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Realization of Spin-locked Acoustic Helical Landau Levels in
both Hexagonal and Square Lattices

Yafeng Chen, Zhihao Lan, Shanjun Liang,* Lei Fan, Jie Zhu,* and Zhongqing Su*

1. Introduction

Topological zeroth-order Landau levels offer a promising avenue for steering

acoustic and electromagnetic waves. However, the helical Landau levels in 2D
acoustic systems remain an unresolved challenge. Moreover, previous studies
on zeroth-order Landau levels have primarily focused on hexagonal lattices,
leaving their counterparts in square lattices largely unexplored. In this study,
the helical Landau levels rooted in acoustic quantum spin Hall systems are
theoretically proposed and experimentally validated. By linearly increasing the
local bandgap through the lifting of the double Dirac cone in acoustic crystals
with both square and hexagonal lattices—achieved via topology optimization
method—a position-dependent effective mass is introduced in the Dirac
Hamiltonian, thereby synthesizing in-plane pseudomagnetic fields. This
results in the emergence of spin-locked helical Landau levels, which has been
experimentally validated. The large-area conveyance of acoustic energy
facilitated by these helical Landau levels is demonstrated and the robustness
of Landau-level-mediated propagation against defects is confirmed. A new
pathway for exploring acoustic helical Landau levels based on spin Hall

physics is opened.
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In condensed matter physics, Landau quan-
tization, a concept named after physicist
Lev Landau, describes how the cyclotron or-
bits of charged particles become quantized
when subjected to a uniform magnetic field.
This intriguing phenomenon results in the
formation of discrete energy levels, which
are referred to as Landau levels, as well as
quantum Hall effects.['?] Recently, by mim-
icking the mechanism of Landau quantiza-
tion, Landau levels have been achieved in
acoustic systems via constructing the strain-
induced pseudomagnetic fields.>*! Such
pseudomagnetic fields are mainly synthe-
sized by shifting the Dirac points within
the 2D momentum space, which are out-
of-plane and the induced Landau bands
are flat and featured with a high density
of states.[>®] However, the waves associated
with these flat bands are localized, prevent-
ing their propagation through the system.
Apart from flat Landau bands, recent
studies demonstrated that dispersive chiral zeroth-order Landau
levels could be formed in 3D Weyl semimetals when subjected to
external magnetic fields.[”1! These chiral Landau levels are topo-
logically protected one-way bulk states, with their propagation di-
rection governed by the orientation of the external magnetic field
and the net number of such levels determined by the topologi-
cal charge of the degenerate point.['?! Such chiral Landau levels
have been realized in 3D acoustic and photonic Weyl metamate-
rial systems.[1>77] Compared with 3D Weyl systems with compli-
cated configurations, their 2D counterparts are more convenient
for fabrication, making them highly promising for various ap-
plications. Recently, experimental demonstrations of chiral Lan-
dau levels, realized based on quantum valley Hall physics, have
been achieved in 2D photonic and acoustic systems by synthesiz-
ing in-plane pseudomagnetic fields.['*-»] Meanwhile, using the
synthetic dimension methodology, chiral Landau levels in 2D val-
ley sonic crystals are also achieved.**! Moreover, compared with
the chiral zeroth-order Landau levels in 3D Weyl semimetals,
3D Dirac semimetals that host two degenerate Weyl nodes with
opposite chiralities at the same location in momentum space
can support spin-locked zeroth-order Landau levels.[2”-2°] How-
ever, in current studies on zeroth-order Landau levels in 2D
classical wave systems, the synthetic in-plane pseudomagnetic
fields are mainly constructed based on the valley-Hall systems
mimicking the two-fold degenerate Weyl points. In 2D systems,
apart from the valley Hall physics,**3?] the spin Hall physics
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Spin-locked acoustic helical Landau levels induced by in-plane pseudomagnetic fields

Figure 1. Schematic of the emergence of spin-locked acoustic helical Landau levels.
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Figure 2. Optimized unit cells with linearly increased effective Dirac masses in the hexagonal lattice. a) The designed unit cell (N = 13) with a double
Dirac cone and its band diagram. b) The designed unit cells (N = 1-12 and N = 14-25) with linearly increased local bandgap Aw c) The eigenfields of
dipolar and quadrupolar modes for unit cells with N < 13 and N > 13 at the I point. d) Values of Aw of the unit cells as a function of N.
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Figure 3. Optimized unit cells with linearly increased effective Dirac masses in the square lattice. a) The designed unit cell (M = 11) with a double Dirac

cone and its band diagram. b) The designed unit cells (M

and quadrupolar modes for unit cells with M < 11 and M > 11 at the M point. d) Values of Aw of the unit cells as a function of M.
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Figure 4. Emergence of helical Landau levels. a,d) Schematic of the supercell made of the designed unit cells with (a) hexagonal and (d) square lattices.
b,e) Projected band diagram of the supercell in (a) and (d), respectively. c,f) Eigenfields of the eigenmodes denoted by H1 and H2 in (b) and S1 and S2
in (e), respectively.
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relying on four-fold degenerate Dirac points has also aroused
great attention.[***!l However, helical acoustic zeroth-order Lan-
dau levels based on spin Hall physics have not been reported yet.
Besides, current 2D photonic and acoustic systems that host topo-
logical zeroth-order Landau levels are mainly constructed with
unit cells in hexagonal lattices. As lattice symmetry plays a vital
role in topological systems, it is highly desirable to investigate
systems that host topological zeroth-order Landau levels beyond
hexagonal lattices, such as square lattices.

In this work, we theoretically propose and experimentally
demonstrate spin-locked helical zeroth-order Landau levels in
2D acoustic systems with both square and hexagonal lattices.
In particular, we synthesize in-plane pseudomagnetic fields in
2D inhomogeneous acoustic systems by strategically engineer-
ing a position-dependent effective mass in the Dirac Hamilto-
nian via linearly opening the local bandgap of the double Dirac
cone enabled by the topology optimization method.[*?) In doing
so, the spin-locked helical Landau levels are induced. We mea-
sure the band diagrams of the zeroth-order Landau levels in ex-
periments, which show decent agreements with the theoretical
results. Meanwhile, we also experimentally validate the robust-
ness of the Landau-level-mediated propagation against defects.
Our work opens the door to investigate acoustic helical Landau-
levels based on spin Hall physics.

2. Results

Different from previous works that achieve chiral Landau lev-
els in 2D acoustic or photonic systems based on quantum val-
ley Hall physics, we herein engineer acoustic helical Landau lev-
els based on quantum spin Hall physics in both hexagonal and
square lattices, for which the conceptual schematic is illustrated
in Figure 1. Both Cg- and C,,-symmetric unit cells with linearly
increased effective Dirac mass are generated via topology opti-
mization technique, the assembly of which induces in-plane syn-
thetic pseudomagnetic fields, leading to the emergence of spin-
locked acoustic helical Landau levels.

We first construct the accidental double Dirac cone degener-
ated by two dipolar and two quadrupolar modes at the I" point of
the hexagonal lattice (as shown in Figure 2a) and the M point of
the square lattice (as shown in Figure 3a) with the lattice size of
both 4 cm. The unit cell with the double Dirac cone in the hexag-
onal lattice is designed by the topology optimization method we
developed in Section S1 (Supporting Information), which can
control the frequencies of the dipolar and quadrupolar modes
to be the desirable values.[**] We set frequencies of the dipolar
and quadrupolar modes at the I point to be equal to get the dou-
ble Dirac cone. As our numerical experiences show that, for the
square lattice, it is very difficult to achieve four-fold degeneracy
at the T point, and thus we select the M point to construct the
double Dirac cone. The unit cell with the double Dirac cone at
the M point in the square lattice is designed using the method
in ref. [41]. Meanwhile, we also develop a topology optimization
method, as detailed in Section S1 (Supporting Information), to
control the frequencies of the dipolar and quadrupolar modes at
the M point. The Hamiltonian of the double Dirac cone degener-
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ated by two dipolar and two quadrupolar modes can be described
by[37,41]

H, 0
H= < o H_) (1)
with
_ 0 vy (k, —ik,)
H, = (VD (ko+ik) 0 > 2)
and

B 0 vp (kx+iky)> 0)

- <VD (k, —ik,) 0

where k, and k, denote the relative wave vectors with respect to
the four-fold degenerate Dirac point along the x and y directions,
and v, is the Dirac velocity, i.e., the slope of the cone. Note this
Hamiltonian describing the four-fold degenerate Dirac point can
be considered as the superposition of two two-fold-degenerate
Weyl points with opposite chiralities. Then, we set the frequen-
cies of the dipolar and quadrupolar modes with different values
to lift the four-fold degeneracy of the double Dirac cone and open
alocal bandgap (Aw = w, — @, with @, and w, being frequencies
of dipolar and quadrupolar modes respectively), which is equiv-
alent to introducing an effective Dirac mass, m = Aw/2, into H.
As shown in Figures 2b and 3b, we design 25 (21) unit cells for
the hexagonal (square) lattice, denoted by N (M), with linearly
increased Aw, as per Figures 2d and 3d. The detailed frequen-
cies of dipolar and quadrupolar modes for these unit cells are
given in Section S2 (Supporting Information). Note that, as illus-
trated in Figures 2c and 3c, for unit cells with N < 13 (M < 11),
the quadrupolar modes are higher in frequency than the dipolar
modes with m < 0, while they are inverted with m > 0 for those
with N > 13 (M > 11). Thus, a linearly increased effective Dirac
mass is synthesized. After introducing such a linearly increased
mass m = yy into the Hamiltonian, H, and H_ can be formulated
as

o vy vp (kx —ik )

HY = <VD (kx+iky) -7y ! > )
m __ J/Y vD(kx+Lk))

HT = (VD (kx - iky) —yy ! )

After applying a unitary transformation of ¢, — o,,0, —
0,0, = 0, We can get

m vk,  (vpk, —iry)
H+ - <(VDky + U/Y) _VDkx (6)
vpk (vpk, + iyy))
H™ = D % D™y 7
N <(VDky - U/Y) _VDkx ( )
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Figure 5. One-way propagation of the zeroth-order Landau levels. a) Leftward and b) rightward one-way propagation of the zeroth-order Landau levels
within the structure with hexagonal lattices. c) Leftward and d) rightward one-way propagation of the zeroth-order Landau levels within the structure
with square lattices. The arrows denote the rotation direction of the chiral source.

We now define b= and bt =

= ok, = i7y)

\Z;W(VDICY + iyy), which satisfy [b, b*] = 1 and then we can

get

Hm — VDkx V ZyVDb (8)
+ \/2yvp bt —vpk,

7 - ( vpk,  A/2yvpb* o)
- \V2yvp b —vpk,

The eigenvector of HY could be written as w'=

ol a,In)
( ﬁn|n> ﬁn|n_1>). When n > 1,

the eigenvalues of H? and of H™ are both +4/vik2 + 2nyvy,.

+—
0

) whereas H™ as y = (

However, when n = 0, y; =

10)
0

which gives o vpk,;

0
(o))

whereas y; = ('"), which gives w; =vpk,. As a result, the

v o,
0 H"
ing the salient feature of spin-locked helical propagation.

Next, we construct the inhomogeneous supercell using the de-
signed unit cells (as denoted by the red dashed box in Figure 4a,d
and then build a structure by arranging the supercell period-
ically along the x direction. In doing so, the in-plane pseudo-
magnetic field denoted by the arrow is synthesized. Figure 4b,e

zeroth-order Landau levels of H = ( are = vpk,, exhibit-
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present the calculated projected band diagram of the supercell
in Figure 4a,d, respectively. We can find that, for both super-
cells with both hexagonal and square lattices, zeroth-order Lan-
dau levels represented by a pair of spin-up and spin-down states
with opposite group velocities emerge, as denoted by the red and
blue scatters, respectively, which agree well with the analytical
solutions denoted by the solid lines. Figure 4c,f show the eigen-
fields of the eigenmodes denoted by H1 and H2 in Figure 4b and
Figure 4e, respectively. It can be observed that acoustic energies
concentrate at the middle domains of the supercell with a large
width, providing the opportunity for large-area acoustic energy
transportation. Besides, from the energy flow denoted by the ar-
rows, one can also find that the spin-up and spin-down states
possess opposite energy flows and thus they can be excited inde-
pendently using clockwise or counterclockwise chiral sources to
achieve unidirectional propagation, as per Figure 5.

To validate the spin-locked helical Landau levels in both hexag-
onal and square lattices, we fabricate the two structures in
Figure 4a,d via 3D printing, as presented in Figures 6a and 7a,
respectively. The point source indicated by the star is put at the
right (denoted by the orange star) and left (denoted by the green
star) ends of the sample for launching acoustic waves to excite
spin-up and spin-down states, respectively. Figures 6b,c and 7b,c
present the Fourier transform of the measured acoustic pressure
fields along the purple dashed line in Figures 6a and 7a when
the source is put at the right and left ends of the sample with
hexagonal (square) lattice, respectively. We can observe that the
spin-up and spin-down zeroth-order Landau levels (denoted by

© 2025 The Author(s). Advanced Science published by Wiley-VCH GmbH
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Figure 6. Experimental validation of the spin-locked helical Landau levels in hexagonal lattices. a) The fabricated sample. b,c) The Fourier transform of
the measured acoustic pressure fields along the purple dashed line in (a) when the source is put at (b) right and (c) left ends of the sample, denoted
by the orange and green stars, respectively. d) The measured transmission spectra. e) The simulated acoustic fields at 8.1 kHz of the structure. f) The
measured acoustic pressure fields along the dashed lines in (e).
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Figure 7. Experimental validation of the spin-locked helical Landau levels in square lattices. a) The fabricated sample. b,c) The Fourier transform of the
measured acoustic pressure fields along the purple dashed line in (a) when the source is put at (b) right and (c) left end of the sample, respectively.
d) The measured transmission spectra. e) The simulated acoustic fields at 11 kHz of the structure. f) The measured acoustic pressure fields along the
dashed lines in (e).
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Figure 8. Experimental validation of robustness of the helical Landau levels. a,d) Schematic of the introduced defects within the structure with (a)
hexagonal and (d) square lattice. b,e) The Fourier transform of the measured acoustic pressure fields along the purple dashed line in (a) and (d) when
the source is put at the left end of the sample. ¢,f) The measured transmission spectra of the structure with (c) hexagonal and (f) square lattice.

the red and blue circles, respectively) are excited independently
and the measured dispersions agree well with the numerical so-
lutions. Figures 6d and 7d present the measured transmission
spectra, obtained by integrating the absolute pressure along the
blue dashed line in Figures 6a and 7a when the source is put at
the right end of the sample, showing enhanced transmissions
within the frequency range between the +first-order Landau lev-
els (denoted by the dashed lines). Meanwhile, Figures 6e and 7e
plot the simulated acoustic fields at 8.1 kHz (11 kHz) of the sam-
ple with hexagonal (square) lattice, demonstrating the large-area
transportation of acoustic energies enabled by the zeroth-order
Landau levels. Figures 6f and 7f show the measured acoustic
pressure fields along the dashed lines in Figures 6e and 7e, from
which we can observe that energies concentrate within the cen-
tral region of the sample with a finite width, agreeing well with
the simulated fields in Figures 6e and 7e.

As the zeroth-order Landau levels have topological origin, they
are resilient against defects. To validate this property, we insert
several cylinders (denoted by the black color) with a diameter
of 2 cm into the samples, as shown in Figure 8a,d, which al-
most fill the holes denoted by the red circles. Figure 8b,e show
the measured dispersions of spin-down zeroth-order Landau lev-
els, obtained by the Fourier-transform of the measured acous-
tic pressure fields along the purple dashed line in Figure 8a,d,

Adv. Sci. 2025, 12, e07059 €07059 (7 of 9)

of the sample with hexagonal and square lattices, respectively,
which still agree well with the theoretical solutions after the de-
fects are introduced. Moreover, from the measured transmission
spectra shown in Figure 8c,f obtained by integrating the abso-
lute pressure along the blue dashed line in Figure 8a,d, we can
also observe enhanced transmissions within the frequency range
between the +first-order Landau levels (denoted by the dashed
lines), indicating the robustness of the zeroth-order Landau lev-
els again. Meanwhile, in Section S3 (Supporting Information),
we demonstrate that one can achieve flexible large-area acoustic
energy conveying based on Landau levels in square lattices.

3. Conclusion

In conclusion, we have successfully realized helical zeroth-order
Landau levels based on spin Hall systems in acoustic crystals with
both square and hexagonal lattices. Utilizing the topology opti-
mization method, we design an array of unit cells with linearly
increased local bandgaps by lifting the four-fold degeneracy of
the double Dirac cone, which introduces a linearly increased ef-
fective mass in the Dirac Hamiltonian, thereby synthesizing in-
plane pseudomagnetic fields. The emergence of spin-locked heli-
cal Landau levels has been confirmed, and their dispersions have
been experimentally measured. We demonstrate the large-area

© 2025 The Author(s). Advanced Science published by Wiley-VCH GmbH
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conveyance of acoustic energy facilitated by these helical Lan-
dau levels, as well as their robustness against defects. Our work
paves the way for exploring topological zeroth-order Landau lev-
els through the framework of spin Hall physics. Furthermore, the
developed design methodology can also be extended to engineer
helical Landau levels in photonic and elastic phononic crystals,
as well as in 3D classical wave systems. Moreover, this methodol-
ogy can be exploited to simultaneously construct synthetic elec-
tric and magnetic fields to further achieve rainbow Landau levels
in photonic and phononic systems.[*/]

4. Experimental Section

The specimen was fabricated using 3D printing with photosensitive
resin, with a unit cell thickness of 10 mm. A chirp signal was generated by
a Sound and Vibration Module (PXle-4464) to drive the sound source. The
desired point source was created using a balanced armature unit (Bellsing
30095). A Y4-inch microphone was used to measure the acoustic pressure
field. The measured signal was amplified by a signal conditioner (BK1704)
and subsequently acquired by the sound and vibration module. Data pro-
cessing, including the Fast Fourier-Transform (FFT), was performed on
a host PC running LabVIEW, which communicated with the Sound and
Vibration Module (PXle-4464). For spatial measurements, a sliding strip
holding the microphone moved stepwise along the x-direction, while the
movement of the cover in the y-direction enabled the switching of the
scanned lines. The schematic of the experimental devices is given in Sec-
tion S4 (Supporting Information).

Supporting Information

Supporting Information is available from the Wiley Online Library or from
the author.
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