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10 Abstract

1 This paper develops a new time-dependent hypoplastic model for normally consolidated
12 and overconsolidated clays. A novel viscous strain rate formulation is derived from the isotach
13 concept and incorporated into the total strain rate of the hypoplastic framework, allowing for
1 viscous deformation at the onset of loading. The hypoplastic flow rule is defined for the direction
15 of the viscous strain rate and its intensity directly linked to the overconsolidation ratio (OCR)
16 and secondary compression coefficient. The Matsuoka-Nakai criterion is further introduced
17 into the strength parameter through the transformed stress technique, enabling the model to
18 describe the stress-strain-time behaviour of clays in general stress space. In addition, a new
19 scalar function is proposed and implemented into the model to consider the OCR effect on the
20 initial stiffness. The model predictive ability is finally examined by simulating laboratory tests
21 on three different clays with various OCRs and stress paths, demonstrating that the model
»» can capture the rate dependency, stress relaxation, and creep behaviours for both normally

23 consolidated and overconsolidated clays under various loading conditions.
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1. Introduction

Time-dependent behaviours of clays are often observed in geotechnical investigations, en-
compassing phenomena such as strain rate dependency, stress relaxation, and creep upon load-
ing (Lai et al., 2014; Acikel et al., 2018; Bagheri et al., 2019; Wang et al., 2024). Over the past
few decades, numerous experimental and numerical studies have been conducted to study the
time-dependent behaviour of clays (Karstunen and Yin, 2010; Yin et al., 2017), and remarkable
achievements have been made. In engineering practices, many geostructures like embankments,
retaining walls, and slopes are sensitive to the time-dependent behaviour of clays (Bjerrum,
1967). Therefore, reliable predictions of the time-dependent behaviour of clays and the long-
term performance of constructions are of great significance. Developing a simple and suitable
time-dependent constitutive model for clays remains challenging.

The most prevalent time-dependent constitutive models for clays are elastoviscoplastic
(EVP) models that developed within the framework of elastoplasticity (Yin and Graham, 1999;
Yin et al., 2002; Karim and Gnanendran, 2014). Among them, the overstress theory (Perzyna,
1963) and isotach concept (Suklje, 1957) are frequently used. The overstress EVP model intro-
duces a viscous scalar multiplier to represent the viscous strain increment, which depends on
the distance between the static yield surface and the current loading surface. Early overstress
EVP models (Adachi and Oka, 1982) employed the yield function of the cam-clay model to
describe the static yield surface and the current loading surface. As a result, these models can
not describe the tertiary creep and the time-dependent behaviour of heavily overconsolidated
clays (Yao et al., 2015). To remedy this, Yin et al. (2002) proposed a new creep function and
redefined the current loading surface, enabling those EVP models to encompass heavily over-

consolidated clays. In addition, some approaches assume that no purely elastic region exists in
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clays and use a mapping rule to calculate the viscoplastic strain under an arbitrary state (Kut-
ter and Sathialingam, 1992). The isotach concept was first introduced by Suklje (1957), where
clay compressibility relies on the viscoplastic strain rate. Leroueil et al. (1985) later refined this
concept and suggested a unique relationship between the viscoplastic strain rate and the current
stress level in both one-dimensional and isotropic compression tests. Many isotach EVP models
have since been developed (Freitas et al., 2011; Cheng and Yin, 2024; Wang and Cui, 2024;
Zhao et al., 2024), clearly describing the stress-strain-time relationship of clays under various
loading conditions. Despite these advancements, isotach models face challenges in accurately
predicting creep and stress relaxation behaviours of heavily overconsolidated clays (Yang et
al., 2016). In addition, as pointed out by Yuan and Whittle (2021), isotach models with the
stress state and void ratio from laboratory tests notably overestimate the creep rate of normally
consolidated clays under field conditions.

As an alternative to the prevailing EVP models, the hypoplastic constitutive model has
rapidly developed over the past thirty years (Liao and Yang, 2021; Qian et al., 2023, 2024; Liao
et al., 2024; Wang and Wu, 2024; Zhu et al., 2024). Its primary advantage involves avoiding de-
composing strains into elastic and plastic parts, resulting in extremely simple formulations (Wu
et al., 2017). The hypoplastic model was initially conceived for sand (Wu and Bauer, 1994)
and subsequently developed for clays (Wang and Wu, 2021). Some salient features of natural
clays, including inherent anisotropy, overconsolidation, and structure degradation, can be well
predicted by the recently proposed hypoplastic models (Masin, 2007; He et al., 2022, 2023).
However, when it comes to modelling the time-dependent behaviour of clays, the hypoplastic
approach appears to encounter challenges. In general, two approaches are employed within
hypoplasticity to describe the time-dependent behaviour of soils. The first method involves di-

viding the stress tensor into inviscid and viscous parts, such as the models proposed by Xu et al.
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(2016) and Wang et al. (2018). These models require an accelerated strain rate to simulate the
viscous behaviour, allowing them to successfully capture the primary, secondary, and tertiary
creep of soils. However, the incorporation of the accelerated strain rate makes the hypoplastic
framework more complex, limiting its numerical applications. The second approach aims to
decompose the strain rate into elastic and viscous parts, known as the visco-hypoplastic (VHP)
model (Niemunis, 2003; Gudehus, 2004). The foundational framework of the VHP model was
first proposed by Niemunis (2003), assuming that the viscous strain rate is a function of the
Cauchy stress tensor and the void ratio. Upon loading, the viscous strain rate aligns with the
direction of the hypoplastic flow rule. The basic VHP model can reproduce the time-dependent
behaviour of normally and slightly overconsolidated clays, including rate dependency, stress
relaxation, and the primary and secondary creep phases of clays (Fuentes et al., 2018). Never-
theless, it faces challenges in accurately predicting the tertiary creep phase of clays. In addition,
the viscous strain rate in the VHP model is controlled by a reference strain rate, which is em-
pirically given rather than experimentally determined. Recent advances have also incorporated
strength anisotropy and structure effects (Fuentes and Lizcano, 2010) into the VHP model. For
instance, Niemunis et al. (2009) introduced an anisotropic preconsolidation surface to describe
anisotropic behaviours, while Jerman and Masin (2020) rotated the asymptotic state boundary
surface to an anisotropic shape using a second-order symmetric tensor. Despite these enhance-
ments, further refinement is essential in refining the foundational assumption concerning the
viscous strain rate within the VHP model.

This paper develops a new time-dependent hypoplastic model for clays based on the general
VHP framework proposed by Niemunis (2003). A novel viscous strain rate is first mathemati-
cally derived from the isotach concept and employed in the hypoplastic framework to account

for viscous behaviours. Compared to the viscous strain rate proposed by Niemunis (2003), the



96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

newly proposed one shows enhanced physical significance while maintaining simplicity. More-
over, a transformed stress technique is used to incorporate the Matsuoka-Nakai failure crite-
rion (Matsuoka, 1974) into the proposed model. As a result, the stress-strain-time relationship
of clays can be predicted under multiaxial conditions. Additionally, a stiffness function is in-
cluded in the proposed model to consider the effect of overconsolidation on the initial stiffness.
The proposed model requires nine parameters, including five basic parameters, two viscous
parameters, and two additional parameters. It can reasonably describe the rate dependency,
stress relaxation, and creep behaviours of normally consolidated and overconsolidated clays

under different loading conditions.

2. Basic hypoplastic equations

In this paper, second-order tensors are denoted with bold letters (e.g., T, D) and fourth-
order tensors with calligraphic bold letters (e.g., £). The tensor operations are: A-B = A;; By,
A:B = A;;B;;, A®B = A;; By, and L:D = L, Ay. The quantity ||A] = VA:A denotes the
Euclidean norm of A. trA = Aj; refers the trace of A, and A* = A-I(trA)/3 signifies the
deviatoric part of A. The unit tensors of the second and fourth orders are I (I;; = d;;) and I

(Lijr = 1/2(040;1 + 0401) ), respectively.

2.1. General framework

Let us first consider the following general framework for the visco-hypoplastic model pro-

posed by Niemunis (2003):

T =L£:(D - Dyy,) (1)
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where £ represents a fourth-order tensor analogous to the elastic stiffness matrix. D and D,
refer to the strain rate and viscous strain rate tensors, respectively. D,;s is a function of the

Cauchy stress tensor and the void ratio:

1

Dvis = Dr(m

)/ B )

where D, and I, denote the reference creep rate and viscosity index, respectively. OCR means
the overconsolidation ratio. The second-order tensor B denotes the flow rule of the hypoplastic

model (Wu and Kolymbas, 2000), defined as

B= —=-L":N (3)

where N is a second-order tensor function representing the nonlinear term of the hypoplastic
model.

The Jaumann stress rate T is defined as

T=T+TW—-WT (4)

where T and T are the Cauchy stress tensor and its time derivative, respectively. W is the
spin tensor.

The strain rate and spin tensors are

D = [Vv+(Vv)T]/2, W = [Vv - (Vv)]/2 (5)

where v denotes the velocity. V and T are gradient and transposition operators, respectively.



128

129

130

131

132

133

134

135

136

137

138

139

140

2.2. Reference model

To describe the mechanical behaviour of overconsolidated clays, Wang and Wu (2021) pro-
posed the following hypoplastic model:
,tr(TD)

T = £, | (ttT)D + f,(ttD)T + a WT+afu(T+T*>||D|| (6)
r

where T = T+S and T = T—S are adopted for simplicity. S is a structure tensor representing

the overconsolidation:

S = aln(%)T (7)

where « is a model parameter, and R = 1/OCR is a stress ratio indicating the degree of
overconsolidation. The multipliers f, and f, are state-dependent functions that control the
initial stiffness and the volumetric variation of the model, respectively. Which can be expressed
as

2

3 1
fs:—%, fvzivi—g(?)‘i‘f—\/ga) (8)

in which v; and \ are model parameters. The strength parameter a can be obtained through

V3(3 — sing)

B 2/2sing ©)

where ¢ is the critical friction angle.

The multiplier f, is used to improve the undrained stress path prediction, defined as

__B:D| 10
= Bl TD] (10)

The above hypoplastic model requires only five parameters and can effectively capture the
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mechanical behaviour of normally consolidated and overconsolidated clays under different load-

ing conditions.

3. Visco-hypoplastic model

8.1. Viscous strain rate

Several VHP models (Niemunis et al., 2009; Fuentes and Lizcano, 2010; Fuentes et al., 2018)
have been developed based on the viscous strain rate formulated in Eq. (2). These models offer
advantages such as fewer model parameters and easy numerical implementation. However, the
viscous strain rate in Eq. (2) was assumed empirically, and there is no basis for the determination
of D,. In this section, a novel viscous strain rate for hypoplasticity is proposed based on the
isotach concept.

When considering the stress-strain-time behaviour of clays, it is commonly assumed that the
time-dependent deformation of clays can be categorized into primary compression and secondary
compression (Bjerrum, 1967). The former is induced by an instant volume strain, accompanied
by the dissipation of excessive pore pressure. The secondary compression is caused by a delayed
volume strain, involving the phenomenon of creep under constant effective pressure, as shown

in Fig. 1.

In(1+e)

Primary
=N compression A

Secondary
compression

Py Pa Po Inp

Figure 1: Isotropic compression lines of clays at different times.
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Fig. 2 illustrates the compression behaviour of clays in the double logarithmic plane In(1 +
e) —Int. Tt can be seen that the deformation stage before the inflection point B corresponds to
the primary compression, followed by the secondary compression stage BC, which manifests as

an almost linear trend and can be mathematically represented by a logarithmic function:
In(l1+e) =e; — CZ In(t/to) (11)

in which e; is the initial void ratio, C7, represents the coefficient of secondary consolidation in
the In(1 + e) — Int plane, t denotes the creep time, and ¢y, means the reference time. However,
Eq. (11) can not consider the case when t = 0. According to Yao et al. (2015), an updated

expression of Eq. (11) is given as
In(l1+e)=e; — Bln(t/to + 1) (12)

where (8 is a new viscous parameter, representing the slope of the secondary compression line
in the In(1 +e) — In(¢/to + 1) plane. In this study, ¢, = 1 min is adopted for convenience (Yao

et al., 2015).

In(1+e)

| \kB
Cue 1
C
Primary Secondary 4

compréssion compression

o+

t. Int

Figure 2: The compression behaviour of clays in the In(1+¢e) — Int¢ plane.
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Differentiating Eq. (12), the increment of the viscous volumetric strain de,;s can be obtained:

dt

dgvis =
ﬁt + 1o

(13)

where dt is the increment of the real time. The viscous volumetric strain rate can consequently

be determined as:

1
t+to

Dvis = ﬁ (14)

As shown in Fig. 1, the normal compression line (NCL) corresponds to the case t, = 0. As

a result, the variation in void ratio along the creep path AC can be expressed as

Ae|ac = —Bln(t/ty + 1) (15)

Furthermore, in the case of a normally consolidated clay, the current state point is located
on the NCL, as shown in Fig. (1). In other words, the NCL can be regarded as a reference line
to calculate the overconsolidation degree of clays. Based on this, the variation in void ratio

along the loading-unloading path ADC can be expressed as

Ae|apc = —(A* — k")In(pp/pa) = —(X* — £*)InOCR (16)

where pp and pa represent the mean effective stresses at points D and C, respectively, i.e., the
preconsolidation stress and the current effective stress at point C. \* and x* are slopes of the
normal compression and the unloading lines in the In(1 + €) — Inp plane, respectively.

In the hypoplastic framework, the overconsolidation ratio in general states (Niemunis, 2003;

10



s Wang and Wu, 2021) can be defined as

OCR = p./pf (17)

12 in which the Hvorslev equivalent pressure p,. is given as follows:

N —In(1+e)

e — 18
Pe = €XP o (18)
183 To define the preconsolidation pressure p}, we use the following yield equation:
1 q(n+1) N
f_ﬁm—i_p_pe_o (19)
184 Therefore, we can obtain:
L, q \(nty)
+ 1 — (= } 20
Pe P[ tn ( Mp) (20)

1ss. where ¢ and p are effective deviatoric stress and mean stress, respectively. M is defined as M =

s 6sing/(3 — sing), representing the slope of the critical state line. n is a parameter controlling

@

1s7 the shape of the yield surface. Note that when n = 1, the yield equation in Eq. (20) evolves
158 into the modified cam-clay (MCC) yield equation. The effect of n on the model performance
19 will be discussed in Section 4.1.

190 Moreover, the changes in void ratios Ae|ac and Ae|apc are identical. As a result, we can

101 obtain the following equation by combing Eqs. (15), (16), and (17):

t=ty(R — 1) (21)

w2 where a = (\* — k*)/f8 and R = 1/OCR.

11
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Substituting Eq. (21) into Eq. (14), the volumetric strain rate becomes
Ra
Dyis = 6_ (22)
to

The hypoplastic flow rule B is adopted as the direction of the viscous strain. As a result, a

new viscous strain rate tensor is defined as

VS

Ra
D = BB (23)
to

3.2. Linear and nonlinear terms

According to Wu and Kolymbas (2000), the hypoplastic framework can be expressed by a

linear term £ and a nonlinear term N as
T=71 [c:D 4+ N|D| (24)

Based on Eq. (24) and using the reference model formulated in Eq. (6), new terms for the

time-dependent hypoplastic model can be expressed as

,T®T
tr'T

L = (tT)I+ f,Tel+a (25a)

N = fa(T+TY (25b)

Note that the reference model considers the overconsolidation by introducing a structure
tensor S into the Cauchy stress tensor T (T = T + S). However, the overconsolidation in the
viscous hypoplastic framework is considered via the viscous strain rate tensor Dy;,’. Therefore,

the structure tensor S should be removed from the Cauchy stress tensor, as shown in Eq. (25).

12
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Substituting Eqgs. (3), (23), and (25) into Eq. (1), a new time-dependent hypoplastic equa-
tion can be recast as

T = f,L£:(D — D) (26)

vis

The functions fs, f,, fu., and the strength parameter a remain consistent with the reference

model.

3.3. Initial stiffness

The developed time-dependent hypoplastic model formulated in Eq. (26) can effectively
predict the initial stiffness and critical state for normally consolidated clays. However, when
dealing with overconsolidated clays, particularly heavily overconsolidated ones, it has been
found that the initial stiffness remains constant despite increasing OCR values, as illustrated
in Fig. 3(a). This observation conflicts with experimental findings where the initial stiffness
generally increases with increasing OCR values (Han et al., 2021). To remedy this shortcoming,

further improvements are required.

18 1.8
Model prediction without &, Updated prediction with &

15F 1.5
= 1l2F 12
o o
o OCR=1,2,4,8 o OCR=1,2,4,8
o ]
8 09 & 0.9
12} [}
1%} (%]
< - o
» 0.6H ! n 0.6 H ‘

¥/B il
\l/
0.3 0.3
Initial stiffness remains constant when OCR>1 Initial stiffness increases with increasing OCR
OO 1 1 1 1 00 1 1 1 1
0 3 6 9 12 15 0 3 6 9 12 15
Axial strain, &, [%] Axial strain, &, [%]
(a) (b)

Figure 3: Model predictions for overconsolidated clays in undrained triaxial compression tests: (a) without
ds; (b) with J.

The hypoplastic framework presumes that the stress rate is a function of the stress and

13



218

219

220

221

222

223

224

225

226

227

228

229

230

231

strain rate. Based on this assumption, the initial stiffness of the model can be altered by
multiplying a scalar factor on the entire hypoplastic model without changing the critical state,
as the stress rate equals zero at the critical state. According to Wu and Kolymbas (2000), the

following stiffness function considering OCR, variation is proposed:

exp[(In(OCR)]

N ey

(27)

where ( is a material parameter controlling the initial stiffness of the overconsolidated sample.

The stress ratio rg = || T7||/tr'T. Therefore, the stiffness function f; becomes:

20

fom o (28)

Fig. 3(b) shows the updated predictions for clays with different OCRs in undrained com-
pression tests. The result demonstrates that the initial stiffness varies with OCR values upon
implementing the stiffness function §,, whereas the peak strength and critical state remain

unchanged.

3.4. Failure surface
By making use of the definition of the norm ||D|| (D:D/||D||?=1), the failure surface of the

proposed model can be revealed as

AT)=B:B—-1=0 (29)

Substituting Eq. (3) into Eq. (29) yields the following explicit failure surface

F(T) = (NT(L£") ™) : (LT:N) —1=0 (30)

14
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in which the superscript T denotes transposition.

However, the geometric shape of Eq. (30) on the m-plane is a circle (Fig. 4), indicating that
the shear strength remains consistent under both triaxial compression and extension tests. This
conflicts with the fact that the shear strength under triaxial compression conditions is typically
greater than that under triaxial extension conditions. To remedy this, several attempts have
been made to transform the conical failure surface of the reference hypoplastic model into a
non-conical one, including the utilization of an interpolation function (Zhang et al., 2021) and
transformed stress (TS) technique (He et al., 2023). In this paper, the TS method (Tian and
Yao, 2017) is used to introduce the Matsuoka-Nakai criterion (Matsuoka et al., 1999) into the
proposed time-dependent hypoplastic model.

According to Tian and Yao (2017), the TS method operates on the deviatoric stress by
multiplying a scalar factor while keeping the mean effective stress constant. It is assumed that
the original principal stress space (T} —T» — T3) aligns coaxially with the transformed principal

stress space (fl — Ty — fo,), and the stress states before and after transformation are as follows:

(31)

=

=]
Il

=
ey
Il
)

=b

where p and ¢ refer to the mean effective stress and deviatoric stress, respectively, 6 denotes the
Lode’s angle, and the superscript “means the stress in the transformed stress space. A mapping

rule from T to T can be formulated as

T e,

s E D)

T = 1 (32)
T, (¢=0)

where ¢. means the deviatoric stress at the triaxial compression state on the m-plane. Based

15
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on the Matsuoka-Nakai criterion, ¢. can be expressed as

21,
3v(Liy—I3) /(L1 Iy — 913) — 1

in which Iy, I, and I3 are stress invariants. Note that ¢. changes according to the failure
criterion; one can refer to (Yao and Sun, 2000; Yao et al., 2004; Lu et al., 2017, 2019; Liang et
al., 2019, 2022) for more failure criteria.

After transformation, the failure criterion of the original hypoplastic model can be updated
to a non-linear one, i.e., the failure curve on the m-plane shifts from a circle to a curved triangle,
as shown in Fig. 4. The complete formulation of the proposed constitutive model in Eq. (26)
is given in the Appendix A. For further descriptions of the TS method, please refer to the

Appendix B.

Updated

T

Original

Figure 4: Original and updated failure curves on the m-plane.

Fig. 5 compares the results of undrained triaxial compression and extension tests as predicted
by the proposed model with and without the TS method. The findings demonstrate that the
updated model (with TS method) effectively captures the variation in shear strength between

triaxial compression and extension tests. In simulations, the axial strain rate is maintained at

16
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5%/h, and the viscous parameter [ is specified as 0.003. The remaining parameters are listed

in Table 1.
15 r 150
— Original : — Original cSL
- = Updated : = = Updated M
1.0} OCR=1 100 + OCR=1 ¢
0.5 50

Triaxial compression

Triaxial extension |

Stress ratio, g/p [-]
S o
o o

Deviatoric stress, q [kPal]
o

-1.0 1 -100

§Consolidation pressure 100 kPa Consolidation pressure 100 kPa ~ o
15 1 i 1 -150 1 1 1 L
-20 -10 0 10 20 0 30 60 90 120 150
Axial strain, &, [%] Mean effective stress, p [kPa]
(2) (b)

Figure 5: Original and updated model predictions in undrained triaxial compression and extension tests: (a)
stress-strain curves; (b) stress paths.

4. Model parameters and discussions

In this section, we first summarize the model parameters and analyze their effects on model
predictions. The uniqueness of the rate dependency is then investigated by simulating triaxial
compression and oedometer tests using a single set of model parameters. Based on this, some
illustrative simulations are conducted to evaluate the model performance when dealing with

time-dependent effects, including rate dependency, stress relaxation, and creep behaviours.

4.1. Summary of model parameters

The proposed time-dependent hypoplastic model requires nine parameters, including five

basic parameters: N, \*, k*

, v;, and ¢, two viscous parameters:  and ?y, and two additional
parameters: ¢ and n. These parameters have the following physical meanings: N is the value
of In(1 4 e) at p = 1 kPa on the normal compression line of a reconstituted clay; A* is the slope

of the normal compression line in the In(1 + e) — Inp plane; £* is the slope of the unloading line

17
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in the In(1 4 e) — Inp plane; v; is the ratio of the bulk modulus in the isotropic compression
test to the shear modulus in the undrained shear test; ¢ is the critical friction angle; j is the
slope of the secondary compression curve in the In(1+¢e) — In(¢/to+ 1) plane; ¢, is the reference
time; ¢ controls the initial stiffness of the model; n controls the critical state strength.

The parameters N, \*, and k* can be determined with an isotropic normal compression test.
The parameters v; and ¢ can be obtained through a conventional triaxial compression test. The
parameter 5 can be determined by fitting the secondary compression curve in the In(1 + e) —
In(t/ty + 1) plane. The parameter ¢, is taken as to = 1 min. The parameters ¢ and n require
curve fitting. The effect of the basic parameters on the proposed model is the same as those in
the models proposed by Masin (2005) and Wang and Wu (2021). Therefore, in the following,
we mainly discuss the effect of the parameters 5 and n on the model performance through a
series of undrained triaxial simulations. The numerical sample is normally and isotropically
consolidated with a confining pressure of 400 kPa. Trial values of 5 and axial strain rates are

used, while other parameters are listed in Table 1.

Table 1: Material parameters for model predictions

Parameters N A* K* v w/° ¢ n to/min

Value 1.8 0.15 0.02 0.2 32 0.5 1 1

Fig. 6(a) illustrates undrained triaxial predictions of stress-strain curves with various § at
a specified axial strain rate of 5%/h. The result shows that an increase in [ will give rise to
a decrease in the deviatoric stress. As a result, the stress path will slightly move downward

under the same mean effective stress, as shown in Fig. 6(b).

18
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Figure 6: Model performance with different 8 in undrained tests: (a) stress-strain curves; (b) stress paths;
(c) stress relaxation; (d) creep.

Furthermore, the proposed model can also describe the stress relaxation and creep be-
haviours of clays. Specifically, stress relaxation can be simulated by setting the strain rate to
zero through T = f,£:(0 — D), while creep corresponds to 0 = f,£:(0 — D"*). Shown in
Figs. 6(c) and (d) are the predicted stress relaxation and undrained creep behaviours. Obvi-
ously, with the increase of 3, the stress relaxation and creep become more and more pronounced.

The stress relaxation simulation begins at an axial strain of 8.3% with an initial constant strain

rate of 5% /h. During the creep simulation, the creep load is controlled at 200 kPa.
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Figure 7: Model performance with different n in undrained triaxial compression and extension tests: (a)
stress-strain curves; (b) stress paths.

Fig. 7 shows the effect of the parameter n on the model performance. It can be observed
that n mainly controls the critical state strength of the model. Specifically, an increase in n will
give rise to an increase in the critical state strength of the model in both triaxial compression
and tension tests. This improvement substantially enhances the applicability of the model,
enabling a better description of the strength characteristics of various clays.

It should be noted that the proposed viscous strain rate D)% (Eq. (23)) is similar to the
viscous strain rate D,;s proposed by Niemunis (2003) but with different physical meanings and
parameter values. In Eq. (2), D,;s is given empirically and depends on the reference creep
rate D, and viscosity index I,. Generally, D, is taken as 107%/s and I, ranges from 0.02 to
0.06 (Gudehus, 2004), which seriously limits the applicability of the model. In the proposed

new

model, the viscous strain rate D};." is derived from the isotach concept, with all parameters

determined from experiments, resulting in a more theoretical expression.
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s 4.2. Uniqueness of rate dependency

—
IS

315 In this section, we aim to verify the uniqueness of rate dependency within the proposed
s model, i.e., to examine whether the rate effect in oedometer tests is the same as that in triaxial
a7 tests. According to Yin et al. (2011, 2015), under oedometric conditions, the relationship
s1is between the strain rate and the preconsolidation pressure in the double logarithmic plane can

s19 be defined as

D _ (Peya Dy _ (Peya
T &

20 where D and D" denote the current and reference axial strain rates, respectively. D, and
s D7 refer to the current and reference volumetric strain rates, respectively. p. and p/ are the
2 preconsolidation pressures corresponding to D(or D,) and D,.(or D), respectively. « is a
2 rate-dependent coefficient representing the slope of Eq. (34) in the double logarithmic plane.

324 Under undrained triaxial conditions, the relationship between the strain rate and the undrained
»s peak strength in the double logarithmic plane can be defined as

2 - Apeak \ a & _ Qpeak \ o
e - SIC )

T r
qpeak: qpeak

26 where Dy and D), are the current and reference deviatoric strain rates, respectively. @peqr and
27 (p.qr, are the undrained peak strengths corresponding to D(or Dy) and D, (or Dj), respectively.
308 In the present work, for oedometer and undrained triaxial tests, the preconsolidation pres-
2o sure or undrained peak strength was normalized by its value at an axial strain rate of 0.5%/h.
;0 Then, these normalized values were plotted together versus the axial strain rate, as shown in
a1 Fig. 8. The result shows that there is a linear relationship between the normalized preconsol-
3 idaiton pressure (or undrained peak strength) and the axial strain rate, indicating a consistent
;3 rate effect under both undrained triaxial and oedometric conditions. That is, we can model
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;4 conventional triaxial and oedometer tests with a single set of parameters.
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Figure 8: Normalized preconsolidation pressure and undrained peak strength versus axial strain rate.

335 Fig. 9 shows the predicted stress-strain curves and stress paths at different axial strain rates
16 with 8 = 0.003 in undrained triaxial tests. The result demonstrates that a faster loading rate
;7 leads to a higher shear strength. In addition, the stress paths are also referred to as isotach,

1s  and their positions are determined by the strain rate.
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Figure 9: Model performance with different axial strain rates in undrained triaxial compression and
extension tests: (a) stress-strain curves; (b) stress paths.
339 Figs. 10(a) and (b) depict oedometer predictions of normal compression lines at different

s axial strain rates with S = 0.003 and S = 0.03, respectively. The result indicates that the
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s magnitude of the rate effect in the proposed model is governed by the parameter (3; specifically,

w2 a greater [ leads to a more pronounced rate effect.
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Figure 10: Model performance with different axial strain rates in oedometer tests: (a) 8 = 0.003; (b) 5 =
0.03.

5. Experimental validation

In this section, we will evaluate the proposed model by comparing model predictions to
experimental results under different loading conditions. These tests can be divided into four
groups, including constant strain rate tests on normally and overconsolidated Hong Kong marine
deposits (HKMD) (Zhu, 2000), stage-changed strain rate tests on St. Herblain clay (Yin et al.,
2010), stress relaxation tests on Estuarine clay (Kelln et al., 2008), and creep tests on HKMD.
The simulation parameters are listed in Table 2, in which the parameters N, \*, k*, and ¢ are
obtained from literature, while the parameters 3, v;, (, and n are determined through curving
fitting to gain the best match with experimental results. Note that in this paper, the basic
parameters N, \*, and x* are measured in the In(1+¢) — Inp plane, which is different from the
generally used values in the e — Inp plane. The parameter ( is only used for simulations of

overconsolidated clays since Eq. (27) is a constant for normally consolidated clays (OCR = 1).
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Table 2: Material parameters for model validation

Parameters N A K* v; ©w/° Ié] ¢ n to/min
Hong Kong marine deposits 1.2 0.12 0.015 0.2 31.6 0.003 0.5 1.3 redl
St.Herblain clay 1.8 0.15 0.007 0.2 31.1 0.008 0.5 1.2 1
Estuarine clay 1.5 0.09 0.02 0.5 29.1 0.002 0.8 1.3 1

5.1. Constant strain rate tests

To evaluate the model’s ability to capture the rate dependency of clays, we conducted a series
of undrained triaxial compression and extension simulations on HKMD at various constant axial
strain rates. For normally consolidated clays (OCR = 1), each sample was first isotropically
consolidated at an initial confining pressure of 400 kPa. Then, the samples were sheared with
three axial strain rates, i.e., 0.15, 1.5, and 15%/h, under both compression and extension states.
For overconsolidated clays with OCRs = 2, 4, and &, the preconsolidation pressures (p.) were
200, 400, and 800 kPa, respectively. These samples were isotropically consolidated at a confining
pressure of 100 kPa, then sheared at an axial strain rate of 1.5% /h.

Fig. 11 presents the measured and predicted results for normally consolidated clays. The
results show that the model can capture the shear strength and stiffness response of HKMD
under triaxial compression conditions at different axial strain rates. Note that in the triaxial
extension simulations, the parameter n is set to 2.4 for a better prediction of shear strength. It
can be seen that in the case of D = 0.15%/h, the predicted stress paths (Fig. 11(b)) for both
compression and extension states will first shift somewhat to the left before moving upwards,
rather than initially being perpendicular to the p-axis as observed in the cases of D = 1.5 and
15%/h. This is due to the fact that when the strain rate is extremely low, the clay is in a
quasi-static state at the beginning of loading, resulting in very little change in the deviatoric

stress. Overall, the predicted results are in good agreement with the experimental observations
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Figure 11: Comparison between experimental and numerical undrained triaxial tests on normally
consolidated HKMD with different axial strain rates: (a) stress-strain curves; (b) stress paths.
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Figure 12: Comparison between experimental and numerical undrained triaxial tests on overconsolidated
HKMD: (a) stress-strain curves; (b) stress paths.

Fig. 12 compares the measured and predicted results for clays with various OCRs at the

same constant axial strain rate of 1.5%/h. Since the confining pressure applied on the overcon-

solidated clays is different from that applied on the normally consolidated clays, the measured

and predicted stress paths were normalized with respect to the preconsolidation pressure p..
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Overall, the stress-strain relationship and stress paths of overconsolidated clays at a constant
strain rate can be reasonably predicted by the proposed model, although some discrepancies

are observed in the stress path for clays with OCR = 2.

5.2. Stage-changed strain rate tests

In this section, undrained triaxial compression and oedometer tests with stage-changed axial
strain rates on St. Herblain clay (Yin et al., 2010) were used for model validation. For triaxial
tests, the clay samples were first anisotropically consolidated with a stress ratio of kg = 0.9,
followed by a four-stage undrained shearing at constant strain rates varying from 0.1%-10%/h.
The oedometer tests were performed at two different constant strain rates, i.e., loaded at
D = 3.3 x 107 %! until a volumetric strain of 12%, then changed to D = 6.6 x 10~"s7!, and
finally returned to the initial axial strain rate.

Fig. 13(a) shows measured and predicted stress-strain relationships of undrained triaxial
compression tests with stage-changed strain rates. The deviatoric stress changes with varying
strain rates in experimental tests, which can be successfully captured by the proposed model.
In simulations, the model predicts a rapid drop in stress when the axial strain rate significantly
changes from 10 to 0.1%/h, e.g., at the onset of loading in the fourth stage in Fig. 13(a).
This observation indicates that the model has the potential to simulate the stress relaxation of
clays. Fig. 13(b) illustrates a comparison between model predictions and experimental results
of oedometer tests. Overall, the comparison shows that the model can reasonably predict
the oedometer compression of clays with stage-changed strain rates, although the horizontal
stress under the same void ratio is slightly overestimated. Furthermore, this set of simulations
demonstrates that the model is capable of describing the rate dependency of soft clays in both

triaxial compression and oedometer states using a single set of model parameters, as discussed
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Figure 13: Comparison between experimental and numerical stage-changed strain rate tests on St. Herblain
clay: (a) undrained triaxial compression test; (b) oedometer test.

a3 5.5, Stress relaxation tests

404 We further conducted single- and multi-staged triaxial relaxation simulations to evaluate
ws the model’s predictive ability for the stress relaxation behaviour of clays. For single-staged
ws relaxation simulations, the experimental results on HKMD from Zhu (2000) were used for

a7 validation.

Table 3: Numerical test scheduling for triaxial stress relaxation

Test No. T./kPa €a/% D/%/h OCR
CcucC1 200 7.3 0.06 1
CcucC2 400 17.1 1.5 1
CUE1 400 -9.5 -0.15 1
CUE2 200 -10.7 -1.5 1
Note: CUC (CUE) means consolidated undrained compression (extension) test.
408 In these simulations, clay samples were first sheared at constant strain rates until reaching

w0 a target axial strain. Then, the axial strain remains constant to investigate the variation of
a0 stress. Table 3 describes the test conditions in numerical simulations, where 7. means the initial
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confining pressure, ¢, is the axial strain at the onset of stress relaxation, and D denotes the
axial strain rate before stress relaxation starts.

Fig. 14 illustrates the evolution of the normalized deviatoric stress over time during tress
relaxation, where qg denotes the deviatoric stress at the beginning of stress relaxation. The
comparison between model predictions and experimental results indicates that the proposed
model can effectively predict the stress relaxation of clays in single-staged tests under triaxial
compression conditions. However, the predictions under triaxial extension conditions are not
very satisfactory. The reason can be attributed to the fact that the developed model predicts
the same initial stiffness under both triaxial compression and extension tests. Clay typically
exhibits a lower initial stiffness under triaxial extension conditions compared to compression
conditions (Sorensen et al., 2010). Consequently, at an identical axial strain rate, a slower
stress decay rate can be observed during a single-staged relaxation test under triaxial extension
conditions, resulting in higher deviatoric stress, as evidenced by samples CUC2 and CUE2 in
Fig. 14. Although the developed model can predict varying strengths under triaxial compression
and extension conditions, it fails to differentiate the predicted initial stiffnesses, as shown in
Fig. 5. Therefore, a more pronounced difference can be observed between experiments and
simulations under triaxial extension conditions. In addition, Both experiments and simulations
suggest that the decay rate of deviatoric stress is primarily influenced by the initial axial strain
rate applied to the clay. Specifically, a faster initial strain rate induces a more rapid decay
rate of stress. Furthermore, many studies (Oda and Toshiyuki, 1988; Bagheri et al., 2019) have
demonstrated that the relationship between the deviatoric stress and elapsed time during stress
relaxation is almost linear in a semi-logarithmic coordinate system. Some interested readers

can refer to Zhu (2000) for more details.
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Figure 14: Comparison between experimental and numerical single-staged relaxation tests on HKMD: (a)
triaxial compression test; (b) triaxial extension test.

Multi-staged stress relaxation tests on soft estuarine clay with different OCRs conducted
by Kelln et al. (2008) were simulated for validation. During the tests, clay samples were first
isotropically compressed to a confining pressure of 800 kPa, followed by an unloading stage until
a confining pressure of 100 kPa. Those samples were then reloaded to confining pressures of 800
and 600 kPa to prepare normally consolidated (OCR = 1) and lightly overconsolidated (OCR
= 1.33) clays. The shearing processes were divided into nine stages for normally consolidated
samples and six for overconsolidated samples. Specifically, the sample was first sheared to a
specific axial strain and then maintained at this strain to start the first-stage relaxation. After
a period of stress relaxation, the sample was reloaded with a different axial strain, which was

kept constant until the second-stage stress relaxation began, and so forth.
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Figure 15: Comparison between experimental and numerical multi-staged relaxation tests on soft estuarine
clay: (a) — (b) OCR = 1; (c) - (d) OCR = 1.3.

Fig. 15 presents the measured and predicted results, in which the blue marked points repre-
sent the phase transition points between the constant strain rate shearing and stress relaxation.
It can be seen that the proposed model successfully captures the stress-strain curves for both
normally consolidated and overconsolidated clays during stress relaxation. Nevertheless, there
are some deviations between the predicted and measured stress paths. In Fig. 15(b), the mea-
sured deviatoric stress decreases at the first stress relaxation point while the mean effective

stress remains constant. However, the predicted results show that both the deviatoric and
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mean effective stresses decrease as they should. The same predictive results can be found in
the literature (Yao et al., 2015). After the first relaxation stage, there is good agreement be-
tween the predicted and measured results. In Fig. 15(d), the predicted stress path exhibits a
slight rightward shift compared to the experimental data. This difference can be attributed to
the fast initial strain rate (0.6%/h in this case) applied to the sample at the onset of loading and
the oveconsolidation effect, leading to a rapid decrease in the nonlinear term of the hypoplastic
model. As a result, the predicted stress path will shift slightly to the right. This behaviour
can also be observed in the hypoplastic models proposed by Niemunis (2003) and Yang et al.

(2020).

5.4. Undrained creep tests

We finally evaluate the model’s ability to predict the creep behaviour of soft clays. A series
of undrained creep tests on HKMD conducted by Zhu (2000) were used for model validation.
During the test, the soil samples were first isotropically and normally consolidated at a confining

pressure of 400 kPa, then were instantly applied deviatoric stresses of 134, 289, and 234 kPa.
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Figure 16: Comparison between experimental and numerical undrained creep tests on HKMD: (a) axial
strain-time curves; (b) porewater pressure-time curves.
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Fig. 16(a) illustrates the evolution of axial strain with elapsed time during the creep process.
Notably, the model captures the accelerating creep characteristic of HKMD at higher stress
levels, where axial strain rapidly increases with the elapsed time. Fig. 16(b) compares the
measured and predicted effective porewater pressure developments during creep. The result
shows that the model can predict the evolution of porewater pressure over time at lower stress

levels while overestimating the porewater pressure at a higher stress level (243 kPa in this case).

6. Conclusions

In this paper, we proposed a visco-hypoplastic model to predict the stress-strain-time rela-
tionship of normally consolidated and overconsolidated clays under various loading conditions.
The primary advantages and limitations of the proposed model are summarized as follows:

(1) The time-dependent behaviour of clays is considered in hypoplasticity by introducing a
novel viscous strain rate derived from the isotach concept. This new viscous strain rate is then
incorporated into the total strain rate of the hypoplastic framework, allowing viscous deforma-
tion at any stress state and enabling the stress rate to vary with the actual time increment.
Furthermore, this viscous flow is directly linked to the overconsolidation ratio, providing a
reasonable description of the time effect on both normally consolidated and overconsolidated
clays.

(2) The viscous strain rate formulated in this paper resembles that proposed by Niemunis
(2003) but with enhanced physical significance. The latter is established analogously to Norton’s
power law, where a reference creep rate is used with its value empirically given rather than
experimentally determined. The newly derived viscous strain rate is mathematically formulated,
with all parameters having explicit physical meanings and obtainable through laboratory tests.

(3) The linear and nonlinear terms of the proposed model stem from the four-parameter
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hypoplastic model proposed by Wu et al. (2017). Therefore, the conical failure surface from
this model is preserved in the proposed model, ensuring consistent shear strength predictions
across triaxial compression and tension tests. In this paper, the transformed stress technique is
used to incorporate the Matsuoka-Nakai failure criterion into the proposed model. As a result,
the stress-strain-time relationship of clays under multiaxial conditions can be predicted by the
proposed model.

(4) The initial stiffness of the proposed model remains constant when predicting overconsoli-
dated clays, which conflicts with the experimental observation that the initial stiffness increases
with increasing the overconsolidation ratio (OCR). This limitation is addressed by introducing
a new scalar stiffness function into the proposed model. This function can reproduce the vari-
ation in initial stiffness for clays when OCR changes without affecting the peak strength and
critical state.

(5) Natural soft clays usually possess internal structures and inherent anisotropy. However,
these features are not considered in the proposed model. As a result, the proposed model cannot
predict the time-dependent behaviour of clays related to structural degradation and strength

anisotropy.
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Appendix A.

The proposed visco-hypoplastic model is formulated as

T = f,£:(D — D) (A1)

V1S

where D" means the new viscous strain rate tensor:

V1S

V1S

prev = 510 (A2)
to

in which a = (A* — k*)/f and R = 1/OCR. B denotes the flow rule of the hypoplastic model:

D -1
B D] L N (A.3)
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23 in which the fourth-order tensor £ and the second-order tensors IN are expressed as

T®T
L = (T + fTRI+a = (A4a)
tr'T

N = fua(T+TY (A.4Db)

s2« ' The functions f,, f,, and f, are defined as

20 3 1 B : D|
fs:_—7 fv:_vi__<3+@2_\/§a)> fu:— <A5)
Bui\* 2" 3 B [[D]
s in which 9, is a stiffness multiplier:
5 — exp[¢In(OCR)] (A.6)
(1+72)

s2 where ( is a material parameter controlling the initial stiffness of the overconsolidated sample.
s»  The stress ratio ry = ||T"|| /tr'T.

The strength parameter a is expressed as

B \/3(3 — singp)
a= W (A.7)

28 where ( is the critical friction angle.

The overconsolidation ratio OCR is defined as

OCR = pe/pe+ (AS)
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541

There are nine parameters for the proposed model, including five basic parameters: N, \*,

K*, v;, and ¢, two viscous parameters:  and ¢y, and two additional parameters: ¢ and n.

Appendix B.

The expressions of several generally used failure criteria in the transformed stress method
are given subsequently. According to Tian and Yao (2017), A mapping from the original stress

tensor T to the transformed stress tensor T can be written as follows:

tr'T -
T = q (B.1)
T, (¢=0)

where ¢ is the deviatoric stress, and ¢. means the deviatoric stress under the triaxial compression
condition on the 7-plane.
Based on the Matsuoka-Nakai (SMP) criterion (Matsuoka et al., 1999), g. can be expressed

as
21
3v/(Iila — I3) /(I Iy — 913) — 1

Based on Lade’s criterion (Yao and Sun, 2000), g. can be expressed as

-1
1 914 1 914
=L(1- /55 cos| 5 _ 2 B,

Based on the unified failure criterion (Yao et al., 2004), g. can be expressed as

2(1 — (U)]l

qc = W L* - 31+
3\/(11[2 —I3)/(I1 I, — 913) — 1

(B.4)
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s« in which Iy, I5, and I3 are stress invariants.:

I =T, I=05T:T— ()%, I5=detT (B.5)

ss3. where detT means the determinant of T. w is a weighting factor ranging from 0 to 1.

544 As shown in Fig. B.17, when w = 0, the failure curve on the m-plane is a circle, corresponding
sss  to the Drucker-Prager (DP) failure criterion (Drucker and Prager, 1952); when w = 1, the failure
sa6 curve on the m-plane is a curved triangle, corresponding to the SMP criterion; when 0 < w < 1,

a7 the failure curve on the 7-plane changes smoothly from the DP criterion to the SMP criterion.

Ty

T, T3

() (b)

Figure B.17: Failure surfaces of the hypoplastic model: (a) original; (b) after transformation.
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