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Abstract
In Lou et al. (Lou Y, Tao W, Wang Z-A. Effects and biological consequences of the
predator-mediated apparent competition I: ODE models. J. Math. Biol. 91 (2025),
47, 37 pages), the authors investigated the effects and biological consequences of the
predator-mediated apparent competition using a temporal (ODE) system consisting of
one predator and two prey species (one is native and the other is invasive) with Holling
type I and II functional responses. This paper is a sequel to Lou et al. (Lou Y, Tao
W,Wang Z-A. Effects and biological consequences of the predator-mediated apparent
competition I: ODE models. J. Math. Biol. 91 (2025), 47, 37 pages.), by including
spatial movements (diffusion and prey-taxis) into the ODE system and examining
the spatial effects on the population dynamics under the predator-mediated apparent
competition. We establish the global boundedness of solutions in a two-dimensional
bounded domain with Neumann boundary conditions and the global stability of con-
stant steady states in certain parameter regimes, bywhichwe find a threshold dynamics
in terms of the predator’s death rate. For the parameters outside the global stability
regimes, we conduct a linear stability analysis to show that diffusion and/or prey-
taxis can induce instability by both steady-state and Hopf bifurcations. We further
use numerical simulations to illustrate that various spatial patterns are all possible,
including stable spatial aggregation patterns, spatially homogeneous but time-periodic
patterns, and spatially inhomogeneous and time-oscillatory patterns. It comes with a
surprise that either of diffusion and prey-taxis can induce steady-state or Hopf bifurca-
tions to generate intricate spatial patterns in the one predator-two prey system, which
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is sharply different from the one predator-one prey system for which neither diffusion
nor prey-taxis can induce spatial patterns. These results show that spatial movements
play profound roles in the emerging properties for predator-prey systems with mul-
tiple prey species. We also find that prey-taxis may play dual roles (stabilization and
destabilization) and facilitate the predator-mediated apparent competition to eliminate
the native prey species under the moderate initial mass of invasive prey species.

Keywords Predator-mediated · Apparent competition · Prey-taxis · Global stability
Mathematics Subject Classification Primary 35B40 · 35K57 · 35Q92 · 92D25

1 Introduction

Predation and competition have long been a major study of interest in the field of
ecology, partially because they form the foundational elements upon which complex,
multispecies food webs are constructed (cf. DeAngelis 2012; Polis and Winemiller
2013; Holt and Polis 1997). Predation plays an important role in maintaining bio-
diversity and shaping the stable structure of ecology. For instance, in the absence
of effective predator regulation, prey populations may over-reproduce and exceed
the carrying capacity, leading to the depletion of smaller animal populations, the
degradation of plant communities, and damage to fragile ecosystems like coral reefs
(see https://blog.biodiversitylibrary.org/2012/08/why-predators-protect-biodiversity.
html). Competition can happen between different species (interspecific competition)
or among the same species (intraspecific competition) directly or indirectly. Among
them is the predator-mediated apparent competition (cf. Holt 1977; Holt and Bonsall
2017): negative indirect interactions between prey species that are mediated by the
shared natural predator. In one predator-one prey systems, predators can not drive the
prey species to extinction since they would starve to death before they can find the
last prey species. However, if they are fed by another prey (viewed as an invasive prey
species), they may keep native prey species at a lower abundance level or even elimi-
nate the native prey species through the predator-mediated apparent competition. For
instance, populations of the damaging Pacific mites (pest) were reduced when both
herbivorous Willamette mites and predatory mites were released together, which can
not be achieved by releasing predatory mites alone (cf. Karban et al. 1994). Besides
the above examples, apparent competition can be used in biological control (Chailleux
et al. 2014; Kaser and Ode 2016; George 2017), conservation (Wittmer et al. 2013),
and infectious disease ecology and invasion (Dunn et al. 2012; Strauss et al. 2012). For
more applications of the predator-mediated apparent competition, we refer readers to
(Chaneton and Bonsall 2000; Stige et al. 2018; Karban et al. 1994; DeCesare et al.
2010) and references therein.

Although many interspecific competitions are detectable (cf. Tilman 1987), appar-
ent competition is difficult to detect or measure due to its indirect nature (Stige et al.,
2018). Therefore, it is imperative to construct appropriate mathematical models to
understand or predict the underlying qualitative or quantitative dynamics. The proto-
typical predator-mediated apparent competition model with i-species (i ∈ N+) was
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introduced by Holt in Holt (1977) and later discussed in Holt and Bonsall (2017) as
follows {

dui
dt = ui [gi (ui ) − fi (u)w] ,

dw
dt = wF(u),

(1.1)

wherew and ui represent the densities of the predator and the i-th prey species respec-
tively, and u = (u1, u2, . . . , ui ). In the first equation of (1.1), the function gi (ui )

denotes the inherent per capita growth rate of the i-th prey species in the absence of
the predator, fi (u) is the functional response of the predator to the i-th prey species
while fi (u)w representing per capita death rate caused by predation. In the second
equation of (1.1), F(u) denotes the per capita growth rate of the predator. Under the
assumption that there is no direct interspecific competition between prey species, it
was found in Holt (1977) that an increase in the abundance of one prey species ben-
efits the predator, which in turn negatively affects prey species, resulting in lower
abundances for each prey. The related one predator-two prey ordinary differential sys-
tems have been studied in the literature (cf. Vance 1978; Piltz et al. 2017; Mimura
and Kan-on 1986; Hsu 1981; Caswell 1978; Abrams 1999) to qualitatively explore
the predator-mediated coexistence or extinction. Among others, the research of this
paper is related to the following one predator-two prey model describing the predator-
mediated apparent competition

⎧⎪⎨
⎪⎩

ut = u (1 − u/K1) − w f1(u), t > 0,

vt = v (1 − v/K2) − w f2(v), t > 0,

wt = w (β1 f1(u) + β2 f2(v) − θ) , t > 0,

(1.2)

where u(t), v(t) and w(t) represent the densities of the native prey species, the inva-
sive prey species, and the shared predator species at time t , respectively. The functions
fi (i = 1, 2) and the positive parameters in (1.2) have the following biological inter-
pretations:

• fi (i = 1, 2) - functional responses;
• Ki (i = 1, 2) - carrying capacities for the prey;
• βi (i = 1, 2) - trophic efficiency (conversion rates);
• θ - death rate of the predator.

Based on (1.2), it is shownby the authors in Lou et al. (2025) that the predator-mediated
apparent competition can indeed reduce the biomass of the native prey species. More-
over, whether the invasive prey species successfully invades or not essentially depends
on its initial biomass while functional responses and other factors like the death rate
of the predator may also play roles.

The effect of spatial dispersal of biological species was not considered in Lou et al.
(2025). It is well-known that dispersal, an ecological process involving the spatial
movement of individual/multiple species, is a strategy to increase species fitness in a
heterogeneous landscape by regulating the dynamics and persistence of populations,
the distribution and abundance of species as well as community structure (Hiltunen
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and Laakso 2013; Holt 1977; Dieckmann et al. 1999). The causes and consequences
as well as the selection and evolution of dispersal strategies have been central ques-
tions in ecology extensively discussed in the literature (cf. Cosner 2014; Shurin and
Allen 2001; Ron et al. 2018). Dispersal is an indispensable factor in accurately finding
and predicting population dynamics in a realistic ecosystem. Usually, dispersal can
be classified into two categories: undirected movement (i.e. diffusion) and directed
movement (advection). Among many remarkable mathematical works, a prominent
finding is that diffusion can increase population abundance in a single-species com-
munity (Lou 2006) and the slower diffuser will outcompete its faster competitor (De
Mottoni 1979; Lou 2006; He and Ni 2016). The main goal of this paper is to include
spatial dispersal into the ODE model (1.2) and investigate the effects of dispersal on
the population dynamics in one predator-two prey systems with apparent competition
mediated by predators. Since (1.2) describes the apparent competition between two
prey species mediated by one predator, it is natural to consider the prey-taxis (the
directed movement of a predator up a prey density gradient) apart from the random
diffusion. Therefore we are motivated to consider the following PDE system:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut = d1�u + u (1 − u/K1) − w f1(u), x ∈ �, t > 0,

vt = d2�v + v (1 − v/K2) − w f2(v), x ∈ �, t > 0,

wt = d3�w − ∇ · (w (χ1∇u + χ2∇v))

+w (β1 f1(u) + β2 f2(v) − θ) , x ∈ �, t > 0,

∂νu = ∂νv = ∂νw = 0, x ∈ ∂�, t > 0,

(u, v, w)(x, 0) = (u0, v0, w0)(x), x ∈ �,

(1.3)

where the habitat � ⊂ R
n (n ≥ 2) is a bounded domain with smooth boundary ∂�,

∂ν := ∂
∂ν

and ν is the outward unit normal vector of ∂�. The functions u(x, t), v(x, t)
andw(x, t) represent the densities of the native prey species, the invasive prey species,
and the shared predator at location x and time t , respectively. The functions fi and
the parameters Ki , βi (i = 1, 2) and θ have the same biological interpretations as
given above. The parameters d1, d2, d3 denote the diffusion rates of the native prey,
the invasive prey, and the predator, respectively, and χi (i = 1, 2) measures the prey-
taxis intensity. All the parameters in (1.3) are positive except for χ1, χ2 ≥ 0. Here we
assume that both prey species move randomly within the habitat�, while the predator
undergoes random diffusion and prey-taxis. Homogeneous Neumann boundary con-
ditions mean that no individuals can cross the boundary. In the model (1.3), the direct
(i.e. interference) competition between two prey species is not considered since we
focus on the predator-mediated apparent competition here. Without loss of generality,
we assume that the functional responses f1 and f2 are of the Holling type:

fi (s) = αi s, i = 1, 2, (Holling type I), (1.4)

or fi (s) = γi s

1 + γi hi s
, i = 1, 2, (Holling type II), (1.5)

where the positive constants αi , γi and hi (i = 1, 2) have the following biological
meanings:
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• αi , γi (i = 1, 2) - capture rates of the predator on the prey;
• hi (i = 1, 2) - handling time spent by the predator on the prey.

The spatial predator-prey systems with diffusion involving one predator and two
prey species have been considered (Chin-Chin 2019; Huang and Lin 2014; Manna
et al. 2020; Feng 1993; Lakoš 1990). However, all these studies focused on direct
competition between the two prey species and did not consider prey-taxis in partic-
ular. In Haskell and Bell (2020), the negative prey-taxis (the directed movement of
a predator down a prey density gradient) to one prey was considered and the global
existence of solutions along with pattern formation was established in one dimension.
In Apreutesei et al. (2014), an optimal control problem related to the system (1.3) with
χ1 = χ2 = 0 is investigated to maximize the total biomass of the three species. As
far as we know, the system (1.3) with (positive) prey-taxis on two prey species has
not been studied in the literature. The goal of this paper is twofold: to establish the
global well-posedness (existence and stability) of solutions to (1.3), and to investi-
gate the effects of spatial movements brought to the population distribution profiles
and outcome of the predator-mediated apparent competition. By studying the ODE
counterpart of (1.3) in our previous work Lou et al. (2025), we find that the effects
and biological consequences of predator-mediated apparent competition are a com-
plicated ecological process depending upon many factors such as the initial mass of
invasive prey species, the mortality rate of the predator and the mechanism of func-
tional responses. In addition to the global well-posedness of (1.3), we shall further
explore the following two questions. The first one is

Q1: Will spatial movements (diffusion or prey-taxis) facilitate or impede the effec-
tiveness of the predator-mediated apparent competition?

It is well-known that neither diffusion nor prey-taxis can induce spatial pattern forma-
tion in one predator-one prey systems with Holling I or II functional responses (see
Appendix A). Hence our second question will be

Q2: Will spatialmovements (diffusion or prey-taxis) induce the instability to generate
the spatial patterns in the one predator-two prey system?

This paper will focus on questionsQ1 andQ2 alongside the global well-posedness
of (1.3). The rest of this paper is organized as follows. Sect. 2 states the mathematical
results on the global existence, boundedness, and the large time behavior of solutions
to the system (1.3), as well as the biological implications concerning questions Q1
and Q2 based on our analytical and numerical simulations. In Sect. 3, we present
the proofs for our analytical results stated in Sect. 2. The linear stability analysis is
conducted in Sect. 4 to determine the parameter regimes in terms of diffusion and
prey-taxis coefficients in which the steady-state or Hopf bifurcation occurs. On top of
this, the numerical simulations are performed in Sect. 5 to show that either diffusion or
prey-taxis can generate intricate patterns, including stable non-constant steady states,
spatially inhomogeneous or heterogeneous but time-periodic patterns. In Sect. 6, we
conclude our paper with a summary and discussion.
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2 Main results and biological implications

Our main results consist of two parts: analytical results and biological implications
based on linear stability analysis and numerical simulations. They shall be readily
presented below.

2.1 Analytical results

For clarity and conciseness, we first introduce some notations used throughout the
paper. Without confusion, we shall use

∫
�

f to denote
∫
�

f dx . Moreover, we let

Li := βi fi (Ki ), λi := 1
γi hi

, i = 1, 2,

L := L1 + L2, θ0 := max
{
(1 − α1

α2
)L1, (1 − α2

α1
)L2

}
.

We denote the constant steady state of the system (1.3) by Es = (us, vs, ws) including
extinction, predator-free, semi-coexistence and coexistence steady states, as listed in
Table 1 (cf. Lou et al. 2025). To distinguish the constant coexistence steady state for
different functional responses, we employ the notation

E∗ =
{

P∗, if (1.4) holds,

Q∗, if (1.5.) holds.

Moreover, for the Holling type I functional response (1.4), P∗ is uniquely determined
by

P∗ = (u∗, v∗, w∗)

=
(

K1 [(α2 − α1)L2 + α1θ ]

α1L1 + α2L2
,

K2 [(α1 − α2)L1 + α2θ ]

α1L1 + α2L2
,

L − θ

α1L1 + α2L2

)
,

which exists if and only if θ ∈ (θ0, L). However, the situation is more complicated for
the Holling type II functional response (1.5), where the number of Q∗ can vary from
0 to 3 (see Lou et al. 2025).

The first result concerns the global existence and boundedness of classical solutions
to (1.3), as stated in the following theorem.

Theorem 2.1 Let � ⊂ R
N (N ∈ {1, 2}) be a bounded domain with smooth boundary,

and let (u0, v0, w0) ∈ [
W 1,p(�)

]3
with u0, v0, w0 ≥ 0 ( �≡ 0) and p > 2. Then

the system (1.3) with (1.4) or (1.5) has a unique global classical solution (u, v, w)

satisfying u, v, w > 0 for all t > 0, and

‖u(·, t)‖L∞(�) + ‖v(·, t)‖L∞(�) + ‖w(·, t)‖L∞(�) ≤ C for all t > 0, (2.1)

where C > 0 is a constant independent of t .
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Remark 2.1 In Theorem 2.1, the growth functions for two prey are of logistic types
gi (s) = s(1 − s/Ki ) (i = 1, 2), the functional response fi (i = 1, 2) are of Holling
type I/II, and the predator mortality rate function only includes the natural death rate.
The result can indeed be extended for more general functional responses (e.g. see (Jin
and Wang 2017, Theorem 1.1) with general hypotheses).

We next give the global stability of the positive constant steady state E∗ =
(u∗, v∗, w∗) for 0 < θ < L , and the predator-free constant steady state Euv for
θ ≥ L . If E∗ exists, we define the positive constant

d∗ :=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

w∗
4

(
α1χ

2
1 K 2

1

β1d1 f1(u∗)
+ α2χ

2
2 K 2

2

β2d2 f2(v∗)

)
, if (1.4) holds,

w∗
4

(
γ1χ

2
1 K 2

1

β1d1 f1(u∗)
+ γ2χ

2
2 K 2

2

β2d2 f2(v∗)

)
, if (1.5) holds.

(2.2)

The global stability results are stated below.

Theorem 2.2 (Global stability for Holling type I) Let the assumptions in Theorem 2.1
hold with fi (i = 1, 2) given by (1.4). Let (u, v, w) be the solution of (1.3) obtained in
Theorem 2.1 and d∗ be given by (2.2). Then the following global stability results hold.

(i) If θ ∈ (θ0, L), then the unique positive constant steady state P∗ is globally
asymptotically stable if d3 ≥ d∗, where “=" holds only if ‖u0‖L∞(�) ≤ K1 and
‖v0‖L∞(�) ≤ K2.

(ii) If θ ≥ L, then the predator-free constant steady state Euv is globally asymptoti-
cally stable.

Theorem 2.3 (Global stability forHolling type II)Assume the assumptions in Theorem
2.1 hold with fi (i = 1, 2) given by (1.5). Let (u, v, w) be the solution of (1.3) obtained
in Theorem 2.1 and d∗ be given by (2.2). Then the following global stability results
hold.

(i) If θ ∈ (0, L), and Q∗ = (u∗, v∗, w∗) is a positive constant steady state (if exists)
satisfying

(K1, K2) ∈ �∗ :=
{
(K1, K2)

∣∣∣∣ K1 ≤ λ1 + u∗, K2 ≤ λ2 + v∗
}

, (2.3)

then Q∗ is globally asymptotically stable if d3 ≥ d∗, where “=" holds only if
‖u0‖L∞(�) ≤ K1 and ‖v0‖L∞(�) ≤ K2.

(ii) If θ ≥ L, then the predator-free constant steady state Euv is globally asymptoti-
cally stable.

2.2 Biological implications based on numerical simulations

Now we shall address questions raised in Q1 and Q2 by using linear stability analysis
and numerical simulations.
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By viewing one prey u and the predator w as the native species, and the other prey
v as the invasive one in (1.3), we consider Holling type I and II functional responses
and establish the global stability of the coexistence (i.e. positive) and the predator-
free constant steady states in Theorem 2.2 and Theorem 2.3, respectively. By these
results, we find threshold dynamics in terms of the predator’s death/mortality rate.
To investigate the spatial pattern formation, we conduct linear instability analysis
outside the parameter regimes of global stability given in Theorem 2.2 and Theorem
2.3 (see Sect. 4) and perform numerical simulations (see Sect. 5) for the system (1.3)
with (1.4) or (1.5) to pinpoint the possible biological consequences resulting from the
predator-mediated apparent competition. Our main findings are summarized below.

(f.1) For the Holling type I functional response (1.4), diffusion or prey-taxis can not
destabilize system (1.3) to generate spatial patterns and the long-time dynam-
ics of (1.3) are mainly determined by the reaction terms, similar to its ODE
counterpart.

(f.2) For the Holling type II functional response (1.5), the spatial movements can
have profound effects on the population dynamics of system (1.3). For the case
of symmetric apparent competition (namely, the two prey species have the same
ecological characteristics), we find the initial biomass of invasive prey species is
crucial to determine whether the invasion is successful: small invasion biomass
leads to failed invasion, moderate invasion biomass leads to successful invasion
and species coexistence, while large invasion biomass results in successful inva-
sion which further wipes out the native prey species (see Fig. 1). By comparing
the numerical results shown in Fig. 1-(b) and Fig. 2-(b), we find that strong prey-
taxis for the native prey species can help the invasive species outcompete the
native prey species (i.e. eliminate the native prey species) through the predator-
mediated apparent competition given the success of invasion with moderate
initial invasion biomass. This implies that prey-taxis can help the invasive prey
species wipe out the native prey species with moderate invasion biomass only
through the predator-mediated apparent competition.

(f.3) It is known that neither diffusion nor prey-taxis can destabilize one predator-one
prey systems (see Appendix A) with Holling type I or II functional responses to
promote the spatial pattern formations. However, for the one predator-two prey
system (1.3) with the Holling type II functional response, we find that either
diffusion or prey-taxis can destabilize positive uniform equilibria (see Table 6
and Fig. 4) to produce intricate spatial patterns (see Figs. 3 and 5). This finding
entails that the effect of diffusion or prey-taxis may be substantially different
as the number of prey species increases. Namely, spatial movements may play
more profound roles in predator-prey systems with more prey species.

(f.4) In the one predator-two prey spatial system (1.3) with the Holling type II func-
tional response, either diffusion or prey-taxis candestabilize positive equilibria to
generate spatial patterns in some parameter regimes (see Remark 5.3). However,
the prey-taxis may also stabilize (or homogenize) the system in other parame-
ter regimes (see Figs. 4 and 5). Therefore the prey-taxis have different effects
(stabilization and destabilization) depending on the suitable values of χ1 and
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χ2 (i.e. the intensity of prey-taxis), indicating that spatial movements may play
complex roles in predator-prey systems consisting of multiple prey species.

In this paper we attempt to understand the structures and functions of predator-
prey systems with apparent competition and spatial movement. To summarize, our
studies reveal some emerging properties of predator-mediated apparent competition
models with movement: First, for symmetric apparent competition there exist critical
thresholds for the initial biomass of the invasive prey species to determine whether the
invasion is successful, and whether it will wipe out the native prey species. Second,
spatial movement can induce spatiotemporal patterns in one predator-two prey system,
but not for one predator-one prey system. It will be of interest to further investigate
the functions of these spatiotemporal patterns, making the connections between the
structures of these ecological systems and the functions of such structures.

3 Global boundedness and stability

3.1 Global boundedness

We first prove Theorem 2.1 concerning the global existence and boundedness of solu-
tions to the system (1.3) with either (1.4) or (1.5). The local existence of solutions
can be established by using Amann’s theorem (cf. Amann 1990, 1993). Additionally,
the approach developed for one predator-one prey systems with prey-taxis in Jin and
Wang (2017) can be adapted here to prove Theorem 2.1 with slight adjustments.

Lemma 3.1 Let the assumptions in Theorem 2.1 hold. Then there exists some Tmax ∈
(0,∞] such that the system (1.3) with (1.4) or (1.5) admits a unique classical solution

(u, v, w) ∈
[
C0 (�̄ × [0, Tmax )

) ∩ C2,1 (�̄ × (0, Tmax )
)]3

satisfying u, v, w > 0 for all t > 0. Moreover, we have

either Tmax = ∞, or lim sup
t↗Tmax

‖w(·, t)‖L∞(�) = ∞. (3.1)

Lemma 3.2 Let the assumptions in Theorem 2.1 hold. Then for all t ∈ (0, Tmax ), the
solution of the system (1.3) with (1.4) or (1.5) satisfies

u ≤ M1 := max
{‖u0‖L∞(�), K1

}
, v ≤ M2 := max

{‖v0‖L∞(�), K2
}
, (3.2)

and

‖w‖L1(�) ≤ M3 := max
{
β1‖u0‖L1(�) + β2‖v0‖L1(�) + ‖w0‖L1(�),

(1 + θ)2

4θ
(β1K1 + β2K2) |�|

}
.
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Proof Note that (3.2) is a direct consequence of (Jin and Wang 2017, Lemma 2.2)
based on a comparison principle. We next prove the boundedness of ‖w‖L1(�). Let

z(x, t) := β1u(x, t) + β2v(x, t) + w(x, t) for all (x, t) ∈ � × (0, Tmax ).

Then using (1.3), integrating by parts, and Young’s inequality, we have

d

dt

∫
�

z = β1

∫
�

(
u − u2

K1

)
+ β2

∫
�

(
v − v2

K2

)
− θ

∫
�

w

≤ β1

∫
�

[
−θu + K1(1 + θ)2

4

]
+ β2

∫
�

[
−θv + K2(1 + θ)2

4

]
− θ

∫
�

w

≤ − θ

∫
�

z + (1 + θ)2

4
(β1K1 + β2K2) |�| for all t ∈ (0, Tmax ).

An application of Grönwall’s inequalitygives ‖z‖L1(�) ≤ M3, which along with the
non-negativity of the solution completes the proof. ��
Lemma 3.3 Let the assumptions in Theorem 2.1 hold. Then the solution to the system
(1.3) with (1.4) or (1.5) satisfies

‖u(·, t)‖L∞(�) + ‖v(·, t)‖L∞(�) + ‖w(·, t)‖L∞(�) ≤ C for all t ∈ (0, Tmax ),

(3.3)

where C is a positive constant independent of t .

Proof Based on Lemma 3.2, (3.3) can be established by similar arguments as in (Jin
and Wang 2017, section 3) for one predator-one prey systems with prey-taxis. Here
the two prey species bring no essential difficulty in deriving (3.3) since there is no
direct interaction between the two prey species. The routine procedures are omitted
for brevity. ��
Proof of Theorem 2.1 It follows immediately from (3.1) and (3.3) that Tmax = ∞,
which alongside (3.3) gives (2.1). The proof is completed. ��

3.2 Global stability

This subsection is devoted to proving Theorem 2.2 and Theorem 2.3. Note that the
constant steady states E0, Eu and Ev are saddles, and Euv is also a saddle for θ ∈
(0, L) (see Proposition 4.1). In this section, we shall construct appropriate Lyapunov
functions to investigate the global stability of positive constant steady states for 0 <

θ < L and the predator-free constant steady state Euv for θ ≥ L . We first give the
following higher-order regularities of the solution to the system (1.3) with (1.4) or
(1.5).

123



55 Page 12 of 41 Y. Lou et al.

Lemma 3.4 Let the assumptions in Theorem 2.1 hold, and let (u, v, w) be the solution
of the system (1.3) with (1.4) or (1.5). Then for any given σ ∈ (0, 1), there exists a
positive constant C such that

‖u‖
C2+σ,1+ σ

2 (�̄×[1,∞))
+ ‖v‖

C2+σ,1+ σ
2 (�̄×[1,∞))

+‖w‖
C2+σ,1+ σ

2 (�̄×[1,∞))
≤ C .

Proof With (2.1), the conclusion can be proved by a bootstrap argument based on
the L p-estimate and the Schauder estimate (cf. Gary 1996). We omit the details for
brevity. ��

The following auxiliary lemma will be used to prove the global stability.

Lemma 3.5 (Wang 2018, Lemma 1.1) Let a ≥ 0 and b > 0 be two constants, F(t) ≥
0,

∫ ∞
a H(t)dt < ∞. Assume that E ∈ C1([a,∞)) is bounded from below and satisfies

E ′(t) ≤ −bF(t) + H(t) in [a,∞).

If F ∈ C1([a,∞)) and F ′(t) ≤ C in [a,∞) for some constant C > 0, or F ∈
Cθ ([a,∞)) and ‖F‖Cθ ([a,∞)) ≤ C for some constants 0 < θ < 1 and C > 0, then
lim

t→∞ F(t) = 0.

For t > 0 and a constant steady state Es = (us, vs, ws), we let

E(t; Es) := �1

∫
�

(
u − us − us ln

u

us

)
+ �2

∫
�

(
v − vs − vs ln

v

vs

)

+
∫

�

(
w − ws − ws ln

w

ws

)
, (3.4)

where the positive constants �1 and �2 are given by

�i :=
⎧⎨
⎩

βi fi (us )
αi us

= βi , if (1.4) holds,

βi fi (us )
γi us

= βi
1+γi hi us

, if (1.5) holds,
i = 1, 2. (3.5)

Then we can prove the global stability of Euv and the positive constant steady states,
as to be shown below.

3.3 Global stability for� ≥ L

The predator-free constant steady state Euv of the system (1.3) with (1.4) or (1.5) is
globally asymptotically stable whenever θ ≥ L .

Lemma 3.6 [Global stability of Euv] Let the assumptions in Theorem 2.1 hold, and let
θ ≥ L. Then for any σ ∈ (0, 1), the solution (u, v, w) of the system (1.3) with (1.4)
or (1.5) satisfies
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lim
t→∞

(
‖u − K1‖C2+σ (�̄) + ‖v − K2‖C2+σ (�̄) + ‖w‖C2+σ (�̄)

)
= 0.

Proof Let Es = Euv = (K1, K2, 0) in (3.4) and (3.5). Then using (1.3), (3.4), (3.5),
and integrating by parts, for all t > 0, one has

E ′(t; Euv) = −�1d1K1

∫
�

|∇u|2
u2 − �2d2K2

∫
�

|∇v|2
v2︸ ︷︷ ︸

≤0

+
∫

�

w (β1 f1(u) + β2 f2(v) − θ)

+ �1

∫
�

(
1 − u

K1
− w f1(u)

u

)
(u − K1)

+ �2

∫
�

(
1 − v

K2
− w f2(v)

v

)
(v − K2) . (3.6)

The combination of (1.4), (1.5), (3.5) and θ ≥ L = β1 f1(K1) + β2 f2(K2) indicates
that

w (β1 f1(u) + β2 f2(v) − θ) ≤ β1w ( f1(u) − f1(K1)) + β2w ( f2(v) − f2(K2))

= �1
w f1(u)

u
(u − K1) + �2

w f2(v)

v
(v − K2)

for all t > 0, (3.7)

where we have used the fact that βi ( fi (s) − fi (Ki )) = �i
fi (s)

s (s − Ki ) for s > 0,
i = 1, 2, since

βi ( fi (s) − fi (Ki )) =
{

αiβi (s − Ki ) = �i
fi (s)

s (s − Ki ), if (1.4) holds,
γi βi (s−Ki )

(1+γi hi Ki )(1+γi hi s) = �i
fi (s)

s (s − Ki ), if (1.5) holds.

(3.8)

Substituting (3.7) into (3.6), we obtain

E ′(t; Euv) ≤ − �1

K1

∫
�

(u − K1)
2 − �2

K2

∫
�

(v − K2)
2 =: −F1(t) for all t > 0.

(3.9)

For any constant s∗ > 0, the function φ1(s) := s − s∗ − s∗ ln s
s∗ satisfies φ1(s) ≥

φ1(s∗) = 0 for s > 0, and φ1(s) = 0 if and only if s = s∗. Therefore, it holds that

E(t; Euv) ≥ 0 for all t > 0.
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This alongside Lemma 3.4 and Lemma 3.5 gives lim
t→∞F1(t) = 0, namely

lim
t→∞(‖u − K1‖L2(�) + ‖v − K2‖L2(�)) = 0.

Take σ̃ ∈ (0, 1) satisfying 0 < σ < σ̃ < 1. Then Lemma 3.4 implies that u(·, t)
and v(·, t) are bounded in C2+σ̃ (�̄) for t ≥ 1 (since the embedding C2+σ̃

(
�̄
)

↪→
C2+σ

(
�̄
)
is compact thanks to the Ascoli-Arzelà theorem). Using the compact argu-

ments and uniqueness of limits (cf. (Bei 2011, Proof of Theorem 6.1 and Remark 6.1)
for instance) we have

lim
t→∞

(
‖u − K1‖C2+σ (�̄) + ‖v − K2‖C2+σ (�̄)

)
= 0 (3.10)

holds for any σ ∈ (0, 1). It remains to prove

lim
t→∞ ‖w‖C2+σ (�̄) = 0. (3.11)

Define ḡ(t) = 1
|�|

∫
�

g(x, t) dx . Then by the first equation of (1.3), we have

ū′(t) = d

dt

(
1

|�|
∫

�

u

)
= 1

|�|
∫

�

u

(
1 − u

K1

)
− 1

|�|
∫

�

w f1(u) =: I1(t) + I2(t).

(3.12)

Clearly, (3.10) implies I1(t) → 0 as t → ∞.
Lemma 3.4 implies ‖ū′‖Cσ/2([1,∞)) ≤ C , which means that there exists a constant

Cσ > 0 such that |ū′(t)−ū′(s)| < Cσ |t−s| σ
2 for all s, t ≥ 1.Weclaim lim

t→∞ ū′(t) = 0.

Otherwise, there exists ε > 0 and a sequence tk → ∞ (tk ≥ 1) such that |ū′(tk)| > 2ε

for all k ∈ N+. Clearly, for any t ≥ 1 satisfying |t − tk | < (ε/Cσ )
2
σ =: δ (note that δ

is independent of k), we have

|ū′(t) − ū′(tk)| < ε and∣∣ū′(t)
∣∣ ≥ ∣∣ū′ (tk)

∣∣ − ∣∣ū′(t) − ū′ (tk)
∣∣ > ε.

This along with ū′(·) ∈ Cσ/2([1,∞)) indicates that ū′(t) will not change the sign in
[tk, tk + δ]. Using (3.10), we obtain

δε ≤
∫ tk+δ

tk
|ū′(x)|dx =

∣∣∣∣
∫ tk

1
ū′(x)dx −

∫ tk+δ

1
ū′(x)dx

∣∣∣∣
= |ū (tk) − ū (tk + δ)| → 0 as k → ∞,
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which is a contradiction. The claim lim
t→∞ ū′(t) = 0 is proved. Hence (3.12) indicates

that lim
t→∞ I2(t) = 0, which gives

lim
t→∞

∫
�

w f1(u) = 0. (3.13)

Moreover, the combination of (2.1), (3.10) and Lemma 3.4 implies that

∣∣∣∣
∫

�

w [ f1(u) − f1(K1)]

∣∣∣∣ ≤ C‖u − K1‖L1(�) → 0 as t → ∞. (3.14)

Therefore, we have from (3.13) and (3.14) that

0 = lim
t→∞

∫
�

w f1(u) − lim
t→∞

∫
�

w [ f1(u) − f1(K1)] = f1(K1) lim
t→∞

∫
�

w,

namely lim
t→∞ ‖w‖L1(�) = 0. This combined with Lemma 3.4 yields (3.11) and com-

pletes the proof. ��

3.4 Global stability for� < L

For θ ∈ (0, L), we consider the global stability of the positive constant steady states.
We start with the Holling type I functional response (1.4) and give the global stability
of P∗.

Lemma 3.7 (Global stability of P∗) Assume that the assumptions in Theorem 2.1 hold
with f1(u) and f2(v) given by (1.4), and (u, v, w) is the solution of system (1.3). Let d∗
be given by (2.2), θ ∈ (θ0, L), and P∗ = (u∗, v∗, w∗) be the unique positive constant
steady state of system (1.3). Then for any σ ∈ (0, 1), it holds that

lim
t→∞

(
‖u − u∗‖C2+σ (�̄) + ‖v − v∗‖C2+σ (�̄) + ‖w − w∗‖C2+σ (�̄)

)
= 0

if d3 ≥ d∗, where “=" holds in the case of ‖u0‖L∞(�) ≤ K1 and ‖v0‖L∞(�) ≤ K2.

Proof Let Es = P∗ = (u∗, v∗, w∗) in (3.4) and (3.5). Then (3.5) implies �i = βi ,
i = 1, 2. Using (1.3), (1.4), (3.4), (3.5), the fact that

θ = β1 f1(u∗) + β2 f2(v∗) = α1β1u∗ + α2β2v∗, 1 = u∗
K1

+ α1w∗ = v∗
K2

+ α2w∗,

and integrating by parts, we have

E ′(t; P∗) = −β1d1u∗
∫

�

|∇u|2
u2 − β2d2v∗

∫
�

|∇v|2
v2

− d3w∗
∫

�

|∇w|2
w2 + w∗

∫
�

(χ1∇u + χ2∇v) · ∇w

w︸ ︷︷ ︸
=:− ∫

� ℵ1�1ℵT
1
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+ β1

∫
�

(
1 − u

K1
− α1w

)
(u − u∗) + β2

∫
�

(
1 − v

K2
− α2w

)
(v − v∗)

+
∫

�

(α1β1u + α2β2v − θ)(w − w∗)

= −
∫

�

ℵ1�1ℵT
1 + β1

∫
�

(
1 − u

K1
− α1w∗

)
(u − u∗) + β2

∫
�

(
1 − v

K2
− α2w∗

)
(v − v∗)

= −
∫

�

ℵ1�1ℵT
1 − β1

K1

∫
�

(u − u∗)2 − β2

K2

∫
�

(v − v∗)2 for all t > 0, (3.15)

where ℵ1 := (∇u,∇v,∇w) and

�1 :=
⎛
⎜⎝

β1d1u∗
u2

0 −χ1w∗
2w

0 β2d2v∗
v2

−χ2w∗
2w

−χ1w∗
2w −χ2w∗

2w
d3w∗
w2

⎞
⎟⎠ .

By Sylvester’s criterion, the matrix �1 is non-negative definite if and only if the
determinant of �1 satisfies

|�1| = β1β2d1d2u∗v∗w∗
u2v2w2

[
d3 − w∗

4

(
χ2
1 u2

β1d1u∗
+ χ2

2 v2

β2d2v∗

)]
≥ 0. (3.16)

On one hand, if ‖u0‖L∞(�) ≤ K1 and ‖v0‖L∞(�) ≤ K2, then we have from (2.2),
(3.2) and (3.16) that

|�1| ≥ β1β2d1d2u∗v∗w∗
u2v2w2 (d3 − d∗) ≥ 0 for all (x, t) ∈ �̄ × (0,∞).

On the other hand, if ‖u0‖L∞(�) > K1 or ‖v0‖L∞(�) > K2, then the comparison
principle (e.g., see (Jin and Wang 2017, Lemma 2.2) for details) shows that

lim sup
t→∞

u(x, t) ≤ K1 and lim sup
t→∞

v(x, t) ≤ K2 for all x ∈ �.

This along with (2.2), (3.2), (3.16) and d3 > d∗ indicates that there exists T1 > 0 such
that |�1| ≥ 0 for all (x, t) ∈ �̄×[T1,∞). Therefore, �1 is non-negative definite, and
hence (3.15) indicates that

E ′(t; P∗) ≤ − β1

K1

∫
�

(u − u∗)2 − β2

K2

∫
�

(v − v∗)2 for all t ≥ T1.

We are now in the same situation as (3.9), and the remaining proof is omitted here for
brevity since it is similar to that of Lemma 3.6. ��

We next consider the Holling type II functional response (1.5), and give the global
stability of Q∗.

Lemma 3.8 (Global stability of Q∗) Assume that the assumptions in Theorem 2.1 hold
with f1(u) and f2(v) given by (1.5), and (u, v, w) is the solution of the system (1.3).
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Let d∗ be given by (2.2), θ ∈ (0, L), and Q∗ = (u∗, v∗, w∗) be a positive constant
steady state of the system (1.3). Then for any σ ∈ (0, 1), the conclusion

lim
t→∞

(
‖u − u∗‖C2+σ (�̄) + ‖v − v∗‖C2+σ (�̄) + ‖w − w∗‖C2+σ (�̄)

)
= 0

holds if d3 ≥ d∗, where “=" holds in the case of ‖u0‖L∞(�) ≤ K1 and ‖v0‖L∞(�) ≤
K2.

Proof Let Es = Q∗ = (u∗, v∗, w∗) in (3.4) and (3.5). Then (3.5) implies �1 =
β1

1+γ1h1u∗ and �2 = β2
1+γ2h2v∗ . Using (1.3), (1.5), (3.4), (3.5), the fact that θ =

β1 f1(u∗) + β2 f2(v∗), and integration by parts, we obtain

E ′(t; Q∗) = −�1d1u∗
∫

�

|∇u|2
u2 − �2d2v∗

∫
�

|∇v|2
v2

− d3w∗
∫

�

|∇w|2
w2 + w∗

∫
�

(χ1∇u + χ2∇v) · ∇w

w︸ ︷︷ ︸
=:− ∫

� ℵ2�2ℵT
2

+ �1

∫
�

(
1 − u

K1
− w f1(u)

u

)
(u − u∗) + �2

∫
�

(
1 − v

K2
− w f2(v)

v

)
(v − v∗)

+ β1

∫
�

( f1(u) − f1(u∗)) (w − w∗) + β2

∫
�

( f2(v) − f2(v∗)) (w − w∗) . (3.17)

Similar to (3.8), it holds that

β1 ( f1(u) − f1(u∗)) = �1
f1(u)

u
(u − u∗) and

β2 ( f2(v) − f2(v∗)) = �2
f2(v)

v
(v − v∗). (3.18)

Substituting (3.18) into (3.17), and using (2.3) and the fact thatw∗ = u∗
f1(u∗) (1− u∗

K1
) =

v∗
f2(v∗) (1 − v∗

K2
), we obtain

E ′(t; Q∗) = −
∫

�

ℵ2�2ℵT
2 + �1

∫
�

(
1 − u

K1
− w∗ f1(u)

u

)
(u − u∗)

+ �2

∫
�

(
1 − v

K2
− w∗ f2(v)

v

)
(v − v∗)

= −
∫

�

ℵ2�2ℵT
2 −

∫
�

�1h1γ1(λ1 + u∗ − K1 + u)

K1(1 + h1γ1u)
(u − u∗)2

−
∫

�

�2h2γ2(λ2 + v∗ − K2 + v)

K2(1 + h2γ2v)
(v − v∗)2

≤ −
∫

�

ℵ2�2ℵT
2 − �1h1

K1
f1(u)(u − u∗)2 − �2h2

K2
f2(v)(v − v∗)2,

where ℵ2 := (∇u,∇v,∇w) and

�2 :=
⎛
⎜⎝

�1d1u∗
u2

0 −χ1w∗
2w

0 �2d2v∗
v2

−χ2w∗
2w

−χ1w∗
2w −χ2w∗

2w
d3w∗
w2

⎞
⎟⎠ .
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Then

|�2| = �1�2d1d2u∗v∗w∗
u2v2w2

[
d3 − w∗

4

(
χ2
1 u2

�1d1u∗
+ χ2

2 v2

�2d2v∗

)]

= �1�2d1d2u∗v∗w∗
u2v2w2

[
d3 − w∗

4

(
χ2
1 u2(1 + γ1h1u∗)

β1d1u∗
+ χ2

2 v2(1 + γ2h2v∗)
β2d2v∗

)]
.

The remaining proof can be completed by the arguments similar to those in the proof
of Lemma 3.7, which we omit here for brevity. ��

Proofs of Theorem 2.2 and Theorem 2.3 The combination of Lemma 3.6 and Lemma
3.7 proves Theorem 2.2. Moreover, Theorem 2.3 is a consequence of Lemma 3.6 and
Lemma 3.8. ��

4 Linear instability analysis

This section is dedicated to investigating possible Turing instability of the system
(1.3) with (1.4) or (1.5) induced by spatial dispersal including diffusion and prey-
taxis to explore the biological implications underlying the spatial patterns. Turing
instability arises from a constant steady state that remains stable for the non-spatial
system but destabilizes under spatial perturbations. For the one predator-one prey
spatial system with the Holling type I (i.e. Lotka-Volterra) functional response and no
flux boundary conditions, it is well-known that there is no spatially inhomogeneous
pattern (De Mottoni and Rothe 1979; Du and Shi 2006), which remains unchanged in
the presence of prey-taxis (Jin and Wang 2017, 2021). Moreover, there is no Turing
instability either if the functional response is of Holling type II, see Appendix A for
detailed analysis. For the predator-mediated apparent competition model (1.3) with
one predator and two prey, a natural question is whether the system (1.3) can induce
the Turing instability. In other words, can the one predator-prey system be destabilized
by the invasion of another prey species?We shall attempt this question by starting with
linear stability analysis.

4.1 Stability/instability of the non-spatial (ODE) system

We begin with the local/global stability of equilibria of the non-spatial system (1.2)
with (1.4) or (1.5). For biological interest, the initial biomass of each species is assumed
to be positive, namely u(0), v(0), w(0) ≥ 0 ( �≡ 0). We first recall the following
stability results for the equilibria E0, Eu , Ev and Euv (cf. Lou et al. 2025)

Proposition 4.1 For the non-spatial system (1.2) with either (1.4) or (1.5), the equi-
libria E0, Eu and Ev are saddles, Euv is a saddle if θ < L, and Euv is globally
asymptotically stable if θ ≥ L.
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Table 2 The stability of
equilibria of the ODE system
(1.2) with (1.4)

θ ∈ (0, θ0] θ ∈ (θ0, L) θ ∈ [L,∞)

α1 > α2 P2 is GAS 2P∗is GAS Euv is GAS

α1 < α2 P1 is GAS P∗ is GAS Euv is GAS

α1 = α2 (⇐⇒ θ0 = 0) P∗ is GAS Euv is GAS

Note: The abbreviation “GAS” stands for “globally asymptotically
stable”. The notation “⇐⇒” denotes “if and only if”

Table 3 The stability of equilibria of the ODE system (1.2) with (1.5)

i ∈ {1, 2} θ ∈ (0, Li ) θ ∈ [Li , L) θ ∈ [L,∞)

(K1, K2) ∈ �i Qi is GAS Unclear Euv is GAS

(K1, K2) ∈ �∗ Q∗ is GAS Q∗ is GAS Euv is GAS

(K1, K2) /∈ �1 ∪ �2 ∪ �∗ Unclear Unclear Euv is GAS

Note: Here, �1 := {(K1, K2) | K1 ≤ λ1 + uQ1 ,
K2

f2(K2)
≤ wQ1 }, �2 := {(K1, K2) | K2 ≤

λ2 + vQ2 ,
K1

f1(K1)
≤ wQ2 }, and �∗ is defined by (2.3). The abbreviation “GAS” stands for “globally

asymptotically stable”

4.1.1 Non-spatial systemwith the Holling type I functional response

Let f1(u) and f2(v) be given by (1.4). Then the global stability of solutions to (1.2)
can be classified completely, as shown in Table 2.

4.1.2 Non-spatial systemwith the Holling type II functional response

Unlike the Holling type I, the global dynamics of (1.2) with the Holloing type II
functional response (1.5) can only be partially confirmed as shown in Table 3 for Euv ,
Q1, Q2 and Q∗ (cf. Lou et al. 2025).

As observed in Table 3, there are some parameter gaps where the global dynam-
ics of the system (1.2) with (1.5) remain ambiguous. Indeed it is too complicated to
derive affirmative results in these gaps for general parameters. Mediated by a shared
predator species, apparent competition between two prey species may be symmet-
ric or asymmetric (see (Holt and Bonsall 2017, Figure 1)), where symmetric (resp.
asymmetric) apparent competition occurs when two prey species have the same (resp.
different) ecological characteristics. For clarity and definiteness, the stability analy-
sis was conducted in Lou et al. (2025) to explore the effect of the predator-mediated
apparent competition on population dynamics in two specific parameter configura-
tions characterizing symmetric and asymmetric apparent competition. Below we shall
briefly recall these results to investigate the pattern formation driven by the dispersal
strategies of species later.

• Symmetric apparent competition. With the parameter configuration

K1 = K2 = 3 and β1 = β2 = h1 = h2 = γ1 = γ2 = 1, (4.1)
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Table 4 Stability of the equilibria of the ODE system (1.2) with (1.5) and (4.1)

Equilibria θ

(0, 1
2 ) 1

2 ( 12 , 2
3 ) 2

3 ( 23 , θ1) [θ1, 3
4 ) [ 34 , 1) 1 (1, 4

3 ) [ 43 , 3
2 ) [ 32 , ∞)

E0, Eu , Ev Saddle Saddle Saddle Saddle Saddle Saddle Saddle Saddle Saddle Saddle Saddle

Euv Saddle Saddle Saddle Saddle Saddle Saddle Saddle Saddle Saddle Saddle GAS

Q1, Q2 SF MS S-FN MS SF Saddle / / / / /

Q0∗ U-FN U-FN U-FN U-FN U-FN U-FN U-FN MS S-FN GAS /

Q1∗, Q2∗ / / / / S-FN S-FN S-FN / / / /

Note: The abbreviations “SF", “MS", “S-FN", “U-FN" and “GAS" stand for “saddle-focus", “marginally
stable", “stable focus node", “unstable focus node" and “globally asymptotically stable", respectively. The
notation “/" denotes “equilibria do not exist”

it follows that L1 = L2 = 3
4 and L = 3

2 . The system (1.2) with (1.5) and (4.1) has
the equilibria

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

E0, Eu, Ev, Euv, Q1, Q2, Q0∗, if θ ∈ (0, 2
3 ],

E0, Eu, Ev, Euv, Q1, Q2, Q0∗, Q1∗, Q2∗, if θ ∈ ( 23 ,
3
4 ),

E0, Eu, Ev, Euv, Q0∗, Q1∗, Q2∗, if θ ∈ [ 34 , 1),
E0, Eu, Ev, Euv, Q0∗, if θ ∈ [1, 3

2 ),

E0, Eu, Ev, Euv, if θ ∈ [ 32 ,∞),

(4.2)

where E0 = (0, 0, 0), Eu = (3, 0, 0), Ev = (0, 3, 0), Euv = (3, 3, 0), and

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Q1 =
(

θ
1−θ

, 0, 3−4θ
3(1−θ)2

)
, Q2 =

(
0, θ

1−θ
, 3−4θ
3(1−θ)2

)
,

Q0∗ =
(

θ
2−θ

, θ
2−θ

,
4(3−2θ)

3(2−θ)2

)
,

Q1∗ =
(
1 + 2

√
1−θ
2−θ

, 1 − 2
√

1−θ
2−θ

, 4
3(2−θ)

)
, Q2∗ =

(
1 − 2

√
1−θ
2−θ

, 1 + 2
√

1−θ
2−θ

, 4
3(2−θ)

)
.

(4.3)

The stability results of the above equilibria are summarized in Table 4.

• Asymmetric apparent competition. In this case, the parameter configuration is
taken as

K1 = K2 = h1 = h2 = 1, β1 = β2 = b > 0 and 0 < γ2 < γ1 = 1. (4.4)

Then L1 = b
2 > L2 = bγ2

1+γ2
, L = b(1+3r2)

2(1+r2)
, and system (1.2) with (1.5) and (4.4) has

the equilibria

123



Effects and biological consequences of the predator-mediated… Page 21 of 41 55

Table 5 Stability of equilibria of
the ODE system (1.2) with (1.5)
and (4.4)

θ (0, θ∗] (θ∗, L) [L,∞)

Global stability Q2 is GAS Q∗ is GAS Euv is GAS

Note: The abbreviation “GAS" stands for “globally asymptotically
stable"

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

E0, Eu, Ev, Euv, Q1, Q2, if θ ∈ (0, θ∗],
E0, Eu, Ev, Euv, Q1, Q2, Q∗, if θ ∈ (θ∗, L2),

E0, Eu, Ev, Euv, Q1, Q∗, if θ ∈ [L2, L1),

E0, Eu, Ev, Euv, Q∗, if θ ∈ [L1, L),

E0, Eu, Ev, Euv, if θ ∈ [L,∞),

where E0 = (0, 0, 0), Eu = (1, 0, 0), Ev = (0, 1, 0), Euv = (1, 1, 0),

Q1 =
(

θ

b − θ
, 0,

b(b − 2θ)

(b − θ)2

)
,

Q2 =
(
0,

θ

γ2(b − θ)
,

b(bγ2 − (1 + γ2)θ)

γ 2
2 (b − θ)2

)
,

and

θ∗ = ϕ1(γ2)b ∈ (0, L2),

ϕ1(γ2) :=
√

(1 − γ2)(3γ2 + 1) − (1 − γ2)(2γ2 + 1)

2γ 2
2

∈ (0,
1

4
].

The (unique) coexistence equilibrium Q∗ exists if and only if θ ∈ (θ∗, L) (cf. (Lou et al.
2025, Appendix B)). In this case, the global population dynamics can be completely
understood (see Lou et al. 2025), as shown in Table 5.

4.2 Stability and instability of the spatial (PDE) system

We next consider the system (1.3) with (1.4) or (1.5). When the spatial dimension n ≤
2, Theorem 2.2(ii), Theorem 2.3(ii) and Remark 2.1 imply that for θ ≥ L , Euv remains
globally asymptotically stable under spatial perturbations. This alongwith Proposition
4.1 shows that possible Turing instability can only arise from the constant semi-
coexistence/coexistence steady states.We begin with the following general framework
of linear stability analysis, where the spatial dimension n ≥ 1 (note that the linear
stability analysis does not require global boundedness).
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4.2.1 General linear stability analysis

Linearize the system (1.3) at a constant steady state Es = (us, vs, ws) to get⎧⎨
⎩

�t = M�� + J�, x ∈ �, t > 0,
∂ν� = 0, x ∈ ∂�, t > 0,
�(x, 0) = (u0 − us, v0 − vs, w0 − ws)

T , x ∈ �,

(4.5)

where�(x, t) = (u − us, v − vs, w − ws)
T and ∂ν�(x, t) = (∂νu, ∂νv, ∂νw)T with

T denoting the transpose, and the matrices M = M(Es) and J = J (Es) are given
by

M :=
⎛
⎝ d1 0 0

0 d2 0
−χ1ws −χ2ws d3

⎞
⎠ , J :=

⎛
⎝ J11 J12 J13

J21 J22 J23
J31 J32 J33

⎞
⎠ (4.6)

with

⎛
⎝ J11 J12 J13

J21 J22 J23
J31 J32 J33

⎞
⎠ =

⎛
⎜⎝
1 − 2us

K1
− ws f ′

1(us ) 0 − f1(us )

0 1 − 2vs
K2

− ws f ′
2(vs ) − f2(vs )

β1ws f ′
1(us ) β2ws f ′

2(vs ) β1 f1(us ) + β2 f2(vs ) − θ

⎞
⎟⎠ .

By the separation of variables, we know that the linear system (4.5) has the solution
in the form of

�(x, t) =
∑
k≥0

(Uk, Vk, Wk)
T eρk tζk(x).

Here ρk is the temporal eigenvalue, (Uk, Vk, Wk)
T are the coefficients of the Fourier

expansion of the initial function �(x, 0) in terms of ζk(x) which are eigenfunctions
of the eigenvalue problem

{
−�ζk(x) = μkζk(x), x ∈ �,

∂νζk(x) = 0, x ∈ ∂�,
(4.7)

where {μk}k≥0 denote the eigenvalues of−� under the Neumann boundary condition
with 0 = μ0 < μ1 ≤ μ2 ≤ μ3 ≤ . . .. Substituting (4.7) into (4.5), we arrive at

ρkζk(x) = −μkMζk(x) + J ζk(x) = Bζk(x),

with the matrix B given by

B := −μkM + J =
⎛
⎝ −d1μk + J11 0 J13

0 −d2μk + J22 J23
χ1wsμk + J31 χ2wsμk + J32 −d3μk + J33

⎞
⎠ .
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Using (4.6) and denoting the three eigenvalue of B by ρ0
k and ρ±

k , we know that ρ0
k

and ρ±
k are the roots of

ϕ(ρk) := ρ3
k + A2ρ

2
k + A1ρk + A0 = 0, (4.8)

where ⎧⎨
⎩

A2 := D2μk − tr(J ),

A1 := D1μ
2
k − (Y1 + X1) μk + Y2,

A0 := D0μ
3
k − (Y3 + X2) μ2

k + (Y4 + X3) μk − Det(J ),

(4.9)

with⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D2 = d1 + d2 + d3 > 0, D1 = d1d2 + d1d3 + d2d3 > 0, D0 = d1d2d3 > 0,

tr(J ) := J11 + J22 + J33, Det(J ) := J11 J22 J33 − J11 J23 J32 − J13 J22 J31,

Y1 := d1 (J22 + J33) + d2 (J11 + J33) + d3 (J11 + J22) ,

Y2 := J11 J22 + J11 J33 + J22 J33 − J13 J31 − J23 J32,

Y3 := d1d2 J33 + d1d3 J22 + d2d3 J11,

Y4 := d1 (J22 J33 − J23 J32) + d2 (J11 J33 − J13 J31) + d3 J11 J22,

X1 := (χ1 J13 + χ2 J23) ws, X2 := (d2χ1 J13 + d1χ2 J23) ws,

X3 := (χ1 J13 J22 + χ2 J11 J23) ws .

(4.10)

It follows from the Routh-Hurwitz criterion (cf. (Murray 2002, Appendix B)) that all
roots of (4.8) have negative real parts if and only if

A2, A1, A0 > 0 and A∗ := A1A2 − A0 = D3μ
3
k + B4μ

2
k + B2μk + B0 > 0,

(4.11)

where

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

D3 := D1D2 − D0 = (d1 + d2)(d1 + d3)(d2 + d3) > 0,

B4 := X2 + Y3 − D2(X1 + Y1) − tr(J )D1,

B2 := tr(J )(X1 + Y1) + D2Y2 − X3 − Y4,

B0 := Det(J ) − tr(J )Y2.

(4.12)

The followingdiscussion is divided into twoparts forHolling type I and II functional
responses, respectively.

4.2.2 Spatial systemwith the Holling type I functional response

Let f1(u) and f2(v) be given by (1.4). In view of Table 2, we aim to explore whether
there is Turing instability arising from P1, P2, and P∗ of the system (1.3). We first
consider the linear stability of P1 (resp. P2) for θ ∈ (0, θ0] and α1 < α2 (resp.
α1 > α2).
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Lemma 4.2 Let f1(u) and f2(v) be given by (1.4), and let di > 0 and χi ≥ 0. If
θ ∈ (0, θ0] and α1 < α2 (resp. α1 > α2), then P1 (resp. P2) of system (1.3) is linearly
stable.

Proof We only prove for P1, and the case of P2 can be proved similarly. Let Es =
P1 =

(
θ

α1β1
, 0, L1−θ

α1L1

)
in Sect. 4.2.1. Then we obtain that the eigenvalues of the matrix

B are

ρ0
k = −d2μk + α2(θ − θ0)

α1L1
and ρ±

k = − 1

2L1

[
(L1(d1 + d3)μk + θ) ± √

I3
]
,

where I3 := (d1−d3)2L2
1μ

2
k +2θ [(d1 − d3)L1 + 2χ1K1(θ − L1)]μk +[4L1(θ−L1)

+ θ ]θ . For Turing instability, we only concern μk > 0. Clearly, ρ0
k ≤ −d2μk < 0

for θ ∈ (0, θ0]. Moreover, if I3 ≤ 0, then Re(ρ±
k ) < 0; if I3 > 0, it also holds that

Re(ρ±
k ) < 0 since 0 < θ ≤ θ0 =

(
1 − α1

α2

)
L1 < L1 and

(L1(d1 + d3)μk + θ)2 − I3 = 4d1d3L2
1μ

2
k + 4θ [d3L1 + χ1K1 (L1 − θ)]μk

+ 4L1θ (L1 − θ)

≥ 4L1θ (L1 − θ) > 0.

This completes the proof. ��
We then consider the linear stability of P∗ for θ ∈ (θ0, L).

Lemma 4.3 Let f1(u) and f2(v) be given by (1.4), and let di > 0 and χi ≥ 0. If
θ ∈ (θ0, L), then the unique positive constant steady state P∗ of the system (1.3) is
linearly stable.

Proof Let Es = P∗ = (u∗, v∗, w∗) in Sect. 4.2.1. Then (4.6) implies

J =
⎛
⎝ − u∗

K1
0 −α1u∗

0 − v∗
K2

−α2v∗
α1β1w∗ α2β2w∗ 0

⎞
⎠ . (4.13)

Therefore, we have from (4.10) that

−tr(J ), −(Y1 + X1), Y2, −(Y3 + X2), (Y4 + X3), −Det(J ) > 0,

which alongside (4.9) implies A2, A1, A0 > 0. For A∗ = A1A2 − A0 = D3μ
3
k +

B4μ
2
k + B2μk + B0 given by (4.11), we have from (4.10), (4.12) and (4.13) that

B4 > X2 + Y3 − D2(X1 + Y1)

= (D1 + d2
2 + d2

3 )u∗
K1

+ (D1 + d2
1 + d2

3 )v∗
K2

+ α1(d1 + d3)u∗w∗χ1 + α2(d2 + d3)v∗w∗χ2 > 0,
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B2 = (d1 + d2)u∗v∗ + α1K2u2∗w∗χ1 + α2K1v
2∗w∗χ2

K1K2

+
[
α2
1β1u∗(d1 + d3) + α2

2β2v∗(d2 + d3)
]
w∗ > 0,

B0 = w∗
(
α2
1β1K2u2∗ + α2

2β2K1v
2∗
)

K1K2
+ u∗v∗(K1v∗ + K2u∗)

K 2
1 K 2

2

> 0.

Therefore, A∗ = A1A2 − A0 > 0. Now (4.11) is satisfied and the proof is completed.
��

Remark 4.1 The above analysis indicates that the system (1.3) with the Holling type I
functional response (1.4) has no Turing instability.

4.2.3 Spatial systemwith the Holling type II functional response

Let f1(u) and f2(v) be given by (1.5). Then we investigate whether system (1.3)
admits Turing instability arising from Q1, Q2, and Q∗ for the symmetric parame-
ter configuration (4.1) and the asymmetric one (4.4) with general spatial dispersal
coefficients

d1, d2, d3 > 0 and χ1, χ2 ≥ 0. (4.14)

Below we shall focus on the symmetric parameter configuration (4.1), and give some
brief remarks for the asymmetric one (4.4). Given the results in Table 4, we need to
examine the linear stability of the following constant steady states: Q1 and Q2 for
θ ∈ [ 12 , 2

3 ]; Q0∗ for θ ∈ [1, 3
2 ); Q1∗ and Q2∗ for θ ∈ ( 23 , 1).

Lemma 4.4 Let f1(u) and f2(v) be given by (1.5), and let (4.1) and (4.14) hold. Then
the following results hold.

(i) The semi-coexistence constant steady states Q1 and Q2 of the system (1.3) are
marginally stable for θ = 1

2 ,
2
3 , and linearly stable for θ ∈ ( 1

2 ,
2
3

)
.

(ii) The positive constant steady state Q0∗ is marginally stable for θ = 1, and linearly
stable for θ ∈ (

1, 3
2

)
.

Proof The proof is similar to that of Lemmas 4.2 and 4.3 and is omitted for brevity. ��
Lemma 4.4 show that there is no Turing instability arising from Q1, Q2 and Q0∗.

We shall see below that Turing instability may arise from Q1∗ and Q2∗. Since the two
positive constant steady states Q1∗ and Q2∗ are symmetric in the first two components
and the third component is the same, we only conduct stability analysis for Q1∗, and
the case for Q2∗ is similar.

Instability arising from Q1∗. In view of (4.2), Q1∗ exists if and only if θ ∈ ( 23 , 1).
To avoid excessive technicalities, we let θ = 7

8 ∈ ( 23 , 1). Then with the symmetric
parameters in (4.1), we consider

θ = 7

8
, d1, d2, d3 > 0, χi ≥ 0, Ki = 3, βi = hi = γi = 1, i = 1, 2, (4.15)
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which implies

Q1∗ =
(
5

3
,
1

3
,
32

27

)
.

Let Es = Q1∗ in Sect. 4.2.1. Using (4.9), (4.11) and (4.15), we have

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A2 = D2μk + 1
6 > 0,

A1 = D1μ
2
k +

(−2d1+5d2+3d3
18 + 20χ1+8χ2

27

)
μk + 311

1296 ,

A0 = D0μ
3
k +

(
(−2d1+5d2)d3

18 + 20d2χ1+8d1χ2
27

)
μ2

k

+
(

d1
6 + 5d2

48 − 5d3
162 + 20(−χ1+χ2)

243

)
μk + 5

144 ,

A∗ = D3μ
3
k +

(
−2d2

1+5d2
2+3d2

3+6D1
18 + 20(d1+d3)χ1+8(d2+d3)χ2

27

)
μ2

k

+
(
71d1+236d2+387d3

1296 + 50χ1−8χ2
243

)
μk + 41

7776 .

(4.16)

Then we have the following result from (4.11) immediately.

Lemma 4.5 Let f1(u) and f2(v) be given by (1.5). With the parameter configuration
(4.15), the following stability results hold for the positive constant steady state Q1∗ of
(1.3).

(i) Q1∗ is linearly stable if and only if min
μk>0

{A0, A1,A∗} > 0.

(ii) Turing instability will arise from Q1∗ if and only if

min
μk>0

{A0, A1,A∗} < 0. (4.17)

Remark 4.2 It can be seen from (4.16) that there are many values of (d, d3, χ1, χ2) ∈
(0,∞)2 × [0,∞)2 such that (4.17) holds. Moreover, any of min

μk>0
A0, min

μk>0
A1 and

min
μk>0

A∗ may be negative. Moreover, Turing patterns can be driven by pure diffusion

(i.e., χ1 = χ2 = 0), which will be discussed in detail in Section 5.2.1.

Remark 4.3 The system (1.3) with the Holling type II functional response (1.5) and
the symmetric parameter values in (4.15) has no Turing instability arising from Q1,
Q2 and Q0∗, but may induce Turing instability from Q1∗ and Q2∗ by diffusion or prey-
taxis (see Lemma 4.5 and Remark 4.2). For the asymmetric parameters given in (4.4),
Table 5 shows that the system (1.3) will globally asymptotically stabilize to Q2, Q∗ or
Euv depending on the value of θ . With spatial movements (diffusion and prey-taxis),
stability analysis shows that Q2, Q∗ or Euv are still linearly stable (omitted here for
brevity) and hence no spatial patterns can bifurcate from Q2, Q∗ or Euv .
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5 Numerical simulations and spatiotemporal patterns

Remark 4.1 indicates that for the Holling type I functional response (1.4), the system
(1.3) cannot generate Turing patterns. However, the pattern is possiblewith theHolling
type II functional response (1.5) if the apparent competition is asymmetric (seeRemark
4.3). In this section, we use numerical simulations to illustrate spatiotemporal patterns
generated by the system (1.3) with the Holling type II functional response (1.5) and
investigate the effects of spatial movement on the global population dynamics.

5.1 Onset of predator-mediated apparent competition

From our previous work (Lou et al., 2025), it is demonstrated that the predator-
mediated apparent competition in the absence of spatial components is not necessarily
effective since the invasive prey species may not successfully invade. Hence the first
question concerned is whether the spatial movement (diffusion and/or prey-taxis)
can impact the success/failure of invasion. Therefore, we need to examine the sta-
bility of the semi-coexistence constant steady state Q1 = ( θ

1−θ
, 0, 3−4θ

3(1−θ)2
) given by

(4.3). Sect. 5 shows that for all θ > 0 and spatial coefficients (d1, d2, d3, χ1, χ2) ∈
(0,∞)3 × [0,∞)2, Q1 is linearly stable for the system (1.3) with (1.5). We shall
perform numerical simulations to see the possible patterns. Without loss of generality,
we let � = (0, 30π) and θ = 1

4 , which gives Q1 = ( 13 , 0,
32
27 ). For definiteness, we

set d1 = d2 = d3 = 1 and set the initial data as

(u0, v0, w0) = Q1 + (0, R + 0.01 · cos(πx), 0), x ∈ �, (5.1)

where R > 0 represents the biomass of the invasive prey species to be chosen later.
Now we study the effect of prey-taxis on predator-mediated apparent competition. We
mainly discuss two cases: (χ1, χ2) = (2, 1) and (χ1, χ2) = (10, 1).

With (χ1, χ2) = (2, 1), which indicates that the strength of prey-taxis on the native
prey species is “slightly" stronger than that on the invasive prey species, we observe
the following two prominent phenomena from the numerical simulations shown in
Fig. 1.

(1) The initial biomass of invasive prey species plays a key role in determining the suc-
cess/failure of invasions: small invasion biomass leads to failed invasions; medium
and large invasion biomass leads to successful invasions and the native prey species
are wiped out.

(2) The spatially homogeneous time-periodic patterns always asymptotically appear
regardless of whether the invasion is successful or not. This implies that the long-
time population dynamics are mainly dominated by the corresponding ODE (non-
spatial) system and the spatial effect is negligible in the long run.

For (χ1, χ2) = (10, 1), namely the strength of prey-taxis for the native prey species
is much stronger than that for the invasive prey species, the numerical simulations are
shown in Fig. 2, where the following phenomena can be found.

(i) The biomass of the invasive prey species is still a key factor determining whether
the invasion is successful, same as in the former case (χ1, χ2) = (2, 1).
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Fig. 1 Numerical simulations for the system (1.3) with (1.5) in the interval � = (0, 30π), under the
parameter setting (4.1), θ = 1

4 , d1 = d2 = d3 = 1 and (χ1, χ2) = (2, 1). The initial data are given by
(5.1) with R = 0.1 in (a), R = 0.36 in (b), and R = 1 in (c)

(ii) Prey-taxis can induce spatially inhomogeneous patterns, see Fig. 2(a).

5.2 Instability driven by diffusion or prey-taxis

Based on the analyses in Sect. 5, we know that the system (1.3) with the Holling type
I functional response (1.4) has no Turing instability. For the system (1.3) with the
Holling type II functional response (1.5), Lemma 4.5(ii) shows that the instability of
Q1∗ may be driven by diffusion and/or prey-taxis in the case of symmetric apparent
competition with parameter configuration (4.15). Next we shall show that the sole
diffusion-drive instability is possible without prey-taxis (i.e. χ1 = χ2 = 0), and
further investigate the influence of prey-taxis on the pattern formation.
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Fig. 2 Numerical simulations for the system (1.3) with (1.5) in the interval � = (0, 30π), under the
parameter setting (4.1), θ = 1

4 , d1 = d2 = d3 = 1 and (χ1, χ2) = (10, 1). The initial data are given by
(5.1) with R = 0.1 in (a), R = 0.36 in (b), and R = 1 in (c)

5.2.1 Diffusion-driven instability

With Lemma 4.5 and (4.16), there aremany values of d1, d2, d3 > 0withχ1 = χ2 = 0
which can satisfy (4.17) and hence give rise to Turing instability. We particularly
consider three typical sets of diffusion rates as follows:

⎧⎪⎨
⎪⎩
E.1 : (d1, d2, d3) = (1, 1, 60),

E.2 : (d1, d2, d3) = (60, 1, 1),

E.3 : (d1, d2, d3) = (60, 1
60 , 1).

(5.2)

It can be shown that system (1.3) with (1.5) and parameter setting given (4.15) and
(5.2) may generate various bifurcations from Q1∗, as summarized in Table 6.

Remark 5.1 It is known that the spatial one predator-one prey systems without prey-
taxis do not have Turing instability (see Appendix A). However, in the system (1.3),
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Table 6 Turing bifurcations arising from system (1.3) with (1.5), (4.15) and (5.2), where χ1 = χ2 = 0

(d1, d2, d3) E.1 E.2 E.3

min
μk>0

A1 + + +

min
μk>0

A0 − + −
min
μk>0

A∗ + − −
Bifurcation Steady-state bifurcation Hopf bifurcation Steady-state bifurcation and

Hopf bifurcation

Fig. 3 Numerical simulations for the system (1.3) with (1.5) in the interval � = (0, 30π), under the
parameters setting (4.15) with χ1 = χ2 = 0, for different values of (d1, d2, d3) given in (5.2): E.1 in
row (a), E.2 in row (b), and E.3 in row (c). The initial value is given as a small random perturbation of

Q1∗ =
(
5
3 , 1

3 , 32
27

)

where two prey species have negative indirect interactions mediated by one shared
predator, diffusion can induce various Turing bifurcations resulting in profound spatial
or periodic patterns as illustrated in Fig. 3.

We next consider the role of prey-taxis. It turns out that the interactions between
prey-taxis and diffusion are quite delicate. For given diffusion coefficients, different
values of χ1 and χ2 may have different effects (stabilization or destabilization) as
demonstrated below.
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5.2.2 Prey-taxis driven instability

We now show the prey-taxis may destabilize the system (1.3) with (1.5). We shall
choose χ1, χ2 ≥ 0 as the bifurcation parameters to study the prey-taxis driven insta-
bility arising from Q1∗. We assume the two prey species have the same diffusion rates,
that is, d1 = d2 = d > 0. For the sake of presentation, we denote

S1 :=
{

k

∣∣∣∣ 0 < μk <
1

9d

}
, S2 :=

{
k

∣∣∣∣ 0 < μk <
1

9(d + d3)

}
,

χ∗
1 = χ∗

1 (χ2, d, d3) := min
k∈S1

{
I4

320μk (1 − 9dμk )
+ (18dμk + 5)χ2

5 (1 − 9dμk )

}
,

χ∗
2 = χ∗

2 (χ1, d, d3) := min
k∈S2

{
5χ1 (18μk (d + d3) + 5)

4 (1 − 9μk (d + d3))
+ I5

256μk (1 − 9μk (d + d3))

}
> 0,

I4 := − 24d3μk (1 − 9dμk ) (18dμk + 5) + 27 (39dμk + 5) ,

I5 := 1296μ2
k

(
3d2 + 4dd3 + d23

)
+ 15552dμ3

k (d + d3)
2 + 6μk (307d + 387d3) + 41 > 0. (5.3)

Then we can make the conclusions of Lemma 4.5(ii) more specific as follows.

Lemma 5.1 Let f1(u) and f2(v) be given by (1.5). For the parameter setting (4.15)
with with d1 = d2 = d > 0, the positive equilibrium Q1∗ of the system (1.3) is linearly
unstable if and only if

either min
μk>0

A0 < 0 or min
μk>0

A∗ < 0. (5.4)

Moreover, the following results hold.

(a) The steady-state bifurcation occurs (i.e. min
μk>0

A0 < 0) if and only if

S1 �= ∅ and (χ1, χ2) ∈ �1 :=
{
(χ1, χ2) ∈ [0,∞)2 | χ1 > χ∗

1 (χ2, d, d3)
}

.

(b) The Hopf bifurcation occurs (i.e. min
μk>0

A∗ < 0) if and only if

S2 �= ∅ and (χ1, χ2) ∈ �2 :=
{
(χ1, χ2) ∈ [0,∞)2 | χ2 > χ∗

2 (χ1, d, d3)
}

.

Proof Clearly, (4.16) with d1 = d2 = d > 0 implies that A2, A1 > 0. Moreover,
elementary analysis shows that

max

{
min
μk>0

A0, min
μk>0

A∗
}

> 0 for all d, d3 > 0, χ1, χ2 ≥ 0.

Therefore, Lemma 4.5 implies that Q1∗ is linearly unstable if and only if (5.4) holds.
The proofs for (a) and (b) are straightforward with tedious computations and we omit
the details. ��
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In the absence of prey-taxis (i.e. χ1 = χ2 = 0), Lemma 5.1 indicates that the Hopf
bifurcation can never occur due to χ∗

2 > 0, and (5.3) implies that the steady-state
bifurcation occurs if and only if

d3 > d∗
3 := min

k∈S1

φ2(μk, d), φ2(μk, d) := 9 (39dμk + 5)

8μk (1 − 9dμk) (18dμk + 5)
. (5.5)

It can be checked that ∂φ2(μk ,d)
∂d > 0 for 0 < μk < 1

9d . Without loss of generality, we
let d1 = d2 = d = 1. Then

d∗
3 = min

0<μk<
1
9

φ2 (μk, 1) ≈ φ2 (μk, 1) |μk≈0.0517 ≈ 48.1461.

Remark 5.2 In an interval � = (0, �) with � > 0, the following conclusions can be
drawn from Lemma 5.1.

(i) If � ∈ (0, 3π ], there is no Turing instability.
(ii) If � ∈ (3π, 3

√
1 + d3π ], only the steady-state bifurcation can occur.

(iii) If � > 3
√
1 + d3π , either the steady-state bifurcation or Hopf bifurcation may

occur.

We still take l = 30π so that two types of bifurcations may occur. Without prey-taxis
(χ1 = χ2 = 0), (5.5) gives

d∗
3 = min

0<μk<
1
9

φ2 (μk, 1) = φ2

((
7π

l

)2

, 1

)
≈ 48.2626.

Consider two typical cases:

d3 = 1 < d∗
3 , d3 = 60 > d∗

3 ,

where the former (resp. latter) implies Q1∗ is linearly stable (resp. unstable) by Lemma
5.1. The numerical simulation for d3 = 60 was already shown in Fig. 3(a). Then
geometric illustration of the instability parameter regions �1 and �2 in the χ1-χ2
plane are shown in Fig. 4. Clearly, �1 ∩ �2 = ∅ due to (5.4). Denoting

li :=
{
(χ1, χ2) ∈ [0,∞)2 | χi = χ∗

i (χ j , d, d3)
}

, i + j = 3, i = 1, 2,

we can verify that the curve l2 lies above l1, as shown in Fig. 4. We denote the region
bounded by li (i = 1, 2) and χi (i = 1, 2) axes by �3. Then Q∗

1 is linearly stable and
there is no pattern formation in �3.

The above analyses indicate that prey-taxis can drive the instability of constant
steady states of from system (1.3) with the Holling type II functional response (1.5)
under certain parameter regions such as the parameter configuration given in (4.15)
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Fig. 4 Stability parameter regions �i (i = 1, 2, 3) in the χ1-χ2 plane for d1 = d2 = 1 and different
values of d3, with d3 = 1 in (a)-(b) and d3 = 60 in (c)-(d), where figures in (b) and (d) are the amplified
portions of (a) and (c) near the origin, respectively. The auxiliary line Lχ1 in (b) intersects with l1 and
l2 at the points O1 ≈ (30, 4.9275) and O2 ≈ (30, 267.3756), respectively, O3 ≈ (21.1921, 38.34) and
O4 ≈ (0, 1839.6170)

with d1 = d2 = 1. These instabilities may result in the steady-state or Hopf bifur-
cations. Next we perform numerical simulations to illustrate the possible emerging
spatial patterns. To this end, we set the parameter values as

θ = 7

8
, d1 = d2 = d3 = 1, Ki = 3, βi = hi = γi = 1, i = 1, 2. (5.6)

With parameters chosen in (5.6), we see that d3 = 1 < d∗
3 and hence diffusion

can not induce Turing instability if χ1 = χ2 = 0 (see the above discussions). Now
we take the values of (χ1, χ2) on the vertical line Lχ1 : χ1 = 30 in Fig. 4(b) and
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Fig. 5 Numerical simulations for the system (1.3) with (1.5) in the interval � = (0, 30π), under the
parameter setting (5.6), χ1 = 30 and different values of χ2: χ2 = 3 in (a), χ2 = 100 in (b), and χ2 = 500

in (c). The initial value is chosen as a small random perturbation of Q1∗ =
(
5
3 , 1

3 , 32
27

)

χ2 = 3, 6, 500, where (χ1 = 30, χ2 = 1) ∈ �1, (χ1 = 10, χ2 = 6) ∈ �3 and
(χ1 = 30, χ2 = 500) ∈ �2. For χ2 = 3, the steady-state bifurcation occurs, and
the corresponding numerical simulations are shown in Fig. 5(a), where non-constant
stable spatial patterns are observed. When χ2 increases along the vertical line Lχ1
in Fig. 4(b) and crosses the steady-state bifurcation boundary curve l1 at the point
O1 into region �3, then the solution of (1.3) stabilizes to the positive constant steady
state Q1∗. However, when χ2 further increases along the vertical line Lχ1 and crosses
the Hopf bifurcation boundary curve l2 at the point O2 into the region �2, the Hopf
bifurcation will occur and patterns will arise from Q1∗ as shown in Fig. 5(c) where we
observe the temporally oscillatory and spatially inhomogeneous patterns. Therefore,
fixing χ1 > 0, we see that only when χ2 is small (i.e. below the curve l1) or large (i.e.
above the curve l2), the instability can occur and spatial patterns arise. This is similar
to χ1 > 0 by fixing χ2 > 0, see Fig. 4(a)-(b). However if (χ1, χ2) ∈ �3 (i.e. the
values of χ1 and χ2 are moderate), there is no spatial patterns.

5.2.3 Prey-taxis driven stability

We still consider the three examples in (5.2) with parameter configuration (4.15). For
these parameter values, the analysis in Sect. 5.2.1 says that Q1∗ with χ1 = χ2 =
0 is linearly unstable, and hence spatial patterns will develop from Q1∗ as shown
in Fig. 3. Now we let χ1, χ2 > 0 and keep other parameter values the same. For
definiteness, we fix χ1 = χ2 = 10 without loss of generality. Then it can be checked
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that min
μk>0

{A0, A1,A∗} > 0 (calculations are routine and omitted here for brevity), and

hence Q1∗ is linearly stable by Lemma 4.5. This implies that the prey-taxis plays a
stabilization role in this case. To make this visulizable, we consider a specific example
E.1 in (5.2) with parameter values (4.15) by choosing d1 = d2 = 1 and d3 = 60 and
plot the instability/stability parameter regions in Fig. 4(c)-(d) where we see that the
instability region �1 contains the origin (χ1, χ2) = (0, 0). If we increase the value of
χ2 so that (χ1, χ2) falls inside �3, then Q∗

1 becomes stable and spatial patterns may
stabilize into the constant Q∗

1 as demonstrated by the numerical simulations shown in
Fig. 5(b).

Remark 5.3 The above analyses and results alongwith numerical simulations show that
prey-taxis in the predator-mediated apparent competition system may play complex
roles. For instance, if the parameter values are given by (4.15), we find that prey-
taxis may induce the instability if (χ1, χ2) falls inside �1 or �2 while stability if
(χ1, χ2) ∈ �3. This contrasts with one predator-one prey systems with prey-taxis
which plays a single role, either stabilization (cf. Cai et al. 2022) or destabilization
(cf. Song and Tang 2017). These observations along with the statement in Remark 5.1
assert that both diffusion and prey-taxis in one predator-two prey systems with the
predator-mediated apparent competition can play significant roles different from the
one predator-one prey systems. This implies that spatial movements will play more
profound roles with the increasing number of species.

6 Summary and discussion

In our previous work (Lou et al., 2025), we considered a temporal system (i.e.
ODE counterpart of (1.3)) to explore the effects and biological consequences of the
predator-mediated apparent competition (i.e. twoprey species have an indirect negative
interactionmediated by a shared predator species). The local and global stability of the
equilibria of the temporal system with Holling type I and II functional responses were
established and numerical simulations were performed to demonstrate the popula-
tion dynamics and biological consequences caused by the predator-mediated apparent
competition. However, the spatial movement of species, which is an indispensable fac-
tor in applications, was not considered in Lou et al. (2025). The goal of this paper is to
include diffusion and prey-taxis into the ODE (temporal) system, leading to the sys-
tem (1.3), and explore the spatial effects on the population dynamics and distributional
structures.

With Holling type I and II functional responses, we establish the global stability
of the coexistence (i.e. positive) and the predator-free constant steady states in cer-
tain parameter regimes. This yields a threshold dynamics in terms of the predator’s
death rate, addressing under what conditions the spatial homogeneity can be achieved.
Outside these parameter regimes, we conduct linear analysis to find the instability
parameter regions by which we perform numerical simulations to demonstrate various
intricate patterns arising from (1.3) with the Holling II functional response.With these
numerical simulations, we find some interesting biological implications as summa-
rized in (f.2)-(f.4) in Sect. 2.2. However, these implications are derived from numerical
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simulations or local instability analysis. Hence how to mathematically justify these
patterns (like existence or stability) remains an interesting question. In particular, we
find that spatial movements, including diffusion and prey-taxis, in the predator-prey
system with two prey species will have significantly different effects from the system
with one prey species. This implies that the effect of spatial movements can be distinct
in complex ecological predator-prey systems depending on the number of species, and
hence suggests that oversimplified models may not be adequate to describe the com-
plex behavior of real ecosystems. More complicated models, though mathematically
challenging, are often useful to gain a deeper understanding of the complex dynamics
of realistic ecological systems.

Appendix A. Stability of one predator-one prey systems with prey-
taxis

This appendix is devoted to investigating whether there is Turing instability arising
from the following one predator-one prey system with prey-taxis

⎧⎪⎨
⎪⎩

ut = d1�u + u (1 − u/K ) − w f (u), x ∈ �, t > 0,

wt = d2�w − χ∇ · (w∇u) + w (β f (u) − θ) , x ∈ �, t > 0,

∂νu = ∂νw = 0, x ∈ ∂�, t > 0,

(A1)

where� ⊂ R
n (n ≥ 1) is a bounded domain with smooth boundary, ∂ν := ∂

∂ν
and ν is

the outward unit normal vector on ∂�, u andw denote the densities of the prey and the
predator species, respectively. The system (A1) is a special case of the system (1.3)
without the invasive prey species. Parameters d1 and d2 are diffusion rates of the prey
and the predator, respectively; χ ≥ 0 is the rate measuring the strength of prey-taxis;
K is the carrying capacity for the prey; β is the trophic efficiency. We consider the
Holling type II functional response

f (u) = αu

1 + αhu
, (A2)

and the case of Holling type I functional response is discussed in Remark A.1. In (A2),
α is the capture rate and h is the handling time. All the parameters above are positive
except χ ≥ 0. We shall show that in the presence of prey-taxis, Turing instability is
impossible in the system (A1) with (A2). More general prey-taxis models involving
(A1) have been considered in Jin and Wang (2017, 2021), where no spatial patterns
are observed.

Clearly, the system (A1) with (A2) has the constant steady states

{
E0, E1, E∗, if θ ∈ (0, β f (K )),

E0, E1, if θ ∈ [β f (K ),∞),
(A3)
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where E0 = (0, 0) is the extinction steady state, E1 = (K , 0) the predator-free
constant steady state, and E∗ is the unique positive constant steady state with

E∗ =
(

θ

α(β − hθ)
,

β(β f (K ) − θ)

α f (K )(β − hθ)2

)
, if θ ∈ (0, β f (K )).

To investigate the linear stability of these constant steady states,we linearize the system
(A1) at a constant steady state Es = (us, ws) to get⎧⎨

⎩
�t = M�� + J�, x ∈ �, t > 0,
∂ν� = 0, x ∈ ∂�, t > 0,
�(x, 0) = (u0 − us, w0 − ws)

T , x ∈ �,

where �(x, t) = (u − us, w − ws)
T and ∂ν�(x, t) = (∂νu, ∂νw)T with T denoting

the transpose, the two matrices M = M(Es) and J = J (Es) are given by

M :=
(

d1 0
−χws d2

)
and J :=

(
1 − 2us

K1
− ws f ′

1(us) − f1(us)

β1ws f ′
1(us) β1 f1(us) + β2 f2(vs) − θ

)
.

By similar arguments to those used in the derivation of (4.8), we obtain the character-
istic equation

ρ2
k + A1ρk + A0 = 0, (A4)

where{
A1 := μk(d1 + d2) − tr(J ),

A0 := d1d2μ2
k + �μk + Det(J ) with � := −(d1 J22 + d2 J11 + χws J12).

(A5)

Then the constant steady state Es is linearly stable if and only if A1, A0 > 0 for all
k ≥ 0.

A.1 Stability analysis for the ODE (non-spatial) model

In the absence of spatial structure effects, the system (A1) becomes

{
ut = u (1 − u/K ) − w f (u), t > 0,

wt = w (β f (u) − θ) , t > 0,
(A6)

which has three possible equilibria given in (A3). The ODE system (A6) with the
Holling type II functional response has been extensively studied, and we refer the
readers toHsu (2005);Yi et al. (2009) and the references therein.Wehave the following
linear stability results for (A6) when f (u) takes the specific form (A2).
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Lemma A.1 For the ODE system (A6) with (A2), we have the following stability results.

(i) E0 is a saddle;
(ii) E1 is linearly stable, marginally stable and linearly unstable for θ > β f (K ),

θ = β f (K ) and θ ∈ (0, β f (K )), respectively.
(iii) If 0 < h ≤ 1

Kα
, then E∗ is linearly stable for θ ∈ (0, β f (K )); if h > 1

Kα
, then E∗

is linearly stable, marginally stable and linearly unstable for θ ∈ (θ0, β f (K )),

θ = θ0 and θ ∈ (0, θ0), respectively. Here, θ0 :=
[

β(αhK−1)
h(αhK+1)

]
+.

Proof (i) Let Es = E0. Then the two eigenvalues of J are −θ and 1, which shows
that E0 is a saddle. (ii) Let Es = E1. Then the two eigenvalues of J are −1 and
β f (K ) − θ , which proves the second result. (iii) Let θ ∈ (0, β f (K )) and Es = E∗.
Then (A5) with k = 0 and μ0 = 0 shows that

A1 = −tr(J ) =
hθ

(
θ − β(αhK−1)

h(αhK+1)

)
β f (K )(β − hθ)

, A0 = Det(J ) = θ(β f (K ) − θ)

β f (K )
> 0.

With the basic fact that θ < β f (K ) = βαK
1+αhK <

β
h , we know that sign(A1) =

sign
(
θ − β(αhK−1)

h(αhK+1)

)
. Then the third conclusion follows immediately. The proof is

completed. ��

A.2 Stability analysis for the spatial model

Turing instability means the constant steady state which is linearly stable in the non-
spatial model becomes unstable in the presence of the spatial movement. In the case
of αhK < 1 (which is used for the hypothesis (H4) in Jin and Wang (2017)), (Jin and
Wang 2017, Theorem 1.3) obtained the global stability of E1 for θ > β f (K ), and the
global stability of E∗ under certain parameter conditions (notably, Jin andWang 2017
considered more general forms of functional responses and the prey growth functions
including the case here). For the system (A1) with (A2) and general parameters, we
next show that there is no Turing instability.

Lemma A.2 There is no instability driven by diffusion or prey-taxis in the spatial
system (A1) with (A2).

Proof Given Lemma A.1, we only need to investigate the stability of E1 for θ >

β f (K ), and the stability of E∗ for θ ∈ (θ0, β f (K )). We first let Es = E1, then the
two roots of (A4) are −1− d1μk < 0 and −d2μk + β f (K ) − θ < 0 for θ > β f (K ),
which shows that E1 is linearly stable. It remains to consider the stability of E∗ for
θ ∈ (θ0, β f (K )). Let Es = E∗. Then � given by (A5) satisfies

� =
θ
[
αhd2(β − hθ)

(
θ − β(αhK−1)

h(αhK+1)

)
+ βχ(β f (K ) − θ)

]
αβ f (K )(β − hθ)2

> 0,

where we have used the fact that β(αhK−1)
h(αhK+1) ≤ θ0 < θ < β f (K ) <

β
h for θ ∈

(θ0, β f (K )). Then (A5) along with �,−tr(J ), Det(J ) > 0 implies A1, A0 > 0.
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Hence the two roots of (A4) have negative real parts and E∗ is linearly stable. This
completes the proof. ��
Remark A.1 If the functional response f (u) is of Holling type I

f (u) = αu (A7)

with a constant α > 0, then there is no Turing instability in the system (A1) with (A7).
The proof parallels the Holling type II case but requires simpler computations and it
is omitted for brevity.
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