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Abstract—In this paper, we investigate the performance of
physical-layer network coding (PNC) with hierarchical mod-
ulation (HM) over a two-way relay channel (TWRC). While
Gray mapping is the optimal for bit-interleaved coded mod-
ulation (BICM) systems in point-to-point communications, the
superimposed constellation at the relay in PNC transmission
does not maintain the same characteristics as the original Gray
mapping at the users. Thus, to address this issue and obtain
the optimal mapping for PNC, we propose a Pseudo-Gray
(Pe-Gray) constellation for user-end hierarchical quadrature
amplitude modulation (H-QAM). In particular, we develop the
design criterion for the user constellation to avoid demodulation
ambiguity and more importantly, to ensure that the superimposed
constellation can be Gray-mapped. The achievable rate analysis
and simulation results show that the proposed Pe-Gray can
achieve significant performance gains of up to 2 dB over the
conventional Gray, M3, and MSED constellations in power-
imbalanced HM-BICM-PNC. The performance superiority of
the Pe-Gray is further demonstrated over the power-imbalanced
channels, which also suggests its enhanced robustness in wireless
fading channels.

Index Terms—Hierarchical modulation (HM), physical-layer
network coding (PNC), two-way relay channel (TWRC).

I. INTRODUCTION

PHYSICAL-LAYER network coding (PNC), originally
proposed in [1], [2], can significantly increase the

throughput of multi-user wireless communication networks.
As a typical communication scenario, two-way relay channel
(TWRC) allows bidirectional information exchange between
two users via an intermediate relay, when the two users cannot
reach each other directly [1]–[5]. Generally, PNC-aided TWR-
C transmissions consist of two phases, i.e., multiple access
(MAC) phase and broadcast (BC) phase. In the MA phase,
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two users transmit signals to the relay simultaneously. The
relay aims to decode the superimposed signals from two users
into network coded (NC) messages, which are broadcasted to
the users in the broadcast BC phase. The simplest form of the
NC messages is a bit-wise exclusive-or (XOR) of the two user
messages [6], [7]. There have also been studies investigating
PNC systems with higher-order modulations beyond BPSK
[4], [5].

As a high-order modulation for unequal error protection
(UEP), hierarchical modulation (HM) can utilize a constel-
lation of non-uniformly spaced signal points by its layered
structure [8], [9]. Thus, HM technique has been widely studied
in various communication scenarios, such as multiclass data
transmissions [10], relay systems [11], [12], digital broadcast
systems [13], and cooperative communications [14]. In HM
constellations, the more significant bits in the symbol have
a larger minimum Euclidean distance than the less signif-
icant bits. To achieve reliable transmission, HM-aided bit-
interleaved coded modulation (BICM) [15] was introduced
(HM-BICM) with spatially coupled (SC) protograph low-
density parity-check (LDPC) codes [16], [17]. Recently, in
relay communications over a TWRC, the PNC with HM
(HM-PNC) was proposed and the end-to-end symbol error
rate (SER) performance of the this system was derived [18].
For downlink asymmetric TWRC, [19] developed an efficient
HM-PNC to improve the performance in the best link, while
maintaining the performance of worst link.

In PNC systems, given a modulation at the users, the symbol
mapping mainly determines the demodulation performance of
the superimposed constellation at the relay. Note that in the
superimposed constellations, one point may be associated with
multiple pairs of two user constellation points, which may
cause mapping ambiguity and then degrade the performance
[4]. To address this issue, a non-uniform pulse amplitude mod-
ulation (PAM) was developed [20], where spacing between
PAM constellation points is modified to avoid mapping am-
biguity. On the other hand, with respect to phase-shift keying
(PSK) modulation, [21] found the necessary and sufficient
condition on a user bit mapping and introduced Semi-Gray
mapping to improve system performance. Considering noisy
transmissions in both MAC and BC phases, [22] proposed
the optimal PAM binary-bit mappings. Furthermore, the per-
formance of linear PAM-based PNC was investigated via a
systematic analysis over power-imbalanced channels [23]. To
ensure the reliability of the communication, the LDPC codes
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Fig. 1. Block diagram of LDPC-coded HM-BICM-PNC.

[24] have been extensively studied in PNC systems [25]–
[28]. However, although there are existing constellation design
methods for PNC systems with high-order modulation [20] and
[21], it is still not clear how to design the optimal constellation
for QAM-based HM-PNC. In point-to-point communications,
Gray mapping is considered as optimal for BICM systems
[15]. Similarly, the user-end constellation that ensures the
superimposed constellation to be Gray mapped is seen as
optimal in HM-BICM-PNC.

In this paper, we propose a constellation design of hierar-
chical quadrature amplitude modulation (H-QAM) for LDPC-
coded BICM-PNC (HM-BICM-PNC). Since the superimposed
constellation at the relay mainly determines the demodula-
tion performance, the mapping at the users can be careful-
ly designed. The proposed method aims to avoid mapping
ambiguity at the relay, while ensuring that the superimposed
constellation differs in only one bit between two adjacent
points. As a result, the user-end QAM constellation may not
be strictly Gray-mapped, i.e., Pseudo-Gray (Pe-Gray), but the
superimposed constellation can be Gray-mapped. To achieve
this, we first derive the labeling mapping design criterion for
Pe-Gray constellation and show that this user-end mapping can
generate the Gray-mapped superimposed constellation at the
relay. Then, we find that both the constellation mappings and
the constellation priority parameters of HM have significant
impact on the performance of HM-BICM-PNC. The proposed
Pe-Gray mapping is analyzed and show a higher achievable
rate than the conventional Gray [29], MSED [30] and M3 [31]
mappings in the HM-BICM-PNC. This result is finally verified
by simulation results that the proposed Pe-Gray mapping
outperforms the latter ones in terms of BER performance.

The remainder of this paper is organized as follows. Section
II gives the system model of HM-BICM-PNC and introduces
the 4/16-QAM HM scheme. In Section III, we elaborate the
proposed design of Pe-Gray constellation and prove the prop-
erties of the superimposed constellation. Section IV shows the
analytical and simulation results of HM-BICM-PNC systems.
Finally, Section V summaries the main conclusions of the
paper.
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Fig. 2. HM diagram of 4/16-QAM modulation. (a) Gray. (b) Pe-Gray.

II. RELATED BACKGROUND

A. HM-BICM-PNC System Model

In this paper, we use x to denote a vector and xi to denote
the i-th element in x. The system model of a LDPC-coded
HM-BICM-PNC scheme is shown in Fig. 1. As can be seen,
the incoming information stream of user t, t ∈ {A,B}, is
divided into K = (log2 M)/2 types of information bit streams.
For k = 1, 2, . . . ,K, uk

t denotes the k-th layer bit stream for
user t. Similar to [17], [30], we adopt multiple encoders and bit
interleavers for different data streams. It can facilitate UEP for
these coded data streams. Each of the K different information
bit streams is encoded by an individual LDPC encoder to
yield its corresponding coded-bit stream, respectively. These
K types of coded-bit streams are then permuted by their
respective bit-level interleavers to obtain ckt , k = 1, 2, . . . ,K.
Every m = log2M consecutive coded bits output from the K
interleavers are grouped together and modulated into an M -
ary transmitted signal xt using a HM modulator. It should be
noted that the coded bit streams output from the interleaver of
each layer are assumed in layer order to be from the highest
priority data stream to the lowest priority data stream, which
are sequentially mapped to the most significant bit (MSB)
positions to the least significant bit (LSB) positions in the
symbol mapping, respectively. The labeling bit sequence of
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a modulated symbol is divided into (log2 M)/2 groups in a
sequential order and the k-th group contains two labeling bits,
k = 1, 2, . . . , (log2 M)/2. The labeling bits within the k-th
group is associated with the k-th MSB positions. This process
results in a modulated symbol sequence for each user. Then,
the received signal at the relay is the superimposed signal from
the two users, given by

y = hAxA + hBxB +w, (1)

where hA and hB denote the power gains between users and
relay that are known at the receiver, which can be accurately
estimated by the blind channel estimation proposed in [32],
[33]. w represents the complex Gaussian noise with zero mean
and variance N0/2 in each dimension. Es/N0 denotes the
SNR per symbol, and Es stands for the average energy per
symbol. Unless specified otherwise, we assume equal power
transmission, i.e., hA = hB = 1.

At the receiver side, we deal with the received signal by
a hierarchical serial-parallel concatenated structure, consisting
of a single-input-multiple-output (SIMO) hierarchical demod-
ulator and K single-input-single-output (SISO) decoders. To
be specific, given a received signal, the demodulation log-
likelihood ratios (LLRs) output from the hierarchical demod-
ulator can be passed to their corresponding k-th deinterleaver
through a serial-to-parallel operation, k = 1, 2, . . . ,K. The
LLRs are then deinterleaved and input into the corresponding
LDPC decoder to produce the decoded output ûk, k =
1, 2, . . . ,K. Note that the log-domain maximum a posteriori
probability (Max-Log-MAP) algorithm [34] and log-domain
belief-propagation (log-BP) algorithm [35] are adopted for the
hierarchical demodulator and K decoders, respectively.

B. 4/16-QAM Hierarchical Modulation

To ease the understanding of the HM process, Fig. 2(a)
illustrates an example of hierarchical 16-QAM Gray constel-
lation. The red dots represent four constellation points of a
fictitious 4-QAM constellation, referred to as high-priority
(HP) hierarchy, and the distance between the symbols in this
hierarchy is denoted by 2d1. The actual transmitted symbols
are represented by the black dots that form the hierarchical 16-
QAM constellation as the low-priority (LP) hierarchy, where
the distance between the symbols of the LP hierarchy in a
quadrant is denoted by 2d2. Given a 4/16-QAM constellation
with four bits, two HP bits and two LP bits are modulated into
a symbol. The MSB bits, i.e., HP bits, offer superior protection
against noise interference, ensuring decoding performance at
all receivers. In contrast, the LSB bits, i.e., LP bits, provide
lesser protection against noise and can only be decoded
correctly at high SNR region [18], [30]. The parameter λ1 is
the priority of the 4/16-QAM constellation and is calculated
as λ1 = d2/d1. By adjusting λ1, we can modify the UEP of
both the HP and LP streams. For instance, if λ1 = 0, the 16-
QAM constellation is reduced to 4-QAM, and only one HP
stream remains. On the other hand, if λ1 = 1/2, the 16-QAM
constellation becomes uniform. In most HM-PNC systems, λ1

typically ranges from 0 and 1/2.
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Fig. 3. Constellation diagram of CR(Gray).

III. PROPOSED CONSTELLATION AND ANALYSIS

A. Proposed Pe-Gray Constellation

In point-to-point communication systems, the Gray con-
stellation is seen as the optimal mapping for BICM systems
over AWGN channels [30], [36]–[38]. However, with respect
to the PNC systems, given a constellation at the users, the
superimposed constellation at the relay may not maintain the
same characteristic as that at the users. Inspired by this, we
propose a design of the HM constellation mapping to ensure
that the superimposed constellation can be Gray-mapped,
while the constellation at the users is Pseudo-Gray (Pe-Gray)
mapping.

Let CR(C) denote the superimposed constellation at the
relay when two users adopt the mapping C. We illustrate
4/16-QAM constellation of HM used for PNC system as
an example. Fig. 3 shows the constellation with λ1 = 1/3
superimposed from the Gray constellation in Fig. 2(a). We
can see that the superimposed constellation is no longer the
Gray mapping as in the user sides. Thus, to achieve Gray-
mapped superimposed constellation at the relay, Fig. 2(b)
presents a possible implementation of the 4/16-QAM Pe-Gray
constellation at the users.

In the HM-BICM-PNC with 4/M-QAM modulations, the
constellation is partitioned into K layers to support K types
of data streams. The first layer is called the base layer and
all other layers are called enhancement layers. The basic
constellation is a 4-QAM Gray constellation with the center at
(0, 0). The layer-k data stream is represented by a layer-k basic
constellation matrix denoted by Qk(dk), k = 1, 2, . . . ,K and
dk represents the distance between two neighboring constella-
tion points in the constellation, d1 > d2 > · · · > dK−1 > dK .
Moreover, we can see that there are eight different 4-QAM
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Fig. 4. The eight forms of the 4-QAM Gray constellation for Qk(dk).
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Gray constellation for each Qk(dk), as illustrated in Fig. 4.
Then, Qk(dk) can be expressed as

Qk(dk) =

[
qk1,1(−dk, dk) qk1,2(dk, dk)
qk2,1(−dk,−dk) qk2,2(dk,−dk)

]
, (2)

where qki,j(xi,j , yi,j) is the constellation point in the i-
th row and j-th column of Qk(dk), labeled with qki,j ∈
{00, 01, 10, 11} and identified by its coordinates (xi,j , yi,j),
where xi,j , yi,j ∈ {−dk, dk} and i, j ∈ {1, 2}.

The 4/M-QAM Pe-Gray constellation can be constructed
sequentially using Qk(dk), k = 1, 2, . . . ,K. We use a matrix
V k to represent a 4/4k Pe-Gray constellation, which is gen-
erated by the basic constellation matrices from the previous k
layers, k = 1, 2, . . . ,K. The constellation point in the i-th row
and j-th column of V k is labeled with a vector of k groups
vk
i,j =

{
v1i,j , v

2
i,j , · · · , vki,j

}
, where each group contains 2 bits

vhi,j ∈ {00, 01, 10, 11}, and h = 1, 2, . . . , k. The labeling bits
in the k-th group correspond to the k-th MSB positions. The
detailed design rule for the Pe-Gray constellation is given next.

1) Gray-Mapped Base Layer: The base layer constellation,
i.e., the first layer, is represented by a matrix V 1= Q1(d1).
It contains four constellation points with v1

i,j = {v1i,j} that
is determined by Q1(d1), i, j = {1, 2}. The constellation is

equally divided into 4 quadrants, which are referred to as layer-
1 quadrants.

2) Structured Gray-Mapped Enhanced Layers With Identical
Mapping Orders: From the viewpoint of layer-1 quadrant,
the second group of labeling bits in the 4/16-QAM Pe-Gray
constellation consists of four Gray mappings. These mappings
share identical mapping orders for the 4 quadrants within
the complex plane. An example of a 4/16-QAM Pe-Gray
constellation is presented in Fig. 5, where the blue plane
denotes the base layer constellation, and the green plane
denotes the enhanced layer constellation, which is shifted to
the location of the four constellation points of the base layer to
generate new constellation points. For 4/16-QAM modulation,
the actual transmitted symbols are green constellation points.
Fig. 2(b) illustrates only one of the 64 available styles for the
4/16-QAM Pe-Gray constellation.

For higher-order modulation, each layer-1 quadrant can be
further divided into smaller sub-quadrants to accommodate
more types of data streams. Each layer-1 quadrant consists of
4 subquadrants, known as layer-2 quadrants. From the layer-2
quadrant perspective, the 4/64-QAM Pe-Gray constellation’s
third group labeling bits constitutes 42 Gray mappings. These
mappings share identical mapping orders for the 42 layer-2
quadrants. A layer-2 quadrant can be further equally divid-
ed into four subquadrants, called as layer-3 quarants. From
the layer-3 quadrant perspective, the 4/256-QAM Pe-Gray
constellation’s fourth group labeling bits constitutes 43 Gray
mappings. These mappings share identical mapping orders for
the 43 layer-3 quadrants, . . . , from the perspective of the layer-
(k − 1) quadrant, the (k − 1)-th group labeling bits of the
4/4k-QAM Pe-Gray constellation, form 4k−1 Gray mappings
with the same mapping orders for the 4k−1 layer-(k − 1)
quadrants. Thus V k can be generated by relocating the center
of the Qk(dk) to each (k − 1)-th layer constellation point.
For i, j = {1, 2, . . . , 2k}, the k-th group labeling bits, i.e.,
vki,j , are then assigned based on the label of the constellation
point of Qk(dk) at its corresponding position. Additionally,
{v1i,j , v2i,j , · · · , v

k−1
i,j } are determined based on the label of

the (k − 1)-th layer constellation point located at the shifted
Qk(dk). The labeling bits’ difference between constellation
points within each shifted Qk(dk) is given by vki,j . This
approach can be used to construct structurally enhanced layers
for the Pe-Gray constellation, which facilitates the creation of
a 4/M-QAM Pe-Gray constellation for practical transmission.

The structured design process for the 4/M-QAM Pe-Gray
constellation is denoted by the function f(·).

V 1 = Q1(d1),

V 2 = f(V 1, Q2(d2)),

V 3 = f(V 2, Q3(d3)), (3)
...

V K = f(V K−1, QK(dK)).

Suppose that we have generated V k−1 and a layer-k 4-QAM
Gray basic constellation matrix, i.e., Qk(dk). Then, we can
use this design rule to create V k. Note that V k−1 consists
of 2k−1 × 2k−1 constellation points arranged in 2k−1 rows
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and 2k−1 columns, as expressed as (4). The points in the
same row share the same vertical coordinate, and points in
the same column share the same horizontal coordinate. We
can derive V k using V k−1 and Qk(dk) via the function f(·),
i.e., V k = f(V k−1, Qk(dk)), as shown in (5). The term
vk−1
i,j (xi,j , yi,j)⊗̄Qk(dk) means that the center of Qk(dk)

relocates to vk−1
i,j (xi,j , yi,j), i, j = {1, 2, . . . , 2k−1}, resulting

in the creation of new constellation points, while ⊗̄ means shift
and perform constellation point superimposed operation. The
constellation point located at the i-th row and j-th column
in V k−1 is labeled as vk−1

i,j and has the coordinate pair
(xi,j , yi,j). The implementation details are provided in (6),
where [·, ·] indicates bits splicing operation, e.g., [0010, 01] =
001001.

B. Properties of Superimposed Constellation

Theorem 1. The 4/M-QAM Pe-Gray constellation is utilized
at the users, resulting in a Gray-mapped and unambiguous
superimposed constellation at the relay.

Proof. First, consider the case that the users are modulated
with the basic constellation. Assuming that the basic constella-
tion used at the users is Qk(dk), we can define Sk(dsk) as the
layer-k basic superimposed constellation matrix with adjacent
constellation points separated by dsk . To generate the basic
superimposed constellation at the relay, we introduce the g(·)
function in (7) for the generation process.

In this paper, qki,j(xi,j , yi,j)⊕̄Qk(dk) is used to indicate that
Qk(dk) is moved to the position of qki,j(xi,j , yi,j) to generate
superimposed constellation points, where i, j = {1, 2}. The
specific operation is given in (8), where ⊕ represents bit-wise
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Fig. 6. Generation of the layer-k basic superimposed constellation at the
relay.

XOR operation. Recall that the constellation matrix Qk(dk) is
also a 4-QAM Gray constellation, where adjacent constellation
points differ by one bit and diagonal constellation points
differ by two bits. Therefore, with (8), we can obtain the
corresponding relationships as given in Table I. When 01/10
and 10/01 are used together, it indicates that if one is 01, the
other is 10, and vice versa. In other words, they are mutually
exclusive.

After applying the necessary labels and coordinates oper-
ations, we can derive Sk(dsk) and subsequently determine
the corresponding basic superimposed constellation. A specific
example of the generation of the layer-k basic superimposed
constellation is depicted in Fig. 6. It is noteworthy that the
figures in parentheses indicate the number of points in the

V k−1 =


vk−1
1,1 (x1,1, y1,1) vk−1

1,2 (x1,2, y1,2) · · · vk−1
1,2k−1(x1,2k−1 , y1,2k−1)

vk−1
2,1 (x2,1, y2,1) vk−1

2,2 (x2,2, y2,2) · · · vk−1
2,2k−1(x2,2k−1 , y2,2k−1)

...
...

. . .
...

vk−1
2k−1,1

(x2k−1,1, y2k−1,1) vk−1
2k−1,2

(x2k−1,2, y2k−1,2) · · · vk−1
2k−1,2k−1(x2k−1,2k−1 , y2k−1,2k−1)

 , (4)

V k = f(V k−1, Qk(dk))

=


vk−1
1,1 (x1,1, y1,1)⊗̄Qk(dk) vk−1

1,2 (x1,2, y1,2)⊗̄Qk(dk) · · · vk−1
1,2k−1(x1,2k−1 , y1,2k−1)⊗̄Qk(dk)

vk−1
2,1 (x2,1, y2,1)⊗̄Qk(dk) vk−1

2,2 (x2,2, y2,2)⊗̄Qk(dk) · · · vk−1
2,2k−1(x2,2k−1 , y2,2k−1)⊗̄Qk(dk)

...
...

. . .
...

vk−1
2k−1,1

(x2k−1,1, y2k−1,1)⊗̄Qk(dk) vk−1
2k−1,2

(x2k−1,2, y2k−1,2)⊗̄Qk(dk) · · · vk−1
2k−1,2k−1(x2k−1,2k−1 , y2k−1,2k−1)⊗̄Qk(dk)

 ,

(5)

vk−1
i,j (xi,j , yi,j)⊗̄Qk(dk) =

[
[vk−1

i,j , qk1,1](xi,j − dk, yi,j + dk) [vk−1
i,j , qk1,2](xi,j + dk, yi,j + dk)

[vk−1
i,j , qk2,1](xi,j − dk, yi,j − dk) [vk−1

i,j , qk2,2](xi,j + dk, yi,j − dk)

]
, (6)

Sk(dsk) = g(Qk(dk), Q
k(dk)) =

[
qk1,1(−dk, dk)⊕̄Qk(dk) qk1,2(dk, dk)⊕̄Qk(dk)
qk2,1(−dk,−dk)⊕̄Qk(dk) qk2,2(dk,−dk)⊕̄Qk(dk)

]
, (7)

qki,j(xi,j , yi,j)⊕̄Qk(dk) =

[
(qki,j ⊕ qk1,1)(xi,j − dk, yi,j + dk) (qki,j ⊕ qk1,2)(xi,j + dk, yi,j + dk)
(qki,j ⊕ qk2,1)(xi,j − dk, yi,j − dk) (qki,j ⊕ qk2,2)(xi,j + dk, yi,j − dk)

]
. (8)
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TABLE I
RELATIONSHIPS BETWEEN USER AND SUPERIMPOSED CONSTELLATIONS.

user A user B relay user A user B relay
qk1,1(−dk, dk) qk1,1(−dk, dk) 00(−2dk, 2dk) qk1,2(dk, dk) qk1,1(−dk, dk) 01/10(0, 2dk)

qk1,1(−dk, dk) qk1,2(dk, dk) 01/10(0, 2dk) qk1,2(dk, dk) qk1,2(dk, dk) 00(2dk, 2dk)

qk1,1(−dk, dk) qk2,1(−dk,−dk) 10/01(−2dk, 0) qk1,2(dk, dk) qk2,1(−dk,−dk) 11(0, 0)

qk1,1(−dk, dk) qk2,2(dk,−dk) 11(0, 0) qk1,2(dk, dk) qk2,2(dk,−dk) 10/01(2dk, 0)

qk2,1(−dk,−dk) qk1,1(−dk, dk) 10/01(−2dk, 0) qk2,2(dk,−dk) qk1,1(−dk, dk) 11(0, 0)

qk2,1(−dk,−dk) qk1,2(dk, dk) 11(0, 0) qk2,2(dk,−dk) qk1,2(dk, dk) 10/01(2dk, 0)

qk2,1(−dk,−dk) qk2,1(−dk,−dk) 00(−2dk,−2dk) qk2,2(dk,−dk) qk2,1(−dk,−dk) 01/10(0,−2dk)

qk2,1(−dk,−dk) qk2,2(dk,−dk) 01/10(0,−2dk) qk2,2(dk,−dk) qk2,2(dk,−dk) 00(2dk,−2dk)

constellation where the coordinates overlap. By following this
approach, we can identify the properties inherent to the basic
superimposed constellation.

1) Distance: The separation distance between adjacent con-
stellation points dsk = 2dk.

2) Symmetrical and unambiguous labels: The superimposed
constellation has a symmetrical distribution of labels around
both the real and imaginary axes, resulting in symmetrical
labels. The labels of the constellation points with overlapping
coordinates are identical, which can generate the unambiguous
superimposed constellation.

3) Gray-mapped distribution: The basic superimposed con-
stellation is Gray-mapped, where neighboring constellation
points differ by only one bit.

Consequently, the 4-QAM Gray basic constellation is u-
tilized at the users, resulting in a Gray-mapped basic su-
perimposed constellation at the relay with symmetrical and
unambiguous labels.

Then, we delve deeper into the case where the users utilize
a 4/M-QAM Pe-Gray constellation. The 4/M-QAM Pe-Gray
constellation design rule can be used to sequentially construct
V K by Qk(dk), where k = 1, 2, . . . ,K and K = (log2 M)/2.
The Pe-Gray constellation has a layered structure and mapping
properties that enable the creation of a superimposed constella-
tion with its own layered structure and the same mapping order
properties. From the superimposed constellation and the 4/M-
QAM Pe-Gray constellation generations, it can deduce that
the CR(Pe-Gray) can be constructed recursively by Sk(dsk)
via f(·), k = 1, 2, . . . ,K. Let Rk denote the superimposed
constellation matrix obtained by the constellation matrices of
the previous k layers of the basic superimposed constellations.
Therefore, the Rk can be recursively generated as

R1 = S1(ds1),

R2 = f(R1, S2(ds2)),

R3 = f(R2, S3(ds3)), (9)
...

RK = f(RK−1, SK(dsK )).

Assume that the label of a constellation point in Rk is
rk = {r1, r2, · · · , rk}, and ri ∈ {00, 01, 10, 11} denotes
the XOR value of the i-th group of labeling bits of two
constellation points from user A and B, i = 1, 2, . . . , k.
We refer to a group of 16 constellation points that form a

basic superimposed constellation as a cluster. The 16 new
constellation points in Rk generated by every shifted Sk are
called a layer-k cluster.
R1 = S1(ds1) corresponds to the layer-1 basic super-

imposed constellation with the center located at (0, 0) and
contains a layer-1 cluster. By the properties of the basic su-
perimposed constellation, R1 is Gray-mapped and ds1 = 2d1.
R2 = f(R1, S2(ds2)) means that R2 is created by shifting

the center of S2(ds2) to the location of each constellation
point in R1. R2 contains 42 layer-2 clusters, some of which
overlap and share the same labels, thereby eliminating any
confusion or ambiguity in the constellation. Applying the f(·)
operation ensures that r1 in each layer-2 cluster is identical,
and r2 is determined by the location of the point in S2(ds2).
Since S2(ds2) is Gray-mapped, each layer-2 cluster in R2

is internally Gray-mapped. Within each layer-2 cluster, r2

has the same mapping order and symmetric labels, so the
only difference between neighboring constellation points in
adjacent layer-2 clusters is r1. The value of r1 for each
layer-2 cluster is determined by R1, which is also Gray-
mapped. Consequently, the neighboring constellation points of
adjacent layer-2 clusters differ in only one bit. In this case, the
distance between constellation points in each layer-2 cluster is
ds2 = 2d2, and the distance between adjacent layer-2 clusters
is d2out = ds1 − 2ds2 . If d2out > 0 (i.e., λ1 = d2/d1 < 1/2),
then the constellation is unambiguous. The layer-2 clusters
follow the Gray mapping distribution both within and between
them, which means that R2 is also Gray-mapped.
R3 = f(R2, S3(ds3)) is generated by moving the center

of S3(ds3) to each constellation point of R2, resulting in 44

layer-3 clusters within R3. Within each layer-3 cluster, r3 is
determined by S3(ds3), while {r1, r2} is determined by the
R2 constellation point located at the cluster’s position. The
distance between neighboring constellation points in every
layer-3 cluster is ds3 = 2d3, and the distance between adjacent
clusters is d3out = min(d2out, 2ds2) − 2ds3 . When d3out > 0,
there is no overlap between adjacent layer-3 clusters, avoiding
ambiguity. Since both S3(ds3) and R2 have a Gray mapping
distribution, R3 is also Gray-mapped overall.

Based on the above analysis, (9) can be rewritten as

RK = S1(ds1)⊗̄S2(ds2)⊗̄ · · · ⊗̄SK(dsK ). (10)

Due to the condition that diout > 0, i = 2, 3, . . . ,K,
the desired RK is Gray-mapped. Thus, both SK(dsK ) and
RK−1 can also be Gray-mapped. To ensure that RK−1 follows
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Fig. 7. Constellation diagram of CR(Pe-Gray).

a Gray-mapping distribution, both SK−1(dsK−1) and RK−2

are Gray-mapped. Similarly, both S2(ds2) and R1 are Gray-
mapped, which can ensure the R2 to be Gray-mapped.

From the design principle of the Pe-Gray constellation, it is
essential to ensure that the basic constellations of all the layers
are Gray-mapped. In addition, the enhanced layers can have
the same mapping orders for each previous layer quadrant,
while the constellation priority parameters meet the condition
of λi = di+1/di < 1/2, i = 1, 2, . . . ,K − 1. Then, the
condition that diout > 0 guarantees non-overlapping adjacent
layer-i clusters, i = 2, 3, . . . ,K. By satisfying these criteria,
the resulting superimposed constellation can be unambiguous
and Gray-mapped. This property holds recursively. Fig. 7
shows the superimposed constellation at the relay obtained
by using the 4/16-QAM Pe-Gray constellation shown in Fig.
2(b).

Moreover, this design method can be generalized to more
users and non-network coded cases to construct the user
mappings.

C. Achievable Rate Analysis

The different symbol mappings at the users leads to the
different achievable rates in the PNC system [4]. In the case
of HM-BICM-PNC, where users are equipped with a 4/M-
QAM constellation, the achievable rate for the layer-k stream
at the relay can be calculated by

Ratek = 2−
2∗k∑

i=2∗k−1

E

log2
∑

z∈CR(C)
p (y|z) p (z)∑

z∈Ci,b
R (C)

p (y|z) p (z)

, (11)

where E denotes the mathematical expectation and k =
1, 2, . . . ,K. CR (C) refers to the superimposed constellation
at the relay when two users adopt the mapping C, while y
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modulation is considered.

represents the received signal at the relay. Furthermore, z
denotes a specific constellation point from CR (C). b ∈ {0, 1}
represents the data bits transmitted by the users. The notation
Ci,b

R (C) corresponds to the set of constellation points in
CR (C), where the i-th bit of the labeling bits is b.

IV. SIMULATION RESULTS

In this section, we show the simulated error performance
and the achievable rate of HM-BICM-PNC systems with
different constellations. Then, we examine the impact of
constellation priority parameters on system performance. In
the simulations, we consider regular (3, 6) LDPC code with
a code rate of 1/2 and a code length of 512 bits. We set the
number of decoding iterations to 50.

A. Performance of Uncoded HM-PNC

Fig. 8 illustrates the BER curves for both HP and LP
data streams in the un-coded HM-PNC systems with differ-
ent constellations, i.e., MSED, M3, Gray, and the proposed
Pe-Gray constellation. As shown in Fig. 8(a), the Pe-Gray
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Fig. 8. Performance of un-coded PNC systems with different constellations. (a) HP data streams. (b) LP data streams. A 4/16-QAM modulation is considered.
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Fig. 9. BER curves of the HP and LP data streams in the HM-BICM-PNC with the MSED, M3, Gray, and Pe-Gray constellations. (a) HP data streams. (b)
LP data streams. A 4/16-QAM modulation is considered.

constellation exhibits similar performance to the Gray and
M3 constellations at the HP hierarchy, while outperforming
the MSED constellation. The reason for this is that the HP
labeling bits of CR(Pe-Gray), CR(Gray) and CR(M3) are
Gray-mapped at adjacent layer-2 clusters, whereas this is not
the case for CR(MSED).

In addition, Fig. 8(b) shows the performance of LP streams
for these four constellations. It can be observed that Pe-Gray
constellation performs better than the other constellations. This
can be attributed to two properties of the LP labeling bits
of CR(Pe-Gray). First, the LP labeling bits are Gray-mapped
within each layer-2 cluster. Second, the LP labeling bits of
adjacent constellation points between adjacent layer-2 clusters
are identical, which avoids the demapping ambiguity. There-
fore, the likelihood of accurately decoding the LP labeling bits
within the received signal can be enhanced. In contrast, none
of the other three constellations can satisfy both the conditions,
and then suffer from worse performance.

B. Performance of LDPC-coded HM-BICM-PNC

Fig. 9 illustrates the error performance of the HP and LP
data streams in LDPC-coded HM-BICM-PNC with different
4/16-QAM constellations. In particular, we examine the impact
of constellation priority parameter λ1 on system performance.
In Fig. 9(a), it is seen that for λ1 = 1/5, 1/4, 1/3, 2/5, the Pe-
Gray constellation can achieve excellent HP performance, sim-
ilar to the Gray and M3 constellations, with remarkable gains
of 1.2, 1.6, 2, and 3.4 dB over MSED at a BER of 1× 10−4,
respectively. Fig. 9(b) further presents the BER performance
of LP data streams. It shows that for λ1 = 1/5, 1/4, the
Pe-Gray, Gray, and M3 exhibit comparable LP performance
and achieve a performance gain of 1.1 dB over MSED at
a BER of 1 × 10−4. In particular, for λ1 = 1/3, the Pe-
Gray constellation can achieve a gain of more than 0.5 dB
over the M3, Gray, and MSED. Moreover, as λ1 increases,
i.e., λ1 = 2/5, the proposed Pe-Gray exhibits superior LP
performance, outperforming the other three constellations by
up to 1.1, 1.7, and 2 dB, respectively, at a BER of 1× 10−4.
These results demonstrate the effectiveness of our proposed
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Fig. 12. Achievable rates of LP data streams with different λ1. (a) λ1 = 2/5, 1/3 (b) λ1 = 1/4, 1/5. A 4/16-QAM modulation is considered.
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Fig. 13. BER curves of the HP and LP data streams in the HM-BICM-PNC with the MSED, M3, Gray, and Pe-Gray constellations in power-imbalanced
channels. (a) HP data streams. (b) LP data streams. A 4/16-QAM modulation is considered.

approach.

The differences in LP performance can be attributed to
variations in the distribution of LP labeling bits across the
superimposed constellation, as well as fluctuations in the value
of λ1. Unlike the other three constellations, CR(Pe-Gray)
exhibits Gray-mapped LP labeling bits within each layer-2
cluster, which share the same values for neighboring constella-
tion points in adjacent layer-2 clusters. The LP performance is
also affected by λ1. The value of λ1 determines the numerical
relationship between d2out and ds2 . Recall that the parameter
d2out represents the distance between adjacent layer-2 clusters,
and ds2 denotes the distance between neighboring constella-
tion points within the layer-2 clusters. According to Theorem
1’s proof, d2out = 2d1 − 4d2, ds2 = 2d2. Thus, the following
relationship can be established: 0 ≤ λ1 < 1/3, d2out > ds2 ;
λ1 = 1

3 , d2out = ds2 ; 1/3 < λ1 < 1/2, d2out < ds2 . Increasing
λ1 leads to a decrease in the value of d2out, resulting in closely
positioned layer-2 clusters. In this scenario, the distribution of
LP labeling bits between adjacent layer-2 clusters determines
the disparity in LP performance. Specifically, the LP labeling

bits of CR(Pe-Gray) remain consistent between adjacent layer-
2 clusters, enhancing the resistance of received signals to noise
interference. Consequently, the LP labeling bits of the other
three constellations are more susceptible to errors compared to
the Pe-Gray constellation. Conversely, when λ1 decreases and
d2out increases, the received signals between layer-2 clusters
become less susceptible to noise interference. In this case,
the distribution of LP labeling bits within the layer-2 cluster
is the primary factor influencing LP performance. The Pe-
Gray constellation demonstrates superior LP performance due
to the distinctive characteristics of its LP labeling bits of
CR(Pe-Gray). These bits are identical between adjacent layer-
2 clusters and follow a Gray-mapped distribution within each
layer-2 cluster.

As shown in Figs. 8 and 9, the performance gain of the
Pe-Gray over the traditional mappings in the coded system is
larger than that in the uncoded system. It is due to that the
Pe-Gray has fewer demodulation errors, which can be more
easily corrected by the subsequent channel decoding.

To show the generality of the proposed design, we construct
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a 4/64-QAM Pe-Gray constellation, which is capable of pro-
cessing three data streams with λ1 = 1/3 and λ2 = 1/3. As
depicted in Fig. 10, the proposed Pe-Gray exhibits superior
performance in both layer-2 and layer-3 data streams as com-
pared to the conventional Gray constellation, while retaining
excellent layer-1 performance. Also note that the Pe-Gray
achieves gains of 1.3 and 0.6 dB for the layer-2 and layer-
3 streams, respectively, over the Gray constellation. Thus, the
proposed Pe-Gray can maintain its advantage in HM-BICM-
PNC with high-order modulations.

C. Comparison of Achievable HM-PNC Rates

Fig. 11 and Fig. 12 show the achievable rates of HP and LP
data streams of Pe-Gray, Gray, M3 and MSED constellations
with different λ1 in 4/16-QAM HM-BICM-PNC, respectively.
As we can see, the proposed Pe-Gray constellation shows
excellent achievable rate in the HP hierarchy and outperforms
other three constellations in the LP hierarchy. Notably, the
BER performance and achievable rate exhibit a consistent
pattern, providing confidence in the accuracy of the BER
simulation results.

D. Performance of HM-BICM-PNC over Power-imbalanced
Channels

To evaluate the proposed method in more generalized cases,
Fig. 13 shows the error performance of the HP and LP data
streams in HM-BICM-PNC with different constellations over
a power-imbalanced channel of (hA, hB) = (1.3, 0.7). From
Fig. 13(a), we can see that the Pe-Gray constellation performs
almost the same as that of the Gray and M3 constellations
for λ1 = 1/5, 1/4, 1/3, 2/5. It is similar to the comparison
over the power-balanced channel in Fig. 9. Moreover, the Pe-
Gray outperforms the MSED for all values of λ1, achieving
significant gains of more than 2 dB, at a BER of 1 × 10−4.
On the other hand, Fig. 13(b) shows the superior performance
of the Pe-Gray constellation in the LP stream. For λ1 = 1/3,
the Pe-Gray can obtain performance gains of 1.2, 2.6 and 2.8
dB over the MSED, M3, and Gray, respectively. Similarly,
for λ1 = 1/4, the Pe-Gray outperforms the other three
constellations by 0.4 dB. As λ1 = 2/5, the Pe-Gray also
surpasses the Gray, MSED, and M3 constellations by 0.8,
1.9, and 2.5 dB, respectively. When λ1 = 1/5, the Pe-
Gray, Gray, and M3 has comparable LP performance, which
achieve a gain of 1.3 dB over the MSED. Hence, in the case
of unequal-power channels, the proposed constellation still
maintains the performance superiority. It also suggests that
the proposed scheme obtains the enhanced robustness against
power imbalances and can perform efficiently in practical
fading scenarios.

E. Performance of HM-BICM-PNC over Fading Channels

To assess the proposed mapping over more generalized
scenarios, Fig. 14 illustrates the BER performance of both
HP and LP data streams in HM-BICM-PNC systems over
Rayleigh fading channels, where hA and hB are random com-
plex numbers. As shown in Fig. 14(a), the Pe-Gray exhibits

comparable performance to the other constellations. It achieves
notable performance gains of more than 2 dB over the MSED
at a BER of 1×10−4. Fig. 14(b) shows the BER performance
of LP data streams. It shows that for λ1 = 2/5, 1/3, the Pe-
Gray can achieve gains of 0.3 dB over the other constellations.
For λ1 = 1/4, this gain is increased to more than 1 dB. For
λ1 = 1/5, Pe-Gray and Gray constellations perform similarly,
which outperform M3 and MSED by 0.4 dB. Therefore, the
Pe-Gray constellation remains a performance advantage in the
fading channels.

V. CONCLUSIONS

In this paper, we propose a novel 4/M-QAM constellation
design, i.e., Pe-Gray constellation, for the HM-BICM-PNC.
In this way, we can have the superimposed constellations that
are Gray-mapped, which differ by only one bit at neighboring
points. In particular, we derive the design criterion for Pe-
Gray constellation to ensure the Gray-mapped constellations
superimposed at the relay. Furthermore, the achievable rate
analysis and simulation results show that for both 4/16-QAM
and 4/64-QAM, the proposed Pe-Gray constellation can obtain
significant performance gains over the conventional M3, Gray,
and MSED constellations in the LP layers, while achieving an
excellent layer-1 HP performance in AWGN channels. Also,
as constellation priority parameter increases, the performance
gain can be up to 2 dB at high SNR region. In addition,
we conduct extensive simulations to evaluate the error perfor-
mance over the power-imbalanced channels. The proposed Pe-
Gray still outperforms the conventional ones by more than 1.5
dB. It suggests that the proposed constellation has enhanced
robustness against the power-unequal effect, i.e., performs
much better over generalized fading channels. Moreover, the
performance-bound derivation for HM-PNC can help to assess
the performance of the proposed mapping. We believe that this
topic is interesting and deserves further exploration.
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