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This paper develops a new time-dependent hypoplastic model for normally consolidated11

and overconsolidated clays. A novel viscous strain rate formulation is derived from the isotach12

concept and incorporated into the total strain rate of the hypoplastic framework, allowing for13

viscous deformation at the onset of loading. The hypoplastic flow rule is defined for the direction14

of the viscous strain rate and its intensity directly linked to the overconsolidation ratio (OCR)15

and secondary compression coefficient. The Matsuoka-Nakai criterion is further introduced16

into the strength parameter through the transformed stress technique, enabling the model to17

describe the stress-strain-time behaviour of clays in general stress space. In addition, a new18

scalar function is proposed and implemented into the model to consider the OCR effect on the19

initial stiffness. The model predictive ability is finally examined by simulating laboratory tests20

on three different clays with various OCRs and stress paths, demonstrating that the model21

can capture the rate dependency, stress relaxation, and creep behaviours for both normally22

consolidated and overconsolidated clays under various loading conditions.23
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1. Introduction25

Time-dependent behaviours of clays are often observed in geotechnical investigations, en-26

compassing phenomena such as strain rate dependency, stress relaxation, and creep upon load-27

ing (Lai et al., 2014; Acikel et al., 2018; Bagheri et al., 2019; Wang et al., 2024). Over the past28

few decades, numerous experimental and numerical studies have been conducted to study the29

time-dependent behaviour of clays (Karstunen and Yin, 2010; Yin et al., 2017), and remarkable30

achievements have been made. In engineering practices, many geostructures like embankments,31

retaining walls, and slopes are sensitive to the time-dependent behaviour of clays (Bjerrum,32

1967). Therefore, reliable predictions of the time-dependent behaviour of clays and the long-33

term performance of constructions are of great significance. Developing a simple and suitable34

time-dependent constitutive model for clays remains challenging.35

The most prevalent time-dependent constitutive models for clays are elastoviscoplastic36

(EVP) models that developed within the framework of elastoplasticity (Yin and Graham, 1999;37

Yin et al., 2002; Karim and Gnanendran, 2014). Among them, the overstress theory (Perzyna,38

1963) and isotach concept (Šuklje, 1957) are frequently used. The overstress EVP model intro-39

duces a viscous scalar multiplier to represent the viscous strain increment, which depends on40

the distance between the static yield surface and the current loading surface. Early overstress41

EVP models (Adachi and Oka, 1982) employed the yield function of the cam-clay model to42

describe the static yield surface and the current loading surface. As a result, these models can43

not describe the tertiary creep and the time-dependent behaviour of heavily overconsolidated44

clays (Yao et al., 2015). To remedy this, Yin et al. (2002) proposed a new creep function and45

redefined the current loading surface, enabling those EVP models to encompass heavily over-46

consolidated clays. In addition, some approaches assume that no purely elastic region exists in47
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clays and use a mapping rule to calculate the viscoplastic strain under an arbitrary state (Kut-48

ter and Sathialingam, 1992). The isotach concept was first introduced by Šuklje (1957), where49

clay compressibility relies on the viscoplastic strain rate. Leroueil et al. (1985) later refined this50

concept and suggested a unique relationship between the viscoplastic strain rate and the current51

stress level in both one-dimensional and isotropic compression tests. Many isotach EVP models52

have since been developed (Freitas et al., 2011; Cheng and Yin, 2024; Wang and Cui, 2024;53

Zhao et al., 2024), clearly describing the stress-strain-time relationship of clays under various54

loading conditions. Despite these advancements, isotach models face challenges in accurately55

predicting creep and stress relaxation behaviours of heavily overconsolidated clays (Yang et56

al., 2016). In addition, as pointed out by Yuan and Whittle (2021), isotach models with the57

stress state and void ratio from laboratory tests notably overestimate the creep rate of normally58

consolidated clays under field conditions.59

As an alternative to the prevailing EVP models, the hypoplastic constitutive model has60

rapidly developed over the past thirty years (Liao and Yang, 2021; Qian et al., 2023, 2024; Liao61

et al., 2024; Wang and Wu, 2024; Zhu et al., 2024). Its primary advantage involves avoiding de-62

composing strains into elastic and plastic parts, resulting in extremely simple formulations (Wu63

et al., 2017). The hypoplastic model was initially conceived for sand (Wu and Bauer, 1994)64

and subsequently developed for clays (Wang and Wu, 2021). Some salient features of natural65

clays, including inherent anisotropy, overconsolidation, and structure degradation, can be well66

predicted by the recently proposed hypoplastic models (Maš́ın, 2007; He et al., 2022, 2023).67

However, when it comes to modelling the time-dependent behaviour of clays, the hypoplastic68

approach appears to encounter challenges. In general, two approaches are employed within69

hypoplasticity to describe the time-dependent behaviour of soils. The first method involves di-70

viding the stress tensor into inviscid and viscous parts, such as the models proposed by Xu et al.71
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(2016) and Wang et al. (2018). These models require an accelerated strain rate to simulate the72

viscous behaviour, allowing them to successfully capture the primary, secondary, and tertiary73

creep of soils. However, the incorporation of the accelerated strain rate makes the hypoplastic74

framework more complex, limiting its numerical applications. The second approach aims to75

decompose the strain rate into elastic and viscous parts, known as the visco-hypoplastic (VHP)76

model (Niemunis, 2003; Gudehus, 2004). The foundational framework of the VHP model was77

first proposed by Niemunis (2003), assuming that the viscous strain rate is a function of the78

Cauchy stress tensor and the void ratio. Upon loading, the viscous strain rate aligns with the79

direction of the hypoplastic flow rule. The basic VHP model can reproduce the time-dependent80

behaviour of normally and slightly overconsolidated clays, including rate dependency, stress81

relaxation, and the primary and secondary creep phases of clays (Fuentes et al., 2018). Never-82

theless, it faces challenges in accurately predicting the tertiary creep phase of clays. In addition,83

the viscous strain rate in the VHP model is controlled by a reference strain rate, which is em-84

pirically given rather than experimentally determined. Recent advances have also incorporated85

strength anisotropy and structure effects (Fuentes and Lizcano, 2010) into the VHP model. For86

instance, Niemunis et al. (2009) introduced an anisotropic preconsolidation surface to describe87

anisotropic behaviours, while Jerman and Maš́ın (2020) rotated the asymptotic state boundary88

surface to an anisotropic shape using a second-order symmetric tensor. Despite these enhance-89

ments, further refinement is essential in refining the foundational assumption concerning the90

viscous strain rate within the VHP model.91

This paper develops a new time-dependent hypoplastic model for clays based on the general92

VHP framework proposed by Niemunis (2003). A novel viscous strain rate is first mathemati-93

cally derived from the isotach concept and employed in the hypoplastic framework to account94

for viscous behaviours. Compared to the viscous strain rate proposed by Niemunis (2003), the95
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newly proposed one shows enhanced physical significance while maintaining simplicity. More-96

over, a transformed stress technique is used to incorporate the Matsuoka-Nakai failure crite-97

rion (Matsuoka, 1974) into the proposed model. As a result, the stress-strain-time relationship98

of clays can be predicted under multiaxial conditions. Additionally, a stiffness function is in-99

cluded in the proposed model to consider the effect of overconsolidation on the initial stiffness.100

The proposed model requires nine parameters, including five basic parameters, two viscous101

parameters, and two additional parameters. It can reasonably describe the rate dependency,102

stress relaxation, and creep behaviours of normally consolidated and overconsolidated clays103

under different loading conditions.104

2. Basic hypoplastic equations105

In this paper, second-order tensors are denoted with bold letters (e.g., T, D) and fourth-106

order tensors with calligraphic bold letters (e.g., L). The tensor operations are: A·B = AikBkj,107

A:B = AijBij, A⊗B = AijBkl, and L:D = LijklAkl. The quantity ∥A∥ =
√
A:A denotes the108

Euclidean norm of A. trA = Aii refers the trace of A, and A∗ = A-I(trA)/3 signifies the109

deviatoric part of A. The unit tensors of the second and fourth orders are I (Iij = δij) and I110

(Iijkl = 1/2(δikδjl + δilδjk) ), respectively.111

2.1. General framework112

Let us first consider the following general framework for the visco-hypoplastic model pro-113

posed by Niemunis (2003):114

T̊ = L:(D−Dvis) (1)
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where L represents a fourth-order tensor analogous to the elastic stiffness matrix. D and Dvis115

refer to the strain rate and viscous strain rate tensors, respectively. Dvis is a function of the116

Cauchy stress tensor and the void ratio:117

Dvis = Dr(
1

OCR
)−1/IvB (2)

where Dr and Iv denote the reference creep rate and viscosity index, respectively. OCR means118

the overconsolidation ratio. The second-order tensor B denotes the flow rule of the hypoplastic119

model (Wu and Kolymbas, 2000), defined as120

B =
D

∥D∥
= −L−1:N (3)

where N is a second-order tensor function representing the nonlinear term of the hypoplastic121

model.122

The Jaumann stress rate T̊ is defined as123

T̊ = Ṫ+TW−WT (4)

where T and Ṫ are the Cauchy stress tensor and its time derivative, respectively. W is the124

spin tensor.125

The strain rate and spin tensors are126

D = [∇v+ (∇v)T]/2, W = [∇v− (∇v)T]/2 (5)

where v denotes the velocity. ∇ and T are gradient and transposition operators, respectively.127
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2.2. Reference model128

To describe the mechanical behaviour of overconsolidated clays, Wang and Wu (2021) pro-129

posed the following hypoplastic model:130

T̊ = fs

[
(trŤ)D+ fv(trD)Ť+ a2

tr(ŤD)

trŤ
Ť+ afu(T̂+ T̂

∗
)∥D∥

]
(6)

where Ť = T+S and T̂ = T−S are adopted for simplicity. S is a structure tensor representing131

the overconsolidation:132

S = αln(
1

R
)T (7)

where α is a model parameter, and R = 1/OCR is a stress ratio indicating the degree of133

overconsolidation. The multipliers fs and fv are state-dependent functions that control the134

initial stiffness and the volumetric variation of the model, respectively. Which can be expressed135

as136

fs = − 2

3viλ
, fv =

3

2
vi −

1

3
(3 + a2 −

√
3a) (8)

in which vi and λ are model parameters. The strength parameter a can be obtained through137

a =

√
3(3− sinφ)

2
√
2sinφ

(9)

where φ is the critical friction angle.138

The multiplier fu is used to improve the undrained stress path prediction, defined as139

fu =
|B:D|

∥B∥ ∥D∥
(10)

The above hypoplastic model requires only five parameters and can effectively capture the140
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mechanical behaviour of normally consolidated and overconsolidated clays under different load-141

ing conditions.142

3. Visco-hypoplastic model143

3.1. Viscous strain rate144

Several VHP models (Niemunis et al., 2009; Fuentes and Lizcano, 2010; Fuentes et al., 2018)145

have been developed based on the viscous strain rate formulated in Eq. (2). These models offer146

advantages such as fewer model parameters and easy numerical implementation. However, the147

viscous strain rate in Eq. (2) was assumed empirically, and there is no basis for the determination148

of Dr. In this section, a novel viscous strain rate for hypoplasticity is proposed based on the149

isotach concept.150

When considering the stress-strain-time behaviour of clays, it is commonly assumed that the151

time-dependent deformation of clays can be categorized into primary compression and secondary152

compression (Bjerrum, 1967). The former is induced by an instant volume strain, accompanied153

by the dissipation of excessive pore pressure. The secondary compression is caused by a delayed154

volume strain, involving the phenomenon of creep under constant effective pressure, as shown155

in Fig. 1.156

Figure 1: Isotropic compression lines of clays at different times.
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Fig. 2 illustrates the compression behaviour of clays in the double logarithmic plane ln(1 +157

e) – lnt. It can be seen that the deformation stage before the inflection point B corresponds to158

the primary compression, followed by the secondary compression stage BC, which manifests as159

an almost linear trend and can be mathematically represented by a logarithmic function:160

ln(1 + e) = ei − C∗
αeln(t/t0) (11)

in which ei is the initial void ratio, C∗
αe represents the coefficient of secondary consolidation in161

the ln(1 + e) – lnt plane, t denotes the creep time, and t0 means the reference time. However,162

Eq. (11) can not consider the case when t = 0. According to Yao et al. (2015), an updated163

expression of Eq. (11) is given as164

ln(1 + e) = ei − βln(t/t0 + 1) (12)

where β is a new viscous parameter, representing the slope of the secondary compression line165

in the ln(1 + e) – ln(t/t0 + 1) plane. In this study, t0 = 1 min is adopted for convenience (Yao166

et al., 2015).167

Figure 2: The compression behaviour of clays in the ln(1+e) – lnt plane.
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Differentiating Eq. (12), the increment of the viscous volumetric strain dεvis can be obtained:168

dεvis = β
dt

t+ t0
(13)

where dt is the increment of the real time. The viscous volumetric strain rate can consequently169

be determined as:170

Dvis = β
1

t+ t0
(14)

As shown in Fig. 1, the normal compression line (NCL) corresponds to the case ta = 0. As171

a result, the variation in void ratio along the creep path AC can be expressed as172

∆e|AC = −βln(t/t0 + 1) (15)

Furthermore, in the case of a normally consolidated clay, the current state point is located173

on the NCL, as shown in Fig. (1). In other words, the NCL can be regarded as a reference line174

to calculate the overconsolidation degree of clays. Based on this, the variation in void ratio175

along the loading-unloading path ADC can be expressed as176

∆e|ADC = −(λ∗ − κ∗)ln(pD/pA) = −(λ∗ − κ∗)lnOCR (16)

where pD and pA represent the mean effective stresses at points D and C, respectively, i.e., the177

preconsolidation stress and the current effective stress at point C. λ∗ and κ∗ are slopes of the178

normal compression and the unloading lines in the ln(1 + e) – lnp plane, respectively.179

In the hypoplastic framework, the overconsolidation ratio in general states (Niemunis, 2003;180
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Wang and Wu, 2021) can be defined as181

OCR = pe/p
+
e (17)

in which the Hvorslev equivalent pressure pe is given as follows:182

pe = exp
[N − ln(1 + e)

λ∗

]
(18)

To define the preconsolidation pressure p+e , we use the following yield equation:183

f =
1

n

q(n+1)

M (n+1)pn
+ p− p+e = 0 (19)

Therefore, we can obtain:184

p+e = p
[
1 +

1

n

( q

Mp

)(n+1)
]

(20)

where q and p are effective deviatoric stress and mean stress, respectively. M is defined as M =185

6sinφ/(3 − sinφ), representing the slope of the critical state line. n is a parameter controlling186

the shape of the yield surface. Note that when n = 1, the yield equation in Eq. (20) evolves187

into the modified cam-clay (MCC) yield equation. The effect of n on the model performance188

will be discussed in Section 4.1.189

Moreover, the changes in void ratios ∆e|AC and ∆e|ADC are identical. As a result, we can190

obtain the following equation by combing Eqs. (15), (16), and (17):191

t = t0(R
−α − 1) (21)

where α = (λ∗ − κ∗)/β and R = 1/OCR.192
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Substituting Eq. (21) into Eq. (14), the volumetric strain rate becomes193

Dvis = β
Rα

t0
(22)

The hypoplastic flow rule B is adopted as the direction of the viscous strain. As a result, a194

new viscous strain rate tensor is defined as195

Dnew
vis = β

Rα

t0
B (23)

3.2. Linear and nonlinear terms196

According to Wu and Kolymbas (2000), the hypoplastic framework can be expressed by a197

linear term L and a nonlinear term N as198

T̊ = fs

[
L:D+N∥D∥

]
(24)

Based on Eq. (24) and using the reference model formulated in Eq. (6), new terms for the199

time-dependent hypoplastic model can be expressed as200

L = (trT)I + fvT⊗ I+ a2
T⊗T

trT
(25a)

N = fua(T+T∗) (25b)

Note that the reference model considers the overconsolidation by introducing a structure201

tensor S into the Cauchy stress tensor T (Ť = T + S). However, the overconsolidation in the202

viscous hypoplastic framework is considered via the viscous strain rate tensor Dnew
vis . Therefore,203

the structure tensor S should be removed from the Cauchy stress tensor, as shown in Eq. (25).204
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Substituting Eqs. (3), (23), and (25) into Eq. (1), a new time-dependent hypoplastic equa-205

tion can be recast as206

T̊ = fsL:(D−Dnew
vis ) (26)

The functions fs, fv, fu, and the strength parameter a remain consistent with the reference207

model.208

3.3. Initial stiffness209

The developed time-dependent hypoplastic model formulated in Eq. (26) can effectively210

predict the initial stiffness and critical state for normally consolidated clays. However, when211

dealing with overconsolidated clays, particularly heavily overconsolidated ones, it has been212

found that the initial stiffness remains constant despite increasing OCR values, as illustrated213

in Fig. 3(a). This observation conflicts with experimental findings where the initial stiffness214

generally increases with increasing OCR values (Han et al., 2021). To remedy this shortcoming,215

further improvements are required.216
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Figure 3: Model predictions for overconsolidated clays in undrained triaxial compression tests: (a) without
δs; (b) with δs.

The hypoplastic framework presumes that the stress rate is a function of the stress and217
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strain rate. Based on this assumption, the initial stiffness of the model can be altered by218

multiplying a scalar factor on the entire hypoplastic model without changing the critical state,219

as the stress rate equals zero at the critical state. According to Wu and Kolymbas (2000), the220

following stiffness function considering OCR variation is proposed:221

δs =
exp[ζln(OCR)]

(1 + r2s)
(27)

where ζ is a material parameter controlling the initial stiffness of the overconsolidated sample.222

The stress ratio rs = ∥T∗∥/trT. Therefore, the stiffness function fs becomes:223

fs = − 2δs
3viλ∗ (28)

Fig. 3(b) shows the updated predictions for clays with different OCRs in undrained com-224

pression tests. The result demonstrates that the initial stiffness varies with OCR values upon225

implementing the stiffness function δs, whereas the peak strength and critical state remain226

unchanged.227

3.4. Failure surface228

By making use of the definition of the norm ∥D∥ (D:D/∥D∥2=1), the failure surface of the229

proposed model can be revealed as230

f(T) = B:B− 1 = 0 (29)

Substituting Eq. (3) into Eq. (29) yields the following explicit failure surface231

f(T) =
(
NT:(LT)−1

)
:
(
L−1:N

)
− 1 = 0 (30)
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in which the superscript T denotes transposition.232

However, the geometric shape of Eq. (30) on the π-plane is a circle (Fig. 4), indicating that233

the shear strength remains consistent under both triaxial compression and extension tests. This234

conflicts with the fact that the shear strength under triaxial compression conditions is typically235

greater than that under triaxial extension conditions. To remedy this, several attempts have236

been made to transform the conical failure surface of the reference hypoplastic model into a237

non-conical one, including the utilization of an interpolation function (Zhang et al., 2021) and238

transformed stress (TS) technique (He et al., 2023). In this paper, the TS method (Tian and239

Yao, 2017) is used to introduce the Matsuoka-Nakai criterion (Matsuoka et al., 1999) into the240

proposed time-dependent hypoplastic model.241

According to Tian and Yao (2017), the TS method operates on the deviatoric stress by242

multiplying a scalar factor while keeping the mean effective stress constant. It is assumed that243

the original principal stress space (T1−T2−T3) aligns coaxially with the transformed principal244

stress space (T̃1 − T̃2 − T̃3), and the stress states before and after transformation are as follows:245

p̃ = p, q̃ = q, θ̃ = θ (31)

where p and q refer to the mean effective stress and deviatoric stress, respectively, θ denotes the246

Lode’s angle, and the superscript˜means the stress in the transformed stress space. A mapping247

rule from T to T̃ can be formulated as248

T̃ =


trT

3
I+

qc
q
T∗, (q ̸= 0)

T, (q = 0)

(32)

where qc means the deviatoric stress at the triaxial compression state on the π-plane. Based249
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on the Matsuoka-Nakai criterion, qc can be expressed as250

qc =
2I1

3
√

(I1I2 − I3)/(I1I2 − 9I3)− 1
(33)

in which I1, I2, and I3 are stress invariants. Note that qc changes according to the failure251

criterion; one can refer to (Yao and Sun, 2000; Yao et al., 2004; Lu et al., 2017, 2019; Liang et252

al., 2019, 2022) for more failure criteria.253

After transformation, the failure criterion of the original hypoplastic model can be updated254

to a non-linear one, i.e., the failure curve on the π-plane shifts from a circle to a curved triangle,255

as shown in Fig. 4. The complete formulation of the proposed constitutive model in Eq. (26)256

is given in the Appendix A. For further descriptions of the TS method, please refer to the257

Appendix B.258

T1

T2 T3

Updated

Original

Figure 4: Original and updated failure curves on the π-plane.

Fig. 5 compares the results of undrained triaxial compression and extension tests as predicted259

by the proposed model with and without the TS method. The findings demonstrate that the260

updated model (with TS method) effectively captures the variation in shear strength between261

triaxial compression and extension tests. In simulations, the axial strain rate is maintained at262
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5%/h, and the viscous parameter β is specified as 0.003. The remaining parameters are listed263

in Table 1.264
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Figure 5: Original and updated model predictions in undrained triaxial compression and extension tests: (a)
stress-strain curves; (b) stress paths.

4. Model parameters and discussions265

In this section, we first summarize the model parameters and analyze their effects on model266

predictions. The uniqueness of the rate dependency is then investigated by simulating triaxial267

compression and oedometer tests using a single set of model parameters. Based on this, some268

illustrative simulations are conducted to evaluate the model performance when dealing with269

time-dependent effects, including rate dependency, stress relaxation, and creep behaviours.270

4.1. Summary of model parameters271

The proposed time-dependent hypoplastic model requires nine parameters, including five272

basic parameters: N , λ∗, κ∗, vi, and φ, two viscous parameters: β and t0, and two additional273

parameters: ζ and n. These parameters have the following physical meanings: N is the value274

of ln(1 + e) at p = 1 kPa on the normal compression line of a reconstituted clay; λ∗ is the slope275

of the normal compression line in the ln(1 + e) – lnp plane; κ∗ is the slope of the unloading line276
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in the ln(1 + e) – lnp plane; vi is the ratio of the bulk modulus in the isotropic compression277

test to the shear modulus in the undrained shear test; φ is the critical friction angle; β is the278

slope of the secondary compression curve in the ln(1+ e) – ln(t/t0+1) plane; t0 is the reference279

time; ζ controls the initial stiffness of the model; n controls the critical state strength.280

The parameters N , λ∗, and κ∗ can be determined with an isotropic normal compression test.281

The parameters vi and φ can be obtained through a conventional triaxial compression test. The282

parameter β can be determined by fitting the secondary compression curve in the ln(1 + e) –283

ln(t/t0 + 1) plane. The parameter t0 is taken as t0 = 1 min. The parameters ζ and n require284

curve fitting. The effect of the basic parameters on the proposed model is the same as those in285

the models proposed by Maš́ın (2005) and Wang and Wu (2021). Therefore, in the following,286

we mainly discuss the effect of the parameters β and n on the model performance through a287

series of undrained triaxial simulations. The numerical sample is normally and isotropically288

consolidated with a confining pressure of 400 kPa. Trial values of β and axial strain rates are289

used, while other parameters are listed in Table 1.290

Table 1: Material parameters for model predictions

Parameters N λ∗ κ∗ vi φ/◦ ζ n t0/min

Value 1.8 0.15 0.02 0.2 32 0.5 1 1

Fig. 6(a) illustrates undrained triaxial predictions of stress-strain curves with various β at291

a specified axial strain rate of 5%/h. The result shows that an increase in β will give rise to292

a decrease in the deviatoric stress. As a result, the stress path will slightly move downward293

under the same mean effective stress, as shown in Fig. 6(b).294
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Figure 6: Model performance with different β in undrained tests: (a) stress-strain curves; (b) stress paths;
(c) stress relaxation; (d) creep.

Furthermore, the proposed model can also describe the stress relaxation and creep be-295

haviours of clays. Specifically, stress relaxation can be simulated by setting the strain rate to296

zero through T̊ = fsL:(0−Dnew
vis ), while creep corresponds to 0 = fsL:(0−Dnew

vis ). Shown in297

Figs. 6(c) and (d) are the predicted stress relaxation and undrained creep behaviours. Obvi-298

ously, with the increase of β, the stress relaxation and creep become more and more pronounced.299

The stress relaxation simulation begins at an axial strain of 8.3% with an initial constant strain300

rate of 5%/h. During the creep simulation, the creep load is controlled at 200 kPa.301
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Figure 7: Model performance with different n in undrained triaxial compression and extension tests: (a)
stress-strain curves; (b) stress paths.

Fig. 7 shows the effect of the parameter n on the model performance. It can be observed302

that n mainly controls the critical state strength of the model. Specifically, an increase in n will303

give rise to an increase in the critical state strength of the model in both triaxial compression304

and tension tests. This improvement substantially enhances the applicability of the model,305

enabling a better description of the strength characteristics of various clays.306

It should be noted that the proposed viscous strain rate Dnew
vis (Eq. (23)) is similar to the307

viscous strain rate Dvis proposed by Niemunis (2003) but with different physical meanings and308

parameter values. In Eq. (2), Dvis is given empirically and depends on the reference creep309

rate Dr and viscosity index Iv. Generally, Dr is taken as 10−6/s and Iv ranges from 0.02 to310

0.06 (Gudehus, 2004), which seriously limits the applicability of the model. In the proposed311

model, the viscous strain rate Dnew
vis is derived from the isotach concept, with all parameters312

determined from experiments, resulting in a more theoretical expression.313
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4.2. Uniqueness of rate dependency314

In this section, we aim to verify the uniqueness of rate dependency within the proposed315

model, i.e., to examine whether the rate effect in oedometer tests is the same as that in triaxial316

tests. According to Yin et al. (2011, 2015), under oedometric conditions, the relationship317

between the strain rate and the preconsolidation pressure in the double logarithmic plane can318

be defined as319

D

Dr
=
(pc
prc

)α
or

Dv

Dr
v

=
(pc
prc

)α
(34)

where D and Dr denote the current and reference axial strain rates, respectively. Dv and320

Dr
v refer to the current and reference volumetric strain rates, respectively. pc and prc are the321

preconsolidation pressures corresponding to D(or Dv) and Dr(or Dr
v), respectively. α is a322

rate-dependent coefficient representing the slope of Eq. (34) in the double logarithmic plane.323

Under undrained triaxial conditions, the relationship between the strain rate and the undrained324

peak strength in the double logarithmic plane can be defined as325

D

Dr
=
(qpeak
qrpeak

)α
or

Dd

Dr
d

=
(qpeak
qrpeak

)α
(35)

where Dd and Dr
d are the current and reference deviatoric strain rates, respectively. qpeak and326

qrpeak are the undrained peak strengths corresponding to D(or Dd) and Dr(or D
r
d), respectively.327

In the present work, for oedometer and undrained triaxial tests, the preconsolidation pres-328

sure or undrained peak strength was normalized by its value at an axial strain rate of 0.5%/h.329

Then, these normalized values were plotted together versus the axial strain rate, as shown in330

Fig. 8. The result shows that there is a linear relationship between the normalized preconsol-331

idaiton pressure (or undrained peak strength) and the axial strain rate, indicating a consistent332

rate effect under both undrained triaxial and oedometric conditions. That is, we can model333
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conventional triaxial and oedometer tests with a single set of parameters.334
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Figure 8: Normalized preconsolidation pressure and undrained peak strength versus axial strain rate.

Fig. 9 shows the predicted stress-strain curves and stress paths at different axial strain rates335

with β = 0.003 in undrained triaxial tests. The result demonstrates that a faster loading rate336

leads to a higher shear strength. In addition, the stress paths are also referred to as isotach,337

and their positions are determined by the strain rate.338
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Figure 9: Model performance with different axial strain rates in undrained triaxial compression and
extension tests: (a) stress-strain curves; (b) stress paths.

Figs. 10(a) and (b) depict oedometer predictions of normal compression lines at different339

axial strain rates with β = 0.003 and β = 0.03, respectively. The result indicates that the340
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magnitude of the rate effect in the proposed model is governed by the parameter β; specifically,341

a greater β leads to a more pronounced rate effect.342
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Figure 10: Model performance with different axial strain rates in oedometer tests: (a) β = 0.003; (b) β =
0.03.

5. Experimental validation343

In this section, we will evaluate the proposed model by comparing model predictions to344

experimental results under different loading conditions. These tests can be divided into four345

groups, including constant strain rate tests on normally and overconsolidated Hong Kong marine346

deposits (HKMD) (Zhu, 2000), stage-changed strain rate tests on St. Herblain clay (Yin et al.,347

2010), stress relaxation tests on Estuarine clay (Kelln et al., 2008), and creep tests on HKMD.348

The simulation parameters are listed in Table 2, in which the parameters N , λ∗, κ∗, and φ are349

obtained from literature, while the parameters β, vi, ζ, and n are determined through curving350

fitting to gain the best match with experimental results. Note that in this paper, the basic351

parameters N , λ∗, and κ∗ are measured in the ln(1+e) – lnp plane, which is different from the352

generally used values in the e – lnp plane. The parameter ζ is only used for simulations of353

overconsolidated clays since Eq. (27) is a constant for normally consolidated clays (OCR = 1).354
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Table 2: Material parameters for model validation

Parameters N λ∗ κ∗ vi φ/◦ β ζ n t0/min

Hong Kong marine deposits 1.2 0.12 0.015 0.2 31.6 0.003 0.5 1.3 red1

St.Herblain clay 1.8 0.15 0.007 0.2 31.1 0.008 0.5 1.2 1

Estuarine clay 1.5 0.09 0.02 0.5 29.1 0.002 0.8 1.3 1

5.1. Constant strain rate tests355

To evaluate the model’s ability to capture the rate dependency of clays, we conducted a series356

of undrained triaxial compression and extension simulations on HKMD at various constant axial357

strain rates. For normally consolidated clays (OCR = 1), each sample was first isotropically358

consolidated at an initial confining pressure of 400 kPa. Then, the samples were sheared with359

three axial strain rates, i.e., 0.15, 1.5, and 15%/h, under both compression and extension states.360

For overconsolidated clays with OCRs = 2, 4, and 8, the preconsolidation pressures (pc) were361

200, 400, and 800 kPa, respectively. These samples were isotropically consolidated at a confining362

pressure of 100 kPa, then sheared at an axial strain rate of 1.5%/h.363

Fig. 11 presents the measured and predicted results for normally consolidated clays. The364

results show that the model can capture the shear strength and stiffness response of HKMD365

under triaxial compression conditions at different axial strain rates. Note that in the triaxial366

extension simulations, the parameter n is set to 2.4 for a better prediction of shear strength. It367

can be seen that in the case of D = 0.15%/h, the predicted stress paths (Fig. 11(b)) for both368

compression and extension states will first shift somewhat to the left before moving upwards,369

rather than initially being perpendicular to the p-axis as observed in the cases of D = 1.5 and370

15%/h. This is due to the fact that when the strain rate is extremely low, the clay is in a371

quasi-static state at the beginning of loading, resulting in very little change in the deviatoric372

stress. Overall, the predicted results are in good agreement with the experimental observations373
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for undrained triaxial tests at various strain rates.374
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Figure 11: Comparison between experimental and numerical undrained triaxial tests on normally
consolidated HKMD with different axial strain rates: (a) stress-strain curves; (b) stress paths.
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Figure 12: Comparison between experimental and numerical undrained triaxial tests on overconsolidated
HKMD: (a) stress-strain curves; (b) stress paths.

Fig. 12 compares the measured and predicted results for clays with various OCRs at the375

same constant axial strain rate of 1.5%/h. Since the confining pressure applied on the overcon-376

solidated clays is different from that applied on the normally consolidated clays, the measured377

and predicted stress paths were normalized with respect to the preconsolidation pressure pc.378
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Overall, the stress-strain relationship and stress paths of overconsolidated clays at a constant379

strain rate can be reasonably predicted by the proposed model, although some discrepancies380

are observed in the stress path for clays with OCR = 2.381

5.2. Stage-changed strain rate tests382

In this section, undrained triaxial compression and oedometer tests with stage-changed axial383

strain rates on St. Herblain clay (Yin et al., 2010) were used for model validation. For triaxial384

tests, the clay samples were first anisotropically consolidated with a stress ratio of k0 = 0.9,385

followed by a four-stage undrained shearing at constant strain rates varying from 0.1%-10%/h.386

The oedometer tests were performed at two different constant strain rates, i.e., loaded at387

D = 3.3 × 10−6s−1 until a volumetric strain of 12%, then changed to D = 6.6 × 10−7s−1, and388

finally returned to the initial axial strain rate.389

Fig. 13(a) shows measured and predicted stress-strain relationships of undrained triaxial390

compression tests with stage-changed strain rates. The deviatoric stress changes with varying391

strain rates in experimental tests, which can be successfully captured by the proposed model.392

In simulations, the model predicts a rapid drop in stress when the axial strain rate significantly393

changes from 10 to 0.1%/h, e.g., at the onset of loading in the fourth stage in Fig. 13(a).394

This observation indicates that the model has the potential to simulate the stress relaxation of395

clays. Fig. 13(b) illustrates a comparison between model predictions and experimental results396

of oedometer tests. Overall, the comparison shows that the model can reasonably predict397

the oedometer compression of clays with stage-changed strain rates, although the horizontal398

stress under the same void ratio is slightly overestimated. Furthermore, this set of simulations399

demonstrates that the model is capable of describing the rate dependency of soft clays in both400

triaxial compression and oedometer states using a single set of model parameters, as discussed401
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in Section 4.2.402
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Figure 13: Comparison between experimental and numerical stage-changed strain rate tests on St. Herblain
clay: (a) undrained triaxial compression test; (b) oedometer test.

5.3. Stress relaxation tests403

We further conducted single- and multi-staged triaxial relaxation simulations to evaluate404

the model’s predictive ability for the stress relaxation behaviour of clays. For single-staged405

relaxation simulations, the experimental results on HKMD from Zhu (2000) were used for406

validation.407

Table 3: Numerical test scheduling for triaxial stress relaxation

Test No. Tc/kPa εa/% D/%/h OCR

CUC1 200 7.3 0.06 1

CUC2 400 17.1 1.5 1

CUE1 400 -9.5 -0.15 1

CUE2 200 -10.7 -1.5 1

Note: CUC (CUE) means consolidated undrained compression (extension) test.

In these simulations, clay samples were first sheared at constant strain rates until reaching408

a target axial strain. Then, the axial strain remains constant to investigate the variation of409

stress. Table 3 describes the test conditions in numerical simulations, where Tc means the initial410
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confining pressure, εa is the axial strain at the onset of stress relaxation, and D denotes the411

axial strain rate before stress relaxation starts.412

Fig. 14 illustrates the evolution of the normalized deviatoric stress over time during tress413

relaxation, where q0 denotes the deviatoric stress at the beginning of stress relaxation. The414

comparison between model predictions and experimental results indicates that the proposed415

model can effectively predict the stress relaxation of clays in single-staged tests under triaxial416

compression conditions. However, the predictions under triaxial extension conditions are not417

very satisfactory. The reason can be attributed to the fact that the developed model predicts418

the same initial stiffness under both triaxial compression and extension tests. Clay typically419

exhibits a lower initial stiffness under triaxial extension conditions compared to compression420

conditions (Sorensen et al., 2010). Consequently, at an identical axial strain rate, a slower421

stress decay rate can be observed during a single-staged relaxation test under triaxial extension422

conditions, resulting in higher deviatoric stress, as evidenced by samples CUC2 and CUE2 in423

Fig. 14. Although the developed model can predict varying strengths under triaxial compression424

and extension conditions, it fails to differentiate the predicted initial stiffnesses, as shown in425

Fig. 5. Therefore, a more pronounced difference can be observed between experiments and426

simulations under triaxial extension conditions. In addition, Both experiments and simulations427

suggest that the decay rate of deviatoric stress is primarily influenced by the initial axial strain428

rate applied to the clay. Specifically, a faster initial strain rate induces a more rapid decay429

rate of stress. Furthermore, many studies (Oda and Toshiyuki, 1988; Bagheri et al., 2019) have430

demonstrated that the relationship between the deviatoric stress and elapsed time during stress431

relaxation is almost linear in a semi-logarithmic coordinate system. Some interested readers432

can refer to Zhu (2000) for more details.433
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Figure 14: Comparison between experimental and numerical single-staged relaxation tests on HKMD: (a)
triaxial compression test; (b) triaxial extension test.

Multi-staged stress relaxation tests on soft estuarine clay with different OCRs conducted434

by Kelln et al. (2008) were simulated for validation. During the tests, clay samples were first435

isotropically compressed to a confining pressure of 800 kPa, followed by an unloading stage until436

a confining pressure of 100 kPa. Those samples were then reloaded to confining pressures of 800437

and 600 kPa to prepare normally consolidated (OCR = 1) and lightly overconsolidated (OCR438

= 1.33) clays. The shearing processes were divided into nine stages for normally consolidated439

samples and six for overconsolidated samples. Specifically, the sample was first sheared to a440

specific axial strain and then maintained at this strain to start the first-stage relaxation. After441

a period of stress relaxation, the sample was reloaded with a different axial strain, which was442

kept constant until the second-stage stress relaxation began, and so forth.443
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Figure 15: Comparison between experimental and numerical multi-staged relaxation tests on soft estuarine
clay: (a) – (b) OCR = 1; (c) – (d) OCR = 1.3.

Fig. 15 presents the measured and predicted results, in which the blue marked points repre-444

sent the phase transition points between the constant strain rate shearing and stress relaxation.445

It can be seen that the proposed model successfully captures the stress-strain curves for both446

normally consolidated and overconsolidated clays during stress relaxation. Nevertheless, there447

are some deviations between the predicted and measured stress paths. In Fig. 15(b), the mea-448

sured deviatoric stress decreases at the first stress relaxation point while the mean effective449

stress remains constant. However, the predicted results show that both the deviatoric and450
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mean effective stresses decrease as they should. The same predictive results can be found in451

the literature (Yao et al., 2015). After the first relaxation stage, there is good agreement be-452

tween the predicted and measured results. In Fig. 15(d), the predicted stress path exhibits a453

slight rightward shift compared to the experimental data. This difference can be attributed to454

the fast initial strain rate (0.6%/h in this case) applied to the sample at the onset of loading and455

the oveconsolidation effect, leading to a rapid decrease in the nonlinear term of the hypoplastic456

model. As a result, the predicted stress path will shift slightly to the right. This behaviour457

can also be observed in the hypoplastic models proposed by Niemunis (2003) and Yang et al.458

(2020).459

5.4. Undrained creep tests460

We finally evaluate the model’s ability to predict the creep behaviour of soft clays. A series461

of undrained creep tests on HKMD conducted by Zhu (2000) were used for model validation.462

During the test, the soil samples were first isotropically and normally consolidated at a confining463

pressure of 400 kPa, then were instantly applied deviatoric stresses of 134, 289, and 234 kPa.464
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Figure 16: Comparison between experimental and numerical undrained creep tests on HKMD: (a) axial
strain-time curves; (b) porewater pressure-time curves.
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Fig. 16(a) illustrates the evolution of axial strain with elapsed time during the creep process.465

Notably, the model captures the accelerating creep characteristic of HKMD at higher stress466

levels, where axial strain rapidly increases with the elapsed time. Fig. 16(b) compares the467

measured and predicted effective porewater pressure developments during creep. The result468

shows that the model can predict the evolution of porewater pressure over time at lower stress469

levels while overestimating the porewater pressure at a higher stress level (243 kPa in this case).470

6. Conclusions471

In this paper, we proposed a visco-hypoplastic model to predict the stress-strain-time rela-472

tionship of normally consolidated and overconsolidated clays under various loading conditions.473

The primary advantages and limitations of the proposed model are summarized as follows:474

(1) The time-dependent behaviour of clays is considered in hypoplasticity by introducing a475

novel viscous strain rate derived from the isotach concept. This new viscous strain rate is then476

incorporated into the total strain rate of the hypoplastic framework, allowing viscous deforma-477

tion at any stress state and enabling the stress rate to vary with the actual time increment.478

Furthermore, this viscous flow is directly linked to the overconsolidation ratio, providing a479

reasonable description of the time effect on both normally consolidated and overconsolidated480

clays.481

(2) The viscous strain rate formulated in this paper resembles that proposed by Niemunis482

(2003) but with enhanced physical significance. The latter is established analogously to Norton’s483

power law, where a reference creep rate is used with its value empirically given rather than484

experimentally determined. The newly derived viscous strain rate is mathematically formulated,485

with all parameters having explicit physical meanings and obtainable through laboratory tests.486

(3) The linear and nonlinear terms of the proposed model stem from the four-parameter487
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hypoplastic model proposed by Wu et al. (2017). Therefore, the conical failure surface from488

this model is preserved in the proposed model, ensuring consistent shear strength predictions489

across triaxial compression and tension tests. In this paper, the transformed stress technique is490

used to incorporate the Matsuoka-Nakai failure criterion into the proposed model. As a result,491

the stress-strain-time relationship of clays under multiaxial conditions can be predicted by the492

proposed model.493

(4) The initial stiffness of the proposed model remains constant when predicting overconsoli-494

dated clays, which conflicts with the experimental observation that the initial stiffness increases495

with increasing the overconsolidation ratio (OCR). This limitation is addressed by introducing496

a new scalar stiffness function into the proposed model. This function can reproduce the vari-497

ation in initial stiffness for clays when OCR changes without affecting the peak strength and498

critical state.499

(5) Natural soft clays usually possess internal structures and inherent anisotropy. However,500

these features are not considered in the proposed model. As a result, the proposed model cannot501

predict the time-dependent behaviour of clays related to structural degradation and strength502

anisotropy.503
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Appendix A.520

The proposed visco-hypoplastic model is formulated as

T̊ = fsL:(D−Dnew
vis ) (A.1)

where Dnew
vis means the new viscous strain rate tensor:521

Dnew
vis = β

Rα

t0
B (A.2)

in which α = (λ∗ − κ∗)/β and R = 1/OCR. B denotes the flow rule of the hypoplastic model:522

B =
D

∥D∥
= −L−1:N (A.3)
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in which the fourth-order tensor L and the second-order tensors N are expressed as523

L = (trT)I + fvT⊗ I+ a2
T⊗T

trT
(A.4a)

N = fua(T+T∗) (A.4b)

The functions fs, fv, and fu are defined as524

fs = − 2δs
3viλ∗ , fv =

3

2
vi −

1

3
(3 + a2 −

√
3a), fu =

|B : D|
∥B∥ ∥D∥

(A.5)

in which δs is a stiffness multiplier:525

δs =
exp[ζln(OCR)]

(1 + r2s)
(A.6)

where ζ is a material parameter controlling the initial stiffness of the overconsolidated sample.526

The stress ratio rs = ∥T∗∥/trT.527

The strength parameter a is expressed as

a =

√
3(3− sinφ)

2
√
2φ

(A.7)

where φ is the critical friction angle.528

The overconsolidation ratio OCR is defined as

OCR = pe/p
+
e (A.8)

with529

pe = exp
[N − ln(1 + e)

λ∗

]
, p+e = p

[
1 +

1

n

( q

Mp

)(n+1)
]

(A.9)
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There are nine parameters for the proposed model, including five basic parameters: N , λ∗,530

κ∗, vi, and φ, two viscous parameters: β and t0, and two additional parameters: ζ and n.531

Appendix B.532

The expressions of several generally used failure criteria in the transformed stress method533

are given subsequently. According to Tian and Yao (2017), A mapping from the original stress534

tensor T to the transformed stress tensor T̃ can be written as follows:535

T̃ =


trT

3
I+

qc
q
T∗, (q ̸= 0)

T, (q = 0)

(B.1)

where q is the deviatoric stress, and qc means the deviatoric stress under the triaxial compression536

condition on the π-plane.537

Based on the Matsuoka-Nakai (SMP) criterion (Matsuoka et al., 1999), qc can be expressed538

as539

qc =
2I1

3
√

(I1I2 − I3)/(I1I2 − 9I3)− 1
(B.2)

Based on Lade’s criterion (Yao and Sun, 2000), qc can be expressed as540

qc = I1

(
1− 1

2

√
9I3

I1
3

{
cos

[
1

3
cos−1

(
−

√
9I3

I1
3

)]}−1)
(B.3)

Based on the unified failure criterion (Yao et al., 2004), qc can be expressed as541

qc = ω
√

I1
2 − 3I2 +

2(1− ω)I1

3
√
(I1I2 − I3)/(I1I2 − 9I3)− 1

(B.4)
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in which I1, I2, and I3 are stress invariants.:542

I1 = trT, I2 = 0.5[T:T− (I1)
2], I3 = detT (B.5)

where detT means the determinant of T. ω is a weighting factor ranging from 0 to 1.543

As shown in Fig. B.17, when ω = 0, the failure curve on the π-plane is a circle, corresponding544

to the Drucker-Prager (DP) failure criterion (Drucker and Prager, 1952); when ω = 1, the failure545

curve on the π-plane is a curved triangle, corresponding to the SMP criterion; when 0 < ω < 1,546

the failure curve on the π-plane changes smoothly from the DP criterion to the SMP criterion.547

(a)

ω = 1
ω = 0.75
ω = 0.5
ω = 0.25
ω = 0

(b)

Figure B.17: Failure surfaces of the hypoplastic model: (a) original; (b) after transformation.

References548

Acikel, A.S., Gates, W.P., Singh, R.M., Bouazza, A., Fredlund, D.G., Rowe, R.K., 2018. Time-549

dependent unsaturated behaviour of geosynthetic clay liners. Can. Geotech. J. 55 (12), 1824–550

1836.551

Adachi, T., Oka, F., 1982. Constitutive equations for normally consolidated clay based on552

elasto-viscoplasticity. Soils Found. 22 (4), 57–70.553

37



Bagheri, M., Rezania, M., Mousavi Nezhad, M., 2019. Rate dependency and stress relaxation554

of unsaturated clays. Int. J. Geomech. 19 (12), 04019128.555

Bjerrum, L., 1967. Engineering geology of Norwegian normally-consolidated marine clays as556

related to settlements of buildings. Géotechnique 17 (2), 83–118.557

Cheng, W., Yin, Z.Y., 2024. Fractional order viscoplastic modeling of anisotropically overcon-558

solidated clays with modified isotach viscosity. Int. J. Plast. 172, 103858.559

Drucker, D.C., Prager, W., 1952. Soil mechanics and plastic analysis or limit design. Q. Appl.560

Math. 10 (2), 157–165.561

Freitas, T.M.B., Potts, D.M., Zdravkovic, L., 2011. A time dependent constitutive model for562

soils with isotach viscosity. Comput. Geotech. 38 (6), 809–820.563

Fuentes, W., Lizcano, A., 2010. Visco-hypoplastic model for structured soils. GeoFlorida 2010:564

Advances in Analysis, Modeling & Design, pp. 452–460.565

Fuentes, W., Tafili, M., Triantafyllidis, T., 2018. An ISA-plasticity-based model for viscous and566

non-viscous clays. Acta Geotech. 13, 367–386.567

Gudehus, G., 2004. A visco-hypoplastic constitutive relation for soft soils. Soils Found. 44568

(4), 11–25.569

Han, J., Yin, Z.Y., Dano, C., Hicher, P.Y., 2021. Cyclic and creep combination effects on the570

long-term undrained behavior of overconsolidated clay. Acta Geotech. 16, 1027–1041.571

He, Y.Q., Liao, H.J., Wu, W., Wang, S., 2023. Hypoplastic modeling of inherent anisotropy in572

normally and overconsolidated clays. Acta Geotech. 18 (12), 6315–6333.573

38



He, Y.Q., Wang, S., Liao, H.J., Wu, W., 2022. A hypoplastic constitutive model for structured574

soils. Comput. Geotech. 151, 104935.575
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behaviour of clays. Géotechnique 42 (3), 427–441.585

Lai, X.L., Wang, S.M., Ye, W.M., Cui, Y.J., 2014. Experimental investigation on the creep586

behavior of an unsaturated clay. Can. Geotech. J. 51 (6), 621–628.587

Leroueil, S., Kabbaj, M., Tavenas, F., Bouchard, R., 1985. Stress–strain–strain rate relation588

for the compressibility of sensitive natural clays. Géotechnique 35 (2), 159–180.589
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