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Abstract

In this paper we design information elicitation mechanisms for Bayesian auctions. While
in Bayesian mechanism design the distributions of the players’ private types are often
assumed to be common knowledge, information elicitation considers the situation where
the players know the distributions better than the decision maker. To weaken the infor-
mation assumption in Bayesian auctions, we consider an information structure where the
knowledge about the distributions is arbitrarily scattered among the players. In such an
unstructured information setting, we design mechanisms for unit-demand auctions and
additive auctions that aggregate the players’ knowledge, generating revenue that are con-
stant approximations to the optimal Bayesian mechanisms with a common prior. Our
mechanisms are 2-step dominant-strategy truthful and the approximation ratios improve
gracefully with the amount of knowledge the players collectively have.

Keywords Bayesian auctions - Information elicitation - Distributed knowledge -
Removing common prior

1 Introduction
Bayesian auction design has been extremely flourishing in the areas of artificial intelligence,

computational economics and operations research, since the seminal work of [1]. One of
the main focuses is to generate revenue, by selling m heterogenous items to n players. Each
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player has a private valuation function describing how much she values each subset of the
items, and the valuations are drawn from prior distributions. An important assumption in
Bayesian mechanism design is that the distributions are commonly known by the seller and
the players —the common prior assumption. However, as pointed out by another seminal
work [2], such common knowledge is “rarely present in experiments and never in prac-
tice”, and “only by repeated weakening of common knowledge assumptions will the theory
approximate reality.”

In this paper, we weaken the information assumption about the seller and the players
by adopting an information elicitation approach [3]. We consider a framework for auctions
where the knowledge about the players’ value distributions is arbitrarily scattered among
the players and the seller. The seller must aggregate pieces of information from all players
to gain a good understanding about the distributions, so as to decide how to sell the items.

As in information elicitation, the players get rewards for reporting their knowledge.
However, different from classic information elicitation where a player’s utility is exactly her
reward, in our model a player’s utility comes not only from her knowledge, but also from
participating in the auction (i.e., from buying items). Moreover, information elicitation usu-
ally assumes the prior distribution is correlated: each player observes a private signal and
reports their private information. This means every player has information about every other
player. In our model, following the convention in multi-item auctions, the players’ value
distributions for individual items are assumed to be independent. A player may be totally
ignorant about some players and only partially know some other players’ distributions.

We focus on unit-demand auctions and additive auctions —two valuation types widely
studied in the literature [4, 5]. In such auctions, a player’s valuation function is specified
by m values, one for each item. For each player i and item j, the value v;; is independently
drawn from a distribution D;;. When all players are unit-demand (respectively, additive),
we call such an auction a unit-demand auction (respectively, an additive auction) for short.
Each player privately knows her own values and some (or none) of the distributions of some
other players for some items, like long-time competitors in the market. There is no con-
straint about who knows which distributions. The seller may also know some of the distri-
butions, but she does not know which player knows what. We introduce directed knowledge
graphs to succinctly describe the players’ knowledge. Each player knows the distributions
of her neighbors, different items’ knowledge graphs may be totally different, and the struc-
tures of the graphs are not known by anybody.!

Below we briefly state our main results.

1.1 Main results

Our goal is to design 2-step dominant strategy truthful (2-DST) information elicitation
mechanisms whose expected revenue approximates that of the optimal Bayesian incen-
tive compatible (BIC) mechanism, denoted by OPT.? In order for the seller to aggregate
the players’ knowledge about the distributions, it is natural for the mechanism to ask each
player to report her knowledge to the seller, together with her own values. A 2-DST mecha-

!nterestingly, the intuition behind such an information structure has long been considered by philosophers.
In [6], the author discussed a world where “everything in the world might be known by somebody, yet not
everything by the same knower.”

2 A Bayesian mechanism is BIC if it is a Bayesian Nash equilibrium for all players to report their true values.
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nism [7] is such that, (1) no matter what knowledge the players may report about each other,
it is dominant for each player to report her true values, and (2) given that all players report
their true values, it is dominant for each player to report her true knowledge about others.

First, by exploring the knowledge graph’s combinatorial structure, we have the following
result for single-good auctions.

Main result 1. When the knowledge graph is 2-connected,’. there is a 2-DST information
elicitation mechanism for single-good auctions with revenue > (1 — %)OPT.

When everything is known by somebody For multi-item auctions, we first consider a setting

when every distribution is known by at least £ > 1 players. We show the approximation

ratios of the revenue generated by information elicitation mechanisms improve grace-

fully together with the amount of knowledge. More precisely, for any integer k£ > 1, let

TR = ﬁ Note 71 = i and 7, — 1 when £k gets larger. We have the following result,
+1) 7%

formalized in Section 4.

Main result 2. Vk € [n— 1], when each distribution is known by at least k play-
ers, there is a 2-DST information elicitation mechanism for unit-demand auctions
with revenue > %1 -OPT, and such a mechanism for additive auctions with revenue

1
> max{ 1y, 755 yOPT.

Our mechanisms build on top of existing Bayesian mechanisms, such as the post-price
mechanisms in [§] and the bundling mechanism in [9]. But it is worth pointing out that,
although these mechanisms are used as a black-box, our mechanisms are not reductions
from arbitrary Bayesian mechanisms.

Under arbitrary knowledge graphs When the knowledge graphs are such that some distri-
butions are not known by anybody, it is easy to see that no information elicitation mecha-
nism can be a bounded approximation to OPT. Thus it is natural to consider the following
benchmark: the optimal BIC mechanism applied to players and items for whom the distribu-
tions are indeed known by somebody, denoted by OPT. This is a natural benchmark when
considering players with limited knowledge and, if every distribution is known by somebody,
then it is exactly OPT. We have the following result, formalized in Section 5.

Main result 3. For any knowledge graph, there is a 2-DST information elicitation mecha-

nism for unit-demand auctions with revenue > OISGT K and such a mechanism for additive

OPTk

auctions with revenue > =5

To prove this result, for unit-demand auctions, we actually show a general result: any
Bayesian mechanism for unit-demand auctions that is a good approximation in the COPIES

3A directed graph is 2-connected if for any node i, the graph with i and all adjacent edges removed is still
strongly connected
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setting (formally defined in Section 5.2) can be converted to information elicitation mecha-
nisms. This applies to a large class of Bayesian mechanisms, including the ones in [4, 8, 10].

For additive auctions, we have developed a novel approach by using the adjusted rev-
enue [11]. Although this concept is very useful in Bayesian auctions, it was unexpected
that we found an interesting and highly non-trivial way of using it to analyze information
elicitation mechanisms.

The use of scoring rules Since our mechanisms elicit the players’ knowledge about each
other’s value distributions, we can use scoring rules (see, e.g., [12]) to reward the players
for their reported knowledge, as typical in information elicitation. However, the use of scor-
ing rules does not solve the main problems in our auctions. Indeed, because a player s utility
comes both from the reward and from participating in the auction, the difficulties in design-
ing information elicitation mechanisms are to guarantee that, even without rewarding the
players for their knowledge, (1) it is dominant for each player to report her true values, (2)
reporting her true knowledge never hurts him, and (3) the resulting revenue approximates
the desired benchmark.

Accordingly, in Sections 3 to 5, we focus on designing information elicitation mecha-
nisms without rewarding the players. Scoring rules are used later to break the utility-ties
and make it strictly better for a player to report her true knowledge. In Section 6, we show
how to add scoring rules to our mechanisms under the assumption of no-bluff and remove
the assumption when everything is known.

1.2 Related work

Information elicitation Following [3], information elicitation has become an important
research area of artificial intelligence in the past decade [13—15]. where the mechanism
asks each player to report her private signal about the prior distribution. The decision
maker wants the mechanism to be BIC, and a player is rewarded based on her reported
information and the other players’ reported signals. Proper scoring rules are widely used
[12, 16—19]. The set of proper scoring rules was initially characterized in [16] and [20],
and the proper scoring rules for characterizing various statistics of the subjective distribu-
tions are characterized in [21]. In our paper, we apply their techniques for eliciting the
agents’ knowledge and then incorporate information elicitation into auction design by
carefully designing the mechanisms to maximize the expected revenue without violating the
properness constraints in scoring rules. Similar studies on the combination of information
elicitation and mechanism design include [22—26]. The main difference is that those works
focus on the direct optimization of scoring rules for incentivizing costly information acquisi-
tion without the additional concern of selling items for revenue maximization. Most studies
on information elicitation require a common prior. Mechanisms without this assumption are
considered by [27], and our work is information elicitation in auctions without a common
prior. Moreover, information elicitation does not consider the players to have any cost for
revealing their knowledge. We refer to a recent survey [28] for some recent trends in the
field of information elicitation. It would be interesting to include such costs in the general
model as well as in ours, to see how the mechanisms will change accordingly. In Section 6,
we will formally define scoring rules and use them to reward the players for their knowledge.
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Bayesian auction design In his seminal work [1], Myerson introduced the first optimal
Bayesian mechanism for single-good auctions, which also applies to many single-parame-
ter settings [29]. Since then, there has been a huge literature on designing (approximately)
optimal Bayesian mechanisms that are either BIC or dominant-strategy truthful (DST),
see [30] for an introduction to this literature. Regarding mechanisms for multi-parameter
settings, in [31], the authors characterize optimal BIC mechanisms for combinatorial auc-
tions. For unit-demand auctions, [4, 8—10] construct DST Bayesian mechanisms that are
constant approximations, and recently [32] designed benchmark-tight simple mechanism
for a single unit-demand buyer. For additive auctions, [5, 9, 11, 33] provide logarithmic or
constant approximations under different conditions. Finally, for general XoS and subaddi-
tive auctions, logarithmic and constant approximations are provided in [34-39].

Removing the common prior assumption Following [2], a lot of effort has been made to
remove the common prior assumption. In DST Bayesian mechanisms it suffices to assume
that the seller knows the prior distribution. In prior-free mechanisms [40—44] the distribu-
tion is unknown and the seller learns it from the values of randomly selected players. In
[45—47] and [48, 49] the seller observes independent or targeted samples from the distri-
bution before the auction begins. In [50, 51] the players have arbitrary possibilistic belief
hierarchies about each other. There is another line of research that assumes certain sta-
tistics of distributions are known, [52-55]. In robust mechanism design [56] the players
have arbitrary probabilistic belief hierarchies. In crowdsourced Bayesian auctions [7] each
player privately knows all the distributions (or their refinements), which is a special case of
our model. Indeed, all knowledge graphs will be complete graphs under their setting (that
is, everybody knows everything), while we allow arbitrary knowledge graphs. In Section 7
and Appendix B, we further discuss how to elicit the players’ knowledge refinements, and
how to handle correlated distributions in a setting that is a special case of our model but is
still more general than that of [7].

2 Preliminaries

In this work, we focus on multi-item auctions with n players (denoted by N) and m items
(denoted by M). A player i’s value for an item j, v;;, is independently drawn from a distri-
bution D;;. Let v; = (vij)jem, Di = XjemDi; and D = x;enD;. Player i’s value for a
subset S of items is max ;e g v;; in unit-demand auctions, and is Zj cs Vij in additive auc-

tions. The players’ utilities, denoted by u;, are quasi-linear, and the players are risk-neutral.

Knowledge graphs It is illustrative to model the players’ knowledge graphically.* We con-
sider a vector of knowledge graphs, G = (Gj)jem, one for each item. Each Gj is a directed
graph with n nodes, one for each player. For any i # ', an edge (i,4') is in G; if and only
if player i knows Dy ;. There is no constraint about the knowledge graphs: the same players

4We could have defined the players’ knowledge using the standard notion in epistemic game theory [57-59]:
roughly speaking, the state space consists of all possible distributions of the valuation profile, and player i
knows D,/ 4 if she is in an information set where all distributions have the (i/7 i )-th component equal to
Dy j- However, the knowledge graph is a more succinct representation and is enough for the purpose of
this work.
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distributions for different items may be known by different players, different players’ distri-
butions for the same item may also be known by different players, and some distributions
may not be known by anybody. Each player knows her own out-going edges, and neither the
players nor the seller knows the whole graph.

We measure the amount of knowledge in the system by the number of players knowing
each distribution. Forany k € {0,1,...,n — 1}, a knowledge graph is k-informed if each
node has in-degree at least k: a player s distribution is known by at least k other players.
The vector G is k-informed if all knowledge graphs are so. Note that every knowledge graph
is O-informed, and “everything is known by somebody” when k > 1. A common prior would
imply all knowledge graphs are complete directed graphs, or (n — 1)-informed, which is
the strongest condition in our model. The seller’s knowledge can be naturally incorporated
into the knowledge graphs by considering her as a special “player 0. All our mechanisms
can easily utilize the seller s knowledge, and we will not further discuss this issue.

Information elicitation mechanisms Let Z = (N, M, D) be a Bayesian auction instance
and T = (N, M, D, G) a corresponding information elicitation instance, where G is a
knowledge graph vector. Different from Bayesian mechanisms, which has D as input, an
information elicitation mechanism has neither D nor G as input. Instead, it asks each player
i to report a valuation b; = (bij)jcm and a knowledge K; = Xi/#iyjeMDg,j —a distribu-
tion for the valuation subprofile v_;. K; may contain “ 1" at some places, indicating i does
not know the corresponding distributions. K; is i s true knowledge if D}, ; = Dyj whenever
(i,7') € Gj, and Df,j = | otherwise. An information elicitation mechanism maps a strat-
egy profile (b;, K;)ien to an allocation and a price profile, and may be randomized. To
distinguish whether a mechanism M is a Bayesian or an information elicitation mecha-
nism, we may explicitly write M(f) or M(Z). The (expected) revenue of M is denoted by
Rev(M), and sometimes by Ep Rev(M) to emphasize the distribution.

An information elicitation mechanism is 2-step dominant strategy truthful (2-DST) if

(1) For any player i, true valuation v;, valuation b;, knowledge K;, and strategy subprofile
S_; = (bj7 Kj)j;ﬁi of the other players, ui((vi, Kz)7 S_i) > uz((b“ Kz)7 S_i).

(2) For any player i, true valuation Vi, true knowledge
K;, knowledge K, and knowledge subprofile K’ ,(v_;) = (K}(v;));»2i of the
other players, where each KJ’. (vj) is a function of player j’s true valuation vj,
Ev_inp_ui(vi, Ki), (v—i, KL (v-4))) 2 Bo_np_ui((vi, K7), (v-i, K (v-4))).>

It is not hard to see that 2-DST is a refined solution concept of the Bayesian Nash equi-
librium. When the inequalities are all strict in the two conditions of 2-DST, it is called two-
step strictly dominant strategy truthful (2-SDST). As noted in [7], any 2-SDST mechanism
has a unique equilibrium where players reveal their true valuations and their true beliefs.
Moreover, truthfulness is the only strategy that survives two steps of iterated elimination of
strictly dominated strategies.

In Section 6, we introduce scoring rules to our mechanisms so that the inequality is strict whenever

K| # K,
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3 Single-good auctions with 2-connected knowledge graphs

As a warm up, in this section, we construct an information elicitation mechanism that is
nearly optimal for the special case of single-good auctions under a natural structure of the
knowledge graph. More precisely, recall that a directed graph is strongly connected if there
is a directed path from any node i to any other node 4’. Intuitively, in a knowledge graph this
means that for any two players Alice and Bob, Alice knows a guy who knows a guy ... who
knows Bob. Also recall that a directed graph is 2-connected if it remains strongly connected
after removing any single node and the adjacent edges. In a knowledge graph, this means
there does not exist a crucial player as an “information hub”, without whom the players will
split into two parts, with one part having no information about the other. It is easy to see that
a knowledge graph being strong connected (or 2-connected respectively) implies it being
1-informed (or 2-informed respectively), but not vice versa. In fact, a graph of # nodes can
be (| 5| — 1)-informed without being connected.

When the knowledge graph is 2-connected, we construct the information elicitation
Myerson mechanism Mgy, in Mechanism Algorithm 1. Recall that Myerson’s mecha-
nism maps each player i’s reported value b; to the (ironed) virtual value, ¢;(b;; D;). It runs
the second-price mechanism with reserve price 0 on virtual values and maps the resulting
“virtual price” back to the winner’s value space, as her price.

Algorithm 1 Mg,

: Each player i reports a value b; and a knowledge K; = (D; ) jeN\{i}-

: Randomly choose a player a, let S = {; | D? £ 1}, N =N\ ({a}Us).

: If S = ¢, the item is unsold, the mechanism sets price p; = 0 for each i € N and stop here.
. Set D} = Djf forall j € S.

1
2
3
4
5: Seti* = argmax ;¢ g (bj; D}), with ties broken lexicographically.
6: while N’ # ¢ do

70 SetS' ={(j|jeN, 3 eS\{i*}st D;/ £1).

8: If S’ = @ then go to Step 13.

9:  Foreach j € 5, set D} = D;/, where i’ is the player in S\ {i*} with smallest identity such that

D;Z/ £ 1.
10:  SetS={i*}uS and N =N'\ 5.
11:  Seti* = argmax ; ¢ s (b3 D‘;-), with ties broken lexicographically.

12: end while
13: Set second = max ;e \\ ({a,i*)JUN') ) (b D}) and the price p; = 0 for each player i.
14: If ¢y (b= ’Dl/.*) < 0 then the item is unsold; otherwise, the item is sold to player i* and p;x =

¢7,-_*1 (max{¢second. 0}; DI/*)

To help understand our mechanism, we illustrate in Fig. 1 the sets of players involved in
the first round of Mechanism M gys. Informally, Mgy starts from a randomly selected
player a and computes the virtual values of the players whose distributions are reported
by a. In the following rounds, Mg s maintains a set of explored players S whose virtual
values have been computed and a player ¢* who has the highest virtual value among them.
In each round, Mg computes the virtual values of more players using the information
reported by S excluding ¢*, and updates S and ¢* accordingly. As we will prove, since the
knowledge graph is 2-connected, eventually all the players’ virtual values can be reported
and used to compute the winner, excluding a. We have the following theorem.

@ Springer
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Fig. 1 The sets of players involved in the
first round of Mechanism Mg ps. The
edges in the figure correspond to distribu-
tions reported by the players. In each round,
the mechanism keeps in S the player with
the highest virtual value so far, drops all the .
other players from S, and adds the players a
whose distributions are reported for the first

time by the dropped ones

S/

N/

Theorem 1 For any single-good auction instances T = (N,M,D)andZ = (N,M,D, G)
where G is 2-connected, Mg is 2-DST and Rev(Mgm(Z)) > (1 — %)OPT(IA).

Before proving the revenue bound, we first prove Mgas is 2-DST.
Lemma1 Mgy, is 2-DST.
Proof By the definition of 2-DST, we prove the lemma in two steps.

Claim 1 For any player i, true value v;, value b;, knowledge K;, and strategy subprofile
s—; = (bj, Kj) i of the other players, E g, wi((vs, K5), 5—3) > Epgy, wi((bs, K5), 5-3),
where the expectation is taken over the mechanism s random coins.

Proof First, conditioning on a = 4, player i does not get the item and her reported value is
not used by the mechanism. Thus u;((v;, K;), s—;) = u;((b;, K;), s—;) = 0 in this case.

Second, we compare the two utilities conditional on a # i. Notice that when a # 1,
whether or not player i’s distribution is reported—that is, whether or not D;, is defined— only
depends on s_;. Thus D} is defined under (v;, K;) if and only if it is defined under (b;, K;).

If D} is not defined, then ¢ € N' at the end of the mechanism, she does not get the item,
and her reported value is not used. Therefore u;((v;, K;),s—;) = u;((b;, K;),5-;) =0
again.

If D} is defined, then it is defined in the same round of the mechanism under both (v;, K;)
and (b;, K;), which we refer to as round r. Also, D; is the same in both cases and the mecha-
nism’s execution is the same till this round. Notice that

(1) ¢:(-;D}) is monotone in its input;

(2) i gets the item if and only if ¢ = 4* in all rounds ¢ with £ > r and her virtual value is at
least 0; and

(3) when i gets the item, K is never used by the mechanism and thus does not affect the
execution of any round ¢ with ¢ > r.

Accordingly, the mechanism is monotone in player i’s reported value: if i gets the item by

reporting some value, then she still gets it by reporting a higher value. Moreover, when i gets
the item, her price in Step 14 is the threshold payment. Following standard characterizations
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of single-parameter DST mechanisms, it is the best for player i to report her true value v;.
That iS, ui((vi, Kz)7 S_i) > Ui((bi, Kz)7 S_i) when D; is defined.

Combining the above cases together, we have
EMIEMUZ'((viv K»L), S_i) > EMIEMUi((biv Kz)7 S_i) and Claim 1 holds. O

Claim2 Foranyplayeri, truevaluev;, trueknowledge K;, knowledge K|, andknowledgesubpro-
file K ;(v_;) = (K](vj))jzioftheotherplayers,whereeach K} (v;)isafunctionofplayerj strue
valuev;,By_ ~p_ ui((vi, Ki), (v—i, K" ;(v-4))) = Eo_np_ ui (03, K7), (v-i, K ;(v-4))).

Proof Similar to Claim 1, conditional on a = i, player i does not get the item no matter what
knowledge she reports. Thus

Bo_inp_ [uil(vi, Ki), (v-3, KL;(v-3))) | a = i]
“Eo_ o Jui((vn, K2, (00, K (0-))) | a = i] = 0.
Next, we compare the two utilities conditional on a # i. Again similar to Claim 1, D} is
the same under both strategies of i, and the mechanism’s execution is also the same till the
round » where D}, is defined (or till the end if D} is not defined). There are three cases:

e If D} is not defined, then neither K; nor K7 is used by the mechanism, and i has utility
0 under both strategies.

e If D} is defined and ¢ = ¢* from round r to the end of the mechanism, then again K;
and K are not used. Thus i has the same utility (maybe non-zero) under both strategies.

e If D] is defined and ¢ # ¢* starting from some round 7’ > r, then i does not get the item
under either strategy, thus her utility is 0 under both of them.

Insum, B, _,~p_ ui((vi, Ki), (v-i, K'j(v-i))) = Bo_ ~p_ ui((vi, KJ), (v—i, K ;(v-)))
and reporting her true knowledge does not hurt player i. O
Lemma 1 follows directly from Claims 1 and 2. 0
In Section 6, we add scoring rules to mechanism M ;g7 p toreward the players’ knowledge,
so that a player’s utility will be strictly larger when she reports her true knowledge than when
she lies. To prove Theorem 1, it remains to show E,,.p Rev(Mgn (Z)) > (1 — }L)OPT(f)
under the players’ truthful strategies.

Proof of Theorem 1 The key is to explore the structure of the knowledge graph to make
sure that the player with the highest virtual value is found by the mechanism with high
probability.

More specifically, arbitrarily fix the player a chosen by the mechanism. Notice that
throughout the mechanism, N” is the set of players ¢ € N \ {a} such that D is not defined.
We show that N/ = () at the end of the mechanism. Indeed, since G is 2-connected, the out-
degree of @ in G is at least 2: otherwise, either a cannot reach any other node in G, or this
becomes the case after removing the unique node j with (a, j) € G, contradicting 2-con-
nectedness. Since a reports her true knowledge K,, we have | S |> 2 in Step 3 and the
mechanism does not stop there. Moreover, at the beginning of each round, we have | S |> 2
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and thus S\ {i*} # 0: otherwise S’ = 0 in the previous round, and the mechanism would
not have reached this round.

Assume, for the sake of contradiction that the mechanism finally reaches a round » where
N’ # () at the beginning but .S’ = () in Step 7. Since all players report their true knowledge,
by the definition of S’ we have that, in graph G, all neighbors of S\ {i*} are in N \ N'.
Furthermore, for any playeri € (N \ N’) \ S, all neighbors of i are also in N \ N”: indeed,
i has been moved from N to S and then dropped from S (except player a, whose neighbors
are in N \ N’ by definition); and when i is dropped from S, all her neighbors in N’ are
moved to S. Accordingly, all the edges going from N \ N’ to N’ are from player i*, and G
becomes disconnected after removing 7*, again contradicting 2-connectedness. Thus S’ # ()
in all rounds and N’/ = () in the end, as we wanted to show.

Because all players report their true values and true knowledge, we have D, =D_,
and ¢;(v;; D;) = ¢i(vi; D;) for all i # a. Letting 7, = (N\{a}, M,D_,), we claim

Ey~p|[Rev(Mrpa(T)) | a] = OPT(I,). (1)

To see why this is true, note that by construction, in each round the mechanism keeps the
player with the highest virtual value in S. Thus, the final player * has the highest virtual
value in N \ {a}, and ¢secona is the second highest virtual value in N \ {a}. Accordingly,
the outcome of Step 14 is the same as that of Myerson’s mechanism on fa, so is the revenue.
Therefore (1) holds.

Finally, it remains to show that, by throwing away a random player 4, the mechanism
does not lose much revenue. For each player i, letting P; (OPT( )) be the expected prlce
paid by i in Myerson’s mechanism under Z, we have OPT(Z) = > ien PiI(OPT(Z 7).
Next, consider the following Bayesian mechanism M’ on Z,: it runs Myerson’s mechanism
on Z and then projects the outcome to players N \ {a}, i.e., the item is unsold and the pay-
ment is not collected if a gets the good; otherwise, the outcome is kept the same. It is easy to
see that M’ is DST, thus it cannot generate more revenue than OPT(Z,). As the expected

revenue of M’ is 3, P;(OPT(Z 7)), then

OPT(1,) > Ep_,Rev(M'(Z,)) = Y P(OPT(Z
i#a

2

Combining (1) and (2), we have

EENDREU(M]E]\/[(I)) = Z %EUND[R(EU(M]EM(Z)) | a] = Z n (OPT(i ))

aceN aeN
1 4 n—1 4 1 .
> - X — ) — _
=Y - (Z PZ(OPT(I))> (Z —P, (OPT(I))) (1= -)OPT(D).
a€EN i#a iEN
Combining Lemma 1, Theorem 1 holds. O
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4 When everything is known by somebody

When the knowledge graph vector G is k-informed with k£ > 1, both mechanisms in Sec-
tion 5 of course apply, but we can do better when & gets larger. In fact, we show that, for
both unit-demand auctions and additive auctions, as k gets larger, the approximation ratio
approaches the best known approximation to OPT by DST Bayesian mechanisms [8, 9, 11].

4.1 Unit-demand auctions

For unit-demand auctions, sequential post-price mechanisms have been constructed by [8,
10]. For information elicitation, if the seller asks the players to report both their values and
knowledge, and directly uses the reported distributions in these mechanisms, then a player
may want to withhold her knowledge about the other players. By doing so, a player may
prevent the seller from selling the items to the others, so that the items are still available
when it is her turn to buy.

A simple idea is to partition the players into two groups: a set of reporters who will not
receive any item and is only asked to report their knowledge; and a set of potential buyers
whose knowledge is never used. It is possible that the reported knowledge may not contain
a potential buyer’s value distributions on all items, thus the technical part is to prove that
the seller generates a good revenue even though the players’ knowledge is only partially
recovered.

Our mechanism M&% .., is simple and intuitive; see Mechanism Algorithm 2, where
My p is the Bayesian mechanism of [8] (see Section 6 therein). The probability that each
player is assigned to Ny (reporters) is ¢ = 1 — (k + 1)~ #, and the probability to N, (poten-
tial buyers) is 1 — g. The probability g is chosen to achieve the maximum probability for

each distribution to be reported, and the latter is exactly 7, = —~-—. It’s worth pointing
(k+1) %

out that, although mechanism My p is used as a black-box, Mechanism Algorithm 2 is not
a reduction from arbitrary Bayesian mechanisms. We summarize our result in Theorem 2.

Algorithm 2 .M?EUD

1: Each player i reports to the seller a valuation b; = (b;;) jep and a knowledge K; = (Dl’.‘,/)i/#i’jeM.
2: Randomly partition the players into two sets, N1 and N, where each player is independently put to Ny
with probability g = 1 — (k + 1)_% and to N, with probability 1 — ¢.

: Set N3 = 0.

: for players i € N| lexicographically do

5:  For each player i’ € N, and item j € M, if le/j has not been defined yet and D::/j # 1, then set
Dl’,,j = D;’j and add player i’ to N3.

6: end for

7: For each i € N3 and j € M such that Dl(j is not defined, set D;j = 0 (i.e., 0 with probability 1) and
b; j = 0.

8: Run mechanism M, p on the unit-demand Bayesian auction (N3, M, (Dl’. i )ieN3,jeM), With the players’

A W

values being (b;j)ieN;, jem- Letx' = (x,{,-)ieNyjeM be the resulting allocation where x{j € {0, 1}, and
let p’ = (p})ie Ny be the prices. Without loss of generality, x;j =0if D;j =0.

9: For each player i ¢ N3, i gets no item and her price is p; = 0.

10: For each player i € N3, i gets item j if xlfj = 1, and her price is p; = p;.
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Theorem 2 Vk e |[n— 1], any unit-demand auction instances 1 = (N,M,D)
and T = (N,M,D,G) where G is k-informed, mechanism M?¥, ., is 2-DST and
Reo(Mpyp()) = 35 - OPT(Z).

Note that 7, is increasing in k, 7 = i and 7, — 1. As k gets larger, the approxima-
tion ratio approaches 24, the best known approximation to OPT by DST Bayesian mecha-
nisms [8, 9].

To prove Theorem 2, the 2-DSTness follows from Lemma 2 below. Regarding the rev-
enue bound, in the next section, we will prove a more general result where £ may be 0 (see
Theorem 4), and omit a formal proof of the bound in Theorem 2. To understand the approxi-
mation ratio, blow we show that under the players’ truthful strategies, the probability for
each distribution D;; to be reported in mechanism M 5., is at least 73,. Then following
the proof of Theorem 4, we have the revenue bound of the mechanism in Theorem 2.

Indeed, for any player i and item j,

Pr(D;; is reported in the mechanism)
=Pr(i € No)Pr(3' € Ny, (i,4') € G, | i€ No) > (1—q)(1— (1 —¢q)"),

where the inequality is because D;; is known by at least k players other than i, and the
players are partitioned independently. Taking derivatives of the last term, we have that it is
maximized when ¢ = 1 — (k + 1)~ % as in the mechanism, in which case

1 k
Pr(D;; i ted in th hanism) > ———— - —— = T%.
I‘( ij 1S reported 1n € mec. anlsm)_ (k+1);% k+1 Tk

It remains to prove the 2-DSTness.
Lemma 2 Mechanism M%, ., is 2-DST.

Proof We start with the first requirement in the solution concept: it is best for a player to
report her true values, no matter what knowledge she reports and what strategies the others
use.

Claim3 Foranyplayeri, truevaluation v;, valuation b;, knowledge K;, and strategy subprofile
s—; = (bj, Kj) i of the other players, EM’fEuu wi((vgy, Ky), 5—4) > IEM;;EUD wi((bsy Ky), 5—4),

where the expectation is taken over the mechanism's random coins.

Proof If player i is not in N3 given the mechanism’s randomness and the reported
knowledge of all players, then her reported valuation is never used to compute his
allocation or price, and she gets the same utility for reporting any valuation. Thus
Ui((l}i, Kz)7 S_i) = uz((bl, Kz)7 S_i) conditional on ¢ é N3.

If player i is in N3, then her utility is determined by My p. If D} is defined to be 0 with
probability 1 in Step 7, then i’s reported value for item j is not given to My p as input, and
i gets the same utility for reporting any value for j, including v;;. Moreover, because i does
not get such an item j, his utility is the same as a dummy player 7 whose valuation is the
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same as i’s, except that the true value of i for j is 0. Since My p is DST, no matter what the
distributions are and what values the other players report, it is the best for 7 to report her
true valuation. Accordingly, it is the best for i to report her true valuation v; as well. That is,
i ((vi, K;), $—4) > u;((b;, K;), s—;) conditional on i € Nj.
Combining these two cases, Claim 3 holds. O
We now prove the second requirement in the solution concept: given that all players
report their true valuations, it is best for a player to report her true knowledge.

Claim 4 For any  player i, true  valuation v, true  knowledge
Ki, knowledge Kj, and knowledge subprofile K' (v_i;)= (Kj(vj))jzi of the
other players, where each K]f(vj) is a function of player js true valuation v
Bo_inp_ ui((vi; Ki), (v—s, KL (v-4))) = Bo_iop_ ui( (01, K7), (v-i, KL ;(v—5))).

Proof 1If player i is in Ny, then she is guaranteed to get no item and pay 0, so her utility
is 0 no matter which knowledge she reports. If player i is in N, then her knowledge is
never used, and she again gets the same utility no matter which knowledge she reports.
Thus  By_,~p_ wi((vi, Ki), (v-i, K7 (v=i))) = Bo_ o ui((vi, K7), (v—i, K (v-4)))
and Claim 4 holds. O

Lemma 2 follows directly from Claims 3 and 4. O
4.2 Additive auctions

Information elicitation mechanisms for additive auctions are harder to construct and ana-
lyze than for unit-demand auctions. First, randomly partitioning the players as before may
cause a significant revenue loss, as the revenue of additive auctions may come from selling
a subset of items as a bundle to a player i. Even when i’s value distribution for each item is
reported with constant probability, the probability that her distributions for all items in the
bundle are reported may be very low, thus the mechanism may rarely sell the bundle to 7 at
the optimal price. Second, the seller can no longer “throw away” player-item pairs whose
distributions are not reported and focus on the projected instance. When the players are not
partitioned into reporters and potential buyers, doing so may cause a player to lie and with-
hold her knowledge about others, so that they are thrown away.

To simultaneously achieve truthfulness and a good revenue guarantee, our mechanism is
very stingy and never throws away any information. Following [9] (see Section 7 therein),
we can consider a mechanism consisting of a “bundling part” and an “individual sale part”.
The former is referred to as the Bundle VCG mechanism, denoted by BVCG; and the latter
is the individual 1-lookahead mechanism, denoted by M, 4, which sells each item sepa-
rately using the 1-lookahead mechanism of [60]. Mechanism M 4 can also be replaced
by the individual Myerson mechanism, denoted by /M, which sells each item separately
using Myerson’s mechanism. By choosing the mechanism that generates a higher expected
revenue between /M and BVCG, [9] provides a Bayesian mechanism that is an 8-approxima-
tion to OPT.

We design corresponding information elicitation mechanisms separately for mechanisms
BVCG and IM. The resulting mechanisms are denoted by M;gpvca and Mg, which
are formally defined later. Because the seller does not know the prior D, she cannot compute
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the expected revenue of the two information elicitation mechanisms and choose the better
one. Instead, we let her choose between the two mechanisms randomly, according to a prob-
ability distribution depending on £. It is worth pointing out that when k£ > 1, mechanism
MieBvcce is able to recover all distributions in f, thus its revenue equals the correspond-
ing Bayesian revenue, which is lower-bounded in [9]. For Mgy, information elicitation
is done by randomized partition depending on the value of &.

However, we can do even better. Indeed, although in Bayesian auctions the mechanism
IM is optimal for individual item-sale and outperforms mechanism M 4, in information
elicitation auctions there is a tradeoff between the two. In order for the players to report
their knowledge truthfully for mechanism /M, we need to randomly partition them into
reporters and potential buyers, thus each distribution is only recovered with probability
Tk. In contrast, no partition is needed for aggregating the players’ knowledge in mecha-
nism M, 4, and we can recover all distributions simultaneously with probability 1. The
resulting information elicitation mechanism, M;g11 4, is also defined later. As mechanism
M1 4 is a 2-approximation to mechanism /M, sometimes it is actually more advantageous
to use Mg1r 4 rather than Mg, depending on the value of .

Properly combining the above gadgets together, our mechanism M , is defined as fol-
lows: when k < 7, it runs M;ppvcg with probability % and Mp114 with probability
%; when k > 7, it runs Mgpyca with probability 31’; - and Mgy with probability
3 ka . The choice of the two cases is to achieve the best approximation ratio for each k. We
have the following theorem.

Theorem 3 Vke[n— 1], any additive auction instances I = (N,M,D)
and 1= (N,M,D,G) where G is k-informed, MYy, is 2-DST and

Rev(Mp, (1)) = max{%, 64-TZT,C}0PT(ZA)-

To prove Theorem 3, we first formally define mechanisms M;gry, Mipina and
MieBvea.

The information elicitation individual myerson mechanism We start by introducing the
information elicitation individual Myerson mechanism M gy, which runs the following
mechanism M gy ; for each item j separately. Mechanism M gryr j is similar to M?EUD,
thus we have omitted many details in the analysis.

Algorithm3 Miprar ;

1: Each player i reports a value b;; and a knowledge K;; = (Df/j)i’;ér

2: Randomly partition the players into two sets, N1 and N, where each player is independently put in Ny
with probability ¢ = 1 — (k + 1)7% and N, with probability 1 — g.

3: Let N3 be the set of players in N whose distributions are reported by some players in N7, and D§V3, ; be
the vector of reported distributions.

4: Run Myerson’s mechanism on the single-good Bayesian instance lA'NS,j = (N3, {j}, D;\&’j) with the
values being (b;;)ie N5 ; and use the resulting allocation and prices to sell to players in 3.

For each item j, let v; = (vij)ien, Dj = (Dij)ien, i'j = (N,{j},D;) be the corre-
sponding single-good Bayesian instance, and Z; = (N, {j}, D;, G;) be the corresponding
single-good information elicitation instance. Lemma 3 below is similar to Lemma 2 and we
provide its statement only.

@ Springer



Autonomous Agents and Multi-Agent Systems... Page 150f 45 37

Lemma3 For any additive auction instances T = (N,M,D)andZ = (N, M, D, G), mech-
anism Mgy j is 2-DST for I; for each j € M, and mechanism M gy is 2-DST for I.

Next, we consider the expected revenue of Mrpras.
Lemma 4 EUNDRCU(MIE]M (I)) > TkEvNDRe’U(IM(f)).
Proof By definition,

EUNDRe’U(M[E[M(I)) = Z EvjNDjRev(MIEIM’j(Ij))

jeM
and
E,pRev(IM(I)) =Y~ OPT(Z;).
jeEM
Accordingly, it suffices to show that for each item  J,

~

Ey;~p; Rev(Migrn,;(Z;)) > OPT(Z;), and we have

Ey,~p, Rev(MiErnr,;(Z;))
—E E  OPT(In,;)>E E_OPT(Z;)n,

N3 vng,j~Dng N3 v;~D;
-E E_ P,(OPT(Z;)) - E E > P(OPT(Z)))
’ " 4€EN3 i€ENs5

=, QEDJ. Z Pr(i € N3) - P,(OPT(Z;)) > i, LEDJ. Z P,(OPT(Z;))

=1,OPT(Z;),

as desired. Thus Lemma 4 holds. O

The information elicitation individual 1-lookahead mechanism Next, we introduce the
information elicitation 1-lookahead mechanism M gi1A, which runs the following mech-
anism Migipa; for each item j separately. We will show that the revenue of Migira
matches that of mechanism M4 for any k > 1.

Algorithm4 Mipira,;

1: Each player 7 reports a value b;; and a knowledge K;; = (Df/j)i’;éi‘
2: Set i* = argmax;b;; and psecond = Max;4ix bij.
3: If i*’s distribution is not reported,
sell item j to her at price pgecong and halt here.
4: Otherwise, let Dt/'*j be the reported distribution for i* (if there are many reported distributions for him,

take the one by the lexicographically first reporter).
5: Let pjx = m;lxv PrD/ (prj = p | vixj = Psecond) - P- U bjx; > pyx then sell item j to i* at
i
price p;*; otherwise the item is unsold.
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Note that M1g114,; does not partition the players into two groups. Also, it is not exactly
using the 1-lookahead mechanism as a blackbox, because it has to handle boundary cases
where the players’ distributions are not all reported. When the players all tell the truth, all
true distributions will indeed be reported. However, for the mechanism to be well defined, it
has to know what to do in all possible cases. Moreover, running the 1-lookahead mechanism
on the set of players whose distributions are reported is not 2-DST: for example, if the player
with the second highest value is the only one who knows the distribution for the player with
the highest value, then she may choose not to report her knowledge about the latter, so that
she himself has the highest value in the 1-Lookahead mechanism and gets a high utility.
That is why the mechanism only tries to sell to the player with the highest value. We have
the following two lemmas.

Lemma 5 For any additive auction instances T = (N, M,D) and T = (N, M,D, G),
mechanism M gipa ; is 2-DST for each I;, and mechanism Mg is 2-DST for I.

Proof As in mechanism Myg4, in each mechanism Mrgir4,;, the fact that it is domi-
nant for each player i to report her true value no matter what knowledge the players report
follows from the truthfulness of the second-price mechanism and that of the 1-lookahead
mechanism. Given that all players report their true values, a player i’s reported knowledge
does not affect whether she is ¢* or not. It may affect the other players’ utilities, but not her
own. Thus reporting her true knowledge never hurts him, and mechanism Mygir4,; is
2-DST for Z;.

Since the players have additive valuations and M g1 1. 4 runs each mechanism Migi7,4
separately for item j, we have that Mp11 4 is 2-DST for Z and Lemma 5 holds. O

Lemma6 E,.pRev(Mipira(Z)) = EyupRev(Mipa(Z)) > LE,pRev(IM(I)).

Proof When the players report their true values and true knowledge, the outcome of each
MiEgira,; on the information elicitation instance Z; is the same as that of mechanism

M 14 on the Bayesian instance fj, because the distribution for ¢* is reported. Accordingly,

A

EywpRev(Mrp1La(Z)) = Z Ev;~p; Rev(Mig1pa,j(Z;)) = EyupRev(Mipa(Z))

jeM
1 L1 R
> %:4 3OPT(I)) = SEupRev(IM(I)),
J

where the inequality is because the 1-lookahead mechanism is a 2-approximation to the
optimal Bayesian mechanism for each item ;j [60]. Thus Lemma 6 holds. O

Note that the approximation ratio of M g1, 4 does not depend on the specific value of
k,aslongas k > 1.

The information elicitation BVCG mechanism The mechanism M ppvcg is defined in

Mechanism Algorithm 5. It is similar to Mga and approximates mechanism BVCG in
information elicitation settings. If a player i’s value distributions are not all reported,
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Migpvee throws i away and leaves his winning set unsold. This simplifies the instruc-
tions compared to Mga and still ensures truthfulness. Doing so would seriously damage
the revenue if the knowledge graphs can be totally arbitrary. However, when everything is
known by somebody and when the players report their true knowledge, no player is actually
thrown away. We have the following two lemmas.

Algorithm5 Mgpvca

: Each player i reports a valuation b; = (b;;) jep and a knowledge K; = (Df/j)i’;éi,jeM‘

: For each item j, set i*(j) = argmax; b;; (ties broken lexicographically) and p; = max;;+ b;;.

: for each player i do
Let M; = {j | i*(j) =i} be player i’s winning set.
If not all m distributions of i’s values are reported, i gets no item and items in A; are unsold.
Otherwise, let Dl’. be the vector of reported distributions for i’s values (if there are more than one

reporters for an item, take the lexicographically first).

7:  Compute the entry fee e; (’D;, b_;) using BV CG. Note that different from mechanism Bund, BVCG
does not compute extra reserve prices for i.

8:  Sell M; to player i according to BV CG. That is, if ZjeM,- bij > e (D;, b_;)+ ZjeM,- pj theni gets
M; with price ei(D;, b+ JeM; Pj otherwise i gets no item and the items in A; are unsold.

9: end for

Lemma 7 Mechanism M gpvcg is 2-DST.

Proof Arbitrarily fix a player i, a strategy subprofile of the other players, and a knowledge
of i. If not all m distributions of i’s values are reported by the others, then i gets nothing and
pays nothing, so it does not matter what valuation she reports about himself. Otherwise,
Migpvea sells to player i in the same way as BVCG: using the other players’ highest
reported value as the reserve price for each item, either player i gets the whole set of items
for which her value passes the reserve price (i.e., her winning set), or she gets nothing and
those items are unsold to anybody. Following [11], it is dominant for i to report her true val-
ues given any entry fee that does not depend on her reported values, so is it when the entry
fee is computed based on D} and b_;.

Moreover, a player i’s reported knowledge K; about others affects neither M; nor e;, nor
the reserve prices for him. Thus reporting her true knowledge never hurts her and Lemma
7 holds. O

lemma8 E Rev(Mispvec(Z)) = EDRev(BVCG(f)).
Proof Since Mppvce retrieves the whole distribution D from the players, its outcome
is exactly the same as that of BVCG under the Bayesian instance Z. O

Remark Similar to M;g11,4, the revenue of M;ppyvce does not depend on the specific
value of £, as long as k > 1. Indeed, notice the special structures of the two Bayesian mech-
anisms M1, 4 and BVCG: the winning set of a player i solely depends on the players’ val-
ues; the distribution D; is only used to compute better reserve prices or entry fee to increase
revenue; and the distribution D_; is irrelevant to i. Therefore, in the information elicitation
setting we can allow a player to be both a reporter about the others’ distributions and a
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potential buyer of some items. In some other mechanisms such as Myerson’s mechanism,
all players’ distributions are used both to choose the potential winner and to set her price,
thus in the information elicitation setting we must separate the knowledge reporters and the
potential winners.

We are now ready to prove Theorem 3.
Proof of Theorem 3 Recall that mechanism M/, is defined as follows: when k < 7, it

runs M ;g pv o with probability 12—1 and M g17 4 with probability %; when k > 7, it runs
M EBvcoa with probability 31’3%

The mechanism M’I g4 18 clearly 2-DST, since all the sub-mechanisms are 2-DST, and
which mechanism is chosen does not depend on the players’ strategies. When k& < 7, we
1—11. By Lemmas 6 and 8,

have 6+2‘r

2 9
UUNE Rev(Miga(2)) = HUDNE Rev(Mrepvea(Z)) + HUINE Rev(Mip1pa(Z))

2
>2 B Rao(BVOG(D)) + % E_Rev(1M(2) + % E_Rev(Miza()).

3)

When k > 7, we have ﬁgm > 1—11 By Lemmas 4 and 8,

ULEDRGU(MIEA( ) “)

Tk 3
3+TkUNDR€U(MIEBVCG( )+ g UNDRGU(MIEIM( ))

37'k A
E B E Rev(IM(Z)).
—3+m~ . Rev(BVCG(D)) + 0 B Rev(IM())

®)

By [9],
OPT(I) <2 E Rev(BVCG(i)) +3 E Rev(IM(Z 7)) +3 E Rev(Miza(Z I))
<2 E Rev(BVCG(L I)+6 E Rev(IM(I))

v~D v~D

Combined the first inequality with Inequality (3) and the second with Inequality (5), we
have

} OPT(1),

1 Tk
]E ReU(MIEA(I)) 2 max { 1176 4 273

and Theorem 3 holds. O
Note that when the knowledge graphs are 2-connected, instead of using mechanism
Migipa or Mygry, one can use Mgy, for each item j. We thus have the following
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corollary, where the mechanism M/, runs Mgy with probability % and MigBvcoa
with probability i.

Corollary 1 For any  additive auction instances 1= (N,M,D) and
I=(N,M,D,G) where each G is 2-connected, mechanism M’,, is 2-DST and

Ep Reo(M(Z)) > £(1 — 1) OPT(Z),

5 Under arbitrary knowledge graphs
5.1 Knowledge-based revenue benchmark

When the knowledge graphs can be totally arbitrary, some distributions may not be known
by anybody. It is not hard to see that in this case, no information elicitation mechanism can
be a bounded approximation to OPT. Indeed, if all but one value distributions of the players
are constantly 0, and if the only non-zero distribution, denoted by D;;, is unknown by any-
body, then a Bayesian mechanism can find the optimal reserve price based on D;;, while an
information elicitation mechanism can only set the price for player i based on the reported
values of the other players, which are all 0.

Thus, for arbitrary knowledge graphs, we define a natural revenue benchmark: the optimal
Bayesian revenue on players and items for which the distributions are known in the infor-
mation elicitation setting. More precisely, let Z = (N, M, D) be a Bayesian instance and
Z = (N, M, D, G)acorresponding information elicitation instance. Let D’ = X ;en jemDj;
be such that Dj; = D;; if there exists a player i’ with (i',7) € G, and Dj; is constantly 0
otherwise. We refer to D’ as D projected on G. Letting Z' = (N, M, D’) be the resulting
Bayesian instance, the knowledge-based revenue benchmark is OPTx (Z) = OPT(Z'), the
optimal BIC revenue on Z'. This is a demanding benchmark in information elicitation set-
tings: it takes into consideration the knowledge of all players, no matter who knows what.
When everything is known by somebody, even if G is only 1-informed, we will have Z' = 7
and OPTx (Z) = OPT(I).

5.2 Unit-demand auctions

When some distributions may not be known by anybody, we design mechanism Mgy p
which is very similar as M¥%;,; see Mechanism Algorithm 6, where My p is also the
Bayesian mechanism of [8]. It’s worth pointing out that, although mechanism My p is
used as a black-box, Mechanism Algorithm 6 is not a reduction from arbitrary Bayesian
mechanisms. Instead, we will prove a projection lemma that allows such a reduction from an
important class of Bayesian mechanisms, where mechanism My p is an important example.
We have the following theorem.
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Algorithm6 Mrpup

1: Each player i reports to the seller a valuation b; = (b;;) jep and a knowledge K; = (Df/j)i’;&i,jeM-
2: Randomly partition the players into two sets, N1 and N,, where each player is independently put in each
set with probability %

1 Set N3 = 0.

: for players i € Nj lexicographically do

5 For each player i’ € N; and item j € M, if Dz/"j has not been defined yet and ’D;./j # L, then set
Dl/,,j = D;’,j and add player i’ to N3.

6: end for

7: Foreachi € N3 and j € M such that D;j is not defined, set Dl’.j = 0 (i.e., 0 with probability 1) and
bij =0.

8: Run mechanism M p on the unit-demand Bayesian auction (N3, M, (D; j) ieN3,jeM), with the players’®

B W

values being (b;;)ieN;, jem- Let x' = (X,{j)ieN3,jeM be the resulting allocation where x;j € {0, 1}, and
let p’ = (p})ien, be the prices. Without loss of generality, x/ ;= 0if D; ;=0.

9: For each player i ¢ N3, i gets no item and her price is p; = 0.
. . . . cao g e . —
10: For each player i € N3, i gets item j if X = 1, and her price is p; = D;-

Theorem 4 Mechanism M gyp for unit-demand auctions is 2-DST and, for any instances
T =(N,M,D)andZ = (N,M,D, G), Rev(M;pup(Z)) > LTEE),

The 2-DSTness follows from Lemma 2, and in the following we prove the revenue bound.

The COPIES setting Before analyzing the revenue of mechanism M gyp, we first recall
the COPIES setting for reducing multi-parameter settings to single-parameter settings
[10]. Given a unit-demand auction instance T = (N, M, D), the corresponding COPIES
instance is constructed as follows. We make m copies for each player, called player copies,
and denote the resulting player set by N = N x M. We make n copies for each item,
called item copies, and denote the resulting item set by MCF = M x N. Each player copy
(i, j) has value v;; ~ Dy; for the item copy (j, i), and 0 for all the other item copies.

The set of feasible allocations in the original unit-demand auction naturally defines the
set of feasible allocations in the COPIES auction: for any feasible allocation A in the origi-
nal setting, if player i gets item j, then in the corresponding allocation in the COPIES set-
ting, player i'’s copy j gets item j'5 copy i, and all other copies of i get nothing. Since in the
original setting each item is sold to at most one player, in the COPIES setting, for all copies
of the same item, at most one of them is sold. Moreover, since each player gets one item in
the original setting, in the COPIES setting, for all copies of the same player, at most one
of them gets an item copy. We denote by 1P = (NCP MCEP DCP) the COPIES instance,
with DCF = X(i,j)GN(’FDij-

Theprojected setting Next, we consider the optimal Bayesian revenue for the COPIES setting
when “projected” to smaller instances. Let NM C N x M be a subset of player-item pairs

and N' be NM projected to N. The unit-demand instance yy = (N, M, D'y), referred to
as I projected to NM, is such that D}; = Dy; if (i,7) € NM, and Dj; = 0 otherwise.

Let fﬁﬁ[ = (N’CP, MCF, D’I\?;P) be the COPIES instance corresponding to I It can
also be considered as TCF projected to NM. That is, when projecting a COPIES instance to
a set of player-item pairs, we still want the resulting instance to be a COPIES instance, thus
we patch it up with the missing player-item pairs but with values constantly 0. The relations
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Fig. 2 Relations of the COPIES and the projected instances

of these instances are illustrated in Fig. 2. We are interested in the optimal Bayesian revenue
FCP FCP
under Ly, OPT(Zya)-

Let OP T(f CP) yas be the revenue of the optimal Bayesian mechanism for 1CP obtained
from NM: that is, for any pair (i,7) ¢ NM, the price paid by the j-th copy of player i is
not counted, even though this player copy may get the i-th copy of item j according to the
optimal mechanism for ZCF . We have the following lemma, where we explicitly write out the
distributions for different Bayesian instances.

Lemma 9 (The projection lemma) For any I and NM C N x M,

OPT(ZGY) > OPT(ZCT ) nu.

Proof Given the instance fﬁﬁ, consider a Bayesian mechanism M’ as follows:

e Patch up the instance to be exactly Z¢7, including changing the distribution D from 0
to D;; for any (i, ) withi € N' and (¢, j) ¢ NM;

e Forany (i,j) € NM, leti’s copy j report her value, while for any (¢, j) ¢ N M, sample
the value of i’s copy j from D;;;

e Run the optimal DST Bayesian mechanism on
6

Z°P  with the reported and the sampled
values;
e Project the resulting outcome to NM.
The key is to show that M’ is a DST Bayesian mechanism for jﬁﬂ Indeed, for any (i, j)
such that ¢ € N’ and (4, j) ¢ NM, the value of i’s copy j in fﬁf\} is 0 with probability
1, his reported value is not used by M’, and at the end this player copy gets nothing and
pays 0. Therefore it is dominant for this player copy to report her true value 0. For any
(i,7) € NM, the utility of i’s copy j under M’ is the same as that under the optimal DST
Bayesian mechanism on Z¢%. As it is dominant for this player copy to report her true value
in the latter, so is it in M’. Accordingly,

E OPT(IGY) > E Rev(M'(Z5),
P D;\?‘/P

g
by the definition of OPT. By construction we have

E Reo(M'(I§5) = E OPT(Z")nu,

1C P
DN’

thus Lemma 9 holds. O

®Since COPIES is a single-parameter setting, Myerson’s mechanism is both the optimal BIC mechanism and
the optimal DST mechanism here. In particular, the optimal BIC revenue equals the optimal DST revenue.
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Note that the projection lemma is not true for non-COPIES settings in general, because the
corresponding mechanism M’ is not DST. Indeed, when the same player i has (i,5) € NM
and (i,5') ¢ NM for some items j and j’, she prefers receiving j to receiving j' in the
patched-up auction, even if the former leads to a smaller utility: her projected utility will be
0 under the latter.

Now we are ready to finish the proof of Theorem 4.

Proof of Theorem 4 Letting Z' = (N, M, D’) be the Bayesian instance where D’ is D pro-
jected on the knowledge graph G, the COPIES instance Z'“T is respectively defined. Fol-
lowing Lemma 2 and by the definition of O PT, it remains to show

OPT(T)

Ey~pRev(Mipup(Z)) > o5

For any player i and item j with D;; known by some other players, we have

Pr(D;; is reported in the mechanism)

1
:PI"(Z c NQ) PI‘(EZ/ S N1 s.t. (7/,2) S Gj | 1€ Ng) = 17

where the equality is because there exists at least one player ¢’ with (¢/,7) € G}, and players
i and ¢’ are partitioned independently. Below we use N M3 to denote the set of player-item
pairs whose distribution is reported in the mechanism: that is, the set of players /N3 together
with their reported items. Accordingly,

Pr((i,j) € NMs) > (6)

=

Also, we use D, = X(i,jye Ny Dij and vnag, = (Vij) i, j)en M to denote the vector of
distributions and the vector of true values for N M3, respectively. Let In M = (N3, M, Dly,)

be the unit-demand instance given to My p in Step 8. Note that it is exactly Z’ projected
to NMs: that is, D;; = D;; for any (i,j) € NM3z and Dj; =0 for any (i,5) ¢ NMs.
Accordingly,

UINED ReU(MIEUD(I)) :NIJ%Ig UN M3 I~E’DNMS ReU(MUD(iNMS))' (7)

Let fﬁﬂs = (NSP, MCP 7D§\§;P ) be the COPIES instance corresponding to Z yz,. Fol-

lowing [8], given any set N M3, the revenue of My p under the unit-demand Bayesian
instance Zy pz, i a 6-approximation to the optimal revenue for the COPIES instance. That
is, for any N M3,

~ 1 ~
E R Inw)) >= E OPT(ZSGE ).
vNMy~DNg coMup(Ins)) _6D;\§;f’ ( NM3) ®)

Combining Inequalities (7) and (8), we have
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B, RevlMizunlD) 2 § B B OPT(ST,) ©
By Lemma 9,
D;EPOPT@JCV‘@B) > B OPT(T")nus,
thus

E E oPT(I¢P )y> E E OPT(T'°F )
N Ms D;\%PO ( NM3) = NMs DCPO ( )N]Ws (10)

Let P,;(OPT(Z'“T)) be the price paid by player i’s copy j under the optimal mechanism
for Z'CF. We can rewrite the right-hand side of (10) as follows.

1C P _ 5 1CP
& EOPTT vy = E B > P,(OPT(Z?))

(i,j)ENMs
= > 1CP
= per NI]E\/IS Z P (OPT(I™7)) an
(4,5)EN M3
(i,5)EN XM

where the first equality is by the definition of the projection, the second is because sampling
from DP is done independently from NMs, and the third is because P;;(OPT(ZCT))
does not depend on N M3. We can further lower-bound the last term of (11) as follows:

> Pr((i,j) € NMs) - P (OPT(TF))

DCP
(i,j)ENXM
e > Pr((i,j) € NMs) - Py (OPT(Z'“"))
(4,)ENXM:3i s.t. (¥ 1)€G; "
1
S > P, (OPT(TF))

(i,))ENXM:3i’ s.t. (i/,i)€G;
1 1
ZEOPT(I’CP) > EOPT(I').

Here the first equality is because P;;(OPT(Z'“T)) = 0 for every (i, j) such that D;; is
unknown, the first inequality is by (6), the second equality is by the definition of revenue,

and the second inequality is because OPT(Z'¢F) > OP%(I/) by [9].
Combining (9), (10), (11) and (12), we have

OPT(T')
9%

EUNDR@U(M[EUD(Z)) > . OPT(II) =

1
16

D =
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and Theorem 4 holds. O
Note that Lemma 9 is only concerned with COPIES instances. Using this lemma and
similar to our proof of Theorem 4, any Bayesian mechanism .M whose revenue can be prop-
erly lower-bounded by the COPIES instance can be converted to an information elicitation
mechanism in a black-box way. We have the following theorem, with the proof omitted.

Theorem5 Let M be any DST Bayesian mechanism such that Rev(M(Z)) > aOPT(Z°F)
for some oo > 0. There exists a 2-DST information elicitation mechanism that uses M as a
black-box and is a {z-approximation to OPTk.

By Theorem 5, the mechanisms in [4] and [10] automatically imply information elicita-
tion mechanisms. For single-good auctions, replacing mechanism My p with Myerson’s
mechanism, the information elicitation mechanism is a 4-approximation to O PTk.

5.3 Additive auctions

For additive auctions, recall that we can never throw away any information. If a player i’s
value distribution for an item j is reported by others, then j may be sold to i via the 3-Bun-
dling mechanism of [11] (see Sections 2 and 3 therein), denoted by Bund. If i’s distribution
for j is not reported, then j may still be sold to i via the second-price mechanism. Indeed, our
mechanism handles the players neither solely based on the original Bayesian instance 7 nor
solely based on the projected instance Z'. Rather, it works on a hybrid of the two.

Our mechanism M g 4 is still simple; see Mechanism Algorithm 7. However, significant
effort is needed to analyze its revenue. Indeed, note that in Mechanism Algorithm 7, each M;
— the winning set of agent i — is defined according to the original Bayesian instance 7, while
the partition of M is done according to the knowledge graphs in the information elicitation
instance Z, where M,! contains the items for which i’s distribution is reported and M? con-
tains the ones that have not been reported by anyone. The mechanism Bund is run on a hybrid
instance, where [3; is based on 7 and D, is based on Z. The mechanism Bund then returns the
optimal entry fee e; and reserve prices (p}) e - If €; > 0, the items in M} N M; are sold

to player 7 with price e; + ZjGM}mM,’_’ i if ZjeM}mm bij > e + ZjeM}mm p); other-
wise the items in ]Wil M M; are not sold. If e; = 0, for each item j € JV[} N M;, player i gets
item j with price p;- if by > p’j; otherwise item j is not sold. Finally, the items in M? N M;
are sold using second price.
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Algorithm7 Mg

1: Each player i reports a valuation b; = (b;;) jc s and a knowledge K; = (D::/j)i’yéi,jEM'

: For each item j, set i*(j) = argmax;b;; (ties broken lexicographically) and p; = max; z bjj.

: for each player i do

Let M; = {j | i*(j) = i} be player i’s winning set.

Partition M into Ml.1 and Ml2 as follows: for all j € Ml.l, some i’ has reported D; j # L (if there are

T RN

more than one reporters, take the lexicographically first); and for all j € Ml.z, D;j/ =1 forall i’
; 1 i ; 2 -
Vj € M;,set Dl.j = Dij’ andVj € M7, set Dij =0.

Compute the optimal entry fee e; and reserve prices ( p;. )j em! according to mechanism Bund with
; i

respect to (’D;, Bi), where B;; = max;s . bi’j Vj € M. By the definition of Bund, we always have
p} > B;j for each j. If ¢; = 0 then it is possible that p} > B;j for some j; while if ¢; > O then p} = Bij
for every j.
8:  Sell Mil NM; toplayeri according to Bund. Thatis, ife; > 0thendo thefOHOWiﬂgiiijeMl_lmMi bij >
e+ Zj el p} ,player i gets Ml.l NM; with price ¢; + Zj erlnm; p;- ; otherwise the items in Mil NM;
are not sold. If e; = 0 then do the following: for each item j € Mil NM;, it b;; > p}, player i gets item
J with price p}; otherwise item j is not sold.

9:  In addition, sell each item j in Ml.2 N M; to player i with price p; (= B;;).
10: end for

Although running Bund on Z' achieves a constant approximation to OPT(Z'), some
items sold by Bund under Z' may end up being sold by Mg 4 using second-price, and the
revenue of Mg 4 cannot be lower-bounded by that of Bund on Z’. To overcome this dif-
ficulty, we develop a novel way to use the adjusted revenue [11] in our analysis; see Lem-
mas 11 and 13, where we also recall the related definitions. As we show there, the adjusted
revenue in a hybrid information setting, combined with the revenue of the second-price
sale, eventually provides a desirable lower-bound to the revenue of Mg 4. We have the
following theorem.

Theorem 6 Mechanism Miga for additive auctions is 2-DST and, for any instances
Z=(N,M,D)andT = (N,M,D,G), Rev(Mpa(ZT)) > LTed),

Lemma 10 Mechanism M g4 is 2-DST.

Proof The structure of a detailed proof for Lemma 10 will be following the two require-
ments in the solution concept and similar to that of Lemma 2. Thus we only highlight the
key points here.

For each player i, given the distributions and values reported by the other players, the
subsets M} and M? do not depend on player i’s strategy, neither do the entry fee ¢; and
reserve prices (p}) jeas1 - As far as player i is concerned, the other players’ values are always

taken to be b_;, even if some of their value distributions are not reported. Computing i’s
winning sets M; N Mi1 and M; N Mf is just part of the two mechanisms, Bund and second-
price, again with the other players’ values taken to be b_;. Thus, it is dominant for 7 to report
her true values for .Mz-l, following the truthfulness of Bund; and it is dominant for her to
report her true values for M2, following the truthfulness of the second-price mechanism.

@ Springer



37 Page 26 of 45 Autonomous Agents and Multi-Agent Systems (2025) 39:37

Moreover, given that all players truthfully report their values, for each player i, reporting
her true knowledge never hurts him, no matter what knowledge the other players report.
Indeed, the winning set M, only depends on the players’ reported values. Player i’s reported
knowledge may affect how M is partitioned into M., and M2 for another player i/, but does
not affect the sets M} and M2, or whether she gets some items or not, or the prices she
pays. Thus Mg 4 is 2-DST as desired. O

The adjusted revenue 7o lower-bound the expected revenue of Mga, we first introduce
several important concepts following [11].

For any single-player Bayesian instance 7, = ({i}, M,D;) and any non-negative
reserve-price vector 3; = (B4)jem. a single-player DST Bayesian mechanism is (;-exclu-
sive if it never sells an item j to i whenever her bid for J is no larger than ;5. Denote by
RevX (L, B:) the optimal [B;-exclusive revenue for I that is, the supremum over the rev-
enue of B;-exclusive mechanisms.

For any single-player DST Bayesian mechanism, its 3;-adjusted revenue on Z; is its rev-
enue minus its social welfare genemted from player-item pairs (i, j) such that i's bid for j is
no larger than 3. Denote by Rev” (L, Bi) the optimal 3;-adjusted revenue for Z;: that is,
the supremum over the [3;-adjusted revenue of all single-player DST Bayesian mechanisms.
Note that if a mechanism is B;-exclusive, then its 3;-adjusted revenue is exactly its revenue.

Given a Bayesian instance 1= (N, M, D), for each player i and valuation subprofile
v_iy ~ Dy, let Bi(v—;) = (Bsj(v=s))jem be such that By;(v_;) = maxyz; vy; for each
item j. Note that we are slightly abusing notations here: each [3;; is now a function rather
than a value. The optimal (-adjusted revenue for I is

EDRG’U( ,B) = UNDZReU Il?/Bl( —i))

= ZIEU_ ot By, Rev (Zi, Bi(v-4)).

When v_; is clear from the context, we may simply write 3; and ;.

Because we also consider the projected Bayesian instance T' = (N, M,D"), let v' be
v projected on the knowledge graph G: that is, Ugj = vy if there exists a player i’ with
(i',49) € Gj, and vj; = 0 otherwise. As v is distributed according to D, ' is distributed
according to D'. Thus we sometimes directly sample v' ~ D’ rather than sample v first and
then map it to v'. Let Bi;(v_;) = maxz; vj,; for each player i and item j. The optimal ('
-adjusted revenue for T' is defined respectively:

Ep Rev(Z', B) = Evnp Y Rev (Z], Bi(v',))

= ZEvLiNDLiEv;ND;ReUA(Zz{v Bi(v_5)).

i

It is important to emphasize that, given v_; and §3;(v_;), the optimal /3;-exclusive revenue
and the optimal (3;-adjusted revenue are well defined for any Bayesian instance for player i,
whether it is Z; or Z/. In particular, we will consider RevX (Z/, 3;) and Rev®(Z, B;), which
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are on the hybrid of 7; and T!. The optimal 3-adjusted revenue on the hybrid of Zand 7'
are similarly defined:

EDR@UA(ZI7 /B) = Z EvfiNDﬂEUQNDg Rev? (Il{a Bi (Ufi))‘

3

To highlight that in the inner expectation, player i’s value is v} even if it is obtained by first
sampling v; ~ D; and then projecting on G, we may also write it as E,, .p, Rev (Z/, B;; v})
and

EpRevA(T',8) = Y By ap_ Bynp, Rev (T, Bi(v_i); v))

K2

B3 Reo (T, filoa); o))

K3
Finally, denote by IM the individual Myerson mechanism, which sells each item separately
using Myerson’s mechanism [1]. The revenue of /M under the projected Bayesian instance
7', denoted by IM (Z'), is thus the optimal revenue by selling each item separately.

Having defined the notions and notations needed in our proof, we prove Theorem 6 via
the following two technical lemmas, whose proofs can be found in Appendix C. For each
lemma, note that on the left-hand side the values are drawn from the original Bayesian
instance, and on the right-hand side the values are drawn from the projected instance.

> L A(Tr g1 .
Lemma 11 1,LEDR6U(MIEA(I)) > 43 U/INED/Rev (z',8)

Lemma12 E_ Rev(Mpa(Z)) > & E_IM(T').
v~D V' ~D’

Proof of Theorem 6 By Theorem 8.1 of [11],
Eyrop RevA (T, ') + /IED/ IM(Z'") > OPT(Z'). Combining this inequality with Lem-

mas 11 and 12, we have IED Rev(Miga(T)) > OP7TO(I/) = OP%‘(I), and Theorem 6
v

holds. O

6 Using scoring rules to buy knowledge from players

In this section we use proper scoring rules to reward the players for their knowledge, so that
it is strictly better for them to report truthfully. More precisely, a scoring rule is a function f
that takes as inputs a distribution D’ over a state space €2 and a random sample w from an
underlying true distribution D over 2, and outputs a real number. Scoring rule f'is proper if

Ew,\/Df(D, UJ) Z EMNDf(D,, UJ)

for any D and D', and strictly proper if the inequality is strict for any D’ # D. Moreover, f is
bounded if there exist constants ¢y, ¢z such that ¢; < f(D’,w) < ¢, for any D’ and w. Our
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mechanisms can use any strictly proper scoring rules that are bounded. For concreteness,
we use Brier’s scoring rule [12]:

BSR(D',w) =2~ (D _(du,s = D'(5))) = 2D'(w)— || D' [|5 +1,
EISY)

where D’ (s) is the probability of s according to D', and 4, , is the indicator for w = s. Note
that BSR(D',w) € [0,2] for any D’ and w.” We remark that Brier’s scoring rule can be
replaced by any strictly proper and bounded scoring rules. However, scoring rules like the
logarithmic scoring rule [18] are not suitable, as they are unbounded.

In all our mechanisms, when player i reports D}, ; # L for player i/ and item j, the seller
rewards i based on BSR(D;, ;»birj). If there are more than one reporters for the same dis-
tribution, the seller can either reward all of them or randomly choose one. We can scale the
reward for each distribution so that the total reward given to the players is at most some

constant €, which is an € additive loss to the revenue. For example, in Mechanism M gip,
the seller could reward each player i with

i €
pho=

i’ j = 2mn2 BSR(IDZ bz/])

i

for reporting the value distribution of player ¢’ on item ;.

Although scoring rules help breaking utility-ties, they cause another problem: a player
who does not know a distribution may report something she made up, just to receive a
reward. Therefore we start by considering our mechanisms under the no-bluff assumption:
that is, a player will not report anything about a distribution that she does not know. More
precisely, a player i in an information elicitation auction is no-bluff if, for any knowledge
graph G; and player ¢’ with (¢,7) ¢ G, and for any strategy (b;, K;) of i, i reports _L for
the corresponding distribution of ¢’. Note that for a player ¢’ with (i,4") € G;, i may report
any distribution about 7/, including L. In some sense, the no-bluff assumption is the analogy
of the no-overbidding assumption adopted in budget-constrained auctions: a player will not
bid higher than her true value or budget, even if doing so may not lead to a price higher than
the latter.

For all our mechanisms, it is easy to see that the reward will only affect the players’
incentives for reporting their knowledge, not their incentives for reporting their values.
Accordingly, it is still dominant for the players to report their true values, no matter what
knowledge they report. Given that the players all report their true values, the reported val-
ues are distributed according to the prior. Thus reporting her true knowledge is now strictly
better than lying for a player, because it maximizes her reward. Rather than restating all our
previous theorems, we summarize them in the theorem below.

Theorem 7 Under the no-bluff assumption, for any information elicitation mechanism in
previous sections, the revised mechanism with proper scoring rules is 2-DST, and reporting
her true knowledge is strictly better than lying for each player i. Moreover, the mechanism’s
revenue is the same as before with an € additive loss.

"The original version of BSR is bounded by —1 and 1, and we have shifted it up by 2.
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Next, we show how to remove the no-bluff assumption when everything is known. With-
out this assumption, player / may report a distribution for another player ¢’’s value for an
item j, even if (i,4') ¢ G;. However, if there exists a third player 7 who knows i'’s distribu-
tion Dy, and if player i is also rewarded for player i’s report, then intuitively player i would
have no incentive to bluff about ’. That is, not only a player is paid for reporting the dis-
tributions she knows, but she is also paid for keeping quiet about the distributions she does
not know and letting the experts speak. Surely reporting D;/; maximizes player i’s expected
reward, but she does not have the information to decide what D;/; is.® Therefore, as long
as reporting “_L” gives player i the same utility as the unknown strategy of reporting D,
and as long as reporting any distribution other than D;; gives her a strictly smaller utility,

player i will report “_L” about D;/ ;.

Taking mechanism M 5, in Section 4 as an example, the players are rewarded as
follows:

e For each player i’ and item j, let R;/; be the set of players who did not report “_L” about
the value of i’ for j. Randomly select a player i from R;; and let 7;,; = BSR(D, ;2 birg)-
Reward every player i # i’ using 7, properly scaled.

Note that the reward r;/; is given to player i even if she has reported D, ;=L

It is easy to see that, for any k-informed information elicitation instance with & > 1, if all
players except i report their true values and true knowledge, then player i’s best strategy is
to tell the truth about her own. Indeed, reporting her true values is still dominant no matter
what knowledge the players’ report. Moreover, for each player i’ and item j, there are two
ways for player i to maximize the reward 7;/; she receives: (1) reporting Df,j = 1, sothat?
is chosen with probability 1 from the set of players who actually know D;;; or (2) success-
fully guessing D;-; and reporting it, so that 2’s report is still Dy ; with probability 1. Indeed,
the resulting information elicitation mechanism is Bayesian incentive compatibility (BIC):
that is, all players reporting their true values and true knowledge is a Bayesian Nash equi-
librium. Note that option (2) is not a well-defined Bayesian strategy, because i does not have
enough information to carry it out. In fact, option (1) is the only Bayesian Nash equilibrium
in the mechanism, besides the unachieveable ones where each player reports the unknown
true distributions. We again summarize our results in the theorem below.

Theorem 8 For any information elicitation mechanism in previous sections where the
knowledge graph is at least 1-informed, the revised mechanism does not rely on the no-bluff
assumption, and all players reporting their true values and true knowledge is the unique
Bayesian Nash equilibrium. Moreover, the mechanism's revenue is the same as before with
an € additive loss.

When not everything is known and the players may bluff, a player may not report “L
” about a distribution she does not know, because she may still get some reward in case
nobody knows that distribution. It is an interesting open problem to design information
elicitation mechanisms when not everything is known and without the no-bluff assumption.

8 Using the standard language from epistemic game theory, player i’s information set contains at least two
different distributions for i’’s value for ;.
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7 Information elicitation mechanisms for combinatorial auctions

In our main results, the knowledge graphs for different items can be totally different from
each other: player 1’s value distribution for item 2 may be known by player 3, while her
value distribution for item 4 may be known by player 5, etc. When all the knowledge graphs
are the same, we say that the auction has player-wise information: all value distributions of
a player have the same “knower”.

With player-wise information, only one knowledge graph G is needed: an edge (4,¢') is in
G if and only if player i knows the distribution D;; = D;/q X - -+ X Djrp,. Such an informa-
tion setting can also model arbitrary combinatorial auctions, where each player i’s valuation
function v; maps each subset of items to a non-negative real, with v;(f}) = 0. Thus the dis-
tribution D; is over such functions, and i’s values for items within a subset can be arbitrarily
correlated. Given a combinatorial Bayesian auction instance 7= (N,M,D = x;enD;),a
corresponding information elicitation instance is denoted by Z = (N, M, D, G), where G is
a single knowledge graph rather than a vector of graphs.

Player-wise information is a much stronger assumption than (player, item)-wise informa-
tion, the information settings considered in Sections 3 to 4 of this paper. We mention this
model here mainly for completeness and to facilitate the comparison of our results with the
literature. Indeed, with player-wise information and by randomly partitioning the players
into reporters and potential buyers as we have done in mechanisms Mgy p and M/ EUD>
we have a simple blackbox reduction from Bayesian mechanisms to information elicitation
mechanisms. Our mechanism Mg p is shown in Mechanism Algorithm 8, where M g can
be any Bayesian mechanism. We have the following theorem, whose proof is similar to that
of Theorem 2 and thus omitted.

Algorithm8 M;pp

1: Each player i reports a valuation function b; and a knowledge K; = (Dg/)i/;&i-

2: Randomly partition the players into two sets, N1 and N, where each player is independently put in Ny
with probability ¢ = 1 — (k + 1)7% and N, with probability 1 —¢.

3: Let N3 be the set of players in N> whose distributions are reported by some players in Ny, and let D?V} be
the vector of reported distributions.

4: Run M p on the Bayesian instance 7 Ny = (N3, M, D;V;) and the valuation functions by ; and use the
resulting allocation and prices to sell to players in N3.

Theorem 9 For any k € [n — 1), for any combinatorial auction instances T = (N, M, D)
andZ = (N, M, D, G) where T has player-wise information and G is k-informed, if M is
DST then M gp is 2-DST; and if M g is BIC then M g is BIC. Moreover, if Mg is a c
-approximation to OPT, then M 1gp is a Tyo-approximation to OPT.

With player-wise information, a player i’s valuation distribution D; is either “completely
known” or “completely unknown”. Thus for unit-demand auctions there is no need to adopt
the COPIES setting to handle the scenario where only part of D; is reported. As before, the
approximation ratio of Mgp increases as k gets larger and converges to that of the Bayes-
ian mechanism. When k£ = 1, it is a 4-approximation to OPT using the optimal Bayesian
mechanism as a black-box. Note that the model studied in [7] is a very special case even
compared with the player-wise information setting: that is, G is the complete graph and

_ H _ _n—1 1
k=n—1.Since 7,_1 = o=y — 1 — 5, when n gets larger, the revenue of our mecha-
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nism essentially matches that of [7] for combinatorial auctions. Moreover, if the players
can observe private signals and refine their knowledge about the prior, then our mechanism
can also aggregate such refinements as in [7]. Finally, we have the following corollary for
arbitrary knowledge graphs (i.e., kK may be 0).

Corollary2 Forany combinatorial auction instances = (N, M,D)andZ = (N, M, D, G)
with player-wise information, mechanism Migp with ¢ = % is a %—approximation to

2
OPTk(Z) if Mp is a o-approximation to OPT.

8 Discussion and conclusion

In our main results, the seller asks the players to report the distributions in their entirety,
without being concerned with the communication complexity for doing so. This is com-
mon in information elicitation and allows us to focus on the main difficulties in aggregating
the players’ knowledge, but maybe unrealistic in practice. In Appendix A, we consider the
communication complexity from a theoretical point of view and show how to modify our
mechanisms so that the players only report a small amount of information about the distri-
butions. A systematic and more practical study of efficient communication is left for further
research. Another interesting future direction is to incorporate the cost of reporting into the
model and design incentives for the agents to report.

As Bayesian auctions require the seller (and the players under common-prior assump-
tion) has correct knowledge about all distributions, in our main results we do not consider
scenarios where players have “insider” knowledge. If the insider knowledge is correct (i.e.,
is a refinement of the prior), then our mechanisms’ revenue increases; see Appendix B. Still,
how to aggregate even the incorrect information that the players may have about each other
is a very interesting question for future studies.

Another important direction is to elicit players’ information for BIC mechanisms. For
example, the BIC mechanisms in [31, 61] are optimal in their own settings, and it is unclear
how to convert them to information elicitation mechanisms.

A Information elicitation mechanisms with efficient communication

To reduce the communication complexity of our mechanisms, rather than asking each player
to report her known distributions in their entirety, the seller can make specific queries to the
players about the distributions. Indeed, the query complexity of Bayesian auctions has been
studied by [48], where the seller does not know the prior distributions but is given oracle
accesses to them. More precisely, for any distribution D over reals, in a value query the seller
sends a value v and the oracle returns the corresponding quantile g(v) = Pry.p[z > v].Ina
quantile query, the seller sends a quantile ¢ € [0, 1] and the oracle returns the corresponding
value v(¢) such that Pr,.p[z > v(q)] = ¢.

In information elicitation auctions, as the players have knowledge about the distribu-
tions, it is very natural for the seller to use them as oracles. However, it is important to
ensure that the queries to the players do not destroy their incentives to be truthful: both to
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report their true values and to report their true knowledge.® Fortunately, truthfulness in our
mechanisms can be easily guaranteed by non-adaptive queries, where all the queries are
made together, before the players report their values. As shown by [48], when the players’
value distributions are bounded within [1, H] for a given value H, the number of non-
adaptive queries sufficing to approximate OPT in Bayesian auctions is polynomial in m
and n, but only logarithmic in A, which is very efficient. Moreover, only value queries are
needed in this case. When the distributions have unbounded supports but satisfy small-tail
assumptions, non-adaptive quantile queries are enough, and the query complexity is poly-
nomial in m, n and logarithmic in the cut-off value of the tail. We make the same queries in
our mechanisms as in [48].

Below we show how to revise our information elicitation mechanisms to query the play-
ers, using mechanism M;pyp as an example and for bounded distributions. The mecha-
nism now has a parameter € > 0, which affects its approximation ratio.

e In Step 1, given €>0, let k= [log,, H] and
v=vo,v1, ., vk_1,v) = (1,(1+€), (1 +¢€)?, ..., (1 +¢)*=1 H). Each player i
reports, for each player i’ # i and item j, either | or a non-increasing quantile vec-
tor qf,j = (qf,j;07 ey qf,j;k), where qf,j;o = 1. Allegedly, qf/j;l = q;rj(v) for each

1€{0,...,k}, where gy;(-) is defined by Dy ;. That is, if (,i") € G, then player i
answers the value queries for distribution D;/; and value vector v. Simultaneously, each
player i also reports a valuation b; = (b;;)jenm.

e In Step 5, if player i € N is the reporter for player i’ € Ny and item j, then construct a
discrete distribution D, ; as follows: Dj,; (1) = ¢}, ;. — G}, foreveryl € {0,..., k},

where ¢, ikt £ (.The other parts of the mechanism remain unchanged.

In the revised mechanism, it is still dominant for the players to report their true values,
no matter how the queries are answered. Indeed, the fact that distribution D;; is now dif-
ferent from D;; does not affect the players’ truthfulness in the Bayesian mechanism My p.
Moreover, having player i answer the value queries for D;; is equivalent to first having her
report D!, ; and then having the seller answer the value queries accordingly. In the latter,

reporting Df,j truthfully never hurts player 7, because ¢ € IN; when her knowledge is used.

Thus answering the value queries truthfully never hurts i either, and the mechanism is still
2-DST. Because the value queries for a distribution D;; may be answered by all the other
n — 1 players (when they all know D;;), the query complexity and thus the communication
complexity of our mechanisms have an extra factor n compared with the query complexity
in [48].

More precisely, we state the following theorem for arbitrary knowledge graphs and
bounded distributions. The proof is relatively easy following those for Section 5 and those
in [48], thus has been omitted.

e Theorem 10 Ve > 0,H > 1 and for any auction instances Z = (N, M,D) and
I =(N,M,D,G), where each D,;’s support is bounded in [1, H], our revised in-
formation elicitation mechanisms are 2-DST and make non-adaptive value queries.
Moreover,for single-good auctions, with O(n?log,,, H) queries, the mechanism

%Here a player reporting her true knowledge no longer means that she reports the true distributions, but that
she answers the seller’s queries truthfully.
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OPTk(T).

4(14+€) >
e for unit-demand auctions, with O(mn?log, . H) queries, the mechanism achieves rev-
OPTk ().

56(1re) > and
e for additive auctions, with O(mn? log, .. H) queries, the mechanism achieves revenue
OPTx (T)

T0(1+e)

achieves revenue at least
enue at least

at least

The case of unbounded distributions with small-tail assumptions, as well as the cases of
k-informed knowledge graphs with £ > 1 and bounded/unbounded distributions, are simi-
lar. Indeed, the approximation ratios of our main results and the query complexity of Bayes-
ian auctions in [48] combine nicely with each other, resulting in information elicitation
mechanisms with very efficient communication.

To further reduce the communication complexity of our mechanisms, the seller can
change them into extensive-form mechanisms and ask each player i to first report a bit about
each pair (¢/, j), indicating whether i knows D;; or not. The seller then selects one reporter
and only asks her to answer the oracle queries. By doing so, the extra factor » in the query
complexity of our mechanisms can be dropped, with the players communicating O(n?m)
bits besides the queries.

If scoring rules are used to buy the players’ knowledge, then we can use the following
value scoring rule gy to reward value queries, which follows directly from Brier’s scoring
rule [12]. More precisely, for any value query v € R, letting x be a sample from the underly-
ing value distribution and ¢ be the answer of a reporter to the query, then

gV(xv q; U) £1 + 2(]133511 - q2~

To reward the players’ answers to quantile queries, we define the following guantile scor-
ing rule gg, which is a variant of the one in [63]. More precisely, for any quantile query
q € [0, 1], letting x be a sample from the underlying value distribution and z be the answer
of a reporter to the query, then

go(w, 2;q) £ garctan z — (arctan z — arctan )1, >,.

Both scoring rules are strictly proper scoring rules with bounded ranges.

B Aggregating the players’ refined insider knowledge

As mentioned in the introduction of the paper, since the common prior assumption implies
that every player has correct and exact (that is, no more, no less) knowledge about all the
distributions, in Sections 3 to 5 of this paper we do not consider scenarios where the players
have “insider” knowledge. Incorrect insider knowledge has been studied in [50, 51, 56, 64,
65] and is not the focus of this paper. However, sometimes each player may have correct
insider knowledge about the other players’ value distributions'®: that is, her knowledge is a
refinement of the prior.

Different players’ knowledge, although all correct, may refine the prior in different ways.
For example, when the prior distribution of a player i’s value for an item j is uniform over

10A similar scenario in the literature of contracts was considered in [66] with different concerns.
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[0, 100], after v;; is drawn, another player i’ may observe whether v;; > 50 or not, and a
third player ¢ may observe whether v;; € [20, 80]. Thus, player ¢’ knows whether v;; is
uniform over [0, 50] or (50, 100], depending on his signal; and player ¢ knows whether v;;
is uniform over [20, 80] or [0, 20) U (80, 100], depending on the signal ;" observes.

The players’ correct knowledge must be consistent with each other and one can obtain an
even better refinement of the prior by combining their knowledge together. In the example
above, if player ¢’ observes v;; < 50 and player ¢" observes v;; ¢ [20, 80], then it must be
that v;; € [0, 20) and the posterior distribution is uniform in this range. However, neither i/
nor " knows this fact.

Enhanced knowledge graphs 7o model the players’insider knowledge, we equip the knowl-
edge graphs in the information elicitation setting with information sets. To begin with, for
any two players i, and item j such that (i,1') € Gj, there is a partition Pf,j of the support
of Dy, representing the possible signals player i will observe about Dy ;. After the true
value vy ; is drawn, letting S(vy ;) be the unique set in the partition that contains v ;, player
i learns the fact that player i' s true value for j falls into S(v; ;) and the posterior distribu-
tionis Dy | S(vi;). More generally, the partitions may even depend on player i s own true
valuation v;, because v; is part of the information she has. Because different values are
independently drawn, given v; and the information sets observed by i for different distribu-
tions of the other players, i considers their posterior distributions to be independent.

All our mechanisms remain 2-DST with respect to the players’ refined knowledge, where
aplayer’s true knowledge is now the posterior distributions known by him. Since the optimal
Bayesian revenue increases when the distributions are refined [7], the expected revenue
of our mechanisms also increases, where the expectation is further taken over the private
signals observed by the players. However, the revenue benchmark is still defined as before:
that is, with respect to the prior and the knowledge graphs, without considering the refine-
ments. An interesting open problem is to design information elicitation mechanisms whose
revenue approximates a more demanding benchmark — the optimal revenue based on the
“aggregated refinement” obtained by combining all players’ refinements together.

C Missing proofs for Section 5

C.1 Proof of Lemma 11

Proof of Lemma 11 For each player i, the set M} of items for which i’s distributions are
reported and the set M7 of items for which i’s distributions are not reported are uniquely
determined by the knowledge graph G in Z. Let Ilf’ M= ({i}, M}, ; Mil) be the single-
player Bayesian instance obtained by projecting Z’ on i and M}, with D! i = Xjem Dj -

We have
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E,~pRev(Miga(Z))

=E,.p Z Rev (Bundi( v, Ml,ﬁ, i ) Z maX Vit

i JEMZNM,; (13)

/
=E,.p E Rev (BUTLdi(Di’M},’U,i’M117ﬁi’M1 ) E maxv” ,

i JjEM2NM;

where Bund; is Bund applied to player 7 in Steps 7 and 8. The first equality is by the con-
struction of Mg 4. The second equality holds because in the execution of Bund; the items
in M? do not affect anything, as player i’s values for them are constantly 0 in D,.

By Theorem 6.1 of [11], for any single-player Bayesian instance for a player i and any
Bi, Bund; is

an 8.5-approximation to the optimal 3;-exclusive revenue for this instance. Moreover, by
Theorem 1 of [11], the optimal j3;-exclusive revenue is an 8-approximation to the optimal 3;
-adjusted revenue for the same instance. Accordingly, we have

ULED ReU(Bundi(D;M?} Vit Bi )
i
- - ’U—iflgpfl ’Ui'I\E’/D1 Rev(Bundl (ID;"JMz‘l’Ui’Mll7ﬂi’M7—1))
7

= E E Rev(Bund ( i, ML 1),; levﬂi.M.l))
— v_;~D_; v ~D i (] B
i

- v_; LED 1D@D’R6U(Bund( ZM]7/3’LM1))

1 U
87 Z L LE Rev™® (Ii,Mzhﬁi,M;) (14)

1 70
8721) i~D_ 1’Ur]§ RGU ( “ﬁz)

1
Z E E  Rev?(Z, ;)

_8 5 x 8 v_;~D_; 'U’ND’
! At o
68 v_;~D_; Ui’]\E’Di Rev (Ii7517 U,‘)

1
_ A / AN A 7
_68ULED E Rev™(Z;, Bi; v;) = 68]EUNDRev Z',8).

The second equality above is because D and D; are the same when only M is concerned,
and vj; = v;; for all j € M. The first inequality is by the relation between Bund; and
RevX. The next equality is because i’s values for items in M? are always 0 under Z/, thus
even when these items are available, a S-exclusive mechanism does not sell them to i any-
way. The second inequality is by the relation between Rev™ and the Rev*. The next equal-
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ity is because, as mentioned before, when sampling v; from D; and then projecting it on G,
the resulting v; is distributed according to D..

Now we state the key lemma in our analysis, which connects the hybrid adjusted revenue
with that for Z’. Recall that each 3, is defined based on v”_; ~ D’_,.

EypRev* (T, B) + Epp Z | Z max vi; > Ey p Rev? (T', B).
Lemma 13 boFEMENM;

Before proving Lemma 13, note that combining it with (13) and (14) we have

1
E_Rev(Mypa(T)) > @U/NDIRGUA(I’, 8. (15)

Thus Lemma 11 holds. O
Next we prove Lemma 13.

Proof of Lemma 13 Arbitrarily fixing a player i and v’ ; ~ D’_,, let M* be the single-player
DST Bayesian mechanism with the optimal 3/-adjusted revenue for Z.!! Accordingly, M*
maximizes the following quantity:

E E [Reo(M'(I}))— Y aivi);

v’ ~D' vi~D] )
S i <8
where ¢;; is the probability for i to get item j in M* under v}. By definition,

Al gl w7V o
@/LED/ Rev™(Z;, B;) = U,LED, [Rev(M*(Z})) Z i) (16)
v, <8,
Again because sampling v from D and projecting it on G induces the same distribution for
v" as D', we have

~

LB [Rev(M*(Z)) — > avil= JE [Reo(M™(Z5507) = D ail, a7
jrl, <81, Jwl,<BY,
where we explicitly include v} in the input of M* to emphasize the projection.
Arbitrarily fix v_; and let U; = {j | j € M}, Bj; # Bi;}. It is clear that j3]; < ;; for
each j € U;, as v"; < wv_; (component-wise). For any v; and the corresponding v}, as
vj; = 0 forany j ¢ M}, we have

. . . . /
If the supremum is not achieved by any mechanism, one can take a sequence of mechanisms whose ﬂz

-adjusted revenue approaches the supremum in the limit.
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Z qijvi; = Z aijvi; = Z aijvi; + Z 0ijVi

Ji; <B; JEM}wi <B; FEMINUs:vj <Bj; JeUiwi; <B;
/ ! /
D RCL A D DI T0 D DI T
JEMI\U;wv; <PBij JEU; v} <Bi; J€U:B; <vi; <Pij
o (18)
/ /
JEM} ] <PBij JEU:B; <vi,;<Bij
= D V- > @i Uiy
Jivi;<Bij JEU::B; <v;;<PBij
Combining Equations (16), (17), (18) and taking summation over all players, we have
A A
Eyp Rev? (', 8') = ZU,DNED, Rev? (T, B})
i
1. /

=Y E [Reo(M"(T5o)) — D aijvly]

i j:v;]. SB:]
=) E | Rev(M™(Zj;v7)) — > v+ > sV,

i j:v;jgﬁij jEUiiﬁ,£j<’U:;J§ﬁij

At o ’

< ZULED Rev™ (T, Bisvi) + ), B > Qij Vi (19)

i i JEUBY; <v(;<Bi;

:ZULED Rev(Z,, Bi; v}) + E > > 0ijvi;

i jeUi:B;,; <vij <PBij

< Z ’U@D Rev (T}, Bs; v)) + ULED Z Z Vij

i jEU::B],;<vij <Bij

=E,pRev?(T',5) + E Z Z Vi

UND . .
i j€UB];<vij <Bij

The first inequality above is because the first two terms in the expectation is exactly the 3
-adjusted revenue of mechanism M* on Z. The following equality holds because v ;= Vij
for any j € M. Finally, the second inequality is because 0 < ¢;; < 1 for any i, /.
Arbitrarily fix a valuation profile v and consider the term > v;; at the
i jEU::B;;<vi; <Bij
end of (19). We show that each item j appears in the summation at most once. Indeed, for
each v;; that appears in the summation, j € M} and D;; is known in Z. As v;; > /3! ;» player
i has strictly higher value for j than any other player i’ whose distribution for j is also known.
For any such player ', Bg,j =v;; > vyjandjisnotintheset {j € Uy : ﬁ;,j < vy < Pirjts
which implies that v;; does not appear in the summation. Moreover, for any player i’ # ¢
with D;; unknown, j ¢ M}, ; and vy does not appear in the summation either. Therefore

item j only appears once in the summation. Accordingly,
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> > w= ) Vij: 20)

t j€UB];<vij <Bij gi st jeUs, B, <vi; <Bij

We now show that

Z <Z Z maxv”, @1

g+ i st jEU;, ,8:],<vi_,'§ﬂl, i 76]\120M

where the right-hand side is exactly the revenue generated by mechanism Mg 4 in Step 9
and also the desired term in the statement of Lemma 13. Indeed, for each v;; that appears
in the left-hand side, because v;; < 85, player i’s value for j is at most the second highest
among all players. Letting i* = argmax; ,;v;/; with ties broken lexicographically, we have
Bij = v;i=j and v;-; is the highest value for j among all players. Since B{»j < Bij, Di=j is
unknown and j € M?2. Below we show j € M;-, which then implies j € M2 N M;« and
the price paid by ¢* in Step 9 for item j is max; ;= virj; > vj5.

When the distributions are generic, there are no ties in the players’ values and v;«; is
the unique maximum value for j, thus j € M;-. For arbitrary distributions, problems occur
when v;; = f8;; and ¢ < ¢*, which implies j ¢ M;-. To deal with this special case, consider
the following tie-breaking method for the players: while the value 3;; is still defined to be
v+, we denote it by ﬁ+ if i* < i and Bl.; if i* > 4. When v;; = f3;;, we treat v;; as strictly
smaller if facing BZ and strictly larger if facing 3;;. All results proved in [11] and above
continue to hold with respect to this tie-breaking method. Now for any v;; that appears in
the summation, either we have v;; < 3;; or we have v;; = 3;; and ¢* < 1, thus it is always
the case that j € M;~.

Accordingly,
E v < E Injx Vi j
1
gr A st GEU:, B <vi;<Bij gi 3 st jEMZ MM«
= E E maxw s
i jeMZNM;

and (21) holds. Combining (19), (20) and (21), we have

A
Ey p Rev™ (2, ) < E,.pRev? (', B) +U@~ED Z Z maxv”,
i jeM2nM;

and Lemma 13 holds. O
C.2 Proof of Lemma 12

Proof of Lemma 12 Denote by M1, 4 the individual 1-lookahead mechanism, which sells
each item separately using the 1-lookahead mechanism [60] and is a 2-approximation to

Myerson’s mechanism for each item. Similar to the proof of Lemma 11, the expected rev-
enue generated by Bund,; in Steps 7 and 8 is
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ED Rev(Bund, (DQ, Vi, M1 Bi(v=i)))

o i
i

= ]ED E RGU(BWTd (D; ]\I%W,Mlvﬁi,Ml))

V=D v g ¢ i

2 E ED_ Rev(/\/llLA(Di,Mz1 ) Ui,M}aBi,M}))

v_;~D_; vi~

(22)

= Z UHNED Rev(./\/hLA(Z,Mi1 ) 51',1\4; ))-

The first equality above is again because items in M? does not affect Bund; given that player
i’s values for them are constantly 0 according to D, and D} and D; coincide when only items
in M} are concerned. The inequality holds because given D; am and B; pp1, mechanism
Bund,; chooses between optimally selling to i the items as a bundle (e, e; > 0) and opti-
mally selling to i each item separately (i.e., e; = 0), whichever generates higher expected
revenue over v; ps1 ~ D, M1 while M1 4 is a particular mechanism that sells each item
jE M1 to i separately based on D;; and ;. Accordingly, letting D; = x(D;;);en and
v; ~ Dj for each item j, we have

EvNDREU(M]EA (I))

:E”NDZ Rev (Bundi(Dg,viﬁMil,ﬁi(v i ) Z mauxv,]

i jeEMZNM,;
(23)
>ZUE Rev MlLA( i, Ml,ﬁZ Ml)) + I}’la)i(vi/j
jEM;Zﬁ]\/[L
= Z Zv E, (JeMl Rev(MlLA(Z”,B”)) + Liem2nm, mixv“) .
JEM 4 7
Arbitrarily fixing an item j, we show that
Z E <J€M1 Rev(Mipa(Zij. Bij) + Learnm, 'H}awij>
— v;~D; : i
‘ (24)

> Zv{iEngj'EMiI - Rev(Mapa(Z; ;, ;)

To do so, by definition, if j € M for a player i then in the Bayesian instance Z; ; and given

the reserve price 513’ the 1-lookahead mechanism tries to sell j to i at price'?

12 Strictly speaking, under the Bayesian instance Z’, the individual 1-lookahead mechanism for item j works
as follows. Given U} ~ Dj, it finds the highest bidder 7 for j with ties broken lexicographically, as well as
the second highest bid which is exactly ﬁ; It then tries to sell ; to i at price 7" .. For generic distributions,
there are no ties in v’; and the mechanism can be run on each instance Ii j and 51 j separately, without ever

J
selling j to more than one players. For arbitrary distributions, this can be done by introducing proper tie-

breaking rules.
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rij = argmax,r PN’rD{v(vZ’-j > x| v > B;)-
ij

ij

Thus
Z JE Liewr - Reo(Mura(Z ;. 85))

!
—Z o ND, ED, Lieny Lo =, 73 (25)

—,J 7']

= E E L.y -1y > crh(v
Z'U—i,j"/'D—i“yvijN,Dz] JeEM} " tviizrii (vl ) z]( 1,3)7
K3

where the second equality is again by sampling v; from D; and projecting on G to get 1/

We write 77, as 7;,(v_, ;) to highlight this fact. Note that given v, ,, Z]( Lij) depends
on the dlstrlbutlon D;; but not on any concrete v;;. Also note that ’I‘LJ( ") = Bij. Next,
we divide the last term in (25) into two parts, dependmg on whether 7, (v, ;) < B;; ornot.
That is,

]E ]E I 1'1,/ >r! (v T/’UL
Z v_ij~D—i;jvij~Dij JEM " vy 2y (g ) ”( Z’])
7
= E E I, M1 -1, >r! (v . 26
Zv—i,ijfi,]UijNDU' JeM; viJ’*Tij(vfi,j) ( )
i

(Irgj(v/_i,j)<ﬁij +IT;]‘(” i )>Bw) ; (1),71’])

For the r{;(v"; ;) < f3i; part in (26), we have

E E E I, 1L > (v I / ’UL
—~ v_; j~D_; jvij~Dij JEM] " i zri (i ) " (vl ) <Big Tij ( ZJ)
2
= E E Lo - (I y 1 , ol (v
Z’U,m ~D_; jvij~Dij JeM; v 2Bii>Ti; (G ) + Bij >U7] 2] (v—1 ]) ”( 717])

/

:Zv_i,jLED_Z,,vijLEDqueM: ' (Ivijzﬂij>7‘£j(ﬂ : ) +IB“>U”>T (vﬂJ ) 'Tij(v_m)
' 27
SZ v vED v ”ED..IJ'EM} ' (va>5w>T (G )+ Bij T 1gi> 020 (0, ) UZJ)
Vi, j~VDP i jVij~Dij ;
7

:Zv E E Ije]bll Iﬂ,]>r (v 1,]') . Im]Zﬁ” : /81J
— Vi

i~D i jvij~Dyj
+ Z U_i,y/IE'D—i,jUiy/IE'DUIjEM‘Ll Tgiy>v, 2ri; (0L, ;) " Vid-
2
The first equality above is by distinguishing whether 3;; < 1/ or not. The second equality

is because v;; = v;; whenever j € M. The inequality is because ri; (W', ;) < Bij follow-

ing the indicator in the first term and 7, (v”; ;) < v;; following the mdlcator in the second
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term. Finally, the last equality is because IwZ/%:prgj W, )= Iﬁw>rg,‘(v’,iﬂj) Iy, >, in
the first term.
For the first term in (27), because the indicators I;cp,1 and I, >e (v, ) does not
7 g 1] —,]
depend on v;;, we have

Z E B Tiemp Tgy>rp o, ) Toiy2p - Big

v_i,j~D_; jvij~D;j

:va" §D7 IJeMl Iﬁz]>’ (U—z ]) (U,’:j?'pijlvijzﬁij ' /61-7)

vij~Dij

<> E_ JLieay Toiy>r, (u_”>( E ReU(MlLA(fi,jaﬁij)))»

where the inequality is because on the Bayesian instance ii,j and given the reserve price

Bij, mechanism M 1, 4 chooses the optimal price r;; to maximize the expected revenue and
is no worse than simply setting r;; = 3;;.

For the second term in (27), for any valuation profile v, if there exists a player i is
such that the two indicators both equal to 1, then we have B3;; > v;; > 6”, because
Bij > vij > ri; (vl ;) and rj(v',; ;) > Bi;. Thus the (lexicographically first) highest bid-
der i* forj in v; has her distribution unknown, and j € M2 N M;-; and player i is the (lexi-

cographically first) highest bidder for j in 1} , which is unique. Accordmgly,

Z E E Tiear - Tg, v, (v

v_i,j~D_; jvij~Dij

:verE:Dj E I]GM} . Iﬁij>“ijz’"£j(”/,i4j) * Vij
i

Lo, Vi

< ED Liemz nm,. max vi; < IE IJEMz AM,. - MAX V1§

v~ ' jeM} v i i
:/ ’I?D I]G]\fzﬁM mg;X’Uz],

i

where the last equality is because ¢* is the unique player such that the indicator is 1.
Combining the above two equations with (27), for the 7} ( ;) < fBi; part in (26) we
have

72]

Z E E e Lz, ) e

v_i,j~D_i jvij~Dij

<2
v—ij~D_i;

+ E g L carzan, - maxovy
~D; & JEMZNM,; i1 i’
3

)<Bij ; (vlfz,j)

—i,j

Lieny - Tg,rl o, ( E Rev(MlLA(fmﬂz‘j)))

ij~Dij

= § : E IjGM.l : I[‘i¢j>1‘f,.(v’7. P ReU(MlLA( 1]751])) + IjGMan,; . rgaxvi/j .
— v;~D; i ij @ i i £
i
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For the 77, (v"; ;) > Bi; part in (26), we 1mmed1ately have 7}, (v_; ;) = rij(v_; ;) when
the indicators are 1, because D; = D;; and v” = vy whenever jE M , and 7i;(v_; ;)
maximizes the expected revenue over D;; conditional on v;; > ;5. Thus

Z I I IJEJVII IU/ >T/ (U z]) I L](v 1J)>6U ’ ; (UL%J)

v—i,j~D—i,jvij~Dij

=2 B LB e Luzewony I, )28, - Ti(v-is)
3

= E I o . E I, > i (v_g
; o B Tem T, za, <vij~z>1j wig>ri(v_sz) " Tij (v ,g))
:Z E’D IjGMil .IT,/',]-('ULi,j)ZBij ( E’D Rev(MlLA(ii,j7ﬂij))> .
f Vi~ =iy ’ Vij~Eij
Combining the above two equations with (26) and then (25), we have

Y B Tieay - Rev(Mura(T;, ;)

J

< Z U,ED (IjeMg Tgysr @, ) - Rev(Mapa(Zig, i) + Liearzom, ‘max Ui’j)

+Z1L”E -Ijejwvil 'I'rij(’”/—i,j)zﬁli <v IE Rev(MlLA( 7J7BU>)>

—i,

= E E ( jeart - Reo(Mupa(Zij, i) + Liearzong, 'maxvz"j> ,
— v;~D; i i #i
1

and (24) holds.
Taking summation over all items j on both sides of (24) and combining with (23), we
have

EvpRev(Mrpa(Z)) = ZZ B Ijel\l] Rev(Mira(Zi ;, Bij))

JEM i

— Z Z Rev(Muipa(Z; ;, B;)) = v'LED/ Rev(Mipa(T)) >

D/ /ED' IM(I'),
v iojeM} -

N | =

where the inequality is because M 4 is a 2-approximation to Myerson’s mechanism for
each item [60]. Thus Lemma 12 holds. O
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