Numerische Mathematik (2025) 157:2323-2355 Numerlsche
https://doi.org/10.1007/500211-025-01495-2 Mathematik

®

Check for
updates

Numerical recovery of the diffusion coefficient in diffusion
equations from terminal measurement

Bangti Jin' - Xiliang Lu? - Qimeng Quan3 - Zhi Zhou*

Received: 19 September 2023 / Revised: 23 August 2025 / Accepted: 4 September 2025 /
Published online: 14 October 2025
© The Author(s) 2025

Abstract

In this work, we investigate a numerical procedure for recovering a space-dependent
diffusion coefficient in a (sub)diffusion model from the given terminal data, and pro-
vide a rigorous numerical analysis of the procedure. By exploiting decay behavior of
the observation in time, we establish a novel Holder type stability estimate for a large
terminal time 7. This is achieved by novel decay estimates of the (fractional) time
derivative of the solution. To numerically recover the diffusion coefficient, we employ
the standard output least-squares formulation with an H!(£2)-seminorm penalty, and
discretize the regularized problem by the Galerkin finite element method with con-
tinuous piecewise linear finite elements in space and backward Euler convolution
quadrature in time. Further, we provide an error analysis of discrete approxima-
tions, and prove a convergence rate that matches the stability estimate. The derived
L?(£2) error bound depends explicitly on the noise level, regularization parameter
and discretization parameters, which gives a useful guideline of the a priori choice of
discretization parameters with respect to the noise level in practical implementation.
The error analysis is achieved using the conditional stability argument and discrete
maximum-norm resolvent estimates. Several numerical experiments are also given to
illustrate and complement the theoretical analysis.

Mathematics Subject Classification 65M30 - 65M15 - 65M60

1 Introduction

In this work, we study the inverse problem of recovering a space-dependent diffusion
coefficient in (sub)diffusion equation from a terminal observation. Let £2 C R? (d =
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1, 2, 3) be a simply connected convex bounded domain with a smooth boundary 952.
The governing equation is given by

u—V-(@qVu)=f, in 2 x (0, 7),
u=0, ond2x0,T), (1.1)
u(0) = uop, in £2,

where T > 0 is the final time and the notation 97 u denotes the left-sided Djrbashian—
Caputo fractional derivative of order « € (0, 1] in the time variable ¢ defined by [27,
p. 92]:

1
u): =4 I'l—a)
oru(t), fora =1,

t
/ (t —s) “Osu(s)ds, fora € (0, 1),
0

with I'(z) = fooo 51 ds, M(z) > 0, being Euler’s Gamma function. The functions
f and ug in (1.1) are given time-independent source and initial data, respectively. Due
to its extraordinary modeling capability for describing the dynamics of subdiffusion
processes (in which the mean square variance grows sublinearly with the time ¢),
the model (1.1) has attracted much attention in physics, biology and finance etc. It
has been successfully applied to many important research fields, e.g., subsurface flow
[17, 34], thermal diffusion in media with fractal geometry [35], transport in column
experiments [18] and highly heterogeneous aquifer [1]. The classical diffusion model
(i.e., @ = 1) represents the most popular mathematical model to describe transport
phenomena found in the nature.

In this work, the concerned inverse problem of the model (1.1) is to recover the
unknown diffusion coefficient ¢* from a noisy terminal observation z%:

20 =ulgHx, T)+&(x), xe2,

where the exact data z' := u(¢")(T') denotes the solution of problem (1.1) (corre-
sponding to the exact potential ¢*) and & denotes the pointwise measurement noise.
The accuracy of the data z° is measured by the noise level § = |lu(g")(T) — 2’| L2(2)
The admissible set A is defined by A = {g € H'(£2) : co < q(x) < ¢} a.e. in 2},
with 0 < ¢p < ¢1 < 00. Due to the ill-posedness and highly nonlinearity, the numer-
ical recovery of the diffusion coefficient is challenging.

The study of diffusion coefficient identification in anomalous diffusion has a notable
history, dating back to at least the work [10]. In the one-dimensional case, Cheng et al.
[10] proved the uniqueness for determining a spatially-dependent diffusion coefficient
and the fractional order «, given the lateral Cauchy data and the Dirac delta function
as initial condition. The proof makes use of the Laplace transform and Gel fand—
Leviton theory for inverse Sturm—Liouville problems. Zhang [42] proved the unique
recovery of a time dependent diffusion coefficient from lateral Cauchy data. The study
with terminal data, despite being highly practical, is still not well understood. Indeed,
analyzing terminal data in the standard parabolic case where o = 1 [3] has long been
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a challenging task, and has only been scarcely studied [4, 19]. In the one-dimensional
case, Isakov [19] analyzed this inverse problem under some special assumptions on
the boundary data. More recently, for normal diffusion with a zero source (f = 0),
Triki [39] established a Lipschitz stability result

g1 — g2l 22y < crlluqr) — u(g2)) (1)l g2(2)- (1.2)

This result holds for sufficiently large T under certain positivity conditions on the initial
data ug, achieved by using careful spectral perturbation estimates (see Remark 1 for
further details). However, this spectral perturbation argument in [39] is not directly
applicable in the error analysis of fully discrete schemes. Moreover, this analysis
relies heavily on the exponential decay property of the parabolic problem’s solution
operator, making it unsuitable for the subdiffusion model with « € (0, 1), where
the solution operator decays only polynomially [21, p. 196]. In this paper, we aim
to address this gap by proposing a novel conditional stability result for the inverse
problem. This result leverages a weighted energy estimate and is applicable for both
normal diffusion (¢ = 1) and subdiffusion (o € (0, 1)). Additionally, the strategy is
amenable with the numerical analysis of discrete schemes.

Numerically, Li et al [30, 31] presented the first numerical recovery of the diffu-
sion coefficient in the fractional case, including both smooth and nonsmooth data,
but without an error analysis of the discrete scheme. Note that in practical compu-
tation, the regularized formulation is often discretized with the Galerkin FEM. The
convergence of discrete approximations as the discretization parameters tend to zero
has been analyzed; See [26, 41] for the standard parabolic case. However, deriving a
convergence rate is far more challenging, due to the high degree of nonlinearity of the
forward map and strong nonconvexity of the regularized functional. Thus there have
been only very few error bounds on discrete approximations in the existing literature
[22, 25, 40, 43], even though such a priori estimates can provide useful guidelines for
the proper choice of discretization parameters. The analysis techniques in all these
existing works require that the observational data is available over a time interval
(for « = 1) or whole space-time interval (for « € (0, 1)). The main technical tools
include conditional stability and smoothing properties of solution operator. The cur-
rent work aims to significantly extend the argument to cover terminal data, which is
more practical.

In this work, we develop a numerical procedure for recovering the diffusion coef-
ficient g using a regularized formulation [15, 20] and establish error bounds on the
approximation. We make two new contributions in the work. First, under mild condi-
tions on the problem data (i, f, T, q1, g2 and §2), we prove a Holder type conditional
stability in Theorem 1:

lg1 — 21l 12() = €V (u@1) — u(@)) (D }> q)- (1.3)

The overall proof relies only on a weighted energy argument (inspired by Bonito et al.
[8]), some nonstandard smoothing properties and asymptotics of solution operators
[21], and maximum-norm resolvent estimates [6, 7, 37]. To the best of our knowledge,

@ Springer



2326 B.Jinetal.

this is the first stability result addressing the inverse problem for both the integer-order
and fractional-order cases. Moreover, the analysis strategy also plays an essential role
in the error analysis of the inversion scheme.

Second, we employ the standard output least square formulation to identify the
diffusion coefficient. Motivated by the conditional stability analysis, an H!(£2)-
seminorm penalty is used in the formulation. Numerically, both Tikhonov functional
and PDE constraint, i.e., problem (1.1), are discretized using the standard Galerkin
finite element method (FEM) with continuous piecewise linear finite elements in space
and backward Euler convolution quadrature in time; see e.g., [33] and [24, Chapter 4].
In particular, let 4 be the spatial mesh size, t the time step size, y the regularization
parameter, and g;° denote the numerical reconstruction of the diffusion coefficient q.
We derive the following error estimate for the numerical approximation in Theorem
2:

lg" — gl 20 < cChy™'n? +min(1, k™ ")y " 2n+ h2 +1)2.

withn =8 +h’>+1+y > The technical proof heavily relies on the conditional sta-
bility estimate (1.3) and several new smoothing properties and asymptotics of semi-
and fully-discrete solution operators. Note that the analysis does not involve stan-
dard source type conditions, as is commonly done for nonlinear inverse problems [15,
20]. The derived L?(§2) error bound is given explicitly in terms of the discretization
parameters / and 7, the noise level § and the regularization parameter y when the fixed
value T is relatively large. Compared with existing works [22, 25, 40, 43], the present
work requires overcoming new technical challenges. The key techniques for deriving
conditional stability (1.3) include decay estimate in Lemma 3 and decay Lipschitz sta-
bility in Lemma 4 of 97u. Moreover, in the error analysis of the fully discrete scheme,
the crucial discrete decay Lipschitz stability estimate does not follow as the continu-
ous case, e.g., maximum-norm resolvent estimates. We develop innovative techniques
to overcome the challenge, e.g., the decay estimates of the semi- and fully discrete
solution operators (and their derivatives). The argument is applicable to both normal
diffusion (o = 1) and subdiffusion (0 < « < 1), thereby significantly broadening the
scope of existing works. Numerical experiments indicate that the conditional stability
does not hold for small T, cf. Table 1, confirming the sharpness of the theoretical
result.

The rest of the paper is organized as follows. In Sect. 2, we show the conditional sta-
bility of the inverse problem. Then in Sect. 3, we describe the numerical reconstruction
scheme, and provide a complete error analysis for discrete approximations. Finally,
in Sect.4, we present one- and two-dimensional numerical experiments to comple-
ment the theoretical results. Last, we give some useful notations. For any m > 0 and
p > 1, wedenote by W7 (£2) and W(')" P (§2) the standard Sobolev spaces of order m,
equipped with the norm || - ||wm.r(2) [2]. We denote by WP (£2) the dual space of
W(;" 'P(£2), with p’ being the conjugate exponent of p. Further, we write H™ (£2) and
H{'(£2) with the norm || - || gm (@) if p = 2 and write L? (£2) with the norm | - || r(0)
if m = 0. The notation (-, -) denotes the L2(£2) inner product. We also make use of
Bochner spaces. For a Banach space B, the space W7 (0, T; B) is defined as

WP, T; B)y={v:v() € Bae.t € (0, T) with ||v|lwmr@©,1:8 < 00}
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equipped with the norm

m T 1
P
lvllwmr©,7;8) = ( E / ||8,ku(t)||§ dt) .
0
k=0

The space L°°(0, T; B) is defined analogously. Throughout the paper, we use ¢, with
or without a subscript, to denote a generic constant that may vary from one occurrence
to another, but is always independent of the discretization parameters 4 and t, the
noise level §, the regularization parameter y and the terminal time 7.

2 Conditional stability

In this section, we establish a novel conditional stability estimate for the inverse
conductivity problem with the terminal data. Let the operator A(g) be the realization
of —V-(¢V-) witha zero Dirichlet boundary condition, with its domain Dom(A(q)) :=
H2(£2)N HO1 (£2). Then the solution u(g) to problem (1.1) is given by

t
u(q) = F(t; q)uo +/0 E(s;q) f ds, 2.1

where the solution operators F (¢; g¢) and E (¢; g) are given respectively by [21, Section
6.2.1]

1
F(tiq) = 5~ i N+ Ag) T dz (2.2)
6,0
1 _
E(t;q) = 2_711/[‘ (2% + A(g) ! dz, (2.3)
0,0

with the contour Iy, C C (oriented with an increasing imaginary part) given by
Ipoe={z€eC:lzl =0, |arg(z)| <0} U{zeC:z= pet? p > o). Throughout,
we fix 0 € (Z,m)sothat z% € Xy C Xy forall z € Xy := {z € C\{0} : |arg(z)| <
0}. Moreover, the following identity holds: 0, F (t; g) = —A(q)E(t; q) [21, Lemma
6.2].

The next lemma gives useful smoothing properties of the operators F(¢; ¢) and
E(t; q). For any s € R, the notation A(g)® denotes the fractional power of A(g),
defined by spectral decomposition. The cases s = 0, 1 are known [21, Theorem 6.4],
and the case 0 < s < 1 follows from the standard interpolation theory [32, Proposition
2.3].

Lemma1 Foranyq € A, and any s € [0, 1], there exists ¢ > 0 independent of q and
t such that

FUNA@ Ft Dl 22y 20 + 1TV NA@ EW 9l 202y 1200y < €
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The following maximum norm resolvent estimate will be used extensively. See
[37, Theorem 1], [6, Theorem 1.1] and [7, Theorem 2.1] for the proof. This estimate
involves the elliptic regularity pickup in W1 %°(£2), for which ¢ € A is insufficient,
and the condition ¢ € A N W' (£2) is sufficient. Thus, the uniform bound depends
on g via its W1%°(£2) norm.

Lemma2 Forg € WHo°(2)NAwith gllwico () < Cq, there exists ¢ > O dependent
of ¢cq such that for any z € Xy and 6 € (3, )

—1 1 —1
12z + A@)  llLe@)—row@) + 12121+ A@) ™ llro2)yswie() < ¢ (2.4)
Using Lemma 2, we can derive an a priori estimate for the time-fractional derivative
ofu.

Lemma3 Letug € W>*(R2) N H (22), f € L®(2), and g € WH*(2) N A, and
let u(q) be the solution to problem (1.1). Then there exists ¢ > 0, independent of t
and q, such that

IR

Hatau(q)”WLOC(Q) <ct 2.

Proof By Lemma 2 and letting o = ¢~ in the contour I ., we have

— -1
1F @ @l oo (@) wioo(e) SC/F e 1121+ A@) T ooy whoo () 1421
0,0
se/ 1611213~ |dz] < er 3. (2.5)
FH,U

Let w(r) = 97 u(q). Then the function w(t) satisfies w(0) = f — A(q)ug € L>(£2)
and for every t € (0, T),

3w+ A(@Q)w =0, in H1(2).

It follows from the representation (2.1) that 0% u(q) = w(t) = F(t; ¢)(f — A(q)uo).
This, the estimate (2.5) and the assumption on ¢, ug and f lead to

10/ u (@) lwroo(@y < N F (5 @l ooy wrooyIf — Al@uollLo2) < ct™ 2.

This completes the proof of the lemma. O

Next we provide a crucial Lipschitz stability estimate of the time (fractional) deriva-
tive with respect to the L2(£2) norm of the diffusion coefficient.

Lemma4 Let ug € W>®(2) N HY () and f € L®(R2), and let u(q1) and u(q>)
be the solutions of problem (1.1) with q; € A and g» € WH(2) N A, respectively.
Then for any small € > 0, there exists ¢ = c(q2) > 0, independent of q1, t and T,
such that

187 (u(q1) — u(@2) 22y < emax(t™%, 1292 ) — g2l 12 (@)
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Proof Letu; = u(g;) and w(t) = 0 (u1 — u). Then w satisfies

w—V-(qVw)=V- ((q1 - qz)Vaf‘ug), in 2 x(0,7),
w =0, ondf2 x (0,7),
w(0)=V- ((q1 - qz)Vuo), in £2.

The solution representation (2.1) leads to

t
w(t) =F(t; q)(V - ((q1 — 92)Vuo)) +/ E@t —s;9)(V- ((q1 — q2) V3L ua(s)))
0

ds :=1; + I5.
Since g; € A, there exist constants ¢ and ¢’ independent of ¢; such that
1 1
clA(qD)2vllz2@) < IVVll2@) < CIA@GD V2@ Yo € Hy(R2).  (2.6)

Then the self-adjointness of the operator F'(¢; q1), integration by parts (using the fact
that F(t; q1)¢ € Hi (2)NH?(2) for ¢ € L?(£2)), and the commutativity of F (¢; q1)
and A(q) imply

Mill 2y = sup  (F(t:qD)V - ((q1 — q2)Vuo, ¢)
”(pllLZ(Q)zl
= sup (V- ((qg1 —q2)Vuo, F(t; q1)9)
ol 2(0)=1
= sup  ((g2 —q1)Vuo, VF(t; q1)9)
ol 2.0, =1
1 _1
= sup ((g2 —q1)Vuo, V[A(q) 2 F(t: g)]A(q1) " 2 9).
||§0||L2(_Q)=1

Then Lemma 1, the equivalence property (2.6), and the boundedness of the operator
A(ql)_% in L2(.Q) (uniform in g1) imply

ILill2(2) = cligr = q2ll g2y I Vuoll e @) 1A(q) F (25 g 12(2)— 12(02)

_1 _
x sup  [[AG@D 2@l 20y < et g1 — q2ll L2 o)-
ol 2.g)=1
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Similarly, by the boundedness of the operator A(ql)’%“ in L2(£2) (uniform in q1)
for small € > 0 and Lemmas 1-3, we have

IE( —s:q0)(V - (g1 — g2)Vua(s))) 122

1 1
= sup  ((g2— q)Vd%us(s), VA(q) 2 “E(t — 55 q1)A(q1) 2 19)

< clgi — 2l 2@ IVOLua () | Loy 1 AlqD) ™ E(t — 53 gDl 1200y 12(2)

_1 1 -«
x sup [|A(q1) 20l 20y < et — ) Ls 2llg1 — q2ll 20
ol 200 =1

Consequently,

t
Il 20 < fo IEG = 5:00)(Y - (@1 — ) V“u2() 20 ds
t o o 2
< clq —qanz(m/ t - 's72ds <7202 gp — gl 12 ()
0

The bounds on I and I, and the triangle inequality complete the proof of the lemma.
O

Next we give a novel conditional stability estimate. First we state the standing
assumption.

Assumption 1 g7 € W ()N A, ug € W2*(2) N Hj(2),and f € L®(2).

Under Assumption 1, the following regularity results hold. Let p > max(d, 2).
Then for any 60 < % — % and r > ﬁ, the solution u = u(g") to problem (1.1)

satisfies [25, (2.5)—(2.6)]

(G) u e we0r 0, T; w2U=0:.ry s [0, T; WH®(2));
(i) w2y + 107 u@ | 202y + 1 N0u@)l 120y + 110D 120y < c.forae.
te(0,T].

Additionally, we assume that the following positivity condition holds:

@ 1Vu@H? + (f = 8%ug"ugH)(T) = ¢ > 0. 2.7)

This condition was proved in [22] for parabolic equations (i.e., « = 1) and in [25]
for time-fractional diffusion (i.e., 0 < a < 1). For example, if 2 is a C?%* domain
with 1 € (0,1),¢" € CY*(2)N A, f € CH(R) with f > ¢y > 0and ug €
CHH(2) N Hy (2) withug > 0in 2,and f + V- (¢"Vup) < 0in £, then condition
(2.7) holds. See [22, Section 4.3] and [25, Proposition 3.5] for detailed discussions.

Now we give a Holder type conditional stability estimate for the inverse problem.
The estimate is conditional since the coefficients are required to have extra regularity.
To the best of our knowledge, this appears to be the first result of the kind for the
time-fractional model (1.1) with a terminal observation. The analysis strategy will
also guide the error analysis of the fully discrete scheme in Sect. 3 below.
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Recover diffusion coefficient from terminal measurement 2331

Theorem 1 Let Assumption 1 hold, and q € A with |Vqll 2y < c. Then for small
€ > 0, the following conditional stability estimate holds

T _ g2 . +
() @ vt hP + (o = ot i () dx
< cllV(u(g) = u(gH) (D20 + emax(T™, T2 2N g7 — glI7, o)

with ¢ > 0 independent of ¢ and T. Moreover, if condition (2.7) holds, then there exist
To > 0 and ¢ > 0, independent of q, such that for all T > T,

. 1
lg —a"ll2(2) < cllV(u(@) = ul@)H) (D)2 -

Proof Let u" = u(q") and u = u(g). Then by the weak formulations of u" and u,
there holds for any ¢ € H} (),

((¢" =) Vu'(T), Vo) = —(qVu" —u)(T), Vo) — (8% (u" —u)(T), ) = 1) + L.

Letp = q;—;quT(T) € H& (£2). We claim the following the crucial identity

1 f—g\?
((¢" — ) Vu' (1), Vo) = —/Q <qq—Tq> (¢"IVu' P + (f — 8%u"Hu")(T) dx.

2

(2.8)

Indeed, following the derivation in [8, 22], direct computation with integration by
parts and product rule leads to

((q" — @ Vu' (1), Vo)

T _ g2 T T
= ‘u’ qT|Vu7L|2 + uvu . (qTVuT)uJr (T) dx
e\l 47 q

¥ -

T

T 1 T_g\2
2 t
= L <‘qq—Tq| qT|Vu7L|2 + §V<qq—Tq> . (qTVuT)u ))(T) dx

1 qT —q 2
B Efg (‘ p ’ (‘ZT|WT|2+(—V-(qTWT)uT))(T) dx.

Then using the identity —V-(¢"Vu') = f — d%u’ in £ x {t = T} gives the claim
(2.8). Meanwhile, direct computation yields

Vo = v(‘ﬂq; q)u"’(T) + (

+_
9 - q)Vu"‘(T).
q

Now Assumption 1 implies the a priori estimate

lu™ (D)l o) + IVu™ (D)l 20y < 7.
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2332 B.Jinetal.

This, the box constraint on ¢*, ¢ € A and the a priori bound [|Vg|[12(o) < ¢ yield

lell 22y < cllg —q ll2) and [IVell 20 < c.

Hence, by Lemma 4 and the Cauchy—Schwarz inequality, we obtain

il < erlVu —u") (D)l 2@).
| < clldf u — u (D)l 2oy llg — a7 120
< emax(T™, T730729)lg — ¢T3, -

Note that the constant c7 depends on u' (T (and thus also on 7)), but in view of Lemma
4, the constant c¢ is independent of 7. Moreover, under condition (2.7), by applying
the box constraint on ¢, q* € A, we derive

lg =117 o) < erlV (u—u") (Dl 2@ +emax(T, 77202 g —g"[175 o)

Let Ty be sufficiently large such that ¢ max(7 ¢, T-30-20) < % Then for any
T > Tp, the desired estimate follows. O

Remark 1 Theorem 1 extends several existing works. The weighted stability results
of the type for the observation over a space-time domain were implicitly obtained in
[22, 25]. The only result for the terminal data case was obtained by Triki [39, Theorem
1.1] for the standard parabolic problem, who proved the following Lipschitz stability
for alarge T: for ¢, ¢ € C'(£2), there holds

lg —q" 20y < cllu@H(T) — u@ (D)l g2,

where the constant ¢ depends on the terminal time 7' (exponentially) and the domain
£2. This result was shown for the case f = 0 and u( satisfying a mild positivity
condition, and the proof relies on the decay estimate on d;u, which itself was proved
using refined spectral perturbation estimates. Theorem 1 provides a novel Holder
stability estimate using an energy estimate and can be adapted to the error analysis of
numerical approximations in Sect. 3.

3 Numerical approximation and error analysis

Now we develop a numerical procedure based on the regularized output least-squares
formulation, and discretize the regularized problem using backward Euler convolution
quadrature (BECQ) in time and Galerkin FEM with continuous piecewise linear ele-
ments in space. Furthermore, we provide a complete error analysis of the fully discrete
scheme.

@ Springer



Recover diffusion coefficient from terminal measurement 2333

3.1 Regularized problem and numerical approximation

To identify the diffusion coefficient ¢, we employ the standard Tikhonov regularization
with an H' (£2) seminorm penalty [15, 20], which gives the following minimization
problem:

: _ 1 52 4 2

where y > 0 is the regularization parameter and u(f) = u(q)(t) € HO1 (£2) with
u(0) = ug satisfies

©@Fu(t), ¢) + (qVu@), Vo) = (f. @), VYo € Hol(.Q), ae.te€ (0, 7). (3.2

By a standard argument [15, 20], it can be proved that problem (3.1)—(3.2) has at least
one global minimizer q}‘f, which is continuous with respect to the perturbations in the
data z°. Moreover, as the noise level § — 07, the sequence {q$}5>0 of minimizers
contains a subsequence that converges to the exact coefficient ¢* in H'(£2) if y is
chosen properly.

In practice, one needs to discretize the regularized formulation (3.1)—(3.2) suitably.
For time discretization, we divide the interval [0, 7] uniformly into N subintervals,
with a time step size 7 := T /N and grid #, := nt,n = 0, 1... N. To approximate
the fractional derivative 0 v(#,), we employ backward Euler convolution quadrature
(BECQ) defined by

n
3" =17 Zb;a)(v”_-" —), withv/ = v(t)),
=0

@
J
Z?io b;.“)gf. The weights b;.a) are given by b;a) =(=Dla(@—1)---(@—j+1)/j!,
with b(()“) = land b;a) < Ofor j > 1. When o = 1,itreduces to the standard backward
Euler scheme.

For the spatial discretization, we employ the standard Galerkin FEM. Let i €
(0, ho] for some hg > 0 and 7, = U{Tj};vi | be a shape regular quasi-uniform
simplicial triangulation of the domain £2 into mutually disjoint open face-to-face
subdomains 77, such that £2; := Int(U;{T;}) C £ with all the boundary vertices of
the domain £2;, lying on 9£2 and dist(x, 0§2) < ch? for x € 982, [28, Section 5.3].
On the triangulation 7}, we define the space V}, of continuous piecewise linear finite
element functions by

where the weights b’ are generated by the power series expansion (I — £)* =

Vi, = {v, € H'(82)) : vpl7 is a linear polynomial, VT € 7,}.

Note that the functions in V}, can be naturally extended to the entire domain §2 by linear
polynomials, and we denote the space of extended functions also by V},. Moreover,
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we define the space X, (that vanish outside £2;,) by
Xy, i={vy € HOl ($21,) : vpl7 is a linear polynomial VT € 7j, and v;|o\g, = 0}

The spaces Vj, and X, are then used to discretize the diffusion coefficient ¢ and the
state u, respectively. Note that if £2 is a convex polygon, then X, = V;,N H& (£2). Next
we recall several useful estimates. We denote by I7;, the Lagrange nodal interpolation
operator on V. Since dist(x, 0§2) < ch? forx € 252y, we have the following error
estimates:

lv — Myl 200y + AIV@ = Do)l 20y < ch* Vg2, Yo € HX(82), (3.3)

v = Myvll @) + RV @ = o) l[e@) < chlvlpioeg). Yo € WHe(82).
3.4)

For the proof, see [9, Theorem 4.4.20] for a convex polyhedral domain and Lemma
11 for a convex domain with a curved boundary. Moreover, we define the standard
L?($2)-projection operator Py, : L>(£2) — X}, by

(Phv,gn) = (v.9n),  Yv € L*(82), ¢y € Xn,

Thenforl < p <ooands =0,1,2,k =0, 1 withk < s [6, 13]:
lv— Prvllyrr(g) < Chs’k||v||Wx.p(_Q), Yv e WHP(22)N HO1 (£2). (3.5)
Now we can formulate a fully discrete scheme for the regularized problem (3.1)—

(3.2) as
. 1 y
min Jy e (qn) = SN0 @) = W2y + S IVanlZ2 ), (3.6)
qn h

with A, = ANV, where U;} = U}/ (qn) € X, satisfies U9 = Pyup and

@%UL, on) + (quVUL, Vo) = (foon), Yon € Xpo n=1,2,....N.  (3.7)

Note that problem (3.6)—(3.7) is finite-dimensional, and using the norm equivalence in
a finite-dimensional space, the continuity of the objective functional J,, ,  (g5), and a
standard compactness argument in calculus of variation, one can prove that the discrete
problem (3.6)—(3.7) is well-posed: there exists at least one global minimizer q;l" e Ay,
and it depends continuously on the data. Further, as the discretization parameters s and
7 tend to zero, the numerical approximation ¢, converges to the regularized solution
to problem (3.1)—(3.2). We aim to establish a bound on the error q,f — qJf in terms of
the noise level §, discretization parameters /4 and t and regularization parameter y .
For the error analysis, we need the following assumption on the problem data.

Assumption2 ¢' € H>(2) N W) N A, ug € W»*(2) N HJ(22), and f €
L®(£2).
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Now we give the main result in this section, i.e., a weighted LZ(Q) error bound on
the approximation ¢;;. The proof heavily relies on some technical estimates, whose
proofs are deferred to Sect.3.2.

Theorem 2 Let Assumption 2 hold, and {(q};, u}, (q;f))}iv:o be the solutions of problem
(3.6)—(3.7). Then with ny = T* 't + max(l, T~*)h% + 8§ + y%, there holds

/Q (qq;qh) (" 1VulgH P + (f = 8%u(q"ug"H)(T) dx

< c(hy~"n3 +min(1, i~ 'nr)y 277T +h*max(T™%, T2) +t77*7")

+emax(T~%, 7~20720 prel=o) p-a@=ay),f —thle(m’

where the generic constants are independent of h, ©, 8, y and T. Moreover, under

condition (2.7), with n == © + h* + 8 + y%, there exits To > 0 such that for any
T =Ty,

. IR
la* qh”L2(Q) < cthy ™' +min(1, k" )y "2 + A + 1),

Proof The proof proceeds similarly to the conditional stability estimate in Theorem
1 and requires several (new) technical estimates in the propositions below. Let u' =
u(g"). For any test function ¢ € Hé (£2), using the weak formulations of " and
Uflv (g5), we have

((¢" = gp)Vu'(T), Vo)
= ((¢" = gHvu'(T). V(g — Pip)) + ((¢" = g;)Vu'(T), V Pyo)
= ((¢" = gHVu'(T), V(g — Psp)) + (g VU () — u'(T)), V Pyo)
+ (¢'vu™ (1) — q; VU (g7). V Pro)
—(V-(q" = g Vu' (1)), ¢ — Pug) + @i VU (g7) — u'(T)), V Pyo)
+ (02Ul (gp) — 9°u™(T), Php) = 1) + L + 5.

ok
Now we bound the three terms I;, i = 1, 2, 3, separately. Let ¢ = 1 qth uT(T). Then
by the box constraint ¢, g, € A and Proposition 1 below, ¢ satisfies

lell2@) < ¢ IPr@llp2e) < ¢ and [[Voll 20y < c(1+ Vgl 2@). (3.8)
By Assumption 2, we have

1AuT (T) 12y + IV (o) < c.
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Thus, direct computation yields

V- ((q" = g Vu (D)l 20
< lg" = gi i@l Au’™ (D) 22 + 1V o @) IVu (D) 22
VGl 2 IVU (D) L2y < e(1+ 1Vl 200)-

This inequality, the estimates in (3.8) and Proposition 1 below imply
LI < ch(L+ 1Vg; 1 2@ IVel 2 (2) < ch(L+ VG172 ) < chy ™' n.

Next, by the triangle inequality, the inverse inequality in the space X [38, equation
(1.12)], Proposition 1 below and the approximation property of P, in (3.5), we have

Ll < (IVWY g7 = Pr" (D 2y + IV @ (T) = Pt (M) 12000 1V0Nl 12
< c(h MUY @) = Put (Dl 2 ) +IVETT) = Pt (D)1 2(0)) IV 2
_1
<cth+h )y 2nr.

Upon setting ¢, = U/lv (g;) in (3.7), the box constraint of 4;, Cauchy—Schwarz
inequality and Poincaré inequality, Assumption 2 and Remark 4 below give

IVUY (@)l 12y < cUl32UY (@)l 2@ + 1 fllL2e2) < cr.

Thus, we obtain the a priori estimate ||V(U;lv (q5) — uT(T)) ll22(2) < ¢, and conse-
quently,
. _ _1
L] < cmin(l, k™ "'nr)y " Ing.

Next, to bound the term I3, we employ the splitting
(2 UL (ap) — 0pu’ (1), Pro)
= (97U (a) = 97Uy (4. Puo) + (37U (4D = 97UN (¢7). Pup)
+ (02UN(g") — 9%u’(T), Php) = I} + 1§ + 13,
where UN (qT) denotes the time semi-discrete solution, cf. (3.17) below. and then
bound the three terms separately. It follows from Lemmas 8-9 below and the estimate

(3.8) that
3] < ch®>max(T ™%, T7%) and || <ctT %L

Meanwhile, Proposition 2 below and the estimate (3.8) lead to

1 _ — 212 —a(l— —a(2— 2
L] < emax (7%, 7730729, 77079 7@ 1gT — g2, o)
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Upon combing these estimates with the following identity [8, 22]

1 T —q;
(ta" = ap¥u' (0).99) = 3 [ (L) @ 19+ (7 = ot ) ax,
2JeN g

(the derivation is analogous to that of the identity (2.8)), we prove the first assertion.
Since nr < cn for large T, the second assertion follows exactly as Theorem 1. O

Remark 2 The estimate in Theorem 2 provides useful guidelines for choosing the

algorithmic parameters: Given the noise level 8, we may choose y ~ 62 and /1 ~ 52,
The choice y ~ 82 differs from the usual condition for Tikhonov regularization,

ie., limg_ o+ 5—2 = 0, but it agrees with that with conditional stability (see, e.g.,
[14, Theorems 1.1 and 1.2]). It is noteworthy that the error bound in Theorem 2 is
comparable with that for the standard parabolic case [22, Theorem 4.5] and the time
fractional case [23, 25]. Theorem 2 requires only the terminal data, whereas previous
results [23, 25] in the fractional case require full space-time data. Thus it represents a
substantial improvement for the concerned inverse problem.

3.2 Preliminary technical estimates
In this part, we derive crucial a priori bounds on u(¢")(T) — U év (g;) and Vg ; see
Proposition 1 for the precise statement. For any g € A, we define a discrete elliptic
operator Ay(q) : X, — Xp, by

(An(@vn, on) = (@Vvr, Vop), Yop, op € Xp.
Then problem (3.7) is equivalent to an operator equation in Xj: with U g = Phuy,

UL + Ap(gn)U)' = Pof, n=1,2,...,N.
Using the discrete Laplace transform, the solution U;) (gy) is given by

n .
Ui (an) = F (@)U +1 > Ej) (gn)Puf
j=1

= F}' . (qn)Pauo + (I — F! .(qn) An(gn) " Puf,

where the fully discrete solution operators F; ,:"r (gn) and E Z,r (gn) are defined respec-
tively by [24, Section 3.2]

1
Ficlan =55 /F 18 (e T (B, () + Ap(gn)) " dz, (39)
6,0

1 _ _
Eilan) = 5= /F ¢ (8 (7)Y + Ap(gn)) " dz, (3.10)
0,0
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with the kernel function 8;(¢) := t—'(1 — ¢) and the contour Iy, ={z€lys:
I3(2)] < %} (oriented with an increasing imaginary part). Like in the continuous case,
we need suitable smoothing properties of the fully discrete solution operators F, ;"T (9)
and E} (q). Recall that for any fixed 6 € (%, ), there exists 8’ € (£, 7) such that
foralla € (0,1]and z € F(}’U [24, Lemma 3.1]:

cilzl < 18: ()| < ealzl, SeleT ) € T, [8:(e7F) — 2] < catlz) T,
(3.11)
where the constants ¢y, ¢, and c¢3 are independent of . Further, for any fixed g € A, let
A(g) and Aj, (g) be the smallest eigenvalues of operators A(g) and A, (g), respectively.
Then by Courant-Fischer—Weyl minmax theorem, there exists ¢y > 0, independent
of g, such that co < A(g) < An(q). The following discrete resolvent estimate holds

_ —1 . _ _
1(8:(e ™) + An(@) ™ Il 22y 12(2) < cmin(lz] ™%, An(g) ™)
<cmin(z|™*, 1), Vzely,. (3.12)

Now we can give smoothing properties of the solution operators Fﬁr(q) and
EZ .(q). The proof of the cases s = 0 and s = 1 can be found in [43, Lemma
4.3], and the case 0 < s < 1 follows from the standard interpolation theory.

Lemma5 Forany g € A and any s € [0, 1], there exists c, independent of h, t, t,
and q, such that for all v, € Xy,

BN AR @ F (@ vnl2ie) + - TVNARG Ep (@l 200y < cllvall 2 q)-

Remark 3 Lemma 5 implies a sharper estimate

1F (@vnll 2@y < cmin(L, ;) [vall 2(g).-

Indeed, the estimate ||F}’l”r(q)vh||Lz(Q) < cllvnllp2(gp) follows directly from s = 0.
Moreover, the L2(£2) uniform boundedness of Aj,(g)~" in X}, and the assertion for

s =1 give
1E}  @vnll 22y = 1An@) Fy o (@) An(@) ™ vall 22y < ety lonll 20y
Combining these two estimates yields the desired estimate.

The analysis uses frequently the following discrete L? (£2) resolvent estimate. Note
that the estimate (3.13) is different from that in Lemma 2 in that the latter allows also
mappings to the space W1:°°(£2). This difference has important consequences in the
error analysis, and it has to be overcome alternatively.

Lemma 6 Let 2 be a smooth domain or a convex polygon and g € W (82). Then
forany p € [1, 00] and v;, € Xy, there holds

(1 + 12D+ An@)  unllLece) < cllvnliLr@), Vz € o, 6 € (%, 7). (3.13)
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Proof See [12, Theorem 1.1] for the case d = 1, and [29, Theorem 1.1] for the case
d = 2, 3. Note that for d = 2, 3, the work [29] discussed only the case p = oco. The
case p = 1 follows by a duality argument

I+ An@)  onllpiey = sup (@4 An(@) ™ vp. w)

lwll oo (@y=1

— sup (vh,(Z+Ah(C]))71Phw)

lwllzoo(@y=1

< swp ol @+ An@) T Pawllee)
lwll oo (2)=1

<c(l+ 2D Ml g)-

The intermediate case p € (1, co) follows from Riesz—Thorin interpolation theorem.
O

Now we can give an error bound on the FEM approximation U }Ilv (ITrq") by the fully

discrete scheme (3.7) with g, = IT,q . It plays a central role in proving Proposition
1.

Lemma 7 If Assumption 2 holds, then there exists ¢ > 0, independent of T, h and t,,
such that

lu(gM(tn) — U} (Thg Dl 120y < e 't +max(1,1,%)h*), n=1,2,...,N.

Proof Let u" = u(g")(t,) and Uy =U; (¢"). Then the following a priori estimate
holds [25, Lemma A.1]

lu" — Ul o) < (@2 +h?), n=1,2,...,N.
Next we prove
1U; — Uy (Thg D)l 22y < emax(1,6,%)h* n=1,2,...,N.

Using the discrete solution operator F;' (¢) in (3.9), U and U}’f(th*) can be rep-
resented respectively by

Up =F.(@OU) + U = F (gN A Puf.
Up(hg') = Fy (Mg U + (I — F} (IThg ")) Ap(TTng ")~ Py f -

Thus the error e;l’ = U;ll — U;f(]'[th) satisfies 62 =0andforn=1,2,...,N

ey = (F .(q") — F (g U + (An(g") ™" = An(TugH ™ Py f
+ (—F (gD AGH T + F L (Thg DA Thg )™ Phf =1 + 1 + 1.
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It remains to bound the three terms separately. For the term Ij, by the definition of
Fy T(qT) (with the contour o = tn’l in I} ), we have

1
I = / 18 Ky (DU dz.
2mi ry,

with the operator K, ;(¢") : X, — X}, given by

Knc(gh) = (87 + Angh) ™" = (8.7 + An(ITagh)) ™!

It follows directly from the identity

B' =B, =B (B, — BB, (3.14)
that
K= (q") =(6:(7) + An(gD) " (An(Tugh) — An(gh) (8- (77"
+ An(Tng") ™!
Consequently,

1Kne @ Lri@r 12 < (6 +An@") ™ A 2000 120
x | An(hg"H ™" - Ah(CIT)71||Lp(.Q)—>L2((2)
% [ (8c (e +AnTag ") ™ An g M Loy 1o

Now we recall the following a priori estimate:

||Ah(17h6]%)_1 - Ah(C]T)_IHL])(_Q)_)LZ(_Q) < Chz, with p > max(d +¢€,2).
(3.15)

We provide a short proof, following the argument of [22, Lemma A.1], for the con-
venience of readers. Let v, (ITyq") = Ah(l'[hqj) 1th and v, (g ) = Ah(qT) 1th
forany f € L”($2). Then the difference wy, := v, (q¢") — vp (thT) satisfies for every
@ € X,

(IThg "V, Vou) = ((Thg" — ") Vur(g"), Vo)
= ((IMhg" — "V (g™ —vig"), Von) + (g™ — ¢HVgh), Ven),
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withv(g") := A(g")~! f. Let ¢ = w;, € Xj,. Then Holder’s inequality, Assumption
2 and the approximation properties (3.3)—(3.4) of the operator 7, lead to

IVwll 202y < cllTag” — g o) IV (0r(g") = v@™ DI 20
+clTng" = g1l 2 VU@ DllLe(@2)
< ch*(Ilg" lwroo 2y + g g2 ) 0@ D llw2r @) < ch? 1 fllLr).

in view of Sobolev embedding WLP(£2) < L®(£2) and the full WP (£2) regularity
pickup of the elliptic operator A(g™). Last, Poincaré inequality yields

2
lwall 22y < cllVwnll2ey < ch”l fllLr)-

This directly implies the estimate (3.15). Meanwhile, the discrete resolvent estimate
(3.13) implies

18z (e ™) + Ap(@) ' An@ I Lr@)—1r@) < ¢, Vg € A (3.16)
Combining the estimates (3.15) and (3.16) gives
1Knx (@) Loy 1202y < ch®.

Thus the following bound on the term I holds:

2 -1 -2
Ml 2@y < ch IIMOIILP(Q)/t e |z|"7" |dz| < e, “h".
0,0

For the term I, by the estimate (3.15) and the L?(£2) stability of Py, cf. (3.5), we
obtain

Lllz20) < 14n(@) ™ = AnUThg D) ™ o) 120 | Pa flLr () < ch?.
Last, for the term I3, we use the splitting I3 = I% + I?, with

I = (F .(IThq") — Ff (g ) AR(g") " Puf.
G =—F (g ) (An(g") ™" = An(TugH M Py f-

The argument for the term I; and the boundedness of the operator Aj(g")~' P, in
LP(£2) [9, Section 8.5] imply

030 22y < ch?t, ARG Pufllre) < ch?t N fllLr o).
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Meanwhile, Lemma 5, Remark 3, the L?(£2) stability of P, and the estimate (3.15)
lead to
Gl 200y = 1Fy  (Thg ") (An(g") ™" = An(ThgH ™ Py fll 120
< F  Thg D20y 2 (AR UThg ) ™" = An(@) ™D Pufll 20
< cemin(l, 4, ) (A (Trg D) ™" = An(@D) ™D Pu fll 202
< cemin(l, ;Y| Py fll ey < emin(l, ;B2 fllLr(@)-

The desired estimate now follows by combining the preceding estimates. O
Next we provide a crucial a priori estimate of u(¢")(T) — U ,fv (g;) and Vgj.

Proposition 1 Let Assumption 2 hold, and q;; be a minimizer of problem (3.6)—(3.7).
Then there exists c, independent of T, h, 6, y and T, such that

+ 1 _ _ 1
lu(gT)—=UY @) 2 +y 2 VG 2y < (T T4max(1, T™*)h*+5+y 2).

Proof Let u = u(g"). Since gj; minimizes problem (3.6)—(3.7) and yq' € Ay, we
have
Jy,h,t(q;:) =< Jy,h,t(nth)~

By the H 1(£2) stability of the operator I1j, cf. (3.3), and Lemma 7, we obtain

1UN @) = 211320y + Y IVG 1200,
< 10N UTha"™) = 213200, + VIV 172,
< (U (g™ = u(D)132 o) + 1u(T) = 21172y + 7)
< e(T* 222 + max(1, T )h* + 8% + »).

Then the triangle inequality yields

(T = UY @)1 72y + 7 IVa; 172
8112 8 N #y\)12 * (12
S C(”M(T) —Z ”Lz(.Q) + ”Z - Uh (qh)llLZ(Q) + V”th ”Lz(ﬂ))
< e(T*722%2 f max(1, T2 + 8% + y).

This completes the proof of the lemma. O
3.3 Bound on the error 5$UZ (q;) - afu(q")(tn)

Next, we estimate the decay of the discrete (fractional) derivative E_J‘T’ Uj' (q;) and
bound the term 5$‘Ug‘(q;f) - 8;"u(qT)(tn) in terms of [lg; — qT||Lz(_Q); see Lemma

10 and Proposition 2 for the precise statement. These estimates play a central role in
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establishing Theorem 2. We need the following time semidiscrete scheme for problem
(1.1): Find U" = U"(q) € H} (2) with U® = uq such that

U™ (q) + A@QU" (@)= f, n=1,2,...,N. (3.17)

The discrete Laplace transform gives

U" = Fquo+t Y El@)f=Fguo+ I —F'gNA@ " f. (3.18)
j=1

where the time-semidiscrete solution operators F}'t(q) and E} (q) are defined respec-
tively by [24, Section 3.2]

1
Fi@) =5 | @ 8@ TG + Al e,
0,0

E!g) = =1 (8. (e + Ag)) ! dz.

27[ l F()T.J
The nextlemma gives a temporal error estimate for the approximate time (fractional)

derivative.

Lemma 8 Let Assumption 2 hold, and u(q") and {U" (qu)}flV:0 be the solutions of
problems (1.1) and (3.17) for g%, respectively. Then there exists ¢ > 0, independent
of T, t, and qT, such that

19%(g ) (ta) = 32U (gDl 200y < Tt
Proof Let u = u(q") and U" = U"(q"). Then W" := 92U" satisfies W0 = f —

A(gMug and )
PW + A(gHw" =0, n=1,2,...,N.

It follows from the solution representations (2.1) and (3.18) that
O ulty) = Flta: g (f — AlqNuo) and 3¢U" = F/(q")(f — AlgNuo).

It follows from the estimate || F' (1,3 ) — F7 (@)l 12(2)— 12(2) = cn_ltn_"‘ [24, Lemma
15.6] and Assumption 2 that

19%u(g ") (1) — 32U (@Dl 120

< Ftn: qh — F} a2y 201 f = Al@Duoll 20

< et N 2y + ol g2ge)) < ety @

This completes the proof of the lemma. O
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The next lemma bounds the error between the discrete (fractional) derivative due
to the spatial discretization.

Lemma 9 Let Assumption 2 hold, and {U" (cﬂ)}fl\]:O and {U,’: (qT)},]lV:0 be the solutions
of problem (3.17) with q" and problem (3.7) with q°, respectively. Then there exists
¢ > 0, independent of T, h, t, and qT, such that

n .

182 (U™ (@) = Ui @) 120y < ch® max(t, . 1,7
Moreover; if ug € W>(82), then with €, := | log h|,

18 (U™(g") — U@ o) < chty * + ch®€3 max(z,®, 1, %%).

n

Proof Let U" = U"(¢") and Uy = U}’f(qT), and eZ’T = 5?(U” — U})). Note that the
sequences W" := 02U" and W}! := 02U} satisfy

WO = f — A(g"uo,
{5§‘W"+A(q*)wn =0, n=1,....N,

W = Py f — An(g") Pauo,
{éﬁ‘W}] +Ah(6]T)W,:’ =0, n=1,...,N.

By the solution representation (3.18), there holds

e = F' g (f — AlgHuo) — F! (") (Puf — An(g") Pyuo)
= (Fq") = F} " P) f + (F (gD ARG Py — F! (g Ag)uo

=1 + 1.
(3.19)
Now we bound the two terms I and I, separately. Let

Bir = (5™ + A(gH) ' = (5 (e + Anigh) ' P

It follows from the estimates in (3.11) that for all z € T, (f’ » [16, Theorem 5.2 and
Remark 7.4]

1Bl 122 12(2) < ch®. (3.20)

Then choosing o = 7, ! in the contour I}  leads to

il 22y = C||f||L2(Q)/ 182 (e ™) * M1 Bh,e | 120y 12(02) 12
I"T

0.0

2 1 —1 2. —
< Ch ”f”Lz('Q)_/r |€Z"||Z|a |dZ| < Ch tna.
I,

6.0
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To estimate the term Iy, by the identity

(5: () + Angh) " Anlgh Py — (5: () +A@H) AT

=(Pn = 1)+8: (") B,z

we derive

1
e (e ) (P — Dugdz + —/ X8, (e77T)2e !
271 Jry,

2 = s
2mi ry,

Bj ruodz.
Then witho =1 1 in the contour Fefa, by the estimates (3.20), (3.11), and (3.5), we
derive

1212 < ch? / e 1Az ol gaqgy + 1212 lluol 2(e)) 1d2]
" 204)'

< ch®t; *luoll g2y + ch*t, * luoll 2oy < ch® max(t, *, t,

To bound |le}; .|l (2), we split e} _ into
e = (02U" — Pa2U") + (P02 U" — 02U}) :==13 + L.

It follows from the estimates in (3.11), (2.4), and the argument of Lemma 3 that

IR

IF2 (g ooy oo @) < Ctn

From the approximation property of P, in (3.5) and the assumption ug € W>°(£2),

we have

IR

T30l ooy < chl|OLU™ i)
< ch||F2 (gD ooy wioe ) (1 =) + 1A DuollLe(2)) < chty

It remains to bound the term I4. From the error representation (3.19), we obtain
L= (PhFr(q") — F @D Pa) f + (F (@D ARG Py — PuF (gD AGGD))uo.
4 hto (g he\qd ) Eh nold )An(g ) Ep ht g q 0

Let Rj, be the standard Ritz projection. Then direct computation with the identity
(3.14) and the relation A, (¢")R, = P, A(q") [38, p. 11] gives

Pu(8:(e )% + A(gh) ™' = (8:(e7)* + An(gh) ' P
= An(gNH (- (™) + Angh) " (Ph = R (8: ()% + A(gh) .
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Hence, we obtain
1
PN = B P= 5 [ et
’ 27T1 FOr.a

x [An(gH (8 + An(gH) " Py = R(8: (e ) + AGgH) '] dz

and
n T T ny t T 1 Zth—1 —z7\20—1
Fy(q)A(q" ) Pr — PhF7(q")A(g) = ey e 1o (™)
FHT,U

+ — 0y —1 — ) —1
< [An(g") (8c(e™™)* + Anlgh) ™ (Ph — R) (8 (e ™) + A(gh) ™ ] dz.
The resolvent estimates (3.13) and (2.4) imply
_ -1
1AR(G@D (e (™) + An(@D) ™ llze()> 122 < ¢,
_ -1
1AGGH (8 (™) + AgD) ™ @) » 1o < c.
Now the estimate [|(P; — Ry)A(g") ™!l o2y 1oo(2) < ch?€3 holds ([36, p. 1658]
and [6, p. 220]). Then letting o = ¢, !'in the contour Iy, leads to
Py F(g") — FZ',,(QT)P}:||LOC(Q)—>L°°(Q) <ch*ée,
IF7 (q")An(g) Py — PaF(q") A(gD | Lo(2)— Loy < ch> G, >
These two estimates imply

all ooy < ch®036, % | fll ooy +ch® 6ty > luoll (o) < ch*€3 max(t,®, 1;*).

n
Combining the preceding estimates completes the proof of the lemma. O
The next result gives a discrete analogue of Lemma 3.

Lemma 10 Let 2 be a convex C* domain, and Assumption 2 hold. Let {U [y (cf)}fl\’:0
be the solution of problem (3.7) with q. Then for small h > 0, there exists ¢ > 0,
independent of T, h, t, and q", such that

102U (gD lwro @y < cmax(ty 2, 6,%, 1,%%), n=1,2,...,N.

Proof 1t follows from the inverse estimate on the FEM space X}, [38, equation (1.12)],
Lemma 9 and the approximation property and W!-°°(£2) stability of Py in (3.5) that

182U} (@ ey < 13207 (@)= Prd® U (gD o)+ Pad2U™ (@Dl w10 )
< ch |92 UR(g") = 32 U" (g )| Loy +lB8 U™ (g w2

. _a
< cty 2 +chly max(r, %, 1,%%) < cmax(t, >, 1,%, 1,2%).
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This completes the proof of the lemma. O

We also have a discrete version of Lemma 4. This estimate is crucial to the error
analysis.

Proposition 2 Let §2 be a convex C? domain, and Assumption 2 hold. Let {U fs (qT)}flV:O
and (U} (q;f)},llvzo be the solutions of problem (3.7) with ¢ " and qy,, respectively. Then
for small €, h > 0, there exists ¢ > 0, independent of ©, h, and t,, such that for all
n=1,...,N

_ _ —%(1-2¢)
182 (U (g™ — U (@) 20y < cmax(t, ®, 1, :

g™ — a2 o)

tn—oz(l—e) , tn—a(Z—e))

Proof Let W} := 02(Uj(q;) — UJ'(g")). Then W = (An(¢") — An(g})) U} and
W+ An@pWy = (Anq") — An@)d7 U (¢"), n=1.2.....N.

By the discrete Laplace transform, we obtain

Wi=Fp (@) (Anah = An@D)U+1 > EL @ (A — An(a) 32U} ().
j=1

Next we bound the two terms separately. Note that the following inequality holds

1 1
ctllAn(g)?vnll 22y < IVUll2@) < 2llAn(g;) 2 vall 20y, Yon € X

This ienquality, Lemma 5, the whoo(2) stability of Py, in (3.5), and the boundedness
of the operator A, (q,’l")_% in L>(£2) imply

IE; (@) (An(a") — An@D) U 2@

- 1 _1
= sup  ((¢" =gV Puo. VAG)F} () An(a)) " 2 on)
”ﬁah”LZ(Q):l

<clq" - @ L2 IV Pruoll ooy | An(qi) Fyy - @)l 22y 12(2)

_1
X sup l||Ah(f];f) Zonllr2 )

lenll;2 o)
<cty%lg" — a2 2)-
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Similarly, the boundedness of the operator A(q;l‘)’%“ in L2(£2) and Lemmas 5-10
lead to
1E; (@) (Anta") — An(@D)32U} (Dl 2

- - i 1_ —j _1
= sup  ((¢"—g)VorU;(q"). VAW E; (i) An(g) "2 on)
||€0h|\L2(Q)=1

<clg" = gl 20 VLU L@ 1An (@) " E, @Dl 22> 1202
<cllg" — gl IVaeU] (¢hl 1An (i) € Ep (@il

_1
x o osup [ An(g) T2 wnll 2
lonll 2 =1

—1+ -3 —a -2
et max(t; 7,11 g™ — anll22)-

Finally, the preceding two estimates and the triangle inequality imply

, 1 _a
Wil 200y < ety lat=aill 20y +cla’ = aill2g)T 2 b T maxte; 2,67, 172
j=1
o —50-20) _g(l—e) —a2—
gcmax(z‘no‘, 173 2 s In o e)atn o E))lqu 7q;,kHL2(_Q)~
This completes the proof of the lemma. O

Remark 4 Proposition 2 and Lemma 10 imply a uniform boundedness of the discrete
fractional derivative 0% U }fv (gj;) in the L2(£2) norm, which directly follows from the
box constraint of the admissible set A and the triangle inequality.

4 Numerical experiments and discussions

Now we present numerical results for the time fractional diffusion model. We employ
the standard conjugate gradient method [5] to solve the discrete optimization problem.
The gradient J; is computed using an alternative adjoint technique (following [11,
Section 5]). The details of the algorithm are described in Algorithm 1 in the appendix
for completeness. The noise data z° is generated by

() = ulgHx, T) + ellu(@ ) (Dllo)E(x), x € £2,

where the noise & (x) follows the standard Gaussian distribution and € > 0 is the rela-
tive noise level. To measure the convergence of the approximation g;’, we employ two
metrics, i.e., ¢g = llg" — g}l 2(o) and e, = [lu(g")(T) — up (g}l 12()- Through-
out, we choose the algorithmic parameters /, T and y as h = O(v/3), T = O(8) and
y = 0(8?), following Theorem 2.

First, we consider the one-dimension case with different combinations of the ter-
minal time 7 and the fractional order «.
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Table 1 Numerical results for Example 1

(a) Results for case (a), with T fixed at 7 = 1.00, and varying . The computation
is initialized with the mesh size 7 = 1/150 and the time step size T = 1/180.

o € 5.00e—2 3.00e—2 1.00e—2 5.00e—3 1.00e—3 Rate
4 7.50e—8 2.70e—8 3.00e—-9 7.50e—10  3.00e—11

0.25 eq 7.50e—2 4.99e—2 3.02e—2 241e-2 5.88e—3 0.61
ey 3.70e—-3 2.68e—3 1.19e—3 5.85e—4 1.42e—4 0.84

0.50 eq 5.77e-2 4.08e—2 2.6le—-2 1.84e—2 5.68e—3 0.57
ey 6.73e—3 3.35e-3 1.55e-3 7.5%e—4 1.69e—4 0.92

0.75 eq 5.73e-2 4.13e—2 2.60e—2 1.8%e—-2 591e-3 0.56
ey 6.77e—3 3.38e—3 1.55e-3 7.80e—4 191e—4 0.89

(b) Results for case (b) with « fixed at 0.5, and varying 7. The computation is
initialized with the mesh size # = 1/150 and the time step size T = 1/180

T € 5.00e—2 3.00e—2 1.00e—2 5.00e—3 1.00e—3 Trend
7.50e—8 2.70e—8 3.00e—9 7.50e—10  3.00e—11

1073 eq 9.05e—-2 9.86e—2 1.32e—1 1.06e—1 1.30e—1 -
ey 2.12e-3 1.84e—3 1.95e-3 1.68e—3 1.49e—-3 -

3.00 eq 1.08e—1 8.08e—2 6.25e—2 2.3le-2 8.34e—3 N
ey 5.43e-3 4.00e—3 2.33e-3 7.84e—4 1.82e—4 N\

5.00 eq 9.90e—2 7.94e-2 5.32e-2 2.66e—2 7.74e—3 N\
ey 5.73e-3 3.80e—3 1.63e—3 8.20e—4 1.81e—4 \u

Example 1 Let 2 = (0, 1), g7 (x) =2+ % sin(2rwx), ug(x) = x(1 — x) and f = 10.
Consider the following two cases: (a) 7 = 1.00 and « = 0.25, 0.50 and 0.75; (b)
o =0.50and T = 102, 3.00 and 5.00.

In this example, the exact data z* = u(g")(T) is obtained using a fine grid with a
spatial mesh size 4 = 1/1600 and the number N = 1280 of time steps. The lower and
upper bounds of the admissible set .4 are taken to be 1.5 and 3.0, respectively. The
convergence of the conjugate gradient method is achieved within tens of iterations.
The numerical results for Example 1 are presented in Table 1, with the rate estimated
by applying the linear least-square approach of the error and noise level in a double
logarithmic scale. Note that when the terminal time 7T is sufficiently large, Theorem

2 predicts a convergence rate 0(8%) at best for e;, and O(3) for e, of the state
approximation (if the parameters are chosen properly). For case (a), both ¢, and e,
exhibit a clear decay property as the noise level § tends to zero but the empirical rate of
ey is faster than the theoretical one, indicating a room for further improvement in the
convergence analysis. In Fig. 1, we present the numerical reconstructions of case (a)
at different noise levels. The results for case (b) in Table 1 show that the convergence
behaviors of both e, and e, fail to hold due to the loss of the conditional stability
estimate in Theorems 1 and 2 when the terminal time 7 is small.
Next we give a two-dimensional example.
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0 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

X X X
(@a=0.25 (b) e = 0.50 (©)a=0.75

Fig.1 The numerical reconstructions for Example 1(a): exact (real line); reconstruction (dot line)

Table2 Numerical results for Example 2, initialized the mesh size # = 1/10 and the time step size t = 1/50

o € 5.00e—2 3.00e—2 1.00e—2 5.00e—3 Rate
1.00e—9 3.60e—10 4.00e—11 1.00e—11
0.25 eq 2.12e-2 1.32e-2 7.12e—3 6.27e—3 0.53
ey 3.43e—5 1.35e—5 6.16e—6 5.02e—6 0.80
0.50 eq 1.76e—2 1.03e—2 6.65e—3 6.11e—3 0.44
ey 3.7le-5 1.47e—5 6.46e—5 5.20e—6 0.83
0.75 eg 2.32e-2 1.23e-2 7.02e—3 6.11e—3 0.56
ey 3.35e-5 1.45e—5 6.26e—6 4.86e—6 0.81

Example2 Let 2 = (0, D2, ¢¥(x,y) = 1 + Jy(1 — y)sin(wx), up(x, y) = x(1 —
x)y(l —y)and f = % sin(rrx) sin(rry). Fix T = 0.2, and @ = 0.25, 0.50 and 0.75.

In this example, we divide the domain £2 into M x M (with h = 1/M) equal small
squares and connect the bottom-left and top-right corners to form a triangulation of
the domain £2. Like before, the exact data z' = u(g")(T) is obtained by solving
the direct problem on a fine grid with 2 = 1/100 and = = 1/2000. The inversion
is carried out over a sequence of coarse space-time grids with the initial mesh size
h = 1/10 and time step size T = 1/50. The lower and upper bounds of the admissible
set A are taken to be 0.9 and 1.5, respectively. The numerical results are shown in
Table 2. Numerically we again observe a steady convergence for both ¢, and e,: the
convergence rate of e, is slightly slower than the first order; but the convergence rate
of e, is again much higher than the theoretical one O (8 1/4). Figure 2 shows exemplary
reconstructions and the pointwise error e := ¢ — g, attwo noise levels € = 1.00e—2
and 5.00e—3. Numerically, the error mostly concentrate near the domain boundary
252.

A Approximation property of Lagrange interpolation

In this appendix, we prove the approximation property (3.3) and (3.4) of the Lagrange
nodal interpolation operator ITj in a convex smooth domain.
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0o 0o 00

Fig.2 The numerical reconstructions for Example 2 with € = 3.00e—2 (top two rows) and 5.00e—3 (bottom
two rows) and the pointwise error e := zfr - q;:. From left to right, the results are for « = 0.25, 0.50 and
0.75

Lemma 11 Ler §2 be a convex and smooth domain. Let the polygon 2, the FEM
space Vy,, and the Langrange interpolation operator ITj, : C(82) — Vj, be defined as
in Sect. 3.1. Then the estimates (3.3) and (3.4) hold.

Proof To show the estimate (3.4), it suffices to show
lv = IpvllL=@\2,) + IV = Hpv)ll @ \2,) < chlvliyicog)-
By the construction of the space V,, we observe

IVITpvl Lo @\2,) < IVIpv|lLo(2,) < IVVllLe@,) < IVVllre). (A1)
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Moreover, since dist(x, £2) < ch? for all x € 852, from the estimate (A.1), we derive

lv — MpvllLeo@\2,) < lv — HpvllLe@e,) + ch?|IV(v — ) || Lo (2\24)
< chllvllwioe(g,) + ch* IVl L @\ap + ch* IV Tl 2o @\25)

< Ch”l)”wl,m(_(z).

Next, we prove the estimate (3.3). The standard trace lemma [9, Theorem 1.6.6] implies

3 3
lv—Thvl 29, +AIVE = Hpv)ll200,) < ch?vigrg,) < ch?2lvligg)-
(A.2)

Since dist(x, £2) < ch? for all x € 952 and ITjv is piecewise linear, we have

v = vl 72\ g, < chlv = Mol g, + ch*IVQ = Th)l72 0 q,)

< chllv = Ml }agy0,, + IV @ = )17

(082 (9821)

4y 12
+ch* V3000,

Then applying (A.2) gives [v—ITvll 22\ @,) = ch?|v|| H2(s2)- The bound on ||V (v—
ITyv) |12y follows similarly. O

B Conjugate gradient method

Now we briefly describe the conjugate gradient algorithm [5] for minimizing the
regularized problem (3.1)—(3.2). The main effort of the algorithm at each step is to
compute the gradient J)’, (q) of the objective J,, . This can be achieved using the adjoint
technique. Specifically, let v(g) solve the modified adjoint equation [11]

Ry2, v — V- (gVv) = w(@)(T) —2)sr(t), in2x (0, T +71),
v=20, ond2 x (0, T +1), (B.1
v(T +1t)=0, in 2.

Here 67(-) is a Dirac function in ¢ concentrated at t = T, and ,R 07v is defined by

gagv(t) = —%ﬁ ftT (s — 1)~ ®u(s)ds. Then the L2(£2) gradient J)L (g) is given
y

T+t
) = /0 Vu(g) - Vu(g) df — y Ag, 3.2)

and the descent direction g8 = —(—=A+1)~! J}’, (¢") (equipped with a zero Neumann
boundary condition). The conjugate gradient direction dj is given by

di = Prdi—r + g5, with B = 11851720,/ 18" 172 (B.3)
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with the convention By = 0. To select the step size s at Step 6, we employ a simple
strategy by linearizing the direct problem (1.1) along the direction di. The operator
P 4 at line 7 denotes the pointwise projection into the set A.

Algorithm 1 Conjugate gradient method for problem (3.1)—(3.2).

1: Set the maximum iteration number K, and choose qo.

2:fork=1,..., K do

3:  Solve for u(qk) the solution to problem (1.1) with ¢ = qk.

4:  Solve for v(qk) the solution to the modified adjoint problem (B.1) with g = qk;
5: Compute the gradient J}’, (qk) via (B.2), and the descent direction d via (B.3);
6:  Compute the step length sy ;

7:  Update the diffusion coefficient by qu =Py (qk + spdi);

8:  Check the stopping criterion.

9: end for
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