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wealth plus a premium, and (iii) a weighted average of the risk-free payoff of the agent’s current wealth and
a pre-set aspiration level. We derive the so-called equilibrium strategy in closed form for each of the three
targets and find that the agent effectively minimizes the variance of the instantaneous change of her wealth
subject to a certain constraint on the expectation of the instantaneous change of her wealth.
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1. Introduction Expected utility maximization and mean-variance analysis are two of the
most commonly used approaches to portfolio selection. In the former, an investor maximizes the
expected utility of her wealth at the end of a certain investment period. In the latter, an investor
minimizes the variance of her wealth at the end of a given period subject to a constraint that
the expectation of the gross return in the same period must be as high as a given target. See for
instance Merton [38] for the former approach and Markowitz [37] for the latter.

One advantage of the mean-variance analysis over the expected utility maximization is that the
target for the expected gross return is directly elicitable by asking investors simple and under-
standable questions, whereas the utility function of an investor is not. In addition, the measure
used to assess investment risk, namely the variance of terminal wealth, is relatively easier to under-
stand than utility functions by common folk. One disadvantage of the mean-variance analysis is
that, when applied to portfolio selection in multiple periods or in continuous time, it leads to
time-inconsistent behavior. More precisely, at each time the so-called pre-committed strategy of
an agent, which minimizes the variance of the gross return of the investment with the expectation
of the gross return exceeding a target that is set by the agent at that time, no longer minimizes
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the variance of the gross return or meets the target for the expected gross return at future time.
Thus, the objectives of the agent’s selves at different times do not align with each other.

One possible remedy for the time inconsistency is to force the agent’s future selves to follow
the pre-committed strategy that is set up today with the help of certain commitment device. For
mean-variance portfolio selection problems, pre-committed strategies have been extensively studied
in the literature; see for instance Li and Ng [34] for the discrete-time setting and Richardson [45],
Bajeux-Besnainou and Portait [2], Zhou and Li [50], Bielecki et al. [8], and Lim and Zhou [36] for
the continuous-time setting. The Lagrange dual method is commonly applied in the above works to
find the pre-committed strategy. More precisely, suppose today is t and the end of the investment
horizon is T . The pre-committed strategy for the agent today is then the optimal solution to the
following optimization problem:

min
π

vart(X
π(T ))

subject to Et [Xπ(T )]≥Lt,

where Xπ(T ) stands for the agent’s wealth at T under strategy π, Et[Xπ(T )] and vart(X
π(T ))

stand for the expectation and variance of Xπ(T ), respectively, and Lt is the agent’s target today
for the expected terminal wealth. Note that this formulation is the same as minimizing the variance
of the gross return subject to a constraint on the expected gross return because the gross return
is simply the agent’s wealth at T divided by her current wealth. This formulation, referred to as
the constraint formulation, is equivalent to the following penalty formulation

min
π
−Et [Xπ(T )] +

(
Γt/2

)
vart(X

π(T ))

for certain Γt that represents the agent’s risk aversion degree, in that the optimal strategies, which
are the agent’s pre-committed strategies, are the same in these two formulations. Therefore, in the
literature these two formulations are not differentiated when pre-committed strategies are sought.

Another remedy for time inconsistency is to consider the agent’s selves at different future times
as different players and then to seek an equilibrium strategy. More precisely, at each time the agent
can control herself in a small time period only, so at that time the agent chooses a strategy that
can be implemented in this time period in order to optimize her objective which also depends on
the action of the future selves whom her today’s self cannot control. Such an idea dates back to
Strotz [46], and it should be the choice of a rational agent who has no control of her future selves
and is sophisticated enough to foresee the action of her future selves.

To find the equilibrium strategy, we first need to model the agent’s preferences at each time of
the investment horizon. In the mean-variance analysis, we need to model how the agent’s expected
terminal wealth target Lt or risk aversion degree Γt dynamically adapts to the evolution of time
and the agent’s wealth. In the literature, the study of the equilibrium strategy in the mean-variance
analysis focuses exclusively on the penalty formulation and assumes some particular forms for the
risk aversion degree Γt. For example, Basak and Chabakauri [3] and Pun [44] assume Γt to be a
constant. Björk et al. [11], Bensoussan et al. [7], and Bensoussan et al. [6] assume Γt to be inversely
proportional to the agent’s current wealth. Kryger et al. [32] consider a general class of portfolio
selection problems, and one of the examples considered therein is the mean-variance problem under
the penalty formulation with 1/Γt to be an affine function of the agent’s current wealth. Cui et al.
[17] and Cui, Li, Li and Shi [16] consider a form of 1/Γt that is piecewise linear in the agent’s
current wealth. Bayraktar et al. [4] consider equilibrium stopping strategies under mean-variance
and mean-standard-deviation criteria with a constant risk aversion degree Γt.

Using the penalty formulation in the study of mean-variance equilibrium strategies, however,
loses the advantage of the mean-variance analysis over the expected utility maximization, because
similar to utility functions, the risk aversion parameter Γt is neither directly elicitable nor easily
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understandable. In particular, it is unclear whether the models of the risk aversion degree used in
the aforementioned studies of mean-variance analysis under the penalty formulation are reasonable,
and it is also unknown which of these models represents investors’ risk attitude most accurately.

To overcome the above difficulties, in the present paper, we propose a notion of equilibrium
strategies for mean-variance analysis under the constraint formulation and then solve the equilib-
rium strategy explicitly when the target for expected terminal wealth Lt takes some reasonable,
flexible forms. Thus, our approach restores the advantage of the mean-variance analysis over the
expected utility maximization, as Lt is taken directly as an input in our approach. In addition, it
is possible to test in experiments whether investors’ target for expected terminal wealth takes the
forms suggested in the present paper and to directly estimate the target, whereas it seems difficult
to do so for the risk aversion parameter Γt in the penalty formulation.

More precisely, we consider a dynamic mean-variance portfolio selection problem in continuous
time, in which an agent with certain investment horizon has a target for her expected terminal
wealth at each time and tries to minimize the risk of her investment that is represented by the
variance of her terminal wealth. The agent can invest in multiple risky stocks whose mean return
rates and volatility are deterministic and in a risk-free asset whose return rate is also deterministic.
The market can be incomplete in that the dimension of the Brownian motion that drives asset
prices can be larger than the number of the stocks and in that we allow for portfolio constraints.
We propose a notion of equilibrium strategies that is new in the literature to take into account the
constraint on the expected terminal wealth.

We consider three plausible models of the agent’s target for terminal wealth. In the first model,
at each time the agent attempts to achieve a given target for the expected gross return rate of her
investment. In other words, the agent’s target for the expected terminal wealth is proportional to
her current wealth. In the second model, the agent’s expected terminal wealth target is equal to the
risk-free payoff of her current wealth plus a premium that is independent of her current wealth. In
the third model, the agent’s expected terminal wealth target is a weighted average of the risk-free
payoff of the agent’s current wealth and an aspiration level pre-set by the agent.

For each of the three models, we solve the equilibrium strategy in closed form and prove unique-
ness in a large set of feasible strategies. Thanks to the setting of deterministic asset mean return
rates and volatility, the equilibrium strategy obtained in the present paper is a myopic one in that
it minimizes the variance of the instantaneous change of the agent’s wealth subject to a constraint
on the expectation of the same change, although the objective in the mean-variance problem faced
by the agent concerns the agent’s terminal wealth and thus is non-myopic. Mathematically, the
equilibrium strategy can be obtained by solving a quadratic program. Note, however, that the
constraint on the expectation of the instantaneous wealth change varies with the choice of the
expected terminal wealth target used by the agent, leading to a variety of strategies. More pre-
cisely, for the first target, the equilibrium strategy is to invest a wealth-independent proportion
of the agent’s wealth in the stocks. For the second target, the equilibrium strategy is to invest a
wealth-independent dollar amount in the stocks. For the third target, the equilibrium strategy is
to invest in the stocks a dollar amount that is proportional to the distance between the agent’s
current wealth and the discounted value of the aspiration level.

When seeking pre-committed strategies, the constraint formulation and the penalty formulation
are not differentiated because we can find a one-to-one mapping between the expected terminal
wealth target Lt in the former and the risk aversion degree Γt in the latter by matching the pre-
committed strategies in these two formulations. One can then model or elicit Lt from investors’
behavior, employ the above mapping to obtain Γt, and apply Γt in the penalty formulation to
derive an equilibrium strategy. Such a solution, however, does not work properly. Indeed, as we
will illustrate in the present paper, with Lt and Γt chosen such that the pre-committed strategies
in above two formulations are same, the equilibrium strategy in the constraint formulation leads to
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strictly more investment in stocks than (and thus differs from) the one in the penalty formulation.
Thus, in the study of mean-variance equilibrium strategies, the constraint formulation is more
intuitive and flexible to take into account investors’ risk attitude as represented by their target for
expected terminal wealth.

To summarize, the contribution of our work is three-fold: First, we propose a general framework
to study equilibrium strategies for mean-variance analysis under the constraint formulation. Second,
assuming the mean return rates and volatility of the assets to be deterministic and taking portfolio
constraints into account, we derive closed-form formulae for the equilibrium strategy for three types
of targets for the expected terminal wealth. Third, we show that the equilibrium strategy in the
constraint formulation implies more investment in risky stocks than (and thus differs from) the one
in the penalty formulation, assuming that the expected terminal wealth target in the former and
the risk aversion parameter in the latter are chosen so that the pre-committed strategies in these
two formulations are the same.

Let us emphasize that our framework is the first of its kind to study time-inconsistent problems
with dynamic constraints on expected values of the state process, and as the first step to build such
a framework, we consider the case in which the mean return rates and volatility of the assets are
deterministic. The presence of the dynamic targets for expected terminal wealth in our model leads
to new challenges compared to the studies of mean-variance analysis under the penalty formulation
in the literature. In particular, we cannot use the extended HJB equation developed by Björk et al.
[9] and some other similar tools in Kryger et al. [32] and He and Jiang [25]. To address these
challenges, we build a connection between an equilibrium strategy and a constrained quadratic
program. Then, we study the existence and uniqueness of the equilibrium strategy by looking into
some properties of the quadratic program. This method is new in the literature.

Following most literature on time-inconsistent stochastic portfolio selection, such as Ekeland and
Pirvu [24], Björk et al. [11], Bensoussan et al. [7], Bensoussan et al. [6], and Kryger et al. [32], we
focus on the setting of deterministic asset mean returns and volatility. Our framework, however,
can also be applied beyond this setting. Indeed, in a follow-up paper, He and Jiang [26] apply this
framework to study a mean-variance portfolio selection problem with a dynamic expected terminal
wealth target in a stochastic volatility model and derive the equilibrium portfolio strategy in closed
form up to solving a Ricatti equation. In their derivation of the equilibrium strategy, besides dealing
with some new challenges due to stochastic volatility, He and Jiang [26] also use the idea of solving
a constrained quadratic program as we apply in the present paper. It is worth mentioning that
with penalty formulation, equilibrium mean-variance portfolio selection in a stochastic volatility
market has not been completely solved in the literature.1 Thus, the results in He and Jiang [26]
prove the effectiveness and general applicability of our framework.

To our best knowledge, the only two papers in the literature that discussed to some extent
equilibrium strategies under the constraint formulation are Cui, Li and Li [14] and Dai et al. [19].
In their Appendix A9, Cui, Li and Li [14] consider a discrete-time mean-variance portfolio problem

1 With a constant risk aversion parameter, Basak and Chabakauri [3] derive an equilibrium strategy in closed form, but
this strategy implies investment of a wealth-independent dollar amount in stocks and thus is not appealing. Dai et al.
[19] consider an unconventional mean-variance model with stochastic volatility and derive an equilibrium strategy. In
their model, the authors consider log returns of the agent’s investments, which is in contrast to the settings of most
mean-variance works in the literature wherein gross returns are used. With this unconventional setup, the authors
derive the equilibrium strategy in a stochastic volatility market in closed form. Li et al. [35] consider a mean-variance
portfolio selection problem with stochastic volatility in the penalty formulation. The authors, however, heuristically
derive a set of equations only, and do not prove the existence of the solution to these equations or the existence
of an equilibrium portfolio strategy. In a general semi-martingale setting, Czichowsky [18] studies time-consistent
open-loop investment strategies under mean-variance criteria in both discrete-time and continuous-time settings, but
the notion of open-loop investment strategies therein differs from ours; see further discussions in Footnote 4 in the
following.
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by assuming that the asset returns in different periods are independent of each other, that the
target for the expected terminal wealth is the same for the agent at different times, and that the
expected terminal wealth of the agent has to be exactly equal to the target, i.e., the constraint on
the expected terminal wealth is an equality constraint rather than an inequality one. Our model
differs from theirs in three main respects. First, we consider portfolio selection in continuous time
while they use a discrete-time setting. The notion of equilibrium strategies in a discrete-time,
finite-period setting can be defined naturally by backward induction (see e.g., Laibson [33] and
O’Donoghue and Rabin [39]), while the definition of equilibrium strategies in continuous time is
much more involved (see e.g., early discussion by Pollak [43] and Peleg and Yaari [42]). Second,
assuming the target for the expected terminal wealth to be a constant, as in Cui, Li and Li [14],
might not be reasonable because investors tend to adjust, e.g., increase, the target when their
current wealth becomes higher. In contrast, we consider three types of target for the expected
terminal wealth, which are flexible enough to accommodate a variety of patterns of investors’
target. Third, modeling the target for the expected terminal wealth as an inequality constraint, as
in the present paper, is more reasonable than modeling it as an equality constraint as in Cui, Li
and Li [14], because a higher return without additional risk is always preferred.2 Technically, the
inequality constraint is more difficult to deal with than the equality one because with the former,
one has to take into account the possibility that this inequality constraint is not binding.

Dai et al. [19] consider the mean-variance analysis with the penalty formulation, but the carrier of
the mean and variance in the analysis is the log return rate of the agent’s investment instead of the
gross return rate (equivalently, terminal wealth) that was used by Markowitz [37] and by most works
in the literature. The authors discussed at the end of Section 2.1 therein the constraint formulation
of their problem and showed in Theorem 2.1 that if one sets the target for the expected log return
in the constraint formulation to be the expectation of the log return of the equilibrium strategy in
the penalty formulation, the equilibrium strategy in the constraint formulation is the same as the
one in the penalty formulation. The present paper differs from theirs mainly in two respects. First,
as consistent with the literature, we consider gross return rates, whereas Dai et al. [19] consider log
returns. Second, Dai et al. [19] did not solve the equilibrium strategy in the constraint formulation.
In addition, they can solve the equilibrium strategy in the penalty formulation only when the risk
aversion parameter Γt is a constant. As a result, the only case in which they obtain the equilibrium
strategy in the constraint formulation is when the target for the expected log return is the one
induced by a constant risk aversion parameter in the penalty formulation. By contrast, we solve
the equilibrium strategy in the constraint formulation directly for three types of target for the
expected terminal wealth.

Finally, there are also some studies of mean-variance problems without using the notion of
equilibrium strategies. For example, Pedersen and Peskir [40, 41] consider dynamically optimal
strategies for mean-variance problems in the Black-Scholes market. These strategies are essentially
naive strategies taken by agents who are never aware of the time inconsistency of their plans and
thus at each time implement their pre-committed strategies set up at that time for a small time
period only.3 Chen [13] also study naive strategies for mean-variance portfolio selection. Czichowsky

2 This also marks the difference of our model from the endogenous habit formation mean-variance model in Kryger
and Steffensen [31] and Kryger et al. [32]. In that model, the authors consider an objective that involves a term
Et[(X(T )−Kt)

2], where Kt depends on the agent’s wealth at time t. In our model, we consider the minimization of
variance vart(X(T )) = Et

[
(X(T ) −Et[X(T )])2

]
subject to a constraint that Et[X(T )] ≥ Lt. Because this constraint

is an inequality rather than an equality, we cannot write the objective function in our model as Et
[
(X(T ) −Lt)

2
]
.

Thus, our model is different from the endogenous habit formation mean-variance model.

3 In Pedersen and Peskir [40], a stopping strategy is dynamically optimal if and only if its stopping region is contained
in the stopping region of the naive stopping strategy; see Definition 2 therein. In Pedersen and Peskir [41], an
investment strategy is dynamically optimal if and only if it is a naive strategy as long as the pre-committed strategy
is unique at each time and state; see Definition 2 therein.
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[18] and Hu et al. [27, 28] study equilibrium strategies for mean-variance problems under the
penalty formulation, but their notion of equilibrium strategies is different from ours and from most
works of time inconsistency in the literature.4 Cui et al. [15], Trybu la and Zawisza [48], Černỳ [12],
and Strub and Li [47] exploit the non-monotonicity of the mean-variance preferences and show
that in some market settings, one can extract free cash flows without reducing the mean-variance
value.

The remainder of the paper is organized as follows: In Section 2, we propose the dynamic
mean-variance portfolio selection model, and define the notion of equilibrium strategies. When
the agent’s target for the expected terminal wealth takes three reasonable forms, we solve the
equilibrium strategies explicitly. In Section 3, we compare the equilibrium strategy to the pre-
committed strategy and to the equilibrium strategy in the penalty formulation. Section 4 concludes.
The Appendix contains all proofs (Appendix C), a summary of some results about pre-committed
strategies in the literature that are relevant to the present paper (Appendix A), some useful lemmas
(Appendix B), generalization of our model to account for additional portfolio constraints (Appendix
D), and discussion of two slightly different notions of equilibrium strategies (Appendix E).

2. Mean-Variance Portfolio Selection with Dynamic Targets In this section, we for-
mulate the mean-variance problem with a general target for expected terminal wealth and derive
equilibrium strategies in closed form when the target takes three reasonable, flexible forms.

2.1. Market Consider a market that consists of a risk-free asset and m risky stocks, and these
assets are traded continuously in time. Denote the price of the risk-free asset and the price of stock
i at time t as S0(t) and Si(t), respectively, i= 1, . . . ,m, and assume

dS0(t) = S0(t)r(t)dt, dSi(t) = Si(t)
[(
bi(t) + r(t)

)
dt+

d∑
j=1

σij(t)dWj(t)
]
, i= 1, . . . ,m,

where W (t) :=
(
W1(t), ...,Wd(t)

)>
, t≥ 0 is a standard, d-dimensional Brownian motion. Here and

hereafter, denote the transpose of any matrix A as A> and the Euclidean norm of a vector a as

‖a‖. The risk-free rate r(t), mean excess return rate vector b(t) :=
(
b1(t), . . . , bm(t)

)>
, and volatility

matrix σ(t) :=
(
σi,j(t)

)
satisfy the following assumption that will be in force throughout the paper.

Assumption 1. r(t), b(t), and σ(t), t ≥ 0 are deterministic functions of t, right-continuous
and bounded in t. Moreover, the following two non-degeneracy conditions hold: (i) b(t) 6= 0 for any
t≥ 0 and (ii) there exists δ > 0 such that σ(t)σ(t)>−δI is positive semi-definite for all t≥ 0, where
I stands for the n-dimensional identity matrix.

By Assumption 1, we have

ρ(t) := b(t)>(σ(t)σ(t)>)−1b(t)> 0, t≥ 0. (2.1)

Note that a modification of r(t), b(t), and σ(t) in a zero-measure set of t does not change the
dynamics of the asset prices. Thus, assuming these functions to be right-continuous is equivalent
to assuming them to have right-continuous modifications. In the rest of the paper, by assuming a

4 They consider open-loop controls so that when the agent takes an alternative portfolio today, which changes her
wealth tomorrow, e.g., from $100 to $200, the dollar amount that she invests in the stock tomorrow does not change.
In contrast, in our notion, the agent’s self tomorrow will follow a given feedback portfolio strategy, which is a mapping
from time and wealth levels to dollar amounts invested in the stock. As a result, when the agent’s wealth tomorrow
changes due to a different portfolio taken today, her dollar amount invested in the stock tomorrow also changes.
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function of t to be right-continuous, we actually assume the function to have a right-continuous
modification, and we always refer to this modification.

Suppose at each time t an agent invests πi(t) dollars in stock i, i= 1, . . . ,m and the remaining of
her wealth in the risk-free asset. Then, the dynamics of the agent’s wealth, denoted as X(t), follow

dX(t) =
(
r(t)X(t) +π(t)>b(t)

)
dt+π(t)>σ(t)dW (t), t≥ 0, (2.2)

where π(t) :=
(
π1(t), . . . , πm(t)

)>
is referred to as the agent’s portfolio.

2.2. Dynamic Mean-Variance Portfolio Selection We consider an agent who has a plan-
ning horizon with end date T . The agent sets a target for the expectation of her wealth at terminal
time T , denoted as X(T ), to achieve and then minimizes the variance of X(T ). The agent may
face some portfolio constraints, such as the no-shorting constraint. We model these portfolio con-
straints by Qπ≥ 0, where π stands for the agent’s dollar amount invested in risky stocks and Q is
an n-by-m matrix. Assume that at each time t before T , the agent’s target for expected terminal
wealth is L(t, x) for some deterministic function L, where x refers to the agent’s wealth at t.

Due to time-inconsistency, in general there does not exist a strategy that is optimal for the
agent at every time. We follow the classical literature on time-inconsistent problems, dating back to
Strotz [46] and recently revisited by Ekeland and Lazrak [21, 22, 23] and Björk and Murgoci [10], to
consider equilibrium strategies: The agent’s selves at different times are viewed as different players
in a sequential game. To this end, we assume that the agent considers feedback strategies only; i.e.,
the agent’s portfolio π(t) =π(t,X(t)), t∈ [0, T ) for some deterministic, measurable function π(t, x)
on [0, T )×R such that the wealth equation (2.2) has a unique strong solution with E[X(T )2]<+∞.
Note that given a feedback strategy, the agent’s wealth process is Markovian, so the distribution
of X(T ) conditional on the information at time t depends on the agent’s wealth at time t only.

The agent’s wealth level x0 at the initial time 0 is given and assumed to be positive. We can
formulate the agent’s decision problem at each time t∈ [0, T ) formally as follows:

min
π

vart(X
π(T ))

subject to dXπ(s) =
[
r(s)Xπ(s) + b(s)>π(s,Xπ(s))

]
ds

+π(s,Xπ(s))>σ(s)dW (s), s∈ [t, T ), Xπ(t) = xt,
Et[Xπ(T )]≥L(t, xt),
Qπ(s,Xπ(s))≥ 0, s∈ [t, T ),

(2.3)

where Xπ denotes the wealth process generated by strategy π and vart(X
π(T )), the variance of

Xπ(T ), measures the risk of the investment strategy π. Here and hereafter, we denote by Et[X]
and vart(X) the expectation and variance, respectively, of a random payoff X conditional on
the information at time t; moreover, when time 0 is referred to, we simply drop the subscript.
Note that besides the dynamics of the agent’s wealth, there are two constraints in (2.3), which
represent the expected terminal wealth target and portfolio constraints, respectively. A feedback
strategy π is feasible if (i) the resulting wealth equation has a unique, strong solution Xπ, (ii)

E
[∫ T

0

(
π(s,Xπ(s))

)2
ds
]
< +∞, and (iii) all constraints in (2.3) are met for any t ∈ [0, T ). Note

that condition (ii) ensures that Xπ(T ) is square integrable because b, σ, and r are bounded.
Let π̂(t, x), (t, x) ∈ [0, T )×R be a given feasible feedback strategy. For t ∈ [0, T ), ε ∈ (0, T − t),

and π ∈Rm, denote

πt,ε,π(s, y) :=

{
π, s∈ [t, t+ ε), y ∈R,
π̂(s, y), s /∈ [t, t+ ε), y ∈R,

(2.4)
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which represents a new strategy in which the time-t self of the agent, with wealth level x at that
time, implements portfolio π for a time period of length ε and follows strategy π̂ afterwards. In
addition, for each t∈ [0, T ], we denote by Xt the set of reachable states at time t; mathematically,
Xt is defined to be the union of the interior of the support and the atoms of the distribution of
X π̂(t) conditional on the information at time 0. For each t∈ [0, T ) and x∈R, denote

Ππ̂
t,x := {π ∈Rm | there exists ε̄∈ (0, T − t),

such that πt,ε,π is feasible, ∀ε∈ (0, ε̄]},

which represents the dollar amount π the agent can choose to invest in the stocks in an infinites-
imally small period [t, t+ ε) such that the resulting strategy πt,ε,π, in which the agent follows π̂
after time t+ ε, is feasible (in particular, meets the expected terminal wealth target).
Definition 1. Let π̂ be a feasible feedback strategy. π̂ is an equilibrium strategy of the agent

if for any t∈ [0, T ), x∈Xt, and π ∈Ππ̂
t,x with π 6= π̂(t, x), there exists ε0 ∈ (0, T − t) such that

vart(X
πt,ε,π(T ))− vart(X

π̂(T ))≥ 0, ∀ε∈ (0, ε0]. (2.5)

The above definition stipulates that π̂ is an equilibrium strategy if and only if at any time t and
in any reachable state x at that time, the variance of the terminal wealth becomes larger if the
agent at that time switches to any alternative portfolio π that still leads to a feasible strategy (i.e.,
π ∈ Ππ̂

t,x with π 6= π̂(t, x) ), assuming that the agent can commit herself and thus implement the
alternative portfolio only in an infinitesimally small time period. As such, the agent is unwilling
to deviate from π̂ at any time, implying that π̂ is an equilibrium in a game with the players to be
the agent’s selves at different times.

It should be emphasized that due to the constraint arising from the expected terminal wealth
target, we have to take into consideration the feasibility of the new strategy that is obtained by
perturbing a given strategy in a small time period before examining whether the risk of this new
strategy is lower, and this is taken into account in the above definition by introducing the set Ππ̂

t,x.
This marks one of the main differences of our definition of equilibrium strategies from those in the
literature, and ours is the first of its kind, because no such constraints have ever been considered
in the literature on time-inconsistent problems in continuous-time settings. As mentioned in the
introduction, the reason why we introduce constraints on expected terminal wealth is because the
constraint formulation is advantageous over the penalty formulation in that the expected wealth
target is easier to elicit than the risk aversion degree.

Note that a necessary condition for (2.5) to hold is following first-order condition

lim inf
ε↓0

vart(X
πt,ε,π(T ))− vart(X

π̂(T ))

ε
≥ 0. (2.6)

This type of first-order conditions is used by Björk and Murgoci [10] and all follow-up papers in
the literature to study time-inconsistent problems, leading to so-called weak equilibrium: π̂ is a
weak equilibrium strategy if for any t ∈ [0, T ), x ∈ Xt, and π ∈ Ππ̂

t,x, (2.6) holds. As first noted
by Björk et al. [9] and later exemplified by Huang and Zhou [29] and He and Jiang [25], the
first-order condition (2.6) does not necessarily infer (2.5), the latter being a natural condition for
equilibrium strategies from the game-theoretic point of view. He and Jiang [25] shows that the
notion of equilibrium as employed in the present paper, referred to as regular equilibrium, improves
the classical notion of weak equilibrium in that the former implies the latter and that the agent
may find taking a very different strategy from a certain weak equilibrium is better off. Thus, we
chose to follow He and Jiang [25] to use the notion of regular equilibrium in the present paper.
Note, however, that the results in the present paper remain the same if we use the notion of weak
equilibrium instead, and this is the case due to the particular setting of our model and might not
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hold in general. See Huang and Zhou [29] and He and Jiang [25] for detailed discussions of how to
define equilibrium strategies in continuous-time time-inconsistent problems, and see also Bayraktar
et al. [5] for a related study of optimal stopping problems. In Appendix E we further discuss this
issue and show how it affects the results in the present paper.

2.3. Three Choices of Expected Wealth Targets It is reasonable to assume that L(t, x)≥
xe

∫ T
t r(s)ds for any t∈ [0, T ) and x∈R. Then, the following proposition shows that when approaching

the terminal time T , we have to set the target to be the wealth level at that time.

Proposition 1. Suppose that L(t, x)≥ xe
∫ T
t r(s)ds for any t ∈ [0, T ) and x ∈ R, that L(t, x) is

continuous in x ∈ R for any t ∈ [0, T ), and that L(T,x) := limt↑T L(t, x) exists for any x ∈ R and
is continuous in x. If there exists a feasible strategy π with corresponding wealth process Xπ, then
L(T,x) = x for any x in the support of Xπ(T ) viewed at time 0.

In the following, we consider three choices of the target L. The first choice is L(t, x)/x=M(t)
for some deterministic function M ; i.e., the agent’s target for the expected gross return rate at
each time is independent of her wealth level at that time. Because of Proposition 1, we must
have M(T ) = 1. Then, by assuming M(t) to be differentiable in t, we can write this target in the
following form:

L(t, x) = xe
∫ T
t [r(s)+ψ(s)]ds, t∈ [0, T ), x∈R (2.7)

for some deterministic function ψ.
The second choice of the target is L(t, x) = xe

∫ T
t r(s)ds + h(t) for some deterministic function h

that takes nonnegative values; i.e., the agent’s target is the risk-free return of her current wealth
plus a premium. Because of Proposition 1, we must have h(T ) = 0. Then, by assuming h(t) to be
differentiable in t, we can write this target in the following form:

L(t, x) =
1

γ
(e

∫ T
t ψ(s)ds− 1) +xe

∫ T
t r(s)ds, t∈ [0, T ), x∈R (2.8)

for some γ > 0 and some deterministic function ψ.
The third choice of the target is L(t, x) = w(t)xe

∫ T
t r(s)ds + (1−w(t))ξ for some ξ ≥ x0e

∫ T
0 r(s)ds

and some deterministic function w that takes values in [0,1]; i.e., the agent’s target at each time
is a weighted average of the risk-free payoff of her current wealth and a pre-set aspiration level ξ.
Because of Proposition 1, we must have w(T ) = 1, so by assuming w(t) to be differentiable in t, we
can write this target in the following form:

L(t, x) = e−
∫ T
t ψ(s)dsxe

∫ T
t r(s)ds +

(
1− e−

∫ T
t ψ(s)ds

)
ξ, t∈ [0, T ), x∈R (2.9)

for some deterministic function ψ. When ψ = ρ and the market is complete (i.e., m= d and there
no portfolio constraints), Theorem 2 in the Appendix A shows that the agent is time consistent,
i.e., the pre-committed strategy of the agent at initial time 0 remains optimal for her future selves.
This observation has also been made by Cui et al. [15] in Propositions 4.2 and 4.3 therein and by
Karnam et al. [30] in Section 2.1 therein.

2.4. Equilibrium Strategy for Mean-Variance Problems

Assumption 2. For any t∈ [0, T ), the set {y ∈Rm | b(t)>y > 0, Qy≥ 0} is nonempty.
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Assumption 2 implies that for any t∈ [0, T ) and anyN > 0, there exists y ∈Rm such that b(t)>y >N
and Qy ≥ 0. This assumption implies that the following optimization problem is feasible for any
t∈ [0, T ): {

min
v∈Rm

1
2
v>σ(t)σ(t)>v

subject to b(t)>v≥ψ(t), Qv≥ 0,
(2.10)

where ψ is the one in (2.7), (2.8), or (2.9), depending on which of the three targets is referred to.
Consequently, problem (2.10) has a unique solution, denoted as v∗(t). Assume the following:

Assumption 3. ψ is nonnegative, right-continuous, and integrable in t∈ [0, T ).

When it becomes closer to the terminal time (i.e., when T − t is smaller), the agent has a shorter
time period to invest in the stock markets where she can gain positive expected excess returns, so
it is reasonable to assume that the target for the expected terminal wealth becomes less aggressive
in the sense that the target becomes closer to the risk-free payoff. The above suggests that fixing x,
L(t, x)/(xe

∫ T
t r(s)ds) is decreasing with respect to t when L is given by (2.7), that L(t, x)−xe

∫ T
t r(s)ds

is decreasing with respect to t when L is given by (2.8), and that 1− e−
∫ T
t ψ(s)ds is decreasing with

respect to t when L is given by (2.9); consequently, we need ψ to be nonnegative, as required in
Assumption 3.

By Assumptions 1 and 3, we can conclude from the standard stability result for quadratic
programming that v∗ is right-continuous on [0, T ); see e.g., Daniel [20]. We also make the following
assumption:

Assumption 4.
∫ T

0
‖v∗(t)‖2dt <+∞.

Assumption 4 is purely technical and holds for reasonable parameter setups; see Lemma 1 in the
Appendix.

Theorem 1. Suppose that Assumptions 1-4 hold. Then, the following are true:
(i) Suppose that L is given by (2.7). Then,

π̂(t, x) = xv∗(t), t∈ [0, T ), x∈R (2.11)

is an equilibrium strategy. Moreover, any equilibrium strategy π̂ such that π̂(t, x)/x is independent
of x∈R and right-continuous, square-integrable in t∈ [0, T ) must be given by (2.11).

(ii) Suppose that L is given by (2.8). Then,

π̂(t, x) =
1

γ
e
∫ T
t (ψ(s)−r(s))dsv∗(t), t∈ [0, T ), x∈R (2.12)

is an equilibrium strategy. Moreover, any equilibrium strategy π̂ that is independent of x ∈R and
right-continuous, square-integrable in t∈ [0, T ) must be given by (2.12).

(iii) Suppose that L is given by (2.9), and the aspiration level ξ ≥ x0e
∫ T
0 r(s)ds. Denote x∗(t) =

ξe−
∫ T
t r(s)ds for every t∈ [0, T ). If the following holds:

e−
∫ T
t ‖σ(s)>v∗(s)‖2ds ≥ 1− ψ(t)

ρ(t)
, t∈ [0, T ), (2.13)

then,

π̂(t, x) = v∗(t)
(
x∗(t)−x

)
, t∈ [0, T ), x∈R (2.14)
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is an equilibrium strategy. On the other hand, any equilibrium strategy π̂ such that π̂(t, x)/(x∗(t)−
x) is independent of x ∈ R and right-continuous, square-integrable in t ∈ [0, T ) must be given by
(2.14) if there exists δ0 > 0 such that

e−
∫ T
t ‖σ(s)>v∗(s)‖2ds ≥ 1− ψ(t)

ρ(t)
+ δ0, t∈ [0, T ). (2.15)

To find the equilibrium strategy, we only need to solve, for each fixed time t, the static opti-
mization problem (2.10), which is a standard quadratic optimization problem and thus can be
solved efficiently in general. Furthermore, without portfolio constraint, the equilibrium strategy is
in closed form because we can solve v∗(t) explicitly in this case.

Let us give an intuitive explanation for the reason why the equilibrium strategy can be solved
from (2.10). To this end, suppose that π̂ is an equilibrium strategy and that the expected wealth
constraint is binding under this strategy at any time, i.e., that Et[X π̂(T )] = L(t,X π̂(t)) for all
t∈ [0, T ). Now, fix a time t with X π̂(t) = x. The time-t self of the agent can implement her strategy
π in an infinitesimally small investment period [t, t+ ε) and she believes that her future selves will
follow the strategy π̂ after this period and thus her terminal wealth is governed by the strategy
πt,ε,π as defined by (2.4). By the iterated expectation law and recalling the fact that π̂ binds the
expected wealth constraint for future selves of the agent, we conclude

Et[Xπt,ε,π(T )] =Et[Et+ε[Xπt,ε,π(T )]] =Et[L(t+ ε,Xπt,ε,π(t+ ε))].

The expected wealth target for the time-t self of the agent becomes

Et[L(t+ ε,Xπt,ε,π(t+ ε))]−L(t, x)≥ 0.

Dividing both sides of the above inequality by ε and sending ε to zero, we obtain the following
constraint:

Lt(t, x) +Lx(t, x)(r(t)x+ b(t)>π) +
1

2
Lxx(t, x)‖σ(t)>π‖2 ≥ 0.

For each of the three targets (2.7), (2.8), and (2.9), we have Lxx ≡ 0, so the above constraint simply
becomes

b(t)>π≥K(t, x), K(t, x) :=−
(
Lt(t, x)

Lx(t, x)
+ r(t)x

)
. (2.16)

In other words, the agent wants the expected instantaneous wealth change in excess of the risk-free
rate to be as high as K(t, x).

On the other hand, when L is given by (2.7), recalling π̂ as defined in (2.11), one can see that
Z

πt,ε,π
t+ε,T :=Xπt,ε,π(T )/Xπt,ε,π(t+ ε) is independent of the information at time t+ ε because πt,ε,π = π̂

in the period [t+ ε,T ]. By the conditional variance formula, we have

vart(X
πt,ε,π(T )) =Et[vart+ε(X

πt,ε,π(T ))] + vart(Et+ε[Xπt,ε,π(T )])

=Et
[(
Xπt,ε,π(t+ ε)

)2
]

vart+ε
(
Z

πt,ε,π
t+ε,T

)
+ vart (X

πt,ε,π(t+ ε))
(
Et+ε

[
Z

πt,ε,π
t+ε,T

])2

=
{

vart+ε
(
Z

πt,ε,π
t+ε,T

)
+
(
Et+ε

[
Z

πt,ε,π
t+ε,T

])2
}

vart (X
πt,ε,π(t+ ε))

+ vart+ε
(
Z

πt,ε,π
t+ε,T

)
(Et [Xπt,ε,π(t+ ε)])

2
.

Thus, to minimize vart(X
πt,ε,π(T )), the time-t self of the agent only needs (i) to minimize

vart (X
πt,ε,π(t+ ε)), which is approximately equal to π>σ(t)σ(t)>πε from the wealth dynamics, and

(ii) to minimize Et [Xπt,ε,π(t+ ε)]. The two minimization problems (i) and (ii) happen to align with
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each other because a portfolio with low risk tends to have low growth as well. Therefore, the time-t
self of the agent chooses her optimal portfolio by minimizing vart (X

πt,ε,π(t+ ε)) subject to (2.16),
i.e., by solving the following optimization problem:{

min
π∈Rm

1
2
π>σ(t)σ(t)>π

subject to b(t)>π≥K(t, x), Qπ≥ 0.
(2.17)

Note that K(t, x) =ψ(t)x when L is given by (2.7) and the agent’s wealth remains positive under
the equilibrium strategy, so the optimal solution to (2.17) is π̂(t, x) as given by (2.11).

When L is given by (2.8), the equilibrium strategy π̂ is independent of wealth level. This is
intuitive because at each time, the distance between the risk-free payoff of the current wealth
and the target expected wealth level, L(t, x) − xe

∫ T
t r(s)ds, is independent of the current wealth

level x. In addition, because π̂ as in (2.12) is a deterministic function of t, Xπt,ε,π(t + ε) and
Xπt,ε,π(T )−Xπt,ε,π(t+ ε) are independent and thus

vart(X
πt,ε,π(T )) = vart(X

πt,ε,π(t+ ε)) + vart(X
πt,ε,π(T )−Xπt,ε,π(t+ ε)).

Therefore, minimizing vart(X
πt,ε,π(T )) is equivalent to minimizing vart(X

πt,ε,π(t+ ε)), the latter
is equal to π>σ(t)σ(t)>πε. Therefore, the time-t self of the agent chooses his optimal portfolio by

solving (2.17). Note that K(t, x) = (1/γ)e
∫ T
t (ψ(s)−r(s))dsψ(t) when L is given by (2.8), so the optimal

solution to (2.17) is given by (2.12).
When L is given by (2.9), the equilibrium strategy is to invest in risky stocks an amount that

is proportional to x∗(t)− x, the distance between the current wealth level x and the discounted
value of the aspiration level ξ. This is intuitive because the closer the current wealth level is to the
aspiration level, the less risk the agent should take. Consider the time-t self of the agent who can
implement portfolio π in a small time period [t, t+ ε). If the agent invests more in risky stocks,
i.e., chooses a larger π, then both the variance and the mean of Xπt,ε,π(t+ ε) become larger. Note
that when Xπt,ε,π(t + ε) becomes larger, the agent wealth at time t + ε becomes closer to the
aspiration level, so she will take less risk afterwards, leading to a lower variance of Xπt,ε,π(T )−
Xπt,ε,π(t+ ε). Thus, whether more investment in risky stocks by the time-t self of the agent leads to
a larger variance of Xπt,ε,π(T ), which is contributed by both the variance of Xπt,ε,π(t+ ε) and the
variance of Xπt,ε,π(T )−Xπt,ε,π(t+ ε), depends on whether the resulting increment in the variance
of Xπt,ε,π(t+ ε) dominates the resulting increment in the mean of Xπt,ε,π(t+ ε). Under condition
(2.13), the overall effect is an increase in the variance of Xπt,ε,π(T ), so minimizing vart

(
Xπt,ε,π(T )

)
is equivalent to minimizing vart

(
Xπt,ε,π(t+ ε)

)
. Thus, the optimal strategy of the time-t self of the

agent is the optimal solution to (2.17). Note that when L is given by (2.9), K(t, x) = (x∗(t)−x)ψ(t).
Thus, π̂(t, x) is the optimal solution to (2.17) if and only if it is given by (2.14).

Note that condition (2.15) implies condition (2.13). When ρ(t)≤ψ(t), t∈ [0, T ), condition (2.15)
holds automatically. In general, this condition holds when T is small. To see it more clearly, we
consider the case in which there are no portfolio constraints and r, b, σ, and ψ are constants. In
this case, we have v∗ = (σσ>)−1bψ/ρ, so condition (2.15) becomes

e−(ψ2/ρ)T > 1− (ψ/ρ). (2.18)

We can show that (2.18) holds for any ψ≥ 0 when T < 2.455/ρ. Let us consider the case of a single
stock and use the following parameter values taken from Björk et al. [11]: r= 0.04, σ= 0.2, b= 0.08
and thus ρ= b2/σ2 = 0.16. Then, condition (2.18) holds for any ψ≥ 0 if T < 15.34.

The following proposition shows that when there are no portfolio constraints, condition (2.13)
is also necessary for π̂ as defined in (2.14) to be an equilibrium strategy.

Proposition 2. Suppose that Assumptions 1–4 hold, L is given by (2.9), and there are no
portfolio constraints, i.e,. Q= 0. Suppose that condition (2.13) does not hold. Then, π̂ as given by
(2.14) is not an equilibrium strategy.
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2.5. Discussions

2.5.1. Connection with Merton’s Portfolio If there are no portfolio constraints, the equi-
librium strategy for the first target is given as π̂(t, x) = xψ(t)

ρ(t)
(σ(t)σ(t)>)−1b(t), t∈ [0, T ), x∈R. On

the other hand, Merton’s portfolio, which is the optimal portfolio in the expected utility framework
with a power utility function, is given by x(1/δ)

(
σ(t)σ(t)>)−1b(t), t ∈ [0, T ), x ∈ R, where δ > 0 is

the relative risk aversion degree (RRAD), assuming the market to be complete (i.e., m= d). Thus,
if b, r, σ, and ψ are constants, then the portfolio rule in our model is the same as Merton’s portfolio
if and only if δ= ρ/ψ.

Dai et al. [19] consider mean-variance analysis with the penalty formulation, with the carrier
of the mean and variance to be the log return rate of the agent’s investment. Assuming the risk
aversion parameter γ̄ in their model to be a positive constant and the market to be complete with
constant b, r, and σ, they find that the equilibrium strategy in their model is the same as Merton’s
portfolio if and only if the RRAD δ = 1 + γ̄. Thus, the model in Dai et al. [19] can only mimic
Merton’s portfolio for investors with RRAD larger than one, while the equilibrium strategy (2.11)
can mimic Merton’s portfolio for any investor because ψ in our model can be any nonnegative
number.

2.5.2. Life-Cycle Asset Allocation Professionals and fund managers usually provide the
following advice for life-cycle asset allocation (such as investment for retirement): the longer the
investment horizon, the larger percentage of wealth invested in equities; see for instance Ameriks
and Zeldes [1]. Following this advice, many investment companies offer “life-cycle” funds in which
the proportion of wealth of an investor in equities automatically reduces as the investor ages. This
advice and the demand for “life-cycle” funds are not consistent with Merton’s portfolio in which
the proportion of wealth invested in equities should remain constant over time.

The equilibrium strategy (2.11) under the target (2.7) is consistent with the above investment
advice. To see this, consider the case of no portfolio constraints and constant market parameters b,
r, and σ. Then, we have π̂(t, x)/x=

(
(σσ>)−1b/ρ

)
ψ(t), t∈ [0, T ), x > 0. Therefore, when the agent’s

target for the instantaneous excess mean return rate ψ(t) is decreasing in t, the proportion of
wealth invested in the stocks, π̂(t, x)/x, is also decreasing in t, which is consistent with the advice
of investing less when ages become larger.

3. Comparison of Different Strategies In this section, we compare the equilibrium strate-
gies under different expected terminal wealth targets, and compare them with other strategies in
the literature.

3.1. Comparison of Equilibrium Strategies under Different Targets In the following
numerical example, we assume that there is only one stock, i.e., m = d = 1, that there are no
portfolio constraints, i.e., Q= 0, and that r, b, and σ are constants. We use the parameter values
taken by Björk et al. [11]: r = 0.04, σ = 0.2, b = 0.08, and thus ρ = b2/σ2 = 0.16. We set x0 = 1,
T = 1, and ψ= 0.06 for all of the three expected terminal wealth targets. We set γ = x0e

−rT = 0.961
in the target (2.8) and ξ = x0e

rT (eψT − e−ψT )/(1− e−ψT ) = 2.146 in the target (2.9) so that all
the three targets have the same value at the initial time 0. For fixed time s= 0.5T , we plot the
proportion of wealth invested in the stock as a function of the wealth level at time s under the
equilibrium strategies when the agent set the dynamic targets (2.7), (2.8), and (2.9), and they are
represented by dashed line, solid line, and triangular line, respectively, in the left panel of Figure
1. We plot the same in the right panel of Figure 1 for s = 0.9T . We can observe that although
the three dynamic targets have the same value at the initial time 0, the strategy taken by the
agent under these three targets are completely different because these targets differ from each other
after time 0. In particular, the proportion of wealth invested in the stock under the target (2.7) is
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Figure 1. Comparison of the equilibrium strategies and the pre-committed strategy for problem (2.3) with the same
expected terminal wealth targets at time 0. Set m= d= 1, Q= 0, r = 0.04, σ = 0.2, b= 0.08, ψ = 0.06, x0 = 1, and
T = 1. Set γ = x0e

−rT = 0.961 in the target (2.8) and ξ = x0e
rT (eψT − e−ψT )/(1− e−ψT ) = 2.146 in the target (2.9)

so that these two targets have the same value as target (2.7) at time 0. The proportion of wealth invested in the stock
as a function of the wealth level at certain time s under the equilibrium strategies for targets (2.7), (2.8), are (2.9)
are plotted in dashed lines, solid lines, and triangular lines, respectively, where s is set to be 0.5T and 0.9T in the
left and right panels, respectively. The dotted lines plot the pre-committed strategy of the time-0 self of the agent
with the same value of expected terminal wealth target at time 0.

independent of the wealth level because in this target, the expected return rate the agent wants
to achieve is independent of the current wealth level. For the other two targets, the proportion of
wealth invested in the stock is decreasing in the wealth level. This is because in those two targets,
the expected return rate the agent wants to achieve, namely, L(t, x)/x, is decreasing with respect
to the current wealth level.

We also compare our equilibrium strategies with the so-called pre-committed strategy. Fixing
t ∈ [0, T ), a pre-committed strategy for the time-t self of the agent who faces problem (2.3) is a
strategy πpc,t(s, y), s∈ [t, T ), y ∈R that minimizes the objective function in (2.3) with constraints
therein. Assuming the market to be complete, i.e., assuming that m = d and that there are no
portfolio constraints, the pre-committed strategy has been obtained by Zhou and Li [50] without
the no-bankruptcy constraint; see Theorem 2 in the Appendix for details.

Following the above example, we compute the pre-committed strategy of the time-0 self of the
agent. Again we set the target at time 0 to be the same as above. The proportion of wealth
invested in the stock at time s as a function of wealth at that time under the pre-committed
strategy is plotted in dotted lines in Figure 1, with the left-panel representing the case s= 0.5T
and the right-panel representing the case s= 0.9T . As mentioned in Section 2.3, the pre-committed
strategy happens to be the same as the equilibrium strategy under the target (2.9) with ψ = ρ.
Thus, under the pre-committed strategy, at each time t the agent effectively sets the target for
the terminal wealth to be L(t, x) in (2.9) with ψ= ρ, and for this target L(t, x)/x is decreasing in
x. This explains why the proportion investment in the stock under the pre-committed strategy is
decreasing with respect to the current wealth level.

3.2. Comparison with Equilibrium Strategies in the Penalty Formulation Basak and
Chabakauri [3], Björk and Murgoci [10], and Björk et al. [11] consider equilibrium strategies for an
agent whose preferences at each time t are represented by a linear combination of the mean and
variance, evaluated at time t, of the agent’s terminal wealth. Motivated by their work, we consider
the following problem:

min
π

−Et[Xπ(T )] + Γ(t,xt)

2
vart(X

π(T ))

subject to dXπ(s) =Xπ(s)
[(
r(s) + b(s)>π(s,Xπ(s))

)
ds

+π(s,Xπ(s))>σ(s)dW (s)
]
, s∈ [t, T ), Xπ(t) = xt,

Qπ(s,Xπ(s))≥ 0, s∈ [t, T ]

(3.1)
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for some deterministic, positive function Γ that represents the agent’s risk aversion degree.
It is well known that with a fixed time t and fixed wealth level xt at that time, problem (2.3)

and problem (3.1) are equivalent when one looks for pre-committed strategies: A strategy is a
pre-committed strategy of the time-t self of the agent for problem (2.3) if and only if it is an
optimal one for problem (3.1) with a carefully chosen risk aversion parameter Γ(t, xt). We want to
study whether the equilibrium strategies for problem (2.3) and for problem (3.1) are the same if
the pre-committed strategies are the same for these two problems at any time.

We rely on the existing literature to solve the equilibrium strategy for problem (3.1). However,
the equilibrium strategy for problem (3.1) has been solved in the literature only for specific choices
of Γ. Thus, we need to (i) solve the equilibrium strategy for problem (3.1) given an Γ used in the
literature and (ii) establish a link between the expected wealth target L(t, xt) in problem (2.3) and
risk aversion parameter Γ(t, xt) in problem (3.1).

Because the portfolio constraint is not present in the models in the literature, we set Q= 0 in
the following discussion.

3.2.1. Comparison with Björk et al. [11] When there is only one stock, all market param-
eters are constants, and Γ(t, xt) = γ/xt for some constant γ > 0, Björk et al. [11] derive a closed-form
equilibrium strategy. Therefore, in the following we assume r, b, and σ to be constants, and set
m = d = 1, Γ(t, xt) = γ/xt for some constant γ > 0. The equilibrium strategy for (3.1) is given
as in Theorem 4.6 of Björk et al. [11]. Moreover, the proof of Theorems 4.6 and 4.7 of Björk
et al. [11] shows that this strategy is unique among all strategies of investing a continuous-in-time,
wealth-independent proportion of the agent’s wealth in the stock.

Next, we need to connect the risk aversion parameter Γ(t, xt) = γ/xt in problem (3.1) to the
expected wealth target L(t, xt) in problem (2.3). A natural way is to find L such that the pre-
committed strategies for these two problems are the same at any time t∈ [0, T ). Proposition 3-(i) in
the Appendix shows that L takes the form (2.7), and ψ can be found in closed-form and proved to
satisfy Assumptions 3 and 4. Thus, we can apply Theorem 1 to compute the equilibrium strategy
with this L and compare this strategy to the equilibrium strategy for problem (3.1).

We use the parameter values taken by Björk et al. [11]: r = 0.04, σ = 0.2, b = 0.08, and thus
ρ= b2/σ2 = 0.16. In addition, we set T = 1. We consider Γ(t, xt) = γ/xt for four values of γ: 0.2, 1,
3, and 10, corresponding respectively to the upper-left, upper-right, bottom-left, and bottom-right
panels of Figure 2. In each of the panels, the equilibrium strategy, i.e., the proportion of wealth
invested in the stock as a function of time t, for problem (3.1) is represented by the dotted line.
Then, we compute ψ from γ by Proposition 3-(i) in the Appendix and compute the equilibrium
strategy (2.11). We use the solid line to represent the proportion of wealth invested in the stock
driven by strategy (2.11). One can see that these two strategies are different: the strategy for
problem (2.3) always invests more in the stock than the strategy for (3.1). Consequently, because
the risk-premium of the stock, b, is positive, the expected return rate of the equilibrium strategy
for problem (3.1) fails to reach the expected excess return target ψ.

Note that under the equilibrium strategy solved by Björk et al. [11], the wealth process is a
geometric Brownian motion and thus is nonnegative. Thus, to facilitate the comparison of the
equilibrium strategies for problem (3.1) and for problem (2.3), we can also consider to derive
expected target L(t, xt) in problem (2.3) from Γ(t, xt) = γ/xt in problem (3.1) by matching the
pre-committed strategies for these two problems with the no-bankruptcy constraint. Such L takes
the form (2.7) and ψ is derived in Proposition 4 in the Appendix. We can verify numerically that
the resulting ψ satisfies Assumptions 3 and 4. In each panel of Figure 2, we plot the equilibrium
strategy (2.11) with this ψ in the dashed line. We can see that this strategy also invests more in
the stock than the equilibrium strategy for problem (3.1).
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Figure 2. Equilibrium strategies for the mean-variance problem (3.1) and for the mean-variance problem (2.3). We
set T = 1, r= 0.04, σ= 0.2, b= 0.08, and thus ρ= b2/σ2 = 0.16. We set Γ(t, xt) in (3.1) to be γ/xt for four values of
γ: 0.2, 1, 3, and 10, corresponding respectively to the upper-left, upper-right, bottom-left, and bottom-right panels.
In each panel, the equilibrium strategy, i.e., the proportion of wealth invested in the stock as a function of time t, for
problem (3.1) is represented by the dotted line. The equilibrium strategy for problem (2.3), with ψ computed from
γ by Proposition 4 in the Appendix, is represented by the dashed line. The equilibrium strategy for problem (2.3),
with ψ computed from γ by Proposition 3-(i) in the Appendix, is represented by the solid line.

3.2.2. Comparison with Basak and Chabakauri [3] In various market settings, Basak
and Chabakauri [3] derive a closed-form equilibrium strategy for problem (3.1) with Γ(t, xt) = γ
for some constant γ > 0. In particular, when the mean excess return rates and volatility of the
assets are deterministic, the equilibrium strategy is given as π̂BC(t) = 1

γ
e−

∫ T
t r(s)ds(σ(t)σ(t)>)−1b(t);

see Proposition 6 of Basak and Chabakauri [3]. This strategy is also unique among all wealth-
independent strategies that are right-continuous and square-integrable in time t∈ [0, T ); see Foot-
note 8 of Basak and Chabakauri [3] and Section 7.1 in Björk and Murgoci [10]. We then compute
L(t, xt) such that the pre-committed strategies for (3.1) and for (2.3) are the same. It turns out
that L is given by (2.8) with ψ= ρ; see Proposition 3-(ii) in the Appendix. Consequently, Theorem
1-(ii) yields that the equilibrium strategy for (2.3) is

π̂(t) =
1

γ
e
∫ T
t (ρ(s)−r(s))ds(σ(t)σ(t)>)−1b(t) = e

∫ T
t ρ(s)dsπ̂BC(t).

Thus, the equilibrium strategy for (2.3) differs from that for (3.1): The former invests more in risky
stocks than the latter.

3.2.3. Discussion about the Different Formulations The previous examples show that
even if the pre-committed strategies for the two different formulations of mean-variance portfolio
selection problems, namely, problem (2.3) and problem (3.1), are the same at any time, the equi-
librium strategies for these two formulations can be different. A general question is whether we can
find a pair of L in (2.3) and Γ in (3.1) such that the equilibrium strategies for these two problems
are the same. We already showed that such a pair cannot be found by matching the pre-committed
strategies for these two problems. One possible approach is to solve the equilibrium strategy for
(3.1) with a given Γ, compute the expected terminal wealth associated with this strategy at each
time, and use this expectation as the target L(t, xt) in problem (2.3). Let us emphasize that for this
approach to work, we first have to define and solve the equilibrium strategies for the mean-variance
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problem with the constraint formulation, and this, however, has never been done in the literature
and is main goal of the present paper.

More importantly, to use the formulation (3.1) to guide portfolio selection, one needs to estimate
the risk aversion parameter Γ, which is not directly accessible. Solving Γ from the expected wealth
target, which is easy to access, by matching the pre-committed strategies in these two different
formulations, leads to different equilibrium strategies for these two formulations. By contrast, as
the target for the expected return is more elicitable, a more natural problem should be (2.3)
rather than (3.1). Consequently, problem (2.3) is a more intuitive formulation than (3.1) to solve
mean-variance portfolio selection problems.

4. Conclusion One classical approach to portfolio choice is mean-variance analysis: an agent
minimizes the variance of her wealth at a given terminal time subject to a constraint that the
expected terminal wealth exceeds a target. The mean-variance framework is appealing to many
investors because the investment risk in the analysis, which is the variance of terminal wealth, is
relatively easier to interpret compared to utility functions in the classical expected utility theory.
This framework, however, leads to time inconsistency when applied to multi-period or continuous-
time portfolio selection, in that the agent’s optimal strategy of future investment set up today
might no longer be optimal at certain future time. The so-called pre-committed strategies, which
stand for agent’s optimal strategies at the initial time, are largely studied in the literature, but
such strategies are not implementable unless the agent has unrealistically strong self control.

In this paper, we proposed a notion of equilibrium strategies for the mean-variance analysis in
a continuous-time setting. In such strategies, the agent’s selves at different times act as different
players in a sequential game, and the definition differs from those in the literature in that we had
to take into account the constraint on the expected terminal wealth.

We focused on a market with multiple risky stocks and one risk-free asset whose mean return
rates and volatility are deterministic, and portfolio constraints can be present in the market. We
considered three types of dynamic targets for the expected terminal wealth: (i) the agent’s current
wealth multiplied by a deterministic gross return rate, (ii) the risk-free payoff of the agent’s current
wealth plus a premium, and (iii) and a weighted average of the risk-free payoff of the agent’s current
wealth and a pre-set aspiration level. We solved the equilibrium strategies for these three targets
in closed form. With the first target, the strategy is to invest a wealth-independent proportion of
current wealth in the stocks. With the second target, the strategy is to invest a wealth-independent
dollar amount in the stocks. With the third target, the strategy is to invest in the stocks a dollar
amount that is proportional to the distance from the agent’s current wealth to the discounted value
of the aspiration level.

Equilibrium strategies for mean-variance portfolio selection have been studied in the literature in
a different formulation from ours. In all those studies, the agent minimizes a weighted average of the
mean and variance of the terminal wealth, where the weight for the variance represents the agent’s
risk aversion degree. Moreover, the equilibrium strategies can be derived only for very specific
forms of risk aversion degrees. Our formulation is more appealing because we take the target for
expected terminal wealth, which is easier to understand and elicit than the risk aversion degree, as
a model input directly. Moreover, we are able to solve equilibrium strategies for three reasonable
and flexible forms of targets for expected terminal wealth, while it is unclear whether the specific
forms of risk aversion degrees used in the literature are consistent with investors’ risk attitude.
We also showed that even if we choose the target for expected terminal wealth in our formulation
and the risk aversion degree in the formulation used in the literature in a way that the resulting
pre-committed strategies are the same, the equilibrium strategies in these two formulations are
still different.
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Appendix A: Pre-committed Strategies

A.1. Pre-committed Strategies We consider the pre-committed strategy for problem (2.3)
at time t when the market is complete. The strategy has been obtained by Zhou and Li [50] when
bankruptcy is allowed, and by Bielecki et al. [8] when bankruptcy is not allowed. For readers’
convenience, we reproduce their results in our setting.

Theorem 2. Suppose that Assumption 1 holds, that m = d, and that Q = 0. Fix time t and
xt > 0 and consider the portfolio selection (2.3) in which the agent chooses the optimal port-
folio π∗pc,t(s, y), s ∈ [t, T ), y ∈ R such that vart(X

π(T )) is minimized subject to the constraint

Et [Xπ(T )]≥ L(t, xt) and to the wealth equation. Assume L(t, xt)≥ xte
∫ T
t r(s)ds. Then, the optimal

pre-committed strategy is given by

π∗pc,t(s, y) =
(
σ(s)σ(s)>

)−1
b(s)

×

[(
L(t, xt)−xte

∫ T
t (r(z)−ρ(z))dz

1− e−
∫ T
t ρ(z)dz

)
e−

∫ T
s r(z)dz − y

]
, s∈ [t, T ), y ∈R. (A.1)

Consequently, π∗pc,t is independent of t and xt if and only if L is given by (2.9) for some ξ ≥
x0e

∫ T
0 r(z)dz and with ψ= ρ. Moreover,

Es
[
Xπ∗pc,t(T ) |Xπ∗pc,t(s) = y

]
= ye

∫ T
s (r(z)−ρ(z))dz

+
(

1− e−
∫ T
s ρ(z)dz

)(L(t, xt)−xte
∫ T
t (r(z)−ρ(z))dz

1− e−
∫ T
t ρ(z)dz

)
, s∈ [t, T ), y ∈R. (A.2)

Proof. Fixing time t ∈ [0, T ), the pre-committed strategy for problem (3.1) has been solved by
Zhou and Li [50], and it is given by

π∗pc,t(s, y) =
(
σ(s)σ(s)>

)−1
b(s)

[(
e
∫ T
t ρ(z)dz

Γ(t, xt)
+xte

∫ T
t r(z)dz

)
e−

∫ T
s r(z)dz − y

]
, s∈ [t, T ), y ∈R;

see equation (5.12) therein. Then, a standard argument based on the Lagrange dual theory shows

that π∗pc,t is also the optimal pre-committed strategy for (2.3) with L(t, xt) = Et
[
Xπ∗pc,t(T )

]
. It

then follows from equations (6.5) and (6.6) in Zhou and Li [50] that

L(t, xt) =Et
[
Xπ∗pc,t(T )

]
= xte

∫ T
t (r(z)−ρ(z))dz +

(
1− e−

∫ T
t ρ(z)dz

)( 1

Γ(t, xt)
e
∫ T
t ρ(z)dz +xte

∫ T
t r(z)dz

)
. (A.3)

Thus, the optimal pre-committed strategy must be given by (A.1).
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It is straightforward to see that π∗pc,t is independent of t and xt if and only if L is given by (2.9)

for some constant ξ and with ψ= ρ. Because we assume L(t, xt)≥ xte
∫ T
t r(z)dz for any t∈ [0, T ), we

must have ξ ≥ x0e
∫ T
0 r(z)dz.

Finally, a direct calculation yields that (A.2). �

Theorem 3. Suppose that Assumption 1 holds, that m = d, and that Q = 0. Fix time t and
xt > 0 and consider the portfolio selection problem (2.3) in which the agent chooses the optimal
portfolio π∗pc,t(s, y), s ∈ [t, T ), y ≥ 0 such that vart(X

π(T )) is minimized subject to the constraint
Et [Xπ(T )]≥L(t, xt), to the no-bankruptcy constraint Xπ(s)≥ 0, s∈ [t, T ], and to the wealth equa-

tion. Assume L(t, xt) > xte
∫ T
t r(s)ds. Denote zt := L(t, xt) and define λt > 0 and µt > 0 by the

following equations 

λtΦ

(
ln(λt/µt)+

∫ T
t (r(s)− 1

2ρ(s))ds√∫ T
t ρ(s)ds

)
−µte−

∫ T
t (r(s)−ρ(s))ds

×Φ

(
ln(λt/µt)+

∫ T
t (r(s)− 3

2ρ(s))ds√∫ T
t ρ(s)ds

)
= xte

∫ T
t r(s)ds,

λtΦ

(
ln(λt/µt)+

∫ T
t (r(s)+ 1

2ρ(s))ds√∫ T
t ρ(s)ds

)
−µte−

∫ T
t r(s)ds

×Φ

(
ln(λt/µt)+

∫ T
t (r(s)− 1

2ρ(s))ds√∫ T
t ρ(s)ds

)
= zt.

(A.4)

For each y > 0, define ηt(s, y) to be the solution to the following equation for η:

y= λtΦ(−dt,−(s, η))e−
∫ T
s r(z)dz −Φ(−dt,+(s, η))µte

−
∫ T
s (2r(z)−ρ(z))dzη, (A.5)

where

dt,+(s, η) : =
lnη+ ln(µt/λt) +

∫ T
s

(
−r(z) + 3

2
ρ(z)

)
dz√∫ T

s
ρ(z)dz

,

dt,−(s, η) : = dt,+(s, η)−

√∫ T

s

ρ(z)dz, s∈ [t, T ), η > 0.

Then,

π∗pc,t(s, y) =−(σ(s)σ(s)>)−1b(s)
[
y−λte−

∫ T
s r(z)dzΦ(−dt,−(s, η(s, y)))

]
, s∈ [t, T ), y > 0. (A.6)

Moreover,

Es
[
Xπ∗pc,t(T ) |Xπ∗pc,t(s) = y

]
= λtΦ(−dt,×(s, ηt(s, y)))

− e−
∫ T
s r(z)dzµtηt(s, y)Φ(−dt,−(s, ηt(s, y))) , s∈ [t, T ), y > 0, (A.7)

where dt,×(s, η) := dt,−(s, η)−
√∫ T

s
ρ(z)dz.

Proof. Define

η̃t(s) := e−
1
2

∫ s
t ρ(z)dz−

∫ s
t (σ(z)−1b(z))>dW (z), ηt(s) := e−

∫ s
t r(z)dzη̃t(s), s∈ [t, T ]. (A.8)

It follows from Theorem 5.1, Theorem 7.1, and Proposition 7.1 in Bielecki et al. [8] that π∗pc,t as
given by (A.6) is the optimal strategy of the agent at time t when we replace the wealth target
constraint Et [Xπ(T )]≥ zt with an equality constraint, i.e., with Et [Xπ(T )] = zt. Moreover,

ηt(s) = ηt(s,X
π∗pc,t(s)), s∈ [t, T ].
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Lemma 6.1 in Bielecki et al. [8] shows that π∗pc,t is still optimal with the original wealth target

constraint Et [Xπ(T )]≥ zt.
Finally, we compute Es

[
Xπ∗pc,t(T )

]
. Theorem 4.1 of Bielecki et al. [8] shows that Xπ∗pc,t(T ) =(

λt−µtηt(T )
)+

, so straightforward calculation yields that

Es
[
Xπ∗pc,t(T )

]
= λtΦ(−dt,×(s, ηt(s)))− e−

∫ T
s r(z)dzµtηt(s)Φ(−dt,−(s, ηt(s))) ,

i.e., (A.7) holds. �

A.2. A Connection between L and Γ

Proposition 3. Suppose that Assumption 1 holds, that m= d, and that Q= 0. Consider the

pre-committed strategies for problem (2.3) and problem (3.1).

(i) Suppose Γ(t, xt) = γ/xt for some constant γ > 0. Then, the pre-committed strategies for

problem (2.3) and problem (3.1) are the same for any time t∈ [0, T ) and any wealth level xt > 0 if

and only if L is given by (2.7) with

ψ(t) =

1
γ

[
e
∫ T
t ρ(s)ds(ρ(t)− r(t)) + r(t)

]
1
γ

(
e
∫ T
t ρ(s)ds− 1

)
+ e

∫ T
t r(s)ds

, t∈ [0, T ). (A.9)

Moreover, when r and ρ are constant, ψ(t)> 0 for any t∈ [0, T ) if T ≤ 1/r.

(ii) Suppose Γ(t, xt) = γ for some constant γ > 0. Then, the pre-committed strategies for problem

(2.3) and problem (3.1) are the same for any time t∈ [0, T ) and any wealth level xt ∈R if and only

if L is given by (2.8) with ψ= ρ.

Proof. The proof of Theorem 2 yields that fixing time t ∈ [0, T ), the optimal pre-committed

strategies for problem (2.3) and for problem (3.1) are the same if and only if (A.3) holds. Conse-

quently, when Γ(t, xt) = γ/xt, we obtain L(t, xt) = xt

[
1
γ

(
e
∫ T
t ρ(s)ds− 1

)
+ e

∫ T
t r(s)ds

]
. In other words,

L is given by (2.7) with ψ in (A.9). Note that when r and ρ are constant, ψ(t)> 0 for any t∈ [0, T )

if and only if (1− ρ/r)eρT − 1< 0, and a sufficient condition is that rT ≤ 1. When Γ(t, xt) = γ, it

is straightforward to see that L is given by (2.8) with ψ= ρ. �

Proposition 4. Suppose Assumption 1 holds and consider problems (2.3) and (3.1) subject to

the no-bankruptcy constraint. Suppose Q= 0 and m= d. Suppose Γ(t, xt) = γ/xt for some constant

γ > 0. Then, the pre-committed strategies for these two problems are the same at any time t∈ [0, T )

and any wealth level xt > 0 if and only if L is given by (2.7), with e
∫ T
t [r(s)+ψ(s)]ds = M̃t− (1/γ) for

any t∈ [0, T ), where M̃t, together with certain νt > 0, is the solution to the following equation:

(
M̃t/νt

)
Φ

(
ln(M̃t/νt)+

∫ T
t (r(s)− 1

2ρ(s))ds√∫ T
t ρ(s)ds

)
− e−

∫ T
t (r(s)−ρ(s))ds

×Φ

(
ln(M̃t/νt)+

∫ T
t (r(s)− 3

2ρ(s))ds√∫ T
t ρ(s)ds

)
= e

∫ T
t r(s)ds/νt,(

M̃t/νt)Φ

(
ln(M̃t/νt)+

∫ T
t (r(s)+ 1

2ρ(s))ds√∫ T
t ρ(s)ds

)
− e−

∫ T
t r(s)ds

×Φ

(
ln(M̃t/νt)+

∫ T
t (r(s)− 1

2ρ(s))ds√∫ T
t ρ(s)ds

)
=
(
M̃t/νt)− (1/γ)/νt.

(A.10)
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Proof. Fix t∈ [0, T ) and xt > 0. The analysis in Bielecki et al. [8], especially Theorem 4.1 therein,
shows that fixing λt > 0 and letting µt be solved from the first equation of (A.4), the optimal
solution to the following problem:

min
π

Et [Xπ(T )2]− 2λtEt [Xπ(T )]

subject to dXπ(s) =
[
r(s)Xπ(s) + b(s)>π(s,Xπ(s))

]
ds

+π(s,Xπ(s))>σ(s)dW (s), s∈ [t, T ), Xπ(t) = xt,
Xπ(s)≥ 0, s∈ [t, T ].

(A.11)

is given by (A.6). To highlight its dependence on λt, we denote this optimal solution by π̄∗pc,λt,t
.

Then, zt := Et
[
X π̄∗pc,λt,t(T )

]
is given by the second equation of (A.4). Because π̄∗pc,λt,t

is given by

(A.6), it is the optimal solution to the following problem:

min
π

vart (X
π(T ))

subject to dXπ(s) =
[
r(s)Xπ(s) + b(s)>π(s,Xπ(s))

]
ds

+π(s,Xπ(s))>σ(s)dW (s), s∈ [t, T ), Xπ(t) = xt,
Et [Xπ(T )]≥ zt, Xπ(s)≥ 0, s∈ [t, T ].

(A.12)

Now, consider the pre-committed strategy for problem (3.1) with the no-bankruptcy constraint
and with Γ(t, xt) = γ/xt for some constant γ > 0. Following the proof of Theorem 2.1 of Bielecki
et al. [8], this strategy must exist and we denote it as π∗pc,γ,t. Then, Theorem 3.1 of Zhou and

Li [50] shows that π∗pc,γ,t must be the optimal solution to (A.11) with λt = xt
γ

+ Et
[
Xπ∗pc,γ,t(T )

]
,

i.e., π∗pc,γ,t = π̄∗pc,λt,t
. Consequently, π∗pc,γ,t is also optimal to problem (A.12). Moreover, zt =

Et
[
Xπ∗pc,γ,t(T )

]
= Et

[
X π̄∗pc,λt,t(T )

]
and λt = xt

γ
+ zt satisfy (A.4). Consequently, denoting Mt :=

zt/xt, M̃t := λt/xt = (1/γ) +Mt, and νt := µt/xt, we obtain (A.10). Note that we must have zt >

xte
∫ T
t r(s)ds, i.e., M̃t > e

∫ T
t r(s)ds + 1/γ, because λt > 0. �

Appendix B: Some Useful Lemmas Given an n-by-m matrix Q and an n-dimensional
column vector q≤ 0, consider the following:

Assumption 5. For any t∈ [0, T ), the set {y ∈Rm | b(t)>y > ψ(t),Qy≥ q} is nonempty.

With the above assumption, we have ψ(t)< β̄(t) := supu∈Rm:Qu≥q b(t)
>u, t∈ [0, T ).

Lemma 1. Suppose Assumptions 1, 3 and 5 hold. For any t ∈ [0, T ), consider the optimal
solution u∗(t) to 

min
u∈Rm

1
2
u>σ(t)σ(t)>u

subject to b(t)>u≥ψ(t),
Qu≥ q.

(B.1)

(i) Suppose Q= q= 0. Then,
∫ T

0
‖u∗(t)‖2dt <+∞ if

∫ T
0

ψ(t)2

ρ(t)
dt <+∞.

(ii) Suppose b and σ are constants. Then,
∫ T

0
‖u∗(t)‖2dt <+∞ if

∫ T
0
ψ(t)2dt <+∞.

Proof of Lemma 1 According to Assumption 1, we have ‖σ(t)>u∗(t)‖2 ≥ δ‖u∗(t)‖2. Thus, we

only need to prove that
∫ T

0
‖σ(t)>u∗(t)‖2dt <+∞.

We consider (i) first, in which case Q = q = 0. Then, we have u∗(t) = ψ(t)

ρ(t)
(σ(t)σ(t)>)−1b(t).

Consequently, ∫ T

0

‖σ(t)>u∗(t)‖2dt=

∫ T

0

ψ(t)2

ρ(t)
dt
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Thus,
∫ T

0
‖u∗(t)‖2dt <+∞ if

∫ T
0

ψ(t)2

ρ(t)
dt <+∞.

Next, we consider (ii), in which case b and σ are constants. Then, β̄ is also a constant. If β̄ <+∞,
then there exists u∈Rm with Qu≥ q such that b>u= β̄. Consequently, the following optimization
problem {

min
u∈Rm

1
2
u>σσ>u

subject to b>u≥ β̄, Qu≥ q

is feasible and thus its optimal value Ū <+∞. From ψ(t)< β̄, we have 1
2
‖σ>u∗(t)‖2 ≤ Ū <+∞.

As a result,
∫ T

0
‖σ>u∗(t)‖2dt≤ 2ŪT <+∞.

If β̄ = +∞, we first show that the set P := {v ∈Rm |Qv≥ 0, b>v > 0} is nonempty. For the sake
of contradiction, suppose P = ∅. Then, Farkas Lemma yields that there exists v0 ∈ Rm such that
−Q>v0 = b and v0 ≥ 0. For any u such that Qu≥ q, we have v>0 (Qu− q)≥ 0, which implies that
b>u≤−v>0 q. Consequently, we have β̄ ≤−v>0 q <+∞, which is a contraction. Thus, P 6= ∅. Now,
fix v ∈ P and consider u(t) := ψ(t)

b>v v. Because Qu(t) ≥ 0 ≥ q and b>u(t) = ψ(t), u(t) is feasible to

problem (B.1). As a result, ‖σ>u∗(t)‖2 ≤ ‖σ>u(t)‖2 = ‖σ>v
b>v ‖

2ψ(t)2. Thus
∫ T

0
‖u∗(t)‖2dt < +∞ if∫ T

0
ψ(t)2dt <+∞. �

Lemma 2. Suppose Σ is a positive definite, m-by-m matrix, ϕ∈R, b∈Rm with b 6= 0, Q is an
n-by-m matrix, and q ∈Rn with q≤ 0. Define ρ := b>Σ−1b.

(i) Let ŷ be the optimal solution to{
min
y∈Rm

1
2
y>Σy+ϕb>y

subject to Qy≥ q.
(B.2)

Then, we have b>ŷ≤max{−ϕ,0}ρ.
(ii) Fix d≥ 0 and assume ϕ≥−d/ρ and {y ∈Rm | b>y ≥ d,Qy ≥ q} to be nonempty. Then, the

optimal solution to

min
y∈Rm

1
2
y>Σy+ϕb>y

subject to b>y≥ d, Qy≥ q.
(B.3)

is the same as the optimal solution to

min
y∈Rm

1
2
y>Σy

subject to b>y≥ d, Qy≥ q,
(B.4)

and the optimal solution, denoted as ŷ, must satisfy b>ŷ= d.

Proof of Lemma 2 (i) Note that y = 0 is feasible to (B.2), so its optimal solution, ŷ, must
exist. When ϕ= 0, it is obvious that ŷ = 0, so b>ŷ = 0. When ϕ> 0, because y = 0 is feasible, we
conclude from the optimality of ŷ that 1

2
ŷ>Σŷ+ϕb>ŷ≤ 0. Consequently, we must have b>ŷ≤ 0.

In the following, we consider the case in which ϕ< 0. Recall the following Karush-Kuhn-Tucker
(KKT) conditions: Σŷ=−ϕb+Q>ν,

ν>(Qŷ− q) = 0,
ν ≥ 0,Qŷ≥ q.

(B.5)

Multiplying by ν>QΣ−1 on both sides of the first equation of (B.5) and recalling the second
equation of (B.5), we conclude

−ϕν>QΣ−1b+ ν>QΣ−1Q>ν = ν>Qŷ= ν>q≤ 0,
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where the inequality is the case because ν ≥ 0 and q≤ 0. Then, because ν>QΣ−1Q>ν ≥ 0 and ϕ< 0,
we conclude that ν>QΣ−1b≤ 0. Next, multiplying by b>Σ−1 on both sides of the first equation of
(B.5), we conclude

b>ŷ=−ϕρ+ b>Σ−1Q>ν ≤−ϕρ, (B.6)

where the inequality is the case because ν>QΣ−1b≤ 0.
(ii) Because {y | b>y≥ d,Qy≥ q} is nonempty, (B.3) is feasible and thus admits a unique optimal

solution, denoted as ŷ. When ϕ≥ 0, we claim that b>ŷ= d. For the sake of contradiction, suppose
it is not the case. Then, ŷ 6= 0 because b>ŷ > d ≥ 0. In addition, for sufficiently small λ ∈ (0,1),
(1− λ)ŷ is feasible to (B.3) because b>ŷ > d and q ≤ 0. Moreover, the objective function value of
(1− λ)ŷ is strictly lower than that of ŷ because ŷ 6= 0, ϕ≥ 0, and b>ŷ > d≥ 0. Thus, we arrive at
a contradiction.

When ϕ∈ [−d/ρ,0), recall the following KKT conditions:
Σŷ= (θ−ϕ)b+Q>ν,
θ[b>ŷ− d] = 0,
ν>(Qŷ− q) = 0,
θ≥ 0, ν ≥ 0, b>u≥ d,Qŷ≥ q.

(B.7)

If θ > 0, it follows from the second equality of (B.7) that b>ŷ= d. If θ= 0, the set of conditions in
(B.7) contain those in (B.5), so we conclude that (B.6) holds. Together with ϕ≥−d/ρ, we conclude
b>ŷ≤ d. Recalling that b>ŷ≥ d by the feasibility of ŷ, we immediately conclude that b>ŷ= d.

The above analysis shows that b>ŷ = d. As a result, ŷ is optimal to (B.3) if and only if it is
optimal to the following problem:

min
y∈Rm

1
2
y>Σy+ϕb>y

subject to b>y= d, Qy≥ q.
(B.8)

It is obvious that the optimal solution to (B.8) is invariant to ϕ. Consequently, the optimal solution
to (B.3) is invariant to ϕ ∈ [−d/ρ,+∞). In particular, (B.3) and (B.4) have the same optimal
solution. �

Lemma 3. Fix t≥ 0, x ∈R, and T > t. Consider a deterministic function a(s, y), s≥ t, y ∈R
such that lims↓t

(
a(s,x)−a(t, x)

)
= 0 and that there exists ε̄∈ (0, T − t), L> 0 such that ‖a(s, y)−

a(s, y′)‖ ≤ L|y− y′| for all s ∈ [t, t+ ε̄] and y, y′ ∈R. Consider π̂(s, y) := u(s)y+ v(s), s≥ t, y ∈R
for two deterministic functions u and v that are square-integrable in s ∈ [t, T ]. For each ε ∈ (0, ε̄),
define πε1(s, y) := a(s, y)1s∈[t,t+ε) + π̂(s, y)1s≥t+ε and πε2(s, y) := a(t, x)1s∈[t,t+ε) + π̂(s, y)1s≥t+ε, s≥
t, y ∈R, and consider the following two processes for s≥ t:

dXπεi (s) = r(s)Xπεi (s)ds+ b(s)>πεi (s,X
πεi (s))ds+πεi (s,X

πεi (s))>σ(s)dW (s), Xπεi (t) = x, i= 1,2,

where W is a d-dimensional standard Brownian motion and r(s), b(s), and σ(s) are bounded,
deterministic functions of s. Denote Y ε(s) :=Xπε1(s)−Xπε2(s), s≥ t. Then, limε↓0 Et[Y ε(T )/ε] =
0, limε↓0 Et

[
Y ε(T )Xπεi (T )/ε

]
= 0, and limε↓0 Et[(|Y ε(T )|/

√
ε)p] = 0 for any p ≥ 1. Consequently,

limε↓0
(
vart(Y

ε(T ))/ε
)

= limε↓0
(
covt(Y

ε(T ),Xπεi (T ))/ε
)

= 0, where covt stands for the covariance
of two random variables.

Proof of Lemma 3 We fix K > 0 to be a uniform bound for r, b, and σ. Note that a(s,x) is
square integrable in s∈ [t, t+ε] because lims↓t

(
a(s,x)−a(t, x)

)
= 0. Then, Theorem 6.3 in Chapter

1 of Yong and Zhou [49] shows that for any p≥ 1, there exists a constant Kp > 0 such that

Et
[
|Xπεi (s)−x|p

]
≤Kp(1 +xp)|s− t|p/2, ∀ε∈ (0, T − t), s∈ [t, t+ ε], i= 1,2. (B.9)
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Denote δt,s := |a(s,x)−a(t, x)|, then lims↓t δt,s = 0. Recall that

dY ε(s) = r(s)Y ε(s)ds+ b(s)>
(
a(s,Xπε1(s))−a(t, x)

)
ds

+
(
a(s,Xπε1(s))−a(t, x)

)>
σ(s)dW (s), s∈ [t, t+ ε], Y ε(t) = 0. (B.10)

Note that for any p≥ 1,

max
z∈[t,t+ε]

∣∣∣∣∫ z

t

b(s)>
(
a(s,Xπε1(s))−a(t, x)

)
ds

∣∣∣∣p ≤ [K ∫ t+ε

t

(
L
∣∣∣Xπε1(s)−x

∣∣∣+ δt,s

)
ds

]p
≤Kpεp−12p−1

(
Lp
∫ t+ε

t

∣∣∣Xπε1(s)−x
∣∣∣p ds+

∫ t+ε

t

δpt,sds

)
. (B.11)

where the second inequality is because (|a|+ |b|)p ≤ 2p−1(|a|p+ |b|p), a, b∈R, p≥ 1, and because the
holder inequality. By the Burkholder-Davis-Gundy inequality, for any p ≥ 2, there exists Cp > 0
such that

Et
[

max
z∈[t,t+ε]

∣∣∣∣∫ z

t

(
a(s,Xπε1(s))−a(t, x)

)>
σ(s)dW (s)

∣∣∣∣p]
≤CpEt

[(∫ t+ε

t

∥∥∥(a(s,Xπε1(s))−a(t, x)
)>
σ(s)

∥∥∥2

ds

)p/2]

≤KpCpEt

[(∫ t+ε

t

(
L|Xπε1(s)−x|+ δt,s

)2
ds

)p/2]
≤KpCpε

p/2−1Et
[∫ t+ε

t

(
L|Xπε1(s)−x|+ δt,s

)p
ds

]
≤KpCpε

p/2−12p−1

{∫ t+ε

t

(
LpEt[|Xπε1(s)−x|p] + δpt,s

)
ds

}
. (B.12)

where the third inequality is from the holder inequality. Combining (B.9)-(B.12) and recalling
Gronwall’s inequality, we immediately conclude that for fixed p≥ 2, limε↓0 Et[(|Y ε(t+ε)|/

√
ε)p] = 0.

This limit is still valid for any p∈ [1,2) because the Lp norm of a random variable is increasing in
p∈ [1,+∞).

By (B.10) and (B.11), we have, for any z ∈ (t, t+ ε],

|Et[Y ε(z)]| ≤
∣∣∣∣Et [∫ z

t

r(s)Y ε(s)ds

]∣∣∣∣+ ∣∣∣∣Et [∫ z

t

b(s)>
(
a(s,Xπε1(s))−a(t, x)

)
ds

]∣∣∣∣
≤K

∫ z

t

|Et[Y ε(s)]|ds+K

(
L

∫ t+ε

t

∣∣∣Xπε1(s)−x
∣∣∣ds+

∫ t+ε

t

δt,sds

)
.

Then, (B.9) and Gronwall’s inequality yield that limε↓0 Et[Y ε(t+ ε)/ε] = 0.
Because π̂(s, y) = u(s)y+ v(s), we have

dY ε(s) =
(
r(s) + b(s)>u(s)

)
Y ε(s)ds+Y ε(s)u(s)>σ(s)dW (s), s∈ [t+ ε,T ], (B.13)

which implies

Y ε(T ) = Y ε(t+ ε)Zt+ε,T , Zt+ε,T := e
∫ T
t+ε(r(s)+b(s)

>u(s)− 1
2‖σ(s)>u(s)‖2)ds+

∫ T
t+ε u(s)>σ(s)dW (s).

Because r, b, and σ are bounded and because u is square-integrable, for any p ≥ 1, Et[Zpt+ε,T ] is
bounded uniformly in ε∈ [0, ε̄]. In addition, Zt+ε,T is independent of Y ε(t+ ε). Consequently,

limsup
ε↓0

|Et[Y ε(T )/ε]|= lim sup
ε↓0

(
|Et[Y ε(t+ ε)/ε]| ·Et[Zt+ε,T ]

)
= 0.
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Moreover, for any p≥ 1,

limsup
ε↓0

Et[(|Y ε(T )|/
√
ε)p] = limsup

ε↓0

(
Et[(|Y ε(t+ ε)|/

√
ε)p] ·Et[Zpt+ε,T ]

)
= 0.

Next, define X π̂ by the following dynamics:

dX π̂(s) = r(s)X π̂(s)ds+ b(s)>π̂(s,X π̂(s))ds+ π̂(s,X π̂(s))>σ(s)dW (s).

A standard argument of Feynman-Kac type shows that

Es
[
Zs,TX

π̂(T )
]

= h(s)X π̂(s) + g(s), s∈ [t, T ],

where h and g are two deterministic functions satisfying the following equations:{
h′(s) +

[
2
(
r(s) + b(s)>u(s)

)
+u(s)>σ(s)σ(s)>u(s)

]
h(s) = 0, h(T ) = 1,

g′(s) +
(
r(s) + b(s)>v(s)

)
g(s) +

(
b(s)>v(s) +u(s)>σ(s)σ(s)>v(s)

)
h(s) = 0, g(T ) = 0.

Because π̂(s, y) =πεi (s, y) for s∈ [t+ε,T ), we have Et+ε
[
Zt+ε,TX

πεi (T )
]

= h(t+ε)Xπεi (t+ε)+g(t+
ε). As a result,

Et
[
Y ε(T )Xπεi (T )

]
=Et

[
Et+ε

[
Y ε(t+ ε)Zt+ε,TX

πεi (T )
]]

= h(t+ ε)Et
[
Y ε(t+ ε)Xπεi (t+ ε)

]
+ g(t+ ε)Et [Y ε(t+ ε)]

= h(t+ ε)Et
[
Y ε(t+ ε)

(
Xπεi (t+ ε)−x

)]
+
(
g(t+ ε) +xh(t+ ε)

)
Et [Y ε(t+ ε)] . (B.14)

We have∣∣∣Et [Y ε(t+ ε)
(
Xπεi (t+ ε)−x

)
/ε
]∣∣∣≤ (Et [(Y ε(t+ ε)/

√
ε
)2
])1/2

(
Et
[((

Xπεi (t+ ε)−x
)
/
√
ε
)2
])1/2

,

which implies limε↓0 Et
[
Y ε(t+ ε)

(
Xπεi (t+ ε)−x

)
/ε
]

= 0 due to the bound (B.9) and the limit
limε↓0 Et[(|Y ε(t + ε)|/

√
ε)2] = 0 that we already proved. Consequently, because limε↓0 Et[Y ε(t +

ε)/ε] = 0 and because h(s) and g(s) are continuous in s ∈ [t, T ], we conclude from (B.14) that
limε↓0 Et

[
Y ε(T )Xπεi (T )/ε

]
= 0.

Finally, because limε↓0 Et[Y ε(T )/ε] = limε↓0 Et[(Y ε(T )/
√
ε)2] = 0, we immediately conclude that

limε↓0
(
vart(Y

ε(T ))/ε
)

= 0. Because limε↓0 Et
[
Y ε(T )Xπεi (T )/ε

]
= 0, limε↓0 Et[Y ε(T )/ε] = 0, and

Et
[
Xπεi (T )

]
is uniformly bounded in ε, we conclude that limε↓0

(
covt(Y

ε(T ),Xπεi (T ))/ε
)

= 0 �

Appendix C: Proofs
Proof of Proposition 1. Denote by Z(t), t∈ [0, T ] the right-continuous version of the martingale

Et[Xπ(T )], t ∈ [0, T ]. By the martingale representation theorem, Z(t) is continuous in t. Because
π is a feasible strategy, we have Z(t) = Et[Xπ(T )] ≥ L(t,Xπ(t)). Sending t to T and using the
continuity of Z(t) in t, we obtain Xπ(T ) = Z(T ) ≥ L(T,Xπ(T )) ≥ Xπ(T ). The above, together
with continuity of L(T,x) in x, implies that L(T,x) = x for any x in the support of Xπ(T ). �

Proof of Theorem 1. (i) The case when L is given by (2.7).
We first consider any feasible strategy π̂ such that π̂(t, x) = xû(t) for any t ∈ [0, T ) and x ∈R,

where û is right-continuous and square-integrable in t∈ [0, T ), and derive a sufficient and necessary
condition for this strategy to be an equilibrium one. For fixed t∈ (0, T ], if û(s) = 0 for all s∈ [0, t),
we have X π̂(t) = x0e

∫ t
0 r(s)ds > 0. If there exists s ∈ [0, t), such that û(s) 6= 0, then from the right-

continuity of û and x0 > 0, one can see that the set of reachable states Xt under strategy π̂ is
given by (0,+∞). Consequently, for any t∈ [0, T ), Xt is contained in (0,+∞) and has at least one
positive element.
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Now, we fix any t∈ [0, T ) and x∈Xt, then x> 0. Consider any π ∈Rm, ε∈ (0, T − t), and πt,ε,π
as defined in (2.4). Define

π′t,ε,π(s, y) :=

{
(π/x)y, s∈ [t, t+ ε), y ∈R,
π̂(s, y), s /∈ [t, t+ ε), y ∈R.

(C.1)

Note that π′t,ε,π(s, y) is proportional to y. Then, defining ut,ε,π(s) =π′t,ε,π(s, y)/y, s∈ [t, T ), we have

Xπ′t,ε,π(T ) = xe
∫ T
t (r(s)+b(s)>ut,ε,π(s)− 1

2‖σ(s)>ut,ε,π(s)‖2)ds+
∫ T
t ut,ε,π(s)>σ(s)dW (s). (C.2)

Straightforward calculation yields

Et[Xπ′t,ε,π(T )] = xe
∫ T
t (r(s)+b(s)>û(s))dse

∫ t+ε
t (b(s)>π/x−b(s)>û(s))ds, (C.3)

vart[X
π′t,ε,π(T )] = x2e2

∫ T
t (r(s)+b(s)>û(s))dse2

∫ t+ε
t (b(s)>π/x−b(s)>û(s))ds

×
[
e
∫ t+ε
t

[
‖σ(s)>π/x‖2−‖σ(s)>û(s)‖2

]
dse

∫ T
t ‖σ(s)>û(s)‖2ds− 1

]
. (C.4)

With the help of Lemma 3, we conclude that

lim
ε↓0

Et [Xπt,ε,π(T )]−Et
[
X π̂(T )

]
ε

= lim
ε↓0

Et
[
Xπ′t,ε,π(T )

]
−Et

[
X π̂(T )

]
ε

, (C.5)

lim
ε↓0

vart (X
πt,ε,π(T ))− vart

(
X π̂(T )

)
ε

= lim
ε↓0

vart

(
Xπ′t,ε,π(T )

)
− vart

(
X π̂(T )

)
ε

. (C.6)

Consequently, combining (C.5) with (C.3) and combining (C.6) with (C.4), we have

lim
ε↓0

Et [Xπt,ε,π(T )]−Et
[
X π̂(T )

]
ε

= xe
∫ T
t (r(s)+b(s)>û(s))ds

(
b(t)>π/x− b(t)>û(t)

)
, (C.7)

lim
ε↓0

vart (X
πt,ε,π(T ))− vart

(
X π̂(T )

)
ε

= 2x2e2
∫ T
t (r(s)+b(s)>û(s))dse

∫ T
t ‖σ(s)>û(s)‖2ds

×
[

1

2

(
‖σ(t)>π/x‖2−‖σ(t)>û(t)‖2

)
+
(

1− e−
∫ T
t ‖σ(s)>û(s)‖2ds

)(
b(t)>π/x− b(t)>û(t)

)]
. (C.8)

Because Et[X π̂(T )] = xe
∫ T
t (r(s)+b(s)>û(s))ds and because x> 0, the feasibility of π̂ implies that∫ T

t

b(s)>û(s)ds≥
∫ T

t

ψ(s)ds, t∈ [0, T ). (C.9)

As a result, one can see from (C.3), (C.5), and (C.7) that a sufficient condition for π ∈Ππ̂
t,x with

π 6= π̂(t, x) is the following:{
π 6= π̂(t, x), Qπ≥ 0, if

∫ T
t
b(s)>û(s)ds >

∫ T
t
ψ(s)ds,

π 6= π̂(t, x), Qπ≥ 0, b(t)>π/x> b(t)>û(t), if
∫ T
t
b(s)>û(s)ds=

∫ T
t
ψ(s)ds.

(C.10)

Similarly, a necessary condition for π ∈Ππ̂
t,x with π 6= π̂(t, x) is the following:{

π 6= π̂(t, x), Qπ≥ 0, if
∫ T
t
b(s)>û(s)ds >

∫ T
t
ψ(s)ds,

π 6= π̂(t, x), Qπ≥ 0, b(t)>π/x≥ b(t)>û(t), if
∫ T
t
b(s)>û(s)ds=

∫ T
t
ψ(s)ds.

(C.11)
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On the other hand, we observe from (C.8) that a sufficient condition for (2.5) to hold for some
ε0 ∈ (0, T − t) is that

1

2

(
‖σ(t)>π/x||2− ||σ(t)>û(t)‖2

)
+ϕ(t; û)

(
b(t)>π/x− b(t)>û(t)

)
> 0, (C.12)

where ϕ(t; û) := 1− e−
∫ T
t ‖σ(s)>û(s)‖2ds ∈ [0,1). Similarly, a necessary condition for (2.5) to hold for

some ε0 ∈ (0, T − t) is that

1

2

(
‖σ(t)>π/x||2− ||σ(t)>û(t)‖2

)
+ϕ(t; û)

(
b(t)>π/x− b(t)>û(t)

)
≥ 0. (C.13)

We claim that a sufficient and necessary condition for π̂ to be an equilibrium strategy is the
following: For each t∈ [0, T ), û(t) is the optimal solution to

min
u∈Rm

1
2
u>σ(t)σ(t)>u+ϕ(t; û) (b(t)>u− b(t)>û(t)) ,

subject to
(
b(t)>u− b(t)>û(t)

)
1∫ T

t b(s)>û(s)ds=
∫ T
t ψ(s)ds ≥ 0,

Qu≥ 0.

(C.14)

We prove the sufficiency first. Suppose that each t ∈ [0, T ), û(t) is the optimal solution to (C.14).
Because the objective function of problem (C.14) is strictly convex, its optimal solution must be
unique. As a result, (C.12) holds for any x > 0 and π that satisfies (C.11). This implies that for
any t ∈ [0, T ), x ∈Xt, and π ∈Ππ̂

t,x with π 6= π̂(t, x), (2.5) holds for certain ε0 ∈ (0, T ), i.e., that π̂
is an equilibrium strategy.

We then prove the necessity. Suppose π̂ is an equilibrium strategy. Recall that for each fixed
t ∈ [0, T ) and x ∈ Xt, a necessary condition for (2.5) to hold for certain ε0 ∈ (0, T ) is that (C.13)
holds and a sufficient condition for π ∈Ππ̂

t,x with π 6= π̂(t, x) is that (C.10) holds. As a result, we have
f(t, û(t))≤ f(t, π/x) for any π that satisfies (C.10), where f(t, u) denotes the objective function in
(C.14). Thus, to complete the proof of the necessity, we only need to show that for any t ∈ [0, T )

with
∫ T
t
b(s)>û(s)ds =

∫ T
t
ψ(s)ds and any u∗ such that b(t)>u∗ = b(t)>û(t), f(t, û(t)) ≤ f(t, u∗).

By Assumption 2, there exists v ∈ Rm such that b(t)>v > b(t)>û(t) and Qv ≥ 0. Then, for any
λ∈ (0,1), uλ := λv+ (1−λ)u∗ satisfies b(t)>uλ > b(t)

>û(t) (which implies uλ 6= û(t)) and Quλ ≥ 0.
Because f(t, û(t))≤ f(t, π/x) for any π that satisfies (C.10), we conclude that f(t, û(t))≤ f(t, uλ).
Sending λ to 0, we immediately conclude f(t, û(t))≤ f(t, u∗).

Next, we prove that π̂ as defined in (2.11) is an equilibrium strategy. This follows immediately

from the above sufficient and necessary condition, from the equality
∫ T
t
b(s)>û(s)ds=

∫ T
t
ψ(s)ds

for any t∈ [0, T ), and from Lemma 2-(ii).
Finally, we prove that any equilibrium strategy π̂ such that π̂(t, x)/x is independent of x ∈ R

and right-continuous, square-integrable in t∈ [0, T ) must be given by (2.11). Indeed, consider any
such strategy π̂ and recall that û(t) := π̂(t,1), t ∈ [0, T ). We first prove that b(t)>û(t) = ψ(t) for
all t ∈ [0, T ). For the sake of contradiction, suppose it is not the case. Then, by (C.9), there must

exist t ∈ [0, T ) such that b(t)>û(t)> ψ(t). We also have
∫ T
t
b(s)>û(s)ds >

∫ T
t
ψ(s)ds for the same

t, because b(s)>û(s) > ψ(s) for s ∈ [t, t+ ε0] for some ε0 ∈ (0, T − t) by the right-continuity of b,
û, and ψ, and because (C.9) holds. Then, because π̂ is an equilibrium strategy, û(t) must be the
optimal solution to (C.14) and thus the optimal solution to (B.2) with Σ = σ(t)σ(t)>, b = b(t),
q= 0, and ϕ=ϕ(t; û). Because ϕ(t; û)≥ 0, we conclude from Lemma 2-(i) that b(t)>û(t)≤ 0, which
contradicts b(t)>û(t)>ψ(t) and Assumption 3.

We already showed that b(t)>û(t) = ψ(t) for all t ∈ [0, T ). Then, for any fixed t ∈ [0, T ), û(t) is
the optimal solution to (C.14) and thus the optimal solution to (B.3) with Σ = σ(t)σ(t)>, b= b(t),
d= ψ(t), q = 0, and ϕ= ϕ(t; û). Because ϕ(t; û)≥ 0, Lemma 2-(ii) shows that û(t) is the optimal
solution to (2.10), i.e., π̂ is given by (2.11).
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(ii) The case when L is given by (2.8).
Consider any feasible strategy π̂ that is independent of wealth level x and right-continuous,

square-integrable in time t ∈ [0, T ). Fix any t ∈ [0, T ) and x ∈ Xt and consider any π ∈ Rm, ε ∈
(0, T − t), and πt,ε,π as defined in (2.4). Then,

Xπt,ε,π(T ) = e
∫ T
t r(s)ds

{
x+

[∫ T

t+ε

e−
∫ s
t r(z)dzb(s)>π̂(s)ds+

∫ t+ε

t

e−
∫ s
t r(z)dzb(s)>πds

]
+

[∫ T

t+ε

e−
∫ s
t r(z)dzπ̂(s)>σ(s)dW (s) +

∫ t+ε

t

e−
∫ s
t r(z)dzπ>σ(s)dW (s)

]}
,

which leads to

Et [Xπt,ε,π(T )] = e
∫ T
t r(s)ds

{
x+

∫ T

t+ε

e−
∫ s
t r(z)dzb(s)>π̂(s)ds+

∫ t+ε

t

e−
∫ s
t r(z)dzb(s)>πds

}
, (C.15)

vart (X
πt,ε,π(T )) = e2

∫ T
t r(s)ds

{∫ T

t+ε

e−2
∫ s
t r(z)dz‖σ(s)>π̂(s)‖2ds+

∫ t+ε

t

e−2
∫ s
t r(z)dz‖σ(s)>π‖2ds

}
.

(C.16)

As a result,

lim
ε↓0

Et [Xπt,ε,π(T )]−Et
[
X π̂(T )

]
ε

= e
∫ T
t r(s)dsb(t)>

(
π− π̂(t)

)
,

lim
ε↓0

vart (X
πt,ε,π(T ))− vart

(
X π̂(T )

)
ε

= e2
∫ T
t r(s)ds

(
‖σ(t)>π‖2−‖σ(t)>π̂(t)‖2

)
.

Because π̂ is feasible, Et
[
X π̂(T )

]
hits the target L(t, x) at any time t ∈ [0, T ) and any x ∈ Xt,

which is equivalent to the following conditions:

H(t; π̂) := e
∫ T
t r(s)ds

∫ T

t

e−
∫ s
t r(z)dzb(s)>π̂(s)ds−

(
e
∫ T
t ψ(s)ds− 1

)
/γ ≥ 0, t∈ [0, T ). (C.17)

Straightforward calculation yields

H(T ; π̂) = 0, Ht(t; π̂) :=
∂

∂t
H(t; π̂) =−e

∫ T
t r(s)dsb(t)>π̂(t) +ψ(t)e

∫ T
t ψ(s)ds/γ.

Then, the same proof as the one of case (i) in this theorem implies that π̂ is an equilibrium strategy
if and only if for any t∈ [0, T ), π̂(t) is the optimal solution to

min
π∈Rm

1
2
π>σ(t)σ(t)>π

subject to
(
b(t)>π− b(t)>π̂(t)

)
1H(t;π̂)=0 ≥ 0, Qπ≥ 0.

(C.18)

Next, we prove that π̂ as defined in (2.12) is an equilibrium strategy. Note that π̂(t) is square-
integrable in t due to Assumptions 1, 3, and 4. In addition, for this π̂, we have H(t; π̂) = 0, t∈ [0, T ),
so it is feasible. Moreover, because v∗(t) is the optimal solution to (2.10), we immediately conclude
that π̂(t) is the optimal solution to (C.18). Consequently, π̂ is an equilibrium strategy.

Finally, we prove that any equilibrium strategy that is independent of the agent’s wealth level x
and right-continuous, square-integrable in time t must be the one given by (2.12). Indeed, consider
any such strategy π̂. We first prove that Ht(t; π̂) = 0 for all t∈ [0, T ). For the sake of contradiction,
suppose it is not the case. Then, by (C.17) and the observation H(T ; π̂) = 0, there must exist
t∈ [0, T ) such that Ht(t; π̂)< 0. We also have H(t; π̂)> 0 for the same t, because Ht(s; π̂)< 0 for
s ∈ [t, t+ ε0] for some ε0 ∈ (0, T − t) by the right-continuity of π̂, b, ψ, and r, and because (C.17)
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holds. Then, because π̂ is an equilibrium strategy, it must be the optimal solution to (C.18) and
thus the optimal solution to (B.2) with Σ = σ(t)σ(t)>, b= b(t), q= 0, and ϕ= 0. Then, we conclude
from Lemma 2-(i) that b(t)>π̂(t)≤ 0, which contradicts Ht(t; π̂)< 0 because ψ is nonnegative.

We already showed that Ht(t; π̂) = 0 for all t ∈ [0, T ), i.e., b(t)>π̂(t) = ψ(t)e
∫ T
t (ψ(s)−r(s))ds/γ for

all t ∈ [0, T ). Consequently, H(t; π̂) = 0 and thus π̂(t) is the optimal solution to (B.3) with Σ =

σ(t)σ(t)>, b= b(t), q = 0, ϕ= 0, and d= b(t)>π̂(t) = ψ(t)e
∫ T
t (ψ(s)−r(s))ds/γ for any t ∈ [0, T ). As a

result, π̂ must be given by (2.12).

(iii) The case when L is given by (2.9).
Consider any feasible strategy π̂ such that π̂(t, x) = v̂(t)(x∗(t)−x) for any t∈ [0, T ) and x∈R,

where v̂ is right-continuous and square-integrable in t∈ [0, T ). Then, we have

d
(
x∗(t)−X π̂(t)

)
=
(
x∗(t)−X π̂(t)

) [(
r(t)− b(t)>v̂(t)

)
dt− v̂(t)>σ(t)dW (t)

]
.

Therefore, Xt ⊆ (−∞, x∗(t)) and contains at least one element x such that x< x∗(t).
Fix any t ∈ [0, T ) and x ∈ Xt with x < x∗(t). Consider any π ∈ Rm, ε ∈ (0, T − t), and πt,ε,π as

defined in (2.4). Define

π′t,ε,π(s, y) :=

{(
π/(x∗(t)−x)

)
(x∗(s)− y), s∈ [t, t+ ε), y ∈R,

π̂(s, y), s∈ [t+ ε,T ), y ∈R
(C.19)

and denote the corresponding wealth process as Xπ′t,ε,π . Then, Lemma 3 shows that the derivatives
of the mean and variance of Xπt,ε,π(T ) with respect to ε are the same as those of Xπ′t,ε,π(T )
at ε = 0. On the other hand, denote v := π/(x∗(t) − x) and y := x∗(t) − x. Define Y π′t,ε,π(s) :=
x∗(s)−Xπ′t,ε,π(s), Y π̂(s) := x∗(s)−X π̂(s), vt,ε,π(s) :=−v1s∈[t,t+ε)− v̂(s)1s∈[t+ε,T ), s∈ [t, T ]. Then,

Y π′t,ε,π(T ) = ye
∫ T
t (r(s)+b(s)>vt,ε,π(s)− 1

2‖σ(s)>vt,ε,π(s)‖2)ds+
∫ T
t vt,ε,π(s)>σ(s)dW (s). (C.20)

Similar to the proof of case (i) in this theorem, and recalling (C.7) and (C.8), we conclude

lim
ε↓0

Et [Xπt,ε,π(T )]−Et
[
X π̂(T )

]
ε

=− lim
ε↓0

Et
[
Y π′t,ε,π(T )

]
−Et

[
Y π̂(T )

]
ε

=(x∗(t)−x)e
∫ T
t (r(s)−b(s)>v̂(s))ds(b(t)>v− b(t)>v̂(t)),

lim
ε↓0

vart (X
πt,ε,π(T ))− vart

(
X π̂(T )

)
ε

= lim
ε↓0

vart

(
Y π′t,ε,π(T )

)
− vart

(
Y π̂(T )

)
ε

,

=2(x∗(t)−x)2e2
∫ T
t (r(s)−b(s)>v̂(s))dse

∫ T
t ‖σ(s)>v̂(s)‖2ds

[
1

2

(
‖σ(s)>v‖2−‖σ(s)>v̂(s)‖2

)
−
(

1− e−
∫ T
t ‖σ(s)>v̂(s)‖2ds

)(
b(t)>v− b(t)>v̂(t)

)]
.

On the other hand, because π̂ is feasible, Et
[
X π̂(T )

]
hits the target L(t, x) at any time t∈ [0, T )

and any x∈Xt, which is equivalent to the following conditions:

H̄(t; v̂) :=

∫ T

t

b(s)>v̂(s)ds−
∫ T

t

ψ(s)ds≥ 0, t∈ [0, T ). (C.21)

Straightforward calculation yields

H̄(T ; v̂) = 0, H̄t(t; v̂) :=
∂

∂t
H̄t(t; v̂) =ψ(t)− b(t)>v̂(t).
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As a result, the same argument as the one in the proof of case (i) in this theorem yields that a suf-
ficient and necessary condition for a feasible strategy π̂(t, x) = v̂(t)(x∗(t)−x) to be an equilibrium
one is the following: For each t∈ [0, T ), v̂(t) is the optimal solution to

min
v∈Rm

1
2
v>σ(t)σ(t)>v+ϕ(t; π̂)b(t)>v

subject to
(
b(t)>v− b(t)>v̂(t)

)
1H̄(t;π̂)=0 ≥ 0, Qv≥ 0,

(C.22)

where

ϕ(t; π̂) :=−
(

1− e−
∫ T
t ‖σ(s)>v̂(s)‖2ds

)
∈ (−1,0]. (C.23)

Now, suppose π̂ is given by (2.14), i.e., v̂(t) is the optimal solution to (2.10) for any t ∈ [0, T ).
Then, H̄(t; v̂) = 0 for any t ∈ [0, T ). Consequently, we conclude from Lemma 2-(ii) and from con-
dition (2.13) that v̂(t) is the optimal solution to (C.22) for any t∈ [0, T ); i.e., π̂ is an equilibrium
strategy.

Finally, suppose π̂(t, x) = v̂(t)(x∗(t)− x) is an equilibrium strategy, which implies that v̂(t) is
the optimal solution to (C.22) for any t ∈ [0, T ), and we prove that v̂(t) = v∗(t) for all t ∈ [0, T ).
For the sake of contradiction, suppose it is not the case. Denote

t∗ = inf{t∈ [0, T ) | v̂(s) = v∗(s) ∀s∈ [t, T )},
t∗b = inf{t∈ [0, T ) | b(s)>v̂(s) = b(s)>v∗(s) ∀s∈ [t, T )}

with inf ∅ := T . Because v̂(t) 6= v∗(t) for some t∈ [0, T ), we must have t∗ > 0.
We claim that t∗ = t∗b . It is clear that t∗b ≤ t∗, so for the sake of contradiction, suppose t∗b < t∗.

By definition, for any t > t∗b , b(t)
>v̂(t) = b(t)>v∗(t) =ψ(t) and thus H(t; v̂) = 0; consequently, v̂(t)

must the optimal solution to

min
v∈Rm

1
2
v>σ(t)σ(t)>v+ϕ(t; π̂)b(t)>v

subject to b(t)>v≥ b(t)>v̂(t) =ψ(t), Qv≥ 0.
(C.24)

From the definition of t∗, we conclude that for any t∈ (t∗b , t
∗),

ϕ(t; π̂) =−
(

1− e−
∫ T
t ‖σ(s)>v̂(s)‖2ds

)
=−

(
1− e−

∫ t∗
t ‖σ(s)>v̂(s)‖2dse−

∫ T
t∗ ‖σ(s)>v∗(s)‖2ds

)
.

Condition (2.15) yields that ψ(t)

ρ(t)
−
(

1− e−
∫ T
t ‖σ(s)>v∗(s)‖2ds

)
≥ δ0 > 0. By the continuity of

indefinite integrals, there exists ε0 ∈ (0, t∗) such that for any t ∈ (t∗ − ε0, t
∗),

∣∣ϕ(t; π̂) +(
1− e−

∫ T
t ‖σ(s)>v∗(s)‖2ds

)∣∣≤ δ0
2

and thus ψ(t)

ρ(t)
+ϕ(t; π̂)≥ δ0

2
> 0,∀t∈ (t∗b ∨ (t∗−ε0), t∗). Consequently,

we conclude from Lemma 2-(ii) that v̂(t), which is the optimal solution to (C.24), must be equal
to v∗(t) for any t∈ (t∗b ∨ (t∗− ε0), t∗). This contradicts the definition of t∗, so we must have t∗ = t∗b .

Now, the definition of t∗ implies that H̄t(t; v̂) = H̄(t; v̂) = 0 for any t ∈ (t∗, T ). Because t∗ = t∗b ,
the definition of t∗b and (C.21) imply that for any ε ∈ (0, t∗), there exists tε ∈ (t∗ − ε, t∗) such
that H̄t(tε; v̂) = ψ(tε)− b(tε)>v̂(tε) = b(tε)

>v∗(tε)− b(tε)>v̂(tε) < 0 and, consequently, by (C.21),
H̄(tε; v̂)> 0. As a result, v̂(tε), which is the optimal solution to (C.22) with t= tε, must solve

min
v∈Rm

1
2
v>σ(tε)σ(tε)

>v+ϕ(tε; π̂)b(tε)
>v

subject to Qv≥ 0.
(C.25)

Then, Lemma 2-(i) yields that

b(tε)
>v̂(tε)≤max

(
−ϕ(tε; π̂),0

)
ρ(tε) =−ϕ(tε; π̂)ρ(tε). (C.26)
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Because ε ∈ (0, t∗) is arbitrary, we can choose a sufficiently small ε > 0 such that for any t ∈ (t∗−
ε, t∗),

∣∣ϕ(t; π̂)+
(

1− e−
∫ T
t ‖σ(s)>v∗(s)‖2ds

)∣∣≤ δ0
2

and thus ψ(t)

ρ(t)
+ϕ(t; π̂)≥ δ0

2
> 0. In combination with

(C.26), we conclude that b(tε)
>v̂(tε)≤ψ(tε), which contradicts H̄t(tε; v̂) =ψ(tε)− b(tε)>v̂(tε)< 0.

Thus, we have t∗ = 0; i.e., v̂(t) = v∗(t) for any t∈ [0, T ). �
Proof of Proposition 2. For the sake of contradiction, suppose π̂ is an equilibrium strategy.

Because (2.13) does not hold, there exists t ∈ [0, T ) such that e−
∫ T
t ‖σ(s)>v∗(s)‖2ds < 1− ψ(t)

ρ(t)
, which

leads to ϕ(t; π̂) < −ψ(t)/ρ(t), where ϕ is defined by (C.23). Note that the proof of Theorem 1-

(iii) shows that v∗(t) is the optimal solution to (C.22) with Q = 0. On the other hand, because

v∗(t) is the optimal solution to (2.10) with Q = 0, we have b(s)>v∗(s) = ψ(s), s ∈ [0, T ). Conse-

quently, (C.21) implies that H̄(t; π̂) = 0, so v∗(t) must be the optimal solution to (C.24) with

Q = 0. Now, consider the minimization of 1
2
v>σ(t)σ(t)>v + ϕ(t; π̂)b(t)>v in v, and straightfor-

ward calculation yields that the minimizer is v̄(t) :=−(σ(t)σ(t))−1b(t)ϕ(t; π̂). It is easy to see that

b(t)>v̄(t) = −ρ(t)ϕ(t; π̂) > ψ(t), showing that v̄(t) is the optimal solution to (C.24) with Q = 0.

In other words, v∗(t) = v̄(t) and thus b(t)>v∗(t) > ψ(t). On the other hand, because v∗(t) is the

optimal solution to (2.10) with Q = 0, we must have b(t)>v∗(t) = ψ(t), which is a contradiction.

Thus, π̂ cannot be an equilibrium strategy. �

Appendix D: Generalization of Portfolio Constraints for the First Target In this

section, assuming that L is given by (2.7), we consider the following problem
min
π

vart(X
π(T ))

subject to dXπ(s) =
[
r(s)Xπ(s) + b(s)>π(s,Xπ(s))

]
ds

+π(s,Xπ(s))>σ(s)dW (s), s∈ [t, T ), Xπ(t) = xt,
Et[Xπ(T )]≥L(t, xt),
Qπ(s,Xπ(s))≥ qXπ(s), s∈ [t, T )

(D.1)

that generalizes (2.3) by introducing a more general constraint on portfolios: Qπ(s,Xπ(s)) ≥
qXπ(s). Here, q is an n-dimensional column vector and we assume that q ≤ 0 so that π(t) = 0, t∈
[0, T ), which stands for the strategy of always investing all money in the risk-free asset, meets

the portfolio constraint. This constraint can accommodate many commonly observed portfolio

constraints in the market, such as the no-shorting and the no-borrowing constraints.

Assumption 6.
∫ T

0
‖u∗(t)‖2dt <+∞, where u∗(t) is the optimal solution to (B.1).

Theorem 4. Suppose that L is given by (2.7) and Assumptions 1, 3, 5, and 6 hold. Then,

π̂(t, x) = xu∗(t), t∈ [0, T ), x∈R, (D.2)

where u∗(t) is the optimal solution to (B.1), is an equilibrium strategy for problem (D.1). Moreover,

any equilibrium strategy π̂ such that π̂(t, x)/x is independent of x∈R and right-continuous, square-

integrable in t∈ [0, T ) must be given by (D.2).

Proof. The proof is the same as that for case (i) of Theorem 1. �

Appendix E: Different Notions of Equilibrium Strategies In the following, we present

two alternative definitions of equilibrium strategies for our problem and examine whether they

affect the main results.
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E.1. Strong Equilibrium
Definition 2. A feasible feedback strategy π̂ for problem (2.3) is an equilibrium strategy of

the agent if for any t∈ [0, T ), x∈Xt, and π ∈Ππ̂
t,x, there exists ε0 ∈ (0, T − t), such that (2.5) holds.

In the above definition, the portfolio π that the time t-self of the agent can implement in an
infinitesimally period can be π̂(t, x), while such possibility is excluded in Definition 1 in the main
text. Following Huang and Zhou [29] and He and Jiang [25], Definition 2 is referred to as strong
equilibria and Definition 1 is referred to as regular equilibria. In the following, we examine whether
the strategy we derived in the main text is a strong equilibrium. As the following two propositions
show, whether the answer is affirmative depends on which target for the expected terminal wealth
is used. This is consistent with the finding in He and Jiang [25] that strong equilibrium strategies
do not exist in general.

A function g defined on an interval I is non-oscillating at t ∈ I if there exists εt > 0 such that
either g(s)< g(t),∀s∈ (t, t+ εt)∩ I, or g(s)> g(t),∀s∈ (t, t+ εt), or g(s) = g(t),∀s∈ (t, t+ εt).

Proposition 5. Consider problem (2.3) with expected terminal wealth target (2.8) and recall
π̂(t) as defined in (2.12). For each t ∈ [0, T ), define g(s) := b(s)>π̂(t)− b(s)>π̂(s), s ∈ [t, T ) and
assume g to be non-oscillating at t. Then, Theorem 1-(ii) still holds when the notion of equilibrium
strategies is given by Definition 2.

Proof. It is obvious that the uniqueness of equilibrium strategies under Definition 1 implies the
uniqueness of equilibrium strategies under Definition 2, so we only need to prove that π̂ as defined
by (2.12) is an equilibrium strategy under Definition 2. To this end, we only need to prove that for
any t∈ [0, T ) and wealth level x∈R such that

Et [Xπt,ε,π̂(t)(T )]≥ 1

γ
(e

∫ T
t ψ(s)ds− 1) +xe

∫ T
t r(s)ds, ∀ε∈ (0, ε1] (E.1)

for certain ε1 > 0, there exists ε0 ∈ (0, ε1] such that vart(X
πt,ε,π̂(t)(T ))−vart(X

π̂(T ))≥ 0,∀ε∈ (0, ε0].

By (C.15) and the observation that b(s)>π̂(s) = 1
γ
e
∫ T
s (ψ(z)−r(z))dzb(s)>v∗(s) = ψ(s)

γ
e
∫ T
s (ψ(z)−r(z))dz

for any s∈ [0, T ), straightforward calculation yields that (E.1) is equivalent to∫ t+ε

t

e−
∫ s
t r(z)dzb(s)>(π̂(t)− π̂(s))ds≥ 0, ∀ε∈ (0, ε1]. (E.2)

Because g(s) = b(s)>(π̂(t)− π̂(s)), s ∈ [t, T ) is non-oscillating at s= t, (E.2) holds for some ε1 > 0
if and only if there exists ε2 > 0 such that b(s)>π̂(t) ≥ b(s)>π̂(s),∀s ∈ (t, t+ ε2]. Without loss of
generality, we set ε2 = ε1 in the following.

Now, for any s ∈ (t, t + ε1], because b(s)>π̂(t) ≥ b(s)>π̂(s) = ψ(s)

γ
e
∫ T
s (ψ(z)−r(z))dz,

π̂(t)γe−
∫ T
s (ψ(z)−r(z))dz is feasible to problem (2.10) with t replaced by s. Consequently, we have

‖σ(s)>π̂(t)γe−
∫ T
s (ψ(z)−r(z))dz‖2 ≥ ‖σ(s)>v∗(s)‖2 and then ‖σ(s)>π̂(t)‖2 ≥ ‖σ(s)>π̂(s)‖2,∀s ∈ (t, t+

ε1]. Then, we immediately conclude from (C.16) that vart(X
πt,ε,π̂(t)(T ))− vart(X

π̂(T )) ≥ 0,∀ε ∈
(0, ε1]. �

Proposition 6. Consider problem (2.3). Suppose that Assumption 1 holds, that r, b, and σ
are constants, and that r > 0. Suppose that L is given by (2.7) with ψ(s) = ψ0e

−rs/
(
1 + ψ0(1−

e−rs)/r
)
, s∈ [0, T ] for some constant ψ0 > 0, and that there are no portfolio constraints, i.e,. Q= 0.

Then, π̂ as given by (2.11) is not an equilibrium strategy under Definition 2.

Proof. Because Q= 0, we have v∗(t) = ψ(t)(σσ>)−1b/ρ, t ∈ [0, T ). Recalling (2.4), direct calcu-
lation shows that for any t∈ [0, T ), x∈Xt, π ∈Rm, and ε∈ [0, T − t), we have

Xπt,ε,π(T ) = erε
{
x+

[∫ t+ε

t

e−r(s−t)b>πds

]
+

[∫ t+ε

t

e−r(s−t)π>σdW (s)

]}
× e

∫ T
t+ε(r+b

>v∗(s)− 1
2‖σ
>v∗(s)‖2)ds+

∫ T
t+ε v

∗(s)>σdW (s) (E.3)
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and for π ∈ {πt,ε,π, π̂},

Et[Xπ(T )] =Et [Xπ(t+ ε)]Et [Zt+ε,T ] , (E.4)

vart(X
π(T )) =Et+ε

[
(Zt+ε,T )2

]
vart (X

π(t+ ε)) + vart+ε (Zt+ε,T ) (Et [Xπ(t+ ε)])
2
, (E.5)

where Zt+ε,T := e
∫ T
t+ε(r+b

>v∗(s)− 1
2‖σ
>v∗(s)‖2)ds+

∫ T
t+ε v

∗(s)>σdW (s).
Now, consider time 0 and π = π̂(0, x0) = x0ψ0(σσ>)−1b/ρ. Direct calculation yields that for

any ε∈ [0, T ), E [Xπ0,ε,π(ε)] = erε
(
x0 +

∫ ε
0
e−rsb>πds

)
=E

[
X π̂(ε)

]
, where the second equality is the

case due to our specific choice of ψ. The above, together with (E.4), implies that E [Xπ0,ε,π(T )] =
E
[
X π̂(T )

]
. Consequently, π ∈Ππ̂

0,x0
. In addition, for any ε∈ [0, T ), we have

var (Xπ0,ε,π(ε)) = x2
0

ψ2
0

2rρ

(
e2rε− 1

)
, var

(
X π̂(ε)

)
= x2

0e
2
∫ ε
0 [r+ψ(s)]ds

(
e
∫ ε
0 ψ(s)2/ρds− 1

)
.

Defining f(ε) := e−2rε
[
var
(
X π̂(ε)

)
− var (Xπ0,ε,π(ε))

]
/x2

0, ε∈ [0, T ). Then, we have f(0) = 0 and

f ′(ε) =
(
e
∫ ε
0 ψ(s)2/ρds− 1

)(
2ψ(ε)e2

∫ ε
0 ψ(s)ds +

ψ2
0

ρ
e−2rε

)
> 0, ε∈ (0, T ).

As a result, for all ε ∈ (0, T ), we have var
(
X π̂(ε)

)
− var (Xπ0,ε,π(ε)) > 0. Plugging the above

inequality into (E.5) and recalling that E [Xπ0,ε,π(ε)] =E
[
X π̂(ε)

]
, we conclude that var

(
X π̂(T )

)
−

var (Xπ0,ε,π(T ))> 0. Thus, (2.5) does not hold for t= 0 and π = π̂(0, x0) ∈Ππ̂
0,x0

, so π̂ as given by
(2.11) is not an equilibrium strategy under Definition 2. �

E.2. Nonconstant Alternative Portfolios For each t ∈ [0, T ), denote by Dt the set of
portfolio strategies a such that (i) ‖a(s, y)− a(s, y′)‖ ≤ L|y − y′|,∀y, y′ ∈ R, s ∈ [t, t+ ε̄] for some
ε̄∈ (0, T − t) and L> 0 and (ii) that lims↓t

(
a(s,x)−a(t, x)

)
= 0,∀x∈R. Given a feasible feedback

strategy π̂(t, x), (t, x) ∈ [0, T )×R for problem (2.3), for each t ∈ [0, T ), ε ∈ (0, T − t), and a ∈Dt,
denote

πt,ε,a(s, y) :=

{
a(s, y), s∈ [t, t+ ε), y ∈R,
π̂(s, y), s /∈ [t, t+ ε), y ∈R.

(E.6)

For each t∈ [0, T ) and x∈R, denote

Π̄π̂
t,x := {a∈Dt | there exists ε̄∈ (0, T − t) such that πt,ε,a is feasible , ∀ε∈ (0, ε̄]}.

Definition 3. Let π̂ be a feasible feedback strategy for problem (2.3). π̂ is an equilibrium
strategy of the agent if for any t ∈ [0, T ), x ∈ Xt, and a ∈ Π̄π̂

t,x with a(t, x) 6= π̂(t, x), there exists
ε0 ∈ (0, T − t) such that vart(X

πt,ε,a(T ))− vart(X
π̂(T ))≥ 0, ∀ε∈ (0, ε0].

Definition 3 differs from Definition 1 in that the alternative strategy a implemented by the
time-t self of the agent in an infinitesimally small time period can be a nonconstant. The following
proposition shows that the use of Definition 3 for the notion of equilibrium strategies does not
change the results in the present paper.

Proposition 7. Theorem 1 and Theorem 4 still hold if the notion of equilibrium strategies is
given by Definition 3.

Proof. We consider case (i) in Theorem 1 only, as the other cases can be treated similarly.
Because the notion of equilibrium strategies under Definition 3 allows for a larger class of alternative
strategies taken by the agent at certain time than those under Definition 1, the uniqueness result
in case (i) of Theorem 1 still holds. Thus, we only need to prove the existence.
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Consider strategy π̂ given by (2.11). Fix t ∈ [0, T ), and x ∈R. Consider any a ∈Dt and denote
π := a(t, x). Define πt,ε,π and πt,ε,a as in (2.4) and in (E.6), respectively. Then, Lemma 3 shows
that

lim
ε↓0

Et[Xπt,ε,a(T )]−Et[Xπt,ε,π(T )]

ε
= 0, lim

ε↓0

vart(X
πt,ε,a(T ))− vart(X

πt,ε,π(T ))

ε
= 0.

Consequently, the proof of case (i) in Theorem 1 yields that π̂ as defined in (2.11) is an equilibrium
strategy under Definition 3. �
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