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A B S T R A C T

This study proposes a reduced model to predict the smoldering-to-flaming (StF) transition. Three chemical re
actions, including surface and gas-phase reactions, are considered, coupled with heat and mass transfer between 
the surface and the gas phase. Unknown quantities, such as surface/gas-phase temperatures, reaction rates, and 
species concentrations, are solved simultaneously as part of the solution with pure smoldering, pure flaming, and 
combined cases, demonstrating the simplicity yet wide applicability of the model. Dimensionless parameters are 
first introduced to simplify the equations and to illustrate the nature of the model’s solutions. The results show an 
increase in temperature with the oxygen mass fraction, along with a higher surface temperature than the gas- 
phase temperature in smoldering mode and vice versa in flaming mode. The combined case predicts the shift 
from steady smoldering to steady flaming, indicating the critical temperature and species concentrations at the 
spontaneous StF transition. Combustion maps consisting of smoldering, bistable, and flaming regimes are con
structed over a range of oxidizer flow rates. With an increase in oxidizer flow rate, the upper limit of oxygen mass 
fraction for smoldering and the lower limit of oxygen mass fraction for flaming initially decrease, reach a 
minimum, and then increase with oxidizer flow rate, while the lower limit of oxygen mass fraction for smoldering 
has a broader boundary and decreases with the oxidizer flow rate. These limits shift to higher oxygen mass 
fractions when increasing heat loss. The model is then validated against previous experimental data and applied 
to further investigate the effects of external radiant heat flux. The lower limit of oxygen mass fraction for flaming 
decreases with increasing external radiant heat flux, while the surface temperature remains within a certain 
range.

1. Introduction

Smoldering fires pose a serious hazard in both residential, industrial, 
and wildland settings, as they emit high levels of toxic compounds, are 
challenging to detect due to their flameless characteristics, and can be 
initiated by weak heat sources [1]. They may extinguish under condi
tions of limited oxygen supply (smothering) or high convective airflow 
(blowoff) [2,3]. However, they also have the potential to transition into 
more intense flaming fires under certain conditions, such as an excessive 
oxygen supply [4–7], high heat flux [8], and large airflow velocity [9,
10]. This smoldering-to-flaming (StF) transition is a gas-phase ignition 
process in which heterogeneous reactions act as a source of both fuel and 
elevated temperature [11]. It is hypothesized that the high-temperature 
char oxidation can pilot the pyrolysis gas mixture, triggering the StF 
transition [12,13]. Although this fundamental combustion issue has 
been studied experimentally and theoretically, there remains a lack of 

simple yet broadly applicable models to describe the StF transition 
phenomenon.

The spontaneous transition from smoldering to flaming (StF) was 
often experimentally investigated under various oxidizer flow rates. For 
example, Ohlemiller et al. [10] reported a StF transition in cellulosic 
insulation at a minimum velocity of 5 m/s for reverse smoldering and 2 
m/s for forward smoldering. Tse et al. [11] found that the StF transition 
of polyurethane (PU) foam occurred inside the hot char region, where 
the formation of the large pore promoted the onset of gas-phase re
actions. The effects of oxygen concentration and external radiant heat 
flux on the StF transition were studied by Bar-Ilan et al. [7] and Putzeys 
et al. [5,6]. A simplified energy balance analysis is proposed to predict 
the transition boundaries and char oxidation velocity. The StF transition 
can also be initiated by a piloted source, like a typical piloted flame 
ignition. Putzeys et al. [6] reported the piloted ignition of gaseous 
products at a minimum oxygen mole fraction of 0.17 under the external 
radiant heat flux of 8.75 kW/m2 for non-fired retarded PU foam.
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The complex chemistry and limited understanding of heat and mass 
transfer between the solid and gas phases complicate the modeling of the 
StF transition. Dodd et al. [14] conducted the 2-D computational fluid 
dynamics (CFD) simulations of the StF transition in PU foam, following 
the experiments performed by [5,7]. By considering seven heteroge
neous reactions and one homogeneous reaction, they simulated both 
forward and opposed smoldering spread and also its transition to 
flaming under different heat fluxes, air velocities, and oxygen concen
trations. They found that the global gas-phase oxidation played a major 
role in the StF transition. Subsequently, Yang et al. [15] also conducted a 
2-D CFD simulation with three heterogeneous reactions and one global 
homogenous gas-phase reaction to simulate the experiment conducted 
by [10]. They concluded that the hotter surface char layer acts as an 
ignition source for heating the gas mixture, and both pyrolysis and 
char-oxidation reactions behave like a gaseous fuel supplier for the 
gas-phase reaction.

Despite advancements in the CFD modeling of the StF transition, a 
gap appears to exist between simplified theoretical and detailed nu
merical models. Previously, Kadowaki et al. [4] proposed a 
one-dimensional (1-D) smoldering model that reproduced increased 
smoldering rate and temperature with higher oxygen concentrations. 
The turning points obtained from the solutions indicated the extinctions 
under lower oxygen concentrations. The StF transition at high oxygen 
concentrations was predicted by considering a gas-phase reaction with 
an infinite char-oxidation rate. Nevertheless, a 1-D steady flaming so
lution cannot be determined because oxygen is consumed in the flame, 
leaving no oxygen available to react with the char within their reaction 
model. Then, the accumulation of char invalidates the steady-state 
assumption. As shall be seen later in this paper, obtaining the steady 
flaming branch of the solution is essential for predicting the bistable 
regime, where both steady flaming and steady smoldering are possible, 
as experimentally observed by [16,17].

Based on the above background, this study proposes a reduced model 
that considers the mass, species, and energy balance within the gas 
phase and at the char surface. The model aims to predict the tempera
ture, species concentrations for each mode of combustion, as well as its 
limits. The effects of oxygen mass fraction, oxidizer flow rate, and heat 
loss on StF transition are investigated. Furthermore, the predicted re
sults are validated against previously reported experimental data.

2. Theoretical model

2.1. Model description

A reduced model proposed in this study is inspired by the concept 
that the StF transition occurs in the pore region generated by char 
oxidation when the char surface temperature becomes high enough to 
spontaneously ignite the combustible gas mixture [5,7,11]. Based on 
previous experimental observations, the key mechanism of transition is 
the competition between the surface char oxidation and the gas-phase 
combustion reactions; thus, the model does not refer to any specific 
configuration but instead focuses on the auto-ignition of the gas phase 
by the hot char surface. The pyrolysis reaction is also disregarded for 
simplicity. In reality, the endothermic pyrolysis reaction plays a similar 
role to heat loss, and the assumption of neglecting it influences the 
condition of the StF transition. However, the essential mechanism for 
the StF transition is the char-oxidation reaction [5]. A schematic dia
gram of the model is illustrated as shown in Fig. 1.

The surface char-oxidation reaction produces gases and ash as 
products [13]. Sega et al. [18] measured the species concentrations of 
smoldering rolled paper and found that CO oxidation is the dominant 
chemical reaction driving spontaneous ignition, due to the lower con
centrations of CH4 and H2. Later, Yamazaki et al. [19] adopted this 
assumption and introduced a solid-phase model by considering the 
global char-oxidation reaction. Following a similar approach, the pre
sent study considers only CO as the product of the char-oxidation re
action (R1). It should be noted that neglecting CO2 production and other 
volatile species may lead to an earlier prediction of the StF transition, 
resulting in lower predicted oxygen concentration thresholds. Although 
the present model could incorporate CO2 production, doing so would 
increase the number of model parameters and require adjustment of the 

Nomenclature

Bi pre-exponential factor of reaction i [balance]
c specific heat capacity [J/kg K]
D mass diffusivity [m2/s]
Ei activation energy of reaction i [J/mol]
h heat transfer coefficient [W/m2 K]
hm mass transfer coefficient [kg/m2 s]
Qi heat of reaction i [J/kg]
Qext external radiant heat flux [W/m2]
R universal gas constant [J/mol K]
S char surface area [m2]
T temperature [K]
v oxidizer flow rate [m3/s]
V gas-phase volume [m3]
Yj mass fraction of species j [–]

Greek symbols
α thermal diffusivity [m2/s]

νi,j mass-based stoichiometric coefficients of species j in 
reaction i [kg/kg]

ρ bulk density [kg/m3]
ω̇i

ʹ́ rate of heterogeneous reaction i [kg/m2 s]
ω̇i

ʹ́ʹ rate of homogeneous reaction i [kg/m3 s]

Subscripts
0 inlet value
C char
CO carbon monoxide
CO2 carbon dioxide
crit critical value
fl lower limit of flaming
g gas phase
max maximum
O2 oxygen
s surface
sml lower limit of smoldering
smu upper limit of smoldering

Fig. 1. Schematic diagram of the reduced model.
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kinetic parameters. Therefore, in this paper, only CO is considered as the 
product.

Three different cases are tested in this paper: (1) pure smoldering 
case, (2) pure flaming case, and (3) combined case. In the pure smol
dering case, only smoldering reaction (R1) is included: char reacts with 
O2 at the char surface, producing CO in the gas phase. In the pure 
flaming case (R1 is excluded, while R2 and R3 are included), CO reacts 
with O2 in the gas phase to produce CO2, which subsequently reacts with 
the char. In the combined case, all three reactions (R1, R2, and R3) are 
included to capture both smoldering and flaming reactions, as well as 
the transition between them.

The extinction phenomenon is significantly influenced by heat loss. 
The StF transition, which is the main focus of this paper, is expected to 
be strongly influenced by heat loss from the smoldering char surface to 
the surroundings. This is because the surface temperature is higher than 
the gas-phase temperature within the smoldering combustion. This ef
fect is therefore considered in the present model through the heat 
transfer coefficient h0.

The following assumptions are made to simplify the equations. 

1) The temperature and species mass fraction distributions within 
the gas phase are represented by two values, i.e., the bulk and the 
surface quantities, which are connected through heat and mass 
transfer coefficients.
2) The global reaction rates are assumed to be first order with respect 
to each reactant. Consideration of global reaction mechanisms re
quires adjustment of kinetic parameters depending on the purpose of 
the analysis. However, in this study, we adopt a global reaction 
mechanism for the sake of simplicity. The reaction rates of R1, R2, 
and R3 are expressed in the following forms: 

ω̇ʹ́
1 = B1ρCρgYO2 ,sexp

(

−
E1

RTs

)

(1) 

ω̇2
ʹ́
= B2ρCρgYCO2 ,sexp

(

−
E2

RTs

)

(2) 

ω̇ʹ́ʹ
3 = B3ρ2

gYCOYO2 exp
(

−
E3

RTg

)

(3) 

3) The temperatures and mass fractions in the gas and solid phases 
are related through the heat and mass transfer between them. There 
is no gas diffusion through the char region.
4) All material properties, including gas density, are assumed to be 
constant.
5) There is no shrinkage or change in volume due to the reactions or 
heating, i.e., a quasi-steady state is assumed.

2.2. Conservation equations

The model considers the mass, species, and energy balance in the gas 
phase and at the char surface with two surface reactions (R1 and R2) and 
one gas-phase reaction (R3).

The dimensionless form of the mass balance in the gas phase is shown 
in Eq. (4). The dimensionless quantities are normalized using the inlet 
values, which will be described later. 

1 + ω̇ʹ́
1 + ω̇ʹ́

2 = v (4) 

The species balance of O2, CO, and CO2 in the gas phase are 
expressed in the dimensionless forms in Eqs. (5)-(7), respectively. 

YO2 ,0 − hm
(
YO2 − YO2 ,s

)
− ν3,O2 ω̇

ʹ́ ʹ

3 = vYO2 (5) 

− hm
(
YCO − YCO,s

)
− ν3,COω̇

ʹ́ ʹ

3 = vYCO (6) 

− hm
(
YCO2 − YCO2 ,s

)
+ ν3,CO2 ω̇

ʹ́ ʹ

3 = vYCO2 (7) 

where YO2 ,0 is the ambient oxygen mass fraction; the influence of this 
parameter will be tested in Section 3.

The species balance of O2, CO, and CO2 at the char surface is 
expressed in Eqs. (8)-(10), respectively. 

hm
(
YO2 − YO2 ,s

)
− ν1,O2 ω̇ʹ́

1 = 0 (8) 

hm
(
YCO − YCO,s

)
+ ν1,COω̇ʹ́

1 + ν2,COω̇ʹ́
2 = 0 (9) 

hm
(
YCO2 − YCO2 ,s

)
− ν2,CO2 ω̇ʹ́

2 = 0 (10) 

The energy balance in the gas phase, Eq. (11), accounts for the 
sensible heat of the fresh air, the heat generated by R3, and the heat 
transfer between gas phase and char surface. 

1 − hs
(
Tg − Ts

)
+ Q3ω̇

ʹ́ ʹ

3 = vTg (11) 

The energy balance at the char surface, as expressed in Eq. (12), il
lustrates the balance between the heat transfer to the char surface, heat 
lost to the surroundings, the heat generated by R1 and R2, and the 
external radiant heat flux (if any). 

hs
(
Tg − Ts

)
− h0(Ts − T0) + Q1ω̇ʹ́

1 + Q2ω̇ʹ́
2 + Qext = 0 (12) 

The following summarize the dimensionless quantities normalized 
using inlet values: 

v = v
/
v0, Tg = Tg

/
T0, Ts = Ts

/
T0,

Ei = Ei
/
RT0, Qi = Qi

/
cgT0,

Qext = SQext
/

ρgcgv0T0, hs = Shs
/

ρgcgv0,

h0 = Sh0
/

ρgcgv0, hm = Shm
/

ρgv0,

B1 = SB1ρc
/
v0, B2 = SB2ρc

/
v0, B3 = VB3ρg

/
v0,

ω̇ʹ́
1 = Sω̇ʹ́

1
/

ρgv0, ω̇ʹ́
2 = Sω̇ʹ́

2
/

ρgv0

ω̇ʹ́ʹ
3 = Vω̇ʹ́ʹ

3
/

ρgv0

(13) 

The nine conservation equations for mass, species, and energy in the 
gas and solid phases, Eqs. (4)-(12), are employed to solve the following 
nine dimensionless variables: v, Tg, Ts, YO2 , YO2 ,s, YCO, YCO,s, YCO2 , and 
YCO2 ,s. To solve the system of non-linear equations, we utilized the scipy. 
optimize.root function available in the SciPy library.

3. Results and discussion

In this section, the predicted temperatures by pure smoldering, pure 
flaming, and combined cases, calculated using the dimensionless pa
rameters listed in Table 1, are first introduced to highlight the nature of 
the model’s solutions and to test the effects of oxygen mass fraction, 
oxidizer flow rate, and heat loss on StF transition. Then, the model is 
validated against the previous experimental data [6] at several oxygen 
mass fractions, and radiant heat fluxs.

3.1. Dimensionless solutions

The predicted Tg, Ts, and Tmax =max(Tg, Ts) as a function of YO2 ,0 are 
shown in Fig. 2. Note that the parameter values (Table 1) are not asso
ciated with any particular cases, and Fig. 2 is to illustrate the model’s 
capability. The solid lines represent the gas-phase temperature (Tg), 
while the dashed lines show the surface temperature (Ts). Fig. 2(a) il
lustrates the solutions of the pure smoldering case. The black lines 
represent the stable branch, while the gray lines indicate the unstable 
solutions that lack physical meaning. We consider the eight-dimensional 
dynamical system for YO2 , YO2 ,s, YCO, YCO,s, YCO2 , YCO2 ,s, Tg, and Ts. The 
stability of a steady-state solution is analyzed by numerically evaluating 
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the eigenvalues of the 8 × 8 Jacobian matrix, based on Eqs. (5)-(12). A 
solution is considered stable if all of its eigenvalues have negative real 
parts [20,21].

The results show that Ts is higher than Tg, confirming the charac
teristic of smoldering combustion, where surface temperature is higher 
than gas-phase temperature. Both temperatures increase with increasing 
YO2 ,0. Extinction occurs at YO2 ,0 = 0.12, where the upper and lower 
branches merge, representing a turning point below which the upper- 
branch solution ceases to exist. The concept of a turning point associ
ated with extinction and ignition was previously introduced in premixed 
and diffusion flame theory [22,23].

The pure flaming case is shown in Fig. 2(b), characterized by a higher 
Tg than Ts. The extinction is found at YO2 ,0 = 0.32 for the flaming 
reaction.

As smoldering is characterized by a higher Ts than Tg and flaming by 
a higher Tg than Ts, StF conditions can be conveniently identified by 
plotting Tmax = max(Tg, Ts) of the combined case, as shown in Fig. 2(c) 
with the white squares (Tmax = Ts) and black circles (Tmax = Tg). 
Different regimes of extinction, smoldering, bistable, and flaming are 
identified. In the smoldering regime, 0.12 < YO2 ,0 < 0.33, the only stable 
solution is smoldering. When 0.33 < YO2 ,0 < 0.37, both flaming and 
smoldering are stable, characterizing a bistable regime. If an additional 
ignition source, such as an open flame or spark ignition, is applied to the 
system, flaming can be initiated, as experimentally observed by [17]. 
When YO2 ,0 > 0.37, the spontaneous StF transition occurs because there 
is no stable smoldering solution. Tmax shifts from Ts to Tg, indicating that 
the gas-phase reaction becomes dominant and the system fully transi
tions into the flaming regime. In the condition of Fig. 2(c), StF coincided 
with the point of Tg = Ts, an equivalent condition to the adiabaticity 
criterion discussed in [4].

YCO as a function of YO2 ,0 is plotted in Fig. 3, showing that YCO is 
produced by surface reaction R1 within the smoldering regime. Once the 
StF transition occurs, YCO decreases as it is consumed by the gas-phase 
reaction R3.

The effect of oxidizer flow rate on gaseous products and combustion 
mode is investigated, as shown in Figs. 4 and 5, respectively. Given that 
v∗0 is the base oxidizer flow rate used to nondimensionalize the param
eters in Figs. 2 and 3, the dimensionless expression of v0 /v∗0 is intro
duced to represent the changes in the oxidizer flow rate. The gas-phase 
mass fractions and gas-phase temperature at the critical StF point in the 
smoldering branch are shown in Fig. 4. YCO,crit decreases with increasing 
v0/v∗0, in contrast to YO2 ,crit and Tg,crit, which increase with v0 /v∗0. YCO2 ,crit 

remains relatively low throughout the entire range of v0 /v∗0. The inverse 
trend between YCO,crit and Tg,crit indicates that both CO concentration 
and gas-phase temperature are important factors in triggering the 
transition. When YCO,crit is low, a higher Tg,crit is required to initiate the 
gas-phase reaction, whereas a lower Tg,crit is sufficient YCO,crit is high.

In Fig. 5, the blue line represents the lower limit of oxygen mass 
fraction for smoldering (YO2 ,0,sml) at a given v0/v∗0. No smoldering 
combustion can sustain below YO2 ,0,sml. The red line indicates the upper 
limit of oxygen mass fraction for smoldering (YO2 ,0,smu), beyond which 

Table 1 
Dimensionless parameters used in Figs. 2–5.

Parameters Value

B1 2 × 1014

E1 50
B2 2 × 1014

E2 50
B3 2 × 108

E3 50
hs 6

h0 6
Q1 60
Q2 − 50
Q3 30
Qext 0
hm 6

Fig. 2. Predicted dimensionless temperature for (a) pure smoldering case, R1, 
(b) pure flaming case, R2+R3, and (c) combined case, R1+R2+R3. Black color: 
stable solution; Gray color: unstable solution; Dashed line: predicted Ts (pure 
smoldering case); Solid line: predicted Tg (pure flaming case); ☐: predicted Ts 

(combined case); ⬤: predicted Tg (combined case); v∗0 = 4.2 × 10–7 m3/s.
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only flaming combustion is possible. In other words, the spontaneous StF 
transition occurs when YO2 ,0 = YO2 ,0,smu. The black line shows the lower 
limit of oxygen mass fraction for flaming (YO2 ,0,fl), below which flaming 
reactions cannot be sustained.

Fig. 5(a) represents the case of h0 = 6, showing that YO2 ,0,smu > YO2 ,0,fl 

> YO2 ,0,sml throughout the range of v0/v∗0. The broader lower limit of 
smoldering compared to flaming confirms its ability to sustain under 
extreme conditions, highlighting the hidden danger of smoldering 
combustion. With increasing v0, the flaming combustion becomes 
harder to ignite, as it does at very low v0 due to the balance between 
oxygen supply and convective heat loss. Both YO2 ,0,fl and YO2 ,0,smu 

initially decrease, reaching a minimum value of approximately YO2 ,0,fl ≈

0.15 and YO2 ,0,smu ≈ 0.24 at v0/v∗0 ≈ 4 and 6, respectively, before starting 
to increase again with v0/v∗0. This minimum oxygen concentration is 
significant from a fire safety perspective, as it represents the condition 
under which combustion is most easily initiated. A similar trend of 
initially decreasing YO2 ,0,fl with v0/v∗0 was experimentally reported by 
[16]. Within the range of v0/v∗0 considered in this study, no smoldering 
reaction can be observed at any v0/v∗0 below YO2 ,0,sml ≈ 0.04.

Fig. 5(b) shows the results when increasing h0 to 10. It can be seen 
that the lower limits of each combustion mode shift to the higher values, 

especially in the flaming regime. Again, the parameters used for Fig. 5
do not reflect any particular cases; the results shown in this figure should 
be understood as those qualitatively illustrating the model’s capability.

3.2. Model validation

A brief description of the piloted ignition experiment on the smol
dering gaseous products conducted by Putzeys et al. [6] is first provided 
here. PU foam was placed in an upward wind tunnel under various ox
ygen mole fractions between 0.15 and 0.35 and an external radiant heat 
flux between 7.25 and 8.75 kW/m2. The radiant heat flux was applied to 
supply the additional heat to the sample and counter the convective heat 
losses on the free surface. Each test started by initiating the smoldering 
spread at the bottom end of the sample. Then, pilot ignition was acti
vated once the smoldering reaction had propagated. Note that the 
activation of pilot ignition is not a spontaneous StF phenomenon but 
rather a typical piloted ignition of the gaseous products. The experi
mental data in [6] were used for comparison due to the limited 

Fig. 3. Predicted CO mass fractions (YCO) by a combined case. Black color: 
stable solution; Gray color: unstable solution; v∗0 = 4.2 × 10–7 m3/s.

Fig. 4. Gas-phase species mass fractions (Yj) and gas-phase temperature (Tg) at 
the critical StF transition as functions of normalized oxidizer flow rates (v0 /v∗0). Fig. 5. Dependence of combustion mode on normalized oxidizer flow rate 

(v0/v∗0). (a) h0 = 6, (b) h0 = 10. Blue line: lower limit of oxygen mass fraction 
for smoldering (YO2 ,0,sml) Black line: lower limit of oxygen mass fraction for 
flaming (YO2 ,0,fl); Red line: upper limit of oxygen mass fraction for smol
dering (YO2 ,0,smu).
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availability of auto StF data, which mainly focuses on the flame spread 
rate that is beyond the scope of the model in the present study. In the 
future, more detailed analysis will be necessary; for example, combining 
our model with CFD simulations may help improve the model’s capa
bility. From [6], the critical oxygen mass fraction capable of igniting the 
flame corresponds to YO2 ,0,fl in Fig. 5, where flaming combustion can be 
initiated if there is a sufficiently strong ignition source. Experimental Ts 
with an external radiant heat flux of 8.75 kW/m2 is plotted as a function 
of YO2 ,0, as shown with the black triangles in Fig. 6. The flaming com
bustion was ignited at YO2 ,0 = 0.19, while no ignition occurred at YO2 ,0 =

0.17. The critical condition is, therefore, within the gray shaded area.
The predicted Tmax is calculated using the parameters listed in 

Table 2 and shown by the white squares (Tmax = Ts) and black circles 
(Tmax = Tg) in Fig. 6. The sensitivity analysis of the parameters in Table 2
is conducted as shown in Appendix A. The external radiant heat flux 
(Qext) of 8.75 kW/m2 is included in the energy balance equation at the 
char surface, Eq. (12). A reasonable agreement between the predicted 
and experimental data is confirmed, showing an increase in Ts with 
YO2 ,0. The predicted YO2 ,0,fl is 0.16, which is slightly underpredicted; 
however, considering the simplicity of the model, it aligns reasonably 
well with the experimental data. Note that the dimensional values of 
heat and mass transfer coefficients depend on several factors, such as 

surface area and air velocity, which are challenging to estimate. In this 
study, hs = 10 W/m2K is estimated using the relation hs = λgNu/d, 
where Nu = 3.66 corresponds to the Nusselt number for laminar flow in 
the circular tube [27]. On the other hand, h0 is more difficult to estimate 
due to the undetermined flow configuration. Therefore, we adopted a 
representative value, 30 W/m2K, from a typical range of heat transfer 
coefficients, from 10 to 40 W/m2K, based on values reported in the 
literature for natural convection [27]. A mass transfer coefficient of 0.01 
kg/m2s is estimated based on hm = ShDg/d with the Sherwood (Sh) 
number of 4.36, corresponding to laminar flow in tubes under the 
assumption of a unity Lewis (Le) number (Le = αg/Dg = 1) [28]. The 
char surface area (S) and gas-phase volume (V) are estimated in this 
study based on a representative length of 1 cm, along with S = πd2 and 
V = πd3/6. A spherical geometry is adopted, considering the experi
mental conditions and for simplicity. However, the choice of S and V is 
arbitrary since the ratios of SB1ρc/v0, SB2ρc/v0, and VB3ρg/v0 are more 
significant, and adjusting B1, B2, and B3 is necessary to reproduce the 
experimental data.

The effects of radiant heat flux (Qext) on the lower limit of oxygen 
mass fraction for flaming (YO2 ,0, fl) and lower limit of surface tempera
ture for flaming (Ts,fl) are investigated, as shown by the black and red 
solid lines in Fig. 7, respectively. The results indicate that the flaming 
ignition is more likely to occur in environments with higher radiant heat 
flux. At Qext = 5 kW/m2, the flaming ignition occurs at YO2 ,0,fl = 0.24, 
while under Qext = 10 kW/m2, YO2 ,0,fl = 0.14 is sufficient to trigger the 
ignition. Additionally, Ts,fl increases with increasing Qext from 587 K at 
Qext = 5 kW/m2 to 666 K at Qext = 10 kW/m2. This range represents the 
minimum critical temperature for the piloted flaming ignition. The 
symbols in Fig. 6 correspond to experimental data [6] obtained at 
various radiant heat fluxes. It can be seen that the model reasonably 
reproduces the experimental YO2 ,0,fl across different radiant heat flux 
conditions. However, the predicted Ts,fl tends to increase, while the 
experimental data are nearly constant with a slightly decreasing trend. 
One possible reason is that in the experiment, it is difficult to identify the 
location of the maximum surface temperature. In Ref., [6], the surface 
temperature was measured at the midpoint of the sample (60 mm), 
which may not correspond to the point of highest temperature. In 
contrast, the experimental YO2 ,0,fl values can be accurately controlled 
using mass flow controllers.

Figure 8 shows the effect of oxidizer flow rate on the combustion 
mode using the parameters in Table 2 and based on an external heat flux 
of 8.75 kW/m2. The experimental data corresponding to no flaming 
ignition and flaming ignition are plotted as open and filled symbols, 
respectively. All the experimental data of flaming ignition lie within the 
bistable regime, confirming the model’s capability. The data point of no 
flaming ignition is slightly above the lower limit of the ambient oxygen 

Fig. 6. Validation with the experiment. Black color: stable solution; Gray color: 
unstable solution; ☐: predicted Ts (combined case); ●: predicted Tg (combined 
case); ▴: experimental Ts [6]; v∗0 = 4.2 × 10–7 m3/s.

Table 2 
Dimensional parameters used in Figs. 6–8.

Parameters Value Unit Ref.

B1 1 × 1010 m4/kg s This study a

E1 120 kJ/mol [4]
Q1 1.74 × 104 kJ/kg This study b

B2 1 × 1012 m4/kg s This study a

E2 190 kJ/mol [24]
Q2 –1.44 × 104 kJ/kg [25]
B3 3 × 109 m3/kg s This study a

E3 120 kJ/mol [4]
Q3 1.01 × 104 kJ/kg [26]
hs 10 W/m2K [27]
h0 30 W/m2K [27]
hm 0.01 kg/m2s [28]
ρc 26.5 kg/m3 [6]
ρg 1.2 kg/m3 [4]
cg 1006 J/kg K [29]
R 8.314 × 10–3 kJ/mol K [30]
S 3.14 × 10–4 m2 This study c

T0 300 K –
V 5.24 × 10–7 m3 This study c

a Estimated in this study.
b Estimated based on the oxygen consumption method.
c Estimated based on the representative length of 1 cm.

Fig. 7. Effect of external radiant heat flux (Qext) on the lower limit of oxygen 
mass fraction for flaming (YO2 ,0,fl) and lower limit of surface temperature for 
flaming (Ts,fl). Solid lines: calculated results; ●, ■, ▴: experimental data [6]; v∗0 
= 4.2 × 10–7 m3/s.
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mass fraction for flaming (YO2 ,0,fl); the model underpredicts YO2 ,0,fl, 
which is consistent with Fig. 7.

4. Conclusions

This study proposes a reduced model to predict the smoldering-to- 
flaming (StF) transition by considering surface (R1 and R2) and gas- 
phase (R3) reactions. The model assumes that the transition occurs 
when the surface temperature is sufficiently high to ignite the combus
tible gases. Various unknowns, including surface/gas-phase tempera
tures, reaction rates, and species concentrations, are solved 
simultaneously as part of the solution with pure smoldering, pure 
flaming, and combined cases.

The predicted results using dimensionless parameters show an in
crease in temperature with the oxygen mass fraction. The extinction of 
pure smoldering and flaming cases is estimated at the low oxygen mass 
fractions from the turning point of the solutions. Higher surface tem
peratures are observed in the pure smoldering case, while higher gas- 
phase temperatures are found in the pure flaming case. By considering 
the combined case, a shift from steady smoldering to steady flaming is 
observed, indicating the spontaneous StF transition.

The limit oxygen mass fraction of flaming, bistable, smoldering, and 
extinction regimes is simulated over a range of oxygen mass fractions 
and oxidizer flow rates. An important role of gas-phase temperature and 
CO mass fraction in triggering the transition is confirmed. The effect of 

heat loss is tested, showing the shift to a higher oxygen limit when 
increasing heat loss.

Lastly, the model is validated against experimental data, confirming 
a reasonable agreement. A decrease in the lower limit of oxygen mass 
fraction for flaming with increasing external radiant heat flux is 
revealed, while the lower limit of surface temperature for flaming re
mains within a certain range.

Novelty and significance statement

The novelty of this research is the prediction of the limit conditions 
of smoldering combustion using a simplified model. This is the first time 
that the model successfully predicts the limiting conditions, e.g., 
smothering extinction, smoldering-to-flaming (StF) transition, as well as 
the steady-state solutions for both smoldering and flaming modes. This 
work is significant because the model not only bridges the knowledge 
gap between the distinct characteristics of smoldering and flaming 
combustion but also predicts the temperature, species concentrations, 
and limit conditions in each mode. While continuous research has 
studied the critical parameters triggering the transition phenomena, 
there remains a need for a simple yet widely applicable model to address 
this complex issue. This necessity highlights the significance of the 
model proposed in this study.
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Appendix A

The sensitivity analysis of model parameters in Table 2, such as E1, E2, E3, hs, h0, and hm, on the upper limit of surface temperature for smoldering 
(Ts,smu) is conducted as shown in Fig. A1, using parameters perturbed by up to ± 20 %. The results indicate that a change in E3 has a greater impact on 
the critical Ts,smu, causing deviations of up to approximately 20 % under a ± 20 % perturbation. These findings highlight the importance of gas-phase 
reaction (R3) in auto-StF behavior. Note that B3 was not adjusted when E3 was perturbed in this calculation. Some parameters in Table 2 were adjusted 
to match experimental data. In the future, more detailed kinetic analysis will be necessary for quantitative predictions. 

Fig. 8. Dependence of combustion mode on oxidizer flow rate (v0) based on the 
parameters in Table 2. Experimental data [6] (△: no flaming ignition; ▴: 
flaming ignition).
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Fig. A1. Sensitivity analysis of parameters in Table 2 on Ts,smu.
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