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Abstract—In massive multiple-input multiple-output (MIMO)
systems, the balance between cost and performance has made
low-bit, especially 1-bit, analog-to-digital converters (ADCs) an
indispensable part of the solution. To address the severe quan-
tization errors inherent in such quantization schemes, in this
paper, a novel 1.5-bit ADC quantization scheme is proposed.
Its information entropy varies with the user-defined threshold
but remains bounded by log, 3, requiring only one additional
comparator beyond a 1-bit quantizer. This three-level design
effectively reduces the large quantization loss incurred by 1-
bit ADCs. Leveraging the Price theorem and Mehler’s formula,
we derive the 1.5-bit correlation estimator and analyze the
approximation error using a first-order Taylor expansion. Qur
findings reveal that, at low signal-to-noise ratios (SNRs), the
eigenvalues of the 1.5-bit covariance matrix are nearly identical to
those of the unquantized covariance matrix. This allows direct
parameter estimation without the need to reconstruct the un-
quantized covariance. Moreover, we show that the approximation
error for 1.5-bit measurements is much smaller than that of 1-
bit quantization in high SNR conditions. Based on the derived
correlation estimator, an algorithm is proposed for recovering the
unquantized covariance matrix using a gradient descent method.
Simulation results obtained by applying our proposed algorithm
to DOA estimation show that, the 1.5-bit scheme is robust to the
choice of the threshold value, and significantly outperforms 1-bit
quantization without much increase in cost.

[] Index Terms—1-bit quantization, DOA estimation, 1.5-bit
quantization, low-bit quantization.

I. INTRODUCTION

Direction of arrival (DOA) estimation is a key research
topic in array signal processing, with widespread applica-
tions in radar, sonar, and wireless communications [1]-[4]. In
particular, large-scale antenna array systems such as massive
MIMO have become a focus of research in the community [5]],
which provide an opportunity for achieving a much improved
DOA estimation performance; however, if implemented in
a fully digital manner, significant increase in computational
complexity is inevitable. To mitigate concerns about hardware
cost, power consumption, and real-time processing capabilities
for a large-scale antenna array, low-bit analogue to digital
converters (ADCs) have gained popularity in such applications
owing to their low-cost and complexity.

In low-bit quantizer design, the zero-threshold 1-bit quan-
tizer is widely known for its simple hardware structure and
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minimal cost, requiring only a zero-threshold comparator to
preserve signs of the sampled data. Early research on 1-bit
systems focused on topics such as Bussgang’s theorem [6], the
arcsine law [7]], [8]], and frequency estimation using 1-bit sam-
ples [9]], [10], demonstrating that the 1-bit correlation results
can be used to reconstruct the full-precision correlation result
under the zero-mean Gaussian assumption, so that satisfactory
DOA estimation performance can still be achieved using 1-bit
samples. However, the power information is lost in the zero-
threshold quantizer, while in many applications such as local-
ization in wireless sensor networks, the power information is
crucial to the success of some developed algorithms. As the
result, non-zero threshold 1-bit quantizer capable of recovering
both power and correlation information of the unquantized
data was then developed [11]]. Recently, several mixed-ADC
architectures have been proposed by combining one-bit and
high-resolution ADCs to mitigate the severe quantization loss
inherent in purely one-bit systems [12]], [[13].

For DOA estimation under 1-bit quantization, the arcsine
law plays a central role. In [[14], a time-varying threshold
was introduced for 1-bit quantization, and the arcsine law was
numerically modified to reduce quantization errors. Since prac-
tical signals are often non-stationary, the modified arcsine law
was further extended in [[15] with 1-bit time-varying thresholds
to cover non-stationary signals. Meanwhile, the performance
of the 1-bit non-zero threshold quantizer proposed in [[11] was
analyzed in [[16] for Gaussian stationary signals. In addition,
it was shown in [[17] that the arcsine law remains valid for
complex elliptically symmetric (CES) distributions, allowing
heavy-tailed distributions (e.g., complex Cauchy, complex T-
distribution) to follow the arcsine law.

Along the development of 1-bit quantizers, under sub-
Gaussian distributions, a two-bit quantizer was introduced
in [18]], with two distinct quantizations performed on each
sample using independent dither signals, enabling full covari-
ance information recovery. Moreover, an adaptive threshold
scheme was proposed to optimize the involved dithering
parameters [[19].Besides that, recent theoretical advances [20]
show that dithering-based quantization with outlier truncation
achieves near-minimax optimal recovery for quantized com-
pressive sensing and covariance estimation, even under heavy-
tailed or non-Gaussian models. It is demonstrated in [21]] that
leveraging Toeplitz structure enables bit-efficient covariance
estimation. For the 2-bit case, typically its covariance esti-
mation relies on algorithms that iteratively reconstruct the
unquantized covariance matrix under sign constraints [22].
Earlier work [23]] analyzed 2-bit correlation estimators based
on numerical double integration, but did not provide a closed-

© 2025 IEEE. Personal use of this material is permitted. Permission from IEEE must be obtained for all other uses, in any current or future media, including
reprinting/republishing this material for advertising or promotional purposes, creating new collective works, for resale or redistribution to servers or lists, or
reuse of any copyrighted component of this work in other works.



form estimator analogous to the arcsine law for 1-bit quantiza-
tion. Therefore, multi-bit quantization methods, while offering
more information, often entail higher computational com-
plexity and lack simple closed-form solutions for covariance
recovery.

Compressive sensing (CS) has also been adapted for 1-bit
measurements using several strategies. Early zero-threshold
methods [24]-[26] use simple sign detectors, but they suffer
from amplitude ambiguity. Non-zero thresholds are employed
to embed extra information for norm recovery and noise
robustness, although they are sensitive to threshold selec-
tion [27]. A Bayesian framework via generalized approx-
imate message passing (GAMP) leverages separable priors
to extend applicability beyond sparse signals in [28]. Time-
varying thresholds [29]] and dithering-based methods [30] offer
dynamic adaptation and compatibility with structured matrices,
albeit at increased computational cost.

In this paper, to address the problem of excessive quanti-
zation error associated with conventional 1-bit ADCs, without
significantly increasing the cost in terms of storage require-
ment and sampling speed, a 1.5-bit quantization framework
is developed. Specifically, the proposed scheme employs two
symmetric nonzero thresholds, partitioning the signal am-
plitude into three levels, thereby capturing more detailed
information than the traditional 1-bit approach. This design
significantly reduces quantization error while maintaining low
hardware complexity. Notably, in contrast to the typical 2-
bit quantizer, the 1.5-bit scheme utilizes only two symmetric
nonzero thresholds, thereby requiring one less comparator.
When the quantization thresholds are optimally chosen, the
1.5-bit quantizer provides substantial performance improve-
ment over the conventional 1-bit approach, while achieving
estimation accuracy that is very close to that of the 2-bit
quantizer, but with reduced implementation complexity. More-
over, unlike our previous conference publication [31] based
on the empirical observation that the correlation estimator
exhibits an arcsine-like relationship as in 1-bit quantization,
this work rigorously derives a closed-form expression for the
1.5-bit correlation estimator, establishing a solid theoretical
foundation for the proposed method.

Our main contributions are summarized as follows:

¢ Closed-form correlation estimator for the 1.5-bit and

multi-bit quantizers: Building on the 1.5-bit quantizer
proposed in our conference publication [31]], we leverage
Price’s theorem [32]], Mehler’s formula [33]], and Hermite
polynomials [34] to derive a closed-form polynomial-
form correlation estimator. This theoretical framework
is further extended to the general multi-bit quantization
case, allowing for a unified closed-form correlation es-
timator for arbitrary symmetric multi-bit quantizers. We
also point out that, in contrast to [23]], which numerically
evaluates the 2-bit correlation estimator via double inte-
gration, our results provide explicit analytical formulas.
o Feasibility and practical advantages of direct use of
multi-bit sample covariance: It is rigorously shown
that the covariance matrix obtained from 1.5-bit mea-
surements can be employed directly for DOA estima-
tion under low-SNR scenarios, and for high-SNR cases

its performance remains almost indistinguishable from
that based on the reconstructed unquantized covariance,
however, for the classic 1-bit scheme, the performance
of this method degrades noticeably [35]]. Importantly,
this property is also generalized to the multi-bit setting,
where the normalized unquantized covariance can be
reliably estimated using the multi-bit sample covariance,
thus bypassing the need for computationally expensive
polynomial inversion in practical applications.

o Gradient-based covariance reconstruction, order se-
lection, robust thresholding, and comparative anal-
ysis: Building on our derived correlation estimator, a
gradient-descent approach is developed for reconstructing
the unquantized normalized covariance matrix. In paral-
lel, we determine through simulations a suitable polyno-
mial order for truncated expansions, balancing computa-
tional overhead and estimation accuracy. Furthermore, we
empirically validate the robustness of threshold selection
in the 1.5-bit scheme and provide a practical reference
threshold. We also present a reference threshold for the
2-bit case, and conduct extensive comparisons with 1-bit
and 2-bit methods. The results demonstrate that direct
DOA estimation using the 1.5-bit and 2-bit sample co-
variance matrices achieves comparable accuracy to that of
the reconstructed unquantized version, while the 1.5-bit
quantizer, requiring only one additional comparator than
the 1-bit case, delivers substantial performance gains. In
contrast, the performance improvement from 1.5-bit to
2-bit quantization is marginal, despite its much higher
hardware complexity.

The paper is organized as follows. The 1-bit quantization
scheme is briefly reviewed in Section II. The 1.5-bit quan-
tization design and its closed-form correlation estimator are
presented in Section III. Its application to DOA estimation is
detailed in Section I'V. Simulations are performed in Section
V and Section VI concludes the paper.

II. Low-BIT QUANTIZATION SCHEMES
Consider a general b-bit quantizer that partitions the real
axis R into A = 2° adjacent intervals:
IkZ[tk_l,tk), k=1,2,...,A, (1)

where tg = —00, t4 = 400, and tp e Rfork=1,...,A—1.
When an input p falls into the interval I, the quantizer outputs
a corresponding discrete level z:

2 = Qu(p) if p € Iy, 2

where Q,(+) denotes the quantization operation.

As a special case, consider the 1-bit quantizer (b = 1) with
a threshold a: Iy = (—oo,) and I, = [a, +00). For the
classical sign quantizer, set o = 0:

zZ1 = —1,
22 = +1a

p <0,

p>0. )

Qi(p) = {

Consider two zero-mean jointly Gaussian random variables

x1 and xo with variance cri,, and define their correlation as
ry = Elxi2s].



Applying the 1-bit quantizer yields y; = sgn(z;) for i =
1,2. The correlation 7, between y; and ¥ is then related to
T, via the well-known arcsine law [7]: r, = %arcsin(;—g),
where o2 is the signal variance.

For the 2-bit case (b = 2), the real axis is partitioned into
four intervals by three thresholds, typically chosen as —A, 0,
and +A (with A = ko,, K > 0): I; = (—00,—A), Iy =

[-A,0), I3 =[0,A), and Iy = [A, +00).
The quantization rule is then
z1=-3, x<—A,
z=-1, —A<z<0,
x,A) = 4
@( ) zz=+41, 0<x <A, @
24 =43, x> A.

The 2-bit rule and the following proposed 1.5-bit quantizer
share the same outer decision thresholds £A. In the 2-bit
scheme, an additional threshold at the origin yields four output
levels —3, —1,+1,43. The 1.5-bit design removes this inner
threshold: all samples between +A are mapped to the central
output level 0, producing the three-level alphabet —1,0, +1.
We next detail this 1.5-bit scheme.

A. Proposed 1.5-bit Quantization Scheme

The 1.5-bit quantizer employs the same pair of symmetric
thresholds £A as the 2-bit case, but omits the central zero
threshold:

+1, x> A,
Qis(x,A) =40, —A<x<A, (5)
-1, x<-—A.

Note. Unless explicitly stated otherwise, we assume through-
out this paper that the variance o2 of each unquantized signal
is known.

Here “1.5-bit” is just a nominal term, and clearly the actual
information entropy of the quantizer output is affected by
the threshold; hence the maximum information entropy of a
1.5-bit quantizer is logs3. Essentially, this refers to a three-
level quantization scheme that lies between the traditional 1-
bit (two-level) and 2-bit (four-level) schemes, and represents
the most hardware-efficient extension beyond 1-bit, while
its practical performance in DOA estimation remains largely
unexplored. Our work here will try to clarify how much
performance can be gained by moving from 1-bit to 1.5-bit
quantization, and how close this comes to the 2-bit (4-level)
case.

III. 1.5-BIT QUANTIZATION AND CORRELATION
ESTIMATION
A. Derivation of 1.5-bit Quantization Correlation Estimator

Consider two arbitrary zero-mean Gaussian signals, x1(t)
and x4 (t), with standard deviations o, and o,,, respectively,
and cross-correlation r, = E[z1(¢)z2(¢)]. Their normalized
correlation coefficient is defined as p, = w

After the quantization operation, the quantlzed2 signals are

given by y1(t) = Q(w1(t), A1) and yx(t) = Q(z2(t), Ag),

with quantization thresholds defined as Ay = ko, and Ay =
KOg,.

The objective is to derive a mathematical relation-
ship between the cross-correlation of the quantized signals
E[y1(t)y2(t)], and the original normalized correlation coef-
ficient p,. This derivation is crucial because it enables us
to recover the original covariance matrix from quantized
measurements, which is required for applications such as DOA
estimation. To facilitate this derivation, we make use of the
following Price’s theorem [32].

Theorem 1. To jointly Gaussian random variables x1 and
xo with joint probability density function p(x1,x2) and for a
Sfunction g(x1,x2) that vanishes at infinity, the nth derivative
of Elg(z1,x2)] with respect to the correlation coefficient p is
given by

n 2n
0 E {6 g(a:l,scg)} . ©)

ﬁE[Q(%’!Ez)] = 0279z

To simplify the notation in the derivation process, we drop
the explicit time dependence and denote x1(t) and xo(t)
simply by x; and xo, and similarly y;(¢) and y2(t) by y1
and y,, and the normalized correlation coefficient p, of x
and x2 as p. In this context, we set g(x1,22) = Y1y2 =
Q(x1,A1) Q(x2,As), Then, the Price’s theorem can be ap-
plied to derive the 1.5-bit correlation estimator E[y;ys]. Using

Theorem [T] l we have:
A A
)
Oy Oy

==L
(o) rolerz))

-p(z1, z2) dzy dxa,

)

where 4(-) is the Dirac delta function. It can be rewritten as:

OE[y132] A Ay A Ay
TEWG _ g (8L 22) 19 -
dp P Oy ’ Oz, ep Oy ’ Oy ®)

= 2p(k, k) + 2p(k, —k),

where
(5,1) :
PR, k) =
2704, Ouy/ 1 — p?
1 K2 K2 2pK? ©)
P <2(1 - PQ) {0‘%1 073202 a Ux1amz]> 7
() :
p(k,—k) =
2704, 0p0/ 1 — p?
5 5 (10)

( 1 |:I€ LR 2pK> ])
exp| —=——— | 5 + — .
2(1 - 02) 0'%1 0-32;2 Oz,0x,

The right-hand side of (8) can be simplified according to
Mehler’s formula [33]], which is:

1 _ (u +0° ) 2puv oo
V1 —p26 Z:

where H,,(u) is a Hermite polynomial that can be generated
by Rodrigues’ formula [36]]

) Hy (v) (11)

Coadh e
H,(u) = (-1)"e" e (12)



After integrating p on both sides of (8), we have:
1 > pn+1 9 K
E =—e " § )
g2 = e [ 2+ 1)1 "\ V2

n+1 K K

+ H,|—=|H. | —= |-
S ot () (23]
Lemma 1. For any integer n > 0, the Hermite polynomial
H, (x) satisfies the parity property H,(—z) = (—1)"H, ().
In particular, H,,(z) is an even function if n is even and an
odd function if n is odd.

The proof of Lemma [I] is provided in Appendix
Based on Lemma [T} (I3) can be simplified to:

13)

St 2n+1
2 p 5 (K
= g2 ().
¢ 7;22"(2714-1)! 2”(@)

to a more general form, we need to
\’/“5 in a generic expression. The power

Ely1y2] = (14)

To transform
represent HZ,

k, 2k
series of e~ is e = Y2 (_136!”7 . Taking the 2nth

derivative of the function x2* with respect to =, we have
2n ! . . .
4 a?k = (2122162);1)! 2k=2n_ Thys, the Hermite polynomial

K

Hs,, for z = 7 is:

H, (,.@) (1) (f)zi 1)%(2k)! <,€)2k—2n
"\ V2 EN(2k —2n)! \ /2
15)
Finally, the cross-correlation E[y;y2] with p is obtained:

Z 2%?2 !
1)

k+ 2[{)( ) p 2k+2j—4n
sz'; I(2k — 2n)!(2] — 2n)! <x@>

(16)
When x = 0, i.e., the 1-bit zero-threshold case, based on
Lemma [ we see that when n is odd, H,(0) = 0, and when

E[y1y2] =

n is even, Hs,(0) = (— 1)”2(3(72),, hence:
2 o 2k+1
Elyie] = 2 [Z EIE TR ]
O’f;: (17)
_2 Z S L0 L
Ll 2k +1) ’

where ZZO:() %p is the Taylor series of

arcsine(p). Thus, we obtain the well-known arcsine law
Elyrys] = 2

2k+1

Zarcsin(p) for 1-bit quantization with a zero
threshold. Although this result was established more than half
a century ago by Van Vleck [7] using geometric integration
arguments, the above derivation starts from the Price-Hermite
expansion of 1.5-bit. Therefore, this perspective connects
the classical 1-bit result with 1.5-bit quantizer via the zero-
threshold limit. And further based on the work of [35]], the

series expression of the arcsine law played a key role in the
subsequent comparison of the approximation error at 1.5-bit
in Lemma

To ensure accuracy for the nth order polynomial solutions,
we next prove convergence of (I6) under an arbitrary .

Lemma 2. Define as: f(p) = > o2y aant1 P21, where
the coefficient is :
1 k2 1
Agny1 = —€ "
LT T o (20 +1)!
S5 iy (e O
7 1C
P klj 2k‘ 2n)! (25 — 2n)!
Then, for |[p| < 1, the series > oo asnt1 p?" ! converges

absolutely.

The proof is provided in Appendix [B] and it will be
used in the subsequent feasibility proof for recovering the
unquantized correlation with a correlation estimator using a
gradient descent method.

Remark 1. Since the full closed-form expression of (16)
is too complex, for simplicity in the following analysis,
unless otherwise stated, we use the form of Elyiys] =
2 —Ii p2n+l

2 Y00 i Han (U5

B. Derivation of the Correlation Estimator for General b-bit
Quantization

Although Price-Hermite-based frameworks for correlation
estimator of 1-bit non-zero threshold quantization have been
investigated in recent works [11]], [16], to the best of our
knowledge, a unified explicit expression for the general multi-
bit case has not yet been presented in literature, and the
recent multi-bit based DOA covariance recovery problem is
mainly solved by constructing optimization and sign constraint
problems [22]. In this subsection, we provide a derivation of
the correlation estimator for arbitrary b-bit quantization.

After the b-bit quantization process of x; and x5, the
outputs are y; = @Qp(z1), and yo = Qp(x2), where Qp(-)
denotes a generic b-bit quantizer (see Section [[I}), specified by
output levels {z;}71, and thresholds {t;}#_. For the first
signal x;, define normalized thresholds ux = tp/(v/204,),
(k = 1,...,A — 1); for the second s1gna1 x9, similarly
define levels {zm}m 1» thresholds {t,,}*~} and normalized
thresholds vy, = t,,/(V/204,), (m =1,..., A —1).

Our goal is to characterize the relationship between the
quantized correlation E[y;y2] and the underlying coefficient
p for arbitrary b-bit quantization.

Applying Theorem [I] and exploiting the piecewise-constant
nature of @Q(-), we have

OE[yrge] _ [ 0
ap al‘lal'g

This yields a sum of Dirac delta functions at the quantizer
thresholds, weighted by output level differences Az, = zp11—
zk, giving

OE| 1=
y1y2 Z Z AzgAzy plu,vp).  (20)
k=1 m=1

(Qu(71)Qp(w2)) (19



By expanding p(ug, v,,) using Mehler’s formula [33], we

obtain:
TL

3E y1y2 1 >
=5 X_j oA, @1
where
A-1A-1
A, = Z Z Az Az, exp(—u 7n)Hn(uk)Hn(vm).
k=1 m=1

(22)

Integrating both sides with respect to p, and noting that for

symmetric quantizers E[y1y2]\p:0 = 0, we finally obtain the
general b-bit quantization mapping:

1 An n+1
]E[ylyQ] 2 Z mp . 23)

IV. 1.5-BIT QUANTIZATION SCHEME FOR DOA
ESTIMATION

A. General Array Signal Model

Consider K narrowband far-field sources, denoted as s;, for
k=1,2,..., K, impinging on an M -sensor linear array from
directions 6, € [—90°,90°]. The sensor locations are defined
by the set 1D, where each sensor is positioned at % with
ri € Z,1=1,2,...,M, and X\ being the wavelength of the
signals.

The received signal at the sensors can be expressed as:

x(t) = A(0)s(t) + n(t),

where x(t) € CM*1 denotes the observed signal vector at
time ¢, s(t) € CK*! represents the source signal vector,
and n(t) € CM*! the additive noise vector. The steering
matrix is A(f) = [a(61),a(b2),...,a(0k)], with a(;) =

[e—j7-17rsiIl(91:)7 e—Jram sin(éi)’ ) 7e—j7'M7rsin(91,)]T.

(24)

The covariance matrix of the received signals is:

}—Zaa

where o2 denotes the power of the ith source signal s;(t),
i = 1,2,...,K, and 02 denotes the power of the additive
noise n(t) at each sensor.

The normalized correlation coefficient p;;, between signals
received at sensors j and k can be expressed as:

Rl
[R5 [Rac]
When j = k, the normalized correlation coefficient pj;, = 1.
According to [35] if the power of sources is equal, i.e.,
0? =05 =--- =07 =02 and define { = Z
pjx for 51gnals at the jth and kth sensors is:

YK a;(0:)a;(6;)
) .
K+ 3

_E{X )+O’ I]V[, (25)

pir = R(pjx) + 7S(pjx) = (26)

2 , the correlation

Pik = 27)
Observing (27), it is easy to see that p;) increases as the SNR
increases (i.e., the source power increases given a fixed noise
power) or as the number of sources K decreases.

B. DOA Estimation Based on Normalized Covariance Recon-
struction Using the Gradient Descent Method

When applying the 1.5-bit quantizer to received array signal
x(t), the gth element output of y(¢) is:

75 Q1)) ) + Q3 (1}, ).
2

where R{x,(¢)} and S{z,(t)} denote the real and imaginary
parts of the gth element z,(t)of x(¢), respectively. The factor
% is used to normalize the power. The Q function outputs
+1, 0, or —1 depending on the input value z,(¢) and the
threshold value A.

As the received y(t) is complex, we decompose it into two
real-valued vectors y(t) = [v(t)T,b(t)T]T, where v(t) =
R{y(t)} and b(t) = I{y(t)} are both M x 1 real-valued
vectors. The covariance matrix of ¥(¢) can be expressed as:

R, B0 = [R7 ).

where each block is an M X M matrix defined as
Ryv = Ev@#)v(®)T], Rep = E[b(t)b(t)T], and Ryp =
E[v(t)b(t)T]. Similarly, the original complex signal x(t)
can be expressed as x(t) = [u(t)?,i(t)T]?, where u(t) =
R{x(t)} and i(t) = I{x(¢t)}. The unquantized covariance
matrix Ry with separate real and imaginary parts is then given
by:

Yq(t) = (28)

(29)

Ry = E[xxT] = {R““ (30)

Rui:l
RT '

Ri
The covariance matrix we hope to reconstruct for DOA
estimation is:

Ry =E[x(t)x(t)"] = Ruu + Rii — j(Rui — RY;).
) 31
The normalized covariance matrix Ry is
Ry =Dy 'RyD, ! (32)

where Dy = diag([oy,,-..,04,,]) is assumed to be known.
Correspondingly, we define the normalized block covariance
matrix as

~ R R..:

Rx — Luu Lui , (33)
[R?;i Rii}

where, Ry = DxflRuqufl, and :similar for the other

blocks, with all diagonal entries of Ry equal to 1. The

normalized complex covariance matrix is then recovered by

Ry = Ruu + Rii — j(Ruwi — RY). (34)

Our method directly outputs Ry, which suffices for
subspace-based DOA estimation algorithms such as MUSIC,
since the spatial spectrum depends only on normalized corre-
lation.

Recovering the normalized covariance matrix Ry from Ry,
involves a reconstruction function based on (14). Instead of
a simple expression like the arcsine law as in the 1-bit case,
the equation represents an infinite series.

To  approximate the infinite
right-hand side of (I4) by a

the
define

series on
finite  sum,



_H 2n41 "
fn(p) =2 Zn 0 zwp(zinH)HZn (\/5‘2 as the truncated
series, Where the sum is taken over the first NV 4+ 1 terms,
and assume the normalized threshold x is already known.
Since fn(pjx) is a polynomial of order N + 1, solving
fn(pje) = [Ryljr yields N + 1 roots in the complex
plane. To ensure that pj; falls within the physically valid
domain (real part within the range of [-1,1]) and numerically
well behaved (small imaginary part), additional constraints
need to be imposed on pj;. So we construct the following
minimization problem:

N 2
) = ‘fN(ij) — [Ryljn
S.t. —-1< %(ij) <1,

0 < Spjr) <e.

min  L(pj
Pik
(35)

where ¢ is a tiny value of tolerance.
Lemma 3. Let D = {p e C: -1 < Rp < 1,0 <

S(p) < e be the domain of interest. Assume that the

truncated series fn(p) converges absolutely on D, so fn(p)

is analytic on D. Define L(p) = ‘fN(p) - R‘ . Then L(p)
is continuously differentiable on D, and its gradient satisfies
a local Lipschitz condition. Specifically, for every pg € D
(where pg is any fixed point in the domain D), there exists a
neighborhood U C D of py and a constant ' > 0 such that
for all p1,p2 € U (i.e., any two points in this neighborhood),
IVL(p1) — VL(p2)|| < K ||p1 — p2||. Since L(p) is contin-
uously differentiable (C') on D, its gradient VL(p) remains
well-behaved in any sufficiently small neighborhood around
po, ensuring that the local Lipschitz condition holds.

The proof of Lemma [3]is provided in Appendix [C]

Based on Lemma can be solved using the gradient
descent method. The gradient of L(p) is :

oL . oL
VL(pjk) = R(o30) +u- FRIk (36)
where
oL ~ Ofn
—_— =2 1) — [Rylip ) ——— 37
and
oL o) 9N
3 = 2 (o) = Role) gy 69

The partial derivative of fx(p;,)) with respect to the real
and imaginary parts of pjj, is:

Ofy _2, N n+1l o,
M) o Z 2”(n+ 117k o)
H,
<\/§0I1> \fawk
8fN 2 P jrk (n+ l)i "
S(pjr) B nz:% 2n(n + 1)!ij w0

R
H,| ——
(\@Ua:

After substituting {@0) into (38) and (@9) into (@7)), and
then substituting and (@B8) into (B6), we have the full

gradient expression:

2

VL(og) = we 75 (Fom) — Ryl
,;)T‘Zztrll)'p’k ( ) (\faxk) @)
+i- %{W (fN(ij) - [Ry]jk)

(n+1)i

2 g it (Vo) ()

Hence, the update rule of the gradient descent method is:

p;ZFFl) — p(m) — an VL (pgzl)>7 where pgzl)

at the mth 1teration, and «,, > 0 is the step size.
Following the constraints of (35), after updating, we should
project pﬂ”l) to D:

is the estimate

Projp(pjk) = (max(—l,min(?ﬁ(pjk), 1)))

+i<m1n(max( (pjr),0), )) @

When the following condition is satisfied |L(p mH))

L(pﬁzl))| < ¢, the iteration stops and we obtain the final result
of pjr.

A summary of the steps is provided in Table Algorithm
Given a finite number of snapshots P, the real-valued 1.5-bit
covariance matrix f{y (or its complex counterpart Ry) must
be estimated empirically as

1 P
=5 ;y(tmtﬁ

This sample covariance f{y is then processed by Algorithm
to yield an estimate Ry of the real-valued normalized covari-
ance matrix in the augmented real domain. By recombining
the real and imaginary parts according to (34), we recover the
estimated normalized complex covariance matrix R.

When the signal variances {02 } are known, the full co-
variance matrix can be reconstructed as Ry = Dy Ry Dy,
enabling direct application of subspace-based DOA algorithms
such as MUSIC.

Nevertheless, for subspace-based methods, only the sub-
space structure of Ry is relevant. The eigenvectors of the
normalized and full covariance matrices differ only by a
non-singular scaling, which preserves the spatial signatures
required by MUSIC and related estimators. Therefore, even
if the signal variances {a%j} are unknown, accurate DOA
estimation remains feasible based solely on the estimated
normalized correlation matrix R.

(43)

Remark 2. The framework of reconstructing correlation co-
efficient matrix in Algorithm [I| can be applied to any b-
bit quantization schemes, with only one modification to its
gradient (see in line 8 of Algorithm [I). Specifically, replace



Algorithm 1 Normalized covariance matrix reconstruction
from 1.5-bit array signals using the gradient descent method

Input: 1.5-bit array signal y(t), parameters , tolerance e,
maximum number of iterations M.x, Step size g,
polynomial order N.

Output: the reconstructed original normalized complex co-
variance matrix R.

1 y(t) = [v)T,b#)T)T € R2M,

2: Estimate sample covariance matrix Ry € R2M*2M pased
on P snapshots.

3: for each pair (j,k), 1 < j,k < 2M do

4: Note: The element [Ry] i corresponds to a value pjy,
and pj; =1 when j = k.

s Initialize pl)) € D.

6: repeat

7: Compute gradient VL(pﬂT)) using equation (4T).

8 Update:

m—+1 m m
p;‘k ) — pgk) - a’rnvL(pE‘]q ))

9: Project:

(m+1)

(m+1)
Pik

 Projp (oY),
10 until [L(p$) — LS ) < € or m > Minax
11:  Set final estimate: pjj, < pg.r,:).

12: Update the entry of: [Rx];x < pjk.

13: end for

14: Reconstruct the original Ry € CM*M;

Rx = Ruu + Rii — j(Rui — RY;).

the gradient of 1.5-bit scheme L(p;f)) by the gradient of
multi-bit scheme L (pgzl))

N
2 ~ A,
VLy(ps) = = (on(ose) = Rylje) D oot ofks (44
n=0
where gy (p) is the correlation estimator for the b-bit quantizer

(23), and A,, is defined in (22).

C. DOA Estimation Using the 1.5-bit Covariance Matrix

As can be seen from Section [[V-B| unlike the 1-bit scheme,
where we can use the simple arcsine law to recover the
normalized covariance matrix Ry, in the 1.5-bit case, an
iterative optimization process has to be employed to recover
R, from f{y, as shown in Algorithm |I| and it has a very
high computational complexity. In this part, we would like to
show that in most of the cases, we can use R, directly for
DOA estimation without going through the additional stage of
recovering Ry from it. We refer to the approach that directly
uses Ry as an approximation to the unquantized covariance
matrix for subspace estimation as Algorithm 2.

To derive the result, we first give the following lemma.

Lemma 4. Let all the diagonal entries of Rx be p, ie.,
diag(Rx) = pI, where I denotes the M x M identity matrix.
Under the condition of a sufficiently small |p| € [0,1], Ry

can be approximated by Ry ~ cRx + I, where ¢ and ¢
depend on x and p. Consequently, R, and Ry share the
same set of eigenvectors, thus leading to identical signal and
noise subspaces. In other words, Ry can be used directly for
subspace decomposition without reconstructing Ry.

Proof. If j # k, the truncated series can be expanded as:
" 0 " O
N )p2+ N()B_._

fn(p) = fn(0) + [ (0)p + =55 5’
2 4% —2) _ 2
%0+7€np+0_p2_~_(” )efn 3 (45)
s 67
2 2 .
~ e " p+0(p?).
™

Assume |p| is small enough. For non-diagonal entries
(e, (j # k) of Ry, one may approximate [Ry|j. ~

p%e”‘”“z [Rx];x, where on the diagonal, it has [Ry];; = 1
and [Rx];; = p. Thus, collecting diagonal and off-diagonal

elements, one obtains

Ry — ding(Ry) = (Z ™) (Ry— ding(Ry)),  (46)

us

2
Let c = % e~ . Then, we have:

Ry%I—l—c(Rx—pI) =cRyx + €I, 47

where ¢ = 1 — cp. Since Rx can be diagonalized as
R, = VAV, for any eigenvector v of Ry associated with
eigenvalue ~;, we have

Ryv~ (cRx—l—EI)v:c%-v—Fav: (C’yi +5) v. (48)

Hence v remains an eigenvector of Ry, but the corresponding
eigenvalue is shifted to c x;+¢. This eigenvalue shift preserves
the relative order of eigenvalues for small p, which in turn
preserves the partition between signal subspace and noise
subspace. O

Therefore, based on Lemma [Z_f], R, and R share a similar
set of eigenvectors under the small-p assumption, and once
we obtain Ry, the subspace-based methods such as MUSIC
can be applied directly by employing the 1.5-bit measurements
based covariance matrix Ry to estimate DOAs.

As we know, the maximum first-order approximation error
of 1-bit is 2|arcsin(1) — 1| ~ 0.36, and the error of 1.5-bit
approximation is Afn(p) = fn(p) — %e”‘“gp; when p = 1,
the maximum error would decrease with the increase of x;
however, it is not clear what happens to this error when p #
1. Inspired by the polynomial series of 1-bit case at the end
of Section we conjecture that for the 1.5-bit case, we
could further relax the condition that p be sufficiently small
in Lemma [] and thus we propose the following Lemma [5]

Lemma 5. Define the first-order approximation errors

2
Afwi(p) = —aresin(p) — p], (492)
2 2
Afn(p) = fn(p) = —e™" p. (49b)
Then, for every x > 0 and every p € [—1,1], |[Afn(p)| <

Af N1(|P|)-
The proof of Lemma [5]is provided in Appendix
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Fig. [T illustrates how the first-order approximation changes
with p for several threshold values x. All 1.5-bit curves lie
well below the 1-bit reference suggesting that the “small-p”
condition is much less restrictive for the 1.5-bit quantizer.
Lemma [5 formalizes this observation: for every x > 0
and every p € [-1,1], [Afn(p)| < Afi(p), so the first-
order linearization error of the 1.5-bit mapping is provably
smaller than that of the classic 1-bit arcsine law. Hence the
range of correlation coefficients for which the approximation
Ry ~ cRx + ¢l is accurate is substantially wider than that
required by the 1-bit approximation used in [35].

Corollary 1. With the same assumption of p, p, and Ry as
in Lemma [} consider x(t) passing through a b-bit quantizer
Qu(+) and output y, (), where its quantized covariance matrix
is Ry,. Assume the corresponding correlation estimator is
given by (23). Then, the sample covariance matrix is

Ryb = G Rx + EbI + O(pglax)7 (50)
where ¢, = 2’%}, and ¢, = 033;, — ¢p, with Ay =
?;11 Zf‘n;ll Az, Az, e~ (Witvn) and O'zb = IE[ Qb(x)z].

Proof. For a symmetric b-bit quantizer, the closed-form series
([23) becomes [Ry, ]k = 5 (Ao pik + O(p?k)).

By Lemma [1} if n is odd (n = 2¢ + 1), H,(x) is an
odd function. The paired thresholds satisfy ua_x = —ug
and the level differences obey Az4_, = —Az;. Hence each
complementary pair in the double sum that defines A,, cancels:

Az Hp(ug) + Aza—p Hy(ua—x)

1
= Azan(uk.) - Azan(uk) =0. (5 )

Therefore, all odd-index coefficients vanish, i.e. Ay = A3z =
As = ---=0. Then,

oy J=k,

Yb?
Ry, )k = :
Ryl Raljn + O(p3a), J# k.

Ay 62

27p

Collecting the diagonal and off-diagonal parts gives (50) and
multiplying a Hermitian matrix by a positive scalar and adding
a scaled identity do not change its eigenvectors, so Ry, and
R have identical eigenvector set up to the neglected O(p.3 )
term. O

D. Computational Complexity Analysis

In this subsection, we analyze the computational complexity
of our proposed two algorithms in Sections and
Since both algorithms end up using MUSIC or the same
subspace-based method, we only need to focus on the compu-
tational complexity of the algorithm to obtain the covariance
matrix that is ultimately applied to the subspace-based DOA
estimation algorithm. For Algorithm [I] from Section it
requires an iterative optimization process to recover Ry from
the quantized, real-valued covariance Ry, and each element
[f{x] jk 1s recovered by solving (33) via the gradient descent
method with the update

o = Projp (b — anVL()),

where the gradient VL(p,)) is given by equation (#I) and
fn(p) is the truncated series

(53)

2n—+1

2 _,» N 9 ( K
In(e) =2 3 22nf2n+1)!H2“<ﬁ)'

n=0

(54)

For the function (54), its gradient comprises (N + 1) terms,
with each involving a power p?"*1, a factorial expression, and
a Hermite polynomial Hgn(%) The Hermite polynomials
are computed via the standard three-term recursion Hy(z) =
1, Hi(x) =2z, Hpii(z) =22 Hy(z) —2mHyoq(2),
and they can be generated for all n = 0,...,N in O(N)
total operations if precomputed. However, if these polynomials
are computed on-the-fly using the above recursion, the cost to
compute Ha, (%) is O(n) for each term. Consequently, eval-
uating one term in the series requires O(n) operations, and for
atotal of n =0,..., N yields a complexity of Z;V:O O(n) =
O(N?). Once all the required Hermite polynomials have been
computed, evaluating each series term would require only
basic arithmetic operations; but without pre-computation, the
total cost becomes O(N?). A similar argument applies to the
gradient, which is formed by differentiating the same series
term by term. Thus, both fy(p) and its gradient can be com-
puted in O(N?) time per iteration, and the iterative process
converges in M.« iterations per covariance element; the per-
element complexity is O(Mpax N?). Since there are O(M?)
elements in the 20 x 2M matrix Ry, the total complexity for
the iterative reconstruction stage is O(M? - Mpax - N?). In
addition, the sample covariance matrix R, is estimated from
P snapshots at a cost of O(P M?). Finally, the reconstruction
of the original covariance matrix R, is a matrix reorganization
operation with a cost of O(M?). Thus, the overall complexity
of Algorithm 1 is O(P M? + M? - Max N?).

In contrast, Algorithm 2 in Section IV.C bypasses the
covariance recovery stage entirely by directly using the 1.5-
bit covariance matrix R, computed from the 1.5-bit measure-
ments for DOA estimation. The direct estimation of Ry from
P snapshots requires O(P M?), which is significantly lower
than that of Algorithm 1, especially when My, or N is
large. This analysis demonstrates that Algorithm 1 incurs a
high computational cost due to the iterative optimization over
all O(M?) covariance elements. In many practical scenarios,
Algorithm 2 provides a favorable trade-off by directly using



R, for DOA estimation, substantially reducing computational
complexity while still achieving acceptable estimation perfor-
mance, as demonstrated later by our simulation results.

V. SIMULATIONS AND RESULTS
A. Simulation Setup

In this section, we present comprehensive numerical results
to evaluate the performance of our proposed 1.5-bit quanti-
zation framework and associated DOA estimation algorithms,
together with both 1-bit and 2-bit benchmarks.

For each quantization level (1-bit, 1.5-bit, and 2-bit), we
implement both “Recon” and “Direct” MUSIC algorithms.
Specifically, the “Recon” approach is based on Algorithm 1,
which was originally formulated for 1.5-bit quantization. To
adapt this framework for multi-bit schemes, such as 2-bit,
it suffices to replace the gradient computation in line 8 of
Algorithm 1, i.e., VL(p,i), with the corresponding multi-bit
version V Ly (p;r) derived from the general b-bit correlation
estimator (see Remark E]) Thus, “Recon 2-bit MUSIC” is
implemented by this straightforward substitution. The “Direct”
approach, in contrast, applies MUSIC directly to the sample
covariance matrix of the quantized data (e.g., 1-bit, 1.5-bit, or
2-bit) without reconstruction, based on Lemma E] and Corol-
lary [T} As additional baselines for comparison, we include the
unquantized MUSIC, as well as the 1-bit scheme and its classic
algorithms “Recon 1-bit MUSIC” and “Direct 1-bit MUSIC”
following [35], [37].

All experiments are performed using 500 independent
Monte Carlo trials. The root mean square error (RMSE) is
adopted as the main performance metric, defined as

J K

1
RMSE = | 72>
j=1k=1

(6% — 0k, (55)

where K is the number of sources, J is the number of Monte
Carlo runs, éj7 & 1s the estimated DOA of the kth source in the
jth run, and 6 is its true DOA. Throughout the experiments,
the DOA estimation grid interval is fixed at 0.1°.

Unless otherwise stated, the step size is set to a = 0.1 and
the maximum number of iterations to M., = 200 for all

gradient-based reconstruction algorithms.

B. Polynomial Order Selection

Algorithm 1 reconstructs unquantized covariance matrix
via truncated polynomials. Using excessively high polyno-
mial orders may lead to an unnecessarily high computational
complexity without clear improvement in performance. To
determine an appropriate order for our experiments, we choose
the 70th-order polynomial as an approximation of “infinite”
order. Define Oc,r(n) = | fro(p) — fn(p)|, which measures
the difference between the nth-order approximation and the
70th-order reference. Fig. [2[ depicts O, (n) from the 1st to
the 30th order over a wide range of p, setting x = 0.3.
We observe that the approximation error grows with p for
a given polynomial order, and that lower p values converge
faster. Balancing accuracy and computational burden, we fix
the polynomial order to n = 10 for Algorithm 1 in subsequent
experiments.

15
n-th Order

Fig. 2. Ocrr(n) vs. nth Order, where x = 0.3 and p varies from 0 to 1.

C. Numerical Verification of Lemma ] and Lemma

To quantify the effectiveness of Lemma [ we evaluate
the relative approximation error between the exact quantized
covariance matrix and its linear approximation:

AR. — ||Ryapp_Ry||F
Y IRyllr

where ||| denotes the Frobenius norm, Ry is constructed
such that its diagonal entries are set to 1, while its off-diagonal
entries are given by the closed-form estimator (I4), and R, *"?
is given by @7).

We assume that Ry and p are known. Consider a ULA with
M = 10 sensors and two equal-power sources impinging from
—10° and 3.5°. For each SNR value, P = 500 snapshots are
generated. For 1.5-bit quantization, the normalized threshold
k varies from 0.1 to 1.0.

The results in Fig. [3] demonstrate that, although Lemma [4]
is formally established under the assumption of sufficiently
small correlation (small |p|), the linear approximation for 1.5-
bit quantization remains highly accurate across a much wider
range of signal correlations and SNR values than its 1-bit
counterpart. In particular, while the approximation error for
1-bit quantization increases rapidly as |p| grows, the error for
1.5-bit quantization stays uniformly low even for moderately
large |p|, which further validates Lemma

Furthermore, as the normalized threshold x increases, the
valid range for the small-p linearization expands, relaxing
the restrictive condition required in Lemma E} However, it
is important to note that increasing the threshold does not
always improve performance, as excessively large thresholds
may lead to signal loss or reduced information content. This
observation motivates the next set of experiments, where
we further investigate the impact of threshold selection on
estimation accuracy.

(56)

D. Threshold Selection for the 1.5-bit Scheme

Since no closed-form rule currently exists for selecting the
optimal threshold in the 1.5-bit case, we conduct an empirical
sweep to identify a suitable value of x.

All threshold selection experiments employ a ULA with
M = 10 sensors and N = 200 snapshots. For K = 2,
source DOAs are fixed at —10° and 3.5°; for K = 0,
sources are uniformly spaced in [-60°, 60°]. We evaluate four
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representative scenarios, covering both low and high SNRs,
and both sparse and dense sources. The results are depicted in
Fig. [4d to corresponding to (K = 2, SNR = —10dB),
(K =2, SNR = 10 dB), (K = 6, SNR = —10 dB), and
(K =6, SNR = 10 dB), respectively.

As shown in Fig. ff] the RMSE of the 1.5-bit scheme
consistently attains its minimum near x = 0.4, while the
optimal value for 2-bit is around x = 0.7. For instance, in
Fig. @b (K = 2, SNR = 10 dB), “Direct 1.5-bit MUSIC”
achieves an RMSE of 0.0642°, which is a 57.5% reduction
compared to “Direct 1-bit MUSIC” (0.1512°); increasing to
2-bit only yields a modest 12.6% improvement (0.0561°).
Similarly, in Fig. (K =6, SNR = 10dB), the improvement
from 1-bit to 1.5-bit (0.2696° vs. 0.1709°, 36.6%) is larger
than the subsequent 1.5-bit to 2-bit gain (0.1709° vs. 0.1291°,
24.5%). In the low SNR cases (Fig. and , the absolute
RMSE values increase, but the qualitative trends remain the
same.

It is also noteworthy that the gap between 1-bit and 1.5-bit
quantizations is most striking when the number of sources is
small (see Fig. @ and @b), and gradually narrows as more
sources are added (Fig. [Ac] and [#d). This phenomenon can be
attributed to the fact that, with only a few sources, the array
output amplitudes are more concentrated around moderate
values. In this case, introducing a third (zero) level in the
1-bit quantizer efficiently filters out weak signals and prevents
severe information loss due to sign-only clipping, which re-
sulting in substantial reduction in quantization error compared
to 1-bit quantization. By contrast, adding an extra level to
1.5-bit to form 2-bit quantization has little effect, since very
few samples reach these outer bins under such conditions. As
the number of sources increases, the instantaneous amplitude
distribution at the array output broadens, causing a larger
proportion of samples to exceed the inner thresholds and
populate the outermost quantization levels. In this case, 2-bit
quantization begins to capture additional signal detail, leading
to further improvement.

Based on these findings and experiments, we fix k = 0.4 for
all 1.5-bit experiments and « = 0.7 for all 2-bit experiments
in the remainder of this work.

E. Performance Comparisons

RMSE (deg)

(@) K =2, SNR = —10 dB

p—

RMSE (deg)

(

(¢) K =6, SNR = —10 dB (d) K =6, SNR = 10 dB

Fig. 4. RMSE vs. «: (a) K = 2 and SNR = —10 dB; (b) K = 2 and SNR
=10dB; (c) K =6 and SNR = —10 dB; (d) K = 6 and SNR = 10 dB.
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1) RMSE vs. SNR: Fig. [5] presents the RMSE versus SNR
for a 12-sensor ULA with 6 sources uniformly spaced in
[-60°, 60°] and a fixed number of snapshots P = 200.

First, at low SNR (e.g., —10 or —5dB), the performance of
“Direct 1-bit MUSIC” closely matches “Recon 1-bit MUSIC,”
“Direct 1.5-bit MUSIC” matches “Recon 1.5-bit MUSIC,” and
“Direct 2-bit MUSIC” matches “Recon 2-bit MUSIC.” This
observation is in line with our theoretical analysis of Lemma 4]
and Corollary [T} under the small-p condition, the sample
covariance matrix of the quantized data provides an accurate
estimation of their normalized unquantized covariance matrix.

As SNR increases, the differences among these schemes be-
come increasingly pronounced. Specifically, the gap between
“Direct 1-bit MUSIC” and “Recon 1-bit MUSIC” widens
rapidly, This is because the approximation error increases
with the correlation coefficient |p|. By contrast, “Direct 1.5-bit
MUSIC” and “Recon 1.5-bit MUSIC” exhibit much smaller
errors from their linear approximations. For 1.5-bit scheme,
Lemma |§| establishes that, for any x > 0, the first-order
approximation error of the 1.5-bit quantizer is always no larger
than that of 1-bit, which is also confirmed empirically in
Fig. 3| As a result, “Direct 1.5-bit MUSIC” and “Recon 1.5-
bit MUSIC” remain nearly indistinguishable over the entire
SNR range. An interesting phenomenon is that even at high



0.5 T T T

- @ —Direct 1-bit MUSIC
0.45 —=— Recon 1-bit MUSIC
- 4 —Direct 1.5-bit MUSIC
—+— Recon 1.5-bit MUSIC | |
= + —Direct 2-bit MUSIC
—¥— Recon 2-bit MUSIC
—*— Unquantized MUSIC | |

o

w

a
T
|

0.05 I I I I I | | 0
100 200 300 400 500 600 700 800 900 1000
Number of Snapshots
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SNR, the performance gap between “Direct 2-bit MUSIC” and
“Recon 2-bit MUSIC” remains negligible.

Notably, the performance gain in moving from 1-bit to
1.5-bit quantization is substantial, whereas the improvement
from 1.5-bit to 2-bit is relatively minor. This indicates that
increasing the quantization level from two to three yields much
greater benefit for DOA estimation than further increasing it
to four.

2) RMSE vs. Number of Snapshots: Fig.[6]shows the impact
of the number of snapshots P on DOA estimation accuracy at
fixed SNR = 0dB, using the same array and source settings
as Section [V-ET}

It is observed that, the curves for “Direct 1.5-bit MU-
SIC” and “Recon 1.5-bit MUSIC” are nearly identical over
the entire snapshot range, as are those for the “2-bit” pair.
This observation confirms that, for moderate and a sufficient
number of snapshots, the linear approximation underlying the
sample covariance approach is accurate, which corroborates
our previous analysis and experiments.

More importantly, 1.5-bit quantization achieves the same
RMSE as 1-bit quantization with substantially fewer snap-
shots. For example, at P = 100, the performance of “Direct
1.5-bit MUSIC” is comparable to that of “Direct 1-bit MU-
SIC” at P = 200. Likewise, with P = 400 snapshots, “Direct
1.5-bit MUSIC” matches the performance of “Direct 1-bit
MUSIC” with P = 800 snapshots. Meanwhile, “Direct 2-bit
MUSIC” at P = 100 outperforms “Direct 1.5-bit MUSIC” at
P = 200. Similarly, the performance of “Direct 2-bit MUSIC”
with P = 300 snapshots is comparable to “Direct 1.5-bit
MUSIC” with P = 400, whereas “Direct 1-bit MUSIC” needs
P = 800 snapshots to achieve similar accuracy.

This quantization gain enables significant reductions in both
the required sampling rate and observation time for practical
sensor array systems.

3) RMSE vs. Number of Sensors: Fig.[]] shows the RMSE
as a function of the array size M for P = 50 snapshots , K =
5 sources uniformly spaced in [—60°, 60°], and SNR = 0dB.

The result reveals that the difference between each “Direct
1-bit MUSIC” and “Recon 1-bit MUSIC” narrows as M
increases. This may be due to more sensor pairs having
lower spatial correlation, reducing the impact of first-order
approximation errors in the arcsine or Hermite expansions. As
a result, unlike previous experiments, the curves for “Recon
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Fig. 7. RMSE versus number of sensors at SNR=0dB and P=50.
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1-bit MUSIC” and “Direct 1-bit MUSIC” essentially coincide
for M > 20.

Moreover, the transition from 1-bit to 1.5-bit quantization
yields the most significant improvement in RMSE, while
the additional gain from 2-bit is comparatively modest. For
instance, at M = 30, the RMSEs for 1-bit, 1.5-bit and 2-bit
schemes are 0.1336°, 0.0947° and 0.0876°, respectively.

4) Resolution Probability: Fig. [§] presents the resolution
probability versus angular separation A between two sources,
for M = 10 sensors, SNR = 0dB, and P = 500 snapshots.
The true DOAs are set as [10.5°, 10.5° — A], and A is swept
from 1° to 10°. For each separation A, a Monte Carlo trial is
considered successful if, after sorting, both estimated DOAs
fall within A/2 of their corresponding true source locations.
The resolution probability is then computed as the fraction of
successful trials.

The results indicate that both the 1.5-bit and 2-bit schemes
achieve resolution probabilities exceeding 0.95 for A > 4.5°,
outperforming the 1-bit scheme with only an around 0.6
resolution probability. Particularly, the direct use of the quan-
tized covariance matrix can sometimes yield even higher
resolution probabilities than reconstruction-based approaches.
The reason may be that, for a finite number of snapshots,
estimation noise can outweigh the errors introduced by first-
order approximation in covariance recovery.



FE. Robustness to Prior Variance mismatch

Recall that the threshold A is set as A = ko,, where
K is the normalizing factor and o, is the signal standard
deviation. However, in practice, o, is often estimated and
subject to errors, leading to mismatches of thresholds that are
not optimally selected.

We examine the robustness of the proposed method when
the receiver uses an estimated signal variance. In detail, the
standard deviation o, of each sensor is replaced by &;‘” =
(1+¢&4)0., where e,~N(0,02) is an independent calibration
error for the ¢-th sensor. The designed « therefore becomes
kg = A9 /68 = k/(1 4 ¢,). A 10-element ULA with
K = 5 sources uniformly spaced at [-60°, 60°], SNR = 0dB,
and P = 200 snapshots is simulated while o, varies from 0
to 0.2.

Fig. 0] plots the resulting RMSE and highlights two key
observations regarding threshold-mismatch robustness in low-
bit MUSIC-based DOA estimation.

First, “Direct” MUSIC is consistently more robust to vari-
ance errors than “Recon” MUSIC. This pattern holds for
both 1.5-bit and 2-bit quantization. Understandably, variance
mismatches distort the sample covariance matrix, and the ana-
lytic inversion required by “Recon” methods further amplifies
such distortions through its nonlinear mapping. For “Direct”
MUSIC, the subspace structure is affected only by the scaling
of the sensor variances, so its performance degrades slowly as
the variance estimation error ¢, increases. In contrast, “Recon”
MUSIC is highly sensitive, and the inversion amplifies sample
noise and calibration errors, leading to a sharper performance
drop.

On the other hand, 1.5-bit quantization is slightly more
tolerant to variance errors than 2-bit quantization, regardless
of “Recon” or “Direct”. In the 1.5-bit scheme, the output
variance of each sensor depends only weakly on its effective
threshold, since only the inner levels 4« are involved. This
ensures that all sensors retain nearly equal variance and the
overall subspace is still preserved, allowing both “Direct” and
“Recon” MUSIC to be robust even under moderate calibration
errors (e.g., 0. ~ 0.05). By contrast, 2-bit quantization
introduces outer levels that make the output variance highly
sensitive to any variance mismatch. As a result, even small
errors (e.g., 0. ~ 0.02) quickly lead to large variance dif-
ferences across sensors, breaking the energy balance required
for accurate subspace estimation, and causing the performance
of both “Direct 2-bit MUSIC” and especially ‘“Recon 2-bit
MUSIC” to deteriorate more rapidly. As o, increases beyond
approximately 0.05, the effective thresholds in the 1.5-bit
scheme deviate substantially from their optimal values of 0.4.
Meanwhile, as shown in Fig. 4] the 2-bit scheme appears to
tolerate a wider range of threshold choices. Consequently,
the performance of “Recon 1.5-bit MUSIC” begins to de-
grade more rapidly, eventually approaching the degradation
rate observed for “Recon 2-bit MUSIC”. The 1-bit scheme
remains completely unaffected by variance mismatch because
its threshold is always zero, but it is subject to a large amount
of quantization noise, and its performance is still inferior to
that of 1.5-bit and 2-bit when the variance mismatch is not

RMSE (deg)

Recon 1-bit MUSIC

- - =Direct 1-bit MUSIC
—e— Recon 1.5-bit MUSIC
- @ - Direct 1.5-bit MUSIC
02l —s=— Recon 2-bit MUSIC
~ = —Direct 2-bit MUSIC |
————— Unquantized MUSIC

0.15 I I I I I I I I I
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
o-

Fig. 9. RMSE versus threshold calibration error standard deviation o, for
M =10, K =5, P = 200, and SNR= 0dB.

large.

In summary, “Direct 1.5-bit MUSIC” achieves a favorable
balance between accuracy and robustness: it substantially
outperforms ‘“Direct 1-bit MUSIC”, maintains resilience to
practical threshold mismatch, and is less sensitive than higher-
bit approaches. Since “Recon” methods may amplify errors
under mismatch or limited data, the “Direct 1.5-bit MUSIC”
approach is recommended in scenarios where precise power
calibration is difficult. It provides a practical compromise be-
tween estimation accuracy, robustness, and system complexity.

G. Computational Complexity Comparison

In this simulation, we consider a scenario with M = 10
sensors and K = 6 sources, each located at uniformly
spaced angles in [—60°, 60°], operating at an SNR of —10dB.
Each trial uses 200 snapshots. We compare the proposed
“Recon 1.5-bit MUSIC” with “Direct 1.5-bit MUSIC”. For
“Recon 1.5-bit MUSIC”, we vary the polynomial order N €
{2,5,10} and the maximum number of gradient-based it-
erations Mmax € {50,100,200}, yielding 9 configurations.
Table I presents the average running time per trial for all
configurations. The experiments are conducted on a desktop
PC with an AMD Ryzen 7 5800H CPU with Radeon Graphics,
16GB of 3200 MHz RAM, and a 64-bit Windows 11 operating
system.

From Table I, one can see that “Direct 1.5-bit MUSIC”
requires significantly less computational time than ‘“Recon
1.5-bit MUSIC”, since it does not perform the additional
covariance reconstruction operation. Moreover, increasing ei-
ther the polynomial order N or the maximum iteration count
M,ax causes the computational cost of “Recon 1.5-bit MU-
SIC” to increase by several orders of magnitude. In contrast,
the “Direct 1.5-bit MUSIC” approach consistently achieves
comparable estimation results as demonstrated earlier, but
at significantly lower computational cost, indicating a more
favorable trade-off between complexity and accuracy for prac-
tical applications.

VI. CONCLUSIONS

In this paper, a 1.5-bit quantization scheme has been
proposed for DOA estimation and a closed-form expression



Table I: Average CPU time (s) for 1.5-bit methods

Algorithm Avg CPU Time (s)
Direct 1.5-bit MUSIC 0.0016
Recon 1.5-bit MUSIC (N = 2, Myaz = 50) 0.1006
Recon 1.5-bit MUSIC (N = 2, Myq2 = 100) 0.1980
Recon 1.5-bit MUSIC (N = 2, Myqz = 200) 0.3960
Recon 1.5-bit MUSIC (N = 5, Myqz = 50) 0.2359
Recon 1.5-bit MUSIC (N = 5, Myqe = 100) 0.4894
Recon 1.5-bit MUSIC (N = 5, Myqz = 200) 0.9583
Recon 1.5-bit MUSIC (N = 10, Mypqz = 50) 0.4909
Recon 1.5-bit MUSIC (N = 10, Myqz = 100) 0.9857
Recon 1.5-bit MUSIC (N = 10, Mypqz = 200) 1.8878

derived to recover the unquantized correlation coefficients. Our
theoretical analysis shows that 1.5-bit measurement data can,
in most cases, be employed directly without reconstruction to
achieve nearly identical DOA estimation accuracy compared
to the reconstructed covariance matrix. We further investigated
the empirical selection of the 1.5-bit threshold through sim-
ulations, providing practical guidance for choosing a suitable
value. Numerical results show that the 1.5-bit scheme signifi-
cantly improves performance over 1-bit, closely approaches 2-
bit accuracy, and offers a superior trade-off between estimation
quality and hardware complexity.

APPENDIX A
PROOF OF LEMMA[I]

We first substitute v = —x into (I2):

(57)

(58)

which completes the proof.

APPENDIX B
PROOF OF LEMMA [2]

We begin by considering the limit
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As n — oo, this constant factor decays on the order of %
For easy analysis, define R,, as:
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so that (59) can be rewritten as
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For any fixed n, observe that the set {(k,j) : k > n+1,5 >
n+1} is a subset of {(k,7) : k > n,j > n}. Hence, we have

Z’“Z‘g; %{:Ej’j <1, ie |R.<1. (64
As a result,
lim . ! |Ra||pl> =0 < 1. (65)
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Thus, we conclude that
lim %”z:i’ —0<1, (66)
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which proves that the series Y.~ asn41 p°" "t converges

absolutely.

APPENDIX C
PROOF OF LEMMA 3]

Since fy : D — C is analytic on D based on Lemma. 2,
writing p = x + iy with z,y € R, there exist functions
u,v € C*(D,R), which means v and v are both infinitely
differentiable. We may decompose fn(p) = u(x,y)+iv(x,y).
Let R = a + ib with a,b € R. Then

L(z,y) = [u(m,y) - ar + [v(x,y) - br.

Since u,v € C*°(D,R), it follows that L € C*>°(D, R). Hence,
L(p) is continuously differentiable on D.

For any point py € D, there exists a convex neighborhood
U C D containing py such that i C D is compact. Because
V2L is continuous, it is bounded on the compact set U, that
is, there exists a constant K;; > 0 such that

IV2L(p)|| < Ku Vpel,

(67)

(68)

where | - | denotes Euclidean norm.

For any p1,p2 € U, let £ be a point on the line segment
between p; and ps. The Mean Value Theorem for vector-
valued functions implies that

VL(p1) — VL(p2) = V2L(&)(p1 — p2)- (69)



Taking norms and using the bound on V2L, we obtain

IVL(p1) = VL(p2)|l < IV2LE)llpr = p2ll < Kullpr = p2]-
(70)
This inequality establishes that V L is Lipschitz continuous on
U; in other words, it satisfies a local Lipschitz condition.
Therefore, L(p) is continuously differentiable on D and its
gradient VL(p) satisfies a local Lipschitz condition.

APPENDIX D
PROOF OF LEMMA[3

The power series of arcsine mentioned in Section [[II-A] is

arcsin(p) = i (2m)! ZmAl (71)
PI= 2 gm(m)2@2m + 1) °
m=0
which implies
2 oo
Afnip) = - Z am p?" (72)
m=1

where a,, = % > 0. The factor starts fromm = 1

because the linear term is canceled, leaving the first—order
error.
For the 1.5-bit case, its first-order error fx(p) is

2 2 —
A _ 2,k bn 2n+1 73
fn(p)=Ze ; (k) P21, (73)
where b, (k) = % > 0.

The generating function for the Hermite definition (T2) is

(74)

o0
2at—t2 _ Hy(z) ,
e = E ol t".
n=0

For any radius » > 0, the Cauchy’s estimate applied to (74)
yields

|Hop ()| < (20)1r 2" exp(2|z|r 4 r?). (75)
Choosing 7 = y/n (n > 1) gives
|Hap ()| < (2n)!exp(2lz|v/n+n —nlnn).  (76)

Because 2|x|y/n < 22 +n and n —nlnn < 0 for n > 3, we
have
| Han(2)] < (20)! e,

n > 3. (77)

For the remaining n = 0,1, 2, it is easy to prove that they
satisfy the inequality. Hence, for all n > 0 and x € R,

|Hap(2)| < (2n)!e®. (78)
Letting = = x/+/2 in (79),
e H%,(%) < (2n)12, (79)
we have
e by(k) < an, Yn>1, V> 0. (80)

Because the coefficients in (72)—(73) are non-negative,
implies that for any p € [—1, 1]

2 = 2
[Afn()] == e buls) [l
n=1

2 oo
<= > an Pt =Afni(p). 8D
n=1

The inequality is strict whenever x > 0, which completes the
proof.
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