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Abstract. In this work, we propose a balanced multicomponent and multilayer neural network
(MMNN) structure to accurately and efficiently approximate functions with complex features in
terms of both degrees of freedom and computational cost. The main idea is inspired by a multicom-
ponent approach in which each component can be effectively approximated by a single-layer network,
combined with a multilayer decomposition strategy to capture the complexity of the target function.
Although MMNNs can be viewed as a simple modification of fully connected neural networks (FC-
NNs) or multilayer perceptrons (MLPs) by introducing balanced multicomponent structures, they
achieve a significant reduction in training parameters, a much more efficient training process, and
improved accuracy compared to FCNNs or MLPs. Extensive numerical experiments demonstrate
the effectiveness of MMNNSs in approximating highly oscillatory functions and their ability to auto-
matically adapt to localized features. Our code and implementations are available at GitHub.
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1. Introduction. The key use of neural networks is to approximate an input-
to-output relation, i.e., a mapping or a function in mathematical terms. In this work,
we continue our study of numerical understanding of neural network approximation
of functions from representation to learning dynamics. In our earlier study [45], we
demonstrated that a one-hidden-layer (also known as a two-layer or shallow) network
is essentially a “low-pass filter” when approximating a function in practice. Due
to the strong correlation among the family of activation functions (parameterized
by the weight and bias), such as ReLU (rectified linear unit), the Gram matrix—
the element of which is the pairwise correlation (inner product) of the activation
functions—has a fast spectral decay. If initialized randomly, the eigenvectors of the
Gram matrix correspond to generalized Fourier modes from low frequency to high
frequency ordered corresponding to decreasing eigenvalues. Due to the ill-conditioning
of the representation, no matter how wide a one-hidden-layer network is, it can only
learn and approximate smooth functions or sample low-frequency modes effectively
and stably (with respect to noise or machine round-off errors).
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In this work, we propose a balanced multicomponent and multilayer neural net-
work (MMNN) structure based on our previous understanding of a one-hidden-layer
network. First, we show that a multilayer network with a multicomponent structure,
each of which can be approximated well and effectively by a one-hidden-layer network,
can overcome the limitation of a shallow network by smooth decomposition and trans-
formation. Compared to a fully connected neural network of a similar structure, our
proposed MMNN is much more effective in terms of representation, training, and accu-
racy in approximating functions, especially for functions containing complex features,
e.g., high-frequency modes. The key idea of MMNNSs is to view a linear combination of
activation functions as randomly parameterized basis functions, called a component,
as a whole to represent a smooth function. Each layer has multiple components all
sharing the common basis functions with different linear combinations. The number
of components, called rank, is typically much smaller than the layer’s width and in-
creases to enhance the flexibility of decomposition when dealing with more complex
functions. These components are combined and composed (through layers) in a struc-
tured and balanced way in terms of network width, rank, and depth to approximate
a complicated function effectively. Another important feature we used in practice is
that weights and biases inside each activation function are randomly assigned and
fixed during the optimization while the linear combination weights of activation func-
tions in each component are trained. This leads to more efficient training processes
motivated by our finding that a one-hidden-layer neural network can be trained ef-
fectively to approximate a smooth function well using random basis functions. We
also demonstrate interesting learning dynamics based on Adam optimizer [16], which
is crucial for the successful and efficient training of MMNNs. An important remark is
that a balanced and holistic approach needs to consider representation, optimization,
and their interplay in an integrated manner.

The structure of this paper is as follows. Section 2 introduces and details the
design of MMNNs. Section 3 provides a comparison between FCNNs and MMNNs.
In section 4, we present a mathematical framework for smooth decomposition and
transformation based on the MMNN architecture, showing that each component can
be effectively approximated by a single-hidden-layer network. Section 5 presents ex-
tensive numerical experiments to validate our analysis and demonstrate the capability
of MMNNSs in approximating complex functions. Additional insights and implemen-
tation guidelines are discussed in section 6. Finally, section 7 concludes the paper
with final remarks.

2. Multicomponent and multilayer neural network (MMNN). In this
section, we present a novel network architecture called the multicomponent and mul-
tilayer neural network (MMNN). Let us begin with some notations. Let R represent
the set of real numbers. The indicator (or characteristic) function of a set A, denoted
by 14, is a function that takes the value 1 for elements in A and 0 for elements not
in A. Vectors and matrices are denoted by bold lowercase and uppercase letters, re-
spectively. We use slicing notation for a vector @ = (1, ,24) € R?, where x[n : m]
denotes a slice of & from its nth to the mth entries for any n,m € {1,2,--- ,d} with
n < m, and x[n] denotes the nth entry of . For example, if x = (z1,72,23) € R3,
then (52)[2: 3] = (5z2,5z3) and (6x + 1)[3] = 6x3 + 1. A similar notation is used for
matrices. For instance, A[:, ] refers to the ith column of A, whereas A[i,:] indicates
the ith row of A. Additionally, A[i,n : m] corresponds to (A[i,:])[n : m], extracting
the entries from the nth to the mth in the ith row.
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Later, we introduce the architecture of MMNNSs in section 2.1. Following this, in
section 2.2, we outline the learning strategy of MMNN and highlight its advantages
over other methods.

2.1. Architecture of MMNNSs. Here, we introduce the architecture of our
multicomponent and multilayer neural network (MMNN). Each layer of the MMNN
is a (shallow) neural network of the form

h(z)=Ac(Wx+b)+c

to approximate a vector-valued function f : R%» — R%ut where W € R"*%n A ¢
Réouxm and n is the width of this network. Here, o : R — R represents the activation
function that can be applied elementwise to vector inputs. Throughout this paper,
the activation function is chosen as ReLU unless otherwise specified. One can also
write it in a more compact form,

(2.1) h=Ac(Wz+b)+c—A {0(‘?5)},

where

= ~ ~ =
Wo[Ww.b, A=[Ad, F- M .
We call each element of h, i.e., h[i] = A[i, :]~["(‘?5’)] fori=1,2, - ,dout, a component.
Here are a few key features of h.
1. Each component is viewed as a linear combination of basis functions o(Wi, |-

x +bli]),i=1,2,---,n, which is a function in x, as a whole.
2. Different components of h share the same set of basis with different coefficients
Ali,:].

3. Only A is trained while W is randomly assigned and fixed.

4. The output dimension d,.; and network width n can be tuned according to

the intrinsic dimension and complexity of the problem. .
In comparison, each layer in a typical deep FCNN takes the form (W), and each
hidden neuron is individually a function of the input « or each point x € R ig
mapped to R™, where n is the layer width. All weights W are training parameters.
In MMNNS, each layer is composed of multiple components Ac(Wz). Each com-
ponent is a linear combination of randomly parameterized hidden neurons o(We),
which can be more effectively and stably trained through A as a smooth decompo-
sition/transformation. Typically, the number of components d,,+—the dimension of
intermediate feature space—is (much) smaller than the layer width n, the number of
random neurons (or basis functions) in the MMNN. On the one hand, the intermedi-
ate feature space is compressed. On the other hand, there are diverse random basis
whose linear combinations can have enough representation power in the feature space.

An MMNN is a multilayer composition of h;, i.e., b : R%n s Rout

h=h,,o---ohyohy,

where each h; : R%-1 - R% is a multicomponent shallow network defined in (2.1) of
width n;, where

dO:din7 dla"'adm—l < Ny, dm:dout-
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The width of this MMNN is defined as max{n; : i = 1,2,--- ,m — 1}, the rank as
max{d; :1=1,2,--- ;m—1}, and the depth as m. MMNNs are designed to reduce the
dimensionality of the intermediate feature space, thereby simplifying optimization
while largely preserving the network’s expressive power. To simplify, we denote a
network with width w, rank r, and depth [ using the compact notation (w,r,[). See
Figure 1(a) for an illustration of an MMNN of size (4,2,2). In contrast, an FCNN ¢
can be expressed in the following composition form

¢=LroocoLy 10 - ocogoLjoooLy,

where £; is an affine linear map given by £;(y) = W, -y + b;. Readers are referred
to Figure 1(b) for an illustration and a comparison with the MMNN.

We clarify the structural differences between FCNNs and MMNNSs, omitting bias
terms for notational simplicity. In MMNNSs, each layer is defined by a composition

h:R"—=R", h(x)=Ac(Wx),
while in standard FCNNSs, layers are typically written as
h:R"—>R", h(x)=c(W),

where r < n, and r denotes the MMNN rank, an internal dimensionality that helps
regulate network complexity. The core principle behind MMNNSs is to limit the di-
mensionality of intermediate space, which helps streamline the optimization process
while maintaining the model’s expressive power.

One might suggest that the product A;W ;1 in MMNNs can be collapsed into
a single matrix, making MMNNs a special case of FCNNs. However, this overlooks
two critical distinctions.

1. Asymmetric Parameter Roles: In MMNNs, W is randomly initialized
and fixed while A is learnable. This asymmetry is central to our representa-
tion and training strategy and cannot be replicated by simply reinterpreting
MMNNs as FCNNs with a low rank factorization of the weight matrix W
which needs to be learned fully posing a challenging task for the optimization.

2. Architectural Interventions: In practice, modern networks often employ
techniques, such as batch normalization, dropout, and residual connections,
which fundamentally alter the layer-wise composition. For instance,

e with batch normalization layers B;s:

hy,oB,_10oh,_10---0Byohy;
e with dropout layers D;s:
hyn,oD,_10hy,_10---0Djohy;
e with residual connections:
hpo(I+hy_1)o---o(I+hy)oh;.
In these scenarios, the clean compositional structure required to merge ad-

jacent matrices (e.g., A; and W) is disrupted. Thus, MMNNs remain
distinct in both form and training philosophy.
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(a) MMNN of size (4,2,2), i.e., width 4, rank 2, and depth 2.
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(b) FCNN of size (4, —, 2), i.e., width 4 and depth 2.
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(c) ResMMNN of size (4,2, 3), i.e., width 4, rank 2, and depth 3.
Fic. 1. lllustrations of o-activated MMNN, FCNN, and ResMMNN.
For very deep MMNNS, one can borrow ideas from ResNets [9] to address the gradient

vanishing issue, making training more efficient. Incorporating this idea, we propose a
new architecture given by a multilayer composition of I + hy;, i.e., h: R%n — Rdout:

h=hpo(I+hm1)o-o(I+hs)o(I+hsy)oh,,

where each h; : R%-1 — R% is a multicomponent shallow network defined in (2.1)
with width n;,

dOZdirn dlz"':dm71:7q<<nia dm:dout7

and I is the identity map. We call this architecture ResMMNN. See Figure 1(c) for
an illustration of a ResMMNN of size (4, 2, 3).

The above definition of ResMMNNSs requires dy = - - - = d,;,_1 = r. If this condition
does not hold, we can alternatively define ResMMNNSs via

h=T®hy,)o(IDhy_1)o---o(Idh3)o(IDhy)o(IDhy),

where @ is an operation defined as follows. For any functions f : R — R% and
g:R%— R% _ the @ operation is given by

Fog:=(F+g)l:dg,

where

}: |:.(7;:| ERmaX{df’dg} and §: |:g:| ERmaX{df’dg}.
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2.2. Learning strategy of MMNNSs. Our learning strategy is motivated by
the following basic principle: a function can be decomposed in a multicomponent
and multilayer structure, each component of which can be approximated and trained
effectively using a one-hidden-layer network, which is a linear combination of random
basis functions (e.g., of the form o(W, -z + b;), see section 4). Therefore, optimiz-
ing the linear combination weights of the random basis functions, namely A;s and
¢;s, is both computationally efficient and sufficiently expressive. On the other hand,
optimizing the weights (orientations of the basis functions) W;s and biases b;s to
make the basis functions more adaptive to fine-tune features of the target function,
which would require capturing high-frequency information by a single layer network,
leads to not only significantly more parameters to optimize but also difficulties in
training, as shown in [45]. Specifically, for each layer of an MMNN, we fix the activa-
tion function parameters (W ;s and b;s) as per PyTorch’s default setting during the
training process. This entails initializing both weights and biases uniformly from the
distribution U (—\/E, \/E), where k = m.l The whole training process optimizes
all A;s and ¢;s simultaneously using the Adam optimizer [16]. Note that it is im-
portant to have a uniform sampling of orientations W, and biases b; for the random
basis functions to be able to approximate an arbitrary smooth function well. Unless
stated otherwise, parameter initialization adheres to the default settings provided by
PyTorch in our experiments.

To demonstrate the advantages of our training approach (labeled S1), we conduct
a comparison with the typical strategy in deep neural networks, denoted as Strategy
S2, which uses the default PyTorch initialization and optimizes all parameters during
training. In our tests, we select an oscillatory target function f(x) = cos(36mx?) —
0.6 cos(127z?) and use fairly compact networks. The tests are performed on a total
of 1,0001000 uniform samples in [—1,1] with a minibatch size of 100 and a learning
rate for epoch k set at 0.001 x 0.91%/490) for r=1,2,--- 20000, where |-| denotes the
floor operation. The Adam optimizer [16] is applied throughout the training process.

As illustrated in Table 1 and Figure 2, our learning strategy S1 is significantly
more effective than strategy S2 with comparable accuracy. There are two main ad-
vantages of S1. First, S1 requires training only about half the number of parameters
compared to S2, which results in time savings. Second, S1 converges more quickly
and performs significantly better when the training is not sufficient. We would like
to note that in certain specific cases, S2 may outperform S1, particularly when the
network size is relatively small, and S2 is well-trained. This is expected since S2 trains
all parameters, whereas S1 only trains a subset. Based on our experience, S1 is more
effective in practice, particularly for sufficiently large networks.

TABLE 1
Comparison of test errors averaged over the last 100 epochs.

network (width, rank, #parameters test error test error training time
depth) (trained / all) (MSE) (MAX)

MMNNT1 (S1) (400, 20, 6) 40501 / 83301 2.01 x 107> 4.36 x 10~2  23.9s / 1000 epochs

MMNNT1 (S2) (400, 20, 6) 83301 / 83301 4.26 x 10™° 4.71 x 10~2  30.2s / 1000 epochs

MMNN?2 (S1) (590, 28, 6) 83331 / 170061 1.39 x 105 2.80 X 10—2 25.2s / 1000 epochs

11t is noteworthy that this initialization approach is similar to the widely used Xavier initializa-
tion [5], which draws weights from the distribution U(—v'k, Vk) with k = in,featuresﬁuc,features and
sets the bias to 0.
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1 —— MMNN1 (S1, train 40501 of the 83301 parameters) —— MMNN1 (S, train 40501 of the 83301 parameters)
1.0 | | ~— MMNN1 (2, train all 83301 parameters) 1/ — MMNNI (52, train all 83301 parameters)
. —— MMNN2 (S1, train 83331 of the 170061 parameters) —— MMNN2 (S, train 83331 of the 170061 parameters)

051 I i
0.01 |l i I
-05 ‘

-1.0

-1.0 -0.5 0.0 0.5 1.0 0 1000 2000 3000 4000 5000 6000 7000 0 5000 10000 15000 2000t

FiG. 2. Left: target function f(z) = cos(36mz?) — 0.6cos(12wx2). Middle: base-10 logarithm
of test errors vs. epoch. Right: base-10 logarithm of “test-error-aver” wvs. epoch, where “test-
error-aver” for epoch k is calculated by averaging the errors in epochs max{1l,k — 100} to min{k +
100, #epochs}.

Fic. 3. Plot of f1. FiGg. 4. Plots of fa.

3. MMNNSs versus FCNNs. In section 2, we outlined the distinctions between
MMNNs and FCNNs regarding their representation and learning approaches. Here,
we evaluate their numerical performance for approximating oscillatory functions in
section 3.1 and solving partial differential equations (PDEs) in section 3.2. To ensure
a fair comparison, we use networks with a similar number of parameters and ensure
that all networks have sufficient parameters to learn the target function. Typically,
when training an FCNN, all parameters are optimized. For a thorough comparison,
we will employ two learning strategies for MMNNs as detailed in section 2.2: S1 and
S2. S1 involves training approximately half the number of parameters of the MMNN,
while S2 involves training all parameters.

3.1. Oscillatory function approximation. We consider a one-dimensional
function fi(x) = cos(207|x|**) + 0.5cos(127|z|!-%) and a two-dimensional function

2 2

fa(zr,22) = Z Z aijsin(sbiz; + sc; jrixy) cos(sbjz; + sd; jx?),
i=1j=1

where s =2 and

T T R G R L)

Refer to Figures 3 and 4 for illustrations of f; and fs, respectively.

Large network sizes (see Table 2) are selected to ensure that all networks possess
sufficient parameters to learn the target functions.? For training the one-dimensional
function, we sample a total of 1,000 data points on a uniform grid within [—1,1]
using a minibatch size of 100 and a learning rate of 0.001 x 0.95/400) for epochs
k=1,2,---,20000. For training the two-dimensional function, we sample a total of

2FCNNs perform poorly if the network size is small. For a fair comparison, we choose relatively
large network sizes for FCNNs and MMNNSs, where both perform reasonably well.
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TABLE 2
Comparison of test errors averaged over the last 100 epochs.

target network (width, rank, #parameters test error test error training time
unction ept traine al
functi depth ined / all MSE MAX
f1 MMNN1 (S1) (388, 18, 6) 35399 / 73035 2.49 x 107°9.93 x 10~3 23.3s / 1000 epochs
f1 FCNN1-1 (83, -, 6) 35110 / 35110 2.43 x 10~* 1.87 x 10~  19.5s / 1000 epochs
f1 MMNNT1 (S2) (388,18, 6) 73035 / 73035 2.05 X 10~ 1.88 x 1072  27.4s / 1000 epochs
f1 FCNN1-2 (120, —, 6) 72961 / 72961 1.73x10~* 1.14 x 10~'  22.3s / 1000 epochs
fa MMNN2 (S1) (789, 36, 12) 313630 / 637120 4.61 X 10~ %1.55 X 10°2  30.3s / 10 epochs
f2 FCNN2-1 (168, —, 12) 312985 / 312985 2.42 x 10~% 2.75 x 107! 26.7s / 10 epochs
fa MMNNZ2 (S2) (789, 36, 12) 637120 / 637120 6.17 x 10~¢ 6.05 x 102 35.8s / 10 epochs
fa FCNN2-2 (240, -, 12) 637201 / 637201 3.28 x 10~° 1.39 x 10~} 29.3s / 10 epochs
1 ~—— MMNN (S1, train 35399 of the 73035 parameters) -1 = MMNN (Sl>, train 313630 of the 637120 parameters)
0 T N 52, i 7035 parmitersy L Vo o2 ol o 63730 parsimters)
~— FCNN (train all 72961 parameters) -2 ~—— FCNN (train all 637201 parameters)

0 5000 10000 15000 2000 0 200 400 600 800
(a) fi. (b) f2.
0.010 02 0.020 0.10
0.005 0.1 0.015 0.05
0.010
0.000 0.0 0.005 0.00
-0.005 _01 0000 -0.05
-0.005
-10 -05 00 05 10 -10 -05 00 05 10 -10 -05 00 05 10 -10 -05 00 05 10
(c) MMNNT1 (S1). (d) FCNNI1-1. (e) MMNNT1 (S2). (f) FCNN1-2.
. 1.0 10
0.0108 o % 0.24 0.048 g';:g
0.0081 . 0036
0.0054 0.5 g 12 0.5 0024 05 gvgzg
0.0027 0.06 0.012 o.ouo
0.0000 0.0 0.00 0.0 0.000 0.0 0025
-0.0027 ~0.06 -0.012 -0.050
~0.0054 B -0.024 0075
—ooos1 05 012 -05 oo 0 = 0.07:
-0.0108 —g;s -0.048 _g.:gg
-0.24 —
100 05 00 o5 10 O M5 55 00 o5 10 195 65 00 05 10 105 65 o0 05 10
(g) MMNN2 (S1). (h) FCNN2-1. (i) MMNN2 (S2). (j) FONN2-2.

F1c. 5. First row: base-10 logarithm of “test-error-aver” vs. epoch, where “test-error-aver” for
epoch k is calculated by averaging the errors in epochs max{l,k — 100} to min{k + 100, #epochs}.
All errors shown on the y-azis are in base-10 logarithmic scale. Second row: differences between
learned networks and f1. Third row: differences between learned networks and fa.

6002 data points on a uniform grid within [—1,1]? using a minibatch size of 1000 and
a learning rate of 0.001 x 0.9%/16) for epochs k=1,2,---,800. The Adam optimizer
is employed for both functions.

As illustrated in Table 2 and Figure 5, MMNNs outperform FCNNs when both
have the same depth and a comparable number of parameters, particularly for rel-
atively oscillatory target functions. Moreover, as indicated in Table 2, the training
time for MMNN (S1) is similar to that of FCNN, while MMNN (S2) takes a bit
more time. We remark that the primary advantage of MMNNs lies in capturing
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high-frequency components. As we can see from Figure 5, the differences between
network approximations and the corresponding target functions show that FCNNs
approximate high-frequency parts of the target functions poorly. In contrast, the
approximation errors for MMNNs; especially with the S1 learning strategy, are more
evenly distributed across the entire domain, indicating their effectiveness in captur-
ing high-frequency components. The Adam optimizer [16] is applied throughout the
training process.

3.2. Solving partial differential equations. Next, we compare the perfor-
mance of MMNNs and FCNNs for solving PDEs. We consider a classical example:
the two-dimensional Poisson equation with zero Dirichlet boundary conditions:

—Au(z,y) = f(z,y), (z,9)€(=1,1)%  uloa =0,
where the source term is given by
f(z,y) = —1137% sin(77x) sin(87y) — 11772 sin(67z) sin(97y).
It is easy to verify that the exact solution is
u(z,y) =sin(7rz) sin(8ry) + sin(67x) sin(9ry).

We approximate the solution u(z, y) by a neural network ug(z,y), where 8 denotes
the network parameters, and solve the Poisson equation using the physics-informed
neural network (PINN) [27] formulation. The PDE residual is defined as R(z,y) =
—Aug(z,y) — f(x,y), where Aug = %2;? + 85;1297 and the neural network is trained
to minimize the loss function Liota1 = AppELPDE + ABcLBC, combining the PDE loss

LppE = 7 ZzNle R(z:,y:)? for collocation points (z;,y;) € (—1,1)? and the boundary

loss Lpo = §- Zjvzbl ug(z,y;)* for boundary points (z;,y;) € 9.

To compare FCNNs and MMNNSs in terms of representation accuracy, we avoid
soft boundary condition enforcement by including the penalty term ApcLpc in the
loss, which requires careful tuning of Agc. We adopt a hard-constraint formulation
that guarantees the boundary condition is satisfied exactly. Specifically, we define the

network output as

ug(x,y) =he(x,y) - cos (%) cos (%) ,

where hg(z,y) is modeled by either an FCNN or an MMNN. This construction ensures
that ug(z,y) =0 on the boundary 0f2 for all values of 6.

We select an MMNN of size (301, 16, 6), another MMNN of size (503, 20, 6),
and an FCNN of size (100, —, 6), denoted as MMNN1, MMNN2, and FCNN, respec-
tively, for simplicity. Since ReLU is not differentiable, we use the sine function as
the activation function. We sample 100? data points for f(z,y) on a uniform grid
in (—1,1)? using a minibatch size of 2000 and setting Appg = 0.001. We adopt the
Adam optimizer, with the learning rate set to [k/200]/800 for k < 16000 and to
0.001 x 0.9L(k=16000)/1600] fr £ > 16000, where k=1,2,---,160000 denotes the train-
ing epoch. We note that for k£ < 16000, we use an increasing learning rate to facilitate
warm-up (see, e.g., [1, 15]), which enhances training performance.

Our experiments reveal that initial parameters significantly impact training, par-
ticularly for FCNNs. To ensure experimental reliability, we repeated the experiments
with 16 different seeds. As demonstrated in Figures 6, 7, and Table 3, both MMNNs
surpass the FCNN in solving PDEs with PINNs, even with comparable depth and
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6 —— MMNN of size (301, 16, 6)

—— MMNN of size (301, 16, 6)

—— MMNN of size (301, 16, 6)

6
MMNN of size (503, 20, 6) MMNN of size (503, 20, 6) MMNN of size (503, 20, 6)
4 —— FCNN of size (100, -, 6) 4 —— FCNN of size (100, —, 6) 1 —— FCNN of size (100, —,6)
2 k 2 K of-i\%
o N R a
- Mohe . .
N N -2
-4 -4

0 40000 80000 120000 160000 0 40000 80000 120000 160000 0 40000 80000 120000 160000

(a) Training error. (b) Test error (MSE). (c) Test error (MAX).

Fic. 6. Average errors across 16 seeds versus epoch. The training error corresponds to the PDE
loss, while the test error (MSE or MAX) quantifies the difference between the learned network and
the true solution. All errors shown on the y-axis are in base-10 logarithmic scale.

0.00036 10w
0.00024

0.00012 05
0.00000
-0.00012
—-0.00024
~-0.00036
—-0.00048 -0.5
~0.00060
-0.00072

0.0032
0.0024
0.0016

| 0.0008
0.0000
-0.0008
-0.0016
-0.0024
-0.0032

0.0

125 565 0o o5 10 19565 o0 05 10

(b) MMNN1. (¢) MMNN2.

105 65 o0 05 10

(d) FCNN.

Fi1G. 7. Comparison of three networks: (a) true solution; (b, ¢, d) differences between the true
solution and predictions from learned networks. For each network, we select the best trained model
from 16 seeds.

TABLE 3
Comparison of test errors.

#parameters
(trained / 24462 / 50950 50904 / 105228 50901 / 50901
all)
MMNNT of size (301, 16, 6) MMNN2 of size (503, 20, 6) FCNN of size (100, —, 6)
seed for MSE MAX MSE MAX MSE MAX
randomness
0 260x 1076 6.22x1073 1.77x10"% 3.38x1073 4.95x10-1 1.94x10°
1 218 x 1077 2.08x 1073 9.32x10"°2 6.76x10"* 7.95 x 10~7 3.35x 10~ 3
2 1.18 x 1076 418 x 1073 238x10~% 1.55x1073 5.01x10~1 1.94 x 10°
3 319x1076 557x1073 6.68x 1072 1.19x102 5.03x 10! 1.94 x 109
4 534x 1077 3.12x1073 235x107% 289x1073 4.99x10-1 1.94x10°
5 1.76 x 1076  5.15x 102 1.78 x10=% 251 x10~3 4.96x10~1  1.94 x 10°
6 4.92x 1077 2.61x107% 9.68x1079 4.65x1073 5.04x10"1  1.94 x 10°
7 1.97x 1076 5.34x10=2 3.87x10"% 337x103 5.01x10"1 1.94 x10°
8 498 x 1077 244x1073 4.04x1078 9.83x10"%* 820x10~7 3.22 x 10~3
9 2.57x 1076 4.10x1073 1.69 x 10~ 6.66 x 10—4 5.00 x 10-1  1.94 x 10°
10 247x 1076 6.15x 1073 2.72x1078 3.88x 1072 5.02x 10!  1.94 x 109
11 1.03x 1076 3.86x1072 202x10"8 1.31x1073 5.03x10-1 1.94 x 10°
12 1.61x 1076 5.13x107% 4.38x107° 1.16x1073 1.60x10~° 1.12x 1072
13 9.35 X 1078 1.52 x 103 385x10~% 1.07x1072 286x10"2 4.39x10°1
14 742x 1077 341x1073 151x1078 1.77x10~2% 5.01 x10~!  1.95x 109
15 6.58 x 1076  6.25x 1073 2.74x 1078 123x1073 6.85x10"6 7.97x103

total (or training) parameters. We note that using the same seed may yield different
outcomes across various code environments. Our tests consistently show that MMNNs
always succeed, whereas FCNNs fail with high probability (increasing FCNN width
may improve the likelihood of success).
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4. Multicomponent and multilayer decomposition. It has been shown in
[45] that a one-hidden-layer neural network acts as a low-pass filter and cannot effec-
tively represent or learn high-frequency features. Using mathematical construction, we
demonstrate that MMNNSs, which are composed of one-hidden-layer neural networks,
can overcome this difficulty by decomposing complexity through their components
and/or depth. We emphasize that the decomposition is highly nonunique. Our con-
struction is “man-made” which can be different from the one by computer through
an optimization (learning) process. Our discussion begins with one-dimensional con-
struction in section 4.1 and later extends to higher dimensions in section 4.2.

4.1. One-dimensional construction. We begin with a two-component decom-
position in the one-dimensional as both an illustration and an example in section 4.1.1.
Later in section 4.1.2, we introduce the general multicomponent decomposition. Fi-
nally, in section 4.1.3, we use concrete examples for demonstration.

4.1.1. Two-component decomposition. We demonstrate a simple “divide
and conquer” strategy for an example function f(z) = cos(2nmx), a high frequency
Fourier mode when n is large. Define

fa 1 (u,v) € [-1,1]%  cos (nm(u+ 1)) + cos (nm(v — 1)) €R,

and f; = [ﬁl] :[=1,1]+= [~1,1], where the components fi 1 and f1 o are given by
1 for z € [-1,0),
4.1 x) =ReLU(2z) — 1=
(4.1) Jia(x) (22) {233_1 for x €10,1],
and
2z +1 for z €[-1,0),
(4.2) fr2(z) = —ReLU(-2z) {1 for z € [0, 1].

Then, for any = € [—1,1] we have
f(x) =cos (mr . ReLU(Qx)) + cos ( —nm- ReLU(—2x))
= cos (mr(fm(x) + 1)) -+ cos (mr(fm(x) — 1)) = fao fy(x).

Through this decomposition and piecewise linear transformation, which can be ap-
proximated easily by a single layer of ReLU network, one only needs to approximate
a function that is smoother than the original f: f; is simplified, while fs is reduced
to half of the frequency of the original target function f.

We observe that this decomposition approach is universally applicable for any
function f:[—1,1]— R. Specifically, the decomposition is defined as

friun el (52 ) 4 1 (P5) - F0 e,

and f, = [ﬁ;] : [=1,1] = [=1,1]%, where f11 and fi o are given in (4.1) and (4.2).

Hence, for any x € [~1,1], we achieve the following reconstruction of f(z):

o) =1 () () - o)

2
= (225 4 (22020 0= oo i),
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demonstrating a structured decomposition that allows the function to be expressed
through the composition of a smoother function with a piecewise (component-wise)
transformation and rescaling.

4.1.2. General multicomponent decomposition. Now, we extend to a gen-
eral multicomponent adaptive decomposition, a “divide and conquer” strategy, that
can distribute the complexity of a target function evenly to multiple components.

Given a sequence xg < x1 < --- < &, where the target function is defined on the
interval [zg,x,], we will demonstrate how our new architecture allows us to partition
the complexities of the function f into smaller intervals [x;_1,z;]. By rescaling each
subinterval, one only needs to deal with a much smoother function in each interval.
This approach enables us to effectively approximate the target function over the entire
interval [zg, x,].

Let £;: [a;,b;] = [zi—1,2;] be the linear map with

(43) Ez(al) =Ti—1 and El(bl) =T;.
Define

To decompose the target function into smoother pieces, we define a piecewise
linear transformation 1; using a linear combination of two ReLU functions (or a simple
single layer network),

(4.5) ¥;(x) =s;-ReLU(x — x;—1) — 8; - ReLU (x — x;) + a;.

Here, s; = —%=% _ ig the “slope” of £, which is a local rescaling. For example
? Ti—Li—1 v 0 ’

/i becomes a smoother function than f after stretching [z;_1, ;] to a larger domain
[a;,b;]. See an illustration of ¢;(x) in Figure 8.

THEOREM 4.1. Given xg < x1 < -+ < X, suppose L; and 1; are given in (4.3)
and (4.5), respectively. Then, the target function f : [xo,z,] = R has the following
(smoother) decomposition (f;) with a piecewise linear transformation (;),

n n—1
f(z)= Zfi o (x) — Zf(xl) for any € [zo, ],
i=1 i=1
constant

where f; is given in (4.4).

Proof. By definition of t; in (4.5), it is easy to check

Yi(z) =< LN x) ifxclrig,x), = ¢i(z)= £;1(9c) ifi=j,
a; ifz<x;_q, a; leZ]—‘rl,
bif —— t(x)

Q;

Xi—1 X

Fic. 8. An illustration of ¥;(z).
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for a fixed j € {1,2,--- ,n} and any z € [z;_1,x;]. It follows that
Zfzowz Zfoﬁ o i(x)

:Zfoﬁiom x)+ foL;on(x Z foLio(x)

S
_Zfoﬁ )+ foLjoLy Z foLi(ai)
i=j+1
n—1
—mez + fla Z fl@io)=flz)+ ) flz:).
1=j+1 i=1

constant

It follows that
n n—1
:Zfi o(x) — Zf(xz) for any x € [x;_1,x;].
i=1 i=1

constant
Since j is arbitrary, the above equation holds for all z =U?_, [z, 1, 2;] = [z0,z,]. D

For each smoother f;, one can use a shallow network component ¢;, a linear
combination of random basis functions, to approximate f; well on [a;,b;]. Then,

n n—1 n n—1
= Zfi o thi(x) — Z flai) = Z¢i o thi(z) — Z flai) = h(x),
- Zjolnstant - Zjolnstant

h(z) is a one-hidden-layer neural network approximation of the target function f(x)
that can approximate a complex function better than a single layer. See Figure 9 for
an illustration. In practice, one can choose repeated decomposition using a multicom-
ponent and multilayer network structure which is the motivation for MMNN. It is
well-known that neural networks can approximate smooth functions well. For local-
ized rapid change/oscillation, our construction shows that a small network in terms
of the width and the number of components and layers can achieve adaptive decom-
position and deal with it rather easily. Hence, MMNN is effective in approximating a
function with localized fine features. This is an important advantage in dealing with
low-dimensional structures embedded in high dimensions. The most difficult situation
is approximating global highly oscillatory functions, especially with diverse frequency
modes, for which wider networks with more components and layers are needed to deal
with both the complexity and curse of dimensions.

4.1.3. Examples. Here, we use two examples to demonstrate the complexity
decomposition strategy presented in the previous section. We start with the Runge
function f(z) = 25962“ and modify it to f(z) = m, which has a localized
rapid change near 0. As an example, we use four components n = 4, choose points
xg,T1,T2,23,T4 at —1,—0.2,0,0.2,1, and let a; = —1 and b; = 1 for all 7. In prac-
tice, each component is approximated by a single-layer network—a linear combination
of basis functions and trained by an optimization method, e.g., Adam. Our exam-
ples here are just a proof of concept for the decomposition of a target function into
smoother components using MMNN structure in the form

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/02/25 to 158.132.161.180 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

C1072 S. ZHANG, H. ZHAO, Y. ZHONG, AND H. ZHOU

"[” “ReLU (7 — o) — s1 - ReLU (z — 71) + a1 = m(:)]"
ReLU(z — 1)
s2-ReLU (z — a1) — sz - ReLU (z — 23) + ag = v () |——————
= — 2 met)

Ne
(o)
(a) Decomposition of target function f =c+ Y i | fi o ;: oscillatory f to smooth fi’s.

[~,. ROLU (¢ — 1) — 5 - ROLU (2 — ) + ay = ,v,‘(,)]

T e PR T o ey e) ML W rppe)
ReLU (z — 1)
[»3 ReLU(z — 21) — 57 - ReLU (z — z3) + a2 :mw];.
e —— —

AN

4»+ih,w,: h(x)
=
(oo N _—
[5,‘ ReLU(Z — u—1) — 8 - ReLU (¢ — ) + an == .~,‘(1)]’> B o ()
e
first one-hidden-layer block (decomposition) second block (divide and conquer): h; &~ f;

(b) Neural network architecture of h =c+ Y ., h; o ¢; by using h; =~ fi.

F1G. 9. Visual representations of the decompositions of f and h are provided with ¢ =
Z?;ol (z;) being a constant and s; being the slope. Here, the function f is dissected into sev-
eral simpler functions, labeled as f;. Each f; represents a simplified and more manageable segment
of f, allowing for the straightforward application of subnetwork h; to closely approrimate f; even

with the use of shallow networks.

— i) = 003 fi@)

1 Jolz) = — fylx) 00 — filz)

— Uy(x) = () Wy(z)

Fi1G. 10. Illustrations of f(x) = szﬂ and its multicomponent decomposition through f; and

Y 1=1,2,3,4, where f(z)= Zle fiovi(z) — Z?:1 ().

4 3
f@)=> fioti(z) =Y f(x:),
1=1 1=1
constant

where f; and 1); (piecewise tranformation/rescaling) are defined as in (4.4) and (4.5),
respectively. These components are illustrated in Figure 10. Each component is
relatively smooth, making it easier for approximation and learning through shallow
networks. This approach essentially utilizes a divide-and-conquer principle.

The second example is a globally oscillatory function of the form

f(x) = cos?(6mx) + sin(107z?).

Again, we illustrate using four components n = 4, selecting points xg, 1, %2, 3,24 at
—1,-0.7,0,0.7,1, and setting a; = —1 and b; =1 for all 7. As shown in Figure 11, the
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() = cos(Gra) + sn(10ma? ) — ) ' o) ' — fi@) ) — fi(x)

12 — Uy(x) L Uofx) "

FiG. 11. Illustrations of f(x) = cos?(6mx) + sin(10mz2) and its decomposition components f;

and v; such that f(z) = Z?zl fioi(x) — Z?zl fzs).

target function f(x) is decomposed into components that are less oscillatory, again
facilitating their approximation and learning through shallow networks.

4.2. High-dimensional cases. Let us now consider the extension to multiple
dimensions using the case of two dimensions as an example since the straightforward
dimension-by-dimension strategy can be applied to any number of dimensions.

Given zg < 1 < -+ <z, and Yo < y1 < -+ < Ym, we divide the domain of
the function f(z,y) into small Cartesian rectangles [z;_1,x;] X [yj—1,y;]. Let Ly :
[ai,b;]) = [ziz1, 2] and Laj @ [¢;,di] = [yj—1,Y;] be the linear maps with

(4.6) L1(a;) =m_1, and L j(ci) =yj-1,
Lyi(bi) = Lo j(di) =yj.

Fori=1,2,---,nand j=1,2,---,m, we define

fi,O(Ia y) = f(ﬁlfi(x)a y)a
(47) fO,j(xay) ::f(l', ‘CQ,J(y)))
fii(@,y) = f(L1i(x), La;(y)) = fo,; (L1,i(2), y) = fio(z, L2;(y)).
It is evident that with appropriate transformation and rescaling, f; o(z,y) is smooth

in = when y is held constant, fy ;(z,y) is smooth in y when z is fixed, and f; ;(x,y)
is smooth in both z and y. Define

(4.8)
b; if x> x;, d; if y > yj,
die)=q Ly;(x) ifwelrin,z], and é;(y)=qLyj(y) ifye[y—1,y5l,
a; faex<wzi_q cj if y <yj_1.

The theorem below provides a decomposition of f that fits into the MMNN structure.

THEOREM 4.2. Given xg < 1 < -+ < xp and Yo < Y1 < -+ < Ym, SUPpose
Li14,L9,;, and ¢;,¢; are gwen in (4.6) and (4.8), respectively. Then, the function
I [0, xn] X [Yo,Ym] — R can be expressed as

zn:ifzj(wz ) zn:m lfl()( y])
(49) ey S
- Zf0j<1'zv¢3 >+Z f xzay]
i=1 j=1 =1 j=1

for all (x,y) € [z0, 2] X [Yo,Ym], where f; ; are given in (4.7).
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Proof. Fixing (k,j), for any (x,y) € [tr—1,2k] X [ye—1,Yye], we have

by ifi<k—1, d; ifj<l-1,
Yi(z) = E;i(x) ifi=k, and ¢;(y) = E;%(y) ifj=¢,
a; ifi>k+1 ¢ if > 0+1.

It follows that

n

ifz-,o (wi@),y) =Y £ (Lriowila), )

i=1

kzlf(zl,iow@) y) + S (Lrkovn(a) y) + Z f(Lriowi(@), y)
=1 i=k+1

:%f(ﬁu(b) )+f<£1k0£1k ) Z f(/“:“az )
=1 i=k+1

:kz_:lf(x“ y) + f(z,y) + zn: @iy, y) = f(a, y)+§f(évi,y),
i=1 i=k+1 i=1

implying

Zfz COME fol,

For each i, using the one-dimensional decomposition technique described in sec-
tion 4.1, we find the decompositions for f; 0(1/%(@, y) and f(z;, y). We have

qu(% 6(y)) = Zfzo(wz [ L25065(y))
= Zfi,o (wi(ﬂf% Ly o ¢j(y)) + fio (1/%(33)7 Loypo0 ¢e(y))
+ i fi,0(¢i(x)a£2,jo¢j(y))
J=0+1

— § fio <¢z($)7 Ls (dj)) + fio (¢z($)7 Loygo ﬁ;} (y))
j=1

+ i fi,o(i/Ji(x),L'gJ(cj))

j=0+1
S o (4360 15) + o (0562 v) + S Fro(ala)s vy
P j=0+1
m—1
—sz(wl )+ sz( yJ 1)
J:I

implying

(4.10) fio ( ) Zf”(wz ) Zfzo(wl )
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Moreover,
Zfo,g <$z, 5 ( )) = if(l’i, Lo,; 0¢j(y))
7=1
=§f($i, Lo jod;(y )) +f($z, Lo o0 ¢e(y ) + Z f(xz, Lo jod;(y ))
Jj= j=£+1
:ez:lf<xi7£2]( )>+f<x27£2120£2@ )+ Z f(wzwc2](cj)>
j=1 j=0l+1
-1 m m—1
=D f@iy) + fny)+ D flaiyi1) =Flesy) + > f@i, ),
j=1 j=t+1 i=t
implying

m—1

(4.11) flaiyy Zfod(xz,% ) fouyg

Therefore, for any (z,y) € [a:k_l,a:k] X [Ye—1,9¢], by (4.10) and (4.11), we have

n n—1

fle,9)=>_fio (%‘(33)7 y) - Z:f(ﬂ% y)

=1

iiﬂj (1/’1 9;(y )) - inllfi’o(%(x)’ yj)
nZif 0,3 (1‘1, b5 ( )) -l-nzlmzlf(x“ Yi)-

Since k and ¢ are arbitrary, the above equation holds for all (z,y) = U}_; UP,
[Tk—1,Tk] X [Ye—1,Ye] = [0, Tn] X [Yo, Ym]- O

4.3. Related work. Several lines of research are closely related to this work,
including approximation theory, low-rank methods, random feature models, and ar-
chitectures inspired by the Kolmogorov—Arnold representation.

Approzimation. Extensive research has examined the approximation capabilities
of neural networks, focusing on various architectures to approximate diverse target
functions. Early studies concentrated on the universal approximation power of single-
hidden-layer networks [4, 11, 12], which demonstrated that sufficiently large neural
networks could approximate specific functions with arbitrary precision mathematically
without quantifying the error relative to network size. Subsequent research, such

s [2, 3, 7, 8, 21, 23, 33, 34, 35, 36, 37, 38, 40, 41, 42, 43, 44, 46], analyzed the
approximation error for different networks in terms of size characterized by width,
depth, or the number of parameters. Those studies have primarily concentrated on
the mathematical theory that supports the existence theory for such neural networks.
However, there has been limited focus on determining the parameters within these
networks computationally and the numerical errors, particularly those arising from
finite precision in computer simulations. This gap motivated our current investigation,
which considers practical training processes and numerical errors. Specifically, the
balanced structure of MMNN, the choice of training parameters, and the associated
learning strategy discussed here are intended to facilitate a smooth decomposition of
the function, thereby promoting an efficient training process.
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Low-rank methods. Low-rank structures in the weight matrix W of a fully con-
nected neural network have been investigated by various groups. For example, the
methods proposed in [13, 29, 31] focus on accelerating training and reducing memory
requirements while maintaining final performance. The concept of low-rank structures
is further extended to tensor train decomposition in [24]. The MMNN proposed here
differs in two key aspects. First, each layer contains two matrices: A outside and
W inside the activation functions. Each row of A represents the weights for a linear
combination of a set of random basis functions, forming a component in each layer.
The number of rows in A, which equals the number of components, is selected based
on the complexity of the function and is typically much smaller than the number of
columns corresponding to the number of basis functions. Each row of (W, b) repre-
sents a random parameterization of a basis function, with the number of rows in W
corresponding to the number of basis functions, usually much larger than the number
of columns in W, which is the input dimension. Second, in our MMNN, only A is
trained while W remains fixed with randomly initialized values. Theoretical studies
and numerical experiments demonstrated that the architecture of MMNN, combined
with the learning strategy, is effective in approximating complex functions.

Random features. Fixing (W ,b) of each layer and use of random basis func-
tions in the MMNNSs is inspired by a previous approach known as random features
[18, 25, 26, 30, 39]. In typical random feature methods, only the linear combina-
tion parameters at the output layer are trained, which also leads to the issue of ill-
conditioning of the representation. In MMNNS, matrix A and vector ¢ of each layer
are trained. Our MMNN employs a composition architecture and learning mechanism
that enhances the approximation capabilities compared to random feature methods
while achieving a more effective training process than a standard fully connected net-
work of equivalent size. Extensive experiments demonstrate that our approach can
strike a satisfactory balance between approximation accuracy and training cost.

Komogolrov-Arnold (KA) representation. The KA representation theorem [17]
states that any multivariate continuous function on a hypercube can be expressed as
a finite composition of continuous univariate functions and the binary operation of
addition. However, this elegant mathematical representation may result in composi-
tions of nonsmooth or even fractal univariate functions in general, a computational
challenge one has to address in practice. KA representation has been explored in sev-
eral studies [14, 19, 22, 35]. A recently proposed network known as the KA network
(KAN) utilizes spline functions to approximate the univariate functions in the KA
representation. The proposed MMNN is motivated by a multicomponent and multi-
layer smooth decomposition, or a “divide and conquer” approach, employing distinct
network architectures, activation functions, and training strategies.

5. Numerical experiments. We perform extensive experiments to validate our
analysis and demonstrate the effectiveness of MMNNs through the multicomponent
and multilayer decomposition studied in section 4. In particular, our tests show its
ability to (1) adaptively capture localized high-frequency features in section 5.1, (2)
approximate highly oscillatory functions in section 5.2, (3) approximate discontinuous
functions with porous structures in section 5.3, (4) exhibit some interesting learning
dynamics in section 5.4, and (5) solve problems in three and higher dimensions in
section 5.5. All our experiments involve target functions that include high-frequency
components in various ways and are difficult to handle by shallow networks (no matter
how wide), as shown in our previous work [45]. Moreover, our experience with these
tests shows that using a fully connected deep neural network would require many
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more parameters and is much harder (if possible) to train to get a comparable result.
This is mainly due to a balanced and structured network design of MMNN in terms
of the (1) network width w, which is the number of hidden neurons or random basis
functions in each component, (2) rank r, which is the number of components in each
layer, and (3) network depth I, which is the number of layers in the network. The use
of a controllable number of collective components (through A) in each layer instead
of a large number of individual neurons and the use of fixed and randomly chosen
weights (W, b) make the training process more effective.

In all tests, (1) data are sampled enough to resolve fine features in the target func-
tion, (2) the Adam optimizer is used in training, (3) the mean squared error (MSE)
is the loss function, (4) the default activation function used is ReLU, (5) all compu-
tation and training use single precision in PyTorch, (6) all parameters are initialized
according to the PyTorch default initialization (section 2.2) unless otherwise speci-
fied, (7) W's and bs (the parameters inside the activation functions; see section 2.1)
are fixed and only As and cs (the parameters outside the activation functions) are
trained, and (8) computations are conducted on a NVIDIA RTX 3500 Ada Generation
Laptop GPU (power cap 130W), with most experiments concluding within a range
from a few dozen to several thousand seconds. All our MMNN setups are specified by
three parameters (w,r,l) which depend on the function complexity. Another tuning
parameter is the learning rate, which is guided by the following criteria: (1) not too
large initially due to stability, and (2) a decreasing rate with iterations such that the
learning rate becomes small near the equilibrium to achieve good accuracy while not
decreasing too fast (especially during a long training process for more difficult target
functions) so that the training is stalled.

5.1. Localized rapid changes. We begin with two one-dimensional examples.
The first is f(x) = arctan(100x 4 20), which is smooth but features a rapid transition
at zero. As demonstrated in our previous work [45], a shallow network struggles to
capture such a simple local fast transition which contains high frequencies, and we
show that this function can be approximated easily by a composition of a smooth
function on top of a (repeated) spatial decomposition and local rescaling using the
MMNN structure in section 2.1. Our test indeed verifies that our new architecture can
effectively capture a localized fast transition rather easily using a very small network
of size (16,4, 3), as shown in Figure 12. For this test, a total of 1,000 data points are
uniformly sampled in the range [—1,1], with a minibatch size of 100, a learning rate
of 1073, and the number of epochs set to 2,000. Figure 13 gives the error plot.

Next, we consider a more complicated target function, f(z) = Lfjz+0.2/<0.02}"
sin(507x), which represents a localized fast oscillation. For this example, we will con-
duct two tests. The first one is to show the flexibility of MMNN to automatically
adapt to local features. The network has a small size, as above (16,4, 3). Each layer
has a network width of 16. In other words, each component is a linear combination

20 — true function  — learne 4 network 2041~ — true function learned network 2011 — true function leamned network
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(a) Epoch 100. (b) Epoch 200. (¢) Epoch 2,000.

Fic. 12. Illustrations of training process.
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(a) Epoch 500. (b) Epoch 1000. (c) Epoch 2000. (d) Epoch 20, 000.

Fia. 14. Illustrations of the training process.

Fic. 15. Training and test er- F1G. 16. Left: Least square using equally spaced 153
rors (in MSE) vs. epoch. FEM bases. Right: MMNN with 153 free parameters.

of 16 ReLU functions, which has no way to approximate such a target function well.
However, with a multilayer and multicomponent decomposition with parameters ap-
propriately trained by Adam, MMNN can adapt to the behavior of the target func-
tion, as shown in Figure 14. Figure 15 gives the error plot. Also, the test shows
that this example is more difficult to train. For this test, there are a total of 1,000
uniformly sampled points in [—1, 1] with a minibatch size of 100 and a learning rate
of 0.002 x 0.95%/1900] "syhere |-| denotes floor operation and k =1,2,---,20000 is the
epoch number. It should be noted that in this test, we initialize the biases bs to 0
and use the PyTorch default initialization method for the weights W. This approach,
inspired by Xavier initialization, is chosen because the target function is locally os-
cillatory, and the MMNN size is quite small, necessitating a setup adaptive to the
target function to facilitate the training. For other experiments, both the biases and
weights use the PyTorch default initialization. We then compare with least square ap-
proximation using uniform finite element method (FEM) basis with the same degrees
of freedom. As shown in Figure 16, MMNN renders a better approximation due to
automatic adaptation through the training process. We remark that when training an
MMNN with an extreme compact size with respect to the target function complexity,
due to the lack of flexibility /redundancy, the training may become more subtle and
need more careful calibration, such as initialization, learning rate, min-batch size, and
others. However, introducing slight redundancy into an MMNN; such as by increas-
ing its size marginally, enhances its flexibility and makes training more tractable. On
the other hand, when the network becomes too large, then training a large number
of parameters and over-redundancy will lead to potential difficulties for optimization.
This also shows that there is a trade-off between representation and optimization that
needs to be balanced in practice.
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Finally, we show an example in the two-dimensional case shown in Figure 17 and
defined in polar coordinates by

0 if 0.5 4 25p — 257 <0,
f(rd)=<1 if 0.5+ 25p — 25r > 1, where p=0.1+ 0.02cos(870).
0.5+ 25p — 25r otherwise,

Again, a rather compact MMNN of size (100, 10, 6) can produce a good approximation.
Figure 18 shows the log plot of training and testing errors in MSE. For this test, there
are a total of 4002 uniformly sampled points in [—1,1]? with minibatch size of 1000
and a learning rate of 1073 x 0.9%/25) where k=1,2,---,1000 is the epoch number.
In Figure 19, we compare the result with piecewise linear interpolation and least
square approximation using FEM basis on a uniform grid with the same number of
degrees of freedom. As observed before, MMNN renders the best result due to its
adaptivity through training. When adaptive finite element is applicable, it is hard to
beat. However, adaptive FEMs are more humanly involved, while MMNNs based on
training are more automatic. The key message here is to demonstrate that MMNN
has adaptive features through training/optimization, which will be useful when an
adaptive FEM becomes difficult or impossible in applications.

5.2. Highly oscillatory functions. Globally oscillatory functions with signifi-
cant high-frequency components can not be approximated well by a shallow network
when a global bounded activation function of the form o(W -« — b), such as RelU, is
used. Due to almost orthogonality or high decorrelation (in terms of the inner prod-
uct) between o(W -x — b) and oscillatory functions with high likelihood (in terms of
a random choice of (W b)), the set of parameters that can render a good approxima-
tion, namely the Rashomon set [32], becomes smaller and smaller (in terms of relative
measure) and hence harder and harder to find as the target function becomes more and
more oscillatory (see [45]). Although this difficulty can be alleviated by complexity
decomposition using MMNN as shown in section 2, it still requires a larger network in
terms of width, rank, layers, and more training. Here, we limit our tests to oscillatory
functions in one-dimensional and two-dimensional cases due to the dramatic increase
in complexity with dimensions, or the curse of dimensions, in general.

We again start with a one-dimensional example, f(z) =sin(507z),z € [-1,1]. An
MMNN of size (800,40, 15) produces a good approximation of this highly oscillatory
function, as illustrated by the error plot in Figure 21, with a smaller learning rate and
a longer training process compared to previous examples with localized fine features.
Due to the significant depth, we consider using ResMMNN] as discussed in section 2.1.
For this test, a total of 1000 uniformly sampled points in [—1,1] are used with a
minibatch size of 100 and a learning rate of 10~* x 0.95/800) 'where k=1,2,---,40000
is the epoch number. Also, an interesting learning dynamic for Adam is observed

—— logy(training-error) vs. epoch

| —— logy(test-error) vs. epoch

T 200 00 G0 B a0

F1c. 18. Errors (in MSE).

Fic. 17. Target function.
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(b) Interpolation.

(d) Network (error). (e) Interpolation (error). (f) FEM (error).

Fic. 19. Comparison among different approximations using MMNN, interpolation, and least
square FEM. The interpolation and FEM are all based on a 72 X 72 = 5184 uniform grid. MMNN
has (100+1) x 10 X (6 —1) 4+ (100+1) = 5151 free parameters. The mazimum error is approzimately
0.05 for MMNN, 0.31 for interpolation, and 0.38 for FEM. The corresponding MSE errors are
0.85x 1076, 1.95 x 104, and 1.45 x 104, respectively.

log,(training-error) vs. epoch
R — logy(test-error) vs. epoch

(a) Epoch 3,600. ( - (

=5 [t

(d) Epoch 5, 000. (e) Epoch 10, 000. (f) Epoch 40, 000.
Fic. 21. Training and test er-

Fic. 20. Illustrations of the training process. rors (in MSE) vs. epoch.

from Figure 20. In the beginning, nothing seems to happen until about epoch 3600,
when learning starts from the boundary. Then, more and more features are captured
gradually from the boundary to the inside. Eventually, all features are captured and
then fine-tuned together to improve the overall approximation.

Next, we consider a two-dimensional target function of the following form:

2 2
fs(x1,@0) = Z Z aijsin(sbiz; + scijrixy) cos(sbjzy + sdijx?),

i=1 j=1

where

0.3 0.2 27 2 Am 47 61
(aig) = [0.2 0.3] o B)= Lm] o (eg)= [&r 47r] o (dig) = [&r 671'] '
In our test, we choose s = 3 to ensure the function exhibits significant oscillations
and contains diverse Fourier modes as illustrated by Figure 22. Given the complexity

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/02/25 to 158.132.161.180 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

MULTICOMPONENT AND MULTILAYER NEURAL NETWORKS C1081

1075 -
3 = o i 'l J log,(training-error) vs. epoch
3 i
e o |' L‘.'. [, > _9) log,(test-error) vs. epoch
S S 03 | ',[‘““
. - 018 h‘ﬁ, § | ! | ”', I \
o 000 i ,."[ | -3
&, e | i
' 3 036 ) § ) P )
-0 % 054 by A ' 1o
. " Y 05
o . on 0s
- : 050 o0 * 5 50 T000 1500 2000
-10 — — Y os 05
-1.0 -0.5 0.0 05 10 10 10
Fic. 23. Training and test er-
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(a) Epoch 25. (b) Epoch 50. (c) Epoch 1, 000. (d) Epoch 2,000.

(e) Epoch 25. (f) Epoch 50. (g) Epoch 1,000. (h) Epoch 2,000.

Fic. 24. The top row: the learned neural network; the bottom row: error.
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FiG. 25. MMNN approzimation in a unit disk.

of the function, we employ an MMNN with size (600,30,15). Again, ResMMNN is
used due to the depth. For this test, a total of 4002 data are sampled on a uniform
grid in [~1,1]? with a minibatch size of 1000 and a learning rate of 1073 x 0.91%/40]
where k =1,2,---,2000 is the epoch number. The training process is illustrated by
Figure 24. Figure 23 shows the log-error plot.

We trained the same function using identical network settings, except we lim-
ited the domain of interest to a unit disc. We sampled 4522 data points uniformly
distributed over the [—1,1]? area, then filtered to retain only those points that fall
within the unit disk, totaling approximately 159692 (= 400%) samples. As illustrated
in Figure 25, our network successfully learned the target function in the disc with
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F1G. 26. True functions, corresponding learned networks, and their differences (errors). The
top and bottom rows correspond to two different target functions.

TABLE 4
Test errors for two approxzimation results in Figure 26.

target function  network (width, rank, #parameters test error test error
depth) (trained / all) (MSE) (MAX)

Figure 26(a)  MMNN1 (256, 12, 6) 15677 / 33085 1.35x 1073  9.94x 10!

Figure 26(d) ~ MMNN2 (1024, 32, 6) 165025 / 337057  1.14x 1073 1.12 x 10°

no adjustments or modifications. This test highlights the network’s flexibility for do-
main geometry, an advantage over traditional mesh or grid-based methods, especially
in higher dimensions.

5.3. Discontinuous functions with porous structures. Earlier, we tested
highly oscillatory functions that are still continuous. To be more inclusive in our
experiments, we now consider piecewise smooth functions with porous structures and
complicated interfaces. Two target functions are shown in Figure 26(a,d). The first
is a constant function with holes of various shapes removed (piecewise constant),
while the second is based on the function in Figure 4 with holes introduced (piecewise
smooth). We choose an MMNN of size (256, 12, 6), denoted MMNN1, and another
of size (1024, 32, 6), denoted MMNN2, to learn these two functions, respectively. For
training, we sample 600? data points on a uniform grid in [—1,1]? using a minibatch
size of 1,000 and a learning rate of 0.001 x 0.9%/20) for epochs k=1,2,---,1600.

As shown in Figure 26, MMNNs demonstrate an impressive ability to simultane-
ously localize and capture discontinuities, geometric features, and oscillatory behav-
iors. This indicates that MMNNs are adaptive in both spatial and frequency domains.
While the errors presented in Table 4 are somewhat larger, they are primarily concen-
trated near the discontinuous parts, as illustrated in Figure 26, which is reasonable.

5.4. Learning dynamics. Here, we show some interesting learning dynamics
observed during the training process. As the first example in section 5.2 and the
following examples show, the training process not just learns from low frequency
first but can also learn feature by feature, i.e., can be localized in both frequency
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domain and spatial domain. We believe this is due to the combination of MMNN’s
“divide and conquer” ability and the Adam optimizer which utilizes momentum. More
understanding is needed and will be studied in our future research.

We again start with a one-dimensional example, f(z) = sin (367 |z['?),z € [-1,1].
An MMNN of size (600, 30, 8) produces a good approximation of this highly oscillatory
function, as illustrated by the error plot in Figure 28. For this test, a total of 1000
uniformly sampled points in [—1, 1] are used with a minibatch size of 100 and a learning
rate of 1073 x 0.9L%/200) ' where k=1,2,---,10000 is the epoch number. As illustrated
in Figure 27, the function is less oscillatory near 0. Therefore, we might anticipate
that the network will initially learn the part near 0 and then feature by feature from
the middle to the boundary. The experimental results presented in Figure 29 agree
with our expectations.

Now, we show an example of two-dimensional function f(r,8) (see Figure 30)
defined in polar coordinates (r,0) as

0 if 0.5+ 5p— 5r <0,
f(r,0)=<1 if 0.5+5p—5r>1, where p=0.5+0.1cos(726?).
0.5+ 5p — 57 otherwise,

Our MMNN is of a compact size (500,20,8). For this test, a total of 600? data
are sampled on a uniform grid in [—1,1]? with a minibatch size of 1000 and a learning
rate of 0.001 x 0.9%/6) for epochs k = 1,2,---,300. Figure 31 gives the error plot.
The training process shown in Figure 38 illustrates that an overall coarse scale or
low-frequency component of the shape is learned first, and then localized features are
learned one by one from coarse to fine.

5.5. Tests in three dimensions and higher. Here, we test a few examples
in three and four dimensions. Even sampling an interesting function becomes chal-
lenging as the dimension becomes higher. Although our examples are limited by our
computation power using a laptop, our tests show that MMNN performs well and is
more effective than a fully connected network.

The first example is a three-dimensional function a level set of which is shown in
Figure 32. Using polar coordinates (r,6,9), 6 € [0, 7], ¢ € [0,27), the target function
f(z,y,2) is defined as

0 if 0.5+ 5p — 57 <0,
f(r0,0)=141 if 0.5+ 5p—5r>1,
0.5+ 5p — 5r otherwise,

where

p=p(0,¢) = 0.5+ 0.25in(66) cos(6¢) sin? ().
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Fic. 27. Derivative of f. FiGc. 28. Errors (in MSE) vs. epoch.
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(e) Epoch 1,000. (f) Epoch 1, 700. (g) Epoch 2,400. (h) Epoch 10, 000.

Fic. 29. Illustration of training process.
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elset f(r,0,) = 0.5. Fic. 33. Surface of lev- Fic. 34. Training and

elset h(r,0,¢) = 0.5. test errors (MSE) vs. epoch.

Our MMNN is of a compact size (600,20,8). For this test, a total of 111% data
are sampled on a uniform grid in [—1,1]? with a minibatch size of 999 and a learning
rate of 0.0005 x 0.9%/6] for epochs k=1,2, ---,300. Figure 34 gives the error plot. As
shown in Figures 32 and 33, the levelsets corresponding to the target function f and
the learned MMNN approximation h are nearly identical. To visually demonstrate the
quality of the approximation and complex structure of the three-dimensional function,
we present several slices of the target function and the MMNN approximation by fixing
x, y, or z in Figure 35.

Next, we consider the probability density function (PDF) of a Gaussian (normal)
distribution in four dimensions as
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Fi1c. 35. Slices of true function f(z,y,z) vs. those of MMNN approzimation h(z,y, z).
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Fi1G. 36. True function f(z,y,z,u) versus the learned
rors (MSE) vs. epoch.

network h(z,y,z,u) with z=u=0.2.

exp (—3(x—p)"E (= - p)

f(®)=f(z1, - ,24) = o dei (D)

i

where 3 is the covariance matrix. We set p =0 and

1.0 09 08 0.7
09 20 19 18
0.8 1.9 3.0 29
0.7 1.8 29 4.0

»1=20

We remark that the eigenvalues of 37! are 6.82,9.93,25.28,158.05 which means that
the distribution is quite anisotropic and concentrated near the center.

A compact MMNN with size of (500,12,6) produces a good approximation, as
shown in the error plot in Figure 37. Figure 36 compares the true function f(x,y, z,u)
and the MMNN approximation h(z,y,z,u) with z =« =0.2. For this test, a total of
35 data are sampled on a uniform grid in [~1,1]* with a minibatch size of 352 and
a learning rate at 1073 x 0.9%/6) for epochs k=1,2,---,300.

6. Further discussion. In this section, we provide a few more comments about
MMNNSs. First, in section 6.1, we discuss the advantages of MMNNs over fully con-
nected networks (FCNNs) or multilayer perceptrons (MLPs). Next, in section 6.2, we
offer practical guidelines for determining the appropriate MMNN size based on our
theoretical understanding and extensive numerical experiments. Finally in section 6.3,
we discuss the use of alternative activation functions beyond ReLU in MMNNs.

6.1. Advantages compared to FCNNs or MLPs. The two key differences
between a standard FCNN or MLP and an MMNN are the (1) introduction of the
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Fia. 38. Illustration of learning dynamics.

weights A, ¢ for different linear combinations of hidden neurons (or perceptrons) as
the multicomponents in each layer, and (2) training strategy that fixes those randomly
initialized W, b (random features) in the hidden neurons. Hence, it is extremely easy
to modify a FCNN or MLP to an MMNN.

MMNNSs are much more effective than FCNNs in terms of representation, training,
and accuracy, especially for complex functions. In comparison, as shown in those ex-
periments in section 3, MMNNs (1) have much fewer training parameters, (2) converge
much faster in training, and (3) achieve much better accuracy. Moreover, experiments
show that the training process of MMNNs converges not only faster but also with a
steady rate while FCNNs saturate pretty early to a quite low accuracy, as commonly
observed in practices. These nice behaviors of MMNNs are due to their balanced
structure for smooth decomposition, as well as the training strategy. In practice, the
introduction of A, c in MMNNSs provides an important balance between the network
width, which is the number of hidden neurons (basis functions) and can be very large,
and the dimension of the input space, which is the number of components from the
previous layer and can be much smaller than the network width. In other words,
using a few linear combinations of the basis functions can capture smooth structures
in the input space well. On the other hand, for FCNNs, the two are the same, and
no balance is exerted.

6.2. Practical guidelines for MMNNSs. There are three hyperparameters for
the configuration of MMNN sizes: the network width, the number of components
(rank), and the number of layers (depth). Here are the general guidelines based on
our mathematical construction and extensive experiments.

1. The network width should provide enough resolution to capture fine details of
the target function. This means that the width should be at least comparable
to the size of an adaptive mesh that can approximate the target function well.

2. The number of components (rank) is related to the overall complexity of
the target function, which depends on its spatial domain and Fourier do-
main representation, as well as the input dimension. As indicated by our
mathematical multicomponent construction, it is related to the “divide and
conquer” strategy.
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3. The number of layers (depth) is also related to the overall complexity of
the target function as for the number of components. Rank and depth are
complementary but work together effectively for a smooth decomposition of
the target function. The rule of thumb for depth is similar to that for the rank.

Here, we use more concrete examples to illustrate the guidelines. For simplicity,
we fix the input dimension and domain of interest. As the domain size and dimension
increases, the network size needs to increase correspondingly. For a smooth target
function, a compact MMNN in terms of width, rank, and depth is enough, and an
easy training process can render accurate results. Larger MMNNs are needed for
target functions with localized rapid changes. Even with a relative compact size, the
training process can allocate resources adaptive to the target function and render
good approximation. The most difficult situation is to approximate globally highly
oscillatory functions with diverse Fourier modes for which large MMNNSs are needed.
For instance, if the oscillation frequency doubles, the network width should increase
by 2%, where d is the dimension. In general the network width needs to deal with the
curse of dimensionality just like a mesh based method. However, the growth in the
number of components and layers with the increase in complexity seems to be relative
mild (maybe polylogarithmic as suggested by our mathematical construction).

Overall, for a given target function, MMNNs can work well with quite a large
range of configurations with a trade-off between the network size and training process.
For example, the training process for a network more of a compact size with respect
to the complexity of a given target function may become more subtle and challenging,
e.g., choosing the appropriate learning rate and batch size, due to the lack of flexibility
(or redundancy) of the representation. On the other hand, a network of too large a
size (or redundancy) with respect to the complexity of a given target function requires
unnecessarily expensive training costs. There is a trade-off between representation and
optimization that one needs to balance in practice. An important question for future
research is how to develop a self-adaptive strategy to adjust the network size.

The most advantageous situation for using MMNNs is when approximating a
function in a relative high dimension which is mostly smooth, except for localized fine
features, e.g., a distribution in high dimensions concentrated on a low dimensional
manifold. Through training, MMNNSs can provide an automatic adaptive approxima-
tion of the underlying structure which can be challenging for a mesh-based method.

We would like to remark that a learning rate scheduler can be a subtle and
important issue for all training processes in practice. For all our training process, the
Step Learning Rate suffices. However, one could consider using other learning rate
schedulers, such as the Cosine Scheduler [20] or the gradual warm-up strategy [6].
Exploring and designing a more efficient learning rate scheduler with some automatic
restart mechanism is a potential interesting topic for future work.

6.3. Beyond RelLU to other activation functions. We also tried using differ-
ent activation functions for MMNNS, e.g., GELU [10], Swish [28], Sigmoid, and Tanh.
In general, ReLU provides the overall best results for various target functions. How-
ever, in situations where a smooth (e.g., C* or real analytic) approximation is needed,
one might consider using smooth alternatives to ReLU, such as GELU or Swish, which
generally yield results comparable to ReLU.

Additionally, other popular S-shaped activation functions like Sigmoid and Tanh
have demonstrated poor performance in our tests, possibly due to the vanishing gra-
dient problem. For highly oscillatory target functions, when using Sigmoid or Tanh,
training errors did not even decrease during the training process.
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7. Conclusion. In this work, we introduced the multicomponent and multilayer
neural network (MMNN) and demonstrated its effectiveness in approximating complex
functions. By incorporating the principles of structured and balanced decomposition,
the MMNN architecture addresses the limitations of shallow networks, particularly
in capturing high-frequency components and localized fine features. Our proposed
network structure as confirmed by extensive numerical experiments can approximate
highly oscillatory functions and functions with rapid transitions efficiently and ac-
curately. Additionally, we highlight the advantages of our training strategy, which
optimizes only the linear combination weights of basis functions for each component
while keeping the parameters within the activation (basis) functions fixed, leading to
a more efficient and stable training process.

The theoretical underpinnings and practical implementations presented in this pa-
per suggest that MMNNSs offer a promising direction for constructing neural networks
capable of handling complex tasks with fewer parameters and reduced computational
overhead. Future research can explore further generalizations and applications of
MMNNSs, as well as investigate the interplay between representation and optimization
in more depth.
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