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Abstract
In this paper, we study regularized/D-gap functions associated with a nonsmooth and non-
monotone variational inequality problem.We present some exact formulas for the subderiva-
tive, the regular subdifferential, and the limiting subdifferential of the regularized/D-gap
functions respectively. By virtue of these formulas, we provide some sufficient conditions and
necessary conditions for the Kurdyka-Łojasiewicz inequality property and the error bound
property for the D-gap function respectively. As an application of our Kurdyka-Łojasiewicz
inequality result, we show that, under certain mild assumptions, the sequence generated by a
derivative-free descent algorithm with an inexact line search converges linearly to a solution
of the variational inequality problem.
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1 Introduction

In this paper, we consider a variational inequality problem (VIP) of finding x ∈ K such that

〈F(x), y − x〉 ≥ 0 ∀y ∈ K ,
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where K is a closed and convex subset of R
n and the mapping F : R

n → R
n is locally

Lipschitz continuous but not necessarily monotone. (VIP) has many applications in various
fields such as mathematical programming, traffic network equilibrium problems and eco-
nomics. For the background information and motivations of (VIP), we refer the reader to the
comprehensive book [12] by Facchinei and Pang.

One popular approach to studying (VIP) is to reformulate (VIP) as equivalent constrained
or unconstrained optimization problems by introducing appropriate gap (merit) functions;
see [2, 3, 9, 12, 13, 15, 17, 18, 20, 22, 27, 30–35, 39, 40, 42–44, 46, 47]. Among various
reformulations in the literature, we recall that x̄ solves (VIP) if and only if x̄ solves the
following unconstrained optimization problem with 0 as its optimal value:

min
x∈Rn

fab(x) := fa(x) − fb(x),

where b > a > 0, and for each c > 0,

fc(x) := max
y∈K

{
〈F(x), x − y〉 − c

2
||y − x ||2

}
.

fc is known as the regularized gap function [2, 13] with c being the regularized parameter.
fab is often known as the D-gap function [33] with ‘D’ standing for the ‘difference’ of two
parameterized regularized gap functions. By replacing the quadratic term in the definition
of fc with a more general one that retains similar properties to the quadratic term, the
corresponding generalized regularized gap and generalized D-gap functions have also been
extensively studied in the literature; see [21, 22, 42, 47].

The (generalized) differentiability properties of these regularized gap andD-gap functions
have been extensively investigated, and have been utilized to study various properties of error
bounds [12] and theKurdyka-Łojasiewicz (KL, for short) inequality [11]. The latter properties
have played very important roles in convergence analysis for algorithms designed based on
gap functions.

Below, we summarize a few results related to the (generalized) D-gap function. Peng [33]
showed that if F is continuously differentiable and strongly monotone, the D-gap function is
also continuously differentiable and its square root provides a global error bound for (VIP).
Yamashita et al. [47] introduced the generalized D-gap function and obtained its continuous
differentiability by assuming that F is continuously differentiable. Moreover, under the
assumptions that F is strongly monotone and that either F is Lipschitz continuous or K
is compact, they showed that the square root of the generalized D-gap function provides a
global error bound for (VIP), and that the sequence generated by a descent algorithm with an
inexact line search converges to the unique solution of (VIP). Based on the D-gap function
and by assuming that F is continuously differentiable and monotone, Solodov and Tseng
[38] developed two unconstrained methods that are similar to the feasible direction method
in Zhu andMarcotte [48] which is based on the regularized gap function. By assuming that F
is locally Lipschitz continuous, Xu [45] obtained a formula for the Clarke subdifferential of
the D-gap function, and a global convergence result for a descent algorithm with an inexact
line search under the circumstance that F is strongly monotone and Lipschitz continuous.
By using the same assumptions as in [45], Ng and Tan [28] obtained some formulas for
the Clarke directional derivative and the Clarke subdifferential of the D-gap function. By
assuming that F is coercive and locally Lipschitz continuous, and by introducing a condition
expressed in terms of the Clarke generalized Jacobian of F , Li and Ng [21] showed that the
square root of the generalized D-gap function provides a local error bound for (VIP), and by
virtue of which, they proved that any cluster point of the sequence generated by a descent
algorithm with an inexact line search is a solution of (VIP), and that the convergence rate is
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linear when F is smooth, strongly monotone and ∇F is locally Lipschitz continuous. Note
that Li and Ng [21] also provided some formulas for the Clarke directional derivative and the
Clarke subdifferential of the generalized D-gap function, which were very crucial for their
arguments. Later Li et al. [22] established some error bound results for the generalized D-gap
function by assuming that F is Lipschitz continuous, locally monotone and coercive.

From the literature review above, it is clear to see that most of the existing results for
error bounds and the convergence of a descent algorithm were obtained by assuming that F
is strongly monotone, and with an exception that the error bound was obtained in Li and Ng
[21] when F is nonmonotone. Regarding the KL inequality, to the best of our knowledge,
there is almost no direct result for the case when F is locally Lipschitz continuous. By
examining the definition for the KL inequality (see Definition 2.3 below) and the theory
of error bounds in [6, 24], it seems to be case that the notion of the subderivative, the
regular/Fréchet subdifferential, and the general/limiting subdifferential set (see Definition
2.2) should have been employed in studying the generalized differentiability properties of
the regularized gap and D-gap functions. But it is quite surprising that there is no such a
related result in the literature for the case when F is locally Lipschitz continuous but not
necessarily monotone.

Tofill this gap,wewill investigate theKL inequality and error bounds of theD-gap function
for nonsmooth and nonmonotone (VIP) by deriving formulas for the subderivative and the
(limiting) subdifferential of the D-gap functions respectively. As an application of our results
for the KL inequality and by following the idea in the proof of the abstract convergence result
[5] for inexact descent methods, we will establish the linear convergence rate for a descent
algorithm with an inexact line search.

The main contributions of the paper are as follows.

(i) We obtain a number of exact formulas for the subderivatives, the regular/Fréchet subdif-
ferentials and the general/limiting subdifferential sets of the regularized gap function fc
and the D-gap function fab, respectively. See Propositions 3.1-3.2 below. For example,
we obtain the following formula for the limiting subdifferential of fab at a point x̄ :

∂ fab(x̄) = D∗F(x̄) (πb(x̄) − πa(x̄)) − b (πb(x̄) − πa(x̄)) + (b − a)(x̄ − πa(x̄)),

where D∗F(x̄) denotes the coderivative of F at x̄ (cf. Definition 2.5), and for each c > 0,

πc(x) := PK
(
x − F(x)

c

)
with PK (·) being the projection operator onto K . To the best of

our knowledge, this formula has not been seen in the literature, although, as mentioned
above, exact formulas have been obtained for the Clarke directional derivatives and the
Clarke subdifferentials of fc and fab, respectively. It should be noticed that, although fc
is a marginal function and fab = fa − fb is a difference of two marginal functions, we
cannot obtain our formulas by directly applying the theory of marginal functions known
from the literature [1, 19, 25, 26, 36]. As a matter of fact, our approach depends heavily
on the inherent structures of fc and fab.

(ii) By virtue of the formula obtained for the general/limiting subdifferential of the D-gap
function fab, we present a few sharp results on the properties of the KL inequality and
the error bounds for fab. In particular, by assuming that the following inequality holds
for some μ > 0 and all x ∈ R

n where F is differentiable:

〈∇F(x)(πa(x) − πb(x)), πa(x) − πb(x)〉 ≥ μ||πa(x) − πb(x)||2, (1)

which can be considered as a restricted (weaker) notion of strong monotonicity, we show
that

d(0, ∂ fab(x)) ≥ μ‖πb(x) − πa(x)‖ ∀x ∈ R
n,
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and that fab is a KL function with an exponent of 1
2 , and moreover that some local/global

error bound results holds. See Theorem 4.1 below.
(iii) By assuming (1) (guaranteeing that fab is a KL function with an exponent of 1

2 ) and the
global Lipschitz continuity of fab, we establish a linear convergence rate for a derivative-
free descent algorithm, which is essentially the same type of algorithm studied in [17, 21,
34, 35, 45, 47]. See Theorem 5.1 below. Starting from any initial point x0, the algorithm
generates a sequence {xn} via xn+1 = xn + tndn , where dn is a search direction, being
either πa(xn) − xn or πa(xn) − πb(xn), and tn is the stepsize determined by an Armijo
line search. Under further mild assumptions, we show that the stepsize sequence {tn} is
bounded below by a positive constant t∗ > 0 (cf. Proposition 5.2 below), and moreover
the following hold (cf. Proposition 5.3 below):

fab(xn+1) − fab(xn) ≤ −M1||xn+1 − xn ||2

and

d(0, ∂ fab(xn)) ≤ M2

t∗
||xn+1 − xn ||,

where M1 and M2 are positive constants.

The outline of the paper is as follows. Section 2 introduces the notation, terminology,
and main mathematical preliminaries. In section 3, we present some exact formulas for the
subderivatives, the regular/Fréchet subdifferentials, and the general/limiting subdifferentials
of the regularized gap function fc and the D-gap function fab, respectively. Using these
formulas for the D-gap function, Section 4 provides sufficient conditions and necessary
conditions for the error bound property and the KL inequality property respectively. As an
application of our KL inequality result, we show in Section 5 that a descent algorithm (based
on the D-gap function) with an inexact line search converges linearly to a solution of (VIP).

2 Notation andmathematical preliminaries

Throughout the paper we use the standard notations of variational analysis; see the seminal
book [37] by Rockafellar andWets. The Euclidean norm of a vector x is denoted by ||x ||, and
the inner product of vectors x and y is denoted by 〈x, y〉. Let A ⊂ R

n be a nonempty set. We
denote by conv A the convex hull of A. The polar cone of A is defined by A∗ := {v ∈ R

n |
〈v, x〉 ≤ 0 ∀x ∈ A}. The distance from x to A is defined by d(x, A) := inf y∈A ||y − x ||.
The projection mapping PA is defined by PA(x) := {y ∈ A | ‖y − x‖ = d(x, A)}.
Definition 2.1 Let C ⊂ R

n and let x ∈ C .

(i) The tangent cone to C at x is denoted by TC (x), i.e., w ∈ TC (x) if there exist sequences
tk → 0 and {wk} ⊂ R

n with wk → w and x + tkwk ∈ C ∀k.
(ii) The regular normal cone to C at x is denoted by N̂C (x), i.e., v ∈ N̂C (x) if

〈v, x − x̄〉 ≤ o(‖x − x̄‖) for all x ∈ C .

Another way of defining the regular normal cone is via the equality N̂C (x) = TC (x)∗.
(iii) The normal cone to C at x is denoted by NC (x), i.e., v ∈ NC (x) if there exist sequences

xk → x and vk → v with xk ∈ C and vk ∈ N̂C (xk) for all k.
(iv) C is said to be regular at x in the sense of Clarke if it is locally closed at x (i.e., C ∩ U

is closed for some closed neighborhood U of x) and N̂C (x) = NC (x).
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Let f : R
n → R := R ∪ {±∞} be an extended real-valued function. We denote the

epigraph of f by epi f := {(x, α) | f (x) ≤ α}. The lower level set with a level of α is
defined and denoted by [ f ≤ α] := {x ∈ R

n | f (x) ≤ α}. In a similar way, we define
[ f < α] := {x ∈ R

n | f (x) < α} and [α < f < β] := {x ∈ R
n | α < f (x) < β}.

Definition 2.2 Let f : R
n → R be an extended real-valued function and let x̄ be a point with

f (x̄) finite.

(i) The vector v ∈ R
n is a regular/Fréchet subgradient of f at x̄ , written v ∈ ∂̂ f (x̄), if

f (x) ≥ f (x̄) + 〈v, x − x̄〉 + o(||x − x̄ ||).
(ii) The vector v ∈ R

n is a general/limiting subgradient of f at x̄ , written v ∈ ∂ f (x̄), if there
exist sequences xk → x̄ and vk → v with f (xk) → f (x̄) and vk ∈ ∂̂ f (xk).

(iii) The function f is said to be (subdifferentially) regular at x̄ if epi f is regular in the sense
of Clarke at (x̄, f (x̄)) as a subset of R

n × R.
(iv) The subderivative d f (x̄) : R

n → R is defined by

d f (x̄)(w) := lim inf
t→0+,w′→w

f (x̄ + tw′) − f (x̄)

t
.

(v) The set of Clarke subgradients of f at x̄ is defined by

∂ f (x̄) := {v|(v,−1) ∈ cl conv Nepi f (x̄, f (x̄))},
where cl conv Nepi f (x̄, f (x̄)) denotes the closed and convex hull of Nepi f (x̄, f (x̄)).

Remark 2.1 The regular subgradients can be derived from the subderivative as follows [37,
Exercise 8.4]:

∂̂ f (x̄) = {v ∈ R
n |〈v,w〉 ≤ d f (x̄)(w) ∀w ∈ R

n}.
Following [4, 7, 8, 23], we introduce the notion of the Kurdyka-Łojasiewicz (KL, for

short) inequality.

Definition 2.3 For a proper lower semicontinuous function f : R
n → R := R ∪ {±∞}, a

point x̄ ∈ R
n with ∂ f (x̄) �= ∅, and some α ∈ [0, 1), we say that f satisfies the KL inequality

at x̄ with an exponent of α, if there exist μ, ε > 0 and ν ∈ (0,+∞] so that
d(0, ∂ f (x)) ≥ μ( f (x) − f (x̄))α

whenever ‖x − x̄‖ ≤ ε and f (x̄) < f (x) < f (x̄) + ν. If f satisfies the KL inequality at
every x ∈ R

n with ∂ f (x) �= ∅ and with the same exponent α, we say that f is a KL function
with an exponent of α.

Following [12], we introduce the notion of local and global error bounds as follows.

Definition 2.4 For a proper function f : R
n → R and a setC ⊂ R

n , we say that f has a local
error bound onC if there exist two positive constants τ and ε such that for all x ∈ [ f ≤ ε]∩C

d(x, [ f ≤ 0] ∩ C) ≤ τ max{ f (x), 0}.
Furthermore, we say that f has a global error bound on C if there exists a constant τ > 0
such that the above inequality holds for all x ∈ C .

Definition 2.5 Let S : R
n ⇒ R

m be a set-valued mapping and (x̄, ū) ∈ gph S := {(x, u) |
u ∈ S(x)}.
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(i) The graphical derivative of S at x̄ for ū is the mapping DS(x̄ | ū) : R
n ⇒ R

m defined
by

z ∈ DS(x̄ | ū)(w) ⇐⇒ (w, z) ∈ Tgph S(x̄, ū).

(ii) The regular coderivative of S at x̄ for ū is the mapping D̂∗S(x̄ | ū) : R
m ⇒ R

n defined
by

x∗ ∈ D̂∗S(x̄ | ū)(u∗) ⇐⇒ (x∗,−u∗) ∈ N̂gph S(x̄, ū).

(iii) The coderivative of S at x̄ for ū is the mapping D∗S(x̄ | ū) : R
m ⇒ R

n defined by

x∗ ∈ D∗S(x̄ | ū)(u∗) ⇐⇒ (x∗,−u∗) ∈ Ngph S(x̄, ū).

Here the notation DS(x̄ | ū), D∗S(x̄ | ū) and D̂∗S(x̄ | ū) is simplified to DS(x̄), D∗S(x̄)
and D̂∗S(x̄) when S is single-valued at x̄ , i.e., S(x̄) = {ū}.
Definition 2.6 Let F be a single-valued mapping defined on R

n , with values in R
m .

(i) F is globally Lipschitz continuous if there exists κ ∈ R+ := [0,∞) with

‖F(x ′) − F(x)‖ ≤ κ‖x ′ − x‖ ∀x, x ′ ∈ R
n .

Then κ is called a Lipschitz constant for F .
(ii) F is locally Lipschitz continuous at a point x̄ ∈ R

n if the value

lip F(x̄) := lim sup
x,x ′→x̄,x �=x ′

‖F(x ′) − F(x)‖
‖x ′ − x‖

is finite. Here lip F(x̄) is the Lipschitz modulus of F at x̄ .
(iii) F is locally Lipschitz continuous if F is locally Lipschitz continuous at every x̄ ∈ R

n .

Lemma 2.1 Let f : R
n → R be an extended real-valued function and let x̄ be a point with

f (x̄) finite. Assume that f is locally Lipschitz continuous at x̄ . The following properties hold:

(a) ∂ f (x̄) is nonempty and compact.

(b) d f (x̄)(w) = lim inf
t→0+

f (x̄ + tw) − f (x̄)

t
.

(c) ∂ f (x̄) = conv(∂ f (x̄)).

Proof (a-c) can be found in [37, Theorem 9.13, Exercise 9.15, Theorem 9.61], respectively.
��

Lemma 2.2 Assume that F : R
n → R

m is locally Lipschitz continuous at a point x̄ ∈ R
n.

The following properties hold:

(a) D∗F(x̄)(0) = {0}, which is also sufficient for F being locally Lipschitz continuous at x̄ .
(b) The mappings DF(x̄) and D∗F(x̄) are nonempty-valued and locally bounded.
(c) ||z|| ≤ (lip F(x̄)) ||w|| holds for all (w, z) ∈ gph(DF(x̄)).
(d) ||x∗|| ≤ (lip F(x̄)) ||u∗|| holds for all (u∗, x∗) ∈ gph(D∗F(x̄)).
(e) z ∈ DF(x̄)(w) if and only if there is some τ ν → 0+ such that F(x̄+τνw)−F(x̄)

τ ν → z.

Proof (a) follows directly from theMordukhovich criterion [37, Theorem 9.40]. (b-d) follow
from [37, Proposition 9.24]. (e) follows from the definitions of the graphical derivative and
the local Lipschitzian continuity. �
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Assume now that F : R
n → R

m is a locally Lipschitz continuous function and let D be the
subset of R

n consisting of the points where F is differentiable. By the Rademacher Theorem
[37, Theorem 9.60], F is differentiable almost everywhere with R

n\D being negligible. For
each x̄ ∈ R

n , define

∇F(x̄) := {A ∈ R
m×n | ∃xν → x̄ with xν ∈ D, ∇F(xν) → A}, (2)

in terms of which, the generalized Jacobian ∂F(x) [10, Definition 2.6.1] of F at x̄ can be
written as

∂F(x̄) := conv∇F(x̄). (3)

According to [37, Theorem 9.62], ∇F(x̄) is a nonempty, compact set of matrices, and for
every w ∈ R

n and y ∈ R
m one has

conv D∗F(x̄)(y) = conv{AT y | A ∈ ∇F(x̄)} = {AT y | A ∈ conv∇F(x̄)} (4)

and
conv D∗F(x̄)(w) = conv{Aw | A ∈ ∇F(x̄)} = {Aw | A ∈ conv∇F(x̄)}, (5)

where D∗F(x̄) stands for the strict derivative mapping of F at x̄ [37, Definition 9.53], and
has the following definition by taking into account that F is locally Lipschitz continuous:

D∗F(x̄)(w) := {z | ∃τ ν → 0+, xν → x̄ with (F(xν + τ νw) − F(xν))/τ ν → z}. (6)

Note that D∗F(x̄) is also known as the Thibault’s strict derivative (cf. [41]), and that by
definition

gph DF(x̄) ⊂ gph D∗F(x̄). (7)

Definition 2.7 [12] Let C be a subset of R
n , and let F be a single-valued mapping defined

on R
n , with values in R

n . F is said to be coercive on C if

lim
x∈C, ‖x‖→∞

〈F(x), x − y〉
‖x‖ = +∞

holds for all y ∈ C (if C is bounded, then F is by convention coercive on C); and F is said
to be strongly monotone on C (with modulus μ > 0) if 〈F(x)− F(y), x − y〉 ≥ μ‖x − y‖2
holds for all x, y ∈ C .

3 Subderivatives and subgradients of gap functions

In the remaining part of this paper, we impose the following general assumptions on the
problem data and certain constants. For simplicity’s sake, we will not mention them when
stating a result.

• K ⊂ R
n is a nonempty closed and convex set.

• F : R
n → R

n is a locally Lipschitz continuous function.
• a, b, c are fixed positive numbers with a < b.

The aim of this section is to investigate the subderivatives and subgradients of fab and fc
at a certain point x̄ by utilizing the graphical derivative DF(x̄), as well as the coderivatives
D∗F(x̄) and D̂∗F(x̄). Moreover, we will often make use of the following projection operator
πc which is associated with F and K as follows:

πc(x) := PK

(
x − F (x)

c

)
.
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The projection operators πa and πb are defined in the same way.
To begin with, we summarize some basic properties of the regularized gap function fc

and the D-gap function fab below. Most of these properties can be found in the literature and
are beneficial for the further development in the sequel.

Lemma 3.1 The following properties hold:

(a) b−a
2 ||x − πb(x)||2 + a

2 ||πb(x) − πa(x)||2 ≤ fab(x) ≤ b−a
2 ||x − πa(x)||2 − b

2 ||πb(x) −
πa(x)||2.

(b) ||πb(x)−πa(x)|| ≤ b−a
a ||x−πa(x)|| and ||x−πb(x)|| ≤ ||x−πa(x)|| ≤ b

a ||x−πb(x)||.
(c) x ∈ R

n solves (VIP)⇔ x = πc(x) for any c > 0 ⇔ fab(y) ≥ fab(x) = 0 for all y ∈ R
n

⇔ x ∈ K and fc(y) ≥ fc(x) = 0 for all y ∈ K.
(d) 〈a(x − πa(x)) − b(x − πb(x)), πa(x) − πb(x)〉 ≥ 0.
(e) πa(x) − πb(x) ∈ Tab(x, F, K ) := TK (πb(x)) ∩ (−TK (πa(x))) ∩ (F(x))∗.
(f) πa, πb, πc, fc and fab are locally Lipschitz continuous. If F is globally Lipschitz con-

tinuous, then πa, πb, πc, fc and fab are also globally Lipschitz continuous.
(g) The following hold:

argmaxy∈K
{〈F(x), x − y〉 − c

2 ||y − x ||2} = {πc(x)},
fc(x) = 〈F(x), x − πc(x)〉 − c

2 ||x − πc(x)||2,
fab(x) = 〈F(x), πb(x) − πa(x)〉 − a

2 ||x − πa(x)||2 + b
2 ||x − πb(x)||2.

Proof (a) and (b) can be found in [38, Lemma 1] and [28], respectively. (c) can be found
in [13] and [42]. (d) and (e) can be found in [21, Lemma 4.4] or in [12, Theorem 10.3.4].
(f) can be found in [22, Lemma 3.1]. (g) can be found in [42] or deduced from the standard
optimality condition for convex programs. This completes the proof. ��

3.1 Subderivatives and subgradients of fc

We first present the formulas for the subderivative, the regular subdifferential set and the
limiting subdifferential set of fc at a point x̄ .

Proposition 3.1 Let x̄ ∈ R
n and let w ∈ R

n. We have the following formulas:

d fc(x̄)(w) = 〈F(x̄), w〉 + min〈(DF(x̄) − cI ) w, x̄ − πc(x̄)〉,
∂̂ fc(x̄) = (

D̂∗F(x̄) − cI
)
(x̄ − πc(x̄)) + F(x̄),

∂ fc(x̄) = (
D∗F(x̄) − cI

)
(x̄ − πc(x̄)) + F(x̄),

where

min〈(DF(x̄) − cI ) w, x̄ − πc(x̄)〉 := min
v∈DF(x̄)(w)

〈v − cw, x̄ − πc(x̄)〉.

Proof Let w ∈ R
n be fixed. Since F is locally Lipschitz continuous, it follows from Lemma

2.2 (b) and (e) that for any continuous function M : R → R
n ,

lim inf
t→0+

〈 F(x̄ + tw) − F(x̄)

t
, M(t)〉 = min

v∈DF(x̄)(w)
〈v, M(0)〉. (8)

By Lemma 3.1 (f), fc is a locally Lipschitz continuous function. This implies, by Lemma
2.1 (b), that

d fc(x̄)(w) = lim inf
t→0+

fc(x̄ + tw) − fc(x̄)

t
.
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In view of Lemma 3.1 (g), we have for all t that

fc(x̄) ≥ 〈F(x̄), x̄ − πc(x̄ + tw)〉 − c

2
||x̄ − πc(x̄ + tw)||2,

and

fc(x̄ + tw) = 〈F(x̄ + tw), x̄ + tw − πc(x̄ + tw)〉 − c

2
||x̄ + tw − πc(x̄ + tw)||2.

This, together with (8) and the fact that πc is locally Lipschitz continuous (cf. Lemma 3.1
(f)), implies that

d fc(x̄)(w) ≤ lim inf
t→0+

〈 F(x̄ + tw) − F(x̄)

t
, x̄ − πc(x̄ + tw)〉 + lim

t→0+
〈F(x̄ + tw), w〉

+ lim
t→0+

c

2
〈2(x̄ − πc(x̄ + tw)) + tw, −w〉

= min
v∈DF(x̄)(w)

〈v, x̄ − πc(x̄)〉 + 〈F(x̄), w〉 − c〈x̄ − πc(x̄), w〉
= min〈(DF(x̄) − cI ) w, x̄ − πc(x̄)〉 + 〈F(x̄), w〉.

To prove the inequality in the other direction, we can simply follow a similar approach by
observing, from Lemma 3.1 (g), that for all t,

fc(x̄) = 〈F(x̄), x̄ − πc(x̄)〉 − c

2
||x̄ − πc(x̄)||2,

and

fc(x̄ + tw) ≥ 〈F(x̄ + tw), x̄ + tw − πc(x̄)〉 − c

2
||x̄ + tw − πc(x̄)||2.

To get the formula for ∂̂ fc(x̄), we resort to the formula for d fc(x̄) and the equality in
Remark 2.1. Specifically, by defining v̄ := F(x̄) − c(x̄ − πc(x̄)), we have

v ∈ ∂̂ fc(x̄)
⇐⇒ 〈v,w〉 ≤ 〈v̄, w〉 + min〈DF(x̄)(w), x̄ − πc(x̄)〉 ∀w ∈ R

n,

⇐⇒ 〈v − v̄, w〉 ≤ 〈z, x̄ − πc(x̄)〉 ∀(w, z) ∈ gph(DF(x̄)) = Tgph F (x̄, F(x̄)),
⇐⇒ (v − v̄,−x̄ + πc(x̄)) ∈ (Tgph F (x̄, F(x̄)))∗ = N̂gphF (x̄, F(x̄)),

⇐⇒ v − v̄ ∈ D̂∗F(x̄)(x̄ − πc(x̄)).

This provides us with the formula for ∂̂ fc(x̄).
To show ∂ fc(x̄) ⊂ U := (

D∗F(x̄) − cI
)
(x̄ − πc(x̄)) + F(x̄), let v ∈ ∂ fc(x̄). By the

formula for ∂̂ fc(xk), there are sequences xk → x̄ and vk → v such that

(vk − v̄k, πc(xk) − xk) ∈ N̂gph F (xk, F(xk)) ∀k,
where v̄k := F(xk) − c(xk − πc(xk)). Since F and πc are locally Lipschitz continuous
functions (cf. Lemma 3.1 (f)), we have v̄k → F(x̄)−c(x̄−πc(x̄)), xk−πc(xk) → x̄−πc(x̄).
Consequently,

(v − F(x̄) + c(x̄ − πc(x̄)), πc(x̄) − x̄) ∈ Ngph F (x̄, F(x̄)),

or equivalently,

v − F(x̄) + c(x̄ − πc(x̄)) ∈ D∗F(x̄)(x̄ − πc(x̄)).

This verifies that v ∈ U and hence that ∂ fc(x̄) ⊂ U .
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To show U ⊂ ∂ fc(x̄), let v ∈ (
D∗F(x̄) − cI

)
(x̄ − πc(x̄)) + F(x̄). Then we have

z:=v + c(x̄−πc(x̄))−F(x̄) ∈ D∗F(x̄)(x̄−πc(x̄)) ⇐⇒ (z,−x̄+πc(x̄))∈Ngph F (x̄, F(x̄)).

According to the definitions of normal cone (cf. Definition 2.1) and the regular coderivative
(cf. Definition 2.5), there exist sequences xk → x̄ , zk → z and wk → x̄ − πc(x̄) such that
for all k,

(zk,−wk) ∈ N̂gph F (xk, F(xk)) ⇐⇒ (zk,−wk) ∈ (gph DF(xk))
∗,

or explicitly,

〈zk, w〉 − 〈xk − πc(xk), z〉 ≤ 〈wk − xk + πc(xk), z〉 ∀z ∈ DF(xk)(w). (9)

By the Cauchy-Schwarz inequality and Lemma 2.2 (c), we have for all k,

〈wk − xk + πc(xk), z〉 ≤ εk‖w‖ ∀z ∈ DF(xk)(w),

where εk := lipF(xk)‖wk − xk + πc(xk)‖. It then follows from (9) that for all k,

〈zk, w〉 ≤ min〈DF(xk)(w), xk − πc(xk)〉 + εk‖w‖ ∀w ∈ R
n .

By the formula for the subderivative d fc(xk)(w), we have for all k,

〈zk − c(xk − πc(xk)) + F(xk), w〉 ≤ d fc(xk)(w) + εk‖w‖ ∀w ∈ R
n . (10)

Since F and πc are locally Lipschitz continuous functions (cf. Lemma 3.1 (f)), taking the
limit as k → +∞ yields

zk − c(xk − πc(xk)) + F(xk) → z − c(x̄ − πc(x̄)) + F(x̄) = v,

and εk → 0 (due to the upper semicontinuity of lip F(·) [37, Theorem 9.2] and wk − xk +
πc(xk) → 0). Then by [37, Proposition 10.46] and (10), we have v ∈ ∂ fc(x̄). This completes
the proof. ��

By virtue of the formula for the limiting subdifferential set ∂ fc(x̄) in Proposition 3.1, we
readily derive the formula for the Clarke subdifferential set ∂ fc(x̄), initially obtained in [45,
Lemma 3.2].

Corollary 3.1 Let x̄ ∈ R
n. We have

∂ fc(x̄) =
(
∂F(x̄)T − cI

)
(x̄ − πc(x̄)) + F(x̄),

where ∂F(x̄) denotes the generalized Jacobian of F at x̄ (cf. (3)).

Proof By Lemma 3.1 (f) and Lemma 2.1 (c), the function fc is locally Lipschitz continuous.
Consequently, we have ∂ fc(x̄) = co(∂ fc(x̄)). The formula for ∂ fc(x̄) then follows directly
from Proposition 3.1 and the coderivative duality given by (4). This completes the proof. ��

3.2 Subderivatives and subgradients of fab

Following a parallel approach to Subsection 3.1, we present some differential properties of
the D-gap function fab in this subsection. Most proofs are omitted as they closely mirror
those in Subsection 3.1.
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Proposition 3.2 Let x̄ ∈ R
n and w ∈ R

n. We have the following formulas:

d fab(x̄)(w) = (b − a)〈x̄ − πa(x̄), w〉 + min〈(DF(x̄) − bI ) w, πb(x̄) − πa(x̄)〉,
∂̂ fab(x̄) = (

D̂∗F(x̄) − bI
)
(πb(x̄) − πa(x̄)) + (b − a)(x̄ − πa(x̄)),

∂ fab(x̄) = (D∗F(x̄) − bI ) (πb(x̄) − πa(x̄)) + (b − a)(x̄ − πa(x̄)),

where

min〈(DF(x̄) − bI ) w, πb(x̄) − πa(x̄)〉 := min
v∈DF(x̄)(w)

〈(v − bw) , πb(x̄) − πa(x̄)〉.

Proof Since fab = fa − fb is a locally Lipschitz continuous function, we have

d fab(x̄)(w) = lim inf
t→0+

[
fa(x̄ + tw) − fa(x̄)

t
− fb(x̄ + tw) − fb(x̄)

t

]
.

By Lemma 3.1 (g), the following inequalities hold for all t :

fa(x̄) ≥ 〈F(x̄), x̄ − πa(x̄ + tw)〉 − a

2
||x̄ − πa(x̄ + tw)||2

and

fb(x̄ + tw) ≥ 〈F(x̄ + tw), x̄ + tw − πb(x̄)〉 − b

2
||x̄ + tw − πb(x̄)||2.

Combining these with (8) and the local Lipschitz continuity of πa and πb (see Lemma 3.1
(f)), we derive

d fab(x̄)(w) ≤ lim inf
t→0+

〈 F(x̄ + tw) − F(x̄)

t
, πb(x̄) − πa(x̄ + tw)〉

− lim
t→0+

a

2

||x̄ + tw − πa(x̄ + tw)||2 − ||x̄ − πa(x̄ + tw)||2
t

+ lim
t→0+

b

2

||x̄ + tw − πb(x̄)||2 − ||x̄ − πb(x̄)||2
t

= min
v∈DF(x̄)(w)

〈v, πb(x̄) − πa(x̄)〉 + 〈b(x̄ − πb(x̄)) − a(x̄ − πa(x̄)), w〉.

To establish the reverse inequality, we use a similar approach. By Lemma 3.1 (g), for all t ,
we have

fa(x̄ + tv) ≥ 〈F(x̄ + tv), x̄ + tv − πa(x̄)〉 − a

2
||x̄ + tv − πa(x̄)||2

and

fb(x̄) ≥ 〈F(x̄), x̄ − πb(x̄ + tv)〉 − b

2
||x̄ − πb(x̄ + tv)||2.

This completes the proof of the formula for d fab(x̄)(w). The remaining two formulas can be
derived analogously to Proposition 3.1. ��
Corollary 3.2 Let x̄ ∈ R

n. The following properties hold:

(a) We have the formula for the Clarke subdifferential set of fab at x̄ as follows:

∂ fab(x̄) =
(
∂F(x̄)T − bI

)
(πb(x̄) − πa(x̄)) + (b − a)(x̄ − πa(x̄)).

(b) x̄ solves (VIP) if and only if 0 ∈ ∂ fab(x̄) and πa(x̄) = πb(x̄).
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Remark 3.1 The formula for ∂ fab(x̄) was first obtained in [45, Lemma 3.3]. Subsequently,
it was also derived in [28, Theorem 4.1] and [21, Theorem 3.1] for some generalized D-gap
functions. According to the generalized Fermat’s rule [37, Theorem 10.1], the condition

0 ∈ ∂ fab(x̄) (11)

is necessary for x̄ to be locally optimal for the optimization problem

min
x∈Rn

fab(x),

and thus it is necessary for x̄ to be a solution of (VIP) (cf. Lemma 3.1 (c)). Another necessary
condition for x̄ to be a solution of (VIP), by Lemma 3.1 (c), is the equality

πa(x̄) = πb(x̄). (12)

Although these two necessary conditions together are sufficient for x̄ to be a solution of
(VIP), it is interesting to note that neither of them alone is sufficient.

It was shown in [21, Theorem 4.3] that x̄ solves (VIP) if and only if 0 ∈ ∂ fab(x̄) and

w ∈ Tab(x, F, K ), Z ∈ ∂F(x)
ZTw ∈ Tab(x, F, K )∗

}
⇒ F(x)Tw = 0, (13)

where Tab(x, F, K ) is a cone defined as in Lemma 3.1 (e). However, by resorting to Corollary
3.2 (b) and noting that ∂ fab(x̄) = ∂ fab(x̄) in the presence of (12), we can refine [21, Theorem
4.3] as follows: x̄ solves (VIP) if and only if 0 ∈ ∂ fab(x̄) and (12) holds. Note that πa(x̄)
and πb(x̄) are involved in the definition of Tab(x, F, K ). So in contrast to the verification of
(13), it is much easier to verify (12).

It is also worth noting that (12) is implied by (11) whenever the inequality

d(0, ∂ fab(x̄)) ≥ μ|πb(x̄) − πa(x̄)| (14)

holds for some μ > 0. Inequalities in the form of (14) will play a crucial role in the next
section.

4 The Kurdyka-Łojasiewicz inequality and error bounds of fab

In this section, we investigate the KL inequality and error bounds for the D-gap function
fab by utilizing the formula for the limiting subdifferential sets ∂ fab(x) presented in the
previous section. Before stating our main results in Theorem 4.1, we provide in Lemmas
4.1-4.4 several results regarding the necessary and sufficient conditions for the following
inequality:

d(0, ∂ fab(x)) ≥ μ‖πb(x) − πa(x)‖ ∀x ∈ V ,

where V is some open set in R
n .

Lemma 4.1 Let x ∈ R
n and let μ > 0. If d(0, ∂ fab(x)) ≥ μ‖πb(x) − πa(x)‖, then

d(0, ∂ fab(x)) ≥ μ(b − a)

μ + b + lip F(x)
‖x − πa(x)‖. (15)
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Proof Let w := πb(x) − πa(x) and let u := x − πa(x). By applying the formula for
∂ fab(x) in Proposition 3.2, we can find some z∗ ∈ D∗F(x)(w) such that d(0, ∂ fab(x)) =
‖z∗ − bw + (b − a)u‖. Then we get (15) as follows:

d(0, ∂ fab(x)) ≥ −‖z∗‖ − b‖w‖ + (b − a)‖u‖
≥ −(b + lip F(x))‖w‖ + (b − a)‖u‖
≥ − b+lip F(x)

μ
d(0, ∂ fab(x)) + (b − a)‖u‖,

where the first inequality follows from the triangle inequality, the second one from Lemma
2.2 (d), and the last one from the assumption that d(0, ∂ fab(x)) ≥ μ‖w‖. This completes
the proof. ��
Lemma 4.2 Assume that lip F(x) is bounded from above on a nonempty subset V of R

n, as
is true in particular when V is bounded. Then the following properties are equivalent:

(a) There is some μ > 0 such that d(0, ∂ fab(x)) ≥ μ
√

fab(x) ∀x ∈ V .

(b) There is some μ > 0 such that d(0, ∂ fab(x)) ≥ μ‖x − πa(x)‖ ∀x ∈ V .

(c) There is some μ > 0 such that d(0, ∂ fab(x)) ≥ μ‖πb(x) − πa(x)‖ ∀x ∈ V .

Therefore, fab satisfies the KL inequality at any solution x̄ of (VIP) with an exponent of 1
2 if

and only if any of (a), (b) and (c) holds with V being some neighborhood of x̄ .

Proof The relations (a) ⇐⇒ (b) �⇒ (c) follow directly fromLemma 3.1 (a). Since lip F(x)
is upper semicontinuous ([37,Theorem9.2]), it follows from [37,Corollary 1.10] that lip F(x)
is bounded from above on each bounded subset ofRn .We now show (c) �⇒ (b) by assuming
that (c) holds for some μ > 0 and that there is some L > 0 such that lip F(x) ≤ L ∀x ∈ V .

By Lemma 4.1, we get (b) as follows:

d(0, ∂ fab(x)) ≥ μ(b − a)

μ + b + lip F(x)
‖x − πa(x)‖ ≥ μ(b − a)

μ + b + L
‖x − πa(x)‖ ∀x ∈ V .

Let x̄ be a solution of (VIP). Firstly, we note that fab is locally Lipschitz continuous with
fab ≥ 0 and fab(x̄) = 0 (cf. Lemma 3.1 (c)). Then fab satisfies the KL inequality at x̄
with an exponent of 1

2 provided that, according to Definition 2.3, (a) holds with V being
some bounded neighborhood of x̄ . By the previous argument, (a), (b) and (c) are equivalent
whenever V is bounded. Hence, the last assertion is true. This completes the proof. ��
Lemma 4.3 Assume that the solution set of (VIP) is nonempty. If there are someμ ∈ (0,+∞)

and ε ∈ (0,+∞] such that
d (0, ∂ fab(x)) ≥ μ‖πb(x) − πa(x)‖ ∀x ∈ [ fab < ε], (16)

and
L := sup

x∈[0< fab<ε]
lip F(x) < +∞, (17)

then√
b − a

2

μ

μ + b + L
d (x, [ fab ≤ θ ]) ≤

(√
fab(x) − √

θ
)

+ ∀θ ∈ [0, ε), ∀x ∈ [ fab < ε],
(18)

which, in particular, implies the following error bound property:
√
b − a

2

μ

μ + b + L
d (x, [ fab ≤ 0]) ≤ √

fab(x) ∀x ∈ [ fab ≤ ε].
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Proof It suffices to show (18) by assuming (16) and (17) for some given μ ∈ (0,+∞) and
ε ∈ (0,+∞]. Since the solution set of (VIP) is nonempty, we infer from Lemma 3.1 (c) that
[ fab ≤ 0] �= ∅. In the following, we assume that [0 < fab < ε] is nonempty; otherwise, (18)
holds trivially. Fix an x ∈ [0 < fab < ε]. In light of (16) and (17), it follows from Lemma
4.1 that

d(0, ∂ fab(x)) ≥ μ(b − a)

μ + b + L
‖x − πa(x)‖.

Then by Lemma 3.1 (a), we have

d(0, ∂ fab(x)) ≥ μ
√
2(b − a)

μ + b + L

√
fab(x).

Through some straightforward calculation, we have ∂
√

fab(x) = ∂ fab(x)

2
√

fab(x)
and thus

d
(
0, ∂

√
fab(x)

)
≥

√
b − a

2

μ

μ + b + L
.

Then by [24, Lemma 2.1 (ii’)], we have

|∇√
fab|(x) ≥

√
b − a

2

μ

μ + b + L
,

where for a function f : R
n → R and a point ȳ ∈ R

n ,

|∇ f |(ȳ) := lim sup
y→ȳ, y �=ȳ

( f (ȳ) − f (y))+
‖y − ȳ‖

denotes the the strong slope of f at ȳ, introduced by De Giorgi et al. [14]. Since x ∈ [0 <

fab < ε] is chosen arbitrarily, we can apply [6, Theorem 2.1] to deduce that

inf
0≤√

θ<
√

ε

inf
x∈[√θ<

√
fab<

√
ε ]

√
fab(x) − √

θ

d
(
x,

[√
fab ≤ √

θ
]) = inf

x∈[0<√
fab<

√
ε]

|∇√
fab|(x)

≥
√
b − a

2

μ

μ + b + L
,

from which, (18) follows readily. This completes the proof. ��
There are numerous existing conditions in the literature that are sufficient for Lemma 4.2

(c) or (16). This can be observed from the following lemma, in which we also present a new
sufficient condition that can be regarded as a form of restricted strong monotonicity.

Lemma 4.4 Let μ > 0 and let V ⊂ R
n be open. Consider the following properties:

(a) F is strongly monotone on V with modulus μ, which holds in the case of V being convex
if and only if the following inequality holds for all x ∈ V where F is differentiable:

〈∇F(x)w, w〉 ≥ μ||w||2 ∀w ∈ R
n . (19)

(b) The following holds for all x ∈ V where F is differentiable:

〈∇F(x)w, w〉 ≥ μ||w||2 ∀w ∈ Tab(x, F, K ).
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(c) The following holds for all x ∈ V where F is differentiable:

〈∇F(x)(πa(x) − πb(x)), πa(x) − πb(x)〉 ≥ μ||πa(x) − πb(x)||2.
(d) d(0, ∂ fab(x)) ≥ μ‖πb(x) − πa(x)‖ ∀x ∈ V .

We have (a) �⇒ (b) �⇒ (c) �⇒ (d).

Proof According to [16, Proposition 2.3 (b)], the following inequality holds for all x ∈ V :

〈Zw, w〉 ≥ μ||w||2 ∀Z ∈ ∇F(x), ∀w ∈ R
n, (20)

if F is strongly monotone on V with modulus μ. Moreover, the converse is true whenever
V is convex. Since ∇F(x) ∈ ∇F(x) when F is differentiable at x , (19) is implied by (20).
To prove that (20) is implied by (19), let x ∈ V and let Z ∈ ∇F(x). By the definition of
∇F(x) (cf. (2)), there is a sequence xk → x such that F is differentiable at xk for all k and
∇F(xk) → Z . Then by (19), we have for all sufficiently large k that

〈∇F(xk)w, w〉 ≥ μ||w||2 ∀w ∈ R
n,

which implies (20) by taking the limit as k → ∞.
By the previous argument, we get (b) from (a) in a straightforward way. To get (c) from

(b), it suffices to note the following facts: (1) πa(x)−πb(x) ∈ Tab(x, F, K ) (cf. Lemma 3.1
(e)); (2) πa(x) = πb(x) whenever fab(x) = 0 (cf. Lemma 3.1 (c)).

We now show (c) �⇒ (d). Let x ∈ V . Set w := πb(x) − πa(x) and u := x − πa(x). We
first claim that the following inequality holds for all z∗ ∈ conv D∗F(x)(w):

〈z∗, w〉 � μ||w||2. (21)

By the coderivative duality (4) for a locally Lipschitz continuous mapping, we have z∗ ∈
{ATw | A ∈ conv∇F(x)}. Then there exist a positive integer r and some Ai ∈ ∇F(x) such
that

z∗ =
(

r∑
i=1

λi Ai

)T

w =
r∑

i=1

λi
(
Ai

)T
w, (22)

where λi ≥ 0 for all i and
∑r

i=1 λi = 1. For each Ai ∈ ∇F(x), by its definition, there exists
some sequence {xik} such that F is differentiable at xik for all k, x

i
k → x and ∇F(xik) → Ai

as k → ∞. Then by (c), for all k large enough, we have

〈∇F(xik)(πa(x
i
k) − πb(x

i
k)), πa(x

i
k) − πb(x

i
k)〉 � μ||πb(x

i
k) − πa(x

i
k)||2.

Thus, by taking into account that πa and πb are locally Lipschitz continuous and letting
k → ∞, we get

〈Ai (πa(x) − πb(x)), πa(x) − πb(x)〉 � μ||πb(x) − πa(x)||2.
In terms of w, this is equivalent to 〈(Ai )Tw,w〉 ≥ μ‖w‖2. Combined with (22), this leads
to (21).

By applying the formula for ∂ fab(x) in Proposition 3.2, we can find some z̄∗ ∈
D∗F(x)(w) ⊂ conv D∗F(x)(w) such that d(0, ∂ fab(x)) = ‖z̄∗ − bw + (b − a)u‖. Then
we get (d), since we have

d(0, ∂ fab(x)) ‖w‖ ≥ 〈z̄∗ − bw + (b − a)u, w〉 ≥ 〈z̄∗, w〉 ≥ μ‖w‖2,
where the first inequality follows from the Cauchy-Schwarz inequality, the second one from
Lemma 3.1 (d), and the last one from (21). This completes the proof. ��
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Remark 4.1 Since ∇F(x) ∈ ∇F(x) ⊂ ∂F(x) when F is differentiable at x , Lemma 4.4 (b)
holds if the following inequality holds for all x ∈ V :

〈ZTw,w〉 ≥ μ||w||2 ∀Z ∈ ∂F(x), ∀w ∈ Tab(x, F, K ). (23)

The supremum of all possible positive μ satisfying (23) for all x ∈ R
n with fab(x) > 0 can

be reformulated as

μab := inf{wT Zw | Z ∈ ∂F(x), w ∈ Tab(x, F, K ), ‖w‖ = 1, fab(x) > 0}. (24)

The quantity μab was first introduced for a general case in [21, Theorem 4.2], where the
condition μab > 0 was utilized to study the local error bounds for fab.

Remark 4.2 Lemma 4.4 (c) can be easily reformulated as

〈z∗, πb(x) − πa(x)〉 ≥ μ||πa(x) − πb(x)||2 ∀x ∈ V , z∗ ∈ conv D∗F(x)(πb(x) − πa(x)),

or

〈z, πa(x) − πb(x)〉 ≥ μ||πa(x) − πb(x)||2 ∀x ∈ V , z ∈ conv D∗F(x)(πa(x) − πb(x)),

where D∗F(x) stands for the strict derivative mapping of F at x (cf. (6)).
Moreover, it should be noticed that πa(x)−πb(x) ∈ K − K ⊂ L for all x ∈ R

n , where L
is the parallel linear subspace of K . This implies that Lemma 4.4 (c) holds if the following
stronger property holds for all x ∈ V where F is differentiable:

〈∇F(x)w, w〉 ≥ μ||w||2 ∀w ∈ L.

Evidently, verifying the aforementioned property is much simpler than verifying Lemma 4.4
(c). Whenever L is a proper subset of R

n (i.e., L � R
n), the aforementioned property can

still be less restricted than the strong monotonicity stated in Lemma 4.4 (a). The following
example serves to illustrate this case.

Example 4.1 Consider an affine variational inequality problem (VIP) defined by the set K :=
{x ∈ R

n |Cx ≤ d} and the mapping F(x) := Ax + q , where C ∈ R
m×n , d ∈ R

m , A ∈ R
n×n

and q ∈ R
n . For this problem, verifying the strong monotonicity of F (i.e., Lemma 4.4

(a)) requires showing that A is positive-definite on the entire space R
n . Assume that no row

C1, . . . ,Cm of C is a zero vector. Let J := { j ∈ {1, . . . ,m}|C j y = d j }, where y ∈ R
n

is an arbitrary relative interior point of K . The linear parallel subspace L of K is then the
kernel kerCJ of the matrix CJ , where CJ denotes the submatrix of C consisting of the
rows C j with j ∈ J , and kerCJ is set by convention to be R

n when J = ∅. As explained in
Remark 4.2, to verify Lemma 4.4 (c), it suffices to show that A is positive-definite on kerCJ .
This condition is strictly less restrictive than the strong monotonicity of F when J �= ∅ or
equivalently the Slater condition for the linear system Cx ≤ d fails to hold.

In the case where F is an affine mapping and K is the entire space R
n , we can provide

details regarding how the properties in Lemma 4.4 differ from one another in the following
example.

Example 4.2 Let A ∈ R
n×n and q ∈ R

n be such that q + rge A �= {0}, where rge A denotes
the range space of A. Consider an instance of (VIP) with K = R

n and F(x) = Ax + q . In
this case, finding a solution of (VIP) amounts to finding a solution to the linear equations
Ax + q = 0, which exists if and only if q ∈ rge A. Clearly, F is continuously differentiable
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onR
n with∇F(·) = A, which implies that fab is continuously differentiable onR

n . Through
some direct computation, we have

πb(x) − πa(x) = b − a

ab
(Ax + q), fab(x) = b − a

2ab
‖Ax + q‖2,

and

∇ fab(x) = b − a

ab
AT (Ax + q), Tab(x, F, K ) = {w | 〈Ax + q, w〉 ≤ 0}.

Then, in the case of V = R
n , Lemma 4.4 (a)-(d) can be reduced respectively to the following:

(a) A − μI is positive-semidefinite on R
n .

(b) A − μI is positive-semidefinite on at least one closed-half space containing the origin
and hence on the whole spaceR

n . (Therefore, (a) and (b) coincide, both of which implies
that A is positive-definite on R

n and that the linear equatios Ax + q = 0 has a unique
solution.)

(c) A − μI is positive-semidefinite on the linear subspace R{q} + rge A, which entails
positive-semidefiniteness of AT AA−μAT A onR

n and is equivalent to itwhenq ∈ rge A.
(The latter property can be fulfilled for a symmetric matrix A if and only if A is positive-
semidefinite and 0 < μ < λi , where λi is any positive eigenvalue of A.)

(d) AAT − μ2 I is positive-semidefinite on the linear subspace R{q} + rge A, which entails
positive-semidefiniteness of (AT A)2 − μ2AT A on R

n and is equivalent to it when q ∈
rge A. (The latter property can be fulfilled as long as 0 < μ ≤ √

λi , where λi is any
positive eigenvalue of AT A.)

Therefore, in the case where q ∈ rge A and A is symmetric and positive-semidefinite (but
not positive-definite), Lemma 4.4 (a)-(b) cannot hold. However, Lemma 4.4 (c) can hold
as long as 0 < μ < λi , where λi is any positive eigenvalue of A. This demonstrates that
Lemma 4.4 (c) can be strictly weaker than Lemma 4.4 (a)-(b). On the other hand, in the case
where q ∈ rge A and A is symmetric but not positive-semidefinite, Lemma 4.4 (c) cannot
hold. Nevertheless, Lemma 4.4 (d) can hold as long as μ is less than or equal to the square
root of the smallest positive eigenvalue of AT A. This demonstrates that Lemma 4.4 (d) can
be strictly weaker than Lemma 4.4 (c).

Theorem 4.1 Assume that any of (a)-(d) in Lemma 4.4 holds with some μ > 0 and V = R
n.

Then the following properties hold:

(a) fab is a KL function with an exponent of 1
2 .

(b) If F is coercive on R
n, then the solution set of (VIP) is nonempty and compact, and

√
fab

has a local error bound on R
n, i.e., the following holds for any given ε > 0:

√
b − a

2

μ

μ + b + L
d (x, [ fab ≤ 0] ) ≤ √

fab(x) ∀x ∈ [ fab ≤ ε].

where L is any number such that L ≥ lip F(x) for all x ∈ [0 < fab < ε].
(c) If the solution set of (VIP) is nonempty and F is globally Lipschitz continuous with a

constant L > 0, then
√

fab has a global error bound on R
n, i.e., the following holds:

√
b − a

2

μ

μ + b + L
d (x, [ fab ≤ 0]) ≤ √

fab(x) ∀x ∈ R
n .

Proof For each x that is a solution of (VIP), it follows from Lemma 4.2 that fab is a KL
function at x with an exponent of 1

2 . For each x that is not a solution of (VIP), we assert
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that 0 /∈ ∂ fab(x), and thus fab is a KL function at x with an exponent of 0. Otherwise, if
0 ∈ ∂ fab(x), together with the equality πa(x) = πb(x) which can be guaranteed by Lemma
4.4 (d), it would imply that x is a solution of (VIP) (cf. Corollary 3.2 (b)). Overall, fab is
indeed a KL function with an exponent of 1

2 . This verifies (a).
To show (b), fix any ε > 0 and let L̄ := supx∈[0< fab<ε] lip F(x). By the coerciveness of F

on R
n (hence on K ), the solution set of (VIP) is nonempty and compact (cf. [12, Proposition

2.2.7]), and the level set [ fab ≤ ε] is bounded (cf. [21, Lemma 4.1]). Since lip F(x) is upper
semicontinuous (cf. [37, Theorem 9.2]), it follows from [37, Corollary 1.10] that lip F(x) is
bounded from above on each bounded subset of R

n . So we have L̄ < +∞. Then by Lemma
4.3, we get (b) in a straightforward manner.

To show (c), we apply Lemma 4.3 again by noting that

sup
x∈[0< fab<+∞]

lip F(x) ≤ L.

This completes the proof. ��
Remark 4.3 In the case where Lemma 4.4 (a) holds for some μ > 0 and V = R

n (i.e., F is
strongly monotone on R

n with modulus μ), it was pointed out by [21, Remark 2.1 (ii)] that
F is coercive on R

n . In this situation, Theorem 4.1 (b) holds without explicitly assuming
coerciveness. On the other hand, when Lemma 4.4 (b) holds with V = R

n and some μ > 0,
Theorem 4.1 (b) can be deduced from [21, Theorem 4.2](cf. Remark 4.1). To the best of our
knowledge, all the results in Theorem 4.1, except for the ones mentioned above, are new.

Example 4.3 ([21], Example 4.4) Consider an instance of (VIP) with K = R
2+ and F : R

2 →
R
2 being given by F(x) = (

x1 + (x1)+(x2)+, x2 + 3
2 (x1)+

)T
. Clearly, F is differentiable

at x ∈ R
2 if and only if x1x2 �= 0, and moreover,

∇F(x) =

⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(
1 + x2 x1

3
2 1

)
if x1 > 0, x2 > 0,

(
1 0
3
2 1

)
if x1 > 0, x2 < 0,

(
1 0
0 1

)
if x1 < 0, x2 �= 0.

Let a ∈ (0, 1) and b = 1. According to [21, Example 4.4], F is coercive and not monotone
on R

2, and
√

fab has a local error bound on R
2 (with some error bound modulus expressed

in an abstract way), and μab ≥ 1, where μab is defined by (24).
In what follows, by virtue of Lemma 4.4 (c), we can show that μab = 1 and that some

error bound modulus expressed in an explicit way can be provided. First, by some direct
calculation, we have πb(x) = (0, 0)T for all x ∈ R

2 and

πa(x) − πb(x) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
a − 1

a
x1, 0

)T

if x1 ≤ 0, x2 ≥ 0,
(
a − 1

a
x1,

a − 1

a
x2

)T

if x1 ≤ 0, x2 ≤ 0,
(
0,

a − 1

a
x2 − 3

2a
x1

)T

if 0 ≤ x1 ≤ 2(a−1)
3 x2,

(0, 0)T otherwise.

Then it is straightforward to verify that the inequality

〈∇F(x)(πa(x) − πb(x)), πa(x) − πb(x)〉 ≥ μ||πa(x) − πb(x)||2
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holds for all x ∈ R
2 with x1x2 �= 0 if and only if 0 < μ ≤ 1. That is, Lemma 4.4 (c) holds

with V = R
2 if and only if 0 < μ ≤ 1. As Lemma 4.4 (c) is implied by Lemma 4.4 (b), we

deduce that Lemma 4.4 (b) cannot hold with V = R
2 and μ > 1, which implies that μab

cannot be greater than 1 (cf. Remark 4.1). Therefore, we confirm that μab = 1. Furthermore,
we can apply Theorem 4.1 to get the following: (i) fab is a KL function with an exponent of
1
2 ; (ii)

√
fab has a local error bound on R

2, i.e., for any given ε > 0,
√
b − a

2

1

1 + b + L
d (x, [ fab ≤ 0]) ≤ √

fab(x) ∀x ∈ [ fab ≤ ε],
where L is any number such that L ≥ supx∈[0< fab<ε] lip F(x).

5 A derivative-free descent method for (VIP)

In this section, we investigate the convergence behavior of the following descent algorithm
with an Armijo line search. This algorithm is essentially identical to those studied in [17, 21,
34, 35, 45, 47], particularly in terms of the manner in which descent directions are chosen.
Algorithm

Step 1. Set 0 < a < b and 0 < ρ < 1. Choose three positive constants α, β, τ such that β
and τ are small and that α is close to b − a. Select a start point x0 ∈ R

n , and set
n = 0.

Step 2. If fab(xn) = 0, stop. Otherwise, go to Step 3.
Step 3. Let un = πa(xn)− xn andwn = πa(xn)−πb(xn). If β||un || < ||wn ||, set dn = wn

and select mn as the smallest nonnegative integer m such that

fab(xn + ρmdn) − fab(xn) ≤ −τρm ||dn ||2. (25)

Otherwise, set dn = un and select mn as the smallest nonnegative integer m such
that

fab(xn + ρmdn) − fab(xn) ≤ − (b − a − α) ρm ||dn ||2. (26)

Step 4. Set tn = ρmn , xn+1 = xn + tndn and n = n + 1, and go to Step 2.

In the following, we will make the following assumptions.

Assumption (i) F is globally Lipschitz continuous with a constant L > 0 (implying
that πa and πb are globally Lipschitz continuous).

Assumption (ii) There exists some μ∗ > 0 such that the inequality

〈∇F(x)(πa(x) − πb(x)), πa(x) − πb(x)〉 ≥ μ∗||πa(x) − πb(x)||2
holds for all x ∈ R

n where F is differentiable. This implies by Theo-
rem 4.1 that f is a KL function with an exponent of 1

2 , and by Remark
4.2 and (7) that

min
z∈DF(x)(πa(x)−πb(x))

〈z, πa(x) − πb(x)〉 ≥ μ∗||πa(x) − πb(x)||2 ∀x ∈ R
n .

Assumption (iii) The parameters α, β, τ in the Algorithm are chosen such that

0 < β <
b − a

b + L
, (b + L)β < α < b − a, 0 < τ < μ∗.

Firstly, we present two technical lemmas that are beneficial for our subsequent analysis.
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Lemma 5.1 Under Assumption (i), we have the following for all x ∈ R
n and v ∈ ∂ fab(x):

‖v‖ ≤ (b + lip F(x))‖πb(x) − πa(x)‖ + (b − a)‖x − πa(x)‖
≤ (b + L)‖πb(x) − πa(x)‖ + (b − a)‖x − πa(x)‖.

Proof In view of Lemma 2.2 (d) and the formula for ∂ fab(x) presented in Proposition 3.2,
we get the first inequality. The second inequality follows directly from Assumption (i). ��

Lemma 5.2 Consider a locally Lipschitz continuous function g : R
n → R. For some x ∈ R

n

and w ∈ R
n\{0}, assume that there are some σ > 0 and 0 < t0 < t1 such that

g(x + t0w) − g(x) ≤ −σ t0||w||2 and g(x + t1w) − g(x) > −σ t1||w||2.
Then there exist some θ∗ ∈ (0, 1) and v∗ ∈ ∂g(x + θ∗t1w) such that

g(x + t1w) − g(x) = t1〈v∗, w〉.

Proof Define ϕ : R → R by ϕ(θ) := g(x + θ t1w) − g(x) + θ [g(x) − g(x + t1w)].
Evidently, ϕ is locally Lipschitz continuous, and ϕ(0) = ϕ(1) = 0. Moreover, it follows
from the assumption that

ϕ(t0/t1) = g(x + t0w) − g(x) + (t0/t1)[g(x) − g(x + t1w)] < 0.

This implies the existence of at least one θ∗ ∈ (0, 1) such that ϕ attains its minimum over
[0, 1] at θ∗. By the Fermat’s rule, this further implies that 0 ∈ ∂ϕ(θ∗). In light of the local
Lipschitz continuity of g, we get from the calculus rules [37, Exercise 8.8 and Theorem 10.6]
that

∂ϕ(θ∗) ⊂ g(x) − g(x + t1w) + {
t1〈v,w〉 | v ∈ ∂g(x + θ∗t1w)

}
.

This completes the proof. ��

Proposition 5.1 Under Assumptions (i)-(iii), Step 3 of the Algorithm is well defined.

Proof Toprove that Step 3 in theAlgorithm iswell defined, it suffices to show that ifβ||un || <

||wn ||, −d(− fab)(xn)(wn) < −τ‖wn‖2, and if β||un || ≥ ||wn ||, −d(− fab)(xn)(un) <

−(b − a − α)‖un‖2. Based on the proof of the formula for d fab(x̄)(w) in Proposition 3.2,
we get the formula for the subderivative of − fab at a point x̄ ∈ R

n as follows:

−d(− fab)(x̄)(w) = (b − a)〈x̄ − πa(x̄), w〉 − min〈(DF(x̄) − bI ) w, −πb(x̄) + πa(x̄)〉.
In the case where β||un|| < ||wn ||, we have

−d(− fab)(xn)(wn)

= 〈b(xn − πb(xn)) − a(xn − πa(xn)), wn〉 − minz∈DF(xn)(wn)〈z, wn〉
≤ −minz∈DF(xn)(wn)〈z, wn〉
≤ −μ∗||wn ||2
< −τ ||wn ||2,

where the first inequality follows from Lemma 3.1 (d), the second inequality follows from
Assumption (ii), and the third inequality follows from Assumption (iii). In the case where
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β||un || ≥ ||wn ||, we have
−d(− fab)(xn)(un)

= 〈b(xn − πb(xn)) − a(xn − πa(xn)), un〉 − minz∈DF(xn)(un)〈z, wn〉
= −(b − a)||un ||2 + b〈πa(xn) − πb(xn), un〉 + maxz∈DF(xn)(un)〈z,−wn〉
≤ −[(b − a) − bβ]||un ||2 + maxz∈DF(xn)(un)〈z,−wn〉
≤ −[(b − a) − bβ]||un ||2 + L||un || · ||wn ||
≤ −[(b − a) − (b + L)β]||un ||2
< −[(b − a) − α]||un ||2,

where the first inequality follows by using the Cauchy-Schwarz inequality and the inequality
β||un || ≥ ||wn ||, the second inequality follows from Lemma 2.2 (c) andAssumption (i), the
third inequality follows from the inequality β||un || ≥ ||wn ||, and the last inequality follows
from Assumption (iii). This completes the proof. ��
Proposition 5.2 Assume that the sequence {xn} generated by the Algorithm satisfies
fab(xn) > 0 for all n. Under Assumptions (i)-(iii), there is some t∗ > 0 such that tn ≥ t∗
for all n, i.e., the step size sequence {tn} generated by the Algorithm has a positive lower
bound.

Proof Recall that in Step 3 of the Algorithm, we set un := πa(xn) − xn , wn := πa(xn) −
πb(xn), and dn := un if β‖un‖ ≥ ‖wn‖, and dn := wn if β‖un‖ < ‖wn‖. Considering the
setting for dn and our assumption that fab(xn) > 0 for all n, we can infer from Lemma 3.1
(c) that dn �= 0 for all n.

Suppose, for the sake of contradiction, that the step length sequence {tn} does not have a
positive lower bound. That is, by taking a subsequence if necessary we assume that tn → 0+
as n → +∞. Due to tn = ρmn , we havemn → +∞ as n → +∞. Without loss of generality,
we may assume that mn ≥ 1 for all n. In light of the line search strategy in Step 3 of the
Algorithm, we apply Lemma 5.2 to get

fab(xn + ρmn−1dn) − fab(xn) = ρmn−1〈vn, dn〉 ∀n, (27)

where vn ∈ ∂ fab(yn) with yn := xn + θ∗
n ρmn−1dn and θ∗

n ∈ (0, 1). By the formula for
∂ fab(yn) in Proposition 3.2, there exists some z∗n ∈ D∗F(πb(yn) − πa(yn)) such that

vn = z∗n + b(yn − πb(yn)) − a(yn − πa(yn)). (28)

By Lemma 2.2 (d) and Assumption (i), we have

||z∗n || ≤ L||πb(yn) − πa(yn)||. (29)

First, we consider the case where β‖un‖ ≥ ‖wn‖ in Step 3. In this case, we have dn =
un = πa(xn) − xn and yn := xn + θ∗

n ρmn−1un . Thanks to the line search strategy proposed
in the Algorithm, we have fab(xn +ρmn−1un)− fab(xn) > −(b−a−α)ρmn−1‖un‖2. This,
together with (27), (28) and (29), implies that

− (b − a − α)||un ||2 < 〈vn, un〉
= 〈z∗n, un〉 + 〈b(yn − πb(yn)) − a(yn − πa(yn)), un〉
= 〈z∗n, un〉 + b〈πa(yn) − πb(yn), un〉 + (b − a)〈yn − πa(yn), un〉
≤ (L + b)||πb(yn) − πa(yn)|| · ||un ||

−(b − a)〈πa(yn) − yn, un〉. (30)
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Moreover, by Assumption (i), we have

||πa(yn) − πb(yn)|| ≤ ||wn || + ||πa(yn) − πb(yn) − wn ||
≤ ‖wn‖ + ||πa(yn) − πa(xn)‖ + ‖πb(yn) − πb(xn)||
≤ β‖un‖ + (1 + L

a
)‖yn − xn‖ + (1 + L

b
)‖yn − xn‖

= [β + (2 + L

a
+ L

b
)θ∗

n ρmn−1]||un ||, (31)

and

||πa(yn) − yn − un || = ||πa(yn) − yn − πa(xn) + xn ||
≤ ‖πa(yn) − πa(xn)‖ + ‖yn − xn‖
≤ (2 + L

a )||yn − xn || = (2 + L
a )θ∗

n ρmn−1||un ||.

The latter condition entails that

〈πa(yn) − yn, un〉 = ||un ||2 + (2 + L

a
)θ∗

n ρmn−1||un ||2〈cn, un
‖un‖〉, (32)

where cn := πa(yn)−yn−un
(2+ L

a )θ∗
n ρmn−1||un || having the property that ‖cn‖ ≤ 1. Combining (30-32), we

have
−(b − a − α) < (L + b)[β + (2 + L

a + L
b )θ∗

n ρmn−1]
−(b − a)[1 + (2 + L

a )θ∗
n ρmn−1〈cn, un||un || 〉].

(33)

Next, we consider the case where β‖un‖ < ‖wn‖ in Step 3. In this case, we have dn =
wn = πa(xn)−πb(xn) and yn := xn +θ∗

n ρmn−1wn . Due to the line search strategy proposed
in theAlgorithm, we have fab(xn+ρmn−1wn)− fab(xn) > −τρmn−1‖wn‖2, which, together
with (27), (28) and (29), implies that

−τ‖wn‖2
< 〈vn, wn〉
= 〈z∗n + b(yn − πb(yn)) − a(yn − πa(yn)), wn〉
≤ 〈z∗n, πa(yn) − πb(yn)〉 + 〈z∗n, wn − (πa(yn) − πb(yn))〉

+〈b(yn − πb(yn)) − a(yn − πa(yn)), wn − (πa(yn) − πb(yn))〉
≤ −μ∗||πa(yn) − πb(yn)||2 + 〈z∗n, wn − (πa(yn) − πb(yn))〉

+〈b(yn − πb(yn)) − a(yn − πa(yn)), wn − (πa(yn) − πb(yn))〉
≤ −μ∗||πa(yn) − πb(yn)||2 + L||πa(yn) − πb(yn)|| · ||wn − (πa(yn) − πb(yn))||

+[(b − a)||πa(yn) − yn || + b||πa(yn) − πb(yn)||]||wn − (πa(yn) − πb(yn))||,

(34)

where the second inequality follows fromLemma3.1 (d), the third one follows fromAssump-
tion (ii), the last one follows from Cauchy-Schwarz inequality. Moreover, by Assumption
(i), we have

||πa(yn)−πb(yn)−wn || ≤ (2+ L

a
+ L

b
)||yn − xn || = (2+ L

a
+ L

b
)θ∗

n ρmn−1||wn ||, (35)

||πa(yn) − πb(yn)|| ≤ [1 + (2 + L

a
+ L

b
)θ∗

n ρmn−1]||wn ||, (36)
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||πa(yn) − yn || ≤ ‖un‖ + ||πa(yn) − yn − un ||
≤ ||un || + (2 + L

a
)θ∗

n ρmn−1||wn ||

≤ [ 1
β

+ (2 + L

a
)θ∗

n ρmn−1]||wn || (37)

and then there exists bn with ||bn || ≤ 1 such that

πa(yn) − πb(yn) = wn + (2 + L

a
+ L

b
)θ∗

n ρmn−1||wn ||bn . (38)

Combining (34-38), we obtain

− τ < −μ∗[1 + 2〈 wn

||wn || , (2 + L

a
+ L

b
)θ∗

n ρmn−1bn〉 + (2 + L

a
+ L

b
)2(θ∗

n ρmn−1)2||bn ||2]

+L[1 + (2 + L

a
+ L

b
)θ∗

n ρmn−1](2 + L

a
+ L

b
)θ∗

n ρmn−1

+(b − a)[ 1
β

+ (2 + L

a
)θ∗

n ρmn−1](2 + L

a
+ L

b
)θ∗

n ρmn−1

+b[1 + (2 + L

a
+ L

b
)θ∗

n ρmn−1](2 + L

a
+ L

b
)θ∗

n ρmn−1. (39)

Our assumption that fab(xn) > 0 for all n implies that there are infinitely many positive
integers n such that either β‖un‖ ≥ ‖wn‖ or β‖un‖ < ‖wn‖. This, in turn, means that there
are infinitely many positive integers n for which either the inequality (33) or (39) holds.
Given that ρmn−1 → 0+, we have consequently either −(b− a − α) ≤ (L + b)β − (b− a)

or −τ ≤ −μ∗, both contradicting to Assumption (iii). This contradiction demonstrates that
the step length sequence {tn} generated by the Algorithm has a positive lower bound. This
completes the proof. ��
Proposition 5.3 Assume that the sequence {xn} generated by the Algorithm satisfies
fab(xn) > 0 for all n. Under Assumptions (i)-(iii), the following inequalities hold for
all n:

fab(xn+1) − fab(xn) ≤ −M1||xn+1 − xn ||2 (40)

and

d(0, ∂ fab(xn)) ≤ M2

t∗
||xn+1 − xn ||, (41)

where M1 := min{b − a − α, τ }, M2 := L + b + b−a
β

and t∗ is a positive lower bound of
{tn}.
Proof By Steps 3 and 4 of the Algorithm, we have 0 < tn ≤ 1, xn+1 = xn + tndn and
fab(xn+1) − fab(xn) ≤ −M1tn‖dn‖2 for all n. From this, we can immediately derive (40) .
By Lemma 5.1, we have

d(0, ∂ fab(xn)) ≤ (L + b)||wn || + (b − a)||un ||,
where L is given as in Assumption (i), and wn = πa(xn) − πb(xn) and un = πa(xn) − xn
are defined as in Step 3. If β||un || < ||wn ||, from Steps 3 and 4 of the Algorithm, we get
‖xn+1 − xn‖ = tn‖wn‖ and hence that

(L + b)||wn || + (b − a)||un || < (L + b + b − a

β
)||wn || = M2

tn
||xn+1 − xn ||.
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Alternatively, ifβ||un || ≥ ||wn ||, fromSteps 3 and 4 of theAlgorithm,we have ‖xn+1−xn‖ =
tn‖un‖ and hence that

(L + b)||wn || + (b − a)||un || ≤ β(L + b + b − a

β
)||un || ≤ M2

tn
||xn+1 − xn ||,

where the second inequality follows from the fact that 0 < β < b−a
b+L < 1 according to

Assumption (iii). In both cases, we get (41) by noting that the existence of a positive lower
bound t∗ of {tn} is guaranteed by Proposition 5.2. This completes the proof. ��
Remark 5.1 In light of (40) and (41) in Proposition 5.3, we confirm that the sequence {xn}
satisfies Assumption (H1) and a variant of Assumption (H2) in [5]. Notably, Assumption
(H2) in [5] requires an upper estimate of the form (41) for ∂ f (xn+1) (instead of ∂ f (xn)).
However, it remains unclear whether the sequence {xn} possesses a convergent subsequence
(i.e., whether Assumption (H3) in [5] holds). Consequently, [5, Theorem 2.9] cannot be
directly applied unless we assume either that {xn} has a convergent subsequence or that the
level set [ fab ≤ fab(x0)] is bounded. Nevertheless, the following theorem and its corollary
demonstrate that Assumptions (i)-(iii) collectively ensure the convergence of {xn} and the
nonemptiness of the solution set of (VIP).

Theorem 5.1 Assume that the sequence {xn}generated by theAlgorithm satisfies fab(xn) > 0
for all n. Under Assumptions (i)-(iii), the following assertions hold:

(a) The sequence fab(xn) converges Q-linearly to 0.
(b) The sequence xn has a finite length, i.e.,

∑+∞
n=0 ||xn+1 − xn || < +∞.

(c) The sequence xn converges R-linearly to a solution x̄ of (VIP).

Proof According to Proposition 5.3, (40) and (41) hold with M1 := min{τ, b − a − α},
M2 := L + b + b−a

β
and t∗ being some positive lower bound of {tn}.

We first show (a). By the line search strategy in Step 3 of the Algorithm, the following
hold for all n:

‖dn‖ ≥ β‖xn − πa(xn)‖, (42)

and
fab(xn+1) − fab(xn) ≤ −min{τ, b − a − α}tn‖dn‖2

≤ −min{τ, b − a − α}t∗‖dn‖2
< 0.

(43)

In light of (42), we get from Lemma 3.1 (a) that ‖dn‖2 ≥ 2β2

b−a fab(xn). This, together with
(43) and the definition of M1, implies that

fab(xn+1) ≤ −M1t
∗||dn ||2 + fab(xn) ≤ (1 − 2β2M1t∗

b − a
) fab(xn),

and hence that,
fab(xn+1)

fab(xn)
≤ 1 − 2β2M1t∗

b − a
=: η. (44)

Clearly, we have 0 < η < 1. Then, considering the fact that fab ≥ 0, and by definition [29,
pp.619-620], the sequence fab(xn) converges Q-linearly to 0.

To prove (b), we first observe that the following inequality holds for all n:

fab(xn) + fab(xn+1) ≥ 2
√

fab(xn) fab(xn+1),
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or equivalently,

√
fab(xn) − √

fab(xn+1) ≥ 1

2
√

fab(xn)
( fab(xn) − fab(xn+1)). (45)

In view of Assumptions (i) and (ii), we get from Lemma 4.2 that for all n,

d(0, ∂ fab(xn)) ≥ μ∗√ fab(xn). (46)

Combing (40-41) and (45-46), we have

√
fab(xn) − √

fab(xn+1) ≥ M1μ
∗t∗

2M2
‖xn+1 − xn‖ ∀n,

and hence

Sm :=
m∑

n=0

‖xn+1 − xn‖ ≤ 2M2

M1μ∗t∗
(
√

fab(x0) − √
fab(xm+1)) ≤ 2M2

√
fab(x0)

M1μ∗t∗
∀m.

Since the positive sequence {Sm} is increasing and bounded above, it must be convergent.
This establishes(b).

To prove (c), we first demonstrate that {xn} is a convergence sequence. Let ε > 0 be
arbitrary. Since {Sm} is a convergent sequence, there exists some positive integer N such that
for any p, q > N , we have |Sp − Sq | ≤ ε. Given that ‖xp+1 − xq+1‖ ≤ |Sp − Sq |, the
sequence {xn} is clearly a Cauchy sequence, and thus converges to some x̄ ∈ R

n . Since fab
is continuous and fab(xn) converges to 0, we have fab(x̄) = 0, i.e., x̄ is a solution of (VIP).
By the triangle inequality, the following inequality holds for all positive integers n and m
with m > n:

‖xn − x̄‖ ≤
m∑

k=n

‖xk+1 − xk‖ + ‖xm+1 − x̄‖.

In view of (b) and the fact that ‖xm+1 − x̄‖ → 0 as m → ∞, we have

m∑
k=n

‖xk+1 − xk‖ + ‖xm+1 − x̄‖ →
∞∑
k=n

‖xk+1 − xk‖ as m → ∞,

and hence

‖xn − x̄‖ ≤
∞∑
k=n

‖xk+1 − xk‖.

Using (40) and (44), we further derive

‖xn − x̄‖ ≤
∞∑
k=n

√
fab(xk)

M1
≤

√
fab(xn)

M1

∞∑
k=0

√
ηk =

√
fab(xn)

M1

1

1 − √
η

=: ζn,

and

ζn+1

ζn
=

√
fab(xn+1)

fab(xn)
≤ √

η.

Since 0 < η < 1, we have 0 <
√

η < 1. Then by definition [29, pp.619-620], ζn converges
Q-linearly to 0, and xn converges R-linearly to x̄ . This completes the proof. ��
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By noting that Assumption (iii) can be ensured by appropriately setting the parameters
α, β, and τ under Assumptions (i) and (ii), the above convergence theorem implies that
Assumptions (i) and (ii) together guarantee the nonemptiness of the solution set of (VIP).

Corollary 5.1 Consider the (VIP) with F being globally Lipschitz continuous. If there exists
some μ > 0 such that the inequality

〈∇F(x)(πa(x) − πb(x)), πa(x) − πb(x)〉 ≥ μ||πa(x) − πb(x)||2

holds for all x ∈ R
n where F is differentiable, then the (VIP) has a solution.

6 Concluding remarks

In this paper, we studied the D-gap function for a nonsmooth and nonmonotone variational
inequality problem.Byderiving exact formulas for the subderivative and the regular (limiting)
subdifferential set of the D-gap function, we established necessary and sufficient conditions
for the Kurdyka-Łojasiewicz (KL) inequality property and the error bound property of the
D-gap function. Moreover, we demonstrated how these results can be applied to analyze the
linear convergence of certain derivative-free descent algorithms with an inexact line search.

For future research, we plan to extend our techniques and subdifferential formulas to other
gap functions (see [12]) that rely less on projections. Furthermore, our objective is to develop
more efficient algorithms that involve minimal projections when determining step sizes by
(25) and (26).
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