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5
6 ABSTRACT
7
8 Extensive research has been conducted on the behavior of fiber reinforced polymer (FRP)-
9 confined concrete in both circular and rectangular concrete columns. In the former columns, 

10 the stress-strain behavior of FRP-confined concrete is now well understood and can be closely 
11 predicted, but the same cannot be said about rectangular columns. This paper presents a new 
12 attempt at understanding and modeling the confinement mechanism in square columns as a 
13 special case of rectangular columns, leading to a new stress-strain model. The salient features 
14 of the new model include a more rigorous definition of the effective confinement area and a 
15 corner hoop strain-axial strain relationship based on advanced finite element results as well as 
16 a more reliable definition of the ultimate condition. The proposed model is analogous in 
17 approach to analysis-oriented stress-strain models for FRP-confined concrete in circular 
18 columns and represents a more advanced and robust method for modeling the stress-strain 
19 behavior of FRP-confined concrete in square columns than the existing empirically-based 
20 stress-strain models. The approach is also easily extendable to FRP-confined concrete in 
21 rectangular columns. The proposed model is shown to be accurate and perform better than the 
22 existing stress-strain models of the same type in predicting existing test results.
23
24 KEYWORDS
25
26 Fiber reinforced polymer (FRP); square columns; stress-strain models; stress distributions; 
27 finite element (FE) analysis.
28

29 1. INTRODUCTION

30 Strengthening of existing reinforced concrete (RC) columns using fiber reinforced polymer 
31 (FRP) confining jackets has now become a widely accepted technique in practice [1-5]. The 
32 behavior of FRP-confined concrete in RC columns has been extensively studied over the past 
33 two decades, leading to a significant number of stress-strain models. In particular, the response 
34 of FRP-confined concrete in circular columns is now well understood and can be closely 
35 predicted by some of the existing stress-strain models (e.g. [3, 6-10]). By contrast, much less 
36 is known about the behavior of FRP-confined concrete in square or rectangular columns even 
37 though these columns are more commonly found in practice [5, 11-23].
38
39 In an FRP-confined circular concrete column subjected to axial compression, the concrete is 
40 (nominally) uniformly confined by the FRP jacket. However, in an FRP-confined rectangular 
41 column, the confinement is non-uniform over the cross-section and only part of the section is 
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42 effectively confined [11, 18, 24-29]. The FRP confinement effectiveness is much reduced due 
43 to the flat sides and the sharp corners of the rectangular section, even after the rounding of the 
44 corners as is generally recommended. Corner rounding is needed both to enhance the 
45 confinement effectiveness and to reduce the detrimental effect of stress concentration at the 
46 corners. Because of the small flexural rigidity of the FRP jacket, the concrete in contact the flat 
47 sides of the column section receives the smallest confinement, while the concrete at the four 
48 corners receives the largest confinement [18, 25, 30-34]. Despite the much larger confining 
49 pressures acting on the corner concrete, the hoop tensile strains of the FRP jacket around the 
50 corners are lower than those along the flat sides; nevertheless, FRP rupture typically occurs 
51 near one of the rounded corners [5, 14, 33, 35].
52
53 Many researchers have employed a “shape factor” to reflect the difference in confinement 
54 between a circular column and a rectangular column. Existing stress-strain models for FRP-
55 confined concrete in square columns, including both design-oriented stress-strain models (e.g. 
56 [11, 19, 24, 36-38]) and analysis-oriented stress-strain models (e.g. [31, 39]) have generally 
57 adopted this concept. This “shape factor” concept was originally proposed by Mander et al. 
58 [40] for confined concrete in rectangular RC columns with transverse steel reinforcement. The 
59 “shape factor” is usually defined as a function of the ratio of the effective-confinement area 
60 and the total cross-sectional area of concrete. The form of the effective-confinement area, 
61 however, has never been theoretically investigated, and its relationship to the actual stress 
62 distribution over the section is not at all clear. Moreover, as revealed in some finite element 
63 (FE) analyses, even within this effective-confinement area, the confining pressure and the axial 
64 stress distribution are rather non-uniform [18, 30, 32, 33, 41, 42]. The FRP confinement to the 
65 concrete near the flat sides of the rectangular section will be mobilized to be significant when 
66 the dilation of concrete is large enough [32]. Some researchers (e.g. [31, 39]) assumed that only 
67 the concrete within the effective-confinement area receives confinement from the FRP while 
68 the rest of the concrete (i.e., concrete near the flat sides) is unconfined, which obviously over-
69 simplifies the complicated stress distribution of an FRP-confined rectangular section.
70
71 This paper presents a new attempt at understanding and modeling the stress-strain behavior of 
72 FRP-confined concrete in square columns as a special case of rectangular columns. Reliable 
73 and advanced FE simulations were conducted to gain an in-depth understanding of the 
74 confinement mechanism and to produce results that are then combined with experimental data 
75 to formulate a new stress-strain model. This stress-strain model is analogous to an analysis-
76 oriented stress-strain model for FRP-confined concrete in circular columns (e.g. [6]). While the 
77 present study is limited to FRP-confined concrete in square columns, the same methodology 
78 can be readily extended to rectangular columns or perhaps other non-circular columns. The 
79 proposed model is shown to be accurate and perform better than the existing stress-strain 
80 models of the same type in predicting existing test results.

81 2. FINITE ELEMENT SIMULATIONS

82 A three-dimensional (3D) FE approach was employed to simulate the behavior of FRP-
83 confined concrete in square columns under axial compression. In the FE simulation, only a thin 
84 slice of a quarter of an FRP-confined square section consisting of a single layer of elements 
85 was modeled (Figure 1). The concrete and the FRP jacket were represented using 8-node solid 
86 elements (C3D8R) and 4-node membrane elements (M3D4R), respectively, in ABAQUS 
87 (2011) [43]. Due to the small flexural rigidity of the FRP jacket, the two approaches of 
88 modelling the FRP jacket, using membrane elements (M3D4R) and shell elements (S4R) 
89 respectively, were found to provide almost identical predictions for the axial stress-axial strain 
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90 response of confined concrete; however, the former elements allow the convergence of analysis 
91 to be achieved much more easily. Perfect bonding (i.e., no slips) between the FRP jacket and 
92 the concrete was assumed, which was achieved by means of the “Tie Option” in ABAQUS. 
93 Loading was applied by imposing axial displacements uniformly to the top nodes of the section.
94
95 The plastic-damage model developed by Yu et al. [44] and later modified slightly by Teng et 
96 al. [45] was employed to depict the three-dimensional constitutive behavior of FRP-confined 
97 concrete in square columns. Yu et al.’s model [44] was the first reliable constitutive model for 
98 FRP-confined concrete under both uniform confinement (e.g., FRP-confined concrete in 
99 circular columns) and non-uniform confinement (e.g., FRP-confined concrete in rectangular 

100 columns). The success of Yu et al.’s model [44] lies in relating the damage parameter, the 
101 hardening/softening rule, and the flow rule to the confinement state and relating the yield 
102 criterion to the third deviatoric stress invariant. This constitutive model has been successfully 
103 employed to predict responses of FRP-confined circular and square concrete columns under 
104 axial compression, hybrid FRP-concrete-steel double-skin tubular columns [44], as well as 
105 FRP-confined RC columns under eccentric axial compression [8, 46]. Yu et al.’s model [44] 
106 has also been used by many other researchers (e.g. [33, 47]). The reader is referred to Yu et al. 
107 [44, 48] for more details of the constitutive model. Note that Yu et al. [44] proposed two 
108 methods (i.e., Method I and Method II) to evaluate the confinement stiffness ratio (i.e., the ratio 
109 between the effective confining pressure and the lateral strain) for non-uniformly confined 
110 concrete. Compared to Method I, Method II is more reasonable as it takes into account the non-
111 uniformity of flow rule over a non-circular section [44] and thus was adopted in the FE 
112 modeling of the present study.
113
114 The FRP jacket had fibers only in the column hoop direction (i.e., around the perimeter of the 
115 column section) to provide confinement to the concrete. Therefore, an orthotropic linear-
116 elastic-brittle material was assumed for the FRP jacket and a very small value (0.001 GPa) was 
117 adopted for the elastic modulus of the FRP jacket in the axial direction. A mesh convergence 
118 study was carried out, leading to an element size of around 5.0 mm for both the concrete and 
119 the FRP jacket. A more refined mesh (e.g., 2.5 mm) produced an average axial stress-axial 
120 strain curve of the confined concrete that is almost identical to the one with an element size of 
121 5.0 mm [8, 46].

122 3. TYPICAL FE RESULTS

123 3.1. Axial Stress Distribution

124 It is well known that the concrete in a rectangular column is non-uniformly confined by the 
125 FRP jacket. The two lateral stress components acting on the concrete along the two axes of 
126 symmetry of the section vary significantly over the section, and one of the components may be 
127 much larger than the other depending on the location. Some researchers attempted to establish 
128 approximate distributions of the lateral confining stresses over the column section. On the basis 
129 of these distributions of lateral stresses, as well as a failure criterion for confined concrete, the 
130 axial stress distribution can be evaluated (e.g. [41]). However, it has been found that the 
131 complication in trying to predict accurately the confining stress distributions can be hardly 
132 justified by the accuracy of the method to evaluate the axial response of the column. In Nisticò 
133 and Monti’s method [41], regression analysis of test results still needs to be carried out in order 
134 to achieve accurate predictions for the axial response. As a result, in the present study, the 
135 distribution of axial stress instead of that of either of the lateral confining stress components 
136 over the square section is treated in detail.
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137
138 Figure 2 shows the axial stress distributions over a typical FRP-confined square section 
139 (referred to as the reference section hereafter) at three different loading levels (or deformation 
140 states) predicted by the FE model. The reference section had a sectional width of 150 mm with 
141 a corner radius of 25 mm confined by a two-ply carbon FRP (CFRP) jacket (hoop elastic 
142 modulus Ef = 250 GPa, thickness tf = 0.33 mm). The compressive strength of unconfined 
143 concrete ( ) was 45 MPa. State C corresponds to an FRP hoop strain of 1.0% (which may be cof 

144 taken as a typical CFRP rupture strain in a rectangular column) at the centers of the rounded 
145 corners (i.e., the mid-arc points of the circular corners). This hoop strain at the corner centers 
146 (referred to as the corner center hoop strain  hereafter) is taken as the key reference value h
147 as laboratory tests have shown that FRP-confined rectangular concrete columns generally fail 
148 by sudden rupture of the FRP jacket at or near one of the corners (often at one of the curvature 
149 change points between the rounded corners and their adjacent flat sides) [4, 35, 49, 50]. Figure 
150 2 shows that, at an early deformation state (State A), the axial stress is uniformly distributed 
151 over the section; as the axial deformation increases, the axial stress distribution becomes 
152 increasingly more non-uniform (States B and C). More specifically, the axial stresses in the 
153 four corner regions become much larger than those away from the corners; that is, the FRP 
154 jacket provides much more effective confinement to the concrete in the corner regions than 
155 elsewhere. Along the flat sides of the section, the axial stresses are the lowest indicating that 
156 the confinement provided by the FRP jacket is the weakest here because of the small flexural 
157 stiffness of the FRP jacket.
158
159 In the contour plots of axial stress distribution at the three deformation states in Figure 3, the 
160 thick red curves represent an axial stress of 45 MPa, which is equal to the unconfined concrete 
161 strength. The concrete enclosed by the red curves has an axial stress larger than 45 MPa, so the 
162 enclosed region(s) may be taken as the region(s) with effective FRP confinement. It can be 
163 seen that the size and shape of the region(s) vary as the axial deformation increases; more 
164 specifically, the total area of effective confinement increases with the axial deformation. The 
165 definition of a constant effective-confinement area for the full range of stress-strain behavior 
166 as adopted in most of the existing stress-strain models thus needs some careful considerations. 
167 Figure 4 shows the lateral deformation (i.e., dilation) of FRP-confined concrete in the square 
168 section at State C. It is obvious that the dilation is the largest at the centers (mid-width locations) 
169 of flat sides and smallest at the centers of corners in the diagonal direction, indicating the 
170 smallest and the largest levels of FRP confinement at the two locations, respectively. Figures 
171 5(a) and 5(b) show the magnitudes and directions of the two lateral principal stresses (σmax and 
172 σmid) over the square section at Stage C, and Figure 5(c) shows the distribution of the σmax/σmid 
173 ratio over the entire square section. It is evident that the two lateral principal stresses are not 
174 equal due to the non-uniform FRP confinement over the section and the ratio between them 
175 varies over the section. It can be seen from Figure 5(c) that the concrete near the center of the 
176 square section is under relatively uniform confinement (with σmax/σmid ratios being close to 
177 1.0). The two lateral principal stresses of the concrete at the centers of the four corners differ 
178 significantly with the maximum ratio being around 0.5, although the concrete there has the 
179 largest axial stress (see Figure 2). The concrete near the mid-width locations of flat sides has 
180 the lowest σmax/σmid ratios (close to 0), indicating that the concrete there is subjected to the 
181 highest non-uniformity of confinement.

182 3.2. Effective-Confinement Area

183 In order to obtain a reliable definition of the effective-confinement area which is suitable for 
184 the development of the full-range stress-strain response of FRP-confined concrete in a square 
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185 column, four patterns of section division of a square section are proposed herein as shown in 
186 Figure 6. These patterns were proposed based on the axial stress distribution identified in the 
187 FE results of the present study (Figure 2). The first three patterns consist of two diagonal 
188 regions as well as four triangular regions near the four flat sides (Figure 6). As high stresses 
189 exist in the corner regions and also in the central region, the corner regions and the central 
190 region are separated from the diagonal regions in patterns (2) and (3), respectively, as shown 
191 in Figure 6. Pattern (4) consists of a circular central region and four corner regions to reflect 
192 the large difference in axial stress between the central region and the corner regions (see 
193 Figures 2b and 2c). It should be noted that, in the present study, the section is divided using 
194 straight lines for simplicity for the first three patterns since the use of more complex division 
195 lines at the cost of efficiency may not improve the accuracy of prediction significantly.
196
197 In addition to the definition of stress regions, two equivalent circular sections are defined 
198 (Figure 7). The first equivalent circular section has a perimeter that circumscribes the square 
199 section with rounded corners, while the second one has the same radius as that of the rounded 
200 corners. The first equivalent circular section has also been used by Lee et al. [31] for the 
201 calculation of the effective confining pressure in an FRP-confined square section; this 
202 equivalent circular section allows a smooth transition from a square section to a circular section 
203 (i.e., the equivalent circular section becomes the circular section itself when the corner radius 
204 becomes equal to half the section width). A slightly different equivalent circular section has 
205 previously been used by Lam and Teng [11] for the same purpose, which, however, does not 
206 allow a smooth transition between a square section and a circular section. The second 
207 equivalent circular section is proposed in the present study to reflect the state of confinement 
208 in the corner regions.

209 4. STRESS RATIOS

210 In order to predict the full-range stress-strain response of a square section, it is proposed herein 
211 that the stress-strain responses of the two equivalent circular sections be determined first and 
212 these responses are then related to the responses of different regions of the square section for a 
213 given section pattern (Figure 56). For this purpose, the average stress of each region of a given 
214 section pattern was extracted from the FE results of the reference section and the obtained 
215 average stress was compared with the axial stresses of the two equivalent circular sections (  1c
216 and ).  and  were calculated using the analysis-oriented stress-strain model of 2c 1c 2c
217 Jiang and Teng [6] for a given hoop (or lateral) strain equal to the corner center hoop strain (
218 ) of the rounded square column from the FE analysis. Figure 2(c) illustrates the average axial h
219 stresses of the two regions in section Pattern (1) (  and ) compared with the actual axial 1 2
220 stress distribution.
221
222 The stress ratio results throughout the loading process for the four section patterns are shown 
223 in Figure 8. For section Pattern (1), it is seen that the average stress of Region 1 ( ) is very 1
224 close to the stress of the first equivalent circular section ( ) after  exceeds approximately 1c h

225 0.002. For Region 2,  decreases during the later stage of loading, indicating that the 2
226 concrete near the flat sides is not effectively confined by the FRP jacket. Nonetheless, it is 
227 found that the non-dimensional parameter β ( ) remains almost constant 2212 cc  

228 during the later stage, which means that the two curves of  and  are almost 2 1c  2 2c 
229 parallel to each other during the later stage [Figure 8(a)]. In section Pattern (2), the corner 
230 regions are separated from Region 1 of section Pattern (1). It is observed that the average axial 
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231 stress of the corner regions ( ) in section Pattern (2) is always larger than , but smaller 3 1c
232 than , and the ratios of  and  do not remain constant during the full 2c 13 c 23 c
233 loading process. The average axial stress of Region 1 ( ) is also very close to , although 1 1c

234  becomes slightly smaller than  during the later loading stage due to the exclusion of 1 1c
235 the corner regions with large axial stresses [Figure 8(b)]. In section Pattern (3), the central 
236 square region is separated from Region 1 of section Pattern (1). Figure 8(c) shows that the axial 
237 stresses in Region 1 and Region 3 (i.e.,  and ) are very close to each other and both are 1 3
238 equal to  during the full loading process. Figure 8(d) shows the stress ratios of section 1c
239 Pattern (4). As Region 1 in this pattern consists of both the central region and the four regions 
240 near the flat sides, its average axial stress is always smaller than  and . The stress ratio 1c 2c
241 of  remains almost constant and is slightly larger than 1.0 during the later loading 12 c
242 stage. This is reasonable as Region 2 in this pattern includes parts of the regions along the flat 
243 sides with low axial stresses (Figure 6), which compensates for the high axial stresses in the 
244 rounded corner regions. The non-dimensional parameter β′ ( ) in this pattern, 2111 cc  

245 however, does not remain constant but increases with the corner center hoop strain during the 
246 later loading stage [Figure 8(d)].
247
248 Based on the stress ratio results discussed above, only section Pattern (1) has a nearly constant 
249 stress ratio or non-dimensional parameter for each region during the later loading stage. For 
250 the other section patterns, although they appear to follow more closely the actual stress 
251 distribution, no constant stress ratios or non-dimensional parameters were identified. A 
252 constant stress ratio or non-dimensional parameter makes it possible to evaluate the average 
253 axial stresses of all regions in a section pattern using the axial stresses from the two equivalent 
254 circular sections. For this reason, section Pattern (1) can be regarded as the most desirable 
255 pattern for evaluating the axial stress of each region in a square section. Using this section 
256 pattern, the non-dimensional parameter β ( ) is the only parameter that needs 2212 cc  

257 to be determined before the average axial stress of the entire square section can be found.
258
259 A parametric study using the FE approach was carried out and the aforementioned observations 
260 for the stress ratios of section Pattern (1) have been found to be valid for sections covering 
261 wide ranges of parametric values. The parameters examined in the parametric study included 
262 the sectional width (b = 150, 350, 550, 750, 950, 1100 mm), the corner radius ratio (2r/b = 0.2, 
263 0.3, 0.4, 0.5, 0.6), the stiffness of the FRP jacket (  = 40, 60, 80, 100, 120, 140, 160 ff tE
264 GPa·mm) and the unconfined concrete strength (  = 30, 40, 50, 60 MPa). The extracted cof 

265 axial stress ratios of these columns analyzed in the parametric study are shown in Figure 9. The 
266 parametric study results showed that: (1) the average axial stress of Region 1 in section Pattern 
267 (1) always equals the axial stress of the equivalent circular section 1 ( ) during the later 1c
268 loading stage regardless of the section parameters; (2) the non-dimensional parameter β 
269 remains almost constant during the later loading stage but the value depends on the sectional 
270 parameters.

271 5. PROPOSED STRESS-STRAIN MODEL

272 5.1. General Procedure

273 The full-range stress-strain curve can be established using an incremental procedure similar to 
274 that of the analysis-oriented stress-strain model of Jiang and Teng [6] for FRP-confined 
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275 concrete in circular columns. Two key assumptions are first made: (1) the analysis-oriented 
276 stress-strain model of Jiang and Teng [6] is applicable to the two equivalent circular sections; 
277 (2) the corner center hoop strain ( ) is taken to be the characteristic hoop strain for both h
278 equivalent circular sections. The process is driven by the characteristic hoop strain and needs 
279 to follow the steps listed below (a flowchart of the generation process is shown in Figure 10):
280 1) for a given characteristic hoop strain ( ), calculate the confining pressures for the two h
281 equivalent circular sections, and then evaluate the corresponding axial stresses (  and 1c
282 ) based entirely on Jiang and Teng’s model [6] (including the axial strain-hoop strain 2c
283 relationship for circular columns);
284 2) calculate the average stresses of concrete in Regions 1 and 2 for the square section using 
285 the stress ratio parameters discussed in the preceding section [that is,  and 11 c 

286 ]; 212 11 cc  

287 3) calculate the average stress for the entire square section from ,   gAAA 2211  

288 where , ,  are the areas of Region 1, Region 2 and the entire rounded section, 1A 2A gA
289 respectively;
290 4) calculate the axial strain of the square section corresponding to the given characteristic 
291 hoop strain ( ) according to a new axial strain-corner (center) hoop strain relationship; h
292 this axial strain together with the average stress from Step 3 determines a point on the 
293 stress-strain curve;
294 5) repeat the above steps until  reaches the FRP hoop rupture strain to generate the entire h
295 stress-strain curve.
296
297 In order to complete the above procedure, there are three unknown factors that need to be 
298 addressed: (1) the stress ratio parameters α and β; (2) the axial strain-corner hoop strain 
299 relationship; and (3) the ultimate condition (the ultimate value of the characteristic hoop strain 
300 at jacket rupture). These issues are discussed in the following sub-sections.

301 5.2. Stress Ratio Parameters

302 Figure 9 indicates that apart from the initial stage of loading, both α and β can be approximated 
303 by a parabolic curve plus a horizontal line. During the initial stage of loading, the values of 
304 both α and β depend little on the values of relevant geometric or material parameters, although 
305 the initial value of β depends slightly on these parameters. Based on these observations, both α 
306 and β can be expressed as a piece-wise curve with three stages: a linear function of the hoop 
307 strain for Stage 1, a parabolic function for Stage 2, and a horizontal line for Stage 3 (Figure 
308 11). The transition hoop strain values between Stage 1 and Stage 2, namely  and , are 1 1
309 almost constant as shown in Figure 8 and both are approximately equal to 0.035%. The 
310 transition hoop strain values between Stage 2 and Stage 3, namely,  and  are equal to 2 2
311 0.002 and 0.004, respectively (Figure 11). The equations for α and β over the full range of 
312 loading are thus as follows:

313  (1a)

 0 1 0 1 1

2
1 1 1 1 2

2

0

1.0

h h

h h h

h

= a b c                   
 

 



      

     
 

   


   
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314  (1b)

0 1

2
2 2 2 1 2

2

0 h

h h h

const h

= a b c        


 



  

     

  

 


   
 

315 where α0 and β0 are the initial stress ratios; α1 is the value of the stress ratio α at the end of 
316 Stage 1; βconst is the value of the stress ratio β during the later stage of loading; and ( ) 1 1 1, ,a b c
317 and ( ) are constants to be determined by the condition that: (1) the parabolic curve 2 2 2, ,a b c
318 (Stage 2) connects to the linear line of Stage 1 and the horizontal straight line of Stage 3; and 
319 (2) the parabolic curve connects to the horizontal straight line of Stage 3 smoothly (i.e., without 
320 a slope change). The connections between the linear line of Stage 1 and the parabolic curve of 
321 Stage 2, however, are not smooth. Based on the FE results, α0 and α1 can be taken to be 1.1 and 
322 0.8, respectively (Figure 9).
323
324 Figure 9 shows that the value of  falls in the range of 0.2 to 0.5 for a reasonably wide const
325 range of parametric values. By analyzing the FE results,  was found to be related to the const
326 corner radius ratio (2r/b) and the FRP confinement stiffness ratio of the second equivalent 
327 circular section  (Figure 12). It was also found that the value of βconst  2K f f co coE t f r    
328 mainly affects the slope of the linear second branch of the stress-strain curve of FRP-confined 
329 concrete. A simple regression analysis of the FE results led to the following equation for :const

330  (2)   22 45 3 00 2 0 0244ln 0 257const K. . r b = . + .   -
331 The average value, the coefficient of variation (CoV), and the coefficient of determination 
332 value (R2) of the ratios between the predicted values from Eq. (2) and the FE results are 1.00, 
333 0.023, and 0.990, respectively.
334
335 Additionally, based on a regression analysis of the FE results, the initial value of  can be 0
336 linearly related to the constant value  for the later stage of loading using the following const
337 simple equation as shown in Figure 13:
338  (3)0 0.075 0.02const  
339
340 It is worth noting that the above simple equations for α and β are proposed to approximate the 
341 stress ratio variations from FE analysis, especially for an early loading stage (with a 
342 characteristic hoop strain less than 0.004) (Figure 11). The stress-strain response of FRP-
343 confined concrete during the early loading stage, however, is known to be similar to that of 
344 unconfined concrete as FRP confinement has not been fully activated at this stage [11, 24, 51]. 
345 As a result, the proposed analytical model can be used with sufficient confidence to predict the 
346 full-range stress-strain curve as long as  is accurately predicted by Eq. (2).const

347 5.3. Axial Strain-Corner Hoop Strain Relationship

348 In the analysis-oriented stress-strain model of Teng et al. [52], the axial strain-lateral (hoop) 
349 strain relationship for FRP-confined concrete in circular columns is described by the following 
350 equation:

351  (4)
0 7

1 8 0 85 1 0 75 exp 7
.

lf h hc

co co co co

f
+ = . + .

f
 

  

          
                  

- -
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352 where  is the confining pressure provided by the FRP jacket:lff

353  (5)
2 f f h

lf

E t
f

D




354
355 The FE results revealed that Eq. (4) fails to predict the axial strain-corner hoop strain 
356 relationship of an FRP-confined square column which is significantly affected by the sectional 
357 shape. Therefore, by introducing the effect of sectional shape on the effectiveness of FRP 
358 confinement, the following new expression for the axial strain-corner hoop strain relationship 
359 of square columns is proposed:

360  (6)
 

0 7

21 8 0 85 1 0 75 exp 7
1.35 0.35

.

lf h hc

co s s co co co

f
+ = . + .

k k f
 

  

           
                    

- -

361 where  is the ratio between the area of Region 1 and the gross area of the square  1s gk A A

362 section to reflect the effect of sectional shape (Figure 6); and  is the effective confining lff 

363 pressure for a square section and can be calculated using the following equation:

364  (7)
2 f f h

lf s
eq

E t
f k

D


 

365 where Deq is the diameter of the first equivalent circular section (Figure 7). Note that when ks 
366 = 1.0, Eq. (6) reduces to Eq. (4) for circular columns proposed by Teng et al. [52]. Figure 14 
367 shows the performance of Eq. (6) for square sections for which the FE results for the stress 
368 ratios are presented in Figure 9.

369 5.4. Ultimate Condition

370 In many of the existing tests on FRP-confined rectangular columns, the measured FRP hoop 
371 strains are those on the flat sides instead of those on the rounded corners; therefore, the 
372 measured FRP rupture strains from these tests are inappropriate for the proposed method. To 
373 overcome this problem, the values of the FRP strain efficiency factor , defined as the ratio k

374 between the measured FRP rupture strain from the column test  and that from the coupon ,h rup
375 test , were directly estimated from the experimental ultimate axial strains  using the f cu
376 proposed axial strain-corner hoop strain relationship [Eq. (6)] in the present study. A test 
377 database consisting of 51 FRP-confined square concrete columns with hardening stress-strain 
378 behavior was extracted from a larger test database of square columns from Lin [53]. The 
379 detailed parameters of the 51 columns are listed in Table 1. The reason for selecting only 
380 specimens with a strongly-hardening stress-strain response lies in the fact that the ultimate 
381 points are significantly more scattered for columns with a softening stress-strain behavior and 
382 the measured ultimate axial strains differ greatly even for a set of specimens with identical 
383 parameters in every aspect [54]. Figure 15 shows that the strain efficiency factor ( ) greatly k

384 depends on the corner radius ratio (2r/b) of the square section. Similar observations have been 
385 reported by other researchers (e.g. [14, 35, 55]). As a result, the following equation is proposed 
386 for the prediction of the strain efficiency factor of the FRP jacket in square columns:
387  (8) 0.288=0.727 2k r b
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388 6. PERFORMANCE OF THE PROPOSED STRESS-STRAIN MODEL

389 6.1. Stress-Strain Curve

390 The experimental results of typical FRP-confined square concrete columns tested by Wang and 
391 Wu [14] are used here for the verification of the proposed stress-strain model (Table 1). The 
392 predicted results are also compared with those of four existing stress-strain models of the same 
393 type, which are from Wang and Restrepo [39], Marques et al. [56] , Lee et al. [31] and Nisticò 
394 [41]. In addition, another 20 FRP-confined square concrete columns recently tested by Wang 
395 et al. [4], Zeng et al. [57], and Zhu et al. [50] are used to assess the performance of the stress-
396 strain models (Table 2). As these test results were not used in the development of any of the 
397 above-mentioned stress-strain models, they provide an independent assessment of the 
398 performance of the models. For making predictions for the ultimate condition (i.e., ultimate 
399 axial stress and ultimate axial strain) of FRP-confined concrete, Nisticò [41] proposed a 
400 predictive equation for the FRP strain efficiency factor on the basis of the experimental FRP 
401 rupture strains of the square columns tested by Wang and Wu [14]. Lee et al. [31] specified in 
402 their model that the experimental FRP rupture strains should be directly used in calculating the 
403 ultimate condition. However, the experimental FRP rupture strains were not reported for some 
404 of the columns in Tables 1 and 2, for which Eq. (8) was used instead to calculate the ultimate 
405 condition. In Wang and Restrepo’s model [39] and Marques et al.’s model [56], the FRP 
406 rupture strains obtained from coupon tests ( ) were used for the calculation of ultimate f
407 condition as specified in their models. For the proposed stress-strain model, Eq. (8) was used 
408 for all the columns in Tables 1 and 2.
409
410 The predicted stress-strain curves are compared with the test results from Wang and Wu [14] 
411 in Figure 16, while the comparisons for the typical test results from Wang et al. [4] and Zhu et 
412 al. [50] are shown in Figures 17 and 18, respectively. Figures 16 to 18 show that Nisticò’s 
413 model [41] significantly underestimates the axial stress in the transition region of the stress-
414 strain curve; the ultimate axial strains of the test columns are also generally underestimated. 
415 Lee et al.’s model [31] performs well in predicting the shapes of stress-strain curves, but it 
416 generally underestimates the ultimate axial strain. Marques et al.’s model [56] underestimates 
417 the axial stresses of the test columns from all the three sources. Wang and Restrepo’s model 
418 [39] significantly overestimates the axial stresses for most of the columns; it also fails to 
419 capture the ultimate axial strains with enough accuracy. The proposed model provides the most 
420 accurate predictions for all the test specimens in terms of both the stress-strain curve and the 
421 ultimate condition. It is worth noting that the test results from Wang et al. [4] and Zhu et al. 
422 [50] were not used in the development of the proposed model. It is also worth noting that some 
423 of the specimens tested by Wang et al. [4] and Zhu et al. [50] had relatively large sizes (with a 
424 sectional width up to 400 mm) (Table 2), indicating the ability of the proposed model in 
425 predicting FRP-confined concrete in large square columns.
426
427 The performance of the stress-strain models in predicting the stress-strain curves of FRP-
428 confined concrete in the above test columns was further evaluated using the integral absolute 
429 error (IAE) of a stress-strain model. The integral absolute error (IAE) is defined by the 
430 following equation [58, 59]:

431  (9)1

1

exp pred
IAE

exp

m
i ii

m
ii






 


432 where m is the number of strain points evenly distributed between 0 and the smaller value of 
433 the predicted ultimate axial strain and the test ultimate axial strain (set to 20 in the present 
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434 study); and expi and predi are the experimental and predicted stresses at the ith strain point, 
435 respectively. The IAE value measures the absolute error of a stress-strain model and indicates 
436 the level of agreement between a predicted curve and a test curve. Figure 19 shows the IAE 
437 values of the five stress-strain models in predicting the behavior of FRP-confined concrete in 
438 the columns tested by Wang and Wu [14], Wang et al. [4] and Zhu et al. [50]. It can be seen 
439 that the proposed model has the lowest average value and the lowest standard deviation 
440 (stdevStd.) of the IAE values for the test columns, indicating that the proposed model performs 
441 the best among these stress-strain models.

442 6.2. Ultimate Condition

443 The ultimate axial stresses and strains of all the test specimens in Tables 1 and 2 were predicted 
444 using the five stress-strain models. The performance of each model is assessed herein based on 
445 the average absolute error (AAE) calculated by the following equation:

446  (10)
1

exp pred
exp

AAE

n i i
i

i

n








447 where n is the number of data points; expi and predi are the experimental and predicted values, 
448 respectively.
449
450 Figure 20 shows the AAE values of the five stress-strain models in predicting the ultimate axial 
451 stresses and strains of the test columns. It is evident that the proposed model has the lowest 
452 AAE value among the five models for both the ultimate axial stress and ultimate axial strain, 
453 demonstrating that the proposed model is superior to the existing models of the same type.
454

455 7. CONCLUSIONS

456 This paper has presented an advanced analytical stress-strain model for FRP-confined concrete 
457 in square columns based on a new approach. In this new approach, the distribution of axial 
458 stress and the interaction between the FRP jacket and the concrete are explicitly accounted for, 
459 leading to a stress-strain model which is analogous to analysis-oriented stress-strain models for 
460 FRP-confined concrete in circular columns. This new approach is based on a new 
461 understanding of the confinement mechanism in square column sections provided by results 
462 from a reliable 3D FE approach. Based on the information presented in the paper, the following 
463 conclusions can be drawn:
464
465 1. The FE results show that the axial stress distribution over an FRP-confined square section 
466 is relatively uniform at an early deformation state (before the average axial stress reaches 
467 the unconfined concrete strength) but becomes increasingly more non-uniform as the axial 
468 deformation further increases.
469 2. The axial stresses in the four corner regions are much larger than those away from the 
470 corners and the axial stresses are the lowest near the mid-widths of the flat sides of the 
471 section; the effective confinement area (i.e., the portion of the column cross-sectional area 
472 with an average axial stress larger than the unconfined concrete strength) varies as the axial 
473 deformation increases.
474 3. Four section stress patterns were explored to provide an approximate representation of the 
475 axial stress distribution. Among the four section patterns, only section Pattern (1), which 
476 consists of two diagonal regions and four triangular regions near the four flat sides 
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477 respectively, allows a relatively simple representation of stresses over the section: during 
478 the later loading stage, the average axial stresses of all regions in this section pattern can 
479 be related to the axial stresses from the two equivalent circular sections defined for the 
480 section.
481 4. By introducing the effect of sectional shape on the effectiveness of FRP confinement, an 
482 expression for the axial strain-corner hoop strain relationship (Eq. 6) was formulated, 
483 which provides accurate predictions for the FE results.
484 5. The value of FRP strain efficiency factor of the FRP jacket in square columns depends 
485 strongly on the corner radius ratio of the square section.
486 6. The proposed stress-strain model provides accurate predictions for the stress-strain curves 
487 of the test columns and performs better than the four existing stress-strain models of the 
488 same type. In particular, the proposed model performs better than the other four models in 
489 predicting the test results of large-scale columns which have not been used in the 
490 development of the present model.
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Figure 1 FE slice model of a quarter of a square column 

 

Figure 2 Axial stress distributions over a square section at: (a) State A; (b) State B; (c) State 
C; (d) average axial stress-axial strain curve 

 
 

 
Figure 3 Contour plots of axial stress distribution at different deformation states 
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Figure 4 Lateral deformation at State C (Scale factor = 10) 

 

 
(a) Maximum principal stress (b) Middle principal stress 

 
(c) Distribution of principal stress ratio (σmax/σmid) 

Figure 5 Distributions of principal stresses over the square section at State C 
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Figure 6 Four patterns of section division 

 

 
Figure 7 Equivalent circular sections 

 

(a) Pattern (1) 
 

(b) Pattern (2)

(c) Pattern (3) 
 

(d) Pattern (4)
Figure 8 Stress ratios for each section pattern 
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Figure 9 Effect of section parameters on stress ratios for section Pattern (1) 

 
Figure 10 Flowchart for generating stress-strain curves of FRP-confined concrete in square 

columns 

 
Figure 11 Approximations for the two stress ratio parameters 
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Figure 12 Stress ratio parameter β during the later stage of loading 

 
Figure 13 Relationship between βconst and β0 from FE results 
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Figure 14 Axial strain-corner hoop strain relationship for square columns 
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Figure 15 Dependence of FRP strain efficiency factor on corner radius ratio 
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(a) Specimen C30r30F1 

 
(b) Specimen C30r30F2 
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(c) Specimen C30r45F2 

 
(d) Specimen C30r60F1 
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(e) Specimen C30r60F2 

 
(f) Specimen C50r45F2 
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(g) Specimen C50r60F2 

Figure 16 Performance of stress-strain models for columns tested by Wang and Wu [14] 
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(a) Specimen P350L2 

 
(b) Specimen P350L4 

 
(c) Specimen P400L2 
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(d) Specimen P400L4 

Figure 17 Performance of stress-strain models for columns tested by Wang et al. [4] 
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(a) Specimen 2-sq-1/2 

 
(b) Specimen 3-sq-1/2 

 
(c) Specimen 4-sq-1/2 

Figure 18 Performance of stress-strain models for columns tested by Zhu et al. [50] 

0.000 0.005 0.010 0.015 0.020 0.025
0

10

20

30

40

50

60

 Proposed
 Nistico [41]
 Lee et al. [31]
 Marques et al. [56]
 Wang and Restrepo [39]
 Test

A
xi

al
 st

re
ss

 σ
c (

M
Pa

)

Axial strain εc

0.00 0.01 0.02 0.03
0

10

20

30

40

50

60

 Proposed
 Nistico [41]
 Lee et al. [31]
 Marques et al. [56]
 Wang and Restrepo [39]
 Test

A
xi

al
 st

re
ss

 σ
c (

M
Pa

)

Axial strain εc

0.00 0.01 0.02 0.03
0

10

20

30

40

50

 Proposed
 Nistico [41]
 Lee et al. [31]
 Marques et al. [56]
 Wang and Restrepo [39]
 Test

A
xi

al
 st

re
ss

 σ
c (

M
Pa

)

Axial strain εc



 
(a) Wang and Restrepo [39]                     (b) Marques et al. [56] 

 
(c) Lee et al. [31]                         (d) Nistico [41] 

 
(e) Proposed model 

Figure 19 Errors of stress-strain models in predicting experimental stress-strain curves 
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(a) Ultimate axial stress 

 

 
(b) Ultimate axial strain 

Figure 20 Errors of stress-strain models in predicting the ultimate condition of FRP-confined 
concrete in the test columns 
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