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Abstract: Fiber-reinforced polymer (FRP) strengthened steel beams may experience 31 

significant temperature variation during their service life. Because of the different 32 

coefficients of thermal expansion (CTEs) of FRP and steel materials, thermal stresses 33 

can be generated by temperature variation at the FRP-to-steel interface and 34 

consequently influence the plate-end debonding mechanism. Therefore, an accurate 35 

prediction of the debonding failure of FRP-strengthened steel beams under combined 36 

mechanical and thermal loading is of great importance for the strengthening design. 37 

This paper proposes a closed-form analytical solution based on a coupled mixed-mode 38 

cohesive zone model (CZM) (i.e., with the consideration of Mode-I and Mode-II 39 

mixity), to analyze the effect of thermal stress on the debonding failure of FRP-40 

strengthened steel beams. An excellent agreement has been achieved between the 41 

analytical solution and the finite element (FE) modeling in terms of interfacial full-42 

range debonding behavior. Further parametric studies were conducted and indicated 43 

that the thermal stresses induced by elevated temperatures tend to reduce the plate-end 44 

debonding load and such effect becomes more significant when a thicker FRP plate is 45 

adopted. 46 

Keywords：Fiber-reinforced polymer; steel beam; thermal effect; plate-end debonding; 47 

coupled mixed-mode analysis; cohesive zone model (CZM) 48 
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Nomenclature 50 

𝑎𝑎 distance between the FRP plate end and the support 

𝐴𝐴1,𝐴𝐴2 sectional area of the steel beam and FRP plate 

𝑏𝑏1, 𝑏𝑏2 width of the steel beam and bonded FRP plate 

𝑑𝑑 single scalar damage variable in the coupled mixed-mode cohesive 

zone modeling (CZM) 

𝐸𝐸1,𝐸𝐸2 elastic modulus of the steel beam and FRP plate 

𝐹𝐹 applied mechanical loading 

𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠 mechanical loading at onset of softening 

𝐺𝐺𝐼𝐼 ,𝐺𝐺𝐼𝐼𝐼𝐼 interfacial fracture energy in normal and shear directions, respectively, 

under mixed-mode loading 

𝐺𝐺𝐼𝐼𝐼𝐼 ,𝐺𝐺𝐼𝐼𝐼𝐼𝐼𝐼 critical interfacial fracture energy in normal and shear direction, 

respectively, under single mode loading  

𝐾𝐾𝑇𝑇 ,𝐾𝐾𝑁𝑁 interfacial shear and normal stiffness, respectively 

𝐾𝐾𝑇𝑇
′,𝐾𝐾𝑁𝑁

′ slope of the softening branch in shear and normal direction, 

respectively. 

𝐾𝐾𝑇𝑇𝑇𝑇
′ ,𝐾𝐾𝑁𝑁𝑁𝑁

′  slope of the softening branch in shear and normal direction in mixed-

mode analysis. 

𝐾𝐾𝑇𝑇,𝑒𝑒𝑒𝑒𝑒𝑒
′  slope of the softening branch of the ‘effective tangential CZ law’ in 

mixed-mode analysis 

𝑀𝑀𝑇𝑇 bending moment acting on the FRP-strengthened steel beam 

𝑀𝑀1,𝑀𝑀2 bending moment applied on the steel beam and FRP plate, respectively 

𝑁𝑁1,𝑁𝑁2 axial force applied on the steel beam and FRP plate, respectively 

∆𝑇𝑇 temperature variation 

𝑙𝑙 half length of the FRP plate  

𝑅𝑅 ratio of the bending stiffness between two adhrends 

𝑡𝑡𝑎𝑎 thickness of the adhesive layer 

𝐼𝐼1, 𝐼𝐼2 second moment of inertia of the steel beam and FRP plate, 

respectively. 

𝑉𝑉𝑇𝑇 shear force acting on the FRP-strengthened beam 

𝑢𝑢1,𝑢𝑢2 axial deformation at the tension soffit of the steel beam and top of the 

FRP plate, respectively 

𝑉𝑉1,𝑉𝑉2 shear force applied on steel beam and FRP plate 
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𝑥𝑥 distance from end of the FRP plate 

𝑥̅𝑥 length of the softening region in E-S stage 

𝑦𝑦1 distance between the neutral axis to the tension soffit of the steel beam 

𝑦𝑦2 distance between the neutral axis to the top of the FRP plate 

𝛼𝛼 principle value of power in the mixed-mode fracture criterion 

𝛼𝛼1,𝛼𝛼2 thermal expansion ratio of the steel beam and FRP plate, respectively 

𝛾𝛾 displacement-based mode-mixity ratio 

𝛾𝛾𝑒𝑒 , 𝛾𝛾𝑒𝑒𝑒𝑒 , 𝛾𝛾𝑑𝑑𝑑𝑑𝑑𝑑 mode-mixity ratio in elastic stage, elastic-softening stage and 

debonding load, respectively 

𝛿𝛿𝑡𝑡 , 𝛿𝛿𝑛𝑛 relative displacement in shear (interfacial slip) and normal direction 

(interfacial separation), respectively 

𝛿𝛿𝑡𝑡0, 𝛿𝛿𝑛𝑛0 interfacial slip and separation at peak stress, respectively 

𝛿𝛿𝑡𝑡
𝑓𝑓 , 𝛿𝛿𝑛𝑛

𝑓𝑓 interfacial slip and separation at debonding, respectively, in single 

mode analysis 

𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒 distribution of interfacial slip in elastic-softening stage 

𝛿𝛿𝑚𝑚 interfacial mixed-mode relative displacement  

𝛿𝛿𝑚𝑚0 , 𝛿𝛿𝑚𝑚
𝑓𝑓  interfacial mixed-mode deformation at peak stress and debonding 

𝛿𝛿𝑡𝑡𝑡𝑡0 , 𝛿𝛿𝑡𝑡𝑡𝑡
𝑓𝑓  interfacial slip at onset of softening and debonding, respectively, in 

mixed-mode analysis 

𝛿𝛿𝑛𝑛𝑛𝑛0 , 𝛿𝛿𝑛𝑛𝑛𝑛
𝑓𝑓  interfacial separation at onset of softening and debonding, 

respectively, in mixed-mode analysis 

𝜀𝜀1, 𝜀𝜀2 axial train at tension soffit of the steel beam and the top of the FRP 

plate, respectively 

𝜈𝜈1, 𝜈𝜈2 vertical displacement at tension soffit of the steel beam and top of the 

FRP plate, respectively 

𝜎𝜎 interfacial normal stress 

𝜎𝜎𝑒𝑒 interfacial normal stress in elastic stage 

𝜎𝜎𝑝𝑝 peak normal stress 

𝜎𝜎𝑝𝑝𝑝𝑝 peak normal stress at onset of softening in mixed-mode analysis 

𝜏𝜏 interfacial shear stress 

𝜏𝜏𝑒𝑒 interfacial shear stress in elastic stage 

𝜏𝜏𝑝𝑝 peak shear stress 

𝜏𝜏𝑝𝑝𝑝𝑝 peak shear stress at softening initiation in mixed-mode analysis 

𝜏𝜏𝑝𝑝,𝑒𝑒𝑒𝑒𝑒𝑒 peak shear stress of the ‘effective tangential CZ law’ in mixed-mode 
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analysis 

𝜑𝜑𝑇𝑇 ,𝜑𝜑𝑁𝑁 amplification coefficient of distributions of interfacial slip and 

separation, respectively, in coupled mixed-mode analysis 

 51 

 52 

  53 
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Introduction 54 

FRP composites have gained popularity in strengthening and retrofitting existing steel 55 

structures due to their many advantages such as the high strength-to-weight ratio, 56 

excellent durability performance and easy installation [1]. Existing research has shown 57 

that the flexural capacity of externally bonded (EB) FRP-strengthened steel beams can 58 

be significantly improved [2-6]. The performance of an FRP-strengthened steel beam 59 

is largely determined by the effectiveness of stress transfer between the steel beam and 60 

the FRP plate. The dominant failure mode is the plate-end debonding [2, 6-9], in which 61 

an interfacial crack initiates at the plate end and develops rapidly until the full 62 

debonding of the FRP plate. The plate-end debonding is generally attributed to the high 63 

interfacial stress concentration in both the mode-II (i.e., tangential or shear) and mode-64 

I (i.e., normal) directions of the interface. Therefore, an accurate prediction on the bond 65 

behavior of FRP-strengthened steel beam is of great importance in determining its 66 

strengthening performance. 67 

Due to the seasonal and diurnal temperature change, the service temperature of an FRP-68 

strengthened steel beam could be changed from the installation temperature of FRP (i.e., 69 

the temperature at which the FRP is bonded to the steel). Such temperature change 70 

could lead to the thermal stress at the FRP-to-steel interface and consequently 71 

significantly affect the interfacial behavior and failure of FRP-strengthened steel beam. 72 

The thermal effect on the performance of FRP-strengthened steel beam was 73 

experimentally tested in previous studies at elevated temperatures [10-12] and 74 

decreased temperatures [13]. The test results showed that, when the strengthened beam 75 

fails in plate-end debonding, both the interfacial stress distributions and debonding load 76 

change as temperature varies. The effect of temperature variation can be considered 77 

from two aspects: 1) the temperature-dependent properties of the adhesive layer [14-78 

16]; 2) the thermally induced interfacial stress [17, 18]. Specifically, as most of 79 

structural adhesives are ambient temperature cured ones, the mechanical properties of 80 

the adhesive layers are likely to be affected as the service temperature changes, 81 

especially when the temperature is close to or exceeds the glass transition temperature 82 

of the adhesive. As such, the bond behavior between the FRP and the substrate steel, 83 

including the interfacial stiffness, interfacial peak bond stress and interfacial fracture 84 
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energy, could be deteriorated at elevated temperatures [15, 16, 19-26]. Meanwhile, the 85 

interfacial thermal stresses can be generated because of the discrepancy in coefficients 86 

of thermal expansions of steel and FRP materials. Depending on the direction of the 87 

initial thermal stress, the temperature variation could affect the bond strength between 88 

the FRP plate and steel substrate in different ways [17, 18, 27-29].  89 

The thermal stress effect on the distributions of interfacial stresses in both longitudinal 90 

and normal directions to the FRP-to-steel interface in FRP-strengthened steel beams 91 

have been analyzed by closed-form solutions proposed by Deng et al. [30] and Stratford 92 

and Cadei [31], which was based on linear elastic assumption for the bond-93 

slip/separation laws, i.e., the interfacial stresses are linearly proportional to the 94 

deformation of the adhesive layer. According to these analyses, the magnitude of 95 

interfacial stresses at both normal and shear directions generated by thermal loading 96 

was found to be comparable to that generated by mechanical loading. The plate-end 97 

debonding load of FRP-strengthened beam can be approximated by comparing the 98 

maximum interfacial normal and shear stresses with the corresponding tensile and shear 99 

strengths of the adhesive layer [30, 32]. However, such stress-based criterion may lead 100 

to underestimation of the plate-end debonding load due to the significant softening 101 

behavior of the interface, by which the interfacial fracture energy instead of the 102 

adhesive strength is a more dominant factor [1, 33-35]. 103 

To overcome the shortcomings of stress-based approach, cohesive zone model (CZM) 104 

has been adopted to analyze the interfacial behaviors of FRP-bonded concrete/steel 105 

joints [36] and FRP-strengthened concrete/steel beams [37, 38] subjected to mechanical 106 

loading only. In these models, the interfacial debonding is assumed to occur when the 107 

critical interfacial energy release rate is reached. Based on the cohesive zone model, 108 

some analytical solutions have been proposed to consider the effect of combined 109 

mechanical and thermal loading on the full-range bond behaviors of FRP-bonded steel 110 

joints [17, 18, 27, 29, 39] and curved FRP-concrete joints [28]. For FRP-bonded joints 111 

subjected to mode-II loading, it has been shown that the initial thermal stress induced 112 

by elevated temperatures improves the bond strength significantly. Similar 113 

enhancement in the intermediate crack-induced (IC) debonding load has also been 114 

observed in the FRP-retrofitted steel beam with precast notch at middle span [40]. In 115 

contrast, in FRP-strengthened steel beams, Guo et al. [41] found that the thermal stress 116 
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induced by elevated temperature leads to reduced plate-end debonding load based on 117 

the assumption that the FRP-to-steel interface is subjected to Mode-II loading only. In 118 

reality, the Mode-I stress in the normal direction of the interface may have a comparable 119 

magnitude as that in the shear direction (i.e., Mode-II loading) in FRP-strengthened 120 

steel beams [30]. 121 

The coupled mixed-mode cohesive zone model, which considers the interaction of both 122 

mode-I and mode-II stresses on the onset of plate-end debonding was presented by 123 

Camanho et al. [42]. Since then, three typical criteria governing the interface failure, 124 

including quadratic failure criterion [43], power law criterion [44], and B-K criterion 125 

[45] were often adopted in analyzing the interfacial behaviors and predicting the 126 

debonding loads of FRP-strengthened steel beams in FE modeling [6, 46-48]. In 127 

addition, based on coupled mixed-mode CZM, De Lorenzis et al. [49] developed 128 

closed-form analytical solutions to predict the interfacial behavior of an FRP-129 

strengthened steel beam under mechanical loading only, in which the quadratic failure 130 

criterion and power law criterion were utilized in predicting the onset of softening and 131 

debonding of the adhesive layer. 132 

In view of the important effect of thermal stress on the plate-end debonding of the FRP-133 

strengthened beam as well as the importance of coupled mode-I and mode-II analysis, 134 

this paper aims to develop a closed-form solution based on coupled mixed-mode failure 135 

theory to analyze the interfacial behaviors and plate-end debonding failure of FRP-136 

strengthened steel beams subjected to combined mechanical loading and temperature 137 

variation.  138 

Problem Definition and Assumptions 139 

Fig. 1 illustrates a simply supported FRP-strengthened steel beam subjected to three-140 

point bending and temperature variation. As shown in the figure, the flange width of 141 

the I-beam is 𝑏𝑏1 and the distance from its neutral axis to the bottom is 𝑦𝑦1. An FRP plate 142 

with a width of 𝑏𝑏2 and a length of 2𝑙𝑙 is bonded to the tension soffit of the I-beam by 143 

adhesive layer with thickness of 𝑡𝑡𝑎𝑎. 𝑦𝑦2 is the distance between the neutral axis to the 144 

top surface of the FRP plate. 𝑎𝑎 is the distance from the plate end to the support. The 145 

second moment of inertia, sectional area, and the elastic modulus of the adherend are 146 
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noted as 𝐼𝐼, 𝐴𝐴, 𝐸𝐸, with the subscripts ‘1’ and ‘2’ representing the beam and FRP plate 147 

respectively. Due to the symmetry of the simply supported beam, only half of the 148 

strengthened beam with the 𝑥𝑥 axis originating from the end of the FRP plate, is analyzed 149 

in this study. 150 

 151 

 152 
Fig. 1  Simply supported strengthened beam under three-point bending  153 

 154 

To find a closed-form solution for predicting the interfacial behavior of the above FRP 155 

strengthened steel beam, several common assumptions are adopted in the present study: 156 

1. Both the steel beam and the FRP plate are linearly elastic. The transverse shear 157 

deformation of the two adherends are ignored; 158 

2. Magnitudes of interfacial shear and normal stresses are invariant across the 159 

thickness of the adhesive layer;  160 

3. Sectional properties, the elastic moduli of steel beam and FRP plate are constant 161 

at varying temperatures; 162 

4. The temperature variation and thermal deformation of the FRP-strengthened 163 

steel beam are uniformly distributed along axial direction. 164 

Cohesive Zone Model 165 

Before the introduction of coupled mixed-mode CZM analysis, the interfacial behavior 166 

under single mode CZM analysis is briefly introduced in this section. 167 
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Single Mode Interface Analysis 168 

 169 
Fig. 2 illustrates the interfacial bond behavior between the steel substrate and FRP plate, 170 

including a bond-slip relationship under mode-II loading (Fig.2a) and a bond-171 

separation relationship under mode-I loading (Fig.2b).  172 

 173 
Fig. 2  Bond-slip/separation relationship in CZM: a) mode-II; b) mode-I. 174 

 175 

Both the above two relationships are assumed to be bilinear and can be expressed as 176 

follows: 177 

 

𝜏𝜏 = �
𝐾𝐾𝑇𝑇𝛿𝛿𝑡𝑡                          
𝜏𝜏𝑝𝑝 − 𝐾𝐾𝑇𝑇′ (𝛿𝛿𝑡𝑡 − 𝛿𝛿𝑡𝑡0)  
0                                 

     
  𝑖𝑖𝑖𝑖 𝛿𝛿𝑡𝑡 < 𝛿𝛿𝑡𝑡0

 𝑖𝑖𝑖𝑖 𝛿𝛿𝑡𝑡0 < 𝛿𝛿𝑡𝑡 < 𝛿𝛿𝑡𝑡
𝑓𝑓

   𝑖𝑖𝑖𝑖 𝛿𝛿𝑡𝑡
𝑓𝑓 < 𝛿𝛿𝑡𝑡

 

 

𝜎𝜎 = �
𝐾𝐾𝑁𝑁𝛿𝛿𝑛𝑛                         
𝜎𝜎𝑝𝑝 − 𝐾𝐾𝑁𝑁′ (𝛿𝛿𝑛𝑛 − 𝛿𝛿𝑛𝑛0)  
0                                 

     
  𝑖𝑖𝑖𝑖 𝛿𝛿𝑛𝑛 < 𝛿𝛿𝑛𝑛0

 𝑖𝑖𝑖𝑖 𝛿𝛿𝑛𝑛0 < 𝛿𝛿𝑛𝑛 < 𝛿𝛿𝑛𝑛
𝑓𝑓

   𝑖𝑖𝑖𝑖 𝛿𝛿𝑛𝑛
𝑓𝑓 < 𝛿𝛿𝑛𝑛

 

(1) 

in which 𝜏𝜏  and 𝜎𝜎  represent the interfacial stress in shear and normal directions with 178 

subscript ‘𝑝𝑝’ indicates the peak magnitude when softening initiates. 𝛿𝛿 is the interfacial 179 
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deformation, with subscripts ‘𝑡𝑡 ’ and ‘𝑛𝑛 ’ denoting the shear and normal directions, 180 

respectively. Superscripts ‘0 ’ and ‘𝑓𝑓 ’ represent the critical magnitude at onset of 181 

softening and debonding, respectively. 𝐾𝐾  and 𝐾𝐾′  are the slopes of the bilinear 182 

relationship in the elastic and softening branches, respectively, with the subscripts ‘𝑇𝑇’ 183 

and ‘𝑁𝑁’ indicating the tangential or normal direction, respectively.  184 

The critical energy release rates, i.e., interfacial fracture energies under mode-I and 185 

mode-II (i.e., 𝐺𝐺𝐼𝐼𝐼𝐼 ,𝐺𝐺𝐼𝐼𝐼𝐼𝐼𝐼) loadings, respectively, are defined as the areas enclosed beneath 186 

the relationship as follows: 187 

 𝐺𝐺𝐼𝐼𝐼𝐼𝐼𝐼 =
1
2
𝜏𝜏𝑝𝑝𝛿𝛿𝑡𝑡

𝑓𝑓 and 𝐺𝐺𝐼𝐼𝐼𝐼 =
1
2
𝜎𝜎𝑝𝑝𝛿𝛿𝑛𝑛

𝑓𝑓  (2) 

Based on the bond-slip relationship in mode-II direction 188 

(  189 
Fig. 2a), the interfacial bond behavior in FRP-strengthened steel beam subjected to 190 

coupled mechanical loading and temperature variation has been analyzed by Guo et al. 191 

[41] on the assumption that only mode-II loading is exerted at the FRP-to-steel interface. 192 

Fig. 3 shows the obtained typical distributions of shear stresses and slips along the 193 

interface, in which the interfacial shear stresses and slips are normalized by the peak 194 

shear stress (𝜏𝜏𝑝𝑝) and the corresponding slip (𝛿𝛿𝑡𝑡0), respectively. The deformation process 195 

of the interface evolves from E stage to E-S stage as the load or temperature increase. 196 

During E stage, the interfacial shear stress/slip is larger near the plate end and increases 197 

with increasing the mechanical loading or temperature. After the peak shear stress (𝜏𝜏𝑝𝑝) 198 

is reached at the plate end, the deformation process evolves to the elastic-softening (E-199 

S) stage. During this stage, the softening first starts at the plate end and extends to the 200 

mid span of the beam gradually. As the load/temperature increases, the interfacial shear 201 

stress near the plate end increases first (i.e., E stage) and then decreases once the 202 

interface enters the softening (i.e., E-S stage). In comparison, the interfacial slip 203 
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increases monotonically in both E and E-S stage with increasing of the mechanical or 204 

thermal loading. Finally, plate-end debonding occurs when the interface enters into the 205 

elastic-softening-debonding (E-S-D) stage, i.e., the interfacial shear stress at the plate 206 

end decreases to zero and the interfacial slip increases to 𝛿𝛿𝑡𝑡
𝑓𝑓. 207 

 208 
Fig. 3  Interfacial bond behavior in FRP-strengthened beam under increased 209 

mechanical or thermal loading: distributions of a) normalized interfacial shear stress; 210 
b) normalized interfacial slip. 211 

 212 

It can be noted from Fig. 3a, as the load increases, both the increase and decrease of 213 

the interfacial shear stress can be observed at the plate end in E stage and E-S stage, 214 

respectively. But the interfacial slip increases monotonically with the increase of the 215 

applied mechanical or thermal loading (Fig. 3b). As such, it is easy to identify the 216 

deformation stage of the interface based on the magnitude of interfacial slip at the plate 217 

end [i.e., 𝛿𝛿𝑡𝑡(0) < 𝛿𝛿𝑡𝑡0 in E stage; 𝛿𝛿𝑡𝑡0 < 𝛿𝛿𝑡𝑡(0) < 𝛿𝛿𝑡𝑡
𝑓𝑓 in E-S stage; 𝛿𝛿𝑡𝑡(0) ≥ 𝛿𝛿𝑡𝑡

𝑓𝑓 in E-S-D 218 

stage]. 219 

In addition, in single mode-II analysis, the length of softening region (𝑥̅𝑥) in E-S stage 220 

is an essential parameter, when determining the distribution of interfacial stresses. That 221 

is because it corresponds to the turning point of the bilinear bond-slip relationship (i.e., 222 

the peak shear stress point in Fig. 2a). The length of the softening region can be 223 

determined for a given load F and temperature variation ∆𝑇𝑇 as follows [41]:  224 

 
𝐹𝐹
2

=
𝜏𝜏𝑝𝑝{tan(𝜆𝜆′𝑥̅𝑥) + 𝑟𝑟coth[𝜆𝜆(𝑙𝑙 − 𝑥̅𝑥)]} + 𝑚𝑚3

′ ∆𝑇𝑇
𝜆𝜆′ cos(𝜆𝜆′𝑥̅𝑥)

𝑚𝑚1sin(𝜆𝜆′𝑥̅𝑥) + 𝑚𝑚2
′ 𝑎𝑎
𝜆𝜆′

cos(𝜆𝜆′𝑥̅𝑥) + 𝑚𝑚1𝑟𝑟
cos[𝜆𝜆(𝑙𝑙 − 𝑥̅𝑥)] − 1

sin[𝜆𝜆(𝑙𝑙 − 𝑥̅𝑥)]

 (3) 

0
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where 𝐹𝐹 is the applied mechanical load and ∆𝑇𝑇 is the temperature variation; 𝜆𝜆, 𝑟𝑟, 𝜆𝜆′, 225 

𝑚𝑚3
′ , 𝑚𝑚1, 𝑚𝑚2

′  are constants which can be calculated based on the inherent properties of 226 

the FRP plate and the steel beam [41].  227 

It should be mentioned here that the above-presented bilinear bond-slip relationship has 228 

been most often adopted for describing the interfacial bond behavior of the FRP-to-229 

steel interface under Mode-II loading. However, the parameters in the bond-slip 230 

relationship may be significantly different, in terms of interfacial shear stiffness, peak 231 

shear stress and interfacial fracture energy, when different types of glue are used [16, 232 

22, 34, 50, 51]. When a ductile glue is used, the bond-slip relationship may change from 233 

a bilinear shape to a trapezoid shape [34, 50]. However, if the interfacial fracture energy 234 

is appropriately defined, it is usually assumed the shape of the softening part of the 235 

bond-slip relationship only influences the local bond stress distribution instead of the 236 

ultimate debonding load [18]. 237 

Coupled Mixed-Mode Cohesive Zone Model 238 

Fig. 4 shows the interfacial bond-slip/separation relationships between the FRP plate 239 

and the steel beam in coupled mixed-mode analysis. It can be observed that, the bond 240 

strengths in both mode-I and mode-II directions are compromised in the coupled mixed-241 

mode analysis. In the theoretical analysis, the bond behaviors in mode-I and mode-II 242 

directions are assumed to develop independently, following the reduced bond-243 

slip/separation relationships shown in Fig. 4. The bond behaviors in both directions are 244 

only related when determining the parameters of the reduced bond-slip/separation 245 

relationships at onset of softening and debonding. 246 

 247 
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 248 
Fig. 4  Interfacial CZ laws: a) mode-II; b) mode-I. 249 

 250 
Similar to the single mode-II analysis, the deformation stage of the interface can also 251 

be distinguished according to the mixed-mode interfacial deformation in the coupled 252 

mixed-mode analysis. The magnitude of mixed-mode deformation is defined as 𝛿𝛿𝑚𝑚, 253 

which is the square root of the quadratic sum of relative displacements in both 254 

tangential (𝛿𝛿𝑡𝑡) and normal (𝛿𝛿𝑛𝑛) directions: 255 

 𝛿𝛿𝑚𝑚 = �𝛿𝛿𝑡𝑡
2 + 〈𝛿𝛿𝑛𝑛〉2 (4) 

where the Macaulay bracket (〈 〉 ) indicates that the compressive deformation (i.e., 256 

𝛿𝛿𝑛𝑛 < 0) in normal direction does not generate any damage to the interface (also adopted 257 

in Eq. 7). 258 

In addition, when 𝛿𝛿𝑛𝑛 > 0, the displacement-based mode-mixity ratio is defined as, 259 

 𝛾𝛾 =
𝛿𝛿𝑡𝑡
𝛿𝛿𝑛𝑛

 (5) 

Considering that the distributions of interfacial slip and separation along the bondline 260 

[i.e., 𝛿𝛿𝑡𝑡(𝑥𝑥) and 𝛿𝛿𝑛𝑛(𝑥𝑥)] change with the applied mechanical loading, 𝛾𝛾 is function of 𝑥𝑥 261 

and 𝐹𝐹. 262 

With Eqs. (4) and (5), the tangential and normal components of the relative 263 

displacement can be expressed as follows: 264 

 𝛿𝛿𝑡𝑡 =
𝛾𝛾𝛿𝛿𝑚𝑚

�1 + 𝛾𝛾2
;  𝛿𝛿𝑛𝑛 =

𝛿𝛿𝑚𝑚
�1 + 𝛾𝛾2

 (6) 

 

(a)                                                          (b) 

𝜏𝜏𝑝𝑝

𝛿𝛿𝑡𝑡0 𝛿𝛿𝑡𝑡
𝑠𝑠

𝜏𝜏𝑝𝑝𝑇𝑇 𝐾𝐾𝑇𝑇′

𝐾𝐾𝑇𝑇𝑇𝑇′

𝛿𝛿𝑡𝑡𝑇𝑇
𝑠𝑠𝛿𝛿𝑡𝑡𝑇𝑇0

𝐾𝐾𝑇𝑇

𝜎𝜎𝑝𝑝

𝛿𝛿𝑛𝑛0 𝛿𝛿𝑛𝑛
𝑠𝑠

𝜎𝜎𝑝𝑝𝑇𝑇 𝐾𝐾𝑁𝑁′

𝐾𝐾𝑁𝑁𝑇𝑇′

𝛿𝛿𝑛𝑛𝑇𝑇
𝑠𝑠𝛿𝛿𝑛𝑛𝑇𝑇0

𝐾𝐾𝑁𝑁
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Criterion for Onset of Softening 265 

The initiation of softening is defined by the quadratic stress failure criterion, as follows:  266 

 (
𝜏𝜏
𝜏𝜏𝑝𝑝

)2 + (
〈𝜎𝜎〉
𝜎𝜎𝑝𝑝

)2 = 1 (7) 

To satisfy this equation, the corresponding maximum interfacial stresses in both shear 267 

and normal directions, which are termed as 𝜏𝜏𝑝𝑝𝑝𝑝  and 𝜎𝜎𝑝𝑝𝑝𝑝 , should be less than or at 268 

maximum equal to the interfacial strength in single-mode conditions (i.e., 𝜏𝜏𝑝𝑝 and 𝜎𝜎𝑝𝑝).  269 

Substituting the mixed-mode displacement at onset of softening (𝛿𝛿𝑚𝑚0 ) into Eq. (6) yields 270 

 𝛿𝛿𝑡𝑡𝑡𝑡0 =
𝛾𝛾𝛿𝛿𝑚𝑚0

�1 + 𝛾𝛾2
;  𝛿𝛿𝑛𝑛𝑛𝑛0 =

𝛿𝛿𝑚𝑚0

�1 + 𝛾𝛾2
 (8) 

where 𝛿𝛿𝑡𝑡𝑡𝑡0   and 𝛿𝛿𝑛𝑛𝑛𝑛0   are the interfacial slip and separation at onset of softening in 271 

mixed-mode analysis, respectively. 272 

Correspondingly, the mixed-mode displacement at the onset of softening (𝛿𝛿𝑚𝑚0 ) can be 273 

calculated by 𝛿𝛿𝑡𝑡𝑡𝑡0   and 𝛿𝛿𝑛𝑛𝑛𝑛0  . By considering the bond-slip/separation relationship in 274 

elastic stage (Eq. 1) and substituting Eq. (8) into Eq. (7), 𝛿𝛿𝑚𝑚0  can be expressed as 275 

𝛿𝛿𝑚𝑚0 = �
𝛿𝛿𝑡𝑡0𝛿𝛿𝑛𝑛0�

1+𝛾𝛾2

𝛿𝛿𝑡𝑡
02+𝛾𝛾2

𝛿𝛿𝑡𝑡0
    
𝑖𝑖𝑖𝑖 𝛿𝛿𝑛𝑛0 > 0

𝑖𝑖𝑖𝑖 𝛿𝛿𝑛𝑛0 ≤ 0
 (9) 

Criterion for Onset of Debonding 276 

The criterion for the initiation and propagation of debonding was assumed to follow the 277 

power-law mixed-mode fracture criterion: 278 

 (
𝐺𝐺𝐼𝐼
𝐺𝐺𝐼𝐼𝐼𝐼

)𝛼𝛼 + (
𝐺𝐺𝐼𝐼𝐼𝐼
𝐺𝐺𝐼𝐼𝐼𝐼𝐼𝐼

)𝛼𝛼 = 1 (10) 

where 𝐺𝐺𝐼𝐼𝐼𝐼  and 𝐺𝐺𝐼𝐼𝐼𝐼𝐼𝐼  are the critical fracture energies in single mode-I and mode-II 279 

conditions, respectively (Eq. 2). While the power factor (𝛼𝛼) is taken as 1 as suggested 280 

in previous studies [6, 47, 49].  281 

When Eq. (10) is satisfied, 282 
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𝐺𝐺𝐼𝐼 = 1
2
𝜏𝜏𝑝𝑝𝑝𝑝𝛿𝛿𝑡𝑡𝑡𝑡

𝑓𝑓  and 𝐺𝐺𝐼𝐼𝐼𝐼 = 1
2
𝜎𝜎𝑝𝑝𝑝𝑝𝛿𝛿𝑛𝑛𝑛𝑛

𝑓𝑓                                (11) 283 

where 𝛿𝛿𝑡𝑡𝑡𝑡
𝑓𝑓  and 𝛿𝛿𝑛𝑛𝑛𝑛

𝑓𝑓  are the interfacial displacements in shear and normal directions in 284 

coupled mixed-mode analysis when debonding occurs (Fig. 4). In an analogy to Eq. (6), 285 

𝛿𝛿𝑡𝑡𝑡𝑡
𝑓𝑓  and 𝛿𝛿𝑛𝑛𝑛𝑛

𝑓𝑓  can be expressed as functions of 𝛿𝛿𝑚𝑚
𝑓𝑓  and 𝛾𝛾, i.e., 286 

 𝛿𝛿𝑡𝑡𝑡𝑡
𝑓𝑓 =

𝛾𝛾𝛿𝛿𝑚𝑚
𝑓𝑓

�1 + 𝛾𝛾2
;  𝛿𝛿𝑛𝑛𝑛𝑛

𝑓𝑓 =
𝛿𝛿𝑚𝑚
𝑓𝑓

�1 + 𝛾𝛾2
 (12) 

By substituting Eqs. (11) and (12) into Eq. (10), mixed-mode displacement at onset of 287 

debonding (𝛿𝛿𝑚𝑚
𝑓𝑓 ) can be obtained as 288 

 𝛿𝛿𝑚𝑚
𝑓𝑓 =

2(1 + 𝛾𝛾2)
𝛿𝛿𝑚𝑚0

[�
𝐾𝐾𝑁𝑁
𝐺𝐺𝐼𝐼𝐼𝐼

�
𝛼𝛼

+ �
𝛾𝛾2𝐾𝐾𝑇𝑇
𝐺𝐺𝐼𝐼𝐼𝐼𝐼𝐼

�
𝛼𝛼

]−1/𝛼𝛼 (13) 

From Eqs. (9) and (13), it can be seen that for given interfacial bond-slip/separation 289 

relationships, the magnitudes of 𝛿𝛿𝑚𝑚0  and 𝛿𝛿𝑚𝑚
𝑓𝑓  only depend on the mode-mixity ratio (𝛾𝛾).  290 

Similar to the mode-II analysis, the deformation stage of the interface can be 291 

distinguished by the mixed-mode deformation at plate end [𝛿𝛿𝑚𝑚(0)]. When 𝛿𝛿𝑚𝑚(0) is 292 

smaller than 𝛿𝛿𝑚𝑚0 , the interface is in E stage. Then it evolves to E-S stage, when 𝛿𝛿𝑚𝑚(0) 293 

is greater than 𝛿𝛿𝑚𝑚0   and smaller than 𝛿𝛿𝑚𝑚
𝑓𝑓  . Finally, the debonding occurs while 𝛿𝛿𝑚𝑚(0) 294 

increases to 𝛿𝛿𝑚𝑚
𝑓𝑓 . 295 

Cohesive Zone Model at Softening Stage 296 

In E-S stage, the interface near plate end enters the softening stage, thus the slopes of 297 

the softening branches in the bond-slip/separation relationships can be computed as 298 

follows:  299 

𝐾𝐾𝑇𝑇𝑇𝑇′ = 𝐾𝐾𝑇𝑇𝛿𝛿𝑡𝑡𝑡𝑡
0

𝛿𝛿𝑡𝑡𝑡𝑡
𝑓𝑓 −𝛿𝛿𝑡𝑡𝑚𝑚

0 ; 𝐾𝐾𝑁𝑁𝑁𝑁′ = 𝐾𝐾𝑁𝑁𝛿𝛿𝑛𝑛𝑛𝑛0

𝛿𝛿𝑛𝑛𝑛𝑛
𝑓𝑓 −𝛿𝛿𝑛𝑛𝑛𝑛0

                                             (14) 300 

And the following definition is introduced 301 

 𝑟𝑟𝑚𝑚 = �
𝐾𝐾𝑇𝑇𝑇𝑇′

𝐾𝐾𝑇𝑇
 (15) 

And 𝑟𝑟𝑚𝑚 tends to be a constant value when the mode-mixity ratio (𝛾𝛾) is sufficiently large 302 
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[49]. 303 

In coupled mixed-mode analysis, the damage evolution in softening region is described 304 

through a single scalar damage variable (𝑑𝑑), which is defined as follows, 305 

 𝑑𝑑 =
𝛿𝛿𝑚𝑚
𝑓𝑓 (𝛿𝛿𝑚𝑚 − 𝛿𝛿𝑚𝑚0 )

𝛿𝛿𝑚𝑚(𝛿𝛿𝑚𝑚
𝑓𝑓 − 𝛿𝛿𝑚𝑚0 )

 (16) 

Thus, the interfacial stresses in the entire deformation stages can be calculated as: 306 

𝜏𝜏 = �

  𝐾𝐾𝑇𝑇𝛿𝛿𝑡𝑡             

  (1 − 𝑑𝑑)𝐾𝐾𝑇𝑇𝛿𝛿𝑡𝑡
  0                     

         
𝛿𝛿𝑚𝑚 ≤ 𝛿𝛿𝑚𝑚0

𝛿𝛿𝑚𝑚0 ≤ 𝛿𝛿𝑚𝑚 ≤ 𝛿𝛿𝑚𝑚
𝑓𝑓

𝛿𝛿𝑚𝑚
𝑓𝑓 ≤ 𝛿𝛿𝑚𝑚

                   (17) 307 

𝜎𝜎 = �

  𝐾𝐾𝑁𝑁𝛿𝛿𝑛𝑛             

  (1 − 𝑑𝑑)𝐾𝐾𝑁𝑁𝛿𝛿𝑛𝑛
  0                     

          
𝛿𝛿𝑚𝑚 ≤ 𝛿𝛿𝑚𝑚0

𝛿𝛿𝑚𝑚0 ≤ 𝛿𝛿𝑚𝑚 ≤ 𝛿𝛿𝑚𝑚
𝑓𝑓

𝛿𝛿𝑚𝑚
𝑓𝑓 ≤ 𝛿𝛿𝑚𝑚

                  (18) 308 

Interfacial Behavior at Elastic Stage 309 

In this section, an analytical solution is proposed based on elastic mechanics theory to 310 

derive the interfacial behavior in E stage, in which the thermal deformation of both 311 

adherends and the interfacial thermal stress is considered. 312 
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Interfacial Shear Stress 313 

 314 
Fig. 5  Differential element of the strengthened beam 315 

 316 

Fig. 5 illustrates a differential segment of the FRP-strengthened steel beam with a 317 

length of 𝑑𝑑𝑥𝑥. Both adherends are subjected to axial force, shear force, bending moment 318 

and interfacial stresses in shear and normal directions. And the following equilibrium 319 

equations can be established.  320 

 𝑑𝑑𝑁𝑁1(𝑥𝑥)
𝑑𝑑𝑑𝑑

= 𝜏𝜏(𝑥𝑥)𝑏𝑏2          
𝑑𝑑𝑁𝑁2(𝑥𝑥)
𝑑𝑑𝑑𝑑

= 𝜏𝜏(𝑥𝑥)𝑏𝑏2 (19) 

 𝑁𝑁1 = 𝑁𝑁2 (20) 

 𝑑𝑑𝑀𝑀1(𝑥𝑥)
𝑑𝑑𝑑𝑑

= 𝑉𝑉1(𝑥𝑥) − 𝜏𝜏(𝑥𝑥)𝑏𝑏2𝑦𝑦1         
𝑑𝑑𝑀𝑀2(𝑥𝑥)
𝑑𝑑𝑑𝑑

= 𝑉𝑉2(𝑥𝑥) − 𝜏𝜏(𝑥𝑥)𝑏𝑏2𝑦𝑦2 (21) 

where 𝑀𝑀,𝑉𝑉,𝑁𝑁  are the bending moment, axial and shear force sustained by each 321 

adherend, with subscript ‘1’ and ‘2’ representing the steel beam and FRP plate.  322 

For the FRP-strengthened steel beam illustrated in Fig. 1, the overall moment 323 

equilibrium of the differential element in the strengthened beam yields, 324 

 𝑑𝑑𝑀𝑀𝑇𝑇(𝑥𝑥)
𝑑𝑑𝑑𝑑

= 𝑉𝑉𝑇𝑇(𝑥𝑥) =
𝐹𝐹
2

 (22) 

𝑀𝑀𝑇𝑇(𝑥𝑥)  and 𝑉𝑉𝑇𝑇(𝑥𝑥)  are the bending moment and shear force acting on the FRP-325 
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strengthened beam at 𝑥𝑥 . Considering the flexural stiffness of both adherends, the 326 

moment equilibrium can be expressed as follows: 327 

 𝑀𝑀𝑇𝑇 = 𝑀𝑀1 + 𝑀𝑀2 + 𝑁𝑁1(𝑦𝑦1 + 𝑦𝑦2 + 𝑡𝑡𝑎𝑎) (23) 

To uncouple the differential equations, the curvatures of the FRP plate and steel beam 328 

are assumed to be equal in deriving the distribution of the interfacial shear stress [52]. 329 

As such, the relationship of moment in both adherends can be expressed as: 330 

 𝑀𝑀1 = 𝑅𝑅𝑀𝑀2;    𝑅𝑅 =
𝐸𝐸1𝐼𝐼1
𝐸𝐸2𝐼𝐼2

 (24) 

By substituting Eq. (24) into Eq. (23), the bending moment acting on the steel beam 331 

and the FRP plate can be expressed as function of 𝑀𝑀𝑇𝑇 and the axial force 𝑁𝑁1: 332 

 𝑀𝑀1 =
𝑅𝑅

𝑅𝑅 + 1
𝑀𝑀𝑇𝑇 −

𝑅𝑅
𝑅𝑅 + 1

𝑁𝑁1(𝑦𝑦1 + 𝑦𝑦2 + 𝑡𝑡𝑎𝑎) (25) 

 𝑀𝑀2 =
1

𝑅𝑅 + 1
𝑀𝑀𝑇𝑇 −

1
𝑅𝑅 + 1

𝑁𝑁1(𝑦𝑦1 + 𝑦𝑦2 + 𝑡𝑡𝑎𝑎) (26) 

For a temperature change as ∆𝑇𝑇, the strain on tension soffit of the steel beam (𝜀𝜀1) and 333 

top of FRP plate (𝜀𝜀2) can be expressed as follows: 334 

 𝜀𝜀1(𝑥𝑥) =
𝑑𝑑𝑢𝑢1
𝑑𝑑𝑑𝑑

=
𝑦𝑦1
𝐸𝐸1𝐼𝐼1

𝑀𝑀1(𝑥𝑥) −
1

𝐸𝐸1𝐴𝐴1
𝑁𝑁1(𝑥𝑥) + 𝛼𝛼1∆𝑇𝑇 (27) 

 𝜀𝜀2(𝑥𝑥) =
𝑑𝑑𝑢𝑢2
𝑑𝑑𝑑𝑑

= −
𝑦𝑦2
𝐸𝐸2𝐼𝐼2

𝑀𝑀2(𝑥𝑥) +
1

𝐸𝐸2𝐴𝐴2
𝑁𝑁2(𝑥𝑥) + 𝛼𝛼2∆𝑇𝑇 (28) 

where 𝛼𝛼1 and 𝛼𝛼2 are the thermal expansion coefficients of the steel beam and the FRP, 335 

respectively. 336 

The interfacial slip in tangential direction can be expressed as: 337 

 𝛿𝛿𝑡𝑡(𝑥𝑥) = 𝑢𝑢2(𝑥𝑥) − 𝑢𝑢1(𝑥𝑥) (29) 

In E stage, the interfacial shear stress can be obtained by substituting Eq. (29) into Eq. 338 

(1) and described as: 339 

 𝜏𝜏𝑒𝑒(𝑥𝑥) = 𝐾𝐾𝑇𝑇[𝑢𝑢2(𝑥𝑥) − 𝑢𝑢1(𝑥𝑥)] (30) 

where superscripts ‘e’ indicates the E stage.  340 

Differentiating Eq. (30) twice and substituting the differentiation of Eqs. (27) and (28)341 
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yield: 342 

 
𝑑𝑑2𝜏𝜏𝑒𝑒(𝑥𝑥)
𝑑𝑑𝑥𝑥2

= 𝐾𝐾𝑇𝑇[
𝑦𝑦1
𝐸𝐸1𝐼𝐼1

𝑑𝑑𝑀𝑀1(𝑥𝑥)
𝑑𝑑𝑑𝑑

+
𝑦𝑦2
𝐸𝐸2𝐼𝐼2

𝑑𝑑𝑀𝑀2(𝑥𝑥)
𝑑𝑑𝑑𝑑

−
1

𝐸𝐸1𝐴𝐴1
𝑑𝑑𝑁𝑁1(𝑥𝑥)
𝑑𝑑𝑑𝑑

−
1

𝐸𝐸2𝐴𝐴2
𝑑𝑑𝑁𝑁2(𝑥𝑥)
𝑑𝑑𝑑𝑑

] (31) 

Furthermore, substituting Eqs. (25) and (26) into the above equation gives the 343 

following governing equation for the distribution of interfacial shear stress:  344 

𝑑𝑑2𝜏𝜏𝑒𝑒(𝑥𝑥)
𝑑𝑑𝑥𝑥2

− 𝐾𝐾𝑇𝑇𝑏𝑏2[
(𝑦𝑦1 + 𝑦𝑦2)(𝑦𝑦1 + 𝑦𝑦2 + 𝑡𝑡𝑎𝑎)

𝐸𝐸1𝐼𝐼1 + 𝐸𝐸2𝐼𝐼2
+

1
𝐸𝐸1𝐴𝐴1

+
1

𝐸𝐸2𝐴𝐴2
]𝜏𝜏𝑒𝑒(𝑥𝑥) + 𝐾𝐾𝑇𝑇 �

𝑦𝑦1 + 𝑦𝑦2
𝐸𝐸1𝐼𝐼1 + 𝐸𝐸2𝐼𝐼2

� 𝑉𝑉𝑇𝑇(𝑥𝑥) = 0 (32) 

The general solutions of Eq. (32) is given by 345 

 𝜏𝜏𝑒𝑒(𝑥𝑥) = 𝐵𝐵1 cosh(𝜆𝜆𝜆𝜆) + 𝐵𝐵2 sinh(𝜆𝜆𝜆𝜆) + 𝑚𝑚1
𝐹𝐹
2

 (33) 

where 𝜆𝜆2 = 𝐾𝐾𝑇𝑇𝑏𝑏2[(𝑦𝑦1+𝑦𝑦2)(𝑦𝑦1+𝑦𝑦2+𝑡𝑡𝑎𝑎)
𝐸𝐸1𝐼𝐼1+𝐸𝐸2𝐼𝐼2

+ 1
𝐸𝐸1𝐴𝐴1

+ 1
𝐸𝐸2𝐴𝐴2

] and 𝑚𝑚1 = 𝐾𝐾𝑇𝑇
𝜆𝜆2
� 𝑦𝑦1+𝑦𝑦2
𝐸𝐸1𝐼𝐼1+𝐸𝐸2𝐼𝐼2

�. 346 

𝐵𝐵1  and 𝐵𝐵2  are the integration constants and can be calculated by applying suitable 347 

boundary conditions. 348 

At the plate end (𝑥𝑥 = 0), the axial force of either the steel beam or the FRP plate is zero. 349 

And the moment resisted by FRP plate is zero at the plate end. As such, the following 350 

boundary conditions can be obtained as follows, 351 

 𝑁𝑁1(0) = 0; 𝑁𝑁2(0) = 0; 𝑀𝑀2(0) = 0 (34) 

Substituting Eqs. (27) and (28) into differentiation of Eq. (30) obtains 352 

 𝑑𝑑𝜏𝜏𝑒𝑒(𝑥𝑥)
𝑑𝑑𝑑𝑑 �

𝑥𝑥=0
= 𝐾𝐾𝑇𝑇[−

𝑦𝑦2
𝐸𝐸2𝐼𝐼2

𝑀𝑀2(𝑥𝑥) −
𝑦𝑦1
𝐸𝐸1𝐼𝐼1

𝑀𝑀1(𝑥𝑥) +
1

𝐸𝐸2𝐴𝐴2
𝑁𝑁2(𝑥𝑥) +

1
𝐸𝐸1𝐴𝐴1

𝑁𝑁1(𝑥𝑥) + (𝛼𝛼2 − 𝛼𝛼1)∆𝑇𝑇)] (35) 

Furthermore, by applying the preceding boundary conditions, Eq. (35) can be derived 353 

as: 354 

 
𝑑𝑑𝜏𝜏𝑒𝑒(𝑥𝑥)
𝑑𝑑𝑑𝑑

�
𝑥𝑥=0

= −𝑚𝑚2𝑀𝑀1(0) + 𝐾𝐾𝑇𝑇(𝛼𝛼2 − 𝛼𝛼1)∆𝑇𝑇 (36) 

where, 𝑚𝑚2 = 𝐾𝐾𝑇𝑇𝑦𝑦1
𝐸𝐸1𝐼𝐼1

, 𝑀𝑀1(0) = 𝑀𝑀𝑇𝑇(0) = 𝐹𝐹𝐹𝐹
2

. 355 

By comparing the first derivative of (33) with Eq. (36), 𝐵𝐵2 can be determined as 356 

 𝐵𝐵2 =
1
𝜆𝜆

[−
𝑚𝑚2𝑎𝑎

2
𝐹𝐹 + 𝐾𝐾𝑇𝑇(𝛼𝛼2 − 𝛼𝛼1)∆𝑇𝑇] (37) 

Due to the symmetry of the FRP-strengthened steel beam, the interfacial shear stress at 357 
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mid-span is zero [i.e., 𝜏𝜏𝑒𝑒(𝑙𝑙) = 0]. Then 𝐵𝐵1 can be determined as follows: 358 

   𝐵𝐵1 =
1
2

[
𝑚𝑚2𝑎𝑎
𝜆𝜆

tanh(𝜆𝜆𝜆𝜆) −
𝑚𝑚1

cosh(𝜆𝜆𝜆𝜆)
]𝐹𝐹 −

tanh(𝜆𝜆𝜆𝜆)
𝜆𝜆

𝐾𝐾𝑇𝑇(𝛼𝛼2 − 𝛼𝛼1)∆𝑇𝑇 (38) 

Interfacial Normal Stress 359 

Similar to Eq. (30), the interfacial normal stress in E stage can be expressed as: 360 

 𝜎𝜎𝑒𝑒(𝑥𝑥) = 𝐾𝐾𝑁𝑁[𝜈𝜈2(𝑥𝑥) − 𝜈𝜈1(𝑥𝑥)] (39) 

where 𝜈𝜈1(𝑥𝑥) and 𝜈𝜈2(𝑥𝑥) are the vertical components of the displacements at the bottom 361 

of the steel beam and top of the FRP plate, respectively. And the difference between 362 

𝜈𝜈1(𝑥𝑥) and 𝜈𝜈2(𝑥𝑥) represents the interfacial separation. 363 

The vertical shear force applied on each adherend is balanced by interfacial normal 364 

stress. 365 

 𝑑𝑑𝑉𝑉1(𝑥𝑥)
𝑑𝑑𝑑𝑑

= −𝑏𝑏2𝜎𝜎(𝑥𝑥);  
𝑑𝑑𝑉𝑉2(𝑥𝑥)
𝑑𝑑𝑑𝑑

= 𝑏𝑏2𝜎𝜎(𝑥𝑥) (40) 

According to the Euler-Bernoulli beam theory,  366 

 
𝑑𝑑2𝜈𝜈1(𝑥𝑥)
𝑑𝑑𝑥𝑥2

= −
1
𝐸𝐸1𝐼𝐼1

𝑀𝑀1(𝑥𝑥); 
𝑑𝑑2𝜈𝜈2(𝑥𝑥)
𝑑𝑑𝑥𝑥2

= −
1
𝐸𝐸2𝐼𝐼2

𝑀𝑀2(𝑥𝑥) (41) 

Differentiate Eq. (39) four times and substituting the twice derivation of Eq. (41), the 367 

following equation can be obtained: 368 

 
𝑑𝑑4𝜎𝜎𝑒𝑒(𝑥𝑥)
𝑑𝑑𝑥𝑥4

= 𝐾𝐾𝑁𝑁[
1
𝐸𝐸1𝐼𝐼1

𝑑𝑑2𝑀𝑀1(𝑥𝑥)
𝑑𝑑𝑥𝑥2

−
1
𝐸𝐸2𝐼𝐼2

𝑑𝑑2𝑀𝑀2(𝑥𝑥)
𝑑𝑑𝑥𝑥2

] (42) 

By substituting the differentiations of Eqs. (21) and (40), the final governing 369 

differential equation of normal stress is given as: 370 

 
𝑑𝑑4𝜎𝜎𝑒𝑒(𝑥𝑥)
𝑑𝑑𝑥𝑥4

− 𝐾𝐾𝑁𝑁𝑏𝑏2 �
1
𝐸𝐸1𝐼𝐼1

+
1
𝐸𝐸2𝐼𝐼2

� 𝜎𝜎𝑒𝑒(𝑥𝑥) + 𝐾𝐾𝑁𝑁𝑏𝑏2 �
𝑦𝑦1
𝐸𝐸1𝐼𝐼1

−
𝑦𝑦2
𝐸𝐸2𝐼𝐼2

�
𝑑𝑑𝜏𝜏𝑒𝑒(𝑥𝑥)
𝑑𝑑𝑑𝑑

= 0 (43) 

With 𝑑𝑑5𝜏𝜏𝑒𝑒(𝑥𝑥)/𝑑𝑑𝑥𝑥5 neglected [52], the general solution to this four-order differential 371 

equation is 372 

𝜎𝜎𝑒𝑒(𝑥𝑥) = 𝑒𝑒−𝛽𝛽𝛽𝛽[𝐶𝐶1 cos(𝛽𝛽𝛽𝛽) + 𝐶𝐶2sin(𝛽𝛽𝛽𝛽)] + 𝑒𝑒𝛽𝛽𝛽𝛽[𝐶𝐶3 cos(𝛽𝛽𝛽𝛽) + 𝐶𝐶4sin(𝛽𝛽𝛽𝛽)] − 𝑛𝑛1
𝑑𝑑𝜏𝜏𝑒𝑒(𝑥𝑥)
𝑑𝑑𝑑𝑑

  (44) 
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Where 𝛽𝛽 = �𝐾𝐾𝑁𝑁𝑏𝑏2
4

� 1
𝐸𝐸1𝐼𝐼1

+ 1
𝐸𝐸2𝐼𝐼2

�4 , 𝑛𝑛1 = 𝑦𝑦1𝐸𝐸2𝐼𝐼2−𝑦𝑦2𝐸𝐸1𝐼𝐼1
𝐸𝐸1𝐼𝐼1+𝐸𝐸2𝐼𝐼2

, 𝑛𝑛3 = 𝐾𝐾𝑁𝑁𝑏𝑏2[ 𝑦𝑦1
𝐸𝐸1𝐼𝐼1

− 𝑦𝑦2
𝐸𝐸2𝐼𝐼2

].  373 

𝐶𝐶1 to 𝐶𝐶4 are integrity constants. By noting that when 𝑥𝑥 → ∞, 𝜎𝜎 → 0, therefore, 𝐶𝐶3,𝐶𝐶4 374 

are eliminated. 375 

Then Eq. (44) evolves to the following simple form: 376 

 𝜎𝜎𝑒𝑒(𝑥𝑥) = 𝑒𝑒−𝛽𝛽𝛽𝛽[𝐶𝐶1 cos(𝛽𝛽𝛽𝛽) + 𝐶𝐶2sin(𝛽𝛽𝛽𝛽)] − 𝑛𝑛1𝜆𝜆[𝐵𝐵1 sinh(𝜆𝜆𝜆𝜆)
+ 𝐵𝐵2 cosh(𝜆𝜆𝜆𝜆)] (45) 

Substituting Eq. (41) into the second derivative of Eq. (39) and applying the boundary 377 

condition at plate end [i.e., 𝑀𝑀1(0) = 𝐹𝐹𝐹𝐹] lead to 378 

 
𝑑𝑑2𝜎𝜎𝑒𝑒(𝑥𝑥)
𝑑𝑑𝑥𝑥2

�
𝑥𝑥=0

= 𝐾𝐾𝑁𝑁 �
1
𝐸𝐸1𝐼𝐼1

𝑀𝑀1(0) −
1
𝐸𝐸2𝐼𝐼2

𝑀𝑀2(0)� =
𝐾𝐾𝑁𝑁𝑎𝑎

2𝐸𝐸1𝐼𝐼1
𝐹𝐹 (46) 

Substituting Eq. (41) into the third derivative of Eq. (39) yields  379 

 
𝑑𝑑3𝜎𝜎𝑒𝑒(𝑥𝑥)
𝑑𝑑𝑥𝑥3

�
𝑥𝑥=0

= 𝐾𝐾𝑁𝑁[
1
𝐸𝐸1𝐼𝐼1

𝑉𝑉1(0) +
1
𝐸𝐸2𝐼𝐼2

𝑉𝑉2(0)] + 𝐾𝐾𝑁𝑁𝑏𝑏2 �
𝑦𝑦1
𝐸𝐸1𝐼𝐼1

−
𝑦𝑦2
𝐸𝐸2𝐼𝐼2

� 𝜏𝜏𝑒𝑒(0) (47) 

Considering the boundary condition of shear force at the plate end [i.e., V2(0) =380 

0; V1(0) = VT(0) = F
2
], the above equation can be rewritten as follows: 381 

 
𝑑𝑑3𝜎𝜎𝑒𝑒(𝑥𝑥)
𝑑𝑑𝑥𝑥3

�
𝑥𝑥=0

=
𝐾𝐾𝑁𝑁
𝐸𝐸1𝐼𝐼1

𝐹𝐹
2

+ 𝑛𝑛3 �𝐵𝐵1 + 𝑚𝑚1
𝐹𝐹
2�

 (48) 

where 382 

 𝑛𝑛3 = 𝐾𝐾𝑁𝑁𝑏𝑏2 �
𝑦𝑦1
𝐸𝐸1𝐼𝐼1

−
𝑦𝑦2
𝐸𝐸2𝐼𝐼2

� (49) 

By substituting second and third derivative of Eq. (45) into Eqs. (46) and (48), 𝐶𝐶1 and 383 

𝐶𝐶2 can be determined as follows: 384 

 𝐶𝐶1 =
𝐾𝐾𝑁𝑁
4𝛽𝛽3

𝐹𝐹
𝐸𝐸1𝐼𝐼1

(1 + 𝛽𝛽𝛽𝛽) +
𝑛𝑛1𝜆𝜆3

2𝛽𝛽3
(𝜆𝜆𝐵𝐵1 + 𝛽𝛽𝐵𝐵2) −

𝑛𝑛3
2𝛽𝛽3

(𝐵𝐵1 + 𝑚𝑚1
𝐹𝐹
2

) (50) 

 𝐶𝐶2 = −
𝐾𝐾𝑁𝑁
4𝛽𝛽2

𝐹𝐹𝐹𝐹
𝐸𝐸1𝐼𝐼1

−
𝑛𝑛1

2𝛽𝛽2
𝜆𝜆3𝐵𝐵2 (51) 

With the above constants, the distributions of relative displacements in both shear and 385 

normal directions along the bondline in E stage can be expressed as 386 
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 𝛿𝛿𝑡𝑡𝑒𝑒(𝑥𝑥) =
1
𝐾𝐾𝑇𝑇

[𝐵𝐵1 cosh(𝜆𝜆𝜆𝜆) + 𝐵𝐵2 sinh(𝜆𝜆𝜆𝜆) + 𝑚𝑚1
𝐹𝐹
2

] (52) 

 𝛿𝛿𝑛𝑛𝑒𝑒(𝑥𝑥) =
1
𝐾𝐾𝑁𝑁

{𝑒𝑒−𝛽𝛽𝛽𝛽[𝐶𝐶1 cos(𝛽𝛽𝛽𝛽) + 𝐶𝐶2sin(𝛽𝛽𝛽𝛽)] − 𝑛𝑛1𝜆𝜆[𝐵𝐵1 sinh(𝜆𝜆𝜆𝜆)

+ 𝐵𝐵2 cosh(𝜆𝜆𝜆𝜆)]} 
(53) 

The Mechanical Load at Onset of Softening 387 

According to the interfacial behavior of FRP-strengthened steel beam in E stage (Fig. 388 

3a), the maximum interfacial stresses is located at the plate end. Consequently, the 389 

softening and debonding initiate at the plate end. Using Eqs. (33) and (45), the 390 

magnitude of interfacial stresses at softening initiation (𝐹𝐹 = 𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠) at the plate end (𝑥𝑥 =391 

0) can be expressed as 392 

 𝜏𝜏𝑒𝑒(0) = 𝐵𝐵1 + 𝑚𝑚1
𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠

2
        𝜎𝜎𝑒𝑒(0) = 𝐶𝐶1 − 𝑛𝑛1𝜆𝜆𝐵𝐵2 (54) 

Substituting Eq. (54) into Eq. (7), and considering a positive 𝜎𝜎𝑒𝑒 at the plate end gives, 393 

 (
𝐵𝐵1 + 𝑚𝑚1

𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠
2

𝜏𝜏𝑝𝑝
)2 + (

𝐶𝐶1 − 𝑛𝑛1𝜆𝜆𝐵𝐵2
𝜎𝜎𝑝𝑝

)2 = 1 (55) 

As 𝐵𝐵1,𝐵𝐵2,𝐶𝐶1  are functions of 𝐹𝐹  and ∆𝑇𝑇 , for a given temperature variation ∆𝑇𝑇 , the 394 

mechanical loading at onset of softening (𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠) can be obtained by solving Eq. (55). 395 

Interfacial Behavior in Elastic-Softening stage 396 

After interfacial softening occurs at the plate end, the interfacial behavior should be 397 

interpreted by the softening branches in the mixed-mode CZ law in both mode-I and 398 

mode-II directions. In coupled mixed-mode analysis, the parameters in softening 399 

branches (i.e., peak stresses and slopes of softening branches) are changed compared 400 

with the single mode analysis (Fig. 4). And these parameters are dependent on the 401 

coupling and mutual influence of the interfacial displacements in both mode-I and 402 

mode-II directions.  403 

In De Lorenzis et al.’s analysis [49], an ‘effective tangential cohesive zone (CZ) law’ 404 

was proposed for describing the interfacial bond behavior in mode-II direction in E-S 405 
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stage. By adopting the ‘effective tangential CZ law’, the distributions of interfacial 406 

shear stress and magnitude of the single scalar damage variable (𝑑𝑑) can be determined 407 

based on mode-II analysis. Then the interfacial bond behavior in mode-I direction can 408 

be obtained based on Eq. (18). The proposed analytical solution in this paper generally 409 

follows this method. 410 

Effective Tangential Cohesive Zone Law 411 

Fig. 6 shows the ‘effective tangential CZ law’ used in the mixed-mode analysis. The 412 

effect of Mode I loading (i.e., the interfacial normal stress and separation) on the Mode 413 

II bond behavior in the coupled mixed-mode analysis is considered by decreasing the 414 

peak shear stress (𝜏𝜏𝑝𝑝,𝑒𝑒𝑒𝑒𝑒𝑒) and varied slope of softening branch (𝐾𝐾𝑇𝑇,𝑒𝑒𝑒𝑒𝑒𝑒
′ ) in the bond-slip 415 

relationship.  In the ‘effective tangential CZ law’, the bond-slip relationship in softening 416 

branch is still assumed to be linear. The softening branch is determined by the 417 

instantaneous bond-slip data at two points, including the point with the peak shear stress 418 

at 𝑥𝑥 = 𝑥̅𝑥  [i.e., 𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(𝑥̅𝑥) , 𝜏𝜏𝑝𝑝,𝑒𝑒𝑓𝑓𝑓𝑓 ] and the point with maximum shear slip at 𝑥𝑥 = 0  [i.e., 419 

𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(0), 𝜏𝜏𝑡𝑡𝑒𝑒𝑒𝑒(0)]. Considering that these parameters change as the variation of applied 420 

mechanical loading in E-S stage, the ‘effective tangential CZ law’ also varies at 421 

different levels of thermal and mechanical loading. 422 

 423 

 424 
Fig. 6  ‘Effective tangential CZ law’ under mixed-mode conditions [49]. 425 

 426 

Following the above-mentioned approach, the distributions of interfacial shear stress in 427 

the coupled mixed-mode analysis can be simplified as a mode-II analysis with replacing 428 

E-S stage

CZ law in mode-II analysis 

'Effective tangential CZ law'
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the bond-slip relationship as the “effective tangential CZ law”. Thus, the governing 429 

equations and boundary conditions in E-S stage in single mode-II analysis are still hold 430 

for the coupled mixed-mode analysis. And the relationship between the length of the 431 

softening region (𝑥̅𝑥) and the applied mechanical and thermal loading (𝐹𝐹 and ∆𝑇𝑇) is still 432 

applicable in the coupled mixed-mode analysis, but with different input parameters (i.e., 433 

from ‘𝜏𝜏𝑝𝑝’ to 𝜏𝜏𝑝𝑝,𝑒𝑒𝑒𝑒𝑒𝑒, from ‘𝐾𝐾𝑇𝑇′ ’ to ‘𝐾𝐾𝑇𝑇,𝑒𝑒𝑒𝑒𝑒𝑒
′ ’). As a consequence, the length of the softening 434 

zone (𝑥̅𝑥) can be calculated by the following function (refer to Eq.3): 435 

 

𝐹𝐹 = 2{𝜏𝜏𝑝𝑝,𝑒𝑒𝑒𝑒𝑒𝑒{tan(𝜆𝜆𝑒𝑒𝑒𝑒𝑒𝑒′ 𝑥̅𝑥) + 𝑟𝑟𝑒𝑒𝑒𝑒𝑒𝑒 coth[𝜆𝜆(𝑙𝑙 − 𝑥̅𝑥)]} +
𝑚𝑚3,𝑒𝑒𝑒𝑒𝑒𝑒
′ ∆𝑇𝑇

𝜆𝜆𝑒𝑒𝑒𝑒𝑒𝑒′ cos�𝜆𝜆𝑒𝑒𝑒𝑒𝑒𝑒′ 𝑥̅𝑥�
} 

/{
𝑚𝑚1 sin�𝜆𝜆𝑒𝑒𝑒𝑒𝑒𝑒′ 𝑥̅𝑥� +

𝑚𝑚2,𝑒𝑒𝑒𝑒𝑒𝑒
′ 𝑎𝑎
𝜆𝜆𝑒𝑒𝑒𝑒𝑒𝑒′

cos�𝜆𝜆𝑒𝑒𝑒𝑒𝑒𝑒′ 𝑥̅𝑥�
+ 𝑚𝑚1𝑟𝑟𝑒𝑒𝑒𝑒𝑒𝑒

cosh[𝜆𝜆(𝑙𝑙 − 𝑥̅𝑥)] − 1
sinh[𝜆𝜆(𝑙𝑙 − 𝑥̅𝑥)] } 

(56) 

where, 436 

𝜆𝜆𝑒𝑒𝑒𝑒𝑒𝑒′ 2 =
𝐾𝐾𝑇𝑇,𝑒𝑒𝑒𝑒𝑒𝑒
′

𝐾𝐾𝑇𝑇
𝜆𝜆2, 𝑚𝑚2,𝑒𝑒𝑒𝑒𝑒𝑒

′ =
𝐾𝐾𝑇𝑇,𝑒𝑒𝑒𝑒𝑒𝑒
′ 𝑦𝑦1
𝐸𝐸1𝐼𝐼1

, 𝑟𝑟𝑒𝑒𝑒𝑒𝑒𝑒 =
𝜆𝜆𝑒𝑒𝑒𝑒𝑒𝑒
′

𝜆𝜆
= �𝐾𝐾𝑇𝑇,𝑒𝑒𝑒𝑒𝑒𝑒

′

𝐾𝐾𝑇𝑇
, 𝑚𝑚3,𝑒𝑒𝑒𝑒𝑒𝑒

′ = 𝐾𝐾𝑇𝑇,𝑒𝑒𝑒𝑒𝑒𝑒
′ (𝛼𝛼2 − 𝛼𝛼1) 437 

Then the problem turns into the determination of the parameters in the ‘effective 438 

tangential CZ law’, including 𝜏𝜏𝑝𝑝,𝑒𝑒𝑒𝑒𝑒𝑒 and 𝐾𝐾𝑇𝑇,𝑒𝑒𝑒𝑒𝑒𝑒
′ .  439 

In E-S stage, the maximum interfacial shear stress (𝜏𝜏𝑝𝑝,𝑒𝑒𝑒𝑒𝑒𝑒) is located at the connection 440 

point between the softening and elastic region (i.e., 𝑥𝑥 = 𝑥̅𝑥) and can be calculated by 441 

multiplying the interfacial slip [i.e., 𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(𝑥̅𝑥)] with the interfacial shear stiffness (𝐾𝐾𝑇𝑇): 442 

 𝜏𝜏𝑝𝑝,𝑒𝑒𝑒𝑒𝑒𝑒 = 𝐾𝐾𝑇𝑇𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(𝑥̅𝑥) ≤ 𝜏𝜏𝑝𝑝 (57) 

In addition, the stiffness in the softening branch (𝐾𝐾𝑇𝑇,𝑒𝑒𝑒𝑒𝑒𝑒
′ ) can be calculated as the slope 443 

between the two points in Fig. 6b, including [𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(𝑥̅𝑥) , 𝜏𝜏𝑝𝑝,𝑒𝑒𝑒𝑒𝑒𝑒 ] and {𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(0) , [1 −444 

𝑑𝑑(0)]𝐾𝐾𝑇𝑇𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(0)}. 445 

 𝐾𝐾𝑇𝑇,𝑒𝑒𝑒𝑒𝑒𝑒
′ = 𝐾𝐾𝑇𝑇

𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(𝑥̅𝑥) − [1 − 𝑑𝑑(0)]𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(0)
𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(0) − 𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(𝑥̅𝑥)

= 𝐾𝐾𝑇𝑇
1 − [1 − 𝑑𝑑(0)] 𝛿𝛿𝑡𝑡

𝑒𝑒𝑒𝑒(0)
𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(𝑥̅𝑥)

𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(0)
𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(𝑥̅𝑥) − 1

 (58) 

According to Eqs. (57) and (58), 𝜏𝜏𝑝𝑝,𝑒𝑒𝑒𝑒𝑒𝑒 and 𝐾𝐾𝑇𝑇,𝑒𝑒𝑒𝑒𝑒𝑒
′  depend on the damage variable at 446 

plate end [𝑑𝑑(0)], the interfacial slip at both the plate end [𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(0)] and the connection 447 

point between the elastic and softening region [𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(𝑥̅𝑥)], and the length of softening 448 

zone (𝑥̅𝑥).  449 
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In E-S stage, 𝑑𝑑(0)  can be calculated by substituting the interfacial slip at plate end 450 

[𝛿𝛿𝑚𝑚𝑒𝑒𝑒𝑒(0)] into Eq. (16), 451 

𝑑𝑑(0) =
𝛿𝛿𝑚𝑚
𝑓𝑓 [𝛿𝛿𝑚𝑚𝑒𝑒𝑒𝑒(0) − 𝛿𝛿𝑚𝑚0 ]

𝛿𝛿𝑚𝑚𝑒𝑒𝑒𝑒(0)(𝛿𝛿𝑚𝑚
𝑓𝑓 − 𝛿𝛿𝑚𝑚0 )

 (59) 

In which, the mixed-mode deformation at onset of softening and debonding (i.e., 𝛿𝛿𝑚𝑚0  452 

and 𝛿𝛿𝑚𝑚
𝑓𝑓 ) can be calculated by substituting the mode-mixity ratio in E-S stage at plate 453 

end and the junction point [i.e., 𝛾𝛾𝑒𝑒𝑒𝑒(0) and 𝛾𝛾𝑒𝑒𝑒𝑒(𝑥̅𝑥)] into Eqs. (9) and (13) as follows, 454 

𝛿𝛿𝑚𝑚0 = �
𝛿𝛿𝑡𝑡0𝛿𝛿𝑛𝑛0�

1+ 𝛾𝛾𝑒𝑒𝑒𝑒(𝑥̅𝑥)2

𝛿𝛿𝑡𝑡
02+ 𝛾𝛾𝑒𝑒𝑒𝑒(𝑥̅𝑥)2

𝛿𝛿𝑡𝑡0
   
𝑖𝑖𝑖𝑖 𝛿𝛿𝑛𝑛0 > 0
𝑖𝑖𝑖𝑖 𝛿𝛿𝑛𝑛0 ≤ 0

  (60) 

                                         𝛿𝛿𝑚𝑚
𝑓𝑓 = 2[1+𝛾𝛾𝑒𝑒𝑒𝑒(0)2]

𝛿𝛿𝑚𝑚0
[�𝐾𝐾𝑁𝑁
𝐺𝐺𝐼𝐼𝐼𝐼
�
𝛼𝛼

+ �𝛾𝛾
𝑒𝑒𝑒𝑒(0)2𝐾𝐾𝑇𝑇
𝐺𝐺𝐼𝐼𝐼𝐼𝐼𝐼

�
𝛼𝛼

]−1/𝛼𝛼 (61) 

According to the equations from (57) to (61), the dominant parameters in ‘effective 455 

tangential CZ law’, including 𝜏𝜏𝑝𝑝,𝑒𝑒𝑒𝑒𝑒𝑒  and 𝐾𝐾𝑇𝑇,𝑒𝑒𝑒𝑒𝑒𝑒
′  , can be solved provided that the 456 

magnitudes of interfacial slip and damage variable at plate end and the connection point 457 

[i.e.,  𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(0), 𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(𝑥̅𝑥), 𝛾𝛾𝑒𝑒𝑒𝑒(0), 𝛾𝛾𝑒𝑒𝑒𝑒(𝑥̅𝑥)] are known. The subsequent sections focus on the 458 

derivation process of these unknown parameters. De Lorenzis et al.’s model [49] 459 

adopted two assumptions for simplifying the derivation process of the above-mentioned 460 

four parameters for the mixed-mode analysis under mechanical loading only: (1) the 461 

normalized Mode-II slip/Mode I seperation distributions along the inteface at different 462 

load levels are constant. Dai et al. [53] also proved theoretically that the normalized 463 

strain distriubtions of FRP (i.e., by the maximum FRP strain value) along an FRP-to-464 

concrete interface are unique under different load levels if the bond-stress slip 465 

relationship at different location is constant. (2) a constant mode-mixity at the plate-466 

end for E stage and E-S stages. To investigate if the above two assumptions are 467 

applicable for the mixed-mode analysis under combined mechanical loading and 468 

temperature variation, the FE analyses are conducted. The previous experimentally 469 

studied beam (i.e., specimen S304) by Deng and Lee [2] is taken as an example. The 470 

FE results will be first presented, while the detailed information about the FE model 471 

will be presented in the later sections. 472 
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Constant normalized interfacial shear slip/separation assumption 473 

Fig. 7 compares the distributions of interfacial shear slip/separation under single 474 

mechanical loading (i.e., 80 kN, 0°C; 120 kN, 0°C) and combined mechanical loading 475 

and temperature variation (i.e., 60 kN, 40°C; 110 kN, 40°C) over the bond length 476 

obtained from the FE modeling. Both E and E-S stage are included in these figures. The 477 

magnitudes of interfacial shear slip/separation along the bondline are normalized by 478 

their magnitudes at the plate end [i.e., 𝛿𝛿𝑡𝑡𝑒𝑒(0)  and 𝛿𝛿𝑛𝑛𝑒𝑒𝑒𝑒(0) ]. It is clear that all the 479 

normalized distributions converge to a single curve. In other words, the normalized 480 

interfacial slip/separation in both E stage and E-S stage are identical regardless of the 481 

load level and the magnitude of temperature variation. And the absolute magnitudes of 482 

interfacial slip/separation along the bondline in E-S stage can be obtained by 483 

multiplying the interfacial slip/separation in E stage [i.e., Eq. (52) and Eq. (53)] with a 484 

coefficient 𝜑𝜑𝑇𝑇, and 𝜑𝜑𝑁𝑁, respectively.  485 

 486 

 487 
Fig. 7  Distribution of normalized a) interfacial slip [𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(𝑥𝑥)/𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(0)] and b) 488 

separation [𝛿𝛿𝑛𝑛𝑒𝑒𝑒𝑒(𝑥𝑥)/𝛿𝛿𝑛𝑛𝑒𝑒𝑒𝑒(0)] under various loadings. 489 
 490 

Thus, the distributions of interfacial slip and separation in E-S stage can be expressed 491 

as follows,  492 

𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(𝑥𝑥) =
𝜑𝜑𝑇𝑇

𝐾𝐾𝑇𝑇
[𝐵𝐵1 cosh(𝜆𝜆𝜆𝜆) + 𝐵𝐵2 sinh(𝜆𝜆𝜆𝜆) + 𝑚𝑚1

𝐹𝐹
2

];  0 < 𝑥𝑥 < 𝑙𝑙 (62) 
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𝛿𝛿𝑛𝑛𝑒𝑒𝑒𝑒(𝑥𝑥) =
𝜑𝜑𝑁𝑁
𝐾𝐾𝑁𝑁

�𝑒𝑒−𝛽𝛽𝛽𝛽[𝐶𝐶1 cos(𝛽𝛽𝛽𝛽) + 𝐶𝐶2sin(𝛽𝛽𝛽𝛽)] − 𝑛𝑛1𝜆𝜆[𝐵𝐵1 sinh(𝜆𝜆𝜆𝜆)

+ 𝐵𝐵2 cosh(𝜆𝜆𝜆𝜆)]�; 0 < 𝑥𝑥 < 𝑙𝑙 
(63) 

where 𝜑𝜑𝑇𝑇 and 𝜑𝜑𝑁𝑁 are the amplification factors.  493 

By substituting 𝑥𝑥 = 0 into the above equation, the magnitudes of interfacial slip and 494 

separation at plate end can be expressed as 495 

 𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(0) =
𝜑𝜑𝑇𝑇

𝐾𝐾𝑇𝑇
�𝐵𝐵1 + 𝑚𝑚1

𝐹𝐹
2�

    𝛿𝛿𝑛𝑛𝑒𝑒𝑒𝑒(0) =
𝜑𝜑𝑁𝑁
𝐾𝐾𝑁𝑁

(𝐶𝐶1 − 𝑛𝑛1𝜆𝜆𝐵𝐵2) (64) 

In addition, the interfacial stresses at the conjunction point between elastic and 496 

softening regions (𝑥𝑥 = 𝑥̅𝑥) should satisfy the quadratic stress failure criterion [Eq. (7)] 497 

as follows: 498 

 

{
𝜑𝜑𝑇𝑇

𝜏𝜏𝑝𝑝
�𝐵𝐵1 cosh(𝜆𝜆𝑥̅𝑥) + 𝐵𝐵2 sinh(𝜆𝜆𝑥̅𝑥) + 𝑚𝑚1

𝐹𝐹
2
�}2

+ {
𝜑𝜑𝑁𝑁
𝜎𝜎𝑝𝑝

〈𝑒𝑒−𝛽𝛽𝛽𝛽[𝐶𝐶1 cos(𝛽𝛽𝑥̅𝑥) + 𝐶𝐶2sin(𝛽𝛽𝑥̅𝑥)] − 𝑛𝑛1𝜆𝜆[𝐵𝐵1 sinh(𝜆𝜆𝑥̅𝑥)

+ 𝐵𝐵2 cosh(𝜆𝜆𝑥̅𝑥)]〉}2 = 1 

(65) 

And for a given 𝑥̅𝑥, the amplification factors can be solved as,  499 

1
𝜑𝜑𝑇𝑇

2 =
1
𝜑𝜑𝑁𝑁2

= �
1
𝜏𝜏𝑝𝑝
�𝐵𝐵1 cosh(𝜆𝜆𝑥̅𝑥) + 𝐵𝐵2 sinh(𝜆𝜆𝑥̅𝑥) + 𝑚𝑚1

𝐹𝐹
2
��
2

+ 500 

 {
1
𝜎𝜎𝑝𝑝
〈e−𝛽𝛽𝛽𝛽[𝐶𝐶1 cos(𝛽𝛽𝑥̅𝑥) + 𝐶𝐶2sin(𝛽𝛽𝑥̅𝑥)] − 𝑛𝑛1𝜆𝜆[𝐵𝐵1 sinh(𝜆𝜆𝑥̅𝑥) + 𝐵𝐵2 cosh(𝜆𝜆𝑥̅𝑥)]〉}2 (66) 

Here, 𝜑𝜑𝑁𝑁 = 𝜑𝜑𝑇𝑇 is assumed and the reason will be discussed in next section. 501 

Mode-mixity ratio assumption  502 

Fig. 8 shows the variation of mode-mixity ratio (𝛾𝛾) at two different locations (i.e., x = 503 

0 mm and 4 mm) under increasing levels of mechanical loading in the FE results. It is 504 

clear that the mode-mixity ratio reduces significantly at locations away from the plate 505 

end (e.g., x=4 mm) during the E-S stage. However, at the plate end location (i.e., x = 0), 506 

the reduction of the mode-mixity ratio is marginal from the E stage to E-S stage and 507 

only becomes very significant after the interface enters into debonding stage. The 508 

temperature variation changes the load when the interface starts entering into the E-S 509 

stage (i.e., onset of the softening in Fig. 8), but does not change the above-mentioned 510 
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trend. 511 

 512 

 513 
Fig. 8  Variation of mode-mixity ratio (𝛾𝛾) at different locations under increasing 514 

mechanical loading. 515 
 516 

To further investigate how the mode-mixity ratio (𝛾𝛾) changes at different locations 517 

during the interfacial debonding failure process, Fig. 9 compares the mode-mixity 518 

ratio (𝛾𝛾) at different locations at the E stage and end of the E-S stage (i.e., 𝛾𝛾𝑑𝑑𝑑𝑑𝑑𝑑 at the 519 

debonding load). Again, it is shown that the mode-mixity change is independent of 520 

temperature variation at any location. However, the mode-mixity ratios during both E 521 

stage (represent by 𝛾𝛾𝑒𝑒 at the end of E stage) and E-S stage (represent by 𝛾𝛾𝑑𝑑𝑑𝑑𝑑𝑑 at the 522 

end of E-S stage) increase with the distance from the plate end. At the plate end, the 523 

difference between 𝛾𝛾𝑒𝑒and 𝛾𝛾𝑑𝑑𝑑𝑑𝑑𝑑is the minimum while at a distance the 𝛾𝛾𝑑𝑑𝑑𝑑𝑑𝑑value is 524 

usually smaller than the 𝛾𝛾𝑒𝑒 value, indicating that the mode-mixity ratio reduces when 525 

the bond interface shifts from E stage to E-S stage. while the reduction seems to be 526 

more significant when the location is further away from the plate end. 527 

 528 
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 529 
Fig. 9  Distributions of mode-mixity ratio (𝛾𝛾) at different locations near the plate end. 530 

 531 

Following De Lorensis et al. [49], here it is also assumed that the magnitude of mode-532 

mixity ratio in E-S stage is equal to that in E stage at the plate end and [i.e., 𝛾𝛾𝑒𝑒𝑒𝑒(0) =533 

𝛾𝛾𝑒𝑒(0)]. 534 

Accordingly, the mode-mixity ratio at the plate end in E-S stage can be calculated as 535 

 𝛾𝛾𝑒𝑒𝑒𝑒(0) =
𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(0)
𝛿𝛿𝑛𝑛𝑒𝑒𝑒𝑒(0) =

𝜑𝜑𝑇𝑇

𝜑𝜑𝑁𝑁
𝛿𝛿𝑡𝑡𝑒𝑒(0)
𝛿𝛿𝑛𝑛𝑒𝑒(0) (67) 

In E stage, 𝛾𝛾𝑒𝑒(0) = 𝛿𝛿𝑡𝑡
𝑒𝑒(0)

𝛿𝛿𝑛𝑛𝑒𝑒(0). Therefore, 𝜑𝜑𝑇𝑇 = 𝜑𝜑𝑁𝑁. 536 

Apart from the magnitude of 𝛾𝛾𝑒𝑒𝑒𝑒 at the plate end (i.e., x = 0 mm), the magnitude of 𝛾𝛾𝑒𝑒𝑒𝑒 537 

at the connection point between elastic and softening region (𝑥𝑥 = 𝑥̅𝑥) should be paid 538 

special attention, because it determines the key parameters of the softening branch in 539 

the ‘effective tangential CZ law’ (i.e., 𝜏𝜏𝑝𝑝,𝑒𝑒𝑒𝑒𝑒𝑒 and 𝐾𝐾𝑇𝑇,𝑒𝑒𝑒𝑒𝑒𝑒
′ ). 540 

 541 
Fig. 10  Variation of mode-mixity ratio (𝛾𝛾) with 𝑥̅𝑥: a) ∆𝑇𝑇 = 0°C; b) ∆𝑇𝑇 = 40°C. 542 
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When the interface changes from E stage to E-S stage, there is a location 𝑥̅𝑥, representing 543 

the connection point of elastic and softening regions. Fig. 10 presents the mode-mixity 544 

ratios of the location 𝑥̅𝑥  at the ends of E-stage (i.e., 𝛾𝛾𝑒𝑒(𝑥̅𝑥)  in Fig. 10) and E-S stage 545 

(i.e., 𝛾𝛾𝑒𝑒𝑒𝑒(𝑥̅𝑥) in Fig. 10), respectively. Fig. 10a and Fig. 10b represent FRP-strengthened 546 

steel beams under mechanical loading and combined themal and mechanical loading, 547 

respectively. The mode-mixity ratio at the plate end (𝛾𝛾𝑒𝑒(0)) is also provided in the 548 

figure as a reference. The vertical line indicates that the interface starts debonding when 549 

𝑥̅𝑥  reaches that value.  In De Lorenzis et al.’s model [49], it was assumed 𝛾𝛾𝑒𝑒𝑒𝑒(𝑥̅𝑥) =550 

𝛾𝛾𝑒𝑒𝑒𝑒(0) =  𝛾𝛾𝑒𝑒(0)  for FRP-strengthened steel beam at mechanical loading in the E-S 551 

stage. It seems such approximation is a bit rough considering the obvious difference 552 

between 𝛾𝛾𝑒𝑒𝑒𝑒(𝑥̅𝑥) and 𝛾𝛾𝑒𝑒(0) (see Fig. 10a). Instead, it is more rational to approximate 553 

𝛾𝛾𝑒𝑒𝑒𝑒(𝑥̅𝑥) as the average of  𝛾𝛾𝑒𝑒(0) and 𝛾𝛾𝑒𝑒(𝑥̅𝑥) (see the pink dotted lines in both Fig. 10a 554 

and Fig. 10b), since it is difficult to obtain the explicit solution for 𝛾𝛾𝑒𝑒𝑒𝑒(𝑥̅𝑥). Accordingly, 555 

 𝛾𝛾𝑒𝑒𝑒𝑒(𝑥̅𝑥) =
𝛾𝛾𝑒𝑒(0) + 𝛾𝛾𝑒𝑒(𝑥̅𝑥)

2
 (68) 

In E-S stage, for deriving the interfacial behavior of FRP-strengthened steel beam, 𝑥̅𝑥 556 

should be calculated in advance based on the given parameters, the applied loading, and 557 

the boundary condition, since the bond-slip equations are different at the two sides of 558 

𝑥̅𝑥. When adopting the ‘effective tangential CZ law’, both the 𝜏𝜏𝑝𝑝,𝑒𝑒𝑒𝑒𝑒𝑒 and 𝐾𝐾𝑇𝑇,𝑒𝑒𝑒𝑒𝑒𝑒
′  are also 559 

dependent on the magnitude of 𝑥̅𝑥, which is unknown before the calculation. In this paper, 560 

an iteration process (realized through Matlab) is deployed to solve this problem as 561 

explained in the next section. 562 

Analytical Flowchart for Obtaining the Interfacial Behavior in E-S Stage 563 

 564 
Fig. 11 presents the calculation procedure of the interfacial stresses of FRP-565 

strengthened steel beam. When the interface is in the E stage, the distributions of 566 

interfacial stresses can be determined by Eqs. (33) and (45). Once the interface enters 567 

the E-S stage, the interfacial behavior can be determined iteratively as follows: 568 
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 569 
Fig. 11  Analytical flow chart for obtaining the interfacial behavior in E-S stage. 570 

 571 

1. Set 𝑥̅𝑥𝑖𝑖 = 0 , the corresponding value of magnification factor (𝜑𝜑𝑇𝑇 ) can be 572 

calculated by Eq. (66). Based on which, the distributions of interfacial 573 

slip/separation  can be obtained by Eq. (62) and Eq. (63). Then, the magnitude 574 

of 𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(𝑥̅𝑥𝑖𝑖) and 𝜏𝜏𝑝𝑝,𝑒𝑒𝑒𝑒𝑒𝑒 can be calculated by Eq. (62) and Eq. (57), respectively. 575 

In addition, the magnitudes of 𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(0) and 𝛿𝛿𝑛𝑛𝑒𝑒𝑒𝑒(0) at plate end can be calculated 576 

by Eq. (64), then 𝛿𝛿𝑚𝑚𝑒𝑒𝑒𝑒(0) can be calculated by Eq. (4). 577 

2. Then the mode-mixity ratio at plate end, 𝛾𝛾𝑒𝑒𝑒𝑒(0) , and the assumed location, 578 

𝛾𝛾𝑒𝑒𝑒𝑒(𝑥̅𝑥𝑖𝑖), can be calculated by Eqs. (67) and (68). Once  𝛾𝛾𝑒𝑒𝑒𝑒(0) and 𝛾𝛾𝑒𝑒𝑒𝑒(𝑥̅𝑥𝑖𝑖) are 579 

available, 𝛿𝛿𝑚𝑚0   and 𝛿𝛿𝑚𝑚
𝑓𝑓   can be calculated through Eq. (9) and Eq. (13), 580 

respectively. Based on 𝛿𝛿𝑚𝑚0 , 𝛿𝛿𝑚𝑚
𝑓𝑓  and 𝛿𝛿𝑚𝑚𝑒𝑒𝑠𝑠(0), 𝑑𝑑(0) can be calculated by Eq. (59). 581 
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3. When 𝑑𝑑(0) is determined, the slope of effective softening branch (𝐾𝐾𝑇𝑇,𝑒𝑒𝑒𝑒𝑒𝑒
′ ) can 582 

be calculated by Eq. (58). Then the parameters in ‘effective tangential CZ law’, 583 

including the slope of elastic branch (𝐾𝐾𝑇𝑇), peak shear strength (𝜏𝜏𝑝𝑝,𝑒𝑒𝑒𝑒𝑒𝑒) and the 584 

slope of softening branch (𝐾𝐾𝑇𝑇,𝑒𝑒𝑒𝑒𝑒𝑒
′ ) are given at 𝑥̅𝑥𝑖𝑖. 585 

4. The magnitude of 𝐹𝐹𝑖𝑖 corresponding to the trial 𝑥̅𝑥𝑖𝑖 can be calculated by Eq. (56). 586 

Initially, 𝐹𝐹𝑖𝑖 is smaller than the applied load. Then, the magnitude of 𝑥̅𝑥𝑖𝑖 is slightly 587 

increased and Step 1~3 is repeated until the convergence is reached. Substituting 588 

the determined 𝑥̅𝑥, 𝜑𝜑𝑇𝑇 into the Eqs. (62) and (63), the distributions of interfacial 589 

slip/separation in E-S stage [i.e., 𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(𝑥𝑥) and 𝛿𝛿𝑛𝑛𝑒𝑒𝑒𝑒(𝑥𝑥)] can be derived. 590 

5. At last, the distribution of 𝑑𝑑(𝑥𝑥) in Eq. (70) can be derived through Eq. (16), to 591 

which the 𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(𝑥𝑥)  and 𝛿𝛿𝑛𝑛𝑒𝑒𝑒𝑒(𝑥𝑥)  are substituted. Then, based on the obtained 592 

interfacial slip/separation [𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(𝑥𝑥) and 𝛿𝛿𝑛𝑛𝑒𝑒𝑒𝑒(𝑥𝑥)] and damage variable [𝑑𝑑(𝑥𝑥)], the 593 

distributions of interfacial bond/normal  stresses in E stage and E-S stage can be 594 

obtained as follows: 595 

𝜏𝜏𝑒𝑒𝑒𝑒(𝑥𝑥) = 𝐾𝐾𝑇𝑇𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(𝑥𝑥);  𝜎𝜎𝑒𝑒𝑒𝑒(𝑥𝑥) = 𝐾𝐾𝑁𝑁𝛿𝛿𝑛𝑛𝑒𝑒𝑒𝑒(𝑥𝑥) (𝑥̅𝑥 < 𝑥𝑥 < 𝑙𝑙)                 (69) 596 

𝜏𝜏𝑒𝑒𝑒𝑒(𝑥𝑥) = [1 − 𝑑𝑑(𝑥𝑥)]𝐾𝐾𝑇𝑇𝛿𝛿𝑡𝑡𝑒𝑒𝑒𝑒(𝑥𝑥); 𝜎𝜎𝑒𝑒𝑒𝑒(𝑥𝑥) = [1 − 𝑑𝑑(𝑥𝑥)]𝐾𝐾𝑁𝑁𝛿𝛿𝑛𝑛𝑒𝑒𝑒𝑒(𝑥𝑥) (0 < 𝑥𝑥 < 𝑥̅𝑥)      (70) 597 

 598 

Prediction of the Debonding Load 599 

The debonding load is achieved at end of the E-S stage, when 𝛿𝛿𝑚𝑚𝑒𝑒𝑒𝑒(0) = 𝛿𝛿𝑚𝑚
𝑓𝑓   and 600 

𝜏𝜏𝑒𝑒𝑒𝑒(0) = 0 . Therefore, at a given ∆𝑇𝑇 , set 𝐹𝐹 = 𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠  and gradually increase the 601 

magnitude of 𝐹𝐹. For each trial value of 𝐹𝐹, check the magnitude of shear stress at plate 602 

end [𝜏𝜏𝑒𝑒𝑒𝑒(0) ] that resultant from the iteration calculation in the previous section. 𝜏𝜏𝑒𝑒𝑒𝑒(0) 603 

decreases as the increase of trial magnitude of 𝐹𝐹, and the debonding load is achieved 604 

when 𝜏𝜏𝑒𝑒𝑒𝑒(0) decreases to zero. 605 
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Results and Discussion 606 

Validation of the Analytical Solution 607 

The FE modeling are conducted by using the general-purpose software ABAQUS [54], 608 

which has been used in the authors’ research group for modeling the behavior of FRP-609 

strengthened reinforced concrete (RC) beams at ambient temperature and under fire 610 

exposure [55-58], the debonding behavior of FRP-to-steel/concrete bonded joints under 611 

combined thermal and mechanical loading [17, 18], and the debonding failures of the 612 

FRP-strengthened steel beams [6, 40, 41, 47]. 613 

In the FE model, both the steel beam and FRP plate are modeled by 2-node cubic beam 614 

element (B23), and the adhesive layer is modeled by 4-node two-dimensional cohesive 615 

element (COH2D4). As shown in Fig. 12, the steel beam and FRP plate are tied by 616 

cohesive element at the reference line of both adherends and the adhesive layer, rather 617 

than their centroidal axes [59].  618 

 619 
Fig. 12  Schematic of the element types and reference axes of the beam and FRP 620 

plate. 621 
 622 

According to the mesh convergence study by Guo et al. [41], the length of the beam 623 

element is taken as 0.2 mm for both steel beam and FRP plate. The size of the elements 624 

at the adhesive layer is 0.2*1 mm (with 1 mm in thickness). 625 

The beams S303 and S304 (i.e., steel beam under three-point bending and strengthened 626 

by 0.3 m or 0.4 m FRP plate) presented in Deng et al.’s experimental study [2] were 627 

selected as the studied case in this paper. The layout and the loading condition of the 628 
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strengthened beam are shown in Fig. 1. And the mechanical parameters of both 629 

adherends and the interface are summarized in Table 1.  630 

Table 1  Parameters used in the FE model. 631 

Geometry data   S304 S303 

𝑦𝑦1 (mm) 𝐴𝐴1 (mm2) 𝐼𝐼1 (mm4) 𝑏𝑏2 (mm) 𝑙𝑙 (mm) 𝑙𝑙 (mm) 

63.5 1602 4.59*106 76 200 150 

𝑦𝑦2 (mm) 𝐴𝐴2 (mm2) 𝐼𝐼2 (mm4) 𝑡𝑡𝑎𝑎 (mm) 𝑎𝑎 (mm) 𝑎𝑎 (mm) 

1.5 228 171 1.0 350 400 

 

Material and interface bond behavior data 

𝐸𝐸1 (N/mm2) 𝛼𝛼1 (/°C) 𝜏𝜏𝑝𝑝 (N/mm2) 𝛿𝛿𝑡𝑡0 (mm) 𝛿𝛿𝑡𝑡
𝑓𝑓 (mm) 𝐺𝐺𝐼𝐼𝐼𝐼 (N/mm) 

205000 11*10-6 26.7 0.0526 0.1191 1.59 

𝐸𝐸2 (N/mm2) 𝛼𝛼2 (/°C) 𝜎𝜎𝑝𝑝 (N/mm2) 𝛿𝛿𝑛𝑛0 (mm) 𝛿𝛿𝑛𝑛
𝑓𝑓 (mm) 𝐺𝐺𝐼𝐼 (N/mm) 

212000 6*10-7 29.7 0.00371 0.004 0.0594 

 632 

 633 

 634 
Fig. 13  Comparison of interfacial stresses from FE and analytical solution: a) S303 at 635 
80 kN and -40°C; b) S304 at 90 kN and -40°C; c) S303 at 80 kN and 40°C; d) S304 at 636 

90 kN and -40°C. 637 
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 638 

Fig. 13 compares the distributions of interfacial shear and normal stresses with the 639 

magnitude normalized by 𝜏𝜏𝑝𝑝 and 𝜎𝜎𝑝𝑝, respectively. The dotted lines represent analytical 640 

results, while the continuous lines represent FE modeling results. To clearly show the 641 

interfacial behavior near the plate end, only a quarter length of FRP plate starting from 642 

the plate end is shown in Fig. 13. Both the mechanical loading (i.e., 80 kN for S303; 643 

90 kN for S304) and temperature variation (i.e., -40°C and 40°C) are considered. It can 644 

be observed that the distributions of interfacial shear/normal stresses from the analytical 645 

solutions are in good agreement with the FE results. Therefore, the validity of the 646 

proposed analytical approach for predicting the interfacial bond behavior of FRP-647 

strengthened beam under combined mechanical and thermal loading is confirmed. 648 

As shown in Fig. 13, the deformation stages of two beams are E stage at -40°C and E-649 

S stage at 40°C respectively, although the load level is the same. This phenomenon is 650 

resulted from the interfacial thermal stress as discussed below. 651 

In the ∆𝑇𝑇 = -40°C case (Fig. 13a, b), the maximum shear stresses can be observed at 652 

the plate end, and the magnitude of shear stress decreases with the distance to the plate 653 

end. The direction of the interfacial shear stress remains unchanged from the plate end 654 

to the middle span of the FRP plate. In comparison, the interfacial normal stress is 655 

tensile (positive value) at the plate end while turns to compressive (negative value) at 656 

locations away from the plate end. Besides, the magnitudes of both shear and normal 657 

interfacial stresses decrease to zero at the middle length of FRP plate. While at ∆𝑇𝑇 = 658 

40°C (Fig. 13c, d), the interface is in E-S stage, with the softening region occurs near 659 

the plate end. In comparison to the distribution of interfacial stress derived by mode-II 660 

analysis only (Fig. 3), the peak interfacial stress in the mix-mode analysis is less than 661 

𝜏𝜏𝑝𝑝.662 
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Comparison with Previous Results 663 

Table 2 The loads at the onset of softening and debonding at normal temperature. 664 

At normal 
temperature 

(∆𝑇𝑇=0) 

Debonding load (kN) Softening onset load (kN) 

Experimental 
results [2] 

FE results 
[47] 

Analytical 
solution [49] 

Proposed 
analytical 
solution 

FE results 
[47] 

Proposed 
analytical 
solution 

S303 120 118 138 127 84 98 

S304 135 132 155 142 117 111 

 665 

Table 2 compares the load at onset of softening and debonding at normal temperatures 666 

obtained from the analytical solutions proposed in this paper, the coupled mixed-mode 667 

analysis proposed by De Lorenzis et al. [49], and FE modeling [47] with the 668 

experimental results [2]. It can be observed that both the FE modeling and analytical 669 

solutions provide closer predictions of the experimental results. Specifically, the FE 670 

results give almost the identical predictions with the experimental data, because of the 671 

consideration of the geometric imperfection and nonlinear constitutive law of the steel 672 

beam [47]. In comparison, a slightly larger difference can be observed between the 673 

experimental data and analytical results, which could be attributed to the simplified 674 

assumptions on the mode-mixty ratio at 𝑥̅𝑥 in E-S stage [i.e., 𝛾𝛾𝑒𝑒𝑒𝑒(𝑥̅𝑥)] as mentioned above.  675 

In addition, in experiments, the steel beam already exhibited some yielding at the 676 

ultimate failure.  677 

Table 3 The loads at the onset of softening at changed temperatures. 678 
Softening 

onset 
load (kN) 

Temperature variation (∆𝑇𝑇) -40°C -20°C 0°C 20°C 40°C 

S303 
Single mode-II analysis [41] 148 134 120 105 91 

Proposed analytical 
solution 126 112 98 84 70 

S304 
Single mode-II analysis [41] 168 151 135 119 103 

Proposed analytical 
solution 142 127 111 95 79 
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 679 
Table 4 The loads at the onset of debonding at changed temperatures. 680 

Debonding 
load (kN) Temperature variation (∆𝑇𝑇) -40°C -20°C 0°C 20°C 40°C 

S303 
Single mode-II analysis [41] 201 187 174 160 146 

Proposed analytical 
solution 154 140 127 113 99 

S304 
Single mode-II analysis [41] 226 210 195 180 164 

Proposed analytical 
solution 174 159 142 127 112 

 681 

 682 

Table 3 and Table 4 compare the predicted mechanical loading at the onset of softening 683 

and debonding that predicted by the single mode-II [41] and proposed coupled mixed-684 

mode analyses. Despite the same bond-slip relationship in mode-II directions being 685 

adopted in both analytical solutions, the single mode-II analysis tends to overestimate 686 

the debonding load at all temperature levels, because of the neglection of the interfacial 687 

normal stress effect. For both S303 and S304 under mechanical loading, the debonding 688 

load is increased by about 45% from the onset of softening till the debonding in mode-689 

II analysis, while such increase is 29% only in the mixed-mode analysis. The length of 690 

softening region at debonding load is around 32.0 mm in mode-II analysis but 3.9 mm 691 

only in coupled mixed-mode analysis. These phenomena can be resultant from the 692 

decreased fracture energy in the softening stage, as described the ‘effective tangential 693 

CZ law’.  694 

In addition, the mechanical loading at the onset of softening and debonding of FRP-695 

strengthened steel beam are dramatically affected by the temperature variation. For 696 

beams S303 and S304, the increase of service temperature from -40°C to 40°C (which 697 

could happen by seasonal temperature change) leads to a decrease of about 35% of the 698 

debonding load, and thus would lead to the premature failure of the structure. Therefore, 699 

an in-depth understanding of the thermal effect on the debonding behavior of the FRP-700 

strengthened steel beam is essential for the safe strengthening design.  701 
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Interfacial Stress Distribution under Combined Mechanical and Thermal 702 

Loading 703 

Fig. 14 shows the distributions of interfacial stresses in both shear and normal directions 704 

of the FRP-strengthened steel beam S304 under combined mechanical (110 kN) and 705 

thermal loading (∆𝑇𝑇 ranges from -40°C to 40°C). It can be observed that the interface 706 

evolves from E stage to E-S stage as the temperature increases. 707 

When ∆𝑇𝑇 ≤ 0°C, the entire bond length is in the elastic stage and the magnitude of the 708 

interfacial stresses at each point increase with ∆𝑇𝑇. After the softening criterion (Eq. 17) 709 

is satisfied, the softening occurs at the plate end and the shear stress in the softening 710 

region decreases subsequently as the temperature increase. It can be expected that the 711 

plate-end debonding could happen with the further increase of temperature.  712 

 713 

 714 
Fig. 14  Interfacial stress distributions of FRP-strengthened steel beam under 715 

combined mechanical and thermal loading: a) normalized interfacial shear stress; b) 716 
normalized interfacial normal stress. 717 

 718 
To better explain this phenomenon, the interfacial behavior under mechanical or 719 

thermal loading is separately investigated in Fig. 15 and Fig. 16. 720 
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 721 
Fig. 15 Interfacial stress distributions of FRP-strengthened steel beam under various 722 
mechanical loading: a) normalized interfacial shear stress; b) normalized interfacial 723 

normal stress. 724 
 725 

Fig. 15 presents the distributions of interfacial shear and normal stresses in beam S304 726 

under increasing mechanical loading. As the load increases, the bonding interface 727 

evolves from E stage (80 kN and 100 kN) to E-S stage (125 kN) and the trend is similar 728 

to that under constant loading and increasing temperature (Fig. 14). In addition, despite 729 

the different deformation stages experienced by the interface, the magnitude of 730 

interfacial stress in both directions are all positive near the plate end.  731 

Fig. 16 shows the distributions of interfacial stresses under single thermal loading. 732 

When a temperature decrease is applied to the FRP-strengthened steel beam, negative 733 

interfacial stresses are generated at the bond interface (Fig. 16) near plate end. And the 734 

directions of interfacial stresses in shear and normal directions are opposite to those 735 

generated by the mechanical loading (Fig. 15). The interfacial stresses from both 736 

mechanical and thermal loading can be superimposed on each other. As such, the 737 

magnitudes of interfacial stresses that caused by the mechanical loading (Fig. 15) are 738 

reduced near the plate end. Because of the lower interfacial stresses at -40°C and -20°C 739 

as comparing to the 0°C case under same mechanical loading, a higher level of 740 

mechanical load is needed at onset of softening and debonding. 741 
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   742 
Fig. 16  Interfacial stress distributions of FRP-strengthened steel beam under single 743 

thermal loading: a) normalized interfacial shear stress; b) normalized interfacial 744 
normal stress. 745 

 746 
On the contrary, the interfacial stresses caused by a temperature elevation (Fig. 16) are 747 

in the same direction as that caused by the mechanical loading (Fig. 15). Thus, a higher 748 

level of damage of interface can be achieved at elevated temperature given the same 749 

mechanical loading (Fig. 14). As a consequence, the required mechanical loading at 750 

onset of softening and debonding should be lower. In summary, the onset of softening 751 

and debonding is delayed at decreased temperatures while accelerated at increased 752 

temperatures. 753 

Parametric Study 754 

To investigate the effect of the bond and FRP properties on the plate-end debonding 755 

load under temperature variations, a parametric study was further conducted using the 756 

proposed analytical approach. 757 

 758 

0 40 80 120 160 200
-0.4

-0.2

0.0

0.2

0.4

 40°C
 20°C
 -20°C 
 -40°C 

N
or

m
al

iz
ed

 in
te

rf
ac

ia
l s

he
ar

 st
re

ss

Distance from the plate end (mm)(a)

S304

0 10 20 30 40
-0.2

-0.1

0.0

0.1

0.2

 40°C
 20°C
 -20°C 
 -40°C 

N
or

m
al

iz
ed

 in
te

rf
ac

ia
l n

or
m

al
 st

re
ss

Distance from the plate end (mm)(b)

S304

-40 -20 0 20 40

0.70

0.85

1.00

1.15

1.30

N
or

m
al

iz
ed

 d
eb

on
di

ng
 lo

ad

Temperature variation (°C)

 -3*10-6

 0.3*10-6

 3*10-6

 5.5*10-6

 11*10-6

(a)
-40 -20 0 20 40

0.70

0.85

1.00

1.15

1.30

N
or

m
al

iz
ed

 d
eb

on
di

ng
 lo

ad

Temperature variation (°C)

 6 mm
 3 mm
 1.5 mm
 0.75 mm
 0.375 mm

(b)



42 

 

 759 
Fig. 17  Effect of temperature variation on normalized debonding load of the FRP-760 

strengthened steel beam at different plate: a) CTEs; b) thicknesses; c) elastic moduli; 761 
d) lengths. 762 

 763 
Fig. 17 presents the changes of plate-end debonding load with the temperature variation 764 

of the same steel beam strengthened by different FRP plates, in terms of plate thickness 765 

(Fig. 17a), length (Fig. 17b), elastic moduli (Fig. 17c) and CTE (Fig. 17d). In this 766 

figure, the plate-end debonding load at various temperatures is normalized by the value 767 

at ambient temperature (i.e., ∆𝑇𝑇 = 0°C). 768 

According to Fig. 17a, when the CTEs of FRP plate and steel beam are identical (i.e., 769 

1.1*10-6), the predicted debonding loads are the same at different temperatures because 770 

of the nonexistence of thermal stress effect. For the FRP plate with a CTE lower than  771 

steel, the debonding load decreases linearly with the temperature increase, regardless 772 

of the FRP thickness and length. The thermal stress effect becomes more significant 773 

when the difference in CTE between FRP and steel is higher. 774 

According to Fig. 17b and Fig. 17c, the steel beams strengthened with thicker and 775 

stiffer FRP plates are more sensitive to the temperature elevation. For an extreme case, 776 

when an 80°C (i.e., from -40°C to 40°C) temperature increase was applied, 60% 777 

decrease of the debonding load can be observed for the steel beam strengthened with a 778 

6 mm and 212 GPa FRP plate. In comparison, the effect of the FRP length on the change 779 

of debonding load is negligible (Fig. 17d). However, in view of that a shorter bond 780 

length usually leads to a lower debonding load, longer and thinner FRP plates are 781 

preferred to minimize the negative thermal stress effect on the safety of FRP-782 
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strengthened steel beams. If the use of a thicker or stiffer FRP plate is not avoidable, 783 

additional mechanical anchorages are needed to suppress the debonding failure.   784 

Conclusions 785 

This paper presents a closed-form analytical solution based on coupled mixed-mode 786 

cohesive zone model to analyze the interfacial behavior of FRP-strengthened steel beam 787 

under combined mechanical loading and thermal loading. The interfacial stresses in 788 

both tangential and normal directions are considered in predicting the loads at onset of 789 

softening and debonding of the FRP-to-steel interface. Based on the results of this study, 790 

several conclusions can be drawn as follows: 791 

1. The proposed coupled mixed-mode analysis can provide an accurate prediction 792 

of the interfacial behavior and debonding load of FRP-strengthened steel beams 793 

under combined mechanical and thermal loading; 794 

2. The interfacial behavior between the steel beam and FRP plate can be seriously 795 

affected by the temperature variation. The interfacial stress at elevated 796 

temperatures is in same direction as that generated by mechanical loading and 797 

thus accelerates the deformation process of the interface. 798 

3. The debonding load of FRP-strengthened steel beam is significantly decreased 799 

by the temperature elevation. As such, special attention should be paid to the 800 

design of FRP-strengthened beams when the service temperature increase is 801 

expected. 802 

4. The thermal stress is more significant when a thicker and stiffer FRP plate is 803 

adopted in strengthening the steel beam, for which case use of longer FRP plate 804 

and additional anchorages are preferred to reduce the negative effect of 805 

temperature increase. 806 
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