methods for four 258 

granular materials in drying process are shown in Fig. 10. Three features can be identified: (1) 259 

Predicted air entry values and residual matric suctions for the four materials were close to 260 

measured results; (2) Predicted SWCCs in the funicular regime, i.e. a straight-line segment, were 261 

similar to the measured curves, which were also close to linear. The exception is that the measured 262 

residual degree of saturation of Ottawa 20-30 and 50-70 sands tends to be higher than the predicted 263 

values; (3) In the pendular regime, the simulated SWCCs of glass beads agree well with the 264 

measured ones, except for very few points where the simulated values were slightly lower. The 265 

predicted degree of saturation for both Ottawa 20-30 and 50-70 sands, however, is only a fraction 266 

of the measured ones. This phenomenon in the pendular regime is similar to results obtained in 267 

previous studies (Likos and Lu 2004; Gras et al. 2011; Suits et al. 2011; Likos and Jaafar 2013).  268 

The results by this study are also compared with calculations done by other researchers in 269 

the literatures, which demonstrated the strengths of the proposed method. In Fig.10 (a), the 270 

calculated SWCC for glass beads captures fits much better at lower saturation than the curve 271 

simulated by Jaafar and Likos (2011) using interpolation of idealized packings, while 272 

overestimates the suction a bit in funicular regime. For glass beads in Figure.10 (b), the authors 273 

did not present any simulation method or results. In Figs.10 (c) and (d), the computed curves in 274 

this study approximately fall between the upper bounds and lower bounds by Cao et al. (2018), in 275 

which ideal packings and circle approximation for meniscus toroid were adopted. The proposed 276 

method generally reduced the error in constructions of SWCCs compared to these cited literatures.  277 
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(a) 0.25-0.30 mm glass beads 

 278 

 

(b) 0.25-0.60 mm glass beads 
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(c) Ottawa 20-30 sand 

 280 

 

(d) Ottawa 50-70 sand 

Figure 10. SWCCs of Ottawa sands and glass beads, in which the solid lines represent the 281 
simulated results and the separated points represent the measured data in literatures 282 
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 283 
 284 

3.5   Modelling of hysteresis of SWCC in drying and wetting process 285 

Hysteresis phenomenon in drying and wetting is one of the major features of SWCCs for 286 

granular materials (Kido et al. 2020; Li et al. 2019; Wen et al. 2020). There are different hypotheses 287 

on the hysteresis behaviours of SWCCs, including the ink-bottle effect, which is dominant in high 288 

saturation, and the hysteresis of contact angles in drying and wetting process (Likos and Lu 2004; 289 

Likos and Jaafar 2013). The ink-bottle is formed in a pore structure with linkage between sections 290 

with different diameters. During the drying process, the pore will become desaturate under a higher 291 

snap-off suction value, which is controlled by the smaller section at the “bottle neck”. During the 292 

wetting process, in contrast, the pore will be saturated under a smaller snap-off suction controlled 293 

by the larger section at the body of bottle. Besides, contact angles in wetting process are usually 294 

larger than that in drying process. It is revealed in Fig.3 that higher contact angle will generate 295 

smaller degree of saturation under the same suction for meniscus toroid.  296 

Based on these two mechanisms, the hysteresis of SWCC can be modelled by the following 297 

procedures. First of all, modifications can be made on the calculations of funicular regimes 298 

presented in Section 3.3 to consider the ink-bottle effect. During the wetting process, the snap-off 299 

matric suction (𝜓s
𝑖) for the 3-D pore throat should be controlled by its minimum value within the 300 

whole pore throat (i.e. 𝜓s
𝑖 = min{𝜓s

𝑖,𝑘} , 𝑘 = 1,2, …), instead of the maximum value. Secondly, a 301 

larger value of contact angle should be selected for the wetting process, which is usually between 302 

60 to 80 degree (Likos and Lu 2004). Following the above two procedures, the SWCC in wetting 303 

process can be simulated.  304 

Fig. 11 shows the results for modelling the hysteresis of SWCC for glass beads 0.25-060 305 

with comparisons to measured data by Manahiloh and Meehan (2015). The contact angle used for 306 
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the wetting process is 60 degree. In general, the computed curves fit well with measured ones. For 307 

the wetting process, the results for funicular regime seems better, while the computed residual 308 

saturation is a bit lower than the measured value. The degree of saturation near AEV is assumed 309 

as 100%, which is however overestimated. According to the results of experiments by Manahiloh 310 

and Meehan (2015) and many other researchers, the degree of saturation at AEV is usually smaller 311 

than 100% in wetting process. To properly address this issue, further improvements on the current 312 

method are to be conducted. 313 

 

Figure 11. SWCCs of glass beads 0.25-0.60 in drying and wetting process, in which the solid 314 
lines represent the simulated results and the separated points represent the measured data 315 
in literatures 316 
 317 

 318 

4   Examination by microscopic photos and discussions  319 

4.1   Microscopic photos of water distribution in an unsaturated granular material 320 

To reveal the distribution of water and air in granular materials, a microscopic photography 321 

experiment was conducted on unsaturated glass beads. Small glass beads with diameters of 0.4-322 
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0.6mm were fixed inside a transparent acrylic plate frame and immerged in water before testing. 323 

Then the frame was lift above the water level and an unsaturated zone was formed in the glass 324 

beads. Due to the capillary effect, the saturation degree inside the material varied with distance 325 

from the water level. An industrial camera with magnification lenses was used to take photos of 326 

the glass beads and the water therein.  327 

Fig. 12 shows three microscopic photos of the glass beads at different height. Where the 328 

saturation degree is low, there exists only meniscus toroid [Fig. 12(a)]. However, a high portion of 329 

continuous or patchy water inside the pores can be observed where the degree of saturation is high 330 

[Fig. 12(b) and (c)]. According to the definition in the previous section, Fig. 12(a) belongs to the 331 

pendular regime while (b) and (c) correspond to the funicular regime. The transformation of water 332 

phase from saturated state to unsaturated state in (c) and then (a) was considered as the dominant 333 

mechanism of the funicular regime in the calculations in this study.  334 

 335 

(a) (b) (c) 

Figure 12. Microscopic images of (a) toroid water, (b) patchy water, and (c) complicated 336 
patterns of air phase, including air pocket, air bubbles in water, and air bubbles in-between 337 
solid-liquid interfaces 338 
 339 
4.2   Limitations of the proposed method 340 

The proposed method is developed based on the micro mechanism of water retention, 341 

however, with a series of simplification and assumptions, as revealed in the previous sections. The 342 
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SWCCs of granular materials predicted with DEM rendition in this study were reasonable for 343 

spherical particles (0.25-0.30 mm and 0.25-0.60 mm glass beads), but less reasonable for non-344 

spherical particles (Ottawa 20-30 and 50-70 sands), especially in the pendular regime. There are 345 

several reasons contributing to this result, as elaborated in the following paragraphs. 346 

(1) In our method, only capillarity effect is considered in this study. Although meniscus 347 

toroid and patchy water are the major forms of fluid in the images in Figure 11 for glass 348 

beads, it is strongly indicated in some previous studies that adsorbed water exists in 349 

granular soils (Leverson and Lohnes 1995; Mason et al. 1999). The calculations for 350 

adsorbed water have been addressed by different approaches, such as Monte Carlo 351 

method in recent studies by Zeidman et al. (2016). Discussions on the effect of 352 

adsorption and its dependency on materials properties is necessary in further studies to 353 

involve the adsorbed water in construction of SWCCs.  354 

(2) In the pendular regime, only meniscus toroid water at the particle contacts was 355 

considered in the calculation [Fig. 12(a)] and all pore throats were assumed unsaturated 356 

(i.e. no patchy water). However, patchy water was observed to be possibly the major 357 

water component near the residual water content [Fig. 12(b)], which is discontinuous 358 

and cannot be properly simulated by the method in 3.3. In particular, for granular 359 

materials with apparent surface roughness or angularity (e.g. Ottawa sand), there will 360 

be some smaller pores that cannot be obtained with smooth spheres in the DEM model. 361 

According to Eq. (12), smaller pores have higher snap-off suction values to lose water 362 

and could be still saturated in the pendular regime. Likos and Jaafar (2013) studied pore 363 

water distribution for F-75 sand and postulated that full pores still play a non-ignorable 364 
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role in the pendular regime. This could be the major reason why the saturation degree 365 

of measured SWCCs was higher than the simulated ones after the residual suction.  366 

(3) High air entry value ceramic disk based experimental methods (pressure plates, Tempe 367 

cell, Fredlund SWCC device) suffer from irreducible saturation at high matric suction 368 

due to significantly low hydraulic conductivity in the pendular regime (Likos and Jaafar 369 

2013), which leads to rather long equilibrium time (Gee et al. 2002). Indeed, lacking 370 

the flow channel for draining this “isolated” water might be another reason for the high 371 

measured degree of saturation in the pendular regime measured by this method.  372 

(4) Spherical particles were adopted in the presented DEM models for simplicity, which 373 

are different from the tested Ottawa sand. Such approximation might have changed the 374 

contact numbers, pore sizes and boundary conditions at particle surfaces, and result in 375 

errors in calculating water content within the particle packings. Therefore, SWCCs for 376 

glass beads with regular shapes and smooth surfaces generally perform better compared 377 

to those for Ottawa sand. 378 

(5) The method is currently developed coarse granular materials, assuming that both 379 

particle geometry and packing remain unchanged during the drying or wetting process. 380 

For other materials, such as bentonite soils (Ni et al. 2020) with swelling behaviour, 381 

the effect of water on the micro behaviours of particles is more complicated. Adsorbed 382 

water and meniscus water at pore throats and inter-particle contacts should be analyzed 383 

with considerations of the evolutions of particle shape and porosity.  384 

Other possible reasons for the differences between simulated and measured SWCCs 385 

include the values of contact angle and other complicated patterns of air phase, such as air pocket, 386 

air bubbles in water, and air bubbles in-between solid-liquid interfaces [Fig. 12(c)].  387 
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5   Conclusions 388 

The study proposed a new algorithm, which combines microscopic mechanism and discrete 389 

element rendition of the real packing of four granular materials to simulate their SWCCs. Packing 390 

models of four granular materials (glass beads and Ottawa sands) reported previously were 391 

reconstructed with Particle Flow Code (PFC). An improved numerical solution to the Young-392 

Laplace equation, which, by adopting an iteration algorithm to directly reveals the generatrix of 393 

the meniscus water, was used to calculate the volume of meniscus water between two adjacent 394 

spheres. Upscaling of this improved numerical solution by summing up all the volumes of 395 

meniscus water between pairs of adjacent spheres in the packing model rendered by PFC yields 396 

the SWCC of the pendular regime. To determine the funicular regime of SWCC, an innovative 397 

digitized image algorithm is proposed to obtain the information of connected pore throats in the 398 

soil sample. By calculating snap-off suction for these pore throats, the upper and lower bounds for 399 

the funicular regime of SWCCs can be determined. The proposed method is also extended to model 400 

the hysteresis of SWCCs in drying and wetting process.  401 

The simulated SWCCs agree well with the measured ones in general, especially for the 402 

AEVs and residual suctions. SWCCs in the pendular regime for glass beads agree better with the 403 

measured ones than those for Ottawa sands. Observation of the water distribution pattern with a 404 

microscope reveals that patchy water, instead of toroid water, may be the major form of water for 405 

fine-grained granular materials. Not considering the adsorbed water and patchy water in the 406 

pendular regime is postulated to be the most important factor for the difference. Other possible 407 

reasons were also mentioned in this study, including limitations of experimental methods, irregular 408 

shapes of natural granular materials, contact angle, etc. 409 

Based on the current work, further studies can be conducted to involve patching water, 410 
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adsorbed water films, irregularly shaped particles in DEM as well as finer irregular particles, such 411 

as clayey soils (Ni et al. 2020). In addition, shear strength of unsaturated soils is affected by matric 412 

suction since the normal stress and cohesion will be influenced by meniscus (Zhai et al. 2019). 413 

Based on the framework of this study, analysis of shear strength for unsaturated soils can be 414 

introduced, by quantifying the effect of surface tension at the meniscus of pore throats and inter-415 

article contacts.  416 

 417 
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