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Abstract—Advancements in sparse signal recovery (SSR) theory
have significantly enhanced direction-of-arrival (DOA) estimation
performance, a critical aspect of array signal processing with a
wide range of applications. This paper transforms the conventional
complex-valued sparse representation for array-received signals into
a real-valued problem for covariance coefficients by leveraging
the real-valued nature of source powers. A two-stage hierarchical
sparsity-induced prior based on the half-Cauchy framework is
proposed, which is approximated using an inverse-Gamma struc-
tural prior. Building on this prior, an iterative variational Bayesian
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inference solution is developed that admits a closed-form expression.
Additionally, a thresholding-block-matrix iteration method and a
mixing prior updating strategy to exploit spatial domain sparsity
are proposed. Simulation results demonstrate that our approach
minimizes Gaussian noise impact on spatial spectral partitioning
and exhibits robustness at high grid resolutions and signal-to-
noise ratios (SNRs) compared to state-of-the-art DOA estimation
algorithms. Experiments on the SWellEx-96 dataset further validate
the effectiveness of our method in practical environments.

Index Terms—sparse linear array, DOA estimation, covariance
fitting, sparse Bayesian learning.

I. INTRODUCTION

DIRECTION-of-arrival (DOA) estimation is a pivotal
topic in array signal processing, with numerous appli-
cations in underwater measurements, wireless commu-
nications, and remote sensing [1]–[3]. Recent research
has extended to more challenging scenarios, including
challenging noise environments [4], [5], one-bit quantiza-
tion [6], and applications involving acoustic vector sensor
arrays [7], [8]. Conventional subspace-based methods
including multiple signal classification (MUSIC) [9] and
estimation of signal parameters via rotational invariance
techniques (ESPRIT) [10], were originally developed to
overcome the limitations of conventional beamforming
based solutions and achieve super-resolution performance.
To increase the degrees of freedoms (DOFs), several array
designs with non-uniform structures have been proposed
[11]–[14]. The construction of virtual sensors is usually
based on the structure of the covariance matrix, and DOA
estimation can then be achieved using either well-known
spatial smoothing techniques [15] or the Toplitz property
of an ideal covariance matrix [16], which allows the
degrees of freedom (DOFs) of the array to be associated
with the configuration of the array, rather than limited
by the number of physical sensors. However, all of the
above methods assume that the covariance correlations
are accurate and therefore require a significant number of
snapshots and an adequate signal-to-noise ratio (SNR).

With the development of compressed sensing (CS)
theory [17]–[19], a series of DOA estimation algorithms
based on sparse signal recovery (SSR) have been proposed
[20]–[23]. The majority of the existing SSR algorithms
are based on the concept of multiple measurement vectors
(MMV). However, identifying the source in an MMV
manner introduces an additional computational burden,
particularly when a large number of snapshots are in-
volved. To address this challenge, one category concerns
constructing the covariance array under a finite number
of snapshots, with the aim of obtaining a more desirable
covariance matrix. An interpolation-based covariance re-
construction algorithm is proposed based on nuclear norm
minimization in [24]. Subsequently, a structured corre-
lation semi-definite programming (SDP) reconstruction
problem for matrix reconstruction is established based on
structural priors of the array, with Cramér Rao bound
(CRB) derived in [25]. The second class of methods
employs the vectorized covariance matrix as the obser-
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vation vector to perform linear regression of the single
measurement vector (SMV) model. This approach builds
upon the theoretical foundation of sparse representation
of covariance matrix [26], and is then extended to the
reconstruction of sources through atomic norm minimiza-
tion (ANM) [27], [28]. Nevertheless, both approaches
necessitate the construction of a selection matrix to ensure
that the atoms align with the Vandermonde structure.

The majority of optimization-based algorithms previ-
ously mentioned incur a high computational complexity,
and regularization parameters need to be determined
through extensive experimentation. In comparison, the im-
plicit regularization-based sparse Bayesian learning (SBL)
is capable of attaining a more refined solution through
formulation of a structured sparsity induced prior for the
latent variables, and achieve incremental updating of the
hyper-parameters in an iterative manner, and alignment of
the actual data with the structured prior. It was initially in-
troduced in for MMV models [22], [29], and subsequently
has a wide range of priors used in SMV models, including
Gaussian [30], Laplace [31], and generalized-t [32]. These
methods combine the estimation problems of DOA and
noise variance using the same prior by stacking them,
ignoring the priority of the two estimation problems, and
although the effect of noise can be removed by diagonal
cropping, it still has high sidelobes at low SNRs. To
address this, a thresholding-block-matrix iterative method
is proposed, which leverages the sparse structure of the
latent variables and refines the selection of grids in the
dictionary by partitioning the posterior covariance matrix
and approximating the posterior expectation.

Among the three distribution frameworks—Spike-and-
Slab (SSL), exponential, and half-Cauchy—the conven-
tional SSL framework is regarded as the gold standard
for sparse Bayesian inference. It represents a mixture of
a Bernoulli distribution and another, where the probability
density function (PDF) exhibits a characteristic Bernoulli
spike at zero and follows the other on the positive axis,
and thus this class of point-mass hierarchical priors can
naturally separate the significant coefficients from the
negligible ones [33]. Previous studies have shown that
the SSL framework is effective in filtering signal outliers
[34], [35]. Recent research has extended the conventional
separable SSL model to continuous SSL in order to
achieve a faster convergence [36], [37]. Nevertheless, the
primary limitation of this approach is its high computa-
tional complexity, as the estimation of each atom in an
overcomplete dictionary is a computationally demanding
process.

The exponential framework, particularly Gaussian
[30] and Laplace distributions [31], has been widely used
in sparse Bayesian DOA estimation. These distributions
impose convex or non-convex regularization on the sparse
Bayesian regression process, enhancing sparsity of the
solution. However, the Laplace distribution, while suitable
for large-scale signal regression, only provides point esti-
mates about parameters. The Gaussian distribution merely
applies ℓ2 regularization to the signal, lacking the ability

to promote sparsity [38]. A superior class of elastic net
prior with a combination of ℓ1 and ℓ2 regularizations, as
outlined in [39], provides direct prior distribution results
with dual regularizations, which simplifies the process
of inference and effectively addresses the degradation in
LASSO performance under high sparsity conditions [40].

In contrast to the two aforementioned frameworks,
the half-Cauchy prior is capable of naturally construct-
ing highly non-convex penalty terms. The intermediate
value of the contraction coefficient of the distribution,
corresponding to continuous relaxation of the log-uniform
distribution on SSL, has sufficient probabilistic quality to
potentially provide superior regularization and generaliza-
tion [38].

The contributions of this paper are as follows:

• In this paper, we introduce a half-Cauchy framework
for sparse Bayesian learning (SBL) based DOA
estimation. Building upon the well-known Horseshoe
prior, a novel hierarchical half-Cauchy (HHC) prior
is proposed.

• An equivalent hierarchical prior within an expo-
nential distribution framework is designed to ap-
proximate the proposed HHC prior in a variational
Bayesian manner.

• To mitigate the high spatial spectral sidelobes ob-
served under challenging conditions, a thresholding-
block-matrix iterative method is proposed.

• Extensive simulations are conducted to demonstrate
the superior performance of the proposed algorithm
based on simulated data and real data from a non-
uniform acoustic array, as part of the SWellEx-96
ocean acoustic experiment.

The remainder of this paper is structured as follows.
In Section II, the overcomplete sparse representation array
model is presented, while the proposed sparse Bayesian
recovery solution is provided in Section III. Simulation
results based on simluated data and real data are provided
in Sections IV and V, respectively. Conclusion are drawn
in Section VI. Notations of this paper are listed in Table I.

II. DATA MODEL

Consider K narrowband far-field signals s1, · · · , sK
with wavelength λ impinging on an M -sensor array with
directions {θk}Kk=1 ∈ [−90◦, 90◦]. The sensor locations
are given by the set {dm}Mm=1, with d1 = 0. The signals
received by the array, y(t) = [x1(t), · · · , xM (t)]T ∈
CM×1 is expressed as:

y(t) = As(t) + n(t), t = 1, 2, . . . , T, (1)

where A = [a(θ1),a(θ2), . . . ,a(θK)] ∈ CM×K

is the array manifold matrix, and a(θk) =
[exp(−j2πd1 sin θk/λ), · · · , exp(−j2πdM sin θk/λ)]

T ∈
CM×1 is the steering vector for direction θk. The
noise n(t) is i.i.d. complex Gaussian with zero mean
and variance σ2

n. All signals are assumed to be i.i.d.
complex Gaussian and uncorrelated with noise. Hence,
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Table I: List of Notations

Symbol Description

A, a, a Matrices, vectors and scalars
◦ The Khatri-Rao product
⊗ The Kronecker product

⊙ Element-wise multiplication (The
Hadamard product)

[A]i,:, [A]:,j and [A]i,j
The i-th row, the j-th column and the
(i, j)-th element of matrix A

[a]i The i-th element of vector a

CK×1 A K × 1 complex vector
RM×N An M ×N real matrix
1n An all-one n× 1 vector
In An n× n identity matrix

C+, N , CN and IG

The half-Cauchy distribution, the normal
distribution, the complex Gaussian
distribution and the inversed-Gamma
distribution

ℜ and ℑ The real and imaginary parts of a signal

diag(·)

The diagonal operator: for a matrix, it
extracts the main diagonal as a vector,
and for a vector, it creates a diagonal
matrix whose diagonal is the vector

const. Constants
Tr(·) The trace of a matrix

{α\β} The set difference, excluding elements
of β from α

⟨·⟩ The conditional expectation

⌊·⌋ and ⌈·⌉ Rounding down and rounding to the
nearest integer

AT , AH and A∗ Transposition, conjugate transposition
and conjugate of matrix A

the covariance matrix of the received signal is:

Ry = E{y(t)yH(t)} = ARsA
H + σ2

nIM

=

K∑
k=1

σ2
ka(θk)a

H(θk) + σ2
nIM ,

(2)
where σ2

k denotes the variance of the k-th source. By
vectorizing Ry, we obtain:

r = vec(Ry) = (A∗ ◦A)p+ σ2
n1M , (3)

where A∗ ◦A = [ā(θ1), · · · , ā(θK)], ā(θ) = a∗(θ)⊗a(θ),
p = [σ2

1 , σ
2
2 , . . . , σ

2
K ]T , and 1M = vec(IM×M ). For

a finite number of snapshots, the covariance matrix is
estimated by:

R̂y =
1

T

T∑
t=1

y(t)yH(t), (4)

and the corresponding vectorized covariance is:

r̂ = (A∗ ◦A)p+ σ2
n1M + σ, (5)

where σ ∈ CM2×1 denotes the perturbation due to the
finite number of snapshots. According to the Central
Limit Theorem [41], σ asymptotically follows a complex
Gaussian distribution:

σ ∼ CN (0M2 ,
1

T
R̂T

y ⊗ R̂y). (6)

To eliminate the diagonal elements of the covariance
matrix, a selection matrix J ∈ {0, 1}M(M−1)×M2

is

employed [42]. Therefore, the augmented array structure
is:

D = {di − dj | i, j ∈ {1, 2, . . . ,M}, i ̸= j} .
The modified observation model becomes:

r̄ = Jr̂ = Āp+ σ̄, (7)

where Ā = J(A∗ ◦A), and σ̄ ∼ CN (0M(M−1),W) with
W = 1

T J[R̂
T
x ⊗ R̂x]J

T .
To normalize the variance of σ̄, we pre-multiply both

sides of the equation by W− 1
2 , yielding:

rw = Awp+ σw, (8)

where rw = W− 1
2 r̄, Aw = W− 1

2 Ā, and
σw = W− 1

2 σ̄ ∼ CN (0M(M−1), IM(M−1)).

III. SPARSE BAYESIAN RECOVERY

A. Sparse Recovery Modeling

Assume there are N -point sampling grids, θ̂ =
{θ̂1, · · · , θ̂N}, uniformly spaced in the DOA range of
[−π/2, π/2], where N ≫ M . The overcomplete array
model is expressed as:

rw = Awp̂+ σw, (9)

where Aw = W− 1
2 [ā(θ̂1), · · · , ā(θ̂N )] ∈ CM(M−1)×N ,

and p̂ ∈ RN×1 is an extension of p, containing only
K non-zero elements corresponding to the true DOAs.
In practice, due to the finite number of sampling grids,
the source angles may not align perfectly with the pre-
defined grids. To address this unavoidable off-grid gap, a
first-order Taylor expansion-based method, as in [43], is
employed:

ā(θk) ≈ ā(θ̂nk
) + (θk − θ̂nk

)b̄(θ̂nk
), (10)

where θ̂nk
is the closest grid to θk, and b̄(θ̂nk

) denotes the
derivative of ā(θ̂nk

) with respect to θ̂nk
. The observation

model is then expressed as:

rw = Φwp̂+ σw, (11)

where Φw = Aw + Bwdiag(β), with Bw =
W− 1

2 [b̄(θ̂1), · · · , b̄(θ̂N )] ∈ CM(M−1)×N , and β denoting
the arcs of the first Taylor expansion. Given that p̂ is
a real-valued vector, applying either a complex-valued
prior or a real-valued prior will result in a complex-valued
regression for p̂. As noted in [30], a real-valued model is
preferable:

r̃w = Φ̃wp̂+ σ̃w, (12)

where r̃w =

[
ℜ(rw)
ℑ(rw)

]
, Φ̃w =

[
ℜ(Φw)
ℑ(Φw)

]
, σ̃w =

[
ℜ(σw)
ℑ(σw)

]
.

B. Sparse Bayesian Learning for DOA Estimation

1. Prior
Given a scale parameter λ with density η, the half-

Cauchy distribution is expressed as:

p(λ|η) ∼ C+(0, η) =
2

πη
(
1 + λ2

η2

) . (13)
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Fig. 1. Factor graph of Horseshoe, HHC and HHC after conversion.

It can be observed that the PDF of the half-Cauchy prior
exhibits a quadratic decay rate. Due to the divergence at
0, compared to the logarithmic decay rate of the Gaussian
prior, the half-Cauchy prior PDF, which concentrates
near zero, is theoretically more effective in aggressively
shrinking small signals and promoting sparse estimates.
Simultaneously, its heavy tails prevent over-shrinking of
significant signals [44].

A popular hierarchical shrinkage prior is the Horse-
shoe prior proposed in [45] for the Gaussian mixture
model. Given the observation model from the Gaussian
mixture, its hierarchical prior structure is:

p(p̂i|λi, τ) ∼ N (0, λ2
i τ

2), p(λi) ∼ C+(0, 1),

p(τ) ∼ C+(0, 1), i = 1, · · · , N,
(14)

where τ is the global scale parameter, and λi represents
the local scale parameters. However, as mentioned in [46],
[47], the key to controlling sparsity in the Horseshoe
prior lies in the global scale parameter τ , which pulls all
variables toward zero. The heavy-tailed local scale param-
eters λi add flexibility by allowing individual coefficients
to escape shrinkage, thus highlighting sparse peaks. The
standard single-layer Horseshoe prior may be too rigid
for complex variable modeling. Therefore, we extend the
Horseshoe prior by adding a second layer of half-Cauchy
priors to better learn hyperparameters and introduce an
additional global shrinkage parameter:

p(p̂i|λi, δ) ∼ N (0, λ2
i δ

2),

p(λi|ηi, τ) ∼ C+(0, ηiτ), p(δ) ∼ C+(0, 1),

p(ηi) ∼ C+(0, 1), p(τ) ∼ C+(0, 1), i = 1, · · · , N,
(15)

where λi and δ are local and global scale parameters of
the first layer, and ηi and τ are those of the second layer.
The corresponding factor graph is illustrated in Fig. 1,
where white square nodes represent observed variables,
circular nodes represent unknown latent variables and
hyperparameters, and blue square nodes indicate fixed,
predefined hyperparameters.
Lemma 1 Let δ2 = 1 and τ2 = 1, and then the marginal
PDF of the corresponding latent variables is constrained
by the following inequality:

1

π2
√
2π

ln

(
1 +

4

p̂2

)
< p(p̂) ≤ 1

π2|p̂|
. (16)

Proof:
The proof of (16) is provided in Appendix A.
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(a) Local-scale marginal prior densities near the origin.
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(b) Local-scale marginal prior densities in the tail region.

Fig. 2. Local-scale PDF comparison between centering
and marginal cases.

The PDFs of the HHC, Horseshoe, Gaussian and
Laplace on the local scale are shown in Fig. 2, where the
proposed prior exhibits the heaviest tail and sharpest peak,
implying a good retaining ability for large coefficients and
better noise suppression.

2. Variational Inference
Due to the complex PDF form of the half-Cauchy

prior, it is challenging to directly express its PDF using
the expectation maximization (EM) method. Therefore,
applying variational inference is a more suitable choice.
In variational Bayesian methods [48], the idea is to ap-
proximate the true posterior by minimizing the Kullback-
Leibler (KL) divergence between the true posterior and
a tractable approximate posterior by maximizing the fol-

4 IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL. XX, No. XX XXXXX 2025



lowing lower bound of the log-likelihood:

ln p(x;γ) = L(q,γ) +KL(q||p), (17)

where q(z) is the approximate posterior distribution of
the latent variable z, x represents the observed data,
and γ denotes the fixed parameters associated with
the generating latent variables. The term L(q,γ) =∫
q(z) ln

{
p(z,x;γ)

q(z)

}
dz is the Evidence Lower Bound

(ELBO), and KL(q||p) = −
∫
q(z) ln

{
p(z|x;γ)

q(z)

}
dz is the

KL divergence. Due to the non-negativity of the KL diver-
gence, we have ln p(x;γ) ≥ L(q,γ). Thus, maximizing
the ELBO is equivalent to minimizing the KL divergence
from qj(zj) to p̃j , i.e.,

max ln p(x;γ) = max
z

L(q,γ) = min
∀zj∈z

KL(qj ||p̃j), (18)

where p̃j ≜ ln p(x, z;λ)⟩qi̸=j(zi) and thus qj(zj) can be
expressed as:

ln qj(zj) = ⟨ln p(x, z;λ)⟩qi̸=j(zi) + const.. (19)

Note that the mean-field approximation in variational
Bayesian inference assumes that all latent variables in z
are independent, i.e., q(z) =

∏
i qi(zi).

Since the Half-Cauchy prior does not have a conju-
gate prior structure, we can apply the following mixture
representation for the proposed prior, as described in [49]:

p(λ|η) ∼ C+(0, η) ↔ p(λ2|χ) ∼ IG
(
1

2
,
1

χ

)
,

p(χ|η2) ∼ IG
(
1

2
,
1

η2

)
.

(20)

After some variable substitutions, the hierarchical
model in the equivalent exponential framework for the
entire regression model is expressed as:

p(r̃w|p̂, σ̃w) ∼ N (Φ̃wp̂, σ
2
cI2M(M−1)×2M(M−1)),

p(p̂j |λj , δ) ∼ N (p̂j |0, λjδ),

p(λj |νj) ∼ IG
(
1

2
,
1

νj

)
, p(δ|ζ) ∼ IG

(
1

2
,
1

ζ

)
,

p(νj |ηj , τ) ∼ IG
(
1

2
,

1

ηjτ

)
, p(ζ) ∼ IG

(
1

2
, 1

)
,

p(ηj |εj) ∼ IG
(
1

2
,
1

εj

)
, p(τ |ξ) ∼ IG

(
1

2
,
1

ξ

)
,

p(εj) ∼ IG
(
1

2
, 1

)
, p(ξ) ∼ IG

(
1

2
, 1

)
,

(21)
where σ2

c = 1
2 denotes the variance corresponding to

covariance matrix. Let κ = {p̂,λ, δ,ν, ζ,η, τ, ε, ξ} rep-
resent the set of hyperparameters and latent variables in
Eq. (21). From Eq. (19), the iterative updates for each
parameter in κ are presented as follows:

ln q(p̂) = ⟨ln p(r̃w,κ)⟩q{κ\p̂}
+ const., (22)

ln q(λ) = ⟨ln p(r̃w,κ)⟩q{κ\λ}
+ const., (23)

ln q(δ) = ⟨ln p(r̃w,κ)⟩q{κ\δ}
+ const., (24)

ln q(ν) = ⟨ln p(r̃w,κ)⟩q{κ\ν}
+ const., (25)

ln q(ζ) = ⟨ln p(r̃w,κ)⟩q{κ\ζ}
+ const., (26)

ln q(η) = ⟨ln p(r̃w,κ)⟩q{κ\η}
+ const., (27)

ln q(τ) = ⟨ln p(r̃w,κ)⟩q{κ\τ}
+ const., (28)

ln q(ε) = ⟨ln p(r̃w,κ)⟩q{κ\ε}
+ const., (29)

ln q(ξ) = ⟨ln p(r̃w,κ)⟩q{κ\ξ}
+ const. (30)

3. Variational Inference for Posterior
For Eq. (22), the expansion yields:

ln q(p̂) ∝ ⟨ln p(r̃w|p̂, σ̃w) + ln p(p̂|λ, δ)⟩q{κ\p̂}

∝ −σ−2
c (r̃w − Φ̃wp̂)

T (r̃w − Φ̃wp̂)−
1

2
p̂TΓ−1p̂.

(31)
where Λ = diag(λ) and Γ = δΛ. It is evident that q(p̂)
follows a Gaussian distribution N (µ,Σ), with posterior
expectation and covariance given by:

µ = σ−2
c ΣΦ̃T

wr̃w, (32)

Σ =
(
σ−2
c Φ̃T

wΦ̃w + Γ−1
)−1

= Γ− ΓΦ̃T
wD

−1Φ̃wΓ,
(33)

where:
D = σ2

cIM×M + δΦ̃wΛΦ̃T
w. (34)

Under the assumption of sparse latent variables, for most
components of Λ corresponding to true zeros, the values
in the regression process will tend to be small, having
little influence on the covariance. During the early stages
of Bayesian model iteration, the differences between
hyperparameters on the log scale are not significant, re-
sulting in a relatively high learning rate. However, in later
stages, the learning rate decreases substantially without
significantly affecting the regression results, especially in
terms of off-grid estimation. To reduce the sidelobe of
the spectra and simplifying the structure of the posterior
covariance, we apply a thresholding-block-matrix approx-
imation to Λ. Ignoring of the auto-correlation of small
posteriors, the approximation of D becomes:

D ≈ DS = σ2
cIM×M + δ

[
Φ̃w

]
S
ΛS

[
Φ̃w

]T
S
, (35)

where ΛS = diag(λS), and the set S is defined as the
indices of largest QN values of λ, with λS = [λ]S and
λSc = [λ]Sc ; here Sc is the supplementary set of S,
and |Sc| and |S| denote the cardinality of the two sets,
respectively.

THEOREM 1 Given a set F = {i : i = 1, . . . , N}, with
a large-value subset S and its complement Sc, let the
selection matrix G ∈ 0, 1N×N map from µA ≜

[
µS µSc

]
to µ such that µ = GµA. Then, we have the following
approximation:

µA = σ−2
c G

[
ΣS [Φ̃w]

T
S r̃w

0

]
(36)

ΣA = G

[
ΣS ΣCov

ΣCov ΓSc

]
GT (37)

where

ΣCov = −ΓS

[
Φ̃w

]T
S
D−1

S

[
Φ̃w

]
Sc ΓSc . (38)
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Proof:
Please see Appendix B.

For the selection of the dimension of the main dictio-
nary Q, considering the sparsity (or even ultra-sparsity)
of the signal in the spatial domain, the maximum ef-
fective observation dimension of the covariance matrix
is M(M − 1)/2 due to the Hermitian property (or real
symmetry for real-valued covariance matrix). Therefore,
to ensure the overcomplete dictionary’s efficiency, it is
advisable to further reduce its scale. As the iteration pro-
gresses, the dictionary dimension is reduced continuously,
and the process is stopped when the dimension reaches
M(M − 1) × Q or when the hyperparameter iteration
threshold converges, where Q represents the pre-defined
main dictionary completeness, and convertiter denotes
the specific iteration to start the spectral refinement.

4. Variational Inference for Hyperparameters
The iterative solutions for each term in Eq. (23)-(30)

are given as follows:

λnew
i = ⟨λi⟩ =

1

2
⟨δ⟩−1

(µ2
i +Σi,i) + ⟨νi⟩−1

, (39)

δnew = ⟨δ⟩ =
∑N

i=1 ⟨λi⟩−1
(µ2

i +Σi,i) + 2 ⟨ζ⟩−1

N + 1
, (40)

νnew
i = ⟨νi⟩ = ⟨λi⟩−1

+ ⟨τ⟩−1 ⟨ηi⟩−1
, (41)

ζnew = ⟨ζ⟩ = 1 + ⟨δ⟩−1
, (42)

ηnew
i = ⟨ηi⟩ = ⟨νi⟩−1 ⟨τ⟩−1

+ ⟨εi⟩−1
, (43)

τ new = ⟨τ⟩ =
2 ⟨ξ⟩−1

+ 2
∑N

i=1

〈
η−1
i

〉
⟨νi⟩−1

N + 1
, (44)

εnew
i = ⟨εi⟩ = 1 + ⟨ηi⟩−1

, (45)

ξnew = ⟨ξ⟩ = 1 + ⟨τ⟩−1
. (46)

For updating the external set, we assume the following
structured prior distribution:

p(p̂Sc |0, ι) ∼
∏
i∈Sc

N (0, ιi),

p(ι|a, b) ∼ IG(ι|a, b), a, b → 0,

(47)

where ι ≜ λSc .
Thus, the corresponding variational update equation

can be written as:
ln q(ι) ∝ ⟨ln p(p̂Sc |0, ι) + ln p(ι|a, b)⟩qp̂(p̂)

=
∑

i∈{Sc}

−(a+
1

2
− 1) ln ιi − ι−1

[
1

2
(µ2

i +Σi,i) + b

]
,

(48)
From the prior distribution of ι, the posterior follows

the distribution:

q(ι) =
∏
i∈Sc

IG(ιi|ũ, ṽ), (49)

where:

ũ = a+
1

2
, ṽi =

1

2
(µ2

i +Σi,i) + b. (50)

The corresponding variational update is:

ιnew
i = ⟨ιi⟩ =

µ2
i +Σi,i + 2b

2a+ 1
, (51)

where a, b → 0.
Note that in Eqs. (40) and (44), we use a fixed

number of all grids N instead of |S| that varies with
the number of main dictionary grids. Specifically, in the
proposed algorithm, the global scale parameter of the
prior mainly affects the suppression of small signals at
the main dictionary, while the proposed HHC prior is
applied to the constructed main dictionary to perform
sparse regression on the corresponding grids to capture
the potential signal directions. The approximation of the
posterior expectation further combines with the Gaussian
prior corresponding to the sub-dictionary to change the
trend of variance-related hyperparameters corresponding
to the grids of the sub-dictionary, thus making even most
of the sub-dictionary’s grid converge to zero. In order
to reach a smooth iteration, or to get a more substantial
spatial power spectrum in the logarithmic domain, we can
impose a constraint to apply a correction to the grid points
corresponding to the sub-dictionary to keep it nonzero-
valued.

C. Correction of the Model Error

In practice, it is challenging to perfectly align the
predefined grid points with true DOAs. Due to the high
computational cost of CS-based algorithms, increasing
the grid density to improve the Bayesian estimation is
impractical. Therefore, based on the first-order Taylor
expansion in Eq. (12), we consider the model with off-
grid corrections. The corresponding posterior is given as:

⟨ln p(r̃w|p̂, σ̃w)⟩q(p̂) ∝ −
〈
[r̃w − Φ̃wp̂]

T [r̃w − Φ̃wp̂]
〉
q(p̂)

∝ −||r̃w − Φ̃wµA||22
− Tr

{
Φ̃wΣAΦ̃

T
w

}
,

(52)
where:

P = B̃T
wB̃w ⊙ (µAµ

T
A +ΣA), (53)

v = diag(µA)B̃
T
w(r̃w − ÃwµA). (54)

Thus, we have:

β̃ = P−1v, (55)

and if P is non-invertible:

β̃i =
vi
pi,i

. (56)

To prevent abnormal updates in angle correction, we
impose a threshold constraint:

βnew
i =


βlast
i − 1

2∆, β̃new
i ≤ βlast

i − 1
2∆,

β̃new
i , βlast

i − 1
2∆ < β̃new

i < βlast
i + 1

2∆,

βlast
i + 1

2∆, β̃new
i ≥ βlast

i + 1
2∆,

(57)
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the update of the angle set is given by:

Θnew = Θold + βnew. (58)

The iterative process solves Eqs. (32), (33), (39)-
(46), (53)-(58) until convergence when the variance hy-
perparameters satisfy ||λnew

S − λlast
S ||2/||λlast

S ||2 < tol.
The overall iterative process of the proposed algorithm

is summarized in Algorithm 1.

Algorithm 1 The Proposed HHC-VBI Algorithm

Input: R̂y, Q, N , tol, maxiter, convertiter.
Output: µ, Σ, Θ.
Initialize:
Vectorize R̂y, trim, whiten, and regroup the imaginary
and real parts of the vector into a new vector.
Initialize hyperparameters: δ(0) = ζ(0) = τ (0) = ξ(0) =

1, and for i = 1, . . . , N , set λ(0)
i = ν

(0)
i = η

(0)
i = ε

(0)
i =

1; set Sc as an empty set.
Set converged = False, and iteration counter iter = 0.
while converged is False and iter < maxiter do

if iter < convertiter then
Compute the posterior using Eqs. (32) and (33).

else
if |Sc| < max(N −QM(M − 1), 0) then

|Sc|++.
end if
Set the index of smallest |Sc| parts of λ as the

corresponding set Sc, and the rest as the set S.
Average the numbers corresponding to the set

Sc in ι
Compute the posterior using Eqs. (36)-(38).

end if
Update hyperparameters for set S using Eqs. (39)-

(46).
Update hyperparameters for set Sc using Eq. (51).
Perform angle correction using Eqs. (53)-(58).

if ||λnew
S − λlast

S ||2/||λlast
S ||2 < tol then

Set converged = True.
end if
iter++.

end while

D. Complexity Analysis

Although the proposed algorithm has many hyper-
parameters, the iterative update expressions of all the
hyperparameters are only involved in the inverse of the
scalar. Therefore, the computational complexity of this
part can be deemed negligible. We proceed to discuss the
pre-conversion and post-conversion cases and calculate
the computational complexity of their single iterative
process, respectively.

1. The Pre-Conversion Process
In the pre-conversion process, the computational com-

plexity is primarily determined by the inverse of the
covariance matrix of the posterior with O(N3) and

O(2NM(M − 1)) for the posterior of the expectation,
represented by O(6N + 2) for the variational inference
of the hyperparametric part, and by O(KM(M − 1))
for the parametric inference of the off-grid part. Con-
sequently, the total complexity for a single iteration is
O(N3 + 2NM(M − 1) + 6N + 2 +KM(M − 1)).

2. The Conversed Process
The computational complexity of the inference of the

posterior is O(|S|3+4|S|M2(M − 1)2+2|S||Sc|M(M −
1) + 2|S|2M(M − 1)), and the complexity of the vari-
ational inference of the hyperparameter is reduced to
O(6|S| + 2 + 2|Sc|), while the off-grid part remains
unchanged. Consequently, the total computational com-
plexity is O(|S|3 + 4|S|M2(M − 1)2 + 2|S||Sc|M(M −
1) + 2|S|2M(M − 1) + 6|S|+ 2+ 2|Sc|+KM(M − 1)).

IV. SIMULATIONS AND DISCUSSIONS

In this section, a series of experiments are carried
out to verify the performance of the proposed algorithm
in different scenarios. Seven existing algorithms are se-
lected for comparison, including SS-MUSIC [50], Real-
VBI [30], untrimmed-SBL [43], ℓ1-SRACV [26], CSPICE
[51], OGSBI [22] and JSBL [52].

A. Simulation with Comparative Methods

1. Simulation Setup
Both the co-prime array (CPA) and the nested array

(NA) are considered. The performance metric for evalu-
ation is the root mean square error (RMSE), defined as:

RMSE =

√√√√ 1

NMCK

NMC∑
nMC=1

K∑
k=1

(
θ̌nMC ,k − θnMC ,k

)2
,

(59)
where NMC represents the number of Monte Carlo sim-
ulations and θ̌nMC ,k denotes the estimated angle for the
k-th source in the nMC-th Monte Carlo trial. The detailed
simulation settings are listed in Table II.

In the case of on-grid methods e.g. ℓ1-SRACV, a
one-step grid refinement method is devised in order to
determine the direction. Once the solution p has been
obtained for each overcomplete grid, the following steps
are undertaken:

Rover = ĀpĀH . (60)

Subsequently, the spatial spectrum of the constructed co-
variance array is reconstructed with a resolution of 0.01°,
and the resulting spectral peaks are taken to represent the
estimated angles.

2. RMSE v.s. SNR
The SNR is selected between -10dB and 18dB, with

an increment of 2dB. The simulation results are presented
in Fig. 3, which shows that the proposed algorithm
achieves the lowest RMSE ranging from -10 dB to 18 dB.
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Table II: Parameter settings in simulations

Parameters Values

Monte Carlo trials 500
Hyperparameters initialization 1

Array configurations
A CPA with M1 = 3,
M2 = 5 and an NA with
M1 = 3, M2 = 4.

Q 1
convertiter 200
maxiter 1000
tol 1e-5
SNR 4dB
Number of snapshots 200

Directions of incident signals
[−31◦,−5◦, 45◦] with a standard
normal perturbation.

Resolution
0.01◦(SS-MUSIC)
2◦(other methods)

Ratio of final angular search
steps for [52]

1000

In comparison to the proposed algorithm, untrimmed-SBL
frequently achieve the iterative maximum at high SNR
within the context of CPA and NA.

3. RMSE v.s. Number of Snapshots
The number of snapshots is considered in steps of

50 between 50 and 500. As illustrated in Fig. 4, all
algorithms exhibit enhanced performance as the number
of snapshots increases. The proposed algorithm with Real-
VBI achieves the best one, while the performance of
untrimmed-SBL is found to be inferior.

4. RMSE v.s. Number of Sources
Now consider arrays of larger dimensions, wherethe

augmented CPA of M1 = 4, M2 = 5 with 12 sensors,
and NA of M1 = M2 = 6 are employed. To ensure
completeness of the dictionary of steering vectors, the
resolution is set to r = 1◦. The set of incident directions
is uniformly distributed between [−60◦, 60◦]. In addition,
a perturbation that obeys the Gaussian distribution is
applied to each incident angle to ensure randomness of
the experiment. The number of incident sources ranges
between 1 and 16 for the Monte Carlo experiments. The
results are presented in Fig. 5. The proposed algorithm
has the best performance for all source number conditions.
The sparse Bayesian-like algorithm exhibits robust perfor-
mance for both ultra-sparse and sparse signals, where the
RMSE of the proposed algorithm, OGSBI, untrimmed-
SBL, and Real-VBI, increases gradually with the source
number.

5. RMSE v.s. Resolution
The experimental conditions are analogous to

those described earlier. Spacing of grids r =
0.5◦, 1◦, 1.5◦, 2◦, 2.5◦, 3◦, 4◦, 5◦ and 6◦ are chosen to
further validate the performance. The simulation results
are presented in Fig. 6. The proposed algorithm demon-
strates superior estimation capabilities in both overcom-
plete and undercomplete dictionaries.
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(a) RMSE of DOA estimation versus SNR for CPA at
M1 = 3,M2 = 5.
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(b) RMSE of DOA estimation versus SNR for NA at M1 =

3,M2 = 4

Fig. 3. Influence of SNR for CPA and NA at T = 200,
r = 2◦, Q = 1 and convertiter = 200.

6. RMSE v.s. Numbers of Iterations
The number of iterations is changed between 10 and

200, with a step size interval of 10. The experimental
results are presented in Fig. 7. It can be seen that the
proposed algorithms can converge after approximately 80
iterations in both NA and CPA scenarios. Furthermore,
the evolution of corresponding normalized spatial power
spectrum of the proposed algorithm is also examined as
the number of iterations increases. In the comparison
experiments, convertiter = 100, Q = 1, and the number
of iterations maxiter = 100, 150, 200, 250, and 300. The
normalized spatial power spectrum for different iterations
are shown in Fig. 8, which demonstrate that the proposed
algorithm with a mixing prior iteration strategy effectively
reduces the amplitude of the sidelobe with increase in the
number of iterations.

B. Relationship between Thresholds of the Main
Dictionary and RMSE

This subsection demostrates the impact of complete-
ness of the main dictionary of the proposed algorithm
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(a) RMSE of DOA estimation versus number of snapshots
for CPA at M1 = 3,M2 = 5.

50 100 150 200 250 300 350 400 450 500
Number of snapshots

10-1

100

R
M

SE
(d

eg
re

e)

(b) RMSE of DOA estimation versus number of snapshots
for NA at M1 = 3,M2 = 4.

Fig. 4. Influence of number of snapshots for CPA and NA
at T = 200, r = 2◦, Q = 1 and convertiter = 200.

on the performance with different grid resolutions and
different array types. Fig. 9 presents the performance
under varying degrees of main dictionary completeness
of Q = 0.5, 1, 1.5 and 2, and grid resolutions of 0.5◦,
1◦, 1.5◦ and 2◦. Similarly, we further verify the effect of
the scale of Sc in S on power spectrum estimation for the
same number of iterations. As shown in Fig. 10, the power
spectrum sidelobe of the proposed algorithm decreases
as the size of Sc increases, which is a consequence of
the robustness of the proposed prior on an undercomplete
dictionary, and the spatial spectrum on both CPA and
NA reach a low amplitude except fot the part near the
direction of the souces, at around Q = 0.5. In order to
ensure convergence of the algorithm, we do not consider
it below Q = 0.5.

V. EXPERIMENT WITH SWELLEX-96 DATASET

This section examines the performance of the pro-
posed algorithm in comparison with others in a real
marine environment, using the SWellEx-96 underwater
acoustic dataset [53].
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(a) RMSE of DOA estimation versus number of sources for
augment CPA at M1 = 4,M2 = 5.
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(b) RMSE of DOA estimation versus number of sources for
NA at M1 = 6,M2 = 6.

Fig. 5. Influence of number of sources for augment CPA
and NA at T = 200, r = 2◦, Q = 1 and convertiter =
200.

A. Dataset

The SWellEx-96 experiment was conducted on 10-18
May, 1996, approximately 12 km from the tip of Point
Loma near San Diego, California. During the conduct
of Event S5 which lasting 75 minutes, the towed sound
source passes sequentially through the HLA South, HLA
North, VLA and TLA, transmitted various sources be-
tween 49 Hz and 400 Hz. The GPS recordings for single-
tone towed sound sources were obtained at a frequency of
every one minute. The two horizontal arrays (HLA North
and South) recorded only the last 50 minutes. For the
corresponding array for DOA estimation, HLA South was
employed which is a 32-element horizontal non-uniform
array deployed at a depth of 198 metres underwater with
a sampling frequency of 3276.8 Hz and a total array
aperture of 255 m [53]. In order to construct sparse arrays,
we utilize array elements 1, 2, 3, 4, 7, 8, 9 and 10 of the
HLA-South array for DOA estimation. The east incidence
is defined as the absolute direction of 0°. The positive of
the absolute and relative directions is considered to be
counter-clockwise. The incidence direction of the array is
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(a) RMSE of DOA estimation versus resolution for initial
grid for CPA at M1 = 3,M2 = 5.
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(b) RMSE of DOA estimation versus resolution for initial
grid for NA at M1 = 3,M2 = 4.

Fig. 6. Influence of resolution for initial grid for CPA and
NA at T = 200, r = 2◦, Q = 1 and convertiter = 200.

between -90° and 90°. Consequently, the relative direction
of -90° of the array is defined as the incidence direction
of the 9th array element to the 1st array element, which is
137.28°. Additionally, the first array element is identified
as the location of the GPA record for HLA South.

B. DOA Estimation Results

For DOA estimation, we take the single-tone signal
with a frequency of f0 = 148Hz, a 50% overlap rate for
FFT with a dimension of NFFT = 819, and a number of
snapshots of P = 99. The sound speed is 1490m/s. We
compare the proposed method with CBF, Minimum Vari-
ance Distortionless Response (MVDR) [54], OGSBI [22],
untrimmed-SBL [43] Real-VBI [30] and JSBL [52]. Each
frame of DOA estimation corresponds to a time interval
of NFFT×(P+1)/2×0.5/fs ≈ 6.24s. The parameters are
listed in Table III. The trajectory of the whole event and
DOA estimation comparision are presented in Figs. 11
and 12, where the solid red line and the solid black
vertical line indicate the true trajectory and direction,
respectively. It can be observed that during the initial 15
minutes, all the methods exhibit considerable divergence
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(a) RMSE of DOA estimation versus max iterations for
CPA at M1 = 3,M2 = 5.
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(b) RMSE of DOA estimation versus max iterations for NA
at M1 = 3,M2 = 4.

Fig. 7. Influence of max iterations for CPA and NA at
T = 200, r = 2◦, Q = 1 and convertiter = 200.

Table III: Parameter settings in the experiment

Parameters Values

Hyperparameters Initialization 1
convertiter 100
Q 1
maxiter 500
tol 1e-4

Resolution
2◦(Bayesian methods)
0.01◦(CBF and MVDR)

Ratio of final angular search
steps for [52]

1000

from the actual trajectory of the signal, predominantly due
to the Doppler effect and the deterioration in direction-
finding capabilities in the direction of the array end-fire
regions, and at a later stage, the proposed method gives a
clear and precise trajectory map. Furthermore, in order to
ascertain the efficacy and computational efficiency of the
proposed algorithm in comparison with the other algo-
rithms, the average absolute error (as defined in (61)) for
the final 30 minutes of real data, which was not affected
by the Doppler effect, is presented in Table IV. When the
estimated time point does not align with the time point

10 IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL. XX, No. XX XXXXX 2025



-50 0 50
Degrees

-600

-500

-400

-300

-200

-100

0

N
or

m
al

iz
ed

 a
m

pl
it

ud
e 

sp
ec

tr
um

(d
B

)

maxiter=100 maxiter=150 maxiter=200 maxiter=250 maxiter=300

-50 0 50
Degrees

-600

-500

-400

-300

-200

-100

0

N
or

m
al

iz
ed

 a
m

pl
it

ud
e 

sp
ec

tr
um

(d
B

)

Fig. 8. Diffrernt number of iterations with nornalized amplitude spectrum at Q = 1, r = 2◦, T = 200, convertiter =
100 and SNR = 4dB: CPA at M1 = 3,M2 = 5 (left); NA at M1 = 3,M2 = 4 (right).
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Fig. 9. Influence of overcompleteness of the main dictio-
nary with dense angle grids for CPA at M1 = 3,M2 = 5
and NA at M1 = 3,M2 = 4,T = 200, and SNR = 4dB,
and convertiter=200.

indicated by the GPS, a linear interpolation is applied
to estimate the corresponding direction. Specifically, let
θ̂(t) denote the interpolated estimated direction at time
instance t, and θ

(t)
GPS denote the GPS-indicated (reference)

direction at the same time instance. The average absolute
error (denoted as Erravg) is then defined as

Erravg =
1

T

T∑
t=1

∣∣∣θ̂(t) − θ
(t)
GPS

∣∣∣ , (61)

We also present the running times of the comparison
algorithms for the entire 50-minute event in table IV,
running on a system with a CPU of i7-13700HX, a
32GB RAM, and with a 64-bit Win11 system. The
results demonstrate that the proposed algorithm is capable
of estimating the incoming angle in real environments
and has the lowest runtime requirement than the other
Bayesian-type algorithms.

Table IV: Average DOA estimation error and CPU run-
ning times of different methods

Algorithm Average DOA error (deg) CPU time (sec)

CBF 2.9943 9.7171
MVDR 2.8214 7.3758
OGSBI 2.9344 195.7306
untrimmed-SBL 2.9512 65.8680
Real-VBI 3.5241 56.2624
JSBL 2.8149 150.2713
HHC-VBI 2.7580 44.9097

VI. CONCLUSION

In this paper, the half-Cauchy framework of distribu-
tions, together with a new hierarchical prior is introduced
for sparse Bayesian DOA estimation based on arbitrary
linear arrays. In comparison to the well-known Horse-
shoe prior in the half-Cauchy framework of distributions
and the Laplace and Gaussian prior in the exponential
framework of distributions, the local scales of the PDF
of the proposed framework of distributions exhibit the
sharpest spikes and heaviest tails. This indicates that
the proposed prior is capable of obtaining a sparser
solution. Furthermore, the proposed block matrix iteration
method is capable of controlling the dimension of the
main dictionary through a posterior covariance matrix
approximation, thereby enabling the control of Bayesian-
like algorithms with high dictionary correlation under
overcomplete dictionaries and high ill-conditionality. In
order to address the issue of high power spectrum side-
lobes, a mixing prior updating strategy based on HHC
and a Gaussian distribution is proposed. The results based
on simulations and real datasets demonstrate that the
proposed real-valued prior is capable of achieving faster
convergence with a sparser solution.
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Fig. 10. Diffrernt completeness with nornalized amplitude spectrum at r = 2◦, T = 200, convertiter = 100,
maxiter=200 and SNR = 4dB. CPA at M1 = 3,M2 = 5 (left); NA at M1 = 3,M2 = 4 (right).

(a) CBF (b) MVDR (c) OGSBI (d) untrimmed-SBL

(e) Real-VBI (f) JSBL (g) The proposed HHC-VBI

Fig. 11. DOA tracking results by different algorithms.
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Fig. 12. Spectrum at 362nd frame, with T ≈ 62.84min.

Appendix A
Proof of Approximation for Local Scale PDF

The conditional priors at the local scale can be ex-
pressed as:

p(p̂i|λi) ∼ N (0, λ2
i ), p(λi|ηi) ∼ C+(0, ηi), p(ηi) ∼ C+(0, 1).

(62)

First, the marginal probability density function of λi

is given by:

p(λi) =

∫ +∞

0

p(λi|ηi)p(ηi)dηi

=

∫ +∞

0

2

πηi

(
1 +

λ2
i

η2
i

) 2

π(1 + η2i )
dηi =

4

π2

lnλi

λ2
i − 1

.

(63)
Now, integrating p(p̂i|λi)p(λi) over λi gives:

p(p̂i) =
4

π2
√
2π

∫ ∞

0

1

λi
exp

(
− 1

2λ2
i

p̂2i

)
log(λi)

λ2
i − 1

dλi.

(64)
Substituting ζ = 1/λ2

i , we then get:

p(p̂i) =
1

π2
√
2π

∫ ∞

0

exp

(
−ζ

2
p̂2i

)
log(ζ)

ζ − 1
dζ. (65)

Lemma 2 For ∀ζ > 0, the following inequality holds:
2

1 + ζ
≤ ln ζ

ζ − 1
≤ 1√

ζ
, ∀ζ > 0. (66)

Proof:
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The equation holds when ζ = 1; when ζ > 0 and ζ ̸= 1
the following inequality holds according to L’Hôpital’s
law:

1

2
ζ−

3
2 <

ln ζ + ζ−1 − 1

(ζ − 1)2
<

2

(1 + ζ)2
(67)

From the right-hand side of Lemma 2, we can derive:

p(p̂i) <
1

π2

∫ ∞

0

ζ−1/2 exp

(
−ζ

2
p̂2i

)
dζ

=
Γ(1/2)

π2(p̂2i /2)
1/2

=
1

π2|p̂i|
.

(68)

Similarly, based on Lemma 2 and the Cauchy principal
value inequality [45], we have

exp(−t)

2
ln

(
1 +

2

t

)
< E1(t) < exp(−t) ln

(
1 +

1

t

)
,

(69)
where E1(t) is defined as:

E1(t) ≜
∫ ∞

1

1

z
exp(−zt)dz. (70)

Let ζ → ζ + 1, and thus we obtain:

p(p̂i) ≥
1

π2
√
2π

∫ ∞

0

exp

(
−ζ

2
p̂2i

)
2

ζ + 1
dζ

=
2 exp(p̂2i /2)

π2
√
2π

∫ ∞

1

1

ζ
exp

(
−ζp̂2i

2

)
dζ

=
2 exp(p̂2i /2)

π2
√
2π

E1(p̂
2
i /2) >

1

π2
√
2π

ln

(
1 +

4

p̂2i

)
.

(71)

Appendix B
Proof of Block Covariance Approximation

For the set of large latent variables and their com-
plement, assuming sparsity of the latent variables, the
following results hold:

p̂S ∼ N (0,ΓS), (72)

p̂Sc ∼ N (0,ΓSc). (73)

Under the assumption of (21), the corresponding pos-
terior expectations are:

µS = σ−2
c ΣS

[
Φ̃w

]T
S
r̃w = ΓS

[
Φ̃w

]T
S
r̃w, (74)

µSc = σ−2
c ΣSc

[
Φ̃w

]T
Sc r̃w = ΓSc

[
Φ̃w

]T
Sc r̃w ≈ 0. (75)

Note that if µS contains all valid signal components,
then µSc plays a minimal role in the performance of
regression after the learning rate of the Bayesian model
has reached a steady state. Consequently, the approximate
form of the final obtained posterior expectation is:

µA = G

[
µS

0

]
= G

[
σ−2
c ΣS [Φ̃w]

T
S r̃w

0

]
. (76)

Thus, based on equation (12), the cross-covariance be-
tween the observations and the complement of latent
variables is:

Cov[r̃w, p̂Sc ] = E[(Φ̃wGp̂F )(pSc)T ] =
[
Φ̃w

]T
Sc ΓSc .

(77)
The covariance of the posterior is expressed as:

ΣA = E[(p̂− µ)(p̂− µ)T ]

=G

[
E[(p̂S − µS)(p̂S − µS)

T ] E[(p̂S − µS)p̂
T
Sc ]

E[p̂Sc(p̂S − µS)
T ] E[p̂Sc p̂T

Sc ]

]
GT

=G

[
ΣS ΣCov

ΣCov ΓSc

]
GT ,

(78)
where the cross-correlation of solutions between the main
dictionary and sub-dictionary is shown as:

ΣCov = Cov(p̂S , p̂Sc) =
〈
p̂Sp̂

T
Sc

〉
− ⟨p̂S⟩ ⟨p̂Sc⟩

= −ΓS

[
Φ̃w

]T
S
D−1

S

[
Φ̃w

]
Sc ΓSc .

(79)

Appendix C
Variational Inference of Hyperparameters

C.1 Variational inference of λi

To the Eq. (23), we have:

ln q(λ) ∝ ⟨ln p(p̂|λ, δ) + ln p(λ|ν)⟩q{κ\λ}({κ\λ})

=

N∑
j=1

−(1 + 1) lnλj

− λ−1
j (

1

2
⟨δ⟩−1 〈

p̂2j
〉
+ ⟨νj⟩−1

),

(80)

From the prior structure of λ with the above equation, its
posterior obeys a distribution of

q(λ) =

N∏
i=1

IG(λi|ã, b̃i), (81)

where: {
ã = 1,

b̃i =
1
2 ⟨δ⟩

−1
(µ2

i +Σi,i) + ⟨νj⟩−1
.

(82)

Hence we have:

λnew
i = ⟨λi⟩ =

b̃i
ã

=
1

2
⟨δ⟩−1

(µ2
i +Σi,i) + ⟨νj⟩−1. (83)

C.2 Variational inference of δ

Expand Eq. (24):

ln q(δ) ∝

〈
N∑
i=1

ln p(p̂i|λi, δ) + ln p(δ|ζ)

〉
q{κ\δ}({κ\δ})

= −(
N + 1

2
+ 1) ln δ

− δ−1

[
1

2

N∑
i=1

⟨λi⟩−1 〈
p̂2i
〉
+ ⟨ζ⟩−1

]
.

(84)
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From the prior structure of δ and the above equation, the
distribution that its posterior obeys is:

q(δ) = IG(δ|c̃, d̃), (85)

where:{
c̃ = N+1

2 ,

d̃ = 1
2

∑N
i=1 ⟨λi⟩−1

(µ2
i +Σi,i) + ⟨ζ⟩−1

.
(86)

Hence we have:

δnew = ⟨δ⟩ =
∑N

i=1 ⟨λi⟩−1
(µ2

i +Σi,i) + 2 ⟨ζ⟩−1

N + 1
. (87)

C.3 Variational inference of νi and ηi

For Eq. (25), we have:

ln q(ν) ∝

〈
N∑
i=1

ln p(λi|νi) + ln p(νi|ηi, τ)

〉
q{κ\ν}({κ\ν})

= −
N∑
i=1

[
2 ln νi + ν−1

i (⟨λi⟩−1
+ ⟨τ⟩−1 ⟨ηi⟩−1

)
]
.

(88)
We similarly model its posterior as an Inversed-Gamma
distribution with:

q(ν) =

N∏
i=1

IG(νi|ẽ, f̃i), (89)

where {
ẽ = 1,

f̃i = ⟨λi⟩−1
+ ⟨τ⟩−1 ⟨ηi⟩−1

,
(90)

is obtained from the prior of νi, and hence we have:

νnewi = ⟨νi⟩ = ⟨λi⟩−1
+ ⟨τ⟩−1 ⟨ηi⟩−1

. (91)

Similarly, with an expansion of Eq. (27) and based on its
a prior structure, we have:

ηnewi = ⟨ηi⟩ = ⟨νi⟩−1 ⟨τ⟩−1
+ ⟨εi⟩−1

. (92)

C.4 Variational inference of τ

Expanding Eq. (28), we have:

ln q(τ) ∝

〈
N∑
i=1

ln p(νi|ηi, τ) + ln p(τ |ξ)

〉
q{κ\τ}({κ\τ})

= −(
3

2
+

N

2
) ln τ

− τ−1(⟨ξ⟩−1
+

N∑
i=1

〈
η−1
i

〉
⟨νi⟩−1

),

(93)
by employing the prior structure of τ and the aforemen-
tioned equation, the distribution of its posterior obeys:

q(τ) = IG(τ |m̃, ñ), (94)

where {
m̃ = N

2 + 1
2 ,

ñ = ⟨ξ⟩−1
+
∑N

i=1

〈
η−1
i

〉
⟨νi⟩−1

,
(95)

and thus we have:

τnew = ⟨τ⟩ =
⟨ξ⟩−1

+
∑N

i=1

〈
η−1
i

〉
⟨νi⟩−1

N
2 + 1

2

. (96)

C.5 Vatiational inference of εi, ζ and ξ

For Eq. (29), we have:

ln q(ε) ∝

〈
N∑
i=1

ln p(ηi|εi) + ln p(εi)

〉
q{κ\ε}({κ\ε})

= −
N∑
i=1

[
2 ln εi + ε−1

i (1 + ⟨ηi⟩−1
)
]
,

(97)

Similarly, the posterior distribution of εi is represented
based on the prior distribution as:

q(εi) = IG(εi|õ, t̃i). (98)

where: {
õ = 1,

t̃i = 1 + ⟨ηi⟩−1
,

(99)

and thus the close-form expression of εi is given by:

εnewi = ⟨εi⟩ = 1 + ⟨ηi⟩−1
. (100)

In a similar manner, by extending Eq. (26) and Eq. (30),
we can derive a closed-form solution with:

ζnew = ⟨ζ⟩ = 1 + ⟨δ⟩−1
, (101)

ξnew = ⟨ξ⟩ = 1 + ⟨τ⟩−1
. (102)
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