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Abstract:  4 

The safety and efficiency of geotechnical design and construction heavily rely on the stratigraphic model 5 

from site investigation. However, inherent intricate stratigraphic variations and sparse borehole data introduce 6 

uncertainty and pose challenges for subsurface stratigraphy modeling. This paper proposes a hybrid neural 7 

network of Pixel Bi-directional Long Short-Term Memory (Bi-LSTM) with dense conditional random field (CRF) 8 

for probabilistic stratigraphic modeling using limited site-specific boreholes. The proposed method provides a 9 

powerful and useful tool for effectively capturing complex spatial dependencies and probabilistic evaluation of 10 

subsurface stratigraphic uncertainty. Given the hierarchical and heterogeneous characteristics of layered soils, a 11 

novel soft-boundary label relaxation (Soft-BLR) technique is developed to vectorize stratigraphic variables. 12 

Within the framework of the proposed hybrid neural network, the Pixel Bi-LSTM is combined with the Monte 13 

Carlo dropout to efficiently approximate the complex stratigraphic distribution. By defining a linear combination 14 

of Gaussian kernels, the dense conditional random field is established in the predicted soil profile to further 15 

minimize uncertainty around stratigraphic boundaries. Furthermore, this model is illustrated by the synthetic case 16 

and applied to two real cases from Hong Kong. The proposed method can not only derive a more reasonable 17 

stratigraphic model but also map the spatial uncertainty. 18 

Keywords: Sparse boreholes; Stratigraphic uncertainty; Label relaxation; Pixel Bi-LSTM; Dense CRF 19 

20 

Notations: 21 

𝒢 is the discretized subsurface domain of interest with 𝑵𝒛 columns and 𝑵𝒙 rows 22 

𝑝 ∈ 𝑷 is the discretized cell represented by the ordinates (𝑖, 𝑗) 23 

𝑺 is the set of soil categories (e.g., sand, clay) 24 

𝑍(∙) is the real geological function mapping  25 

𝑓(∙) is the real probability distribution of soil categories 26 
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𝑑(∙) is the predicted probability distribution of soil categories 27 

𝑡 is the traditional one-hot value 28 

𝑡∗ is the proposed multi-hot-like value 29 

⨀ is the element-wise multiplication 30 

𝜎 is the sigmoid function 31 

𝒊௧, 𝒐௧ , 𝒇௧ are state values of the input gate, output gate, and forget state at step 𝑡 in LSTM cell 32 

𝒄௧ , 𝒄෤௧ , 𝒉௧ are the memory value, candidate value, and output value at step 𝑡 in LSTM cell 33 

𝑤 ∈ 𝑾, 𝒃 are learnable weight and bias matrices 34 

𝝎 is the potential combination of model parameters 35 

𝑵 is the sampled spatial neighborhood 36 

ℬ(ρ) is the Bernoulli distribution with the dropout ratio ρ 37 

𝜆, 𝛼 are a scale factor and a positive constant value in the Soft-BLR 38 

𝜓௨ , 𝜓௣ are the individual unary and pairwise cliques at each cell 39 

𝑘(௟) is the Gaussian kernel with a linear weight 𝜔(௟) 40 

𝜃ఈ , 𝜃ఉ , 𝜃ఊ represent impact degrees in the dense CRF 41 

𝐼(∙) is the indicator function of the Iverson bracket 42 

𝐷𝑝 measures the dispersion between the predicted and the target values 43 

 44 

1 Introduction 45 

 In geotechnical practice, stratigraphic modeling plays a pivotal role in improving the understanding of 46 

subsurface engineering characteristics. A reasonable subsurface geological profile greatly affects the reliability of 47 

geotechnical design and the safety of subsequent construction (Jaksa et al., 2005). For example, due to the 48 

underestimated existence of a weak clay seam, the Shum Wan Road landslide in HK released about 26,000 m³ of 49 

mass and caused five injuries after days of rainstorms (Chen & Lee, 2004). Based on 89 geotechnical projects in 50 

the USA, site explorations in more than 85% of cases are severely inadequate for site characterization (National 51 

Research Council, 1984). However, inherent intricate stratigraphic variations and sparse site-specific boreholes 52 

pose a challenge to the accurate delineation of geological conditions. The estimated stratigraphic profile inevitably 53 

involves uncertainties from the natural spatial variability, incomplete knowledge from sparse boreholes, 54 

measurement errors, and transformation errors (Phoon & Kulhawy, 1999a). Particularly for a small number of 55 

borehole samples, the statistical uncertainty can exhibit a greater magnitude compared to other uncertainty sources 56 

(Phoon & Kulhawy, 1999b; Wang & Zhao, 2017).  57 

 To represent the spatial correlations over sparse boreholes, many theoretical autocorrelation functions (ACFs) 58 
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have been investigated to deliver different spatial patterns (D.-Q. Li et al., 2015). After selecting an appropriate 59 

theoretical ACF, one practical challenge is the demand for intensive data to calibrate different random fields (Cami 60 

et al., 2020). A Monte Carlo (MC) simulation-based method was developed to approximate the complex 61 

stratigraphic variations through stochastic stratigraphic configurations (Gong et al., 2020). To constrain the 62 

stratigraphic uncertainty modeling, some Markov-based approaches (e.g., coupled Markov chain, Markov random 63 

field) were developed (Qi et al., 2016; Zhao et al., 2021; Wei & Wang, 2022; J.-Z. Zhang et al., 2022). However, 64 

the stationary assumption of a Markov process conflicts with the non-stationary nature of geological data (Wang 65 

& Zhao, 2017; Jamshidi Chenari et al., 2018). It is also difficult to compute the sophisticated probability transition 66 

matrix for geotechnical practitioners, particularly when the Markov process is extended to the three-dimensional 67 

real world. More recently, some researchers have been dedicated to developing data-driven methods for extracting 68 

spatial patterns automatically. For example, multiple points statistics were applied to infer the most probable 69 

stratigraphic configuration with additional information from similar construction sites (Shi & Wang, 2021b). 70 

Further, a novel IG-XGBoost model was proposed for conducting multiscale interpolation iteratively, regarding 71 

the stratigraphic configuration as a multi-classification problem (Shi & Wang, 2021a). 72 

With outstanding capabilities in feature extraction and non-linear fitting, deep learning algorithms such as 73 

convolutional neural networks (CNNs), recurrent neural networks (RNNs), and physics-informed neural networks 74 

(PINNs) are increasingly being embraced in geotechnical disciplines (Ninić et al., 2017; Zhang et al., 2021; Cheng 75 

et al., 2023; Zhang et al., 2023). However, the direct application of these models to the geotechnical task of 76 

stratigraphic delineation faces the difficulty of few sample training, which can lead to overfitting on the sparse 77 

available data (Samui & Sitharam, 2010; Zhou et al., 2019). This issue is particularly pronounced when using 78 

conventional one-hot encoding (Zhou et al., 2019; Gao et al., 2021; Hou et al., 2022). In such cases, the well-79 

trained model may fall into a "label bias" problem (Torralba & Efros, 2011), where it tends to assign overly 80 

confident probabilities close to 0 or 1 to categorical values at unseen locations. Therefore, an ingenious data 81 

labeling method is urgently needed to reflect the spatial variability of geomaterials before neural network training. 82 

Additionally, it is crucial to consider the hierarchical relationship between different strata, which is a distinctive 83 

characteristic of layered soils. Combining these geological features could significantly enhance the accuracy and 84 

reliability of deep learning models in geotechnical applications. 85 

 To address the above difficulties, a hybrid neural network for probabilistic stratigraphic modeling is proposed 86 

in this paper. For better characterizing subsurface stratigraphic features, the Soft-Boundary label relaxation (Soft-87 
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BLR) technique is developed to vectorize categorical random variables as multi-hot values, instead of one-hot 88 

values. The Pixel Bi-LSTM is integrated with the MC-dropout regularization to efficiently capture pixel-level 89 

spatial patterns. After obtaining the predicted stratigraphic profile, a dense conditional random field (CRF) is 90 

established to eliminate isolated outliers around boundaries and output a more reasonable profile. In addition, the 91 

dispersion map is provided to quantitatively show how stratigraphic uncertainty varies in space, offering valuable 92 

insights for better decision-making in the reliability-focused geotechnical design. 93 

2 Framework of Proposed Hybrid Neural Network 94 

In this study, the continuous subsurface cross-section is discretized into a set of cells 𝑷 with the same size. 95 

Each 𝑝 ∈ 𝑷 is represented by a single pair of grid coordinates (𝑖, 𝑗), where 𝑖 ∈ 𝑵𝒛 is the column number and 𝑗 ∈96 

𝑵𝒙  is the row number. Characterized by sparse spatial distributions, site investigations reveal the set of soil 97 

categories 𝑺  (e.g., {𝑆௞ = 𝑓𝑖𝑙𝑙, 𝑆௟ = 𝑠𝑎𝑛𝑑, … , 𝑆௧ = 𝑐𝑙𝑎𝑦} ) at drilling locations. Let 𝑍(𝑝) = 𝑆௞  denote the soil 98 

category 𝑆௞ at the borehole cell 𝑝. Stratigraphic delineation is aimed at inferring the soil categories for unsampled 99 

cells from limited site-specific boreholes.  100 

2.1 Probabilistic Pixel Bi-LSTM 101 

The real geological function 𝑍(∙) commonly exhibits non-stationary behavior and discrete heterogeneity in 102 

geotechnical practice (Qi et al., 2016), suggesting complex deposit histories and tectonic activities. Within the 103 

framework of the proposed approach, the probabilistic Bi-directional Long Short-Term Memory (Bi-LSTM) 104 

algorithm is developed to model a probability distribution function 𝑓(∙) for approximating 𝑍(∙) using site-specific 105 

borehole data. Thus, the categorical index of 𝑍(𝑝) is converted into the likelihood distribution of 𝑓(𝑝).  106 

As shown in Fig. 1, the vanilla LSTM unit is composed of input, output, and forget gates, as well as a memory 107 

cell. Such architecture allows LSTM to store long-range historical information. The typical calculation process of 108 

an LSTM cell with the input data 𝑝௧  at step 𝑡 can be parameterized as follows: 109 

𝒇௧ = 𝜎൫𝑾௙𝜒௧ + 𝑏௙൯, (1)

𝒊௧ = 𝜎(𝑾௜𝜒௧ + 𝑏௜),

𝒄෤௧ = 𝑡𝑎𝑛ℎ(𝑾௖̃𝜒௧ + 𝑏௖), 𝒐௧ = 𝜎(𝑾௢𝜒௧ + 𝑏௢)

𝒄௧ = 𝒇௧⨀𝒄௧ିଵ + 𝒊௧⨀𝒄෤௧ , 𝒉௧ = 𝒐௧⨀tanh (𝒄௧)

 110 

Where ⨀ is the element-wise multiplication and 𝜎 is the sigmoid function. 𝜒௧ = [𝑥௧ ℎ௧ିଵ]். 𝒊௧, 𝒐௧ , 𝒇௧ stand for 111 

the state value of the input gate, output gate, and forget state respectively. 𝒄௧ represents the memory value of the 112 
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cell while 𝒄෤௧ is the candidate state value, 𝒉௧ is the output of the Bi-LSTM cell. 𝑾 and 𝒃 are the corresponding 113 

weight and bias matrices at each of the aforementioned gates. It has been indicated that the contextual constraints 114 

between two nodes in the Markov model are found to decay exponentially with distance but decay like a power 115 

law in LSTM (Lin & Tegmark, 2017). Inspiringly, LSTM provides an alternative approach to embedding scaling 116 

spatial dependencies into stratigraphic modeling.   117 

 118 

Fig. 1 Schematic illustration of the typical LSTM cell  119 

Ideally, the soil type at a certain location should be estimated based on all borehole cells. However, the 120 

computation process can become expensive and tedious as some known points are too far away.  As shown in Fig. 121 

2, a cross-shaped neighborhood sampling system is designed for the proposed Pixel Bi-LSTM to capture spatial 122 

dependencies around the cell of interest efficiently. For example, if given the soil type at the borehole cell E, the 123 

proposed model is trained based on a more comprehensive 𝑃(𝐵|𝑝஺, 𝑝஻ , 𝑝஼ , 𝑝஽ , 𝑝ா)  encompassing information 124 

from the surrounding neighborhood instead of the simple conditional probability expression 𝑃(𝐵|𝑝ா). Then, the 125 

sampled cross-shaped neighborhood is split into horizontal and vertical adjacent matrices to pass through different 126 

Bi-LSTM branches simultaneously. Finally, the predicted probabilistic distribution of soil categories is obtained 127 

by concatenating the outputs of the Bi-LSTM after the dense layer. Therefore, the estimated value of 𝑑ா can be 128 

factorized as: 129 

𝑑ா = ෍ ൭𝑤௛𝑃(𝑠|𝑝஺, 𝑝ா , 𝑝௖)ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
ு௢௥௜௭௢௡௧௔௟ ௕௥௔௡௖௛

+ 𝑤௩𝑃(𝑠|𝑝஻ , 𝑝ா , 𝑝஽)ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
௏௘௥௧௜௖௔௟ ௕௥௔௡

൱

𝒔∈𝑺𝒂𝒍𝒍

(2) 130 

where 𝑺𝒂𝒍𝒍 is the set of soil events appearing in boreholes. 𝑤௛, 𝑤௩ are the weight matrices that need to be learned.  131 
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 132 

Fig. 2 Schematic illustration of the probabilistic Pixel Bi-LSTM 133 

 The direct inference of 𝑑ா with spatial domain matrices may lead to a biased result affected by the specific 134 

transformation and stochastic noise associated with the training dataset. Thus, Monte Carlo dropout (MC-dropout) 135 

where network neurons are randomly masked during the approximation phase (Gal & Ghahramani, 2016) is 136 

implemented. The original 𝑑ா derived from Eq. (2) is further converted into the simulation result conditioned on 137 

the stochastic combination of potential model parameters 𝝎. In this manner, the predicted result 𝒅 can be rewritten 138 

as: 139 

𝒅 = 𝑓(𝝎, 𝑵𝑬) (3) 140 
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where the spatial domain matrices 𝑵𝑬 = {𝑝஺, 𝑝஻ , 𝑝஼ , 𝑝஽ , 𝑝ா} represent the cross-shaped sampling neighborhood. 141 

 Fig. 3 illustrates the application of MC-dropout in the Bi-LSTM and dense layers for variational Bayesian 142 

approximation (Damianou & Lawrence, 2013). For the MC-dropout in the Bi-LSTM layer, the Bi-LSTM cell in 143 

Eq. (1) is rewritten as: 144 

𝒇௧ = 𝜎൫𝑾௙(𝜒௧⨀𝛿௧) + 𝑏௙൯, (4)

𝒊௧ = 𝜎(𝑾௜(𝜒௧⨀𝛿௧) + 𝑏௜),

𝒄෤௧ = 𝑡𝑎𝑛ℎ(𝑾௖̃(𝜒௧⨀𝛿௧) + 𝑏௖), 𝒐௧ = 𝜎(𝑾௢(𝜒௧⨀𝛿௧) + 𝑏௢)

𝒄௧ = 𝒇௧⨀𝒄௧ିଵ + 𝒊௧⨀𝒄෤௧ ,                     𝒉௧ = 𝒐௧⨀tanh (𝒄௧)

 145 

where 𝛿௧ ∼ ℬ(ρ) is the random mask vector with the dropout ratio of ρ. 146 

 147 

Fig. 3 Illustration of variational Bayesian approximation via MC-dropout 148 

 For the MC-dropout in the dense layer (see Fig. 3 (b)), 𝒅 in Eq. (3) can be parametrized based on the Bayes’ 149 

theorem: 150 

𝑝(𝒅|𝑫, 𝝎) = න 𝑝(𝒅|𝑫, 𝝎)𝑝(𝝎|𝑫) 𝑑𝝎 (5) 151 

Where 𝑫 is denoted as the outputs of the Bi-LSTM layer and 𝑝(𝝎|𝑫) is the posterior distribution of weights. It 152 

is computationally intractable to approximate the likelihood in Eq. (5)  which is equivalent to deploying an 153 

ensemble of an infinite number of models. The inferential process is simplified to model the probability 154 

distribution over 𝑝(𝝎|𝑫) with a simpler distribution 𝑞(𝝎). 𝑞(𝝎) is the distribution over matrices whose columns 155 
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are randomly set to zero. For the 𝑘௧௛ (𝑘 ≥ 2) layer being dropped out (Gal & Ghahramani, 2016), 𝑞(𝝎) is defined 156 

as: 157 

𝑾௞ = 𝑴௞ ∙ 𝑑𝑖𝑎𝑔 ቀൣ𝑧௞,௝൧
௝ୀଵ

௄೔ ቁ (6)

𝑧௞,௝ ∼ ℬ(ρ௞)   ∀𝑘 ∈ {1, … , 𝐷}, ∀𝑗 ∈ {1, … , 𝐾௞ିଵ}
 158 

where ρ௞ and matrices 𝑴௞ are the given variational parameters. The binary variable 𝑧௞,௝ = 0 corresponds to the 159 

unit 𝑗 in the layer (𝑘 − 1)௧௛ being dropped out as an input to the 𝑘௧௛ layer.  160 

 The Adam optimization with L2 regularization technique is chosen to optimally update network parameters 161 

𝝎 at each epoch. Regarding the target categorical value is 𝒕, the cross-entropy loss can be calculated as: 162 

𝓛 = − ෍ 𝒕𝑙𝑜𝑔(𝒅)

𝑺𝒂𝒍𝒍

𝒔

+
𝜆௅ଶ

2
‖𝒘‖ଶ (7) 163 

where ‖𝒘‖ଶ = (𝑤ଵ)ଶ + (𝑤ଶ)ଶ + ⋯  is the L2 regularization term and increasing 𝜆௅ଶ  value strengthens the 164 

regularization effect over model parameters.  165 

Before model training, the input cross-shaped adjacency matrices are normalized, and the labels are 166 

preprocessed using the Soft-BLR technique to better capture uncertainties at the soil interfaces. To rigorously 167 

evaluate the model’s performance and ensure strong generalization, K-Fold cross-validation is employed, ensuring 168 

the model is tested on different subsets of the sampled data. The training phase stops either when validation loss 169 

worsens or the maximum number of epochs is reached, preventing overfitting. During the prediction phase, the 170 

model iteratively processes the cross-shaped neighborhood around each unknown cell. Note that the proposed 171 

model is adaptable to both regular and irregular borehole spacing, enhancing its practical flexibility. 172 

2.2 Soft-Boundary Label Relaxation 173 

Converting the raw borehole data into a format that the algorithm can recognize and learn from, data labeling 174 

is a crucial step for model training. Compared with numerical encoding, the one-hot encoding technique performs 175 

better in representing categorical features (Seger, 2018). In this way, geological random variables, e.g., Soil A and 176 

Soil B, can be defined as multi-dimensional binary vectors (the vector with only one element containing the value 177 

1, while all others contain the value 0): 178 

𝑡𝒂 = ቌ

1
0
⋮
0

ቍ , 𝑡𝒃 = ቌ

0
1
⋮
0

ቍ (8) 179 

where the dimension of 𝑡𝒂, 𝑡𝒃 corresponds to the size of 𝑺. 180 
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 181 

Fig. 4 Comparison between different encoding methods for labeling borehole cells around the stratigraphic 182 

boundary 183 

Compared with the continuous stratigraphic variation expressed by boreholes, the pixel-based stratigraphic 184 

configuration can be considered a coarse representation. For example, if generating a soil profile with a vertical 185 

resolution of 0.2 m, the interlayer soil with 1.5m thickness would be discretized into cells with integer numbers 186 

of 7 or 8. When labeling these pixel cells, it surpasses the capability of Eq. (8)  to store the inhomogeneous 187 

stratigraphic information of borehole data. Particularly, it has been identified that the misalignment or ambiguity 188 

of the pixel-based model mainly clusters around inferred stratum boundaries (Shi & Wang, 2023). Moreover, the 189 

conventional one-hot encoding technique cannot take into account the chronostratigraphic order of soil classes in 190 

the layered profile. Therefore, a novel label encoding technique “Soft-boundary label relaxation” (Furitsu et al., 191 

2021) is developed in this paper to accept multiple soil classes at a borehole cell and consider a wider range of 192 

geological changes. The relaxed class label of a borehole cell contains the binary state of its neighboring borehole 193 

cell within an arbitrary distance. The comparison between different label encoding methods is illustrated in Fig. 194 

4. To introduce the wider stratigraphic boundary, several conditions should be recognized: (1) the likelihood of 195 

being Soil A at the borehole cell 𝑝ଵ must be larger than that being Soil B; (2) the difference in the likelihood of 196 

soil types must increase when the cell location is further away from the border. These can be formulated as: 197 

𝑃(𝐴|𝑝ଵ) > 𝑃(𝐵|𝑝ଵ) (9) 198 

𝑃(𝐴|𝑝଴) − 𝑃(𝐵|𝑝଴) > 𝑃(𝐴|𝑝ଵ) − 𝑃(𝐵|𝑝ଵ) (10) 199 

Eq. (10) can be rewritten as: 200 

𝑃(𝐵|𝑝ଵ) − 𝑃(𝐵|𝑝଴) > 𝑃(𝐴|𝑝ଵ) − 𝑃(𝐴|𝑝଴) (11) 201 

 Since the random variable observed at 𝑝଴ and 𝑝ଵ are the same as being Soil A, we assume the difference 202 

between 𝑃(𝐴|𝑝ଵ) and 𝑃(𝐴|𝑝଴) to be 0. Then, the difference in the left side of Eq. (11) should be larger than 0 203 

and is regarded as a positive constant 𝛼 to represent the possibility of Class B decreasing linearly with the distance 204 

from the stratigraphic boundary. Hence, a wider label boundary can be constructed by defining the scale factor 𝜆 205 
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of being another soil: 206 

𝑃(𝐴|𝑝ଵ) − 𝑃(𝐴|𝑝଴) = 0 (12) 207 

𝑃(𝐵|𝑝ଵ) − 𝑃(𝐵|𝑝଴) = 𝛼 > 0 (13) 208 

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒(𝑝௢) ≤ 𝜆, 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒(𝑝ଵ) ≤ 𝜆 (14) 209 

Where 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒(∙) is the function measuring the chessboard distance between the cell and the border. To ensure 210 

multi-hot-like values remain positive, the weight of being another soil is 𝑚𝑎𝑥{0, 1 − 𝜆𝛼}. The new soil labels 211 

𝑡௔
∗ ,  𝑡௕

∗ at 𝑝଴,  𝑝ଵ can be denoted as: 212 

𝑡௔
∗ = ቌ

1
1 − 𝛼

⋮
0

ቍ , 𝑡௕
∗ = ቌ

1 − 𝛼
1
⋮
0

ቍ (15)  213 

Under the framework of the proposed hybrid neural network, the Soft-BLR technique is used to store 214 

anisotropic information at each borehole cell, embed the hierarchical order of soil variables, and further affect the 215 

alignment of unsampled cells around stratigraphic boundaries. Soft-BLR acts as a flexible constraint allowing for 216 

ambiguous stratigraphic boundaries that are related to the chessboard distance from the border.  217 

2.3 Dense Conditional Random Field 218 

 However, the probabilistic Pixel Bi-LSTM could not fully consider pixel-level dependencies among inferred 219 

soil types in latent variable modeling, which might underestimate spatial dependencies. A novel conditional 220 

random field (CRF) is developed for post-processing categorical predictions and estimating a more reliable 221 

stratigraphic profile. Compared with basic random fields, CRF integrates the investigation information at the given 222 

site to constrain the probabilistic site characterization. Current CRFs are composed of unary potentials on 223 

individual cells and pairwise potentials on the local neighborhood (X. Y. Li et al., 2016; Liu et al., 2017; Xie et 224 

al., 2023). Restricted by the sparsity of boreholes, these CRFs have to focus on capturing local geological settings 225 

and might overestimate the stratigraphic variations. Additionally, the resulting adjacency CRF structures have 226 

inherent limitations in modeling long-range connections. Instead of directly modeling on sparse boreholes, we 227 

construct CRF structures based on the complete soil profile inferred by the probabilistic Pixel Bi-LSTM. Therefore, 228 

a dense CRF can be defined by incorporating prior geological knowledge at borehole locations, along with 229 

additional information from unsampled cells. Let 𝑝௠  denote the coordinate vector of cell 𝑚  and 𝑑௠  be the 230 

corresponding multi-hot-like value. Given the complete graph 𝒢 over the discretized cross-section domain of size 231 

𝑁௫ × 𝑁௭, the Gibbs energy consisting of individual unary and pairwise cliques at each cell can be combined as 232 

(Krähenbühl & Koltun, 2011): 233 
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𝐸(𝑝) = ෍ 𝜓௨(𝑝௠) + ෍ 𝜓௣(𝑝௠, 𝑝௡)

௠ஷ௡௠

(16) 234 

where 𝑚, 𝑛 range from 1 to 𝑁௫ × 𝑁௭. The computation of 𝜓௨(𝑝௠) has been performed by the probabilistic Pixel 235 

Bi-LSTM that produces the multi-hot-like value 𝑑௠. For highly efficient inference of the pairwise edge potential, 236 

𝜓௣(𝑝௠, 𝑝௡) is written as a linear combination of Gaussian kernels: 237 

𝜓௣(𝑝௠, 𝑝௡) = 𝜇(𝑝௠, 𝑝௡) ෍ 𝜔(௟)𝑘(௟)(𝑓௠, 𝑓௡)
௄

௟ୀଵᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ
௞(௙೘ ,௙೙)

(17)
 238 

where 𝑓௠, 𝑓௡ are extracted feature vectors. The label compatibility function 𝜇 is determined by the Potts model 239 

(Koller & Friedman, 2009), penalizing neighboring cells with different events. 𝑘(௟)(𝑓௠, 𝑓௡) = exp (−
ଵ

ଶ
(𝑓௠ −240 

𝑓௡)்⋀(௟)(𝑓௠ − 𝑓௡))  is the Gaussian kernel with a linear weight 𝜔(௟) . To specify, 𝑘(𝑓௠, 𝑓௡)  is characterized by 241 

probabilistic stratigraphic events 𝑑௠ , 𝑑௡ and location information 𝑝௠, 𝑝௡: 242 

𝑘(𝑓௠, 𝑓௡) = 𝜔(ଵ) exp ቆ−
|𝑝௠ − 𝑝௡|ଶ

2𝜃ఈ
ଶ

−
|𝑑௠ − 𝑑௡|ଶ

2𝜃ఉ
ଶ ቇ

ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
௔௣௣௘௔௥௔௡௖௘ ௞௘௥௡௘௟

+ 𝜔(ଶ) exp ቆ−
|𝑝௠ − 𝑝௡|ଶ

2𝜃ఊ
ଶ

ቇ
ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ

௦௠௢௢௧௛௡௘௦௦ ௞௘௥௡௘௟

(18)
 243 

 Reflecting desirable geological settings, the appearance kernel is the empirical term to regulate the 244 

probability transition over soil categories marginally. 𝜃ఈ , 𝜃ఉ , 𝜃ఊ  represent respective impact degrees. The 245 

smoothness kernel aims to modify misalignments and remove isolated outliers. To evaluate the performance of 246 

the hybrid neural network, we use the global accuracy (GA) for the known subsurface cross-section (Shi & Wang, 247 

2021a) and the borehole accuracy (BA) for sparse boreholes only. It should be noted that the selected borehole for 248 

calculating BA isn’t included in the model training. Thus, the discrepancy between the predicted most probable 249 

stratigraphic events and the ground truth can be measured as follows: 250 

𝐺𝑙𝑜𝑏𝑎𝑙 𝐴𝑐𝑐𝑢𝑟𝑎𝑐𝑦 (𝐺𝐴) =
∑ 𝐼(𝑠௠ = 𝑠̂௠)ேೣ×ே೥

௠ୀଵ

𝑁௫ × 𝑁௭

(19)

𝐵𝑜𝑟𝑒ℎ𝑜𝑙𝑒 𝐴𝑐𝑐𝑢𝑟𝑎𝑐𝑦 (𝐵𝐴) =
∑ 𝐼(𝑠௠ = 𝑠̂௠)ே೥

௠ୀଵ

𝑁௭

 (20)

 251 

where 𝑠௠ represents the most likely stratigraphic event among 𝑑௠, and 𝑦ො௠ is denoted as the true categorical value 252 

in cell 𝑚. 𝐼(∙) is the indicator function of the Iverson bracket countering how many predictions are the same as 253 

the ground truth.  254 

Since the information entropy 𝒅 over soil categories is obtained through the probabilistic Pixel Bi-LSTM, 255 

the uncertainty of the most probable stratigraphic event at each cell 𝒑 can be quantified. By adopting the Soft-256 

BLR technique, the predicted information entropy reflects both the incomplete knowledge from sparse boreholes 257 
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and the transformation uncertainty inherent in geological modeling. Visualizing 𝒅 provides a clear overview of 258 

the dispersion 𝐷𝑝(𝑝௠), capturing the uncertainty associated with these factors. The resulting dispersion map is 259 

depicted by calculating each 𝐷𝑝(𝑝௠) as follows: 260 

𝐷௣(𝑝௠) = 1 − 𝑑௠
௦ , 0 ≤ 𝐷௣(𝑝௠) ≤ 1 (21) 261 

where 𝑑௠
௦  represents the probability of the most probable soil category 𝑠 among the predicted multi-hot-like value 262 

𝑑௠ at cell 𝐷௣(𝑝௠). 263 

3 Illustration 264 

In this section, a parametric analysis is conducted based on a synthetic multilayered subsurface profile to 265 

evaluate the impact of three key aspects on the performance of the proposed method. The synthetic case includes 266 

six soil types, labeled ‘Soil 1’ to ‘Soil 6’, and is manually generated using various sinusoidal and cosinusoidal 267 

boundary curves (see Fig. 5 (a)). These curves divide the subsurface cross-section into a grid of 200 × 125 pixels 268 

in the horizontal and vertical directions, respectively. To address the challenge of sparse survey data in practical 269 

engineering, five evenly distributed virtual boreholes (up to 2.5% of the total), labeled ‘BH1’ to ‘BH5’ (see Fig. 270 

5 (b)), are used as known geological conditions to infer the remaining unsampled portions. The soil class 271 

distribution of the sampled dataset at each borehole location is presented in Fig. 5 (c). Note that the proposed 272 

model is purely data-driven and infers the most probable subsurface profile based solely on site-specific data 273 

without requiring additional data from other projects. Despite the robust mathematical foundation, the proposed 274 

model is fully programmed in Python to facilitate automatic stratigraphic delineation, making it accessible and 275 

user-friendly for geotechnical engineers. As depicted in Fig. 2, the modeling process is streamlined to allow for 276 

application in practical scenarios, eliminating the need for extensive computational expertise. Based on the grid 277 

search method (see Appendix), the recommended hyperparameter configuration for the neural network is provided 278 

in Table 1. It can be observed that the model's performance initially improves and then stabilizes as the model 279 

size, batch size, and learning rate are increased. As shown in Fig. 5 (d), The decreasing trends in both training and 280 

validation loss, converging to similar values over epochs (early stop) indicate that the model has thoroughly 281 

captured the underlying patterns and generalizes well to unseen data. Moreover, the total training and inference 282 

time remains under 6 seconds, suggesting that this model is an efficient tool for site characterization in engineering 283 

practice. 284 
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   285 

Fig. 5 (a) Synthetic soil interfaces; (b) Colormap of the synthetic cross-section with five virtual boreholes; (c) 286 

Soil distributions of known boreholes; (d) Example loss curve plot of the proposed neural network 287 

Table 1 A summary of hyperparameters used in the illustrative example 288 

Hyperparameter Value 

Bi-LSTM Layers 2 

Hidden Size 64 

Learning rate 1e-3 

Batch size 64 

Epochs 200 

3.1 Effects of Soft-BLR 289 

 Various constraints are applied to soil interfaces by adjusting the scale factor 𝜆 = 0, 1, 3, 5 and the likelihood 290 

variable 𝛼 from 0.05 to 0.30. It is important to note that when 𝜆 = 0, oft-BLR corresponds to conventional one-291 

hot encoding without an 𝛼 value. Additionally, when 𝜆 = 5, the 𝛼 value should not exceed 0.2 to prevent negative 292 

values in the multi-hot-like vector. Across different 𝜆  values (as shown in Fig. 6 (a)), the accuracy of the 293 

interpreted geological cross-sections improves with increasing 𝛼, then stabilizes. Compared with 𝜆 = 0 in Fig. 6 294 

(b), the global accuracy (GA) defined in Eq. (19) shows an improvement of up to 1.06% when 𝜆 = 1 and 𝛼 =295 

0.15 in Fig. 6 (d). However, predicted stratigraphic boundaries would appear twisting rather than smooth curves 296 

when larger 𝜆, 𝛼 (see in Fig. 6 (e)). This phenomenon can be understood as how rapidly the likelihood of being 297 

another soil type decays away from soil interfaces. This is consistent with ACFs which indicate distant spatial 298 

dependencies. Furthermore, intersection points (red stars in Fig. 6 (b)-(e)) of multiple boundary curves located in 299 

unsampled cells could be affected by the pair parameter values in Soft-BLR. For instance, the presence of an 300 

anomaly “Soil 6” area on the right side of the BH2 bottom successfully shows geological-order characteristics. 301 
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As seen in Fig. 6 (c), the poor prediction performance near BH2 may be attributed to potential bias caused by the 302 

limited amount of "Soil 6" data (<2% of the total cells at BH2). This proves that the role of Soft-BLR can alleviate 303 

the label bias problem in the training dataset and store sufficient information reflecting subsurface sequential 304 

stratigraphy.  In this paper, 𝜆 = 3 and 𝛼 = 0.30 are adopted to impose appropriate flexible soil interfaces. 305 

  306 

Fig. 6 Effect of flexible Soft-BLR constraints 307 

3.2 Effects of MC-dropout 308 

By randomly dropping neurons (see Fig. 3), an ensemble of stratigraphic configurations can be generated. 309 

As shown in Fig. 7 (a), the global accuracy trend of the predicted stratigraphic model remains consistent across 310 

different dropout ratios 𝜌= {0.1, 0.3, 0.5, 0.7}, with accuracy sharply rising initially before stabilizing after 40 311 

realizations. As the dropout ratio increases (illustrated in Fig. 7 (b)), the accuracy of the most probable 312 

configuration shows a slight improvement before sharply decreasing at ρ = 0.7. This indicates that a moderate 313 

dropout rate helps the model learn general spatial dependencies, while a high dropout rate (>0.5) leads to 314 

underfitting. Therefore, ρ = 0.3  is recommended to enhance generalization and reduce overfitting. To further 315 

clarify the simulation process at ρ = 0.3, the initial realization and the most probable stratigraphic profile after 20 316 

realizations with corresponding dispersion maps are disclosed in Fig. 7 (c) - (f). The dispersion map, derived from 317 

Eq. (21), measures statistical discrepancies in soil interfaces across multiple realizations. In the map, brighter 318 

yellow areas indicate greater uncertainty and the width of these regions represents the range of uncertainty. 319 

Compared to Fig. 6 (d), the Pixel Bi-LSTM with MC-dropout successfully eliminates the isolated area on the left 320 

side of the BH2 bottom. Luckily, the bottom-left region of the dispersion map in Fig. 5 (f) can highlight the 321 
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uncertainty arising from incomplete knowledge of "Soil 6" around BH2. 322 

  323 

Fig. 7 Variation of prediction accuracy: (a) with realization number; (b) with different dropout ratios. One 324 

realization: (c) stratigraphic profile; (d) dispersion map. The most probable result: (e) stratigraphic profile; (f) 325 

dispersion map. 326 

3.3 Effects of dense CRF 327 

Nevertheless, the soil interfaces of the obtained stratigraphic profile in Fig. 7 (e) remain rough with some 328 

clustered noises. This section describes how the dense CRF technique strengthens the extracted spatial 329 

dependencies and refines smoother soil interfaces. In reference to Eq. (18), 𝜃ఈ , 𝜃ఉ , 𝜃ఊ describe the strength of 330 

similarities between nearby spatial cells and 𝜃ఈ , 𝜃ఉ , 𝜃ఊ define the principal eigenvector of the geological bodies. 331 

Various dense CRF structures (listed in Table 2) are modeled to clarify the roles of field kernel and spatial kernel 332 

play in stratigraphic delineation.  333 

Table 2 Various dense CRF structures 334 

Scenarios 𝜔(ଵ) 𝜔(ଶ) 𝜃ఈ 𝜃ఉ 𝜃ఊ 

(a) 6 1 (1, 6) (1, 10) (1, 6) 
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(b) 6 1 (6, 1) (10, 1) (6, 1) 

(c) 5 3 (3, 3) (1, 1) (3, 3) 

(d) 3 5 (3, 3) (1, 1) (3, 3) 

(e) 5 3 (2, 5) (1, 14) (3, 1) 

 335 

 336 

Fig. 8 Dispersion maps with (a) horizontally dominant spatial pattern; (b) vertically dominant spatial pattern; (c) 337 

strongly heterogeneous spatial pattern; (d) weakly heterogeneous spatial pattern; (e) one possible spatial pattern 338 

for this synthetic case with (f) corresponding stratigraphic profile (GA=96.12%). 339 

In scenarios (a) and (b) using a larger appearance kernel, the boundary lines in the dispersion map show 340 

apparent directional features, with a vertically dominant spatial pattern in Fig. 8 (a) and a horizontally dominant 341 

spatial pattern in Fig. 8  (b). As shown in Fig. 8 (c) and (d), variations in the degree of geological anomaly across 342 

different soil layers can also be simulated by adjusting the parameters 𝜔(ଵ), 𝜔(ଶ)  and 𝜃ఉ  which regulate the 343 

geological features of spatial heterogeneity. For this studied case, scenario (e) presents a CRF structure accounting 344 

for vertically dominant spatial patterns and distinct heterogeneity between strata. After applying the dense CRF, 345 

as shown in Fig. 8 (e) and (f), the soil interfaces are noticeably smoothed, improving prediction accuracy to 346 

96.12%. Given the high uncertainty in the circled area of Fig. 8 (e), another experiment is conducted by virtually 347 

drilling an additional borehole to test whether prediction errors are consistent with the dispersion map. As 348 

illustrated in Fig. 9, the model’s prediction accuracy further increased to 96.96% after including the additional 349 

borehole BH6 at the midpoint of BH2 and BH3. Based on the synthetic case, multiple examples with varying 350 

numbers of boreholes were generated to further evaluate the performance of the proposed method (see Fig. 10). 351 

Overall, the dense CRF technique proves effective not only in generating more accurate stratigraphic cross-352 

sections but also in offering practical insights for optimizing site exploration strategies. 353 
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 354 

Fig. 9 (a) The most probable stratigraphic profile with (b) the corresponding dispersion map via six 355 

measurements. 356 

 357 

Fig. 10 Stratification results of the synthetic case: (a) via three measurements; (b) via four measurements; (c) via 358 

five measurements; (d) via six measurements. 359 

4 Applications 360 

In geotechnical engineering practice, accurate stratigraphic modeling based on sparse observation data is 361 

critical for numerous applications, such as settlement analysis and slope support design. Hence, the proposed 362 

hybrid neural network is applied to two different real-world borehole projects from Hong Kong: (a) data extracted 363 

from a reclamation construction site, and (b) data acquired from a cut slope project.  364 

 365 

Fig. 11 (a) Stratigraphic details of collected boreholes in Hong Kong; (b) Cross-section of slope subsurface 366 

stratigraphy from collected boreholes 367 

For the reclamation construction project, seven boreholes (labeled BH1-BH5 and BH1a-BH2a) were drilled 368 
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to investigate the subsurface geological conditions of a 29 m × 222 m cross-section site. Fig. 11 (a) presents the 369 

stratigraphic details of these boreholes, revealing soil layers consisting of Fill, Marine Deposit (MD), Alluvium, 370 

and Completely Decomposed Granite (CDG). Characterized by low strength and high compressibility, MD poses 371 

a risk of differential settlement during reclamation, which can jeopardize construction safety. Thus, deriving 372 

reliable stratigraphic boundaries from limited borehole data is crucial before foundation design and numerical 373 

analysis. In this project, the thickness of MD varies between 5.6 m in BH4 and 15 m in BH2. The vertical and 374 

horizontal resolutions of the target subsurface domain are set to 0.2 m and 1 m, respectively. To evaluate the 375 

proposed method, its performance is compared with other approaches, such as linear interpolation, ordinary 376 

kriging (OK), and Markov random field (MRF) (Wei & Wang, 2022). Additionally, four borehole schemes are 377 

designed to test the reliability of each method in interpreting geological characteristics from sparse borehole data 378 

(see Fig. 12). Note that the white dashed lines in Fig. 12 (a)-(d) represent the boreholes used for training these 379 

models. Since the complete subsurface profile is unknown, BA defined in Eq. (20)  is used to assess the 380 

discrepancy between predicted and actual stratigraphy at the locations of rest untrained boreholes. 381 

Table 3 Prediction results corresponding to different borehole schemes in the reclamation construction site 382 

Model Boreholes Scheme 1 Scheme 2 Scheme 3 Scheme 5 Average time 

Linear interpolation 
Rest BH1-BH5 0.78 0.77 0.88  

<1s 
BH1a, BH2a 0.71 0.78 0.69 0.69 

Kriging 
Rest BH1-BH5 0.62 0.65 0.89  

17s 
BH1a, BH2a 0.48 0.54 0.65 0.70 

MRF 
Rest BH1-BH5 0.77 0.74 0.92  

927s 
BH1a, BH2a 0.68 0.81 0.66 0.69 

Proposed model 
Rest BH1-BH5 0.80 0.87 0.93  

16s 
BH1a, BH2a 0.77 0.68 0.69 0.72 
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 383 

Fig. 12 Stratification results of the reclamation construction case: (a) via the linear interpolation; (b) via the OK; 384 

(c) via the MRF; (d) via the proposed model with (e) corresponding dispersion maps. 385 

Table 3 summarizes the BA of each model across different borehole schemes. Except for the performance of 386 

MRF in Scheme 2 on BH1a-BH2a, the proposed model achieves a higher accuracy than other methods. However, 387 

in Schemes 4 and 5, where more training boreholes are included, the BA of MRF drops significantly from 81% to 388 

66% and 69%, respectively. Leveraging the advantage of GPU parallel computing, the proposed model's inference 389 

process takes an average of just 18 seconds, significantly faster than the 927 seconds required by the MRF model. 390 

Although linear interpolation completes stratigraphic delineation in under 1 second, its poor performance in Fig. 391 

12 (a) makes it unsuitable for generating high-resolution profiles from sparse data. In contrast, the MRF model 392 

often introduces unrealistic anomalies within the geological bodies, particularly in Schemes 1-3 (see Fig. 12 (c)). 393 

In contrast, both the proposed model and the OK method produce smoother soil interfaces from limited borehole 394 

data, which is advantageous for meshing in numerical simulations. However, OK tends to overestimate the 395 

thickness of MD in Schemes 1 and 2 (Fig. 12 (b)), indicating it fails to capture the stratigraphic features (e.g., the 396 

fill layer overlays MD). As depicted in Fig. 12 (e), the proposed model’s dispersion maps highlight that 397 

interpolation uncertainty is clustered around the interfaces between MD, Alluvium, and CDG, consistent with the 398 
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observed interpolation errors. The proposed probabilistic model provides an effective tool for geotechnical 399 

engineers, enabling the creation of reasonable soil profiles and supporting reliability-based foundation design. 400 

The second practical case involves a cut slope near a residential estate, investigated using six boreholes, 401 

including the initial survey (D1-D4) and supplementary drillings (D1a-D2a). As shown in Fig. 11 (b), the slope 402 

has an elevation of 35.0 m with an inclination angle of nearly 32°, and the stratigraphy consists of Fill, CDG, 403 

Residual Soil, and Slightly Decomposed Granite (SDG). Notably, Residual Soil, found only in borehole D3 with 404 

a thickness of 7.5 m, is mainly composed of sandy silt/clay and should be considered a weak clay seam. In Hong 405 

Kong, where heavy rainfall is common, the presence of this weak seam at the slope toe can potentially trigger 406 

shallow slope failure. Therefore, designing lateral support for this case requires precise characterization of the 407 

subsurface weak seam based on limited field data. Using different dense CRF structures outlined in Table 2, Fig. 408 

13 shows various stratification results based on the four initial boreholes. When boreholes D1a and D2a are used 409 

to evaluate the model’s performance, the borehole accuracy of the stratigraphic cross-sections ranges from 88% 410 

to 90%. However, the identified scope of the weak seam varies slightly in Fig. 13 (a). Fig. 13 (b) also reveals 411 

significant uncertainties along the vertical soil boundaries in all dispersion maps under different CRF structures, 412 

indicating a need for additional borehole data in these areas. The interpreted soil interfaces between CDG, 413 

Residual Soil, and SDG show strong heterogeneity in the dispersion maps. With the inclusion of borehole data 414 

from D1a and D2a, the model's understanding of the subsurface domain improves, as shown in Fig. 14 using 415 

Scenario 5’s CRF settings. Fig. 14 (b) confirms the vertically dominant morphological characteristics of the soil 416 

boundaries, aligning with the interpolation errors around the weak seam in Fig. 13. Additional boreholes are 417 

recommended between D3 and D4 for more accurate stratification. Given that the most probable result in Fig. 14 418 

(a) indicates about 3.0% silt/clay content, permanent support structures like shotcrete facing with soil nails are 419 

proposed for future design work. This case demonstrates the model's capability to produce an ensemble of possible 420 

soil profiles for characterizing the weak seam. The geostatistical uncertainty depicted in the dense CRF structure's 421 

dispersion map highlights the model’s potential for guiding fieldwork and improving geotechnical understanding. 422 
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 423 

Fig. 13 Stratification results of the cut slope case under different dense CRF structures via four measurements: 424 

(a) most probable configuration; (b) dispersion map. 425 

 426 

Fig. 14 Stratification results of the cut slope case via six measurements: (a) most probable configuration; (b) 427 

dispersion map.  428 

5 Conclusions 429 

 A novel hybrid neural network is proposed for probabilistic subsurface stratigraphic modeling that considers 430 

the label bias problem, geostatistical uncertainty, and different spatial distribution patterns. The proposed approach 431 

is illustrated by the synthetic case with sparse boreholes and applied to two real cases in Hong Kong. Within the 432 

proposed hybrid neural network framework, complex stratigraphic patterns can be extracted purely from sparse 433 

site-specific measurements and the dispersion map of the most probable stratigraphic cross-section aligns with 434 

the precision of stratigraphic characterization. The proposed coordinate-based hybrid model can be easily 435 

extended for 3D stratigraphic modeling by adding a Bi-LSTM branch to capture spatial dependencies from the 436 

third dimension. Due to the word limit, this paper focuses on demonstrating the robust reliability of the proposed 437 

hybrid neural network in comparison with existing methods. Future research will concentrate on applying this 438 

hybrid neural network to 3D stratigraphic modeling, facilitating reliability-based geotechnical analysis and design. 439 
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Appendix:  443 

Table. The grid search for determining suggested hyperparameters 444 

Bi-LSTM 

Layers 

Hidden 

Size 

Learning 

Rate 

Batch  

size 

Elapsed 

 Time 
Accuracy 

1 64 1e-2 64 2s 89.00% 

2 64 1e-2 64 3s 95.14% 

3 64 1e-2 64 3s 94.03% 

2 16 1e-2 64 3s 89.74% 

2 32 1e-2 64 3s 94.32% 

2 128 1e-2 64 3s 94.64% 

2 64 1e-1 64 3s 85.14% 

2 64 1e-3 64 3s 93.11% 

2 64 1e-2 32 3s 95.04% 

2 64 1e-2 128 2s 94.38% 

 445 
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