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Highlights 29 

⚫ A solid- to fluid-like phase transition model is proposed and implemented in MPM 30 

⚫ The model integrates elastoplasticity for friction stress and kinetic theory for collision stress 31 

⚫ The evolution of state variable granular temperature governs phase transition 32 

⚫ Comparisons with experiment results validate the accuracy of the model 33 

⚫ The model accurately captures solid and fluid states of large deformation granular flow 34 

Abstract 35 

Granular flow is ubiquitous in various engineering scenarios, such as landslides, avalanches, 36 

and industrial processes. Reliable modeling of granular flow is crucial for mitigating potential 37 

hazards and optimizing process efficiency. However, the complex behavior of granular media, 38 

which transitions between solid-like and fluid-like states, poses a significant challenge in their 39 

modeling, particularly when involving rapid mobilization. To address this challenge, we propose 40 

an innovative constitutive model capable of capturing the highly nonlinear behavior of granular 41 

flow by integrating frictional and collisional mechanisms under varying states. The proposed model 42 

incorporates two distinct stress components: frictional stress and collisional stress. The frictional 43 

stress is governed by a critical-state-based elastoplasticity model, which accurately describes the 44 

solid-like behavior of granular media. On the other hand, the collisional stress is formulated using 45 

a well-established kinetic theory, which effectively captures the fluid-like behavior of granular 46 

media. To seamlessly transition between these two states, we introduce a novel state variable, the 47 

granular temperature, which serves as a measure of the kinetic energy of the granular system. This 48 

innovative transition model is further incorporated into a GPU-based Material Point Method (MPM) 49 

and used to model two types of granular flows, including column collapse and flume tests on an 50 

inclined surface. The numerical results show good agreement with available experimental data, 51 

highlighting the efficacy of our proposed phase transition model with the MPM modeling approach 52 

in effectively capturing the transition of granular materials from solid-like to fluid-like states 53 

throughout the mobilization process, from initiation to final deposition. 54 

Keywords: Granular flow; Material point method; Constitutive model; Large deformation 55 

modeling; Frictional stress; Collisional stress 56 

  57 
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1 Introduction 58 

Granular flow phenomena, which are closely associated with natural disasters such as flow-like 59 

landslides and debris flows, pose significant threats to both lives and economies (Bocquet et al., 60 

2002; Cascini et al., 2016; Si et al., 2018; Ng et al., 2020; Vicari et al., 2022; Ng et al., 2023; Di 61 

Carluccio et al., 2024). These events often initiate as solid-like material that gradually transitions 62 

into a fluid-like state, traveling at high velocities. Therefore, accurate assessment of the flowing 63 

mass, velocity, and run-out distance of the granular flow is of paramount importance. However, 64 

achieving such accurate evaluations necessitates the development of a rational numerical approach 65 

coupled with an appropriate constitutive model for granular material. Despite considerable 66 

advancements in modeling granular flow, several challenges persist (Cuomo et al., 2019; Augarde 67 

et al., 2021; Vicari et al., 2022; Di Carluccio et al., 2024). These include the limitations of 68 

numerical procedures in dynamic, large deformation situations, and the need for a rational 69 

description of the initiation and propagation mechanisms of granular flow. Particularly challenging 70 

is the need to model the transitional behavior of mobilized particles as they shift between solid-71 

like and fluid-like states. 72 

In the literature, a wide range of numerical approaches have been employed for resolving 73 

granular flow involving large deformation. Eulerian approaches in Computational Fluid Dynamics 74 

(CFD), such as the Finite Volume Method (FVM) (e.g., Yavari-Ramshe et al., 2015; Lin and Yang, 75 

2020; Faroux et al., 2022), Finite Difference Method (FDM) (e.g., Hayat et al., 2021; Haeri and 76 

Skonieczny, 2022), and Finite Element Method (FEM) (e.g., Zheng et al., 2015(a), 2015(b); Bai et 77 

al., 2017) are notably pervasive. Despite this, these approaches struggle to accurately track particles 78 

and interfaces between different materials. Lagrangian-based numerical methods, on the other hand, 79 

provide a robust framework for tracking both the interface and material particles with a higher 80 

accuracy. Within this framework, a variety of methods have been deployed to tackle large 81 

deformation granular flow, including Material Point Method (MPM) (Dunatunga and Kamrin, 82 

2015; Ceccato and Simonini, 2016; Liang and Zhao, 2019; Redaelli et al., 2017; Lei et al., 2022; 83 

Liang et al., 2023; Liang et al., 2024), Particle Finite Element Method (PFEM) (Cante et al., 2014; 84 

Cremonesi et al., 2020; Larsson et al., 2021; Zhang et al., 2023), and Smoothed Particle 85 

Hydrodynamics (SPH) (Guo et al., 2016; Peng et al., 2016; Guo et al., 2020). Among them, MPM 86 

stands out as an effective hybrid Eulerian-Lagrangian approach, showing a superior balance 87 
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between computational efficiency and accuracy in solving large deformation problems and tracking 88 

particle movements. Considering these merits, we have chosen MPM as the numerical tool for our 89 

study. 90 

Following the selection of the numerical tool, it is crucial to employ a rational constitutive 91 

model to accurately depict the behavior of the granular material during both the inception and 92 

propagation stages of flow. In these stages, the granular material manifests different behaviors 93 

according to its state. As depicted in Fig.1, granular materials initially exhibit solid-like 94 

characteristics before the initiation stage. They then evolve into a fluid-like state with significant 95 

velocity during the propagation stage and finally deposit as a solid-like material. This transitional 96 

behavior underscores the need for a versatile constitutive model capable of representing the 97 

complex dynamics of granular material across various stages. 98 

 99 
Fig 1. Illustration of different stages in granular flow 100 

The existing models for granular flow can be broadly classified into two categories: soil 101 

mechanics-based models and fluid dynamics-based models. The former based on the theory of soil 102 

mechanics employs a rate-independent stress to describe granular behavior, which may include 103 

hardening or softening, dilatancy, and state-dependence. These models treat the granular material 104 

as a solid-like state and thus can effectively predict the initiation of granular flow (Chang and Yin, 105 

2010; Fern and Soga, 2016; Yin et al., 2016; Song et al., 2021; Feng et al., 2024; Wang and Wu, 106 

2024; Zhu et al., 2024). On the other hand, the fluid dynamics-based models employ a rate-107 

dependent rheological law to investigate the propagation of granular flow. These models 108 

effectively depict the post-failure behavior of the fluid-like granular material but often fall short of 109 

accurately reproducing the pre-failure behavior of the granular media (Pastor et al., 2009; Huang 110 
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et al., 2011; Lagrée et al., 2011; Cascini et al., 2014; Dai et al., 2014; Hurley and Andrade, 2017; 111 

Franci and Cremonesi, 2019). In this regard, neither the soil mechanics-based nor fluid mechanics-112 

based models can effectively depict the whole process in granular flow including initiation and 113 

propagation mobilization stages. 114 

To bridge these gaps, the mentioned two models can be combined to separate the initiation 115 

and propagation stages, i.e., the soil mechanics-based model is only used to depict solid-like 116 

behavior and the fluid mechanics-based model to depict fluid-like behavior (Pastor et al., 2009; 117 

Prime et al., 2014; Dunatunga and Kamrin, 2015). Note that this philosophy requires a rigorous 118 

consideration of the interaction between solids and fluids (Peng et al., 2016). To circumvent this 119 

complexity, a unified modeling idea that captures both solid-like and fluid-like behavior of the 120 

granular flow has been proposed (Vescovi et al., 2013; Redaelli et al., 2015; Peng et al., 2016; Si 121 

et al., 2018; Guo et al., 2020; Vescovi et al., 2020; Wang and Wu, 2024). Models based on this 122 

idea assume a parallel scheme in which the stress is calculated as the sum of frictional and 123 

collisional contributions (see Eq.(1)) (Johnson and Jackson, 1987; Johnson et al., 1990; Savage, 124 

1998; Louge, 2003; Lee and Huang, 2010; Vescovi et al, 2013; Redaelli et al, 2015; Si et al., 2018). 125 

The former is associated with long elapsing frictional contacts while the latter with collisional 126 

mechanisms (see Fig.1).  127 

 = +σ σ σf col  (1) 128 

where σ is the Cauchy stress tensor, σf is the quasi-static stress; σcol is the collisional stress. 129 

Recently, a few phase transition models based on the parallel scheme have been proposed 130 

(e.g., Vescovi et al., 2013; Redaelli et al., 2015; Si et al., 2018; Guo et al., 2016; Peng et al., 2016; 131 

Guo et al., 2020; Wang and Wu, 2024); however, an effective model remains under investigation. 132 

To the authors' knowledge, existing solid-like stress components in phase transition models 133 

primarily adopt simplified granular materials, neglecting key characteristics such as hardening or 134 

softening, dilatancy, and state-dependent characteristics, particularly the critical state that triggers 135 

the fluid-like behavior (e.g., Vescovi et al., 2013; Redaelli et al., 2015; Si et al., 2018). 136 

Consequently, we have proposed a straightforward yet effective critical-state-based elastoplastic 137 

stress model that incorporates these essential characteristics, thereby enhancing the complicated 138 

behavior of frictional mechanisms during granular flow. 139 
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Another significant aspect of phase transition models is the fluid-like stress representation. 140 

Existing models can be categorized into two types according to the expression of fluid-like stress: 141 

those employing phenomenological Non-Newtonian viscous models, such as the μ(I) constitutive 142 

relationship (Jop et al., 2006; Wang and Wu, 2024), and those grounded in kinetic theory related 143 

to particle collisional mechanisms (e.g., Vescovi et al., 2013; Si et al., 2018; Vescovi et al., 2020; 144 

Redaelli et al., 2017). Both approaches effectively capture the viscous properties in fluid-like states. 145 

Our study proposes a solid-fluid phase transition model that incorporates the μ(I) constitutive 146 

relationship. However, it remains unclear whether the combination of the proposed critical-state-147 

based elastoplastic stress model with kinetic theory can effectively represent the solid-fluid phase 148 

transition. To address this issue, we propose a novel phase transition constitutive model 149 

incorporating the kinetic theory. This model integrates the critical-state-based elastoplasticity 150 

framework to depict the frictional contribution in the solid-like state, and a kinetic theory to 151 

describe the collisional contribution in the fluid-like state. An intrinsic state variable granular 152 

temperature is introduced to control the phase transition between these states.  153 

This work aims to solve the large deformation granular flow using MPM with the novel phase 154 

transition constitutive model that can depict the behavior of granular material from a solid-like to 155 

a fluid-like state during the initiation and propagation stage. The paper is organized as follows: 156 

Section. 2 presents governing equations and numerical procedure of the material point method in 157 

granular flow. Section 3 elaborates on the phase transition constitutive model and its element test 158 

simulation. The numerical examples of this constitutive model are presented in Section. 4. The 159 

major conclusions are drawn in Section. 5. 160 

2 Material point method  161 

2.1 Governing equations 162 

In MPM, the mass and momentum conservation equations for the continuum material take the 163 

following expression: 164 
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 = −  v   (2) 165 

 =  +v σ b  (3) 166 

where   is the density;   denotes the material time derivative of the density; v  is the velocity; 167 

v  denotes the material time derivative of the velocity; σ  is the Cauchy stress tensor; b is the body 168 

force per unit volume. 169 

Multiplying Eq. (3) by an arbitrary virtual vector-valued displacement function u , the 170 

weak form of the momentum equation is expressed as: 171 

 :
   

  = −   +   +     v u σ u b u t ud d d d      (4) 172 

where   represents the material domain;   denotes the boundary and t is the surface traction. 173 

2.2 GPU-based MPM  174 

In MPM, two descriptions are adopted for the targeted continuum media, namely Eulerian 175 

(i.e., stationary background grid) and Lagrangian (i.e., material points) descriptions. The 176 

Lagrangian material points are employed to store the material information (e.g., the velocity, 177 

displacement, stress, and strain). The Eulerian gird is adopted to solve the governing equation. The 178 

grid information will be reset at the beginning of each step. The information transforms between 179 

the Lagrangian material particles and Eulerian grids via the shape function.  180 
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 181 

Fig. 2. Illustration of the material point method computational procedure 182 

To solve Eq. (4), the material domain is discretized into a set of material points that travel 183 

over the fixed computational grid. The information of particles can be approximated using the 184 

information of the grid node. As shown in Fig. 2, the typical MPM computation procedure includes 185 

the following main steps: 186 

(a) Particle to Grid (i.e., P2G): At the current step tk, the information of particles (i.e., particle 187 

mass pm and velocity v
k

p ) is interpolated to the background grid node via the shape function 188 

( )= x
k k

Ip I pN N . Subsequently, the nodal mass 
k

Im  and nodal velocity v I

k
 are obtained using Eqs. (5) 189 

and (6): 190 

 =  k

I Ip p

k

p

N mm  (5) 191 

 
 

=  
 
v v kk

I I

k k

p Ip

p

pN m m  (6) 192 

(b) Updating particle deformation gradients: Compute velocity gradient v
k

p  and deformation 193 

gradient F of the particles by the nodal velocity v I

k
: 194 



9 

  = v v
k k k

p

I

p I IN  (7) 195 

 ( ) 11 −= + F v Fk k

p

k

p pt  (8) 196 

(c) Updating nodal forces: Using the particle deformation gradient F
k

p
, the particle strain can 197 

be updated via Eq.(9). With this strain ε
k , an appropriate constitutive model is then employed to 198 

calculate the stress σ
k , which will be discussed in Section. 3. Then, the internal force f int,k

I  is 199 

calculated via = − f σ
kint,k k k

I Ip p

p

p N V . The external force f ext,k

I  only considers the gravity in the 200 

typical granular flow.  201 

 ( )( )1
I

2
= + −ε F F

k

p p

T
k k  (9) 202 

(d) Updating nodal velocities: The nodal acceleration and velocity can be updated using 203 

( )= +a f f
k int,k ext,k k

I I I Im  and 
1+ = + v v ak k k

I I I t , respectively. 204 

(e-f) Grid to Particle (G2P): The velocity and position of particles can be interpolated from 205 

the grid nodes using Eqs. (10) and (11):  206 

 1+ = + v v a
k

I

k k k

p p pI

I

N t  (10) 207 

 1 1+ += + x x vI

k

I

k k k

pp p

I

N t  (11) 208 

The numerical stages (a~f) constitute a calculation loop designed to update the particle 209 

information. For the next step time, the information of the background grid is discarded, and 210 

therefore, the grid node position remains unchanged throughout the simulation. 211 

Considering that the MPM modeling requires the solution of a large number of linear 212 

equations at each time step, GPU-empowered parallel computing is expected to significantly 213 

leverage the overall computational efficiency (Dong et al., 2015; Dong and Grabe, 2018; Wang et 214 

al., 2023). In this study, a domain-specific language (DSL) Taichi, is utilized to facilitate high-215 

performance, GPU-based simulation (Hu et al., 2019; He et al., 2024). Taichi is an open-source, 216 
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parallel programming language that is embedded within Python. It employs just-in-time (JIT) 217 

compiler frameworks to facilitate efficient numerical computation. By using the @ti.kernel 218 

decorator, Taichi enables the JIT compiler to automatically compile Python functions into 219 

optimized GPU machine code for parallel execution. This feature allows one to achieve GPU 220 

acceleration with considerable ease, without requiring extensive knowledge of GPU architectures 221 

and programming models. At present, Taichi supports most mainstream GPU APIs, such as CUDA 222 

and Vulkan. Accordingly, all the simulations are written in Python with Taichi and employed in 223 

CUDA to achieve high-performance MPM modeling. 224 

3 Phase transition model 225 

For granular flow, the material involved exhibits highly nonlinear behavior as it could 226 

transition between solid-like and fluid-like states. In this regard, a novel phase transition 227 

constitutive model for the granular media is introduced in this section to accurately capture this 228 

behavior and complete the MPM framework. 229 

3.1 Basic framework 230 

To propose a constitutive model potent enough to delineate the phase transition from solid-231 

like to fluid-like state, a fundamental assumption for granular flow is adopted (Vescovi et al., 2013; 232 

Redaelli et al., 2015; Peng et al., 2016; Si et al., 2018; Guo et al., 2020; Vescovi et al., 2020; Wang 233 

and Wu, 2024), which posits that the energy of the granular material system is dissipated by two 234 

main mechanisms among particle interactions, namely friction and collision (Jaeger et al., 1996; 235 

Ancey, 2007; Chen and Yan, 2021). Based on this assumption, the granular flow can be divided 236 

into three regimes: 237 

(i) Quasi-static regime: predominated by friction mechanism, the granular material is dense 238 

and behaves as a solid. The stress is primarily the friction-induced stress generated by force chains 239 

through particle contacts. This friction-induced stress is also referred to as quasi-static stress.  240 

(ii) Collisional regime: dominated by collision mechanism, the density of the granular material 241 

is low. The granular material is mainly governed by collisional stress. 242 
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(iii) Transitional regime: this regime occurs when particles interact via both collision and 243 

friction mechanisms, with the material exhibiting fluid-like behavior governed by both collision-244 

induced and friction-induced stresses. 245 

 246 

Fig 3. Illustration of the parallel scheme for the phase transition model 247 

Given the aforementioned setup, a theoretical framework known as the parallel scheme has 248 

been employed. In this scheme, the total granular stress is decomposed into friction-induced stress 249 

and collision-induced stress as indicated in Eq. (1). Fig.3 depicts the parallel scheme for the phase 250 

transition constitutive model. The friction-induced stress σf is strain rate-independent, which can 251 

be described using an elastic spring in series with a slider (i.e., the elastoplasticity theory), while 252 

the strain rate-dependent collision-induced stress σcol is described using a damper. Both types of 253 

stress coexist throughout the entire deformation process.  254 

Based on the parallel scheme, we have proposed an innovative constitutive model to depict 255 

the phase transition from a solid-like to a fluid-like state, effectively capturing the following 256 

behaviors during the transition: (i): the quasi-static stress σf is depicted via an elastoplasticity 257 

framework, which can rationally depict the solid-like state with key characteristics such as 258 

nonlinear elasticity, nonlinear plastic hardening, dilatancy, and state-dependent characteristics 259 

before the initiation of the granular flow. (ii): the critical state theory (Roscoe et al. 1958; Worth, 260 

1958; Schofield and Wroth, 1968) is incorporated into the elastoplasticity framework to depict the 261 

initiation of the granular flow (i.e., the inception of fluid-like material and the failure of the granular 262 

solid-like material), where the granular material begins to deform indefinitely without further 263 

change in stresses and volume. (iii): the kinetic theory is used to describe the collisional stress in 264 

the fluid-like state. By employing granular temperature as a state variable to represent collisional 265 

f  
col

Spring

Slider

Damper

f col+=  
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stress, the entire phase transition of granular flow from solid-like to fluid-like can be rationally and 266 

smoothly depicted.  267 

3.2 Frictional stress 268 

In the proposed phase transition model, the frictional stress is expressed via a critical state-269 

based Mohr-Coulomb model. This model employs the framework of an elastoplasticity model 270 

SIMSAND (Yin et al., 2013; Yin et al., 2014; Jin et al., 2017; Yin et al., 2020), which has 271 

demonstrated a superior capability in reproducing the nonlinear elasticity, nonlinear plastic 272 

hardening, stress dilatancy (contraction or dilation), and critical state of granular material. In a 273 

similar manner, the frictional contribution is decomposed into an elastic part and a frictional part. 274 

Using an incremental form, the strain increment ε ij  is divided into the elastic increment ε
e

ij  and 275 

plastic increment ε
p

ij : 276 

 = +ε ε ε
e p

ij ij ij    (12) 277 

The elastic strain increment ε
e

ij  can be employed to obtain the frictional stress increment via 278 

: = σ ε
e

f f ijD  (in which fD  is the elastic stiffness matrix related to the elastic bulk modulus fK  279 

and Poisson’s ratio ν). The dependence of elastic bulk modulus on the pressure and void ratio is 280 

considered herein (i.e., nonlinear elasticity), which is expressed as follows: 281 

 
2

0

(2.97 )

(1 )

 −
=  

+  

n

f

f at

at

pe
K K p

e p
 (13) 282 

where atp  is the atmospheric pressure (i.e., atp =101.3 kPa); n is the elastic constant controlling 283 

nonlinear stiffness; fp  is the hydrostatic frictional stress; e is the void ratio, its evolution is 284 

calculated via ( ) ( )1 Tr+= − εe e ; 0K  is the dimensionless referential bulk modulus.  285 

The distinction between elastic and plastic behaviors is determined by the yield criterion. 286 

When the stress state lies within the yield surface f, the material exhibits elastic behavior. 287 

Conversely, when it lies beyond this surface, irreversible plastic behavior ensues. The 288 

corresponding plastic strain increment is calculated using the flow rule 


=


ε
σ

p

ij

ij

g
d   (in which 289 
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d  is the plastic multiplier; g  is the plastic potential function). The associated flow rule is 290 

considered herein (i.e., the plastic potential function coincides with the yield surface). It's important 291 

to note that the consistency law 0=f , which indicates the stress state remains on the yield surface 292 

after yielding, is essential for calculating the plastic multiplier. 293 

To accurately represent the frictional yielding characteristic, we employ the widely 294 

recognized Mohr-Coulomb yield criterion, commonly used for granular materials in the 295 

geotechnical field. This criterion incorporates the frictional asymptotic strength characteristic of 296 

sands, an aspect often referred to as nonlinear plastic hardening. This can be expressed as follows: 297 

 = −
+

p
f d

p

f p d

q M
f

p k




 (14) 298 

where fq  is the deviatoric frictional stress; M is the slope of the failure line in the pf-qf plane, which 299 

is expressed as ( )6sin 3 sin= −c cpM   . 300 

To facilitate the consideration of the stress dilatancy (contraction or dilation), the plastic 301 

potential function is expressed as follows: 302 

 1( ), 
= − =

 

f

d pt

f f f

qg g
A M

p p q
 (15) 303 

where Ad is a parameter controlling the magnitude of the stress-dilatancy; Mpt is the transformation 304 

stress ratio which corresponds to the transitional state between a contractive behavior under low 305 

stress ratios and a dilatancy behavior under higher stress ratios. If the current stress ratio is smaller 306 

than Mpt, the material is contractive. Otherwise, it is dilative. 307 

Based on the critical state theory, the critical void ratio ec is considered as below: 308 

 ref exp
  
 = −  
   

f

c

at

p
e e

p



  (16) 309 

where refe  is a reference void ratio;  is the slope of the critical state line (CSL) in the e-logpf plane; 310 

parameter ξ controls the nonlinearity of the critical state line. 311 
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The effect of void ratio on the stress-strain-chelaship is implemented by modifying the peak 312 

strength ratio with ( )6sin 3 sin= −p p pM    and the phase transformation stress ratio with313 

( )6sin 3 sin= −pt pt ptM   . The peak friction angle p  and transformation angle pt  are 314 

expressed as:  315 

 arctan tan[ ] 
=  

 

pn

c
p c

e

e
   (17) 316 

 arctan tan[( ) ]= dn

pt c

c

e

e
   (18) 317 

where np and nd are parameters controlling the effect of particle interlocking. When the granular 318 

material is dense (i.e., e<ec), the pt  is initially smaller than c , representing a dense structure that 319 

is initially contractive and then dilative. When the material is loose (i.e., e>ec), the pt  is larger 320 

than c , which leads to a contractive behavior. Both loose and dense sands will arrive at a critical 321 

state, resulting in the initiation of the granular flow. 322 

In summary, the frictional stress contribution adopts the critical state-based nonlinear Mohr-323 

Coulomb model following the framework of SIMSAND. The nonlinear elasticity, nonlinear plastic 324 

hardening, and stress dilatancy are expressed using Eq. (13)-(15), respectively. The critical state 325 

theory depicting the initiation of the granular flow is mainly expressed by Eqs. (16)-(18). The 326 

effectiveness of this elastoplasticity has been verified in (Yin et al., 2013; Yin et al., 2014; Jin et 327 

al., 2017; Yin et al., 2020). 328 

3.3 Collisional stress  329 

When the granular material enters the collisional regime, it exhibits a fluid-like state, and the 330 

interactions among particles mainly occur through collisional contacts. Within this collisional 331 

regime, the Cauchy stress is mainly governed by the collisional component, which can be 332 

determined via the well-established kinetic theory (Jenkins and Savage 1983; Garzo and Dufty 333 

1999, Jenkins and Zhang 2002; Jenkins 2006, 2007; Berzi et al., 2011; Vescovi et al., 2013). 334 

According to the kinetic theory, the collisional stress, which represents the rheological 335 

characteristics, can be expressed as: 336 
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 ( )
1

2
3


 

= − −  −  
 

σ u ucol ij ij ij ijcol     p  (19) 337 

where colp  is the collisional hydrostatic pressure;   is the shear viscosity quantifying the 338 

resistance to shear flow;   is the bulk viscosity measuring the resistance to compression or 339 

expansion;  ij  is the strain rate tensor, which is defined as ( ) 2 =  + u uT

ij . 340 

It has been clearly shown in previous studies that the collisional pressure colp , the shear 341 

viscosity  , and the bulk viscosity   are generally expressed as (Jenkins and Savage, 1983): 342 

 ( ) ( )4 ,=col nG e F e T p  (20) 343 

 ( ) ( ) 0.58
,

5
= nG e J e dT  


 (21) 344 

 ( ) ( ) 0.54
,

3
= nG e Q e dT  


 (22) 345 

 ( ) ( ) ( )0 0
1

= =
+

p

s s sG e V g V g V
e


 (23) 346 

where d is the diameter;   is the density of the granular medium, which can be computed via 347 

( )1= = +s p pV e    (in which p  denotes the particle density, usually takes 2.65 g/cm³ for the 348 

sands; sV  is the volume fraction calculated via ( )1 1= +sV e ); T is the granular temperature; F, J, 349 

and Q are the auxiliary functions (refer to Appendix A). These functions are related to the void 350 

ratio e and coefficient of restitution n  (i.e., a parameter depicting the restitution during the 351 

collision), which is further modified to consider the effect of the tangential contact during the 352 

collision. Based on the numerical results using the discrete element method (DEM), Chialvo and 353 

Sundaresan (2013) proposed that n  should be replaced by the effective coefficient r , as follows: 354 

 ( )
2

p
3

ex 3= −−r n p p   (24) 355 

in which p  is the friction coefficient, typically takes the value 0-0.5, ( )0 sg V  is the radial 356 

distribution function depending on the volume fraction sV , expressed in Eq. (25): 357 
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f V

V

Ve V V V

V V V V

V  (26) 359 

where sdV  represents the densest possible disordered configuration of the granular material, can be 360 

determined using the void ratio parameter sde  of the granular material (i.e., ( )1 1= +sd sdV e ); mV  361 

is a function parameter, taken as 0.4.  362 

Eqs. (21)-(24) indicates that the evolution of the collisional pressure colp , the shear viscosity 363 

 , and the bulk viscosity   depends on the state variable granular temperature T. It is clear that 364 

the collisional stress increases with the rising of the granular temperature T. Accordingly, 365 

evaluating this state variables is substantial, which can be determined using the fluctuating energy 366 

balance, as expressed (detailed expressions are provided in Appendix B): 367 

 col

3
:

2 1
= +   + 

+
σ ε q

col

p E

colT
e


 (27) 368 

The first term on the right of Eq. (29) describes the work by the collisional stress; the second 369 

term on the left is the rate of kinetic fluctuating energy; the third term is the divergence of the flux 370 

of energy q
col

E . For the sake of simplicity, the energy flux is not considered following (Berzi et al., 371 

2011; Vescovi et al., 2013); the fourth term col  is the energy dissipated by the collisional 372 

mechanism, which is expressed as: 373 

 
( )

3/2 *144

15
 =

+

T

d e

 


 (28) 374 

where 
*  is reported in Appendix B.  375 

To sum up, the collisional stress contribution adopts the kinetic theory. The evolution of stress 376 

is expressed using Eqs. (19)-(26). The evolution of key state variable granular temperature is 377 

expressed using Eqs. (27)-(28). The effectiveness of this collisional stress model has been verified 378 

by (Jenkins and Zhang, 2002; Jenkins 2006, 2007; Berzi et al., 2011; Vescovi et al., 2013). 379 
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3.4 Element test simulation 380 

Before conducting practical simulations of granular flow, it is essential to evaluate the 381 

performance of the proposed phase transition model. This subsection initially examines the 382 

behavior of the frictional stress in the small strain rate range and the collisional stresses in the high 383 

strain rate regime, followed by an assessment of the unified model's capacity to describe the phase 384 

transition. 385 

3.4.1 Simulation of frictional stress 386 

As previously discussed, the frictional stress component in such a model must accurately 387 

represent the frictional behavior both before the initiation of flow and at the critical state—where 388 

granular flow is triggered. Herein, we select the undrained simple shear tests (during which the 389 

volume strain remains constant) to evaluate the frictional stress performance (Guo et al., 2016; 390 

Peng et al., 2016; Guo et al., 2020; Wang and Wu, 2024). We employ pf, qf, and γ to represent the 391 

normal fictional stress, shear fictional stress, and shear strain, respectively. The material parameters 392 

reported by Yin et al. (2018) are considered to simulate the frictional stress (see Table. 1).  393 

Fig. 4 presents the results for samples with different void ratios (i.e., e0=0.80, 0.85, 0.90, 0.95). 394 

The dense cases (i.e., e0=0.8, 0.85) show a dilation tendency and shear hardening, reaching the 395 

critical state line eventually, while the loose case (i.e., e0=0.95) displays shear softening 396 

characteristics, attaining a relatively low residual strength at the critical state. The specimens with 397 

a medium void ratio (i.e., e0=0.9) first soften, then harden, and finally reach the critical state line. 398 

These observations demonstrate that the frictional stress part can rationally depict the frictional 399 

characteristic before the initiation and critical state. 400 

Table 1. Material parameters in the frictional stress model 401 

K0 ν n φ eref λ ξ Ad kp np nd 

150 0.22 0.6 30 0.937 0.022 0.71 4 0.001 1 1 

 402 
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 403 
Fig 4. Simulation results for frictional stress with different initial void ratios in undrained simple shear tests: 404 

(a) vertical stress versus shear stress; (b) shear strain versus shear stress. 405 

3.4.2 Simulation of collisional stress 406 

Conversely, the collisional stress should rationally express the viscous characteristics when 407 

the strain rate is relatively large. Accordingly, this subsection examines the evolution of collisional 408 

stress during the large strain rate range via the undrained simple shear test. Both the normal (pcol) 409 

and shear (qcol) collisional stresses under the undrained simple shear test can be deceived based on 410 

the equations presented in subsection 3.3. The key parameters for these element test simulations 411 

are listed in Table 2. A constant strain acceleration of 50 s-2 is applied from 0 s to 3 s, and 412 

simulations are conducted across varying initial void ratios (i.e., e0=0.80, 0.85, 0.90, 0.95).  413 

Table 2. Material parameters in the collisional stress model 414 

ρp (kg/m3) d (m) Vsd Vm n μp 

1500 31 10−  0.6 0.4 0.6 0.2 

 415 

Fig. 5 presents the simulation results of the undrained simple shear test using the collisional 416 

stress model. It is evident that collisional stress rises with increasing strain rates, due to the elevated 417 

strain rate enhancing the granular temperature, which in turn amplifies the collisional stress. 418 

Similar observations can be obtained from the μ(I) relation proposed by Jop et al. (2008), 419 

suggesting that kinetic theory may also serve as a viable alternative model to the μ(I) relation. It 420 

also shows that lower initial void ratios yield higher collisional stress values, being consistent with 421 
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observations in Section 3.4.1. These findings support the effectiveness of the collisional stress 422 

model in capturing viscous behavior under large strain conditions. 423 

 424 

Fig 5. Simulation results for collisional stress with different initial void ratios in undrained simple shear tests: 425 
(a) vertical stress versus shear stress; (b) shear strain versus shear stress. 426 

 427 

3.4.3 Simulation of phase transition model 428 

The proposed phase transition model combines strain rate-independent frictional stress at 429 

small strains with strain rate-dependent collisional stress at large strains via Eqs. (1), (12)-(28). 430 

Key characteristics such as nonlinear elasticity, nonlinear plastic hardening, stress dilatancy, and 431 

the critical state concept are incorporated into the frictional stress, while the granular temperature 432 

is employed to depict the evolution of collisional stress, further capturing its evolution. 433 

Table.3 lists the key parameters in this model. The parameters for the collisional part include: 434 

particle density ρp and diameter d characterize the particle; friction coefficient μp (typically 0 to 0.5) 435 

and normal restitution coefficient n (typically 0 to 1) describe the effective collisional contact; 436 

void ratio parameter esd and volume fraction parameter Vm (typically 0.4) are used to depict the 437 

radial distribution function. Detailed discussions about these values are provided by Redaelli et al. 438 

(2017) and Si et al. (2018). For the frictional stress part, dimensionless referential bulk modulus 439 

K0, Poisson’s ratio ν, and Elastic constant controlling nonlinear stiffness n describe the elastic 440 

response. Parameters eref, λ, and ξ illustrate the evolution critical void ratio. Coefficients Ad and kp 441 

characterize the nonlinear plastic hardening. Parameters np and nd depict the stress dilatancy and 442 

shear softening. Thorough discussions about the frictional stress parameter can be found in Yin et 443 
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al. (2020). Except for the above parameters, state variables including the initial void ratio e0 and 444 

granular temperature T0 are required in an explicit algorithm. 445 

Table 3. Input parameters in the proposed phase transition model 446 

 Symbol Parameter Element 

test  

Column 

collapse 

Flume 

test 

σ f  

ρp Particle density (kg/m2) 1050 2650 2500 

d Diameter (m) 31.0 10−  31.25 10−  31.0 10−  

esd Void ratio parameter 0.92 0.62 0.60 

Vm Volume fraction parameter 0.4 0.4 0.4 

n Normal restitution coefficient 0.7 0.6 0.6 

μp Friction coefficient 0.1 0.2 0.2 

T0 Initial granular temperature (103 m2/s2) - 151.0 10−  151.0 10−  

σcol  

K0 Dimensionless referential bulk modulus  120 120 130 

ν Poisson’s ratio 0.235 0.2 0.2 

pat Atmospheric pressure (kPa) 101.3 101.3 101.3 

n Elastic constant controlling nonlinear 

stiffness 

0.5 0.5 0.5 

φ Critical-state friction angle 23 19.8 38 

eref Initial critical-state void ratio 0.910 0.977 0.977 

λ Parameter controlling the nonlinearity 

of CSL 

0.122 0.0596 0.0596 

ξ Parameter controlling the nonlinearity 

of CSL 

0.71 0.365 0.365 

Ad Stress dilatancy constant 0.5 0.7 0.4 

kp Plastic modulus-related constant 0.001 0.0044 0.0044 

np Interlocking related peak strength 

parameter 

1 2.4 2.4 

nd Interlocking related phase 

transformation parameter 

1 2.9 2.9 

0e  Initial void ratio 0.99, 

1.02,1.05 

0.95 0.90 

 447 

To further evaluate the proposed phase transition model, we conduct an undrained simple 448 

shear test simulation and compare the results with the experimental findings of Savage and Sayed 449 

(1984). Note that the original experiments employed annular shear tests to examine granular 450 

material behavior under constant volume conditions; thus, undrained simple shear tests are suitable 451 
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for replicating these conditions (Guo et al., 2016; Wang and Wu, 2024). This study uses 452 

polystyrene beads as the test material, with parameters detailed in Table 3. The initial vertical stress 453 

is set at 500 Pa, following the parameters from Guo et al. (2016) and Wang and Wu (2024). The 454 

simulation begins with a shear rate of 10 s-1 and zero strain acceleration for the first 0.5 seconds, 455 

followed by a strain rate acceleration of 50 s-2 applied from 0.5 to 20 seconds. 456 

Fig. 6 compares the experimental results and numerical solutions for the undrained simple 457 

shear test of polystyrene beads. The remarkable agreement of numerical solutions across varying 458 

void ratios with experimental data validates the accuracy of the proposed phase transition model. 459 

Fig. 7 further illustrates the contributions of vertical and shear stresses from frictional and 460 

collisional components in the total stress. At low strain rates, frictional stress predominates while 461 

collisional stress remains minimal. As strain rates increase, collisional stress becomes the primary 462 

component, reflecting the transition from a solid-like to a fluid-like state in the granular material. 463 

The proposed phase transition model accurately captures these stress variations, effectively 464 

distinguishing solid-like and fluid-like behaviors. 465 

 466 
Fig 6.  Comparison between numerical and experimental results for polystyrene beads: (a) A wide range of 467 

shear rate from 10-4 to 102; (b) A small range of shear rate from 0.1 to 10.  468 
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 469 
Fig 7.  Comparison of different types of vertical and shear stresses in the undrained simple shear test for the 470 

specimen with e0=1.10: (a) Relation between the vertical stress and strain rate; (b) Relation between the shear 471 
stress and strain rate. 472 
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4 Numerical modeling of granular flow 474 

In this section, we demonstrate the capability of the proposed phase transition model in 475 

modeling granular flows through two gravity-driven scenarios: the collapse of a sand column on a 476 

horizontal plane and a flume test. We particularly highlight and discuss the distinctions between 477 

the phase transition model and the conventional frictional stress model. All simulations were 478 

conducted on a PC equipped with an Intel® Core™ i9-13900K CPU @ 3.00 GHz and an 479 

NVIDIA® GeForce RTX™ 4080 with 16 GB RAM. 480 

4.1 Column collapse on horizontal surface 481 

4.1.1 Model definition and validation 482 

To validate the proposed phase transition model and overall numerical scheme, we first 483 

examine a classical granular flow slumping on a flat surface, using the setup delineated by Bui et 484 

al. (2008). In this test, the granular material is initially packed into a column, resting at a solid-like 485 

state. When the gate is suddenly released, the collisional stress of the sand gradually increases, the 486 

material transitions to a fluid-like state. Fig. 8 (a) shows the initial profile of the granular column, 487 

with a height h0 and basal distance d0 (i.e., the aspect ratio is a=h0/d0). After the collapse, the sand 488 

forms a deposit with a profile characterized by the run-out distance d∞ and deposit height h∞ (see 489 

Fig. 8(b)). 490 

 491 
Fig 8. Illustration of the granular column before and after the collapse 492 

Fig. 9 (a) illustrates the mesh and boundary conditions used in the MPM model for simulating 493 

granular column collapse under plane strain conditions. The soil sample is set to 20 cm in length 494 

and 10 cm in width, consistent with the experimental setup. Since the friction of the base layer 495 
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plays a marginal role in the column collapse (Fern and Soga, 2016), a no-slip boundary condition 496 

is adopted for the basal for simplicity. During simulations, constraints are applied to the degrees of 497 

freedom normal to the bottom and left sides of the domain. The domain is discretized using 498 

rectangular elements. A mesh sensitivity analysis is also performed to select an appropriate mesh 499 

resolution on collapse behavior, which is provided in Appendix C. As per the findings from the 500 

sensitivity analysis, a background grid size of 0.001 m is selected and each grid housing 4 material 501 

points. This setup results in a total of 80,000 material points. The time step is set as 51.0 10−  s to 502 

guarantee the convergence. The total duration for the collapse process is 1 s. This simulation 503 

involves two steps. First, the lateral velocity on both sides of the column is constrained, allowing 504 

the sample to consolidate under gravity. Subsequently, the collapse is triggered by removing the 505 

horizontal constraint on the right side of the column. Fig. 9(b) presents the initial stress distribution 506 

for the sand column collapse, showing that the MPM model aligns closely with the initial geostress 507 

field, ranging from 0 to γgh along the depth. This consistency highlights the effectiveness of the 508 

MPM model. 509 

 510 

 511 
Fig 9. MPM setup condition and initial stress condition in modeling of granular column collapse: (a) Mesh 512 

and boundary conditions; (b) the initial stress distribution.  513 

 514 

Table. 3 provides the basic parameters used for modeling the granular material. Parameters 515 

for the collisional stress part are based on the sand properties reported by Redaelli et al. (2017). An 516 

initial granular temperature of T0=1.0∙10-15 (Unit: 103 m2/s2) is selected to ensure that collisional 517 

stress remains negligible in the solid-like state before granular flow begins. Parameters for the 518 

frictional stress component are derived from the shear box tests reported by Bui et al. (2008) and 519 

Vertical stress σy (kPa) 

-1.4 -1.0 -0.8 -0.6 -0.4 0.0

4 MPs per cell

Cell size: 0.001

Base

20 cm

10 cmABC

(a) (b) 

x

y



25 

numerical analyses by Yin et al. (2018) and Zhu et al. (2024). The initial void ratio is set at 0.95, 520 

based on parameter analysis by Yin et al. (2018).  521 

Fig. 10 (b) displays the free surface profile obtained from the simulation, wherein the run-out 522 

distance d∞ is approximately 42 cm, and the deposit height h∞ is around 10 cm, showing a good 523 

agreement with experimental results shown in Fig. 10 (a). The excellent agreement also 524 

underscores the joint effectiveness of MPM numerical modeling and the proposed phase transition 525 

model. 526 

 527 
Fig 10. Comparison of the final free surface between experiment and MPM results: (a) experimental result by 528 

Bui et al. (2008); (b) MPM solution with the proposed phase transition model (Unit: cm) 529 

4.1.2 Simulation results 530 

Figs. 11 and 12 present the MPM results of the granular system collapse through four 531 

snapshots. The first snapshot at t=0.05 s shows the initial failure surface at the onset of the collapse. 532 

Subsequent snapshots at t=0.25 s and 0.5 s display the propagation of granular flow over time. And 533 

the last snapshot at t=1 s reveals the final deposition.  534 

Fig. 11 depicts the evolution of the equivalent plastic strain and equivalent shear viscosity 535 

during the collapsing process. The equivalent plastic strain effectively delineates the boundary 536 

between quasi-static particles exhibiting minimal strain and mobilized particles experiencing 537 

significant strain. Notably, collisional stress is generated exclusively in mobilized areas 538 

characterized by large strain. The equivalent shear viscosity serves as an indicator of the evolving 539 

collisional stress and viscous properties of the granular flow. 540 
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Throughout the collapse, the granular material undergoes three distinct phases: initiation, 541 

propagation, and sedimentation. As this process unfolds, the frictional stress asymptotically 542 

approaches a limit value. Concurrently, the collisional stress demonstrates a non-monotonic trend, 543 

initially increasing from zero to a peak value before gradually diminishing to zero, as observed 544 

from Fig. 11 (b1) to Fig. 11 (b4). Fig. 11 (a1) demonstrates the rapid initiation of granular flow 545 

due to frictional failure near the column base. Particles in this region undergo significant 546 

deformation, as evidenced by equivalent shear plastic strain values approaching 1.0. 547 

Simultaneously, collisional stress gradually generates, represented by equivalent shear viscosity 548 

(Fig. 11 (b1)), albeit at relatively low magnitudes compared to later stages. As observed in Figs. 549 

11 (a2) and (a3), illustrate the distinction between the mobilized zone, where material points reach 550 

a critical state and behave fluid-like, and the quasi-static zone, where material points remain solid-551 

like. The interface between these zones delineates the transition from solid-like to fluid-like 552 

behavior. The solid-like state is predominantly governed by frictional stress, as evidenced by the 553 

absence of equivalent shear viscosity in the quasi-static area. In contrast, the fluid-like zone is 554 

influenced by both quasi-static and collisional stresses (see Fig. 11 (b2) and (b3). It can be seen 555 

that the rapid granular flow is associated with the increasing equivalent shear viscosity. Finally, 556 

the flow eventually ceases due to basal friction (see Fig. 11 (a4) and (b4)), with the equivalent 557 

shear viscosity   decreasing to zero, indicating a return to frictional stress dominance. 558 
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 559 
Fig 11. The equivalent plastic strain and bulk viscosity in the column collapse problem: (a) the evolution of the 560 

equivalent plastic strain; (b) the evolution of the equivalent shear viscosity. 561 

Fig.12 illustrates the evolution of the state variable granular temperature T during the collapse. 562 

As observed, granular temperature T initially increases and then decreases, aligning with the 563 

evolution of the equivalent shear viscosity. When the granular temperature is near zero, granular 564 

material is in solid-like state. While the granular temperature increases, the material evolves into 565 

the fluid-like state. Although the granular temperature in the front of the flow is zero, that of the 566 

middle upper part is still high, indicating that the middle upper part is still fluid-like behavior. 567 

These findings indicate that the state variable granular temperature can effectively depict the 568 

evolution of collisional stress in granular flow.  569 
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 571 

Fig 12. Evolution of the granular temperature T in the system. 572 

To further elucidate the evolution of collisional stress during the collapse, three material points 573 

were tracked throughout the simulation. The initial positions of these points are illustrated in Fig. 574 

9. Particle C is situated deepest within the sand column, Particle A is located near the free surface 575 

and is subject to larger deformation, while particle B occupies an intermediate position between A 576 

and C. 577 

Fig.13 depicts the evolution of two critical parameters for the three tracked particles: the 578 

collisional stress percentage colK  in the total deviatoric stress and the deviatoric strain rate 579 

increment. colK  is defined as ( )= +col col col fK q q q , where colq  and fq  are the deviatoric 580 

collisional and frictional stress, respectively. The colK  ranges from 0 to 1, indicating purely solid-581 

like (frictional stress-dominated) to purely fluid-like (collisional stress-dominated) behavior, 582 

respectively.  583 

During the granular flow, the percentage of collisional stress colK  of particle A is larger than 584 

particle B, with that of particle C being the smallest, indicating that particles near the free surface 585 

are easier to form fluid-like behavior. The percentage of collisional stress colK  of particle C is near 586 

zero, its corresponding stain rate is also near zero. The large colK  of particles A and B appear at the 587 

large stain rate zone. It indicates that the fluid-like behavior appears at the large stain rate zone and 588 

the solid-like behavior appears at the small stain rate zone, which exactly reflects the effectiveness 589 

of the proposed model. 590 
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 591 
Fig 13. Change in percentage of collisional stress part in the total stress at three particles in the 592 

column collapse 593 
To further elucidate the collisional stress of the individual particle, we also analyze the 594 

evolution of the deviatoric collisional stress and its corresponding temperature of particles A and 595 

B (see Figs. 14). Three distinct stages in the collapse process are identified: initiation, propagation, 596 

and sedimentation. Stage I is characterized by the absence of collisional stress, indicating solid-597 

like behavior. As the granular material reaches a critical state, it transitions into Stage II, marked 598 

by the emergence of collisional stress. During this stage, both collisional and frictional stresses 599 

coexist, resulting in fluid-like behavior. Stage III sees the dissipation of collisional stress, with only 600 

frictional stress remaining, signifying a return to solid-like behavior. Compared between Fig. 14 601 

(a) and Fig. 14 (b), the duration for Stage I is very short, indicating the initiation of granular flow 602 

is rapid. In addition, it is observed particles closer to the surface maintain fluid-like behavior for 603 

longer periods. The evolution of granular temperature closely mirrors that of collisional stress for 604 

both particles, and also suggests the fundamental role of granular temperature T in governing 605 

material phase transitions.  606 
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 607 
Fig 14. The evolution of the collisional stress and temperature for particles A and B in the column collapse: (a) 608 

Evolution of particle A; (c) Evolution of particle B. 609 

4.1.3 Comparison against purely frictional solid-like model 610 

To highlight the necessity of consideration of phase transition, we conducted a comparative 611 

analysis with a frictional solid-like model, which employs only frictional stress based on the 612 

critical-state elastoplasticity framework to compute the governing stress during MPM simulations. 613 

It is important to note that the individual collisional stress model cannot be employed to simulate 614 

the entire flow process, as the temperature-controlled collisional stress is too minimal during 615 

initiation to sustain the material volume. 616 

 617 
Fig 15. Comparison of the final free surface between the proposed phase transition model and frictional solid-618 
like model: (a) result by proposed phase transition model; (b) result by the frictional solid-like model (Unit: 619 

cm) 620 

Fig. 15 compares the final free surface obtained from the phase transition model with that 621 

from the frictional solid-like model. The findings indicate that the phase transition model yields a 622 
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smaller run-out distance and the purely frictional stress model overestimates the final depositional 623 

morphology from experimental results, attributed to the fact that resistance against the forward 624 

mobilization in the phase transition model is higher than the frictional solid-like model. Fig.16 625 

compares the velocity contours of the two models. At 0.5 seconds, the phase transition model 626 

exhibits nearly zero velocity, while the frictional solid-like model maintains a velocity close to 0.2 627 

m/s. This is because the phase transition model considers the additional viscosity in fluid-like 628 

collisional stress, resulting in lower forward velocity, supporting the observations in Fig.15. Fig.17 629 

contrasts the equivalent plastic strain. The similarity in strain contours indicates that frictional 630 

interactions predominantly govern particle behavior. 631 

 632 
Fig 16. Comparison of the velocity vx between different models: (a) Result by proposed phase transition 633 

model; (b) Result by the frictional solid-like model (Unit: m/s).  634 
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 635 
Fig 17. Comparison of equivalent plastic strain between different models: (a) result by proposed phase 636 

transition model; (b) result by the frictional solid-like model 637 

 638 

4.2 Flume test on inclined surface 639 

4.2.1 Model setup 640 

In this section, the flume test is employed to investigate the behavior of the granular material 641 

transition from a solid-like to fluid-like state. The flume test can generate the granular flow with a 642 

faster velocity and longer duration, where the collisional stress plays a significant role. We refer to 643 

the experimental investigation of granular flows on an inclined surface reported by Moriguchi et 644 

al. (2009) for the current study. In the prototype experiment, a total mass of 50.0 kg of dry sand is 645 

initially confined in a box at the top of the flume with an inclination of 45°. The box gate is suddenly 646 

opened to release the sand. The length and width of the box are set as 50 cm and 30 cm, respectively. 647 

The length of the slope is reported as 230 cm.  648 

Fig.18 (a) shows the mesh and boundary conditions of the flume test, which has the same 649 

setup as the experiment. This study employs a no-slip boundary condition for the rough base layer, 650 

as recommended by Moriguchi et al. (2009). Specifically, both vertical and horizontal velocities 651 
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are constrained at the inclined boundaries during simulation. As illustrated in Fig.18(a), nodes (e.g., 652 

Nodes i, j, k) beneath the inclined boundary in the structured grid are identified based on the 653 

inclination angle, with their vertical and horizontal velocities set to zero. Note that this study 654 

focuses on developing a novel constitutive model that considers phase transition. Recognizing the 655 

importance of accurately addressing complex boundary conditions, future work will extend the 656 

current model to incorporate these complexities within the MPM framework via an effective 657 

algorithm (e.g., Liang et al., 2024). It is crucial to emphasize that the primary aim of this study is 658 

to analyze granular flow dynamics, rather than simulating the impact process on the load cell at the 659 

terminus of the inclined surface as observed in the prototype experiment. Instead, the simulation is 660 

extended to include flow on a flat surface beyond the inclined plane, enabling a comprehensive 661 

analysis of the entire flow evolution. Fig. 5(b) displays the initial stress distribution for the slump 662 

test, where vertical stress exhibits a nearly linear increase with depth. At the deepest point, the 663 

vertical stress approaches -5 kPa, aligning well with γgh and further confirming the model’s 664 

accuracy. 665 

A mesh sensitivity analysis is carried out to choose a rational mesh approach (see Appendix. 666 

C). Based on the results, a rectangular element with 4 material points and a background grid size 667 

of 0.005 m are adopted to discretize the material domain. The total number of the particles is 12,800. 668 

To guarantee calculation convergence, the time step is set as 61.0 10−  s. The total time of the 669 

granular flow is 3 s. The basic parameters employed in this simulation are shown in Table. 3. 670 

 671 
Fig 18. MPM setup condition and initial stress condition in modeling of flume test: (a) Mesh and boundary 672 

conditions; (b) the initial stress distribution. 673 
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4.2.2 Simulation results 674 

Fig. 19 shows the comparison of snapshots of granular materials on the steep slope between 675 

the experimental and numerical results. At t=0.4 s, the granular material exhibits a distinctive 676 

behavior characterized by rapid movement of the front portion while the rear segment remains 677 

within the initial confinement. A notable granular heap formation is observed. The MPM solution 678 

(see Fig. 19 (b1)) has a run-out distance (d∞) of around 125 cm and a maximum deposit height (h∞) 679 

of approximately 10 cm. At t=0.8 s, the granular material quickly moves forward in a fluid-like 680 

state. The MPM solution (see Fig. 19 (b2)) has a run-out distance (d∞) of around 215 cm. The 681 

deposit heap gradually flattens. The free surfaces from MPM match the experimental results by 682 

Moriguchi et al. (2009) well, which indicates the effectiveness of the proposed MPM modeling 683 

scheme with the proposed phase transition model. 684 

 685 
Fig 19. Comparison of the final free surface between experiment results and MPM simulation: (a) 686 

experimental result; (b) MPM solution with the proposed phase transition model (Unit: cm) 687 

(a1) t=0.4 s (a2) t=0.8 s
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(b2) t=0.8 s

Free surface Free surface



35 

 688 
Fig 20. The equivalent plastic strain, shear viscosity, and granular temperature in the slump test problem: (a) 689 

the evolution of the equivalent plastic strain; (b) the evolution of the equivalent shear viscosity; (c) the 690 
evolution of the granular temperature T. 691 

Fig. 20 presents the evolution of the equivalent plastic strain, shear viscosity, and granular 692 

temperature in the slump test at t = 0.1 s, 0.8 s, and 3 s, clearly demonstrating the model's ability 693 

to depict collisional stress evolution through the granular temperature state variable and the phase 694 

transition process. However, the evolution patterns of equivalent shear viscosity and granular 695 

temperature differ from those observed in the sand column collapse on a horizontal surface (see 696 

Figs. 11 and 20). In the fluid-like stage of the flume test, the model exhibits higher equivalent shear 697 

viscosity, generated by collisional stress, to resist the faster velocity, indicating that swifter granular 698 

flow engenders higher collisional stress. Figs.20 (b-1) and (c-1) show unsteady equivalent shear 699 

viscosity and granular temperature, suggesting that faster granular flow produces a more unstable 700 

fluid-like state. Notably, there are discontinuities in equivalent shear viscosity and granular 701 

temperature. These could be attributed to two factors: (i) cell-crossing errors occurring as material 702 
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points traverse cell boundaries, potentially contributing to numerical errors in modeling fast 703 

granular flow, and (ii) the kinetic theory treating sand particles as rigid bodies in the fluid-like state, 704 

further contributing to the discontinuity. Despite these discontinuities, the phase transition model 705 

effectively captures the granular flow behavior from solid- to fluid-like state. 706 

 707 

 708 
Fig 21. The evolution of the collisional stress and temperature for particle A, B, and C in the slump test 709 

Three material points are tracked during the MPM simulation of the flume test. The initial 710 

position of the three points is shown in Fig. 18(a). Particle C is located near the inside corner of the 711 

box. Particle A is close to the top surface. Particle B is between A and C. The time increment for 712 

each marker is 0.1 s. The analysis of these three points illustrates the behavior of the granular 713 

particles in the granular flow. Fig. 21 further shows the evolution of the deviatoric part of the 714 

collisional stress and its corresponding temperature of the three particles. The evolution of the 715 

collisional stresses of both three particles matches well with the granular temperature, which once 716 
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again indicates that the state variable temperature fundamentally governs the evolution of 717 

collisional stresses, further controlling the material phase transition. All three particles have three 718 

stages. As mentioned before, stages I and III describe the solid-like state of the granular material. 719 

The time distinguishing stage I and II is the initiation of the granular flow. Stage II depicts the 720 

fluid-like state. It is evident that particle A has the longest fluid-like state and smallest initiation 721 

time, and particle C has the shortest fluid-like state and largest initiation time, which demonstrates 722 

that the particle near the surface has a longer time in a fluid-like state. 723 

4.2.3 Comparison against purely frictional solid-like model 724 

We further compare the results of the phase transition model and the frictional solid-like 725 

model (see Figs. 22 and 23). Fig. 22 shows the equivalent plastic strain contours, indicating that 726 

nearly all particles undergo plastic deformation under faster swifter granular flow. Fig. 23 presents 727 

the velocity contours of the two models. At 0.8 s, the phase transition model exhibits a higher but 728 

narrower deposition front compared to the frictional solid-like model due to the viscosity in the 729 

phase transition model, which resists shape changes and relative movement between particles. At 730 

3 s, the frictional solid-like model demonstrates a longer run-out distance than the phase transition 731 

model, further emphasizing the importance of considering phase transitions. 732 
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 733 
Fig 22. Comparison of equivalent plastic strain between different models: (a) result by proposed phase 734 

transition model; (b) result by the frictional solid-like model 735 
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 736 
Fig 23. Comparison of the total velocity v  between different models: (a) Result by proposed phase transition 737 

model; (b) Result by the frictional solid-like model (Unit: m/s) 738 

5 Conclusions 739 

This study introduces a novel phase transition model within the MPM framework to simulate 740 

granular flow, effectively capturing the transition of granular material from a solid-like to a fluid-741 

like state. The proposed elastoplasticity-based phase transition model is established by combining 742 

the frictional and collisional stress to consider both the friction and collision mechanisms in 743 

granular flow, respectively. The frictional stress is expressed using a critical-state-based elasto-744 

plastic model characterized by nonlinear elasticity, nonlinear plastic hardening, and stress dilatancy. 745 

The collisional stress is described via a well-established kinetic theory, whose state variable 746 
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granular temperature fundamentally governs the material phase transition. The proposed phase 747 

transition model is further incorporated into the GPU-based MPM for modeling with the novel 748 

phase transition model is applied to the granular column collapses on a horizontal surface and 749 

slump test on an inclined plane. The following observations have been made: 750 

(1). The numerical results on the granular flows agree well with the available experimental 751 

data, indicating the effectiveness of the proposed phase transition model. 752 

(2) When the granular material is in a solid-like state, the frictional stress is predominant, 753 

while the collisional stress plays a significant role for granular materials in a fluid-like state. The 754 

proposed phase transition model can predict these features nicely. 755 

(3) From initiation, propagation, and sedimentation, the collisional stress experiences a rapid 756 

increase followed by a gradual decrease. The state variable granular temperature fundamentally 757 

governs the phase transition. 758 

(4) Both numerical results of the granular column collapse and slump test show the particles 759 

close to the surface stay in a fluid-like state for a longer duration and transition faster. A comparison 760 

reveals that a swifter granular flow engenders a higher collisional stress and a more unstable fluid-761 

like state. 762 
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Appendix A: Auxiliary functions in collisional stress 994 

F, J, and Q are the auxiliary functions defined according to studies by (Garzo and Dufty, 1999; 995 

Berzi et al., 2014; Vescovi et al., 2013). 996 
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Appendix B: Fluctuating energy balance in collisional mechanism 1008 

The expression for the energy balance is derived according to (Vescovi et al., 2014), 1009 

considering the energy conservation for the granular material, we have: 1010 
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where  is the internal specific energy per unit mass; ( ) u   is the work by the stress; q  is the 1012 

flux of energy;  E  is the rate of energy dissipation. 1013 

The internal energy  can be decomposed into two parts: 1014 

 = +h k  (B2) 1015 

where h  is the specific true thermal energy of the material, it can be ignored considering that it is 1016 

ten orders of magnitude less than the specific kinetic energy k . The specific kinetic energy k , 1017 

can be decomposed into two contributions: the mean kinetic energy ,k m  and fluctuating kinetic 1018 

energy ,k f . Accordingly, Eq.(B1) can be rewritten as: 1019 
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Eq.(B3) can be further reduced into: 1021 
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Based on the parallel scheme, we have = +σ σ σf col , = +q q qf col , and  =  + E f col . 1024 

Substituting these equations into Eq. (B5), and we suppose the 0 =   −   − σ u qf f f . Hence, 1025 

the balance of fluctuating kinetic energy can be rewritten as: 1026 
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The kinetic fluctuating energy can be expressed using the granular temperature 
,

3

2
=k f T . 1028 

The symmetric characteristics u  can be expressed using  =u ε . Then, Eq.(B6) is derived into: 1029 
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where col  is the rate of energy dissipation by the collisional mechanism, expressed as: 1031 
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where dC  is expressed as: 1037 
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Appendix C: Mesh sensitivity analysis 1042 

A mesh sensitivity analysis is carried out to choose a rational mesh approach in section. 1043 

Because increasing the number of material points in a coarse mesh does not significantly improve 1044 

the mesh quality (Fern and Soga, 2016), the variable mesh size is considered. Table. C-1 has listed 1045 

the different cases in column collapse, in which the grid size is changed from 0.01 to 0.001. The 1046 

results of these cases are shown in Fig. C-1. It is clear that decreasing the grid size can significantly 1047 

improve the mesh quality. Considering the calculation and mesh quality, C-4 with a grid size of 1048 

0.001 m is chosen for the simulation.  1049 

Table C-1. MPM model setup information of the column collapse 1050 

Colum 

collapse 

Grid size 

(m) 

MPs/cell MPs Time (min) 

C-1 0.01 4 200 1.24 

C-2 0.005 4 3200 6.78 

C-3 0.0025 4 12800 100.1 

C-4a 0.001 4 80000 240.53 

a default case 1051 

 1052 
Fig. C-1. Comparison of free surface configurations in sand column collapse for different mesh 1053 

sizes. 1054 
Table. C-2 has listed the different cases in slump test, in which the grid size is changed from 1055 

0.02 to 0.0025. The results of these cases are shown in Fig. C-2. Considering the calculation and 1056 

mesh quality, S-4 with a grid size of 0.005 m is chosen for the simulation. 1057 
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Table C-2. MPM model setup information of the slump test  1058 

Slump test Grid size (m) MPs/cell MPs Time (min) 

S-1 0.02 4 1500 4.24  

S-2 0.01 4 6000 8.67 

S-3a 0.005 4 24000 240.01 

S-4 0.0025 4 96000 450.53 

a default case 1059 

 1060 
Fig. C-2. Comparison of free surface configurations in flume test for different mesh sizes 1061 
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