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Abstract—Beyond diagonal intelligent reflecting surface (BD-
IRS) is a new promising IRS architecture for which the reflection
matrix is not limited to the diagonal structure as for conventional
IRS. In this paper, we study a BD-IRS aided uplink integrated
sensing and communication (ISAC) system where sensing is per-
formed in a device-based manner. Specifically, we aim to estimate
the unknown and random location of an active target based on its
uplink probing signals sent to a multi-antenna base station (BS)
as well as the known prior distribution information of the target’s
location. Multiple communication users also simultaneously send
uplink signals, resulting in a challenging mutual interference
issue between sensing and communication. We first characterize
the sensing performance metric by deriving the posterior Cramér-
Rao bound (PCRB) of the mean-squared error (MSE) when
prior information is available. Then, we formulate a BD-IRS
reflection matrix optimization problem to maximize the minimum
expected achievable rate among the multiple users subject to a
constraint on the PCRB as well as the lossless and reciprocal
constraints on the BD-IRS reflection matrix. The formulated
problem is non-convex and challenging to solve. To tackle this
problem, we propose a penalty dual decomposition (PDD) based
algorithm which can find a high-quality suboptimal solution
with polynomial-time complexity. In addition, we propose and
optimize a time-division multiple access (TDMA) based scheme
which removes the sensing-communication mutual interference.
Numerical results verify the effectiveness of the proposed designs
and provide useful design insights such as the optimal choice of
multiple access scheme.

Index Terms—Beyond diagonal intelligent reflecting surface
(BD-IRS), beyond diagonal reconfigurable intelligent surface
(BD-RIS), integrated sensing and communication (ISAC), pos-
terior Cramér-Rao bound (PCRB).

I. INTRODUCTION

The sixth-generation (6G) wireless networks are expected
to support a wide range of advanced applications, including
autonomous driving, smart cities, and real-time monitoring.
These applications often require both high-accuracy sensing
and reliable communication. In this context, integrated sens-
ing and communication (ISAC) has emerged as a promising
technology, which goes beyond traditional communication
and enables real-time collection, analysis, and processing of
data from a variety of sensing anchors [2]. By integrating
these functions, ISAC offers significant advantages in terms
of spectrum and energy efficiency, as well as cost reduction.
This approach not only improves sensing accuracy through
the ubiquitous communication networks but also enhances
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network performance by utilizing the environmental informa-
tion gathered from sensing, such as the locations of objects
or obstacles. As a result, ISAC plays a crucial role in the
evolution of 6G, and is considered as a key enabler of more
intelligent and resource-efficient wireless networks [3], [4].

In recent years, intelligent reflecting surfaces (IRSs), also
known as reconfigurable intelligent surfaces (RISs), and their
diverse variants have gained increasing attention [S]-[8]. An
IRS is a reconfigurable metasurface composed of numerous
reflecting elements capable of controlling signal propagation.
By leveraging this capability, IRS can enhance communication
reliability, reduce interference, and extend communication
coverage, even in challenging environments. This technology
opens the door to dynamic and controllable wireless propa-
gation environments, leading to fully reconfigurable networks.
By dynamically manipulating the wireless environment, IRS
improves both communication and sensing capabilities [2],
[9]-[11], thereby augmenting ISAC systems [12], [13]. Nu-
merous research efforts have focused on IRS-aided ISAC
systems [14]-[18]. For instance, [14] investigated the joint
waveform and discrete IRS phase shift design in ISAC
systems. In [15], a heterogeneous 6G sensing system was
proposed, which integrates active and passive anchors, with
IRSs serving as cost-effective passive anchors that facilitate
joint sensing with base stations (BSs) being the active anchors.
In [16], physical-layer security in IRS-aided ISAC systems was
studied, where active and passive beamforming were jointly
designed to enhance ISAC performance while suppressing
information leakage. [17] considered a device-based sensing
scenario where an active target sends uplink signals to the
BS with the help of an IRS. Furthermore, [18] introduced
a simultaneously transmitting and reflecting surface (STARS)
enabled ISAC framework, where STARS divides space into
distinct sensing and communication areas.

However, the diagonal structure of the reflection matrix
of conventional IRS limits its potential performance gains.
Recently, a novel IRS architecture, termed beyond diagonal
IRS (BD-IRS) [19], [20], also known as non-local IRS [21],
[22] or beyond diagonal RIS (BD-RIS), has been proposed.
Unlike diagonal IRS, BD-IRS allows inter-connections among
its elements, thereby resulting in a beyond diagonal reflection
matrix and offering greater design flexibility. By exploiting
this property, BD-IRS can manipulate both the amplitude and
phase of incident signals, which unlocks new opportunities
for enhancing system performance. Thanks to the beyond
diagonal structure of reflection matrix, BD-IRS is expected
to outperform conventional IRS in many aspects. To date,
several studies have explored the design and optimization of
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BD-IRS in various scenarios [20], [23]-[27]. The concept and
modeling of BD-IRS architecture were first introduced in [20]
and then further studied in [23]. [24] investigated the joint
design of transmit precoders and BD-IRS reflection matrix
to maximize the sum-rate in multi-user multiple-input-single-
output (MISO) systems and showed BD-IRS’s advantages
over various architectures or operating modes. Despite its
performance benefits, BD-IRS introduces additional circuit
design complexity. To balance circuit complexity with per-
formance, novel modeling approach, architecture design, and
optimization framework for BD-IRS were proposed in [23]
based on graph theory. Furthermore, the multi-sector BD-
IRS concept was introduced in [25], while [26] studied the
modeling and optimization of BD-IRS with the existence of
mutual coupling. In [27], the BD-IRS reflection matrix was
designed to minimize transmit power and maximize energy
efficiency, subject to individual signal-to-interference-plus-
noise ratio (SINR) constraints in a downlink multi-user MISO
system. In [28], multiple BD-IRSs were exploited to assist
the multiple access system in a cooperative way. A distributed
beamforming design with low information exchange overhead
was proposed to improve the sum-rate. BD-IRS has also
been explored for a wide range of applications, including rate
splitting multiple access [29], [30], unmanned aerial vehicles
[31], mobile edge computing [32], simultaneous wireless in-
formation and power transfer [33], physical-layer security [34],
and non-orthogonal multiple access [35].

In the context of ISAC, several studies have explored BD-
IRS aided ISAC systems [36]-[41]. In [36], the joint beam-
forming design in a downlink ISAC system was investigated
to maximize throughput while satisfying a sensing signal-to-
noise ratio (SNR) constraint. [37] focused on the transmit
power minimization problem under similar settings. In [38], a
discrete phase setting was considered, and the maximization
problem of the weighted sum of communication and sensing
SNRs was studied. Additionally, [39] leveraged BD-IRS oper-
ating in hybrid modes to enable full-space coverage. For multi-
target scenarios, [39] investigated a max-min signal-to-clutter-
plus-noise ratio (SCNR) problem subject to communication
rate constraints. [36]-[39] utilized SNR or SCNR of the echo
signal as the sensing performance metric, which, however,
cannot reflect the error performance explicitly. Another widely
recognized metric for sensing performance is the Cramér-Rao
bound (CRB), which provides an analytical lower bound for
the mean-squared error (MSE). In [40], CRB was adopted to
characterize the sensing performance of a multi-sector BD-IRS
aided sensing system. Moreover, [41] proposed a novel trans-
mitter architecture for a BD-IRS aided millimeter wave ISAC
system and designed the joint beamforming to simultaneously
maximize the sum-rate and minimize the largest eigenvalue of
the CRB matrix.

However, CRB is only applicable to deterministic param-
eters and is determined by their true values. In practice, the
parameters to be estimated are often unknown and random,
whose distributions can be known via statistical information
[42]-[50]. A new performance metric termed as posterior
Cramér-Rao bound (PCRB) [42]-[50] or Bayesian Cramér-
Rao bound (BCRB) [17], [51] serves as a lower bound on

the MSE for sensing exploiting prior distribution information.
Unlike CRB, PCRB is only a function of the prior distributions
and does not depend on the true parameter values. Several
prior studies have investigated PCRB minimization in ISAC
systems [17], [42]-[52]. Nevertheless, how to optimize the
performance of the BD-IRS aided ISAC or sensing systems
with available prior distribution information of parameters still
remains open for investigation, which motivates our study.

In this paper, we investigate the BD-IRS reflection opti-
mization in a BD-IRS aided multi-user uplink ISAC system,
where a multiple-antenna BS simultaneously serves multiple
single-antenna communication users in the uplink and senses
the unknown and random location information of a target.
The target is active and transmits probing signals to the BS
for device-based sensing. The BS senses the target’s location
based on the received signals and the known probability
density function (PDF) of the target’s location. There are three
main challenges in this scenario. Firstly, in downlink mono-
static device-free sensing where the BS performs downlink
communication and sensing based on the target-reflected echo
signals, communication signals will not cause interference to
sensing as they are known at the BS. However, in the studied
uplink case, there exists mutual interference between sensing
and communication, as both the communication signals and
target’s location are unknown at the BS. This thus calls
for more powerful interference management via reflection
optimization to strike an optimal balance between sensing and
communication. Secondly, the new general BD-IRS reflection
matrix structure calls for new characterizations of the sensing
performance and new optimization techniques as the results
for conventional diagonal reflection matrices are not directly
applicable. Thirdly, how to judiciously design the BD-IRS
reflection matrix to prioritize a range of possible locations
with high probabilities under its structural constraints is a new
challenging task.

Motivated by the above challenges, we make the following
contributions in this paper:

o Firstly, we characterize the PCRB for BD-IRS aided
uplink ISAC as an explicit and tractable function of the
BD-IRS reflection matrix, where the interference caused
by communication is taken into account. We also derive a
tractable lower bound of the expected achievable rate for
each user averaged over the random interference caused
by random target locations.

o Next, we formulate an optimization problem for the BD-
IRS reflection matrix to maximize the minimum (ap-
proximate) expected communication rate among all users,
while ensuring the sensing PCRB is below a threshold.
This problem is highly non-convex and challenging due
to the fractional expressions of communication rates and
PCRB with mutual interference, as well as the structural
constraints on the BD-IRS reflection matrix. To tackle this
problem, we propose a penalty dual decomposition (PDD)
[53] based algorithm to obtain a high-quality suboptimal
solution with polynomial-time complexity. The proposed
algorithm is also extended to the sensing-only case for
PCRB minimization.

« Then, motivated by the potential limitation of the studied



space-division multiple access (SDMA) scheme in mit-
igating severe interference, we propose a time-division
multiple access (TDMA) scheme, where the optimal time
allocation is derived in closed form.

« Finally, we provide extensive numerical results to validate
the performance of the proposed scheme. The proposed
algorithm is observed to converge fastly, and achieve
superior performance compared with its conventional di-
agonal IRS counterparts and various benchmark schemes.
Moreover, it is observed that TDMA may outperform
SDMA in scenarios with heavy mutual interference be-
tween sensing and communication, e.g., when the user is
located near the highly-probable locations of the target.

The remainder of this paper is organized as follows. Section
IT presents the BD-IRS aided uplink ISAC system model.
Section III derives the PCRB to characterize the sensing
performance. Section IV formulates the problem. Section V
proposes a suboptimal solution via a PDD-based algorithm.
Section VI further proposes and optimizes a TDMA-based
scheme. Numerical results are provided in Section VII. Finally,
Section VIII concludes this paper.

Notations: Vectors and matrices are denoted by boldface
lower-case letters and boldface upper-case letters, respectively.
RNXM and CN*M represent the space of N x M real
matrices and N x M complex matrices, respectively. For a
complex scalar x, |z| and fRe{x} denote the absolute value
and the real part, respectively. For a vector x, ||| and x;
denote the [ norm and the i-th entry, respectively. For a
matrix X, XT, X*, X" | X||p, || X||oo» Xi,j> rank(X),
vec(X), and vech(X) denote the transpose, conjugate, con-
jugate transpose, Frobenius norm, infinity norm, (7, j)-th en-
try, rank, vectorization, and half-vectorization, respectively.
vec™ (X)) represents inverse operation of vectorization such
that vec™!(vec(X)) = X. tr(S), det(S), and S~ represent
the trace, determinant, and inverse of a non-singular matrix
S, respectively. The M x M identity matrix is denoted by
I,;. blkdiag(X7, ..., X n) refers to a block diagonal matrix
with blocks X1,..., Xn. j = v/—1 denotes the imaginary
unit. CN(p, X) denotes the complex Gaussian distribution
with mean vector p and covariance matrix 3; ~ means
“distributed as”. The first-order partial derivative is denoted by
fzx) = 6{;—(;). O(-) represents the standard big-O notation.
Ex|[] stands for the statistical expectation over a random
variable X . The Kronecker product is denoted by ®. @ mod b
means ¢ modulo b.

II. SYSTEM MODEL

We consider an uplink ISAC system, where a BS equipped
with NV > 1 receive antennas aims to sense the location
information of an active target equipped with a single antenna
and communicate with K > 1 single-antenna users via the
uplink signals sent from the target/users and received at the
BS. We focus on a challenging scenario where the direct
link between the target and the BS is blocked by obstacles,
and a BD-IRS equipped with M > 1 reflecting elements is
deployed to create an additional reflected link for enabling
target location sensing and enhancing uplink communication,
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Fig. 1. Illustration of an uplink BD-IRS aided ISAC system with prior
distribution information.

as illustrated in Fig. 1. Specifically, we aim to sense the
azimuth angle of the target with respect to the BD-IRS denoted
by 6 € [0,7), as illustrated in Fig. 1, while the distance
between the target and the BD-IRS is assumed to be known
as r meters (m).! The value of 6 is unknown, while its PDF
denoted by pg () is known a priori at the BS via historic data
or target movement pattern [42]-[50].

We consider a general reflective architecture at the BD-IRS,
where the M reflecting elements are grouged into G groups,
each consisting of M, elements, with g1 Mg = M. The
elements in each group are inter-connected with a reflecting
matrix &, € CMo* Mo, where ®[®, = I, and ®, = ®]
hold due to the lossless and reciprocal properties of BD-IRS
[20]. The overall BD-IRS reflection matrix is given by

® = blkdiag{®1, ..

- ®ct ey

Note that when G = 1, the above architecture corresponds to a
fully-connected BD-IRS where inter-connection exists between
any two reflecting elements; when G = M, the above architec-
ture reduces to a single-connected BD-IRS, i.e., conventional
IRS, where the BD-IRS reflection matrix becomes a diagonal
matrix; while when 1 < G < M, the above architecture
corresponds to a group-connected BD-IRS, where inter-group
elements are not connected. Moreover, we consider the case
where the BD-IRS is located such that the channel from the
target to the BD-IRS can be modeled as a line-of-sight (LoS)
channel, which is denoted by g() € CM*12 Let M, and
M., denote the number of reflecting elements in each row and
column of the BD-IRS, respectively, with M, M, = M. Each
element in g() is thus modeled as [55]*

S 2w A
gm(e) — %eJT(mfl)mosz cos@7

m=1,..,M,

The distance between the target and BD-IRS can be estimated via first
estimating the distance from the target to the BS via the BD-IRS using time-
of-arrival (ToA) methods (see, e.g., [15], [54]) and then subtracting the known
distance between the BS and the BD-IRS, or known a priori based on target
movement pattern or historic data [42]-[50].

2This is practically feasible with known PDF of the target’s location.

3In this paper, we put all the elements in each group on the same row [56],
while our results are also directly applicable to other grouping strategies.



where [y denotes the reference channel gain at 1 m, A denotes
the spacing between adjacent reflecting elements in m, and A
denotes the wavelength in m. Furthermore, let R €¢ CN*M
denote the channel from the BD-IRS to the BS. The effective
target-BS channel is thus given by R®g(6), for which the
exact value is unknown due to the unknown 6, while the
statistical information can be derived based on the PDF of 6.
Let h, ;, € CMx1 denote the channel from user k to the BD-
IRS, and hq j € CN*1 denote the direct channel from user k
to the BS.* The effective channel from each communication
user k to the BS is thus given by

hi(®) = hgr+ R®h, ), k=1,..., K. 3)

Note that the direct communication channels and cascaded
communication channels can be estimated via various chan-
nel estimation techniques [57]-[59], and are assumed to be
perfectly known in this paper.

We focus on ISAC in a block of L symbol intervals during
which both the target’s location and the wireless channels
remain static. Let /Pys; € C denote the sensing signal
sent from the target at each [-th symbol interval, where
Py denotes the power budget at the target, and s; denotes
the probing signal known at the BS. We further assume
|s)|> =1, I = 1,..., L, which yields a sample covariance for
sensing of - 37 | Pylsy|? = Py Let ¢ ~ CA(0,1) denote
the information symbol for each k-th communication user at
the [-th symbol interval, and P; denote the average transmit
power at each k-th communication user. The received signal
at the BS in each [-th symbol interval is thus expressed as

K
yi=R®g(0)\/Posi+ Y _ hi(®)/Prcri+ni, 1=1,...L,(4)
k=1

where n; ~ CN(0,02Iy) denotes the circularly symmetric
complex Gaussian (CSCG) noise vector at the BS receiver
with average noise power o2 at each antenna. The collection
of the received signals over L symbol intervals denoted by
Y = [y1,...,yz] € CV*L is thus given by

K
Y = R®g(0)\/Pos” + > hi(®)\/Pecl + N, (5)
k=1

where s = [s1,...,s]T € CI*L and ¢, = [ex 1, .., cu )T €
CE*1 denote the collections of sensing probing signals and
information symbols from each user k, respectively; N =
[n1,...,mr] € CV*L denotes the collection of receiver noise.
The BS performs sensing of # based on Y and pgo(f), and
detection of the information symbols sent at each [-th symbol
interval based on each y;.

Specifically, at the BS receiver, linear receive beamforming
is adopted for information symbol detection. For each k-th
user, denote wy, € CV*1 as the receive beamforming vector
for user k, for which the beamforming output at each symbol
interval is given by

Yt = wiyr = wi hi(®)\/ Prcy + wi R®g(0)y/ Pos

#Note that this model is also applicable to the case where the user-BS link
is blocked for some user(s), by setting the direct channel(s) as zero.

5Note that in practice, there are various ways to design the sensing probing
signals, e.g., via using the Zadoff-Chu sequence.

K
+> " wihi (@) Prcw+wiing, 1=1,..., L. (6)

k=1

K £k
Note that besides the interference from other communication
users, the uplink signal sent from the sensing target also
causes interference to each communication user, which cannot
be canceled due to the unknown location of the target and
consequently unknown channel g(#) from the target to the

BD-IRS. The SINR for each k-th communication user is thus
given by

Py|wi! by, (@)
K )
3 Pirlwy! b (®) >+ Po lwi RPg(0) >+ [y >0
e

Vi(wr, ®,6)=

k=1,..,K. (7)

Consequently, the achievable rate is given by Ry (wy, ®,60) =
log, (1 + vk (wg, ®,0)) in bits per second per Hertz (bps/Hz).
Notice that the achievable rate for each communication user
is determined by the angular location of the target, 6, which is
unknown. However, the known PDF of 6 can be leveraged to
calculate a tractable lower bound of the expected achievable
rate over the random target locations, which is given by

Eg [Rk (wk, ‘I’, 9)]

Py|wy! by, (®)|?

>logy 1+ ®)
3" Potwf i () 24+Polw/ REG # |2+ w202
il

£ Ri(wy, ®), 9)

where G £ Eq[g(0)g” (0)] = [ g(0)g(6)™ db. Note that the
inequality in (8) holds due to the convexity of Ry (wy, ®,6)
over g(0)g(f)" and Jensen’s inequality. By noting that
Ry (wy,, ®) is only dependent on the design variables wy,’s
and ®, we will adopt it as the communication performance
metric in this paper, which serves as a lower bound of the
expected achievable rate for each k-th user. Moreover, note
that each receive beamforming vector wy, only affects the
expected rate of its corresponding communication user, thus
can be individually optimized to maximize Ry (wy, ®). To this
end, we have the following proposition.

Proposition 1: The optimal receive beamforming vector for
each k-th communication user that maximizes Ry (wy, ®) is
given by

S (®)hi (@)
1= (@)he (@)
where X4(®) = o%Iy + 25:1,1@'7&19 Pyhy (®)hE (@) +
PyR®GPT RE.

Proof: Please refer to Appendix A. [ ]

With the optimized wy, in Proposition 1, Ry (wy,, ®) can be
expressed as a function of only the BD-IRS reflection matrix
®, which is given by

Ry (®) = log, (1 + Phf (2)5, () hi(®)).

wj = (10)

(1)



Note that the communication performance is critically de-
pendent on the BD-IRS reflection matrix ®. On the other hand,
the design of ® also affects the sensing performance via the
observations at the BS receiver, i.e., Y. In the following, we
will first characterize the sensing performance when both Y
and pe () are exploited. Then, we will formulate and study the
BD-IRS reflection optimization problem to strike an optimal
balance between sensing and communication.

III. SENSING PERFORMANCE CHARACTERIZATION VIA
PCRB

Due to the difficulty in explicitly characterizing the MSE,
we consider a tractable bound for the MSE as the sensing
performance metric in this paper. Specifically, we will char-
acterize the PCRB as a tractable lower bound of the sensing
MSE when prior information about the distribution of § can be
exploited, which is tight in the moderate-to-high SNR regime.
To this end, we first derive the posterior Fisher information for
estimating 6, which is given by F(®) = Fo(®) + Fp [60].
Specifically, Fo(®) represents the Fisher information from the
observations in Y, and Fp represents the Fisher information
from the prior distribution information in pg(6). To derive
Fo(®), we first define y = vec(Y') as follows:

R‘I’Q(G)\/FTosl Zk 1hk( )\/PTkal n
y= + : +1 - |.(12)
R®g(0)\VPosr| |1 1hk( WPeck L] |ni
Note that y ~ CN(u(),C(0)), where p(d) =

VPyR®g(0) @ s and C(0) = Xo(®) @ I, with Xo(P) =
S Pehy(®)hH (®) + 02Iy representing the covariance
matrix of interference-plus-noise for sensing. Then, the log-
likelihood function for estimating 0 from y is given by

2\/F09%{ ZyzHEo

#)Rg(0) }
—NLIn(r det (Zo(® ZylH =5
L
~Py) (R®g(0)s)"5;" («1>)R<1>g( Vs (13)
=1

Fo(®) can be thus derived as

0 ln(f(yIG))}
962

f(ylo))

Fo(®)= —Ey,e[

L
=2 > (R®G(0)s)" S5 (@) (RDG(0)51)] (14)
=1

:lesllee[<R<I>9<9>>HEal<<1>><R<I>g<9>>} (15)
=1

=2P LEy[(R®¢(0)" 3, (®)(R®G(0)),  (16)
where g(f) represents the derivative of g¢g(f) with
its m-th element being §,(0) = —jZ2((m -
1)modM, sin6)g, (), m=1,.... M.

Note that the expression of Fo(®) has a sophisticated
form because of the complex involvement of the BD-IRS
reflection matrix ®. To further simplify the above expression,

we define U = Ey[g(6)g = /g 0)7dh and its
eigenvalue decomposition (EVD) as U = Z< 1n<u<uc
with R = rank(U) being its rank. Then, a more tractable
expression of Fo(®) can be derived as

Fo(®)=2P, Le"Eg [(R7=g (®)R) ' 2g(0)g"(9))]¢ (17)
=2P0L¢H((RH251(<I>>R)T®(E9[ (0)9"(0))) ¢ (18)
=2P Lo (R"2; (®)R)"® (Z reucul' ) (19)
¢=1

R

=2P,L Z/{ggoH
¢c=1

(R"=5H(®)R)"® (ucull)) ¢ (20)

R
=2R LY k¢ (R®uc)" 5 (®)(RPu),
¢=1

where ¢ = vec(®f), (17) holds due to a? XBXc =
vec (X)(BT @ ca')vec(X), and (21) holds due to
vec (X)(BT @ ca)vec(X) = a’ XBX"ec.

On the other hand, the value of Fp can be obtained as
follows offline based on pe(6):

9”In(pe (9)) > 9*In(pe (9))
39(2) }:_ / - 39(2)

2L

Fo=—F| pe(8)dd. (22)

Based on Fo(®) and Fp, the PCRB for the MSE of sensing
0 is given by

PCRBy(®) = Fo@) 1 (23)
= = ! .(24)
2P LY ke (RPuc) HE L (®) (RPuc)+Fp
(=1

Remark 1 (Practical Example of pe(0)): In practice, a
typical example of the PDF pg(f) is the Gaussian mixture
model, where the realizations of 8 tend to concentrate around
several highly-probable angles, thus pg(f) is the summation
of multiple Gaussian PDFs. Let 6; € [0,7), 02, and p; denote

the mean, variance, and weight of each i-th Gaussian PDF,
_(6-0,)?

ZZ 1Pi 27ro’e '

. . I ;
In this case, Fp can be derived as Fp = >, ;& —
05, 0-0; ‘

. zflzlzgzlnq(e)mge)(e—;g;—l )’

‘[;OO 2 27{:1 m((’)
_(6-6;)?

piﬁ%ﬁe 207 [42]. Note that when the variance of each
Gaussian PDF goes to infinity, the Gaussian mixture model
is reduced to the uniform distribution model; while when the
variance of each Gaussian PDF tends to be zero, the Gaussian
mixture model will approach a discrete model.

po(f) can be expressed as pg(f) =

d, where 7;(6) £

IV. PROBLEM FORMULATION

In this paper, we aim to optimize the BD-IRS reflection ma-
trix to maximize the minimum (worst-case) expected achiev-
able rate (approximated by its lower bound Ry (®)) among the
multiple communication users, subject to a threshold on the



sensing PCRB denoted by I'pcrp. The optimization problem
is formulated as

1
s.t.

R
2P LY ki (R®Pu) HE 1 (®)(RPu)+Fp
¢=1

< T'pcrp (26)

® = blkdiag{®,, ..., 85} (27)
®l®, =1y, g=1,..,G (28)
o, =3, g=1,..,G. (29)

Note that Problem (P1) is a non-convex optimization prob-
lem as the objective function can be shown to be non-concave
over ®, the PCRB can be shown to be a non-convex function
over ®, and the constraints in (28) are non-convex.

Moreover, the optimization of @ is challenging due to the
generally conflicting goals of sensing and communication.
For enhancing the communication performance, ® should be
designed to achieve an optimal balance among the multi-user
communication rates, while suppressing the channel power
from the highly-probable target angles to the BD-IRS to
mitigate the interference caused by the target. On the other
hand, for enhancing the sensing performance, ® should be
designed towards increasing the channel power from the
highly-probable target angles to the BD-IRS, and mitigating
the interference from all communication users via suppressing
their channel powers. Note that in downlink mono-static ISAC
where the BS performs sensing based on the target-reflected
signals, the downlink communication signals contribute to
sensing instead of causing interference. The mutual interfer-
ence between communication and sensing in the considered
uplink ISAC system thus calls for a new judicious design of the
BD-IRS reflection matrix to manage the mutual interference.

Finally, compared with uplink ISAC with conventional
diagonal IRS (see, e.g., [17]), the BD-IRS reflection matrix
is under more challenging constraints in (27)-(29), under
which conventional techniques for simplifying the PCRB/rate
expression and handling the optimization problem may not
be directly applicable. However, it also provides new design
degrees-of-freedom, the full exploitation of which may enable
new performance gains.

In the next section, we will propose an efficient algorithm
to tackle the non-convexity of (P1) by reformulating it into a
more tractable equivalent form and applying PDD framework.

V. PROPOSED SOLUTION TO PROBLEM (P1)

1
First, by defining I' £ “’%Rpiv and introducing an
auxiliary variable o > 0 to represent the minimum SINR
among the multiple users, Problem (P1) can be equivalently

transformed into the following problem:

(P2) min —a (30)

st. Pehy (@), 1 (®@)hi(®) > ok =1,..., K (31)
R

Y rc(RPug)"S5! (8)(RRug) =T
¢=1

(32)

® = blkdiag{®1,
®®, = I,
®, =]

@G (33)

g=1,...G (34
g=1,...G. (35

Then, we note that under the unitary constraints in (34),
optimization of ® for balancing the complicated PCRB and
rate expressions is very challenging. To resolve this issue, we
introduce a set of auxiliary variables ¥, € CMo*Ms g =
1,..., G, each satisfying \Ilf\Ilg = Iy, and &, = ¥ . By
this means, Problem (P2) and consequently Problem (P1) can
be shown to be equivalent to the following problem:

(P3) m(i}n — o (36)
(%),
st. Phf(®)E,(®)hi(®)>a,k=1,..., K (37)
R
> ke(RRu )" (@) (RBuc) > T (38)
¢=1
® = blkdiag{®, ..., s} (39)
®, =], g=1,...,G (40)
o, =", g=1,...,G (41)
viw, =1y, g=1,..,G. (42)

Note that without the constraints in (41), the optimization of ®
will be more tractable. Motivated by this, we propose a PDD-
based algorithm to decouple ®, and ¥, in (41). Specifically,
by transforming the constraints in (41) into a penalty term, the
augmented Lagrange (AL) function can be written as

Lo APy} gor, { Wy}, {Ag}ely)

G G
1
==} Re{Tr (A (=) 1Yo |8y — Wy 1F, 43)

g=1 g=1

where A, € CMs*Ms g = 1,....G denote the set of dual
variables associated with the constraints in (41), and p denotes
the penalty parameter. Then, we formulate the AL problem as

G
(P4) min —oa+ Y Re{Tr(A] (2, ~ ¥,)))
(2,)5, 9=t

G
1
25, 1% — Tl (44)
g=1
st. Phf(®)S, (®)hy(®)>a, k=1,..., K (45)

R
> ke(RRu)"Eg (@) (RBuc) > T  (46)

=
& = blkdiag{®1, ..., ®s) @7
®, =%, g=1,..,G (48)
‘I’f‘l’g = Iy, g=1,...,G (49)

To solve the AL problem, we iteratively optimize ® and
{w,}5 , in the inner loop of PDD, while the outer loop
selectively updates the dual variables or the penalty parameter.
The optimization procedure is given in detail below.



A. (Inner Loop) Optimization of ® with Given Auxiliary
Variables {®4}$,

With given {¥,}¢
problem:

g=1> (P4) reduces to the following sub-

G
1
(P4-1) min —oH—ZERe{TrAHCP =) }+;2—p|\q>g_\1:g|\§

g=1
(50)
s.t. Phil (@), 1 (®)h(®) > o,k =1,..., K (51)
R
> ke(R®u) "S5 (@) (RPu) > T (52)
¢=1
® = blkdiag{®, ..., B¢} (53)
P, =], g=1,...,G. (54)

Note that (P4-I) is still a non-convex problem due to
the non-convex constraints in (51) and (52). Moreover, the
involvement of the inversions of 3 (®)’s and X, (®) makes
(P4-I) more challenging. To tackle this issue, we transform
(P4-I) into an equivalent form in the following proposition.

Proposition 2: Problem (P4-]) is equivalent to the following

problem with auxiliary variables v € CV*! ¢ =1,..., R and
v, cCN*LE=1,.. K:
G
(Pd-Ieqv) min  —a+ Y Re{Tr(Al(®, - ¥,))}
O‘ﬂq)ﬂ{”k}kK:P g:l
{VC}?'zl a
1
+ZQ_H(I)<1_\I’9”12? (55)
g=1
s.t. fk(‘I’,Vk)—i—% <0 k=1,.. K (56)
" k
> kcfo(®v)+T <0 (57)
¢=1
® = blkdiag{®1, ..., P} (58)
®, =], g=1,....G,(59)

where fo(®,v;) £ o I30(®)ve — 2Re{vf R®uc}, ¢ =
1,..,R and fix(®,vy) = vf Zk( W — Z%e{ufhk}, k=
1., K.
Proof: Please refer to Appendix B. ]

Although Problem (P4-I-eqv) is still non-convex, we pro-
pose an alternating optimization algorithm to iteratively opti-
mize (o, ®) and ({v¢}fl), {vk}ie,) as follows.

1) Optimization of ({v¢} oy, {vk }iey) with Given (a, ®):
With given (a, @), the optimal {Vg}?zl and {vy }X | can be
derived below as shown in the proof of Proposition 2:

g ey

(60)
(61)

v =3, (®)R®u¢, (=1,...R
vi =21 (®)hy(®), k=1,..,K.

2) Optimization of («, ®) with Given ({Vc}?zl, {vi i )):
With given ({v¢} £, {v}i,), a key difficulty in efficiently
optimizing («, @) lies in the complex expression of f:(®,v,)
and fr(®,v,)’s with respect to matrix ®. Moreover, the
large number of optimization variables in ® also hinders the
development of a low-complexity algorithm. This motivates

us to present an equivalent lower-dimension replacement of ®
yielding a more tractable form of f-(®,v;) and fi(®,vy)’s.
Specifically, define ¢, = vec(®,), g = 1,..,G. Then,
® can be expressed as & = Vecfl(Zqul Qg pg), Where
Q, € {0,1}MzXM§7 g = 1,...,G denote a set of indexing
matrices given in Appendix C. Furthermore, we reduce the
dimension of ¢,’s by exploiting the reciprocal property of ®.
Mg(Mg+1) . .
Define ¢, £ vech(®,) € C™% %1, By introducing a
2 Mg(Mg+1)
set of duplication matrices D, € {0,1}Ms*— =2 g =
1,...,G whose construction is provided in Appendix D, we
have Dy¢p, = ¢4, g = 1,...,G and consequently ®, =
ec (Dyepy), g =1,...,G. The BD-IRS reflection matrix ®
with M? elements can be equivalently represented by {¢y}5-;
with Zle w elements as follows:

® = vec™ (ZQQ gqbg).

As a result, the optimization of {ng} g=1 18 equivalent to the
optimization of ®.

(62)

Then, we simplify (P4-I-eqv) based on {ng ;. To this

end, we first expand f.(®,v¢) as

fe(@,ve) = vl S0 (@)ve — 2Re{vf Ru,} (63)
K K

=Y Pwl/ROh, thi "R V4> Prlvfhail+0 v
k=1 k=1

+2 ZP@%{V{I R®h, ;hll,vc} —2Re{vf RBuc}. (64)
k=1
Based on (62), the first term of (64) can be re-expressed as
K
> Pl R®h, b @" R v
k=1

I
Mw

Pyvec(vf R®h, hl @' R v,) (65)

el
Il
—

TTM» M=

Pypvec” (®) (h} bl @ RTvvf R) vec(®) (66)

Veok
— (ZQ(] qcbq) Vc,k(ngDggbg) (67)
g=1
= (ngDg(bg) ‘/((ngngSg), (68)

where (65) holds since VHR<I>hth(‘I>)<I>HRHV< is a
scalar; (66) holds due to aHXBXHc = vecH (X)(BT ®
ca)vec(X) and V; = Zk:l P Ve 1. Note that V;  is a
positive semi-definite (PSD) matrix because it is the Kronecker
product of PSD matrices [61]. Thus, V¢ is also a PSD matrix.
The fourth term of (64) can be re-expressed as

22Pk9%e{u R®h, .hl v}
k=1
K

=2 PRe{Tr(h, bl vev R®)}
k=1

(69)



K G
=2 ZP;CERe{VecH(RHu( Vglhd,khfk ) (ZQngqbg) } ,(70)
g=1

which holds due to Tr(A” B) = vec (A)vec(B). Finally,
the last term of (64) can be re-expressed as

— 2Re{v{ R®u,} = —Q%Q{Tr(ugl/c R®)} (71)
= —29%e{vec (RH V<u< (ZQ(] quq) }, (72)

which holds due to Tr(A” B) = vec (A)vec(B).
Consequently, f-(®,v;) can be re-expressed as

({¢q g=1:V¢)= (ZQ(] quq) VC(ngngbg)

—2%efq’ (ZQng¢g)}+Zpk|u§fhd7k|2+02|\u<||2, (73)
g=1 k=1

where qff = vec (R"v¢(ufl —
Similarly, f(®, vy

o1 Pevliharhlly)).
) can be re-expressed as

Sl bgkrsn)= (Eng g¢g.n(§ng 4o+l

_29{e{rk (ZQQ quq)—i-u,fhd k}+zpk’|1/k ha ]2 (74)
Nz

where J, 2 Y8 A Py Ji ik + PoGT ®
Jk,k’ = (h>k k/hr k’) (9 (RHV]QV]?R),
VeCH (RHVk(hf{k Zk/:l,k/;&k Pk'yl?hd-,k'hfk’))7 k=
., K. Note that J}’s are also PSD matrices. In addition, the
objectlve functlon of Problem (P4 I- eqv) can be re-expressed

H

(RHV]CV,?R),
and 7 £

as —o+ Y0 Re{Tr(AH (@, — ¥,))} + 30, 2p||‘1)

w ||F =-a+ Zle i)%e{vec g)( gg — vec(¥y))} +
Zq 1 sz D,¢p, — vec(¥,)|* due to Tr(AHB) =
vect (A)vec(B).

Therefore, with given ({v¢}f, {vi}i—,), (a, ®) can be
optimized by solving the following problem on (c, {¢g}§:1)
and obtaining the optimal ® via (62):

(P4-I-eqv’)

min
a,{¢g ?

_a-}-ZiRe{vec ) (Dgpg — vec(¥y))}

D7 (75)

1
+ Z 2—pHDg¢g — vec(¥
g=1

G H G
(ZQ9D9¢Q) Jk(z Qquqbq) + 0|l ?
g=1

G
—2efrf (30 QuDyty) + Vi b}
K
+Y Polvf'haw+—+ <0 k=1,.., K (76)
k/—l
K £k

imKZ%q% (i%g%)

¢=1 g=1 g=1

- m{qgf(fj QD) } + oIl
g=1

K
+3" Plplhai} +T <0, (77)

k=1

By noting Jj’s and V; are PSD matrices, (P4-I-eqv’) can
be shown to be a convex second-order cone program (SOCP),
for which the optimal solution can be obtained via the interior-
point method [62] or existing software such as CVX [63].

3) Overall Algorithm for Problem (P4-I-eqv): To summa-
rize, the optimal solutions to («, ®) and ({Vg}?zl, {vHE )
can be iteratively obtained with the other being fixed at
each time. Since the objective value of Problem (P4-I-eqv)
is bounded below, monotonic convergence is guaranteed for
this alternating optimization algorithm.

B. (Inner Loop) Optimization of Auxiliary Variables {\Ilg}gzl
with Given ®
Note that D‘ie{Tr(Af(@

- \Ilg))} + QLPH‘I’Q - ‘I’g”% =

% (I1®y — (R4 4 pAg)lIE — P*Tr(AL Ay)) holds. Thus, with
given @, the sub-problem for optimizing ¥, is given by
(P4 min  [|W, — (B, + pAy)| (78)
g9
st W, =1y, (79)

Denote @, + pA, = ﬁgggf/gH as the singular value decom-
position (SVD) of ®,+ pA,. Note that the objective function
of (P4-II) is convex, while the only constraint is a unitary
constraint. According to [64], the optimal solution to (P4-II)
can be derived in closed form as

v =U, V" (80)
C. (Outer Loop) Update of Dual Variables {A,}5_, or

Penalty Parameter p

In each outer iteration, we only update either the dual
variables {Ag} ", or the penalty parameter p based on a
predefined constraint violation level e [53]. If the equality
constraints in (41) are approximately satisfied with a violation

lower than ¢, ie., [|[®5 — ¥ylleo <€, g=1,...,G, each dual
variable A, is updated as
Aj— Ay + - (<I> —¥,). (81)

Otherwise, p is decreased as follows to enhance the penalty
term to push the equality constraint towards being satisfied:
p < 0p, (82)

where 0 < 6 < 1 is the shrinkage factor.



TABLE 1
COMPLEXITY ANALYSIS FOR PROPOSED PDD-BASED ALGORITHM FOR
PROBLEM (P1)

Optimization Part Complexity
v Am e, O(N?)
(o, @) O(K1P (X5 M2)3)
{2535, oy Mg
Problem (P1) O(LpLoLiLps(N® + K15(30 | M2)3))

D. Overall PDD-based Algorithm for Problem (P1)

To summarize, the overall PDD-based algorithm for (P4)
consists of two loops. In the outer loop, the dual variables in
{Ag}g;:1 or the penalty parameter p is updated based on the
constraint violation level of (41) according to (81) and (82).
In the inner loop, the optimal solutions to (a, ®), auxiliary
vectors ({I/C}?:l, {vi}f2 1), and auxiliary matrices {®,}5,
are iteratively obtained by solving the convex problem (P4-I-
eqv’) and recovering ® via (62) or according to the closed-
form expressions in (60), (61), and (80), respectively. Note
that as the optimal solution to each sub-problem is obtained
in each step, convergence can be achieved for the proposed
PDD-based algorithm, which will be verified in Section VII.
By updating the penalty parameter p, the constraint violation
level can be controlled under the given threshold e. Moreover,
to further enhance the performance, the above procedure can
be repeated for Lp > 1 times with different initialization,
among which the best solution can be selected, while we will
present one initialization method in Section V-E. Finally, the
obtained solution of ® for (P4) automatically serves as a high-
quality suboptimal solution to (P1). Let Lo and L1 denote the
numbers of outer and inner loops in the proposed algorithm.
Let Lp4 denote the iteration numbers for solving (P4-I-eqv).
The overall complexity of the proposed algorithm is analyzed
in Table I, which is observed to be polynomial over key system
parameters IV, K, and M,’s.

E. Extension to BD-IRS Aided Uplink Sensing for PCRB
Minimization

Finally, we note that the proposed algorithm can be extended
to deal with the PCRB minimization problem in a BD-IRS
aided uplink sensing system, where no communication user is
present. The problem is formulated as

(P5) min = L (83)
2P LY ke (RPuc ) HE Y (®)(RPuc )+ Fp
¢=1
s.t. ® = blkdiag{®1, ..., ®¢} (84)
®l®, =1y, g=1,..G (85)
o, =], g=1,..G. (86)

Notice that the objective PCRB function of (P5) appears in the
constraints of (P2). Thus, by introducing auxiliary variables
W,’s and v¢’s, we can formulate the AL problem for (P5)
under the PDD framework and obtain a high-quality solution
to (P5) in a similar manner, for which the details are omitted
due to limited space. Note that the solution to (P5) can serve
as an initial point for the proposed algorithm for (P1), as it
aims to achieve the minimum PCRB value and consequently
satisfy the PCRB constraint in (26).

qL symbols : (1 — q)L symbols

Sensing Stage Communication Stage
1

Sends sensing probing signalsi Off

TDMA

Sensing Target:

Communication Users: Off 1 Send information symbols

SDMA Simultaneous Sensing and Communication (L symbols)

Sensing Target: Sends sensing probing signals -> Interference to communication

Communication Users: Send information symbols -> Interference to sensing

Fig. 2. Comparison between the SDMA scheme and TDMA scheme.

VI. BD-IRS AIDED UPLINK ISAC UNDER TDMA

In the previous sections, we studied an SDMA scheme
where the interference between sensing and communication is
managed via BD-IRS reflection and BS receive beamforming
optimization. However, the new mutual interference between
sensing and communication is more severe than the one-way
interference from sensing to communication in mono-static
downlink ISAC. Particularly, as BD-IRS has a constrained
circuit architecture, its effectiveness in simultaneously two
conflicting goals in sensing and communication is generally
limited. This thus motivates us to explore whether other strictly
orthogonal multiple access schemes can achieve enhanced
performance via removing such mutual interference.

In this section, we propose a TDMA scheme for uplink
BD-IRS aided ISAC illustrated in Fig. 2, where the sensing
target sends uplink signals for sensing during gL symbol
intervals (i.e., the sensing stage), where ¢ € [0,1] denotes
the fraction of time for sensing, while the X' communication
users send uplink signals during the other (1 — ¢)L symbol
intervals (i.e., the communication stage). In this case, two
different BD-IRS reflection matrices denoted by ®g and ®¢
can be separately designed to optimize the sensing PCRB and
minimum communication user rate, and implemented in the
sensing stage and communication stage, respectively.

During the sensing stage, the interference from communi-
cation users is not present, and the interference-plus-noise
covariance matrix reduces to the noise covariance matrix
3o(®s) = o?Iy. Thus, the PCRB expression is given

TDMA _ 1
by PCRB (®s) = %‘i Y& ke(RPsuc)H (R®Psuc)+Fp

Then, ¥ can be optimized to minimize PCRBTPMA (&)
using a similar method as in Section V-E.

During the communication stage, the SINR given below
is no longer a random variable as the sensing-generated
interference due to the randomly located target is not present:

Py|lwf hy (®0)[?

V5 (wi, ®c) = — (87)
> Polwihy (@) + o2||wy|?
Nk
_ Bwf hy(®c)
= T HSC (B Nar (88)
wk Ek (@C)wk

where X¢(®c) =

0?In, k=1,..., K. Given optimal w} =

S b1 02 Porhs (BC)RE (RC) +
=0 (®c)hi(®0)
I=C~ T (@c)hi (@)’
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Fig. 3. Topology of the BD-IRS aided uplink ISAC system.

the effective achievable rate is expressed as follows in bps/Hz:

RIPMA($ )= (1—q)log, (1+thkH(‘I>c)zg_1(‘I>c)hk(‘1>c)) )
(39)

Then, ¢ can be designed to maximize the minimum rate
among RIPMA (P )’s, which can be done via a similar PDD-
based algorithm as in Section V.

Note that increasing the time allocated to sensing (i.e.,
increasing q) will reduce the PCRB, but also leads to smaller
communication rates. The optimal TDMA time allocation can
be obtained via solving the following problem:

P6 in (1—q)log, (1
(®6) max (i (1—g) ogy (1+

thkH(‘I)c)Egil(‘I’c)hk(‘ﬁc)) (90)
1

s.t.

o2

R
2PoqL Z K¢ (R‘I’sUg)H(RcI’sug) +Fp
&1

<Tpcrs. O1)

Note that both the objective function to be maximized and
the left-hand-side of the constraint in (91) are non-increasing
functions of ¢. Thus, (P6) is feasible if and only if

1
<TI'pcrB

2R L
o2

R
Z HC(RCI?SUC)H(RCI’Sug) + Fp
(=1

holds, and its optimal solution is given by®

1 _ R
q = max{ TP <R Lrons r ,0}. (92)
=287 2 ke (R®suc) T (R®suc)

Note that although a pre-log factor 1 — ¢q is applied in the
achievable rate, the removal of interference in both ¢ (®¢)’s
and X (Pg) as well as the separate tailored design of BD-IRS
reflection matrix in the two stages also bring new benefits. In
the next section, we will compare the performance of TDMA
versus SDMA to draw more useful insights.

VII. NUMERICAL RESULTS

In this section, we provide numerical results to evaluate
the effectiveness of our proposed BD-IRS reflection matrix
design. Under a two-dimensional Cartesian coordinate system,
the topology of the system is illustrated in Fig. 3, where the
distance between the BD-IRS and the BS is set as rig = 200

The obtained number of symbol intervals can be rounded up to the nearest
integer if needed.
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m, the distance between the possible locations of the target
as well as the communication users and the BD-IRS is set as
r=rurry = 10m, kK =1,..., K. The BS is equipped with a
uniform linear array (ULA) vertical to the z-axis, while the
BD-IRS lies on the x —z plane. The spacings between adjacent
BS antennas and BD-IRS elements are set as A = % Let
6v i, denote the angle-of-arrival (AoA) from each k-th user to
the BD-IRS. Let 6{}y* = Z and 6{}y° = 6{}y* + Z denote
the AoA and angle-of-departure (AoD) of the link from the
BD-IRS to the BS, respectively. Then, the distance between
each k-th user and the BS can be calculated as rypr =

g + T E — 27IBTULK cos(04SP — Oy ). We consider a
Rician fading model for the channel from the BD-IRS to
the BS with R = B/ 57 (VX Hios + Hyros), Where

X = —8 dB is the Rician factor, Sip denotes the path gain
given by Sig = TBI—‘; with 8y = —33 dB, Hi,s represents the

LoS component, and Hnr,og represents the non-LoS (NLoS)
component following Rayleigh fading, respectively. The LoS
component can be expressed as Hios = a(04552)b (055P),
where a, (0i5?) = eim(n—1)cos QSBOA, n = 1,..,N and
bm(eﬁ?’oD) _ ej7'r(1nfl)mosz cos H?BOD’ m = 1,.., M are
steering vectors at the BS and the BD-IRS, respectively. We
consider a Rayleigh fading model for the channels from the
users to the BS with path loss exponent 3.5, and consider an
LoS model for the channels from the users to the BD-IRS with
hr,km(eU,k) — Bo ejﬂ(mfl)modlﬂx CosGka’ m = 1’ ,M
TULk

We consider X = 2 communication users, N = 16 receive
antennas at the BS, Py = P, = P> = 10 dBm, 02 = —95
dBm, L = 25, and M, = M, = 4 if not specified otherwise.

51

The azimuth angles of users are set as 6y = -5~ and 0y 2 =

%’r. The PDF of 6 is assumed to follow the Gaussian mixture

model in Remark 1 with p; = 0.31, 6; = 5%, 07 = 1073,
po = 0.43, 0y = 131_(;1-’ 0'% = 1073, and ps = 0.26, 03 =
Z, 03 =107%. We set I'pcrp = 5 x 107* and consider the
fully-connected case unless otherwise specified.

For comparison with the proposed design, we consider the

following two benchmark schemes:

+ Benchmark Scheme 1: Isotropic reflection. We set & =
I; which corresponds to isotropic reflection and can also
be realized using conventional diagonal IRS.

o Benchmark Scheme 2: Random reflection. We ran-
domly generate 100 BD-IRS reflection matrices under
the fully-connected architecture, and select the best one
among them.

A. Convergence Behavior of Proposed PDD-based Algorithms

First, Fig. 4(a) and Fig. 4(b) show the convergence behavior
of the proposed PDD-based algorithms for the PCRB mini-
mization problem in (P5) and the minimum rate maximization
problem in (P1), where monotonic and quick convergence
(within 10 and 20 iterations) is observed for both problems.
This validates the effectiveness of the PDD-based algorithms.

B. Evaluation of Sensing Performance Aided by BD-IRS

In this subsection, we evaluate the performance of sensing
in terms of PCRB with the aid of BD-IRS when no com-
munication user is present. Fig. 5(a) and Fig. 5(b) show the
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Fig. 4. Convergence behavior of the proposed PDD-based algorithms for
sensing-only and ISAC systems.

PCRB versus the number of reflecting elements in the x-axis
and z-axis (i.e., M, and M) with the other one fixed as 4,
respectively. Fig. 5(c) shows the PCRB versus transmit SNR
% = % = %. It is observed from that the PCRB decreases
as M,, M., or transmit SNR increases; moreover, the fully-
connected and group-connected architectures outperform the
single-connected architecture (i.e., conventional diagonal IRS)
as well as the two benchmark schemes, where the performance
gain of BD-IRS over diagonal IRS enlarges as M, or M,
increases. Additionally, it is observed that increasing M, is
more effective in lowering the PCRB compared with increas-
ing M,, since the increment in M, can provide additional
sensing information on #, which can be drawn from §(6) in the
PCRB expression, while increasing M, can mainly enhance
the overall target-BS effective channel gain (or aperture gain).

C. Evaluation of ISAC Performance Aided by BD-IRS

Next, we evaluate the performance of ISAC aided by
BD-IRS. In Fig. 6(a), we show the minimum rate versus
the PCRB threshold I'pcrp. Benchmark schemes and the
single-connected IRS are not shown for comparison as they
may not always yield a feasible solution to Problem (P1).
The results indicate that the minimum rate achieved by the
proposed design increases as I'pcrp increases, which validates
the trade-off between sensing and communication. Moreover,
the TDMA scheme is generally outperformed by the SDMA
scheme, due to the excessive time waste resulting from orthog-
onal signal transmission. Then, we set I'pcrp = 1.5 X 1073
and show the minimum rate versus M, in Fig. 6(b). It can
be observed that the minimum rate increases as M, increases,
and the proposed design outperforms both benchmark schemes
by a large margin. Furthermore, it is observed that as the
number of groups decreases, the performance improves at a

(b) PCRB versus M.

(c) PCRB versus transmit SNR.

TABLE 11
PERFORMANCE AND COMPLEXITY COMPARISON OF FULLY-, GROUP-, AND
SINGLE-CONNECTED BD-IRSS (My; = M, = 4).

Architecture
Group
Number
Circuit
Topology
Complexity
Optimization
Computational
Complexity
PCRB
(x1075)
Performance
Gain (PCRB)
Minimum
Rate
Performance
Gain
(Minimum Rate)

Fully-
1 2 4 M

Group- Single-

M(M+1) | M(M/24+1) | M(M/4+1) M
2 2 2

- 1.5, 6 1.5, 6 -
O(Kl“’MG) O(K 8]\/1) O(K 64]\/1) O(Kl“’Mg)

7.506 7.560 7.642 11.573

35.142% 34.680% 33.968%

4.078 4.044 3.963 3.646

11.852% 10.912% 8.687%

cost of a more complicated architecture, which is summarized
in Table II. In addition, it is also noted that BD-IRS can use
less elements to achieve the same performance as conventional
IRS, which is helpful to reduce the hardware cost and physical
size. For instance, in Fig. 6(b), BD-IRS with 2 groups and
M, = 4 can achieve comparable performance as conventional
IRS with M, = 6. In Fig. 6(c), we show the minimum rate
versus transmit SNR with I'pcrp = 2.2 x 1073, It is observed
that the minimum rate increases as the transmit SNR increases.
On the other hand, we show the effective sensing signal power
in Fig. 7, which is defined as the effective sensing signal power
received at the BS from a location at distance 10 m and angle ¢
with respect to the BD-IRS via reflection of the BD-IRS, i.e.,
Po|lwl R®g(0)|?, where wy € CN*! denotes an auxiliary
receive beamforming vector at the BS for the sensing signal.’
Motivated by the relationship between the sensing SINR and
the PCRB, wy is designed to maximize the expected sensing
SINR given by

’_Ys(w07 q’) £ Eq [FYS(wOa ®, 9)]
_ Pyw{'Eg[R®g(0)g™ (0)®" R"]w,
o wglﬁowo

;o (93)

"Note that the PCRB derived in this paper can bound the MSE with any
receive signal processing and estimation method, while we consider a specific
receive beamforming design here only for the purpose of illustrating the effect
of BD-IRS reflection.
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which is the eigenvector corresponding to the largest eigen-
value of 3, 'Eq[(R®g(0))(R®g())™]. Tt can be observed
that our proposed design concentrates power towards the
angles with high probabilities while suppressing power in the
directions of communication users to reduce interference. This
validates the effectiveness of our proposed design as well as
its gain over the benchmark schemes which cannot achieve
the above location-dependent interference management.

D. Comparison of TDMA Versus SDMA

Finally, we consider a scenario with severe interference be-
tween sensing and communication, to reveal the potential gain
of TDMA over SDMA. Specifically, we set V! = 27, where
the direct user-BS channel is blocked. Note that in this case,
user 1 is very close to the highly-probable locations of the
target, thereby leading to significant interference. Fig. 8 com-
pares the performance of SDMA via our proposed algorithm
for Problem (P1) and TDMA, where both the actual expected
rate of SDMA and its approximate lower bound are shown.
It is observed that as the sensing requirement becomes less
stringent, i.e., ['pcrp increases, TDMA outperforms SDMA.
In this case, more time can be allocated to communication,
and the pre-log factor in the TDMA communication rate can
be compensated by the larger SINR achieved by removing the
interference from sensing. This demonstrates the effectiveness
of TDMA in heavy-interference scenarios. In addition, it is
observed that the actual expected rate and its lower bound for
SDMA are very close, which validates our adoption of the
lower bound as the communication performance metric.

VIII. CONCLUSIONS
This paper studied the optimization of BD-IRS reflection
in a BD-IRS aided multi-user uplink ISAC system, where the

Fig. 8. Comparison between TDMA and SDMA under severe interference.

BS serves multiple uplink users and senses the unknown and
random location information of an active target via its sent
uplink signals and the location PDF information. The PCRB
was firstly derived to characterize the sensing performance and
then transformed to a tractable form. Following this, a BD-IRS
reflection matrix optimization problem was formulated to max-
imize the minimum expected rate among multiple users while
satisfying a constraint on the PCRB as well as the structural
constraints on the reflection matrix. The proposed problem was
challenging to solve since it included various types of non-
convex components. To address this challenging problem, we
proposed a PDD-based algorithm which yields a high-quality
suboptimal solution with polynomial-time complexity. We also
proposed an alternative TDMA scheme with optimized time
allocation. Numerical results validated the effectiveness of the
proposed designs and provided useful design insights such as
the optimal choice of multiple access scheme. In the future,
it is worthwhile extending this work to other emerging new
IRS architectures such as active IRS and stacked IRS [8], as
well as to cases with joint angle and range estimation and/or
multiple sensing targets.

APPENDIX
A. Proof of Proposition 1
Define
Pylwi hy (®)]?
Fi(wy, @) = % ki i (2)
> Putwfhiy(®)]2+ Pollw/ RG>+ |[wy]|>0?
k'=1
K #k (94)

and consequently Ry (wg, ®) = logy(1 + Jx(wy, ®)) holds.
Since Ry (wy, ®) is a monotonically increasing function of



i (wg, ), rate maximization is equivalent to SINR max-
imization. Since 7 (wy, ®) is independent on {wy/, k' #
k}E_ |, the optimization problem of wy, is given by

Pe|wy! by, (®)[?
P- ———— 95
(Pwe) max 95)
where Si(®) = Yoy Pohe(@)RE(®) +
1
Py R®G®"RH + o02Iy. Denote z;, = X7(®)wy.
Thus, we can express objective of Problem (P-wy) as
1 1
PzS 2 (®)hi(®)RI (@), 2 (P
max 2y 2 (@) k(H) p (P)X, 2 ( )Zk' (96)
Zk 2 2k
This problem is a Rayleigh quotient maximization

problem and the optimal z; should align with the
eigepvector corresponding1 to the largest eigenvalue of

2, 2 (®)hi (@) (P)X, 2 [65] Therefore, the optimal
solution is glven by zp = X, (‘I>)hk(‘1>). Then, we have

wp = X, 2(®)z) = ;1 (@)hk(‘?). Normalizing wy, we
obtain the optimal wj, in (10).

B. Proof of Proposition 2

fe(®,v¢) can be rewritten as

fe(@,v¢) = v S0 (@) — 2Re{v R®u,} 97)
_ H _

= (’/C -3 ((I’)R‘I’UC) o (®) (VC -3 1(‘1’)R‘I’u€)
~ (RBuo)" S, (®)(RBu). 98)

The optimal v} that minimizes f¢(®,v¢) is given by
vl =3, (®)RPuc. (99)

Then, we have

fe(®, vé):—(R@ug)Hz‘l@)(R%g), (100)
Zligfc P,v})= an (R®u )35 (®)(RPu,).(101)

¢=1 ¢=1

Similarly, it can be shown that the optimal /} to minimize each
fe(®,vy) is given by v} = =1 (®)hy,(®). f(®,v}) can be
further derived as —hi (®)X, ' (®)hy(®). The equivalence
between Problem (P4-I) and Problem (P4-I-eqv) thus follows
by plugging in the values of f¢(®,vf) and fix(®,v}) into
Problem (P4-I-eqv).

C. Construction of Q,

For a given @, o , the index of @, should appear at the
iy = (n — 1)M + m-th posmon of goq Moreover we define
Mg = Zg,_ 4 and M1 = 0. Therefore, the index of &,
in vec(®) is given by i; = (M +n— 1)M+M + m. Thus,
the ((1\7 +n—-1)M+ M +m, (n — 1)My + m)-th entry
of Q, should be 1. For all (m,n) pairs, we can calculate the
corresponding (i1, 42). By denoting the collection of all (i1, i2)
pairs as Z, the expression of @ is given by Qgihi2 =1if
(i1,i2) € T and Qg; , = 0 otherwise.
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D. Construction of D,

The explicit form of D, can be expressed as
D, = ( > o €mn (Vec(Tmn))T) T [66], where
Mg(Mg+1) = . .

emn — = 11 < n < m < M, is a unit

vector with element 1 in the [(n — 1)My +m — &n(n —1)]-th

position and zeros elsewhere, and T},, € RMs*Ms jg a
matrix with 1 in the (m,n)-th and (n,m)-th position and
zeros elsewhere, respectively.
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