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Why shallow networks struggle to approximate and learn high frequencies
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In this work, we present a comprehensive study combining mathematical and computational analysis
to explain why a two-layer neural network struggles to handle high frequencies in both approximation
and learning, especially when machine precision, numerical noise and computational cost are significant
factors in practice. Specifically, we investigate the following fundamental computational issues: (1) the
minimal numerical error achievable under finite precision, (2) the computational cost required to attain a
given accuracy and (3) the stability of the method with respect to perturbations. The core of our analysis
lies in the conditioning of the representation and its learning dynamics. Explicit answers to these questions
are provided, along with supporting numerical evidence.

Keywords: shallow neural networks; low-pass filter; Gram matrix; generalized Fourier analysis; Radon
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1. Introduction

Neural networks (NNs) are now widely used in machine learning, artificial intelligence and many other
areas as a parameterized representation with certain structures for approximating an input-to-output
relation, e.g. a function or map in mathematical terms. They have achieved notable successes in practice
but also encountered significant challenges. More importantly, many basic and practical questions are
still open. Extensive studies have been carried out to understand the properties of NNs and how they
work in different perspectives, such as universal approximation property, representation capacity and
optimization process (mostly based on gradient descent with different variations), often separately. For
example, it has been widely known that NNs can approximate any Lipschitz function with a small error.
The approximation theory has been extensively studied for various types of activation functions and
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diverse structures of networks [1, 10, 13, 19, 21, 29, 35, 40, 51-56, 60, 65, 66, 69]. Recently, there
are works [52, 66, 68] discussing the explicit constructions of the ‘optimal’ networks of multiple layers.
However, one daunting issue that has not been studied systematically in the past is whether such ‘optimal’
approximations can be possibly attained by training the networks and more importantly, what is the
approximation limit in terms of a finite machine precision, computation cost and the property of the
function being approximated? Hence, an effective algorithm needs to consider all these aspects to achieve
well-balanced accuracy, efficiency and stability. Due to the nonlinear nature of NN representations, this
is a challenging task.

In this work, instead of a mathematical study of approximation theory, which usually does not
consider the practical constraint of finite machine precision or the cost and stability of finding a
good solution, we study a few basic questions from a practice point of view for both approximation
and optimization for two-layer NNs. Our consideration includes both asymptotic/continuous and non-
asymptotic/discrete regimes in terms of network width:

* the minimal numerical error one can achieve given a finite machine precision;
* the computation time (cost) to achieve a certain accuracy for the training process and
» stability to perturbations, e.g. noise in the data or over-fitting.

Our study shows that, in practice, a shallow NN is essentially a ‘low-pass filter’ due to the ill-
conditioning of the representation which is explicitly characterized by the spectral decay of the Gram
matrix, composed of pairwise correlation of the parameterized activation functions and asymptotic
equivalence of the eigenmodes to the eigenfunctions of the Laplace operator (generalized Fourier modes)
in arbitrary dimensions. More specifically, ill-conditioning of the representation means smooth modes,
the number of which depends on the spectral decay rate of the Gram matrix and machine precision, can be
captured and stably used for approximation. Although the universal approximation property of two-layer
NNs is proved in theory, conditioning of the representation and the finite machine precision determine
the achievable numerical accuracy which may be far less than the machine precision in practice, for
example, when approximating functions with significant high-frequency components, such as functions
with rapid changes and/or fast oscillations. Moreover, the numerical accuracy can not be further improved
by increasing the amount of data or the network’s width after a certain threshold since the number of
eigenmodes that can be stably captured with a given machine precision does not increase. On the other
hand, the low pass filter nature leads to certain stability with respect to perturbations in the high modes,
e.g. noises or over-parametrization.

One of the most important features when using NNs for approximation is the capability of learning,
i.e. optimizing the parameters to adapt to the underlying function manifested by data. However, the
initial representation with randomized parameters can not capture those high frequency components
needed to represent fine features due to the ill-conditioning and hence can not guide the optimization
to achieve the adaptivity effectively. Moreover, we show that ill-conditioning of the representation
causes slow learning dynamics for high frequencies, which are needed in an adaptive representation,
for gradient-based optimization. Furthermore, the adaptive distribution of parameters can lead to even
worse conditioning of the representation and hence even slower learning dynamics. These difficulties
make approximation of high frequencies based on learning challenging if not impossible.

From a probabilistic perspective, we show that the Rashomon set, the set of parameters where
accurate approximations can be achieved, for a two-layer NN has a small measure for highly oscillatory
functions. The measure decreases exponentially with respect to the oscillation frequency. It implies, in
practice, both low probabilities of being close to a good approximation for a random initial guess and
high computational cost for finding one.
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These understandings of the limit of a one-hidden layer network prompt us to study how to use
multi-layer to circumvent the limit through effective smooth decomposition and composition in our
future work.

1.1 Literature review

The approximation theory of shallow NNs has been well-known since the universal approximation
theorem [2, 7, 12, 14, 31, 43]. The error bounds of approximation in L° norm have been demonstrated
either through explicit construction or by probabilistic proofs, see [15, 27, 31] and the references therein.
However, it has been observed widely in practice that shallow NNs cannot approximate highly oscillatory
functions effectively [9, 20]. Several explanations have been proposed in the past few years.

The authors of [36, 64] summarized such phenomenon as a heuristic law called frequency principle,
that is, the training process of the NN recovers lower Fourier frequencies first. Several explanations
based on the frequency principle are proposed. When the activation function o is analytic, e.g. Tanh
or Sigmoid, the authors in [64] have shown that the training of the network at the final stage can be
slow due to the inability of smooth activations to pick up the high-frequency components. While for non-
smooth activation functions, e.g. ReLU, LReLU and ELU, the authors of [36] provided an interpretation
for the frequency principle based on the smoothing effect of the activation functions. However, the theory
cannot be applied to general cases since it demands strong regularity assumptions for the activation
functions and the objective function. In high dimensions, [17] and [47] claimed the bottleneck of the
training of shallow networks may come from the so-called ‘depth separation’of the capacity between
shallow and deep NNs and explained that shallow NNs demand a width that grows exponentially in
dimension to fit discontinuous functions in L?> norm while deep NNs can fit well with a much smaller
width.

Another explanation attributed the difficulty to the configuration of the training dynamics. Most
of the literature focuses on two regimes: the Neural Tangent Kernel (NTK) regime and the Mean-
Field regime. (1) In the NTK regime, the definition of network slightly differs from the classical one,
each layer is scaled by a key factor \/Ln*, with n; being the width. If the network is sufficiently wide

[34, 67], the parameters of the NN almost freeze, except for the last layer. This configuration can
sometimes be viewed as the final stage of training when the parameters are nearly optimal. Under such
circumstances, training dynamics has been extensively investigated [16, 28, 33]. With well-distributed
labeled data, the slow convergence rate relates to the fast decay rate of the eigenvalues of the neuron-
tangent kernel [8, 41, 59, 61]. Studies of the eigenvalues of practical kernels have shown that the decay
rates of the leading eigenvalues are closely related to the regularity near the diagonal of the kernel
[5], while a fully explicit characterization of all eigenvalues is difficult. (2) In the mean-field regime,
the shallow network is commonly used where an additional factor of rll is applied to the classical one
with n being the width. Parameters can be treated as an empirical distribution function or a particle
system [38, 46, 57]. As the width of the network becomes infinity, the limiting distribution obeys a
gradient flow under the Wasserstein metric and the convergence is proved in [46] for C! activation
function under the assumption that the empirical measure of particle system converges. A more general
class of particle systems has been explored in [11]. However, the corresponding convergence rate is not
mentioned.

In addition to the above possible explanations, initialization of parameters may also play a vital role
in understanding the difficulty of training NN to fit highly oscillatory functions. A recent work [24]
considered a special setting for the two-layer ReLU network that the labeled points and biases are not
well distributed and proved that the trained network will not converge to the desired objective function.
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1.2 Contributions
Our main contributions are summarized below.

*  We explicitly characterize the decay rate of the eigenvalues of the Gram kernel corresponding
to ReLU activation functions (and others) in any dimensions and show that the corresponding
eigenfunctions are equivalent to generalized Fourier modes. The corresponding discrete Gram matrix
is also analyzed. The study implies that the approximation by a two-layer NN can only maintain a
finite number of leading (smooth) modes accurately given a finite machine precision.

*  We investigate the nonlinear learning dynamics based on the gradient flow for two-layer ReLU
networks with finite width in a bounded domain. We show slow learning dynamics for high-frequency
modes.

* The measure of Rashomon set, the set of parameters in parameter space that renders an approximation
with a given tolerance, for two-layer NN is characterized. The result shows that oscillatory functions
are difficult to represent and learn from a probability perspective.

In this work, we mainly focus on using ReLU as the activation function. Our study can be extended
to other activation functions as shown in the appendix. Here is the outline of this paper. First, we present
a spectral analysis of the Gram matrix and least square approximation in Section 2. Then we study
the training dynamics based on gradient descent in Section 3. In Section 4, the probability framework
and Rashomon set are employed to show why oscillatory functions are difficult to represent and learn.
Extension of the current work is briefly discussed in Section 5.

2. Gram matrix and least square approximation

We first introduce some notations and the general setup for two-layer NNs. Denote [n] = {1,2,---,n}
and C(D) the continuous functions on a compact domain D C R?. Let ‘H,, be the hypothesis space
generated by shallow feed-forward networks of width n. Each h € H,, has the following classical form

n
h(x) = Zaio(wi -x—>b)+c foranyx e RY, 2.1
i=1

where n € N7 is the width of the network, w; € R4, a;, b;, ¢ € R are parameters for each i € [n]. Finding
the best 1 € H,, to approximate the objective function f(x) € C(D) is usually converted into minimizing
the expected (or true) risk

LS =By [£(h0).f )]

where U is some data distribution over D and £(-,-) is a loss function. In practice, only finitely
many samples {(xi, f (xi))}f.vz | are available and the data distribution is unknown. However, one could
approximate the expected risk by the empirical risk Eemp (h,f), which is given by

N

1
Loy f) = N ze(h(x,'),f(xi))-

i=1
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In this paper, we let U be the uniform distribution and £(y,y’) = |y — y'|?, implying
|
Lhf) = /D )~ FEOP e and Lomghf) =~ D ) = fx) P
i=1

A learning/training process is to identity #* € H, orh e ‘H,, such that

h* € argmin L(h,f) or he argmin L, (h, f).
heH, heH,

This study investigates the approximation capabilities of two-layer NNs within the mentioned frame-
work. We aim to address the three basic questions outlined in the abstract that commonly arise in practical
settings.

We start with a study on approximation properties of a two-layer NN as a linear representation, i.e.
where the weights and biases in the hidden neurons are fixed, using least squares. In this setting, the
solution can be found by solving a linear system involving the Gram matrix, the normal equation. The
most fundamental question is the basis of the representation, i.e. {o (w; -x — b;), i € [n]}: space the basis
span and the correlation among the basis. Desirable features of a good basis for computational efficiency,
accuracy and stability in practice are sparsity and well-conditioning of the Gram matrix. In other words,
global interactions and strong correlations should be avoided.

We start with the most used activation function in NNs is ReLU: o (x) := max(x,0). The general
form of a shallow network in (2.1) can be simplified to

n
h(x) = Zaia(wi x—b)+c, xeDCRY, w, eSS a,b, eR. (2.2)
i=1

2.1 One-dimensional case

In one dimension, we let D = [—1, 1]. Due to the affinity of ReLU and the transform o (x) = x — o (—x),
the form of a shallow network in (2.2) can be further simplified to

n
h(x) =c+vx+ Zaia(x —-b), xeD,cv,a,b, €R.
i=1

Since we only consider the approximation inside D, we may further reduce the network into h(x) =
¢+ D% a;0(x— b)) by setting ¢ = f(—1) and b; € D as well. With fixed b; € D, ReLU functions
o (x — b;) span the same continuous piecewise linear (in each sub-intervals between b;’s) function space
as the linear finite element basis (hat functions) with nodes {b;}?_,. Mathematically, they are the same
when used in approximating a function in the domain D in the least square setting. The minimizer is the
L? projection of f(x) onto the continuous piecewise linear function space. However, the major difference
in practice is the Gram matrix (mass matrix in finite element terminology or normal matrix in linear
algebra terminology) of the basis, which defines the linear system one needs to solve numerically to find
the best approximation. Using the finite element basis, which is local and decorrelated, the Gram matrix
is sparse and well-conditioned. The condition number is proportional to the ratio between the sizes of the
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maximal sub-interval and the minimal sub-interval [30]. While using ReLU functions, which are non-
local and can be highly correlated, the Gram matrix is dense and ill-conditioned, as we will show below.
As a consequence, (1) computation and memory costs involving the Gram matrix can be very expensive
and (2) only those functions close to the linear space spanned by the leading eigenvectors of the Gram
matrix can be approximated well. The number of the leading eigenvectors that can be used stably and
accurately depends on the decay rate of the eigenvalues, machine precision and/or noise level. Now we
present a spectral analysis of the Gram matrix for a set of ReLU functions.
Denote the Gram matrix G := (Gi’/) € R™ " where

1

The correlation between two ReLU functions with close biases b;, bj is1—0(|b; — bj|2) and this strong
correlation suggests ill-conditioning of the Gram matrix. To fully understand the spectrum property of
G, we define the corresponding Gram kernel function G : R x R — R as

G(x,y) = /Da(z —x)o(z —y)dz. (2.3)

In particular, if we restrict x,y € D,

1
g@yr=Eﬂz—x—y—u—ﬂﬁa—x—y+2u—ﬂ)
2.4
_ ! 312 2(1 1 2 o
= Sh—)P+ =2 —x=y) (20 -0 =y = @ =?).

First, we provide an explicit spectral characterization of the Gram kernel (2.4). Define the operator K :
[*[-1,1] = L*[-1,1]

1
mw:/lﬂm%@@-

Let u;, k = 1,2,---, be the eigenvalue of K in descending order and ¢, be the corresponding
eigenfunction which satisfies

1
/gmwm@®=mmm. 2.3)

Taking derivatives four times on both sides, using %g(x, y) = d8(x — y) we obtain the following
differential equation,

1
o () = —¢ (), (2.6)
M
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STRUGGLES OF SHALLOW NETWORKS WITH HIGH FREQUENCIES 7
which implies that there are constants A, B;, C;, D, € C such that

¢ (x) = A cosh(wyx) + By sinh(w,x) + Cj, cos(wyx) + Dy, sin(wyx)

for certain wy = u, * > 0. Furthermore, one can easily check that G(1,y) = G (1,y) = G, (—1,y) =
G (=1, = 0, which implies the following boundary conditions for ¢;,

o) = ¢ (1) = ¢ (=) = ¢ (=1) =0,

which determine A, B, Cy, D, explicitly. We show that ¢, are asymptotically Fourier modes from low
frequencies to high frequencies. Here we summarize the results while the detailed calculations and proofs
can be found in Appendix B.

w1 € (G4 DTG+ D). w0 € (4 P, G+ 7). j = 0and & = wi* ~ (B4,

o ifk =27+ 1, ¢ () = Cp(—S2WH sinh(wx) + cos(wyx)), Cp = O(1), if k = 2j + 2, ¢ (x) =

: sinh(wy)
Dy (— _sinGwi)_ cosh(wyx) + sin(w;x)), Dy, = O(1)

cosh(wy)

{#1}4>, forms an orthonormal basis of L*(D) and

1l ) = O, el Loipy = O, Nyl ooy = O,

g1 () — coswy 1 912y = OG22 @) = sin(wy o) [l 2y = OG™ 2.

Next, we study the spectral properties of the discrete Gram matrix. Earlier work [25] studied discrete
Gram matrix on the uniform grid in one dimension. We will prove results in more general settings and
higher dimensions. Denote the vectors a := (al-);.’:1 and f := (fi)?=1 that f; = fo(x)a(x — b;) dx. The
least-square solution @ € R”, when the biases are fixed, is @ = G'f, where G' is the pseudo-inverse of
G. Without loss of generality, we assume that b; 7 b; for all i 7 j and the biases are sorted in ascending
order, thatis, b, < b, < --- < b,. We first provide an estimate for the eigenvalue estimates of the Gram
matrix G. The rescaled matrix G, = %G is the so-called kernel matrix for G, which plays an important
role in kernel methods [32].

Tueorem 2.1. Suppose {b;}?_, are quasi-evenly spaced on D, b; = —1 + @ + o0 (%) Let A, >
Ay = --- = A, = 0 be the eigenvalues of the Gram matrix G, then |A; — ;| < C for some constant
C = 0(), where u; = O (k=*) is the kth eigenvalue of G.

Proof. The idea of proof comes from [63]. Define the operator K* by the kernel

S SR T
n 2 n 2

where |-] is the floor function. We denote the eigenvalues of K* as u} > w3 > ---, then for the

equispaced biases b} = —1 + @, the corresponding Gram matrix G* has the eigenvalues exactly

Gz0z Jequis)das 60 Uo Jasn AlsiaAiun oluyosihlogd Buoy BuoH syl Aq G580128/2zZ0Ie.YS/y | /alo1e /Ierewl/woo dnooiwapese//:sdjy wol) papeojumoq



8 S.ZHANG ET AL.

LY = 5uf. Using Weyl’s inequality for self-adjoint compact operators

1 1
i — uil < IK - K*|| < \//]/1 1G(x,y) — G*(x,y)| 2dxdy = O™ ). .7

Now we consider perturbed Zi = b} + o(rll) as mentioned in Theorem 2.1, let the corresponding
Gram matrix be G, then by Weyl’s inequality for Hermitian matrices

14,(G) = 2, (G < IG-G* < | D > \g(Ei,E,-) — GO bH|? = o).

i=1 j=1

Therefore |Ai((~}) — 71;] < C for some positive constant C > 0. O

THEOREM 2.2. Suppose {b;}
G satisfies

n
=

, are chosen as Theorem 2.1, then the condition number of the Gram matrix

k= Ay /b, = 20),
where 2 is the big Omega notation.

Proof. The kernel G(x, y) permits the expansion

Gy = Dm0 (). (2.8)

k=1

Let G, (x,y) = ZZ;] My P ()@ (v) be the truncated expansion, where m > 1 is the truncation
parameter. Then the Gram matrix can be decomposed into

Gi; = G(binb) + (G(bib) — G, (b1 b))). 2.9)
Define the matrix @,, € R"*™ with entries (dbm)iJ = qu(b,-), 1 <j < m,then

G=9,A,0! +E,, (2.10)
where (Am)iJ = 81-J-u,i and (Em)l-J- =2 iem uk¢k(bi)¢k(bj). Let ai(q§mAm¢',7,;) denote the ith eigenvalue
of ® A &I then by Ostrowski’s theorem [26],

m - m=> m>

, l<i<m<n. @2.11)
op

m = |/Li| n

T n
0Py Ay ®y) = S

EXE gld
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Therefore, using Weyl’s inequality

n T T n
Ai— Eu“i < [A; = 0i(2,, A, Pp)| + |0y(P, A, P,) — E/’Li
n (2.12)
< 1B, llop + 1t H‘PZ% ~2,| . 1<ism<n
2 op
Since the eigenfunctions ¢, are uniformly bounded, see Theorem B.4 in Appendix B, then

n

IE,llp < Cn> iy =0 (ﬁ) . (2.13)

k>m

The entriesin @, (DnT1 —51d,, can be estimated by the standard numerical quadrature analysis on abscissas
{b;}_,. Indeed,

2 & 1 1
" qu,-(bi)qﬁk(b,-) - / 1 $;(0¢(x)dx = O (Z [Slfri ](¢j¢k)/). (2.14)
i=1 - -5

Hence using the estimate ||<]),/<||oo = O(k), |<D,€q§m — %Idm ||0p = O(m?). Combine the above estimates

into (2.12) and reuse Theorem 2.1, by selecting m = nl /SR8 > g

m

n n 2
‘Ai—zui) < Cmin (l,ﬁ—i-j) = (2.15)

1

o), i <ns,
Om2/5i-12/5), né

It implies that A = @(n) and A, = O(n—2), which leads to the condition number estimate x = £2(n3).
O

Remark 2.3. For evenly spaced biases, explicit computations for the eigenvalues in [25] show that the
condition number is §2 (n*). However, a sharp lower bound for unevenly distributed biases (grid points) is
difficult. Here we use (1) Ostrowski’s theorem to relate the eigenvalues between two symmetric positive
definite matrices and (2) random quadrature points for integral estimation. However, we believe that for
a fixed number of points in an interval, non-evenly spaced points will result in a larger condition number
for the Gram matrix than equally spaced points, which seems also suggested by our numerical tests, see
Figs 1 and 2 in Section 2.3.

Generally speaking, if {b,;}"_, are distributed i.i.d with probability density function p : D +— R,
one can reformulate the matrix-vector multiplication as a p weighted integral as the continuous limit.
The discrete eigen system in the limit corresponds to that of the modified continuous kernel G, (x,y) :=

VP x)G(x,y)+/p(y). For this case, we have a similar estimate of eigenvalues if p is bounded from below
and above by positive constants.

LemmA 2.4, Suppose p(x) is bounded from below and above by positive constants and define
G,(x,y) ==V p)Gx, )V P ().

Let j1;, be the kth eigenvalue of G, in descending order, then inf|_; 1} /0 < /1 < SUp|_; 17 /P-
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2 —— (logyo k, logip Ax) 2 — (logiok, logio \e)
0 - (logl()k774loglllk) 0 - (108;10]% *410g10k)
-2
—4 —6
-8
—6 -10
e ~12
00 05 10 15 20 0.0 0.5 1.0 1.5 2.0 2.5 3.0
(a) n = 100. (b) n = 1000.
Fic. 1. Spectrum for uniform b.
2 — (logy k, logyg Ax) 3 —— (logyo k, logg Ax)
0 —— (logyg k, —4logyo k) 5 —— (logyg k, —4logyo k)
—92 .
—6 -8
_3 -10
—12
—10 14
0.0 0.5 10 15 2.0 00 05 10 15 20 25 30
(a) n = 100. (b) n = 1000.

Fic. 2. Spectrum for adaptive b.

Proof. By Min—Max theorem for the eigenvalues of the integral kernel G,

1,
iy =max min / / G, (x, »z(x)z(y) dx dy,
—1.J-1

Sk 2€8kllzll=1

1l
A = min  max / / G, (x, y)z(x)z(y) dx dy,
—1J-1

Sk—1 zeSE | llzll=1

where S, is a k dimensional subspace of L2[—1, 1]. In the first equation, we choose the space S, =
span(j—'ﬁ, e j—%), where (4, ¢;) denotes the jth eigenpair of the kernel g. Let

1 1 1 k
Z= argmin [lﬁlgp(x,y)z(x)zw)wdy, 7= ﬁj:ZICj(pj’ [zl = 1.

2€8k[1zl=1
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STRUGGLES OF SHALLOW NETWORKS WITH HIGH FREQUENCIES 11

We have
k k
> ZMJ‘CJZ = l/«kZCj2 = ll/pZll = py inf \/p.
j=1 j=1
In the second equation, we choose the space S;_; = span(,/p¢;,- -, /pP,_;) and let

. bt SO R .
Z= argmax / / G, (.2 dxdy, Z=—=D cd; €S, [El=1
—1J-1 VP =

zeSk Llzl=1

then

S 00
e = Z:V‘J'CJ2 = uchf = ullv/Pzll < py sup /p.
=k

j=k
(]

If the density function p is regular enough, we show a more precise characterization of the eigenvalues
and that the eigenfunctions are asymptotically Fourier series. Moreover, the following probabilistic
estimate for the eigenvalues of the Gram matrix can be derived.

THEOREM 2.5. Suppose {b;}]_, are i.i.d with probability density function p € C3[—1,1] on D such that
0<c=<pkx <c<oolLletr; >A, >---> 1, > 0 be the eigenvalues of the corresponding Gram
matrix G := (G(b;, b;)) ; <, then for sufficiently large n,

(’)(n%i_3 /logl’;’), i <ns,

= (2.16)

O(n_2 /logﬁ), n% <i<n,

with probability 1 — p, where f; = O (i™*) is the kth eigenvalue of G r

o0l

-~ n
Ai— HHi

Proof. Without loss of generality, we assume by < b, <--- <b,.Let ¢ ok be eigenfunction for the kth
eigenvalue of G,. Using similar derivation as before, we obtain the differential equation

4

1 d
ﬁ—kx/p(X)%,k(X) =3 2.17)

1
[m%’k“’}

with boundary conditions ¢, (1) = ¢;;,k(1) = ¢Z,k(_1) = ¢ka(—1) = 0. Denote ¥, ,(x) :=
ﬁqﬁ 0.k (), then the above equation (2.17) becomes

!
yih = TR 2.18)
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12 S. ZHANG ET AL.

Using a change of variable in the spirit of the Liouville transform,

2 X 1
t=—1+—/ p(s)/*ds, H:/ p(s)1/* ds.
H ] -1

One can find that the differential equation (2.18) reduces to the form

d* a3 d? d H*
Flﬂp,k +pi (I)pr,k +Pz(t)@1ﬂp,k +p3 (f)alﬂp,k +p OV, = ﬁ—lﬂp,k, (2.19)
k

and the functions p, (¢) are continuous over [—1, 1] since p € C3[—1, 1]. For k sufficiently large, the
asymptotic behaviours of eigenvalues ﬁk_l = (%n)“(l + O@~1)) can be derived based on Stone’s
estimate of linearly independent basis [58] and Birkhoff’s method [4, 39]. Furthermore, the eigenfunction
¥, x is asymptotically equivalent to Fourier modes in # for sufficiently large k and can be shown uniformly
bounded, see detailed discussions in §4.10 of [39].

Similar to Theorem 2.2, we define the matrix @, € R"*" with entries (@m)l-J- = ¢p’]-(bi)/‘/,o(bl-),
1 < j < m, then the Gram matrix with entry G; = G(b;, bj) equals to

G=o,A,0r +E,, (2.20)

m="m=>m

where (4,,);; = 8iJ/Ii, (E,)ij = D iom /qubp’k(bi)(pp,k(bj)/ [p(b)p(b;), and the estimate (2.13) still
holds. For each pair of %, j, applying the Hoeffding’s inequality to (2.14), we get

- ¢ '(bi)¢ ,k(bi) n 1 m2
Z% - E/_l¢pJ(x)¢p,k(x)dx' -0 /@

i=1

with probability 1 — %, due to the uniform boundedness of the eigenfunctions ¢, ;. Then with probability

atleast 1 — p, we have ||®]®, — 51d,llop = O (m\/@) and

m m?

~ n n
‘Ai - —[I~| <Cmin | —+ -,/ nlog— | = 2.21)
2! i<m<n \ m3 4 p ) n T
O(” ,/10gp), ng <i<n,
where m = min(n%i, n). O

CoRroLLARY 2.6. Under the same assumption of Corollary 2.5, with at probability 1 —p, 1 > p > ne=en

for some 0 < ¢ = O(1), the condition number of Gram matrix G satisfies

1
2
Kk=MA/A, = .Q(n3 (log’z) )
p
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STRUGGLES OF SHALLOW NETWORKS WITH HIGH FREQUENCIES 13

Proof. There exist positive constants C;, C,, C,, of O(1) such that

A > Cyn (1 — 8 flog2 ), a, = Cn? flog .
P P

Choose ¢ = 2172 = 0O(1), then A; > % ([l

2.2 Multi-dimensional case

Now we provide the spectral analysis for ReLU functions in arbitrary dimensions and give a spectral
estimate, although we cannot compute the eigenvalues and eigenfunctions explicitly. In this section, we
consider domain D = B(1) which is the unit ball in d-dimension. The class of NN #,, is

n
hx) =c+ Y aow;-x—b), w €S b e[-1,1]

i=1

Denote V = S%! x [—1, 1], similar to the one-dimensional setting, we consider the corresponding
continuous kernel G : L*(V) > L*(V)

Gw,b,w',b) = / ow-x—bjow -x —Db)dx.
D
Let ¢, (w, b) be an eigenfunction for eigenvalue A, which satisfies

/ Gw,b,w' b (W, b') dw' db' = A, (W, b). (2.22)
|4

It is not hard to see that ¢, (w, b) is supported on V and ¢, (w, 1) =09,¢, (w, 1) = 8§¢k (w,1)=0.

One of the useful tools to study two-layer ReLU networks of infinite width is the Radon transform
[42, 48]. Next, we construct the theory for the Gram matrix in high dimensions using the properties of
the Radon transform.

DeriNiioN 2.7. Let £ : RY — R be an integrable function over all hyperplanes, the Radon transform

Rf(w,b) = / fx)dH, | (x), Y(w,b) e S xR,
{x|w-x—b=0}

where dH, | denotes the (d — 1) dimensional Lebesgue measure. The adjoint transform R* : S~ x
R — R is

R*®(x) := / @ (w,w-x)dw, VxeRe
§d-1
THeoreM 2.8 (Helgason [23]). The inversion formula of the Radon transform is
Cdf — (_A)(d—l)/zR*Rf’

—1y/2d/2
where ¢; = (4m) 1)/2#;2;.
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14 S. ZHANG ET AL.

Lemma 2.9 (Helgason [22], Lemma 2.1). These intertwining relations hold: RA = 81372 and R* 82 =
AR*.

Then we have the following lemma for the eigenvalues.

Lemma 2.10. Let uy(x) = fv o(w-x —b)p,(w,b)dw db and x,(x) be the characteristic function of D,
then if d is odd,

ity (x) = A (—A) I 2y (x), VxeD.
If d is even

c (= A) V2 xpup () = A (=) T2~ ATV 2y pu (x), Vx e D.

Proof. The function u (x) satisfies

Auy (x) = / Sw-x — b)g,(w,b)dwdb = R*¢,(x), Vx e D. (2.23)
\4
We also define
bW, b) == %/ u(xX)o(w-x —b)dx, VY(w,b) € ST xR, (2.24)
k JD

then ¢, (w,b) = ‘Zk (w,b) on V, hence R*¢;, = R*%k on D. Differentiate (2.24) twice in b,
A2y, = / up(X)8(w - x — bydx = Rypu, Yw,b) € S x R. (2.25)
D

For odd d, apply (= A)@=D/2R* on both sides of (2.25) and use Lemma 2.9, we obtain
/\k(_A)(d—l)/zn*agak _ Ak(—A)(d‘””AR*?ﬁk _ (—A)(d_l)/ZR*(RXDMk),
then with (2.23) and Theorem 2.8, it implies
cyxpity () = A (—A) @Iy (x), VxeD.
For even d, apply (—A)“@=2/2R* on both sides of (2.25) and follow the same procedure, we obtain

c U (%) = A (=) 4TIy (x), VxeD,

where ¥, (x) = (—A)~ 125 p (x). The eigenfunctions ¢, (w, b) can be retrieved from the relation (2.25)
and boundary conditions ¢, (w, 1) = 9,¢, (w, 1) = 8§¢k(w, 1) =0. O

The above Lemma 2.10 shows that cdk,:1 is the eigenvalue of (—A)@*3/2 From the Weyl’s
law for —A, we have A, = O (k~@+3/d) (ysing Landau notation) as k — oo. Suppose the target
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STRUGGLES OF SHALLOW NETWORKS WITH HIGH FREQUENCIES 15

function f(x), x € D C RY, can be represented by a superposition of ReLU functions with weight
h(w,b), w,b) € V:

fx) = / ow-x—Dbh(w,b)ydwdb = Af(x) = R*h(w,b).
1%

In the one-dimensional case, the relation is further simplified to d‘i—zzf (x) = h(x). Assume h(w,b) =
> oo ¢ (w, x) and use u; defined in Lemma 2.10 and (2.23), we have

f@) =D AT R G (x) = D eq (x). (2.26)
k=1

k=1

Now we characterize the asymptotic behavior of u;, when D is a unit ball in R¢. Due to the symmetry,
u;, can be separated into u, (x) = V,(|x|)Y, (¥), where ¥ = x/|x| and Y}, denotes a spherical harmonics
of order [ on S?~! and V,(r) satisfies the following by Lemma 2.10

5 (d+3)/2
¢ _d=ld L liiaso v, =y
dr? rodr 12 k= hi ke

The equation can be reduced to a set of Bessel’s differential equations,

@2 d—-1d 1
—— ——— 4+ =l +d=2)— i, )V, =0,
( dr? r dr+r2(+ ) Mk’p) k

— | %
where Mip = [ p

equation becomes the standard Bessel’s equation

1/(d+3) ,
] e2pmi/(d+3) p=1,2,---,d+3. Take a change of variable s = K pls the above

d? d
2 2
—+(d-1s— + —l(l+d-2 vV, =
(s 12 d )s i (s“=Il(l+d ))) « =0,

which implies V,(r) = Zg:? Biep (i p?) ™ iy (g 1), v = d%z and B; € C are coefficients.

For sufficiently large k that I pl > (I + v)? with Im(,uk,p) # 0, the asymptotical behavior is
/ nuzk,pr o8 (puy ,r — H_TUJT — 7), whose magnitude grows exponentially like O(e™p)ry with different

rates. Since the L2 norm of u (x) is uniformly bounded, the coefficients ,ka — 0if Im(uk’p) # 0.
That means, asymptotically, the eigenfunction u, behaves like a usual Bessel function multiplied with
spherical harmonics. For a general compact domain D C R?, all the arguments above are still valid
except it is more difficult to explicitly write out the corresponding u;.

RemMARK 2.11. For the Gram matrix corresponding to activation function ReLU™ (x) = %[max(x, 0)]™
in d-dimension with m > 1, one can modify the above theorems to formally show:

e Ifmis odd, (cdk_l, R*¢,) forms an eigenpair of the operator (—A)dz;lH’"H).
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— n VR 2 — N o— N — 2 —

-10 —0.5 00 05 10 -10 -05 0.0 05 10 -10 —0.5 00 05 10 -1.0 0.5 0.0 05 10

— N — N — N o— A — —

-10 —0.5 0.0 05 10 -10 -05 0.0 05 10 -10 —0.5 00 05 10 -1.0 0.5 0.0 05

FiG. 3. Eigenmodes of A for k = {1,2,3},{4,5, 6},30,60 with n = 1000. The first and second rows correspond to uniform and
adaptive b, respectively.

o Ifmiseven, (cdk,:] , R*9,¢,;) forms an eigenpair of (—A)dz;lﬂm“).

. . . _ d+2m+1
Using the inversion formula for the Radon transform, we have A, = @ (k™ 4 ).

Remark 2.12. Although the decay of eigenvalues seems slower in higher dimensions, the number of
Fourier modes less than frequency v is @ (v¢). In other words, given a threshold & for the leading singular
value, no matter how wide a two-layer ReLU NN is, it can only resolve all Fourier modes up to frequency

O~ 7).

2.3 Numerical experiments

In this section, various numerical experiments are presented to verify our earlier analysis results: (1) the
spectral property of the Gram matrix corresponding to ReLU functions and (2) the low-pass filter nature
of two-layer networks in the least square setting.

2.3.1 Spectrum and eigenmodes of Gram matrix in one dimension. The first two numerical experi-
ments show the spectrum of the Gram matrix for ReLU functions in the one-dimensional case. Figure 1
and the first row of Fig. 3 is the plot for eigenvalues in descending order and selected eigenmodes for
uniform biases respectively, i.e. bj =b;+2(j—1)/(n—1)forj € [n] with by = —1. They agree with our
analysis perfectly. Figure 2 and the second row of Fig. 3 are for non-uniform biases adaptive to the rate
of change, i.e. |[f'(x)|, of f(x) = arctan(25x) as an example. Define F(x) = ffl If' (0] dt/ f_ll If' ()| dt,
which is strictly increasing. There exists unique b; € [—1, 1] such that F(b;) = (i—1)/(n—1) fori € [n].
We see that the conditioning becomes a little worse. However, the leading eigenmodes are more adaptive
to the rapid change of f(x) at 0. This is demonstrated further when using a least square approximation
based on ReLU functions with uniform and adaptive biases. In Fig. 4, we show the projection of f on the
leading eigenmodes corresponding to the Gram matrix. We observe that fewer leading eigenmodes are
needed to represent/approximate the target function for adaptive biases compared to uniform biases.

2.3.2 Approximation in one dimension: FEM basis vs. ReLU basis. Next, we use numerical experi-
ments to show least square approximation using FEM (finite element methods) basis vs. ReLU basis, two-
layer NNs, in different setups when machine precision, grid resolution and the conditioning of the Gram
matrix all play a role in practice. As discussed before, these two bases are equivalent mathematically.
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(a) Uniform b, n = 100. (b) Adaptive b, n = 100. (c) Uniform b, n = 1000. (d) Adaptive b, n = 1000.

Fic. 4. Projection of f on the eigenmodes of the Gram matrix: coefficients vs. eigenmode index.

TaBLE 1 Error comparison for approximating f (x) = arctan(25x) with sufficient samples

float32 float64
n =100 n = 1000 n =100 n = 1000
MAX MSE MAX MSE MAX MSE MAX MSE

NN  Uniformb 6.09 x 1072 9.58 x 107> 7.19 x 1072 143 x 10~* 137 x 1072 1.70 x 107% 1.05 x 10™* 1.33 x 10~'0
FEM Uniformbd 137 x 1072 170 x 107® 1.05 x 107* 1.33 x 10710 137 x 1072 1.70 x 10™® 1.05 x 10™* 1.33 x 10~10
NN  Adaptiveb 6.83 x 1072 7.54 x 107> 1.89 x 1072 1.06 x 107> 3.93 x 107> 1.42 x 107% 4.74 x 10> 1.17 x 10~'0
FEM Adaptiveh 2.92 x 1073 995 x 1077 3.79 x 1075 1.02 x 10710 2.92 x 1073 9.95 x 1077 3.77 x 107> 1.02 x 10~1°

Numerically machine precision and grid resolution are common factors for both representations. The
only difference is the Gram matrix. Table 1 summarizes the results. In particular, the final numerical
mean square error (MSE) is directly related to the least square approximation. As we can see from the
results, when single precision is used in the computation and n = 100 evenly distributed grid points
(biases) are used, the grid resolution is the bottleneck for numerical accuracy near the rapid change. So
the errors for FEM and NN are about the same. Numerical errors are reduced when the grid distribution is
adaptive to the rapid change of the target function as described above. However, adaptive grids are much
more effective for finite element basis. When a very fine grid n = 1000 is used, machine precision and
the conditioning of the Gram matrix become the most important factors. Well-conditioned FEM (even
for adaptive grid) can reach the machine precision while finite machine precision and ill-conditioned
NN limit the total number of leading eigenmodes (low pass filter) and can not approximate a function
with rapid change well. Moreover, increasing NN width further does not help. When double precision is
used, even the NN has enough leading eigenmodes to approximate the target function well and the grid
resolution becomes the limit for both FEM and NN. Hence the numerical errors for FEM and NN are
similar.

Instead of using a (locally) rapid change function, we perform experiments on more and more oscillatory
functions to demonstrate similar conclusions. Our target functions are f (x) = cos(6mx)—sin(2wx) and its
rescaled more oscillatory version f(3x),f(9x). In these tests, instead of using the default threshold of the
leading singular values of the Gram matrix based on machine precision, we introduce a manual singular
value cut-off ratio! , 1, to see the low pass filter effect for NN more clearly. The results are plotted in
Fig. 5 and the approximation errors are summarized in Table 2. From both the plots and the MSE error,
we can see that different cut-offs do not affect the FEM approximation since the condition number of the
Gram matrix corresponding to the FEM basis on the uniform mesh is O(1). As a result, all eigenmodes
(frequencies) that can be resolved by the grid size can be recovered accurately and stably. The slight

! Singular values are treated as zero if they are smaller than 7 times the largest singular value.
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TABLE 2 Approximation errors in Fig. 5

fix) = f(x) fx) =f(3x) f(x) =f(9x)
MAX MSE MAX MSE MAX MSE
FEM (least square, n = 10™", r = 3,6,9) 4.85x 107> 534 x 10710 438 x 1074 432x 1078 3.95x 1073 350 x 1070
NN (least square, n = 10~3) 2.79 1.28 2.86 1.19 2.88 1.15
NN (least square, y = 1079) 266 x 1071 944 x 1074 1.74 539 x 107! 2.79 1.04
NN (least square, n = 10™7) 152x 1072 145x 1070 638x 1072 1.92x 1073 1.13 4.65 x 107!

—— True function  —— FEM (7= 107, r = 3,6,9) —— True function  —— NN (3= 109 —— True function —— NN (= 10%) —— True function —— NN (7= 10")

00 05

True function  —— NN (5= 10%)

—— Truc function —— FEM (3= 10", r =3,6,9) —— Tue function

T 05 00 [ 10 “1o 05 00 05 1o

PITYETSTIOITNRY | pYETRTERATRRIOYY

Il

00

Fi16. 5. Approximation comparison: FEM vs. NN with 2000 samples and n = 2000 equal spaced basis. The three rows correspond
to f1, f> and f3, respectively. Here f] (x) = f(x), f2(x) = f(3x), f3(x) = f(9x), where f(x) = cos(6wx) — sin(27wx).

decrease in accuracy as the oscillation increases is due to the fact that the least square approximation
error is proportional to 42 J If” (x)| dx, where h is the grid size, for piecewise linear finite element basis
by standard approximation theory. The dramatic effect of the cut-offs on NN is due to the fast spectral
decay of the Gram matrix corresponding to the ReLU basis. When the cut-off ratio is 7 = 1073, the
linear space spanned by leading eigenmodes above the threshold can not approximate even the relative
smooth f(x) well. When the cut-off ratio is reduced to = 10™°, there are enough leading modes above
the threshold that can approximate f(x), f(3x) well but not f(9x).

In the following experiment, we show the low-pass filter nature of two-layer NNs vs. FEM basis with
respect to noise and overfitting (or over-parametrization). The target function is f(x) = cos(3wx) —
sin(;rx) with noise sampled from U (—0.5,0.5) in our test. We manually select the cut-off ratio, 7, for
small singular values. The numerical results are shown in Fig. 6 and Table 3 for evenly distributed b;.
Since FEM has a condition number of O(1), all modes resolved by the grid are captured independent of
the cut-off ratio . On the other hand, NN only captures the leading eigenmodes, the number of which is
determined by 1. We can see that NN captures more modes as 1 becomes smaller (less regularized). It
is also interesting to see the low pass filter effect when the Adam optimizer is used to minimize the least
square, which is related to the learning dynamics analysis in Section 3. In the case of 1000 data points
and 1500 degrees of freedom, Fig. 7 shows that a two-layer ReLU network is significantly more stable
with respect to over-parametrization due to its low-pass filter nature.

2.3.3 Spectrum and eigenmodes of Gram matrix in two dimensions. 'We use a numerical example
to show, Fig. 8, the spectrum of the discrete Gram matrix in two dimensions with 25600 evenly
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TABLE 3 Approximation errors in Fig. 6

least square Adam optimizer

FEM (5 = 107,r =3,6,9) NN(3=10"3) NN(3=10"° NN =10 NN (float32) NN (float64)

MAX 497 x 107! 1.81 1.15 x 107! 3.00 x 1071 1.73x 1071 1.77 x 107!
MSE  5.90 x 1072 7.60 x 107! 223 x 1073 9.48 x 1073 3.68 x 1073 351 x 1073
4
True function  —— FEM (=107, r = 3,6,9) True function ~ —— NN (5= 107%) True function  —— NN (= 107%)

~1.0 —0.5 0.0 0.5 10 ~1.0 —0.5 0.0 0.5 10 ~1.0 0.5 0.0 0.5 10
True function —— NN (7= 10") True function  —— NN (Adaml) True function  —— NN (Adam2)
2 2 2
0 0 0
-2 -2 -2
~1.0 —0.5 0.0 0.5 10 ~1.0 —0.5 0.0 0.5 ) ~1.0 —0.5 0.0 0.5 10

FiG. 6. Approximation stability: FEM vs. NN subject to uniform noise ¢/ (—0.5,0.5) on 1000 samples and n = 1000 basis. The
first four plots are results from the least square with different cut-off ratio n for singular values. The last two plots are the results
trained by the Adam optimizer, where ‘Adam1’ and ‘Adam?2’ use single and double precision, respectively.

= True function
—— FEM (y=10"1)

—— True function
—— NN (Adam)

== True function
— NN (=10"")

2
—1.0 —0.5 0.0 0.5 1.0 —-1.0 —0.5 0.0 0.5 1.0 —1.0 —0.5 0.0 0.5 1.0

Fic. 7. Test of overtitting: FEM vs. NN with 1000 samples, n = 1500 basis and double precision. The first two plots are results
from least square, where 7 is the cut-off ratio for small singular values. The last plot is the result trained by the Adam optimizer.

spaced samples for (w,b) € S' x [—1,1]. The numerical experiments agree with our analysis in
Section 2.2 very well. Several eigenmodes are presented in Fig. 9. In practice, those high-frequency
modes whose corresponding eigenvalues are smaller than the machine precision threshold can not be
captured.

2.4 Different activation functions and scaled parameter initialization.

Here we demonstrate the behaviours and their comparison for two-layer NNs using different activation
functions, denoted generically by o. The activation functions compared here are ReLU, sine and
tanh and its first and second derivatives tanh’, tanh”. We limit our discussions to two-layer networks
in one dimension. Figure 10(a) plots these activation functions.

A general two-layer network can be regarded as a parametrized function, denoted by h(x;a,w,b),
represented as the linear combination of a set of activation (or basis) functions parametrized by w and b:
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Fic. 9. Eigenmodes of A; for k € {1,2,3,4,5,6,50, 100, 150, 200,250, 300} with n = 25600.
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(a) Activation functions.

(b) Spectrum of G with w,b e U(—1,1).

Fic. 10. Illustrations of different activation functions and the corresponding sepctrum.
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= e T i ] —
" L R ] [ SR, N
(a) ReLU. (b) sin. (c) tanh.
fpiyiviey k vy i
" A N
(f) ReLU. (g) sin. (h) tanh. (i) tanh’. (j) tanh”.

Fic. 11. First row: using least square approximation with n = 512, fixing w,b € U(—1, 1). Second row: optimization using Adam
with n = 512, initialization w,b € U(—1, 1). All tests were conducted using double precision.

h(x;a,w,b) = Z a0 (wix +b)). (2.27)

i=1

As the default setting, we set x € [—1, 1] and initialize w;, b; ~ U(—1,1) and a; ~ U(—1//n, 1//n)
uniformly distributed.

As discussed above, the conditioning of a two-layer network representation (2.27) is determined by
the spectrum of the Gram Matrix G, where

1
GiJZ/_IU(Wix"'bi)U(ij"‘bj) dx, w,b; ~U-1,1).

The logarithmic plot of the spectra of the Gram matrices corresponding to different activation functions
are shown in Fig. 10(b). Except ReLU, the Gram matrix of which has a polynomial decay as shown above,
all other activation functions are analytic and hence their corresponding Gram matrices have exponential
spectral decay [44, 45].

Figure 11 shows the approximation of f(x) = > on [—1, 1] using two-layer networks

TG 05"
(2.27) with different activation functions. The networks have a width n = 512 and computations
are implemented in double precision. The first row shows the least square approximation with fixed
w,b € U(—1, 1) and solving the linear system for & with Gram matrix G. The second row presents the
approximation results obtained by training with Adam, where the parameters (a;, w;, b;) are optimized
starting from uniform initialization: @ ~ U(—1/+/n,1//n) and w,b ~ U(—1,1). Based on the spectral
analysis, ReLU provides the best approximation due to its slowest spectral decay, or equivalently, its least
bias against high frequencies among this group of activation functions. Among the remaining activation
functions, tanh” yields better results owing to its relatively slower spectral decay.

Actually, for two-layer NNs using activation functions that are not homogeneous of degree one
such as ReLU, instead of initializing w;, b; uniformly distributed in (—1, 1), one can scale the range
to be (—s,s). By choosing a larger s, one can improve the representation capability of a two-layer
NN (2.28). One way to see this is again through spectral analysis. The introduction of larger w; and
hence basis functions with more rapid changes (larger derivatives) leads to a slower spectral decay of

the corresponding Gram matrix, GiJ- = f_ll o(wi(x + bl-))a(wj(x + bj)) dx with w € U(—s,s) and

b € U(—1,1), as shown in Fig. 12.
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(a) s =256. (b) s =512. (c) s =768.

Fic. 12. Spectrum of G with w € U(—s, s) and b € U(—1, 1), where G; is given by G;; = fll o (wix + bj))o (wj(x + b)) dx.

Another way to look at this is that scaling w, b by s can be regarded as scaling up the target function
by s, i.e. approximating f(x) on [—1, 1] by a two-layer network h(x)

h(x) = > a0 (wix+b)) on[—1,1]withw € U(—s,s), b € U(—1,1) (2.28)

i=1

is equivalent to approximating f(x) =f(3) on [—s, 5] by the two-layer network h(x) = h(3)

E(x) =h ()S—C) = Zaia(wix +0b;) on[—s,s]withw el (—-1,1), b € U(-s,s).

i=1

However, in order to be able to resolve the rapid change of activation functions with derivatives
proportional to s, or to have biases distributed dense enough in the interval [—s, 5], s can be at most
proportional to the network width n. For example, if one uses sine as the activation function, then s
can be at most O(n) (preferably n/2) so that the network can provide a set of maximally diverse random
Fourier bases without missing intermediate frequencies. This is because using linear combinations of
sin(wx + b;),i = 1, 2, for two different b; can generate both sin(wx) and cos(wx). In the case of equally
spaced w, using this set of parametrized activation functions is equivalent to the Fourier series with basis
sin(mx), cos(mx),m = —5 + 1,---, 5.

The experiment results shown in Fig. 13 demonstrate how scaling up w in two-layer networks as
in (2.28) can enhance the representation capability and hence the approximation results. We note that
different initializations may lead to different results, but the overall outcomes are largely similar. The
subtle issue is how large s should be. It is interesting to observe that for activation functions sine, tanh
and tanh’, the maximum magnitudes of their first derivatives are all bounded by 1, s = 5 and s = n
work well. Once s = 37", the results degrade. For tanh”, the maximum magnitude of its first derivative
is bounded by 2. It can be seen that s = 5 works well buts = nand s = 32—” have degraded results. These
tests suggest that the network size need to be able to resolve the rapid change of the activation function
which is characterized by s - sup, |0/ (x)].

Although appropriate scaling up w, b can improve approximation significantly over those correspond-
ing results with normalized distribution in Fig. 11, however, our tests also suggest that the network size
needs to be large enough, proportional to s - sup, |o'(x)], to resolve the rapid change of the activation
function. Moreover, it is difficult for a gradient descent based optimization to effectively learn adaptive
w, b to capture those fine features that are biased against in the initial representation. Hence, it implies that
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10 10 "
True function True function True function True function
"1 —— NN (Adam) %1 —— NN (Adam) "1 —— NN (Adam) %% —— NN (Adam)

(a) sin (s =n/2). (b) tanh (s =n/2). (c) tanh’ (s =n/2). (d) tanh” (s =n/2).

True function True function True function
"1 —— NN (Adam) 2% —— NN (Adam) 2% —— NN (Adam)
o o .

(e) sin (s =n). (f) tanh (s =n). (g) tanh’ (s =n). (h) tanh” (s =mn).
v True function , True function v True function v True function
%1 —— NN (Adam) —— NN (Adam) A —— NN (Adam) —— NN (Adam)
(i) sin (s =3n/2). (j) tanh (s =3n/2). (k) tanh’ (s =3n/2). (1) tanh” (s =3n/2).
Fic. 13. Illustrations of learned networks ;-1:1 ajo (wj(x + b;)) optimized using Adam with n = 512, initialization a €

U(—1//n,1//n),w € U(—s,s) and b € U(—1,1). All tests were conducted in double precision.

the representation capability of a two-layer network is no more than a linear representation which finds
the optimal linear combination of a set of a priori given basis functions to approximate a target function,
for example, the linear least square approximation. In this case, there are already well developed basis
functions that provide well-conditioned representations with efficient numerical algorithms (based on
solving linear systems), such as finite element bases, Fourier bases, splines, wavelets, which are usually
better than using two-layer NNs when the number of basis functions is equivalent to the network width.
On the other hand, the key issue is that the basis functions are given a priori, independent of the target
function to be approximated. Hence, to have enough representation capability, the set of basis has to
be large and diverse enough and hence suffer from the curse of dimensionality. We would like to point
out that, the scaling of ReLU as the activation function, which is homogeneous degree of degree one,
can be absorbed in a. The distribution of b is equivalent to a grid for piecewise linear approximation
in one dimension. Numerically, due to its ill-conditioning, the approximation is worse than using linear
representation by finite element basis as discussed in earlier sections.

RemARk 2.13. For deep NN, scaling up w,b across all layers can cause instability for the training
process.

2.5 Observations and comments

Based on the above analysis and numerical experiments, we give a few comments on using shallow NN,
many of which have been well observed in practice.

2.5.1 Low-pass filter nature. In practice (e.g. MATLAB), solving a linear system is typically
approximated/regularized by its Moore-Penrose pseudo-inverse by cutting off the small eigenvalues
at a threshold of neA; to control the computer roundoff error, where » is the matrix size and ¢ is the

machine precision or noise level in the data. For a two-layer ReLU network with evenly or uniformly
.. . . . . _d+3
distributed biases and width n > k, given the spectral decay of the Gram matrix, ;, = @ (k™ < ), only
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leading modes fork <m = O(e™ ﬁ) can be stably recovered in the least-square approximation. If the
network is wide enough such that all leading modes up to m can be approximated well, the dominant
numerical error is caused by the truncation of those modes higher than m. From (2.26), we see that
truncation of the higher modes in the parameter space leads to a low pass filter in the approximation of
the original function since u,, is equivalent to the eigenfunction of the Laplace operator asymptotically.

1
In other words, at most all eigenmodes of the Laplace operator up to frequency O(e™ 24+3) can be
captured in d dimensions no matter how wide the network is. This is because, 1) before the network

d

width reaches a threshold n, ; = O(e™ 24%3), the network does not have a grid resolution to resolve the
1

frequency modes of order O(e™2773), 2) even as the network width passes n, 4, the network can only

approximate leading modes k such that 1, > neA; = ki < O(s‘ﬁ) due to the ill-conditioning of the
representation.

The machine precision for single and double precision are: &, = 2723 and &y = 2752 respectively.
Hence, a two-layer NN can resolve about 223%/(2d+3) apq 252d/(2d+3) ejgenmodes respectively in d-
dimensions. The number of modes in each direction that can be resolved is 223/(24+3) and 232/(2d+3)
respectively in d-dimensions, which is roughly 24 (d = 1),10 (d = 2),6 (d = 3) and 2 (d = 10) for
single precision, and 1351 (d = 1),172 (d = 2),55 (d = 3) and 5 (d = 10) for double precision.

REMARK 2.14. Our analysis applies to the NTK regime where the network width goes to infinity while
the biases are pretty much fixed.

2.5.2  Approximation error. Given a machine precision ¢, the number of modes that can be captured

. _ . .
by a two-layer ReLU network is at most O(¢™ 2¢+3) (no matter how wide the network is). One can
characterize the numerical error for a two-layer ReLU network in two regimes:

* Small network If the network width » is less than O(s_ﬁ), the corresponding grid resolution

. _1 1 . . . 1
is less than h = O(n~4) < O(e2+3), which can not resolve the highest mode limited by &~ 24+3.
Hence the numerical error is dominated by the discretization error. Since the resulting approximation
is continuous peicewise linear, the L? approximation error of a function f with bounded Sobolev

. _2 . .
norm |[|f|g2 is of order £l g2 ~ n d|flly2. In the small network regime, using a smooth
activation function may be beneficial when approximating a smooth function due to the reduction of
discretization error.

1
» Large network When the network is wide enough to resolve the highest mode of order O (¢~ 24+3)
accurately, then the numerical error is dominated by the truncation of higher modes. For a function

. L .
f in Sobolev space HP, the L? error due to truncation is O (e 23 ||f|| Hp)-

2.5.3 Implications. The ill-conditioning of two-layer NN representation and its bias against high
frequencies explain why it is widely observed that shallow NNs can approximate smooth functions well,
while for functions with fast transitions or rapid oscillations, one may achieve a numerical accuracy
that is far from machine precision even using wide shallow networks for which universal approximation
is proved in theory. On the other hand, the low-pass filter nature of the shallow NNs also alleviates
instability with respect to noise or overfitting/over-parametrization.

The spectral decay of the Gram matrix for a set of basis depends on the smoothness of the basis. The
smoother the activation function is, the faster the spectrum of the corresponding Gram matrix decays
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(see Remark 2.11 and Section 2.4), and hence the fewer eigenmodes can be used for approximation in
practice and the more bias against high frequencies.

However, with a fixed network width (or a fixed grid resolution), approximation order induced
by the activation function also plays a role. For example, using ReLU results in a piecewise linear
approximation, the error of which is proportional to the grid resolution squared (2nd order) if the target
function is twice differentiable. If the Heaviside function (the derivative of ReLU) is used as the activation
function, although the Gram matrix is better conditioned than using ReLU, the resulting piecewise
constant approximation is only Ist order if the target function is differentiable, and hence may limit
the numerical accuracy in practice.

In applications, if one can make the target function or map smooth under certain transformation, for
instance, a linear transformation with a set of new bases, e.g. Fourier basis with high frequencies, using
a NN in the transformed domain can achieve high accuracy.

2.54 Gradient decent for least squares. Before we investigate the full nonlinear learning dynamics
for two-layer NNs in the next section, we demonstrate how ill-conditioning in the representation will
affect the convergence of a gradient descent based optimization for a simple quadratic convex function
corresponding to a linear least square approximation. Instead of finding the least square solution
directly by solving the linear system (normal equation) with the Gram matrix G, if one chooses to
minimize the least square by using gradient descent, then the dynamics of the coefficients a(t) =
[a,(®),a,(),---,a, (O] follow the system of ODEs

wz—Ga(t) +f, Gi,/:/ a(wi~x—bi)a(wj~x—bj)dx,fi=/f(x)o(wl--x—bl-)dx.
dt D D

The system is stiff due to the fast spectral decay of G. Let (A, g;) be the eigen pairs of G and define
() =a’ (g f, = f'g;- We have

da (0 _ Na O +f, = a0 = (’dk(O) - Jl) e 4 ji
dr Ay M

It takes at least r > O(kk_l) for the initial error in kth mode to reduce significantly. Since A, — 0
as k — oo and the corresponding eigenmode becomes more and more oscillatory, two-layer NNs bias
against high frequencies in both representation and training. An appropriate stopping time can be used
for the sake of computation cost or regularization for noise or machine roundoff error.

3. Learning dynamics

The key feature in machine learning using NN representation is the training process, which ideally can
find the optimal parameters, i.e. an adaptive representation driven by the data. The relevant approximation
theory has been studied extensively. The best-known approximation error estimates using ReLU as the
activation function for two-layer NN [3, 42] are based on the fact that 6" (f) = §(¢), which implies Af
can be expressed as a standard Radon transform when viewing the parameters {g;}?_, as an empirical
measure of (w,b) € S xR.In practice, gradient-based methods (and the variants) are adopted to seek

the optimal parameters.

Gz0z Jequis)das 60 Uo Jasn AlsiaAiun oluyosihlogd Buoy BuoH syl Aq G580128/2zZ0Ie.YS/y | /alo1e /Ierewl/woo dnooiwapese//:sdjy wol) papeojumoq



26 S. ZHANG ET AL.

Our previous analysis shows that a two-layer NN with fixed (or randomly sampled) biases will
have a low-pass filter nature, which makes it challenging to capture high-frequency components, e.g.
rapid changes or fast oscillations. Here we show that the ill-conditioning of the Gram matrix causes
difficulties in the learning process as well. Intuitively, without high frequency information, there is
no correct guidance in effectively and efficiently optimizing the distribution of the parameters, (w, b),
from initial uniform distribution to be non-uniform adaptive to the target function. Often in practice,
undesirable clustering of parameters, which reduces the effective network width, may occur during the
training.

Here we study the following natural question: assuming that a gradient-based optimization can find
the optimal solution, which itself is a challenging question in general, what is the training dynamics and
its computation cost to attain such a solution from a random initial guess? In particular, we demonstrate
that initial high-frequency component error can take a long time to correct. All these lead to numerical
difficulties in achieving the optimal solution even if one assumes the learning process can find the
optimal solution in theory. It implies that even if the full learning process is applied, the numerical
error can still be far from the machine precision for functions with high-frequency components in
practice.

Training a NN with the gradient flow can be regarded as the gradient descent method with a very small
step size for finite time dynamics. We illustrate this using a one-dimensional example. Let D = [—1, 1],
the gradient flow of {a;}}_, and {b;}?_, follow

da;

— = —/(h(x, H —fx)o(x—>b;,)dx and d—b’ = ai/ (h(x, 1) — f(x)o’ (x — b;) dx.
dr D dr D

One popular way to analyze the dynamics of the neuron network is the mean-field representation in
which the network is written as

hx, 1) = / ac(x —b)u,(a,b,t)dadb
R2

with empirical measure u,(a, b, 1) = % Z?:] 8(a—a;(t), b—b;(1)). The analysis of the limiting behavior
of mean-field NNs can be found in [38, 46, 57] and the references therein. However, most of the mean-
field studies assume the measure (-, -, #) converges as t — oo and n — 00.

Our study works for fully discrete two-layer NNs with no convergence assumption for the measure .,
or requiring n — o0o. The main difficulty for our analysis is the possibility of biases b; moving out of the
bounded domain of interest. Define generalized Fourier modes, {6,,},,-;, which are the eigenfunctions
of the Gram kernel G in (2.3), and g as the generalized discrete Fourier transform of g,

g(m) = /D 8(x)0,,(x) dx.

In one dimension, the generalized Fourier transform is asymptotically close to the standard Fourier
transform as the mode increases. The key to our study is the construction of an auxiliary function
w(x, ) € C*(D) (defined by (3.5)) that satisfies 8)%w(x, 1) = hxt) — f(x) = e(x,1), which is
the approximating error at time ¢, with boundary conditions w(1,7) = d,w(1,7) = 0. By studying
the evolution of w(m, ) we show at least how slow the learning dynamics can be in terms of the
lower bound for time needed to reduce the initial error in mode m in half. We prove the following
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statement for learning dynamics in one dimension under the following mild assumptions: 1) there exists
a constant M > O that sup’_ |ai(t)|2 < M; 2) the initialization of biases {b;(0)}_, are equispaced
onD.

Tueorem 3.1. If |[w(m,0)| # 0, then it will take at least O(M) time to reduce the generalized
Fourier coefficient in half, i.e. [W(m,1)| < 3[W(m,0)].

In numerical computation, to follow the gradient flow closely, the discrete time-step is (’)(%). From
the relation |Ww(m, 1)| ~ m~2[e(m, )|, Theorem 3.1 says that if the initial error in mode m, [¢(m, 0)| # 0,
(which means [Ww(m, 0)| > cm~2 for some ¢ > 0,) it takes at least O (1) steps to reduce the error in mode
m by half. Note that the result does not depend on the convergence of the optimization algorithm and
the above estimate is a lower bound. In practice, the gradient-based training process could have an even
slower learning rate. In the next theorem, the lower bound is improved in a more specific scaling regime
(in terms of network width vs. frequency mode) and using better estimates (see Appendix C). It implies
that it takes at least O (m?) steps to reduce the error in mode m by half in numerical computation. In the
special case of fixed biases (i.e. least square problem), the number of steps needed is at least O(m®) if
n = Q(m>) (see Remark C.6).

THeEOREM 3.2. If the total variation of the sequence {a%(t)}?:1 is bounded by M. Let n > m* be
sufficiently large, then it will take at least O(M) time to reduce the generalized Fourier coefficient
by half, i.e. [W(m, )| < L[Ww(m,0)].

The above results show that reducing the initial error in high-frequency modes by gradient-based
learning dynamics is slow. Moreover, due to the low-pass filter nature shown earlier, it is difficult to
capture high-frequency modes for two-layer NNs with evenly or uniformly distributed initial biases.
These two effects show why a two-layer NN struggles with high-frequency modes in approximation
even if a full training process is employed.

Before we prove the above two theorems, we need to introduce the mathematical setup and prove a
few lemmas and intermediate results.

3.1 Mathematical setup of learning dynamics

Let D = (—1, 1), we consider approximating the objective function f(x) € C(D), with the shallow NN

h(x) = Zaia(x —b)).
i=1

Generally speaking, the biases {b;}}_, are supported on R during the training process. For analysis
purposes, we restrict {b;}?_; < D¢, where D = suppx = (—1 — ¢, 1), and modify the activation
function in the two-layer NN representation as follows

he) = ap(x.b), Yxb) = x(b)ox—>b), 7Y xb)=0jy(.b)=8x—b), x,beD.
i=1
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Here x is an approximation to the characteristic function of D by adding a quadratic transition region:

1, x €D,
2
x@W=11-(La+D) . re1-e-1],
0, otherwise,

and ¢ is a positive parameter. The loss function is

1
L) = 5 /D 1) — F )P d.

Minimizing L(h,f) over the parameters {a;};c,,; and {b;};c[, by gradient descent follows the gradient
flow

d
Fai(t) = —/(h(x, 1) — fONY (x, b;(1)) dx 3.D
t D
and
d
Eb,-(t) = —ai(l)/D(h(x, 1) — f(x))09, ¥ (x,b;(r)) dx (3.2)

with certain initial conditions {a;(0)};c[,; and {b;(0)};,;- Due to the modification of the network
representation, one can show that no bias can move outside D¢ at a later time.

THeoreM 3.3. If the initial biases and weights satisfy {b;(0)}
have {b;()} ;] < D¢, Vt > 0.

ietn) © D? and supjc(,;1a;(0)] < oo, we

ie[n]

Proof. At any time ¢, using Cauchy-Schwartz inequality,

5\/ / Ih(x,t)—f(x)|2dx\/ JREDOR

D D

5\/ [ o) —f(X)Izdx\/ [ vesmre <.
D D

Therefore if initial a;(0) is finite, a;(?) is always finite, which in turn implies every derivative %bi(z‘) is

d
—a.:(t
‘dta’()

also finite. Suppose attime t > Othat b, (¢) € 170, then there exists an open path that Vi’ € (ty, 1) < (0,1)

that %bk(t/ ) # 0 and b, (¢) e_ﬁ c. However, 9,y (x,b) = 0 for b € ﬁc, which is a contradiction.
Therefore every {b;(t)};c[,) < D°. O

Define the Gram kernel G(b, b’) on D® x D® by

Gb.b) = / W06 b)Y (. b) d, (3.3)
D
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which is a compact operator in I? (D?). Let A, > 0, k = 1,2,---, be the eigenvalues in descending
order and ¢, be the corresponding eigenfunctions, which form an orthonormal basis in L*(D?). We
have G(b,b') = > .| A (D) (b'). Some properties of ¢, are studied in Appendix A. Expand the
coefficient a,() along the eigenfunction ¢, (an orthonormal basis in L2(D?) in discrete version (at the
nodal points b;(t)), its dynamics follows

d < = da; ) db,
< ;:aiu)«pk(bi(t)) ; Db ()~ + ; a6 (b;(0) 7

= 20 [ s 1) v by 0)
i=1

—Z¢;’<(b,-(t))|ai(t)|2/D(h(x,t) —f ()8 ¥ (x, b;(1)) dx

i=1

=D b)) | DG, j(0a;(0) — Pby(1))

i=1 j=1

= > a1y (0) | DK, j(Da;(6) — O(b;(1))
i=1 j=1

where G = (GiJ)iJe[n] and K = (KiJ)iJe[,l] are
G, (1) =Gb(n,b;(1), K;;(1) = 09,G(b;(1),b;(1)).
The functions P and Q are
P = [ fowebrs 06 = [ 7wy eb s
We can represent P(b) and Q(b) as sum of eigenfunctions on D? as well:

P(b) =D pdi(b), Q) =D pii(b).

k>1 k=1

Therefore we can derive that

= > b)) [ DGy (0a(t) — Pby(1)

i=1 j=1

== > g b0y (bi(1) | Ay D by (bj(D)a(t) — p

=1 i=1 j=1
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and

— > 1ai ()P} (bi(1) (Z K;j(Daj(t) — Q(bi(t)))

i=1 J=1

o n n
== > > lai(0) P (bi(1) ] (bi(1) |:>»1 > di(bj(®)a;(t) — pz} :
I=1i=1 J=1

Denote ©, (1) = Z}’Zl d:k(bj(t))aj(t) — ’;—’;, we find that
do. (1)

= 2 My + 8, 0] 0,0, (3.4)

=1
where the infinite matrices
M, (1) = Z¢1(b,~(t))¢k(b,~(t)), NHOES Z la; (1) >y (b, (1)) (b;(D))
i=1 i=1

are both semi-positive.
Consider the energy E(f) = % Zkzl Ak|@,3 (1), then

dE(7)
dr

== D MO [My () + S, (0] 6,0
k=1

Since the matrices are both non-negative, the energy is non-increasing, thus there is a limit for E(f) as
t — oo. Define the auxiliary function

w(b,1) = D 1O (D¢ (b), (3.5)

k=1

which is directly related to the error from the following relation for b € D,

opwb,t) =05 | D (xk > dbj(0)a;(r) —Pk> ¢k(b):|

k=1 j=1

=07 | D G(b.bi(1)a;(r) — P(b)}

L= (3.6)

=2 | > a0 /]; W (6 b)Y (x, bj(1)) dx — /]; f(x)x/f(b)dx}
=1

n
=>4 /D 8(x — b)Y (x, bj(1)) dx —/Df(x)a(x — bydx = h(b, 1) — f(b).
j=1
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We first provide its regularity property which can be related to the spectral decay of the Gram matrix
determined by the regularity of the activation function.

TrEOREM 3.4. The auxiliary function w € H'(D?) and w € H?(D) uniformly, respectively.
Proof. From (3.6), we have ||3§W||L2(D) < 17, 0) = f)llz2¢py uniformly. We also notice that each

eigenfunction ¢, k € N satisfies that ¢ (b, )|, = 0,¢(b, )], = 0,hence w(b,t)|,—; = Iw(1,1) =
0. Using Cauchy-Schwartz inequality, we derive the following Poincaré inequalities,

b 2
2
”W(b’ t)“iZ(D) = H‘/l 8bw(b/’t) db/ LZ(D) = 2 ” abw(b, t) ||L2(D)
and
2 b 2 ’ 2 2
/ /
|0, w(®. 07200, = H /] el 0| | <2 |o3wib.n .

Therefore w € H>(D). Now we prove the other part of the theorem: w € H'(D?) uniformly. Here we
use the fact that E(¢) = % ZkeN Ak|(9k(t)|2 is uniformly bounded by E(0), then

WG D72y < D AENODP < 2y D IO < A E(O).
keN keN
Follow the same derivation of (3.6),

pw(b, 1) = dp [Z (xk > dbj(t)ay(r) — Pk) mm}

k=1 j=1

=0 <Z G(b. bj(1)aj (1) - P(b))

J=1

=3 (Zaj(t)/Dl//(x,b)l//(x,bj(t))dx—/Df(X)IP(x,b) dX>

J=1

=S 40 /D By (x, b)Y (3, by (1) dx — /D Y (5, b) dx
=1

_ /D (h(x.1) — F()) ) (x. b) di.

Thus using || A(-, f) —fllzp) = l7(-,0) —fll2(py and 9, (x, b) € CO%(D x D?), the following inequality
holds uniformly:

18w (B, D172 ey < NG00 = FlI72p, /D N |8, ¥ (x, b)|* dxdb < oo.
X £
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Let {E(z,,)},,> be a minimizing sequence for E(7), then

Z MO (5,) M (8,,) + S14(1,)10,(2,)
ki=1

= > (Wit )P + @) 00, 1,) ) = 0,

i=1

which implies that w(b;(¢,,),t,) — 0 and |g;(t,,)0,w(b;(t,,),t,)| — 0. Note that H 1(D?) embeds into
L2(D?) compactly, there exists a subsequence {w(-,7,, )}~ converges tow € H L(D?) strongly (which
is in C%%(D?)). Here are two cases:

» If the gradient dynamics b,(f) converges to b?‘ as t — oo, then we must have v"v(bj.‘) = 0. If

lim,_,  a;(t) # 0 or does not exists, then 8bv_v(b;.‘) =0.

» If during the dynamics b;(f) is not converging, then there exists an open set 7 C D° that T C
limsup, _, . {b;(1)},>, or equivalently, T appears infinitely often in the dynamics. Then we must
have w(b) =0,Vb e T.

Remark 3.5. In mean-field representation that n — oo and assume the limiting measure fR u(da,b,t)
has full support on D?, we immediately conclude that w = 0. Hence ®,(f) — 0 and E(r) — 0 as
t — oo. This implies the network will converge to the objective function. However, in a discrete setting,
it becomes more complicated due to the existence of local minimums.

3.2 Generalized Fourier analysis of learning dynamics

In this section, we study the convergence of the learning dynamics in terms of frequency modes,
especially the asymptotic behavior for high-frequency components. The key relation is (3.6), which
implies one can study the evolution of the Fourier modes of agw(b, t) to understand the evolution of
error h(b,t) — f(b). The other key fact is 8§¢(b) = A,:1¢>(b) and the spectral decay rate A, = Ok,
However, due to the bounded domain of interest » € D and non-periodicity at the boundary, generalized
Fourier modes have to be designed for our study. We introduce an orthonormal basis 6, (x) € C(D) that
solves the eigenvalue problem

0 () = Py, (),
0, (1) = 6,(1) = 0, 3.7
6/ (—1) =6/"(—1) = 0.

In Appendix B we provide an explicit characterization of 6. In a nutshell, p, = ® (k*) and 0, form a
complete orthonormal basis for L?(D) and it is close to a shifted Fourier mode when & is relatively large.
Let w denote the generalized discrete Fourier transform of w on D:

w(k, 1) =/ 0, (D)w(b, 1) db. (3.8)
D

where 0, is the eigenfunction defined by (3.7). We emphasize the following key relation (due to the
property of ReLU activation function): 8Zw(b, 1) = h(b,t) — f(b) for b € D by (3.6). Therefore the
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generalized discrete Fourier transform of agw will be the generalized discrete Fourier transform of the
error h(-,t) — f(-) on D. Using Lemma A.1, 8§w(b, 1= Z,fozl O, (O (b) for b € D.

LemmA 3.6. The following equality holds.

/ w(b, 06" (b) db = / aFw(b, 06} (b) db.
D D

Proof. Note 6]/ (—1) = 6" (—1) = 0,w(1,) = d,w(1,1) = 0 (due tog; (1) = (1) = 0),

/D w(b, 06 (b) db = w(b, 067 B)],p, — /D apw(b, 06 (b) db
— orw(b. 0@ 2 "
= —pw(b, 06" )]y, + | 0we.00; ®) b

= / 92w(b, 6] (b) db.
D

LemMA 3.7. There exists a constant ¢ > 0 that [w(k, )| < ck—2.

Proof. Using 6" (b) = p,6,(b), we have
Pk, )] < /D 02w (b, D6 (B)] db < [h(-,0) = FO)ll 20 160l 20

Since [0}/ l;2(p) = O(k*) by Lemma B.4 and p; = © (k*) by Lemma B.1, there exists a constant ¢ > 0

that [w(k, )| < k‘—z ([
From now on, we assume that b,(¢) is arranged in ascending order. Let s = s(¢) be the smallest index
such that {b;(1)};~; S D. Then use integration by parts taking into account the boundary condition of

j=s
9k7 w,
/D Ok (D)3 w(b, 1) db = 64 (b) a3 w(b, r)’w — 8 (b)ogwlap + /D 0y (b)opw(b, 1) db

= O (D)3}w(b, t)] p 0, (B)aFwlap + /D 6 w(b, 1) db (3.9)

= O (b)dw(b, t)‘aD — 0[(B)}wlyp + prw(k, ).

From the fact, 8§w(b, 1) = h(b,t)—f(b) = >\, a;(t) x (b;(1))o (b—Db;(1)) —f (b) and 6, (1) = 6,(1) = 0,
the two boundary terms can be explicitly written out as

s—1
Hi() == 9k(b)3gw(b, Dl =—0(=1) ai(Ox bi@®) —f'(=1) |, (3.10)
oD
i=1

s—1
T (0) == =0, (D) oy w(b, z)‘aD =—0,(-1) [Z x (b(1)a; (1) (1 + b, (1)) +f(—1)} : (3.11)

i=1
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Differentiating (3.9) in time and using (3.4), (3.5) and (A.1), we have

Pd W, 1) + Hp (1) + T (0) = D 040, (m)
k=1

=—n> ¢ (m) ( /D Wb, 0 (D)o (b 1) db + /D (b, ¢ (b) ey (b, 1) db) , (3.12)
k=1

where (1 and i, are defined by the following positive distributions (n can be finite)

l n
Hob,1) =~ > 8(b = by(1),
i=1

. (3.13)
1 (b, 1) = % D a8 — by(1)).

i=1

Apply the equality Z,fozl & ()9 (y) = 8(x — y) to (3.12), we find

dr(m) [ w(b, D (b)py(b, 1) db
DE

k=1

- / / w(b,t)Zq&k(b)qﬁk(b’)uo(b,t)@m(b’)db’db
Dt JD k=1

= / / w(b,08(b — b')uy(b,16,,(b") db’ db
D¢ JD

= / w(b', 0o, 06, (b') db' = wiig(m, 1).
D

Similarly,

S [ ae.0gi b0

k=1
= /D g /D abw(b,z)g¢,§(b)¢k(b/)u2(b,t)em(b/) v’ db
= /D 8 /D dyw(b,1)8' (b — b1, (b, 1)6,,(b') db’ db
= / 6,,(b)8 (b —b')db / dpw(b, )y (b, 1) db
D De

= / dywb, D, (b, 106 (B') db'.
D
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Therefore (3.12) can be further reduced to

1
A1) = == (4, (0 + T, 1) — 2y m, 1) — = / dpw (b, Dy (B DB, (B db . (3.14)
D

m m m

Now we provide an estimate for the above equation and show a slow reduction of high-frequency modes
in the initial error during the gradient flow.

TrEOREM 3.8. Assume that sup; _;_, Iai(t)|2 is uniformly bounded by M > 0 and the biases {b;(0)} are

initially equispaced on D. If w(im, 0) # 0, then there exists a constant C>0 depending on the initialized
loss that

1 Pm. 0
[, 0] > 1w, 0)], 0 << PulWmOl (3.15)

T 2nCm+ 1)’

Especially, denote the initial error in the generalized Fourier mode 6,, by [w(m, 0)| > ¢/ m~? for certain

¢’ > 0, then the error in the generalized Fourier mode 6,, takes at least O (C/Tm) time to get reduced by
half following gradient decent dynamics.

Proof. We estimate the contribution from each term on the right-hand side of (3.14). In particular we
have [|6 [l py = O(1), ||9,2||L00(D) = O(k) from Lemma B.4.

1. First, there exists a constant C > 0 that

L / w(b' o', 1)8,,(b') db’
D

m

n ___
Pm

Fm ' ( ) ( ) Fm

2. Since w € H*(D), it can be embedded into C'* (D) compactly, which means 0w is uniformly
bounded on D, hence there exists a constant C’ that

n n
‘__/ 8bw(b’,t)uz(b/,t)9,/n(b/) dav'| < _Her/n”C(D)”abW”C(D)/ Hy(b, 1) db
Pm JD Pm D

m
C'Mmn

< .
Pm

3. Using the definition of #,, in (3.10) and 7, in (3.11), now we give the upper bounds of |H,, (t) —
H,,(0)| and |7, (t) — J,,(0)|. Since initially b;(0) € D and x (b) < 1, we have

s(t)—1
Hy(6) = H,, (O] = 16, (=DI | D a;()xBy(0)] < C"VMls(t) — 1] (3.17)

i=1
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and
s()—1
1T () = T O] = 16,(=DI| D a;()x B;))(1 + b;(1)| < C"mV/M|s(t) —1].  (3.18)

i=1

Now we estimate the number s(#). Because the biases have a finite propagation speed

d
'Ebim

< la;| /D |h(x, 1) — £, (x, by(1)] dx < K == C""/M||h(-,0) = Ol 2 (-

Therefore there are at most %nKt initially evenly spaced biases moving into the transition
interval. That gives |s(f) — 1| < $nKt.

The above estimates imply that there exists a constant C > 0 that

1 1
[(m, D] — [W(m, 0)| > ———(C'Mm + C)t — — (C”\/M + C/”m\/M) S Knt
Pm

m
e (3.19)
> ——n(m + 1)t
Dm
When w(m, 0) # 0, we solve the lower bound of the half-reduction time T > 0 that
1 C Ww(m,0
Lomo= L meyr — o= LaVmOL
2 D 2nC (m+ 1)
In particular, if [W(m, 0)| > ¢/m~2 for certain ¢’ > 0, the half-reduction time is at least O (C/Tm). O

To keep a discretized gradient descent method close to the continuous gradient flow, the learning rate
or step size should be small. In practice, one typically takes At = (’)(%), it will take at least O(m) time
steps to reduce the initial error h(x, 0) — f(x) in the generalized Fourier mode 6,, by half. It is also worth
noticing that this phenomenon does not depend on the convergence of the trainable parameters.

A lower bound estimate only provides an optimistic scenario which may not be sharp. When the
network width and the frequency mode satisfy different scaling laws, improved estimates can be obtained.
See Appendix C for improved estimates, numerical evidence and the proof of Theorem 3.2.

4. Rashomon set for two-layer ReLU NNs

In [49, 50], the authors claimed that the measure of the so-called Rashomon set can be used as a criterion
to see if a simple model exists for the approximation problem. Let D = B;(1) be the unit ball in RR<. The
Rashomon set R, for the two-layer NN class #,, is defined as the following

R, = {h eH,|lh _f||L2(D) =< 8|lf||L2(D)},

where m is the number of parameters for H,,. If we normalize the measure for #,,, the measure of the
Rashomon set quantifies the probability that the loss is under a certain threshold for a random pick of
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parameters. The main purpose of this section is to characterize the probability measure of the Rashomon
set with H,, representing the two-layer ReLU NNs

1< d
h(x) = Zgaja(wj~x—bj)~l—v~x~l—c, xeDCRY,
]:

where the parameters {aj};?zl are bounded by [—A,A] and {b;}7 | € [—1,1]. It is already known that

this network can approximate a function f with an error no more than O(y/d + logn n~1/2=1/dy if the
Fourier transform f satisfies f]Rd FlNe ||%d§ < 00 [31]. The general bounds in Holder space have been
studied in [37]. Taking Laplacian on 4,

I < 1 ¢
Ahx) = = > @ A0 Wy x —b) = — > as(w; x —b).
j=1 j=1

THEOREM 4.1. Suppose f € C(D) such that there exists g € Cg (D) that Ag = f, then the Rashomon set
R, € H, satisfies

n(l — a)zufniz([,))

P(R,) < exp (— TAZe2

K= sup/ g(x)dH,;_ | (x).
(w,b) J {xeD,w-x=b}

Proof. Letg € C% (D) that solves Ag(x) = f(x) with Dirichlet boundary condition.
n
1
(A0 =~ 3K Ximay [ gt dtty 0,
=1 Wjx=b;

The random variables X; are i.i.d and bounded by [—-A«, Ak ] where « is an absolute constant defined by

K= sup / gx)dH,;_ (x).

(wj.b) €SI x[—1,1]/ wjx=b;
Then use Hoeffding’s inequality,
| — i
Pl X B = | < e (- ).
J=1

Especially if E(aj) = 0 hence IE(XJ-) =0, then

nt?
P[(Ah(x),g(x)) = 1] < exp (—m) :
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Using Green’s formula,
(Ah(x), g(x)) — (h(x), Ag(x)) =/d (8,h)f (¥) = 3,f(X)h(x)) ds =0,
oD
then using the network to approximate Ag = f is difficult if x is small in the sense that

P[Ihx) = A8 200 = el Agll 2] < P [(hx), Ag@) = (1 = &)1 A8l

n(l — )1 Agll}s
=Py~ 2422 ‘

Here we have used the fact that [|h(x) — Ag)ll;2(p) =< €llAgIl2(py implies both ||All 2y = (1 —
€)||Ag||L2(D) and

1
h, Ag) >
(h,Ag) > 2

1
1481220 + 5 172y = (1= 1AL 72 -

O

If f oscillates with frequency v in every direction, then k ~ v—2 and the probability measure of
Rashomon set scales as exp(—O(v™*)) which gives another perspective why oscillatory functions are
difficult to approximate by NNs in general. The proof and extension to more general activation functions
are provided in Appendix D.

5. Further discussions

In this study, it is shown that the use of highly correlated activation functions in a two-layer NN makes
it filter out fine features (high-frequency components) when finite machine precision is imposed, which
is an implicit regularization in practice. Moreover, increasing the network width does not improve the
numerical accuracy after a certain threshold is reached, although the universal approximation property is
proved in theory. The smoother the activation function is, the faster the Gram matrix spectrum decays (see
Remark 2.11 and Appendix E), and hence the stronger the regularization is. We plan to investigate how
a multi-layer network could overcome these issues through effective decomposition and composition in
our future work.
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A. Properties of eigenfunctions

We show properties of the eigenfunctions ¢, for the Gram kernel defined by (2.5) or equivalently
by (3.3).

Lemma Al. ¢, is a cubic polynomial over (—1 — ¢, —1) and

0, be(=1—eg—1),
%0 = [x 'pu(b), be(—1,1), (A1)

where 3,,¢; is continuous at b = —1 but 7¢, has a jump at b = —1.

Proof. We use the definition of eigenfunction
- G(b, by (1) db' = Ay (b).
For b € (—1,1), x(b) = 1, then differentiating both sides
bt ®) =5 [ [ o= ot tx @@ i = [ 5613 @) b = 4,0
Forb € (—1 — ¢, —1), x(b) is quadratic, o (x — b) = x — b for x € D, we differentiate both sides
Ay (b) = 0y (x (b) /D ) /D (x — b)o (x — b)Y x (B ) (b') dxdb/) =0.
Now, we compute 3¢, and d7¢ across b = —1. Note x'(—1) = 0, then

lim 9,6, (b) = L im K: (x (b) / / (x — b)a (x — b)) x (b ) () dxdb/)
b——1 Ag b—>—1 D¢ JD

k

:ix( 1) lim (/ /(x—b)o(x—b/)x(b/)qbk(b’)dxdb/)
D¢ JD

A b—>—1-

+ Ly tim (/ / (—l)a(x—b’)x(b’)qbk(b’)dxdb’)
)"k D¢ JD

b——1—

1
—— (/ /(—l)a(x — b’)x(b’)d)k(b/)dxdb’)
k Dt JD

and because 0’(x —b) = 1if b= —1and x € D,

. 1 / / / /
b_l)lr_rlﬁab(pk(b):)h—kbhm a9y, (/&/U(x—b)a(x—b)X(b)qbk(b)dxdb)

1 / / /
_Akb_> 1+(/D€/ U(x_b)a(x_b)x(b)qbk(b)dxdb)

== (/ /(—l)a(x—b’)x(b’)(pk(b’)dxdb/).
k D¢ JD
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For 8§¢k across b = —1, following a similar process,

lim a,fgzsk(b)zi lim 97 (X(b) / / (x—b)a(x—b’)x(b’)qbk(b/)dxdb/)
b——1— Ay b—>—1- D¢ JD

k

= —x"(=1) lim (/ /(x—b)o(x—b/)x(b/)qbk(b/)dxdb’)
D¢ JD

)\,k b——1~

= —i% (/ /(x+ Do (x — b/)x(b/)¢k(b/)dx‘1b/)
Aks peJD

and

lim 07¢,(b) = i lim o7 ( / / o(x—b)a(x—b’)x(b’)fbk(b’)dxdb’)
b—>—1% k D¢

_ ! (/ /8(x—b)a(x—b/)x(b/)qﬁk(b/)dxdb’)
Akb—> 1+ DF

1 1 -
— [ o(=1=0)x @) (b)) db' = —/ (=1 =b)x (') db'.
)‘k Dt )\k —1—¢

Ase — 0,1im,_, _+ 32¢,(b) = O(e) while lim,,_, ;- 32¢,(b) = O(c72). O

B. Generalized Fourier modes

In this section, we study the eigenfunctions ¢, for the one-dimensional continuous Gram kernel defined
in (2.5), which are exactly the generalized Fourier modes 6, defined in (3.7).

Lemma B1. The eigenfunction 6, satisfies
0, (x) = A, cosh(cx) + By sinh(cyx) 4+ C; cos(cx) + Dy sin(cx),

where tanh(c) tan(cy) = %1, p; = ¢}, and ¢y € ((k+ )7, (k+ 1)70), oy € ((k+ D)7, (k+ 3)m),
k> 0.

Proof. The form of the eigenfunction is standard. Using the boundary conditions, 6 (1) = 6;'(—1) = 0,

Ay cosh(c;) + By sinh(cy) + Cj cos(cy) + Dy sin(cy,) = 0,

Ay cosh(c;) — By sinh(c;) — Cj cos(cy) + Dy sin(c,) =0,
which means

A, cosh(cy) + Dy sin(c;) =0, By sinh(cy) + Cj cos(cy) = 0.
The other two boundary conditions are
Ay sinh(cy,) + By, cosh(cy) — Cy sin(cy) + Dy cos(cy,) = 0,

—A, sinh(c;) + By cosh(c,) — Cy sin(c;) — Dy cos(cy) =0,

which means

Ay sinh(cy) + Dy cos(cy) =0, By cosh(cy) — G sin(cy) = 0.
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If Gy # 0, then By = —C; S = €, 2 which is tan(c;) tanh(c;) = —1.1f Dy # 0, then we can

derive tan(c;,) tanh(c;) = 1. Let r(x) = tan(x) tanh(x), forx € (0, %) orx € (nw+ %n,nn + 37”), ne,
the function r is monotone, therefore ¢y, € ((k + }1)71, (k + %)n), Copan € ((k+ %)71, (k + %)n),
k> 0. O

From the above analysis, the eigenfunctions are

COS(c
021 () = Coppy —M sinh(cypp1%) + €08(cpq1%) ),
sinh(cpy 1)
sin(cy,,) .
Or+2(X) = Dojsn (—m cosh(cyy9X) + sin(eyeip) ),

which shows {6, },- | are actually the eigenfunctions of the Gram kernel G in (2.3).

Lemma B2. {6, };~, forms an orthonormal basis of L*(D).

Proof. Since each eigenvalue is simple from Theorem B.4 and we verify the following equality using
integration by parts,

P; / 6;(06;(x) dx = / 67 (06;(x) dx = / Gi(x)Oj(4)(x)dx=pj / 6,(08;(x) dx.
D ’ D D D ’

Thus {6,},~, forms an orthonormal basis. O

Lemma B3. The eigenfunctions {6}, can form a complete basis for L*(D).

Proof. Suppose {6,,}7°_, is not complete, then there exists a nonzero y € L*(D) that 7(m) = 0 for

all m € N, then using the fact that {0,,},,~ are the eigenfunctions of the Gram kernel G in (2.3), note
G(x,y) = G(y,x), it is self-adjoint, then by Hilbert—-Schmidt theorem,

Agmwﬂw®=a (B.1)

and we differentiate the above equation four times on both sides, which leads to y ) (x) = 0 which means
y should be a cubic polynomial with boundary conditions y (1) = y'(1) = y”(=1) = y""(-1) = 0,
which means y = 0, it is a contradiction with our assumption of ||y ||, # O. 0

Next, we show the eigenfunctions are a/most Fourier modes.
THeoreM B4. The following statements hold
L (k+ D7 < ey < k+Hr +e 220 and (k+ ) > cyppn > (k+ D — e 2202,
2. A By =0(e"%)and C, D, = O(1).
3. 16l ) = O, 16l ey = OK) and 16 [l oy = OGP

4 10341 @) = cos(ey 1) |2y = OK(™Y2) and [0y 45 (x) — sin(cy 420 12y = OG™1/2).
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Proof. For ¢y, from the relation tan(c,; ) = coth(cy ) =142/ (€*%+1 — 1), we obtain that

1 1 tan(c -1
Cok+1 (k+ Z) 7T < tan (62k+1 - (k + 4_1) n) _ o) 71 ¢ 221,

The first inequality uses x < tanx for x € (0, 7). The result for ¢, , follows a similar derivation.
We only prove for 6, , |, the proof is similar for 6, , 5.

2
cos
/ (_M sinh(cy, %) + cos(02k+1x)) dx
D

sinh(cy; 1 1)
2
cos(Copry) . ) 2
= ———=—"sinh(c x) ) dx+ [ cos“(cy,,qx)dx
/D (Slnh(62k+1) 2U+1 b 2k+1
cos(Copyy) .
— 2/ ———="—sinh(c¢,;_, 1 x) cos(c,;, X) dx B.2
B (cos(c2k+1) )2 |:sinh(202k+l) B 1] N [sin(202k+l) n 1]
sinh(cy; 1) 205141 Cok+1
2 : 2
cos“(c coth(c sin(2¢ cos(c ) B
_ 2utt) COth () 2k+1) _( ' Cat) )7 _ OGN,
Cokt1 26y 41 sinh(cayy 1)
Therefore Cpy = 1 + OK™") and |By | < sinh(cyy() 'Copq|l = O(e“%+1). The norm

1025411l LoDy < 2Cp 4y = O(1) and

cos(Cyry 1)

- cosh(cyyy 1 X) — sin(cy;, lx)) ,
sinh(cy; 4 1) + +

/
O1(X) = Copy1Copqa (—

which means (|65, [l o = O(k) and similarly, (|65, [l o) = O(k%). We also can see from (B.2)
that

/ 03111 (X) = Copy g cOs(cyy 0 dx = O™,
D

which means 6, ~ Cy; | cos(cyy %) + O 1/2) = cos(cyy x) + OK1/2). O

C. Improved bounds for learning dynamics

C.1 Partl

In the first step, we provide an improved estimate for

1 n
/ w(b', )ty (B, 06, (b)) db' = =" w(by(1), Dla; ()76, (b (1)).
D n

i=1

Here we slightly abuse the notation and treat d,w as zero outside D. Define the piecewise linear
continuous function A(-,#) € C(D) that A(b;(1),1) = |al-(t)|2, then we have the following equation
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using integration by parts,

%ZBbw(bi(t),t)|ai(t)|20,’,l(bl-(t)) - / 3, w(b, 1) A(b, )6, (b) db
i=1 D

=— / disc(b, 19y [3,w(b, 0)Ab, D6,,(b)] db,
D

where disc is the discrepancy function

1 n
disc(b.) =~ D Ay b)) = b

i=1
and 1 ¢ denotes the characteristic function on the set S.

Lemma C1. Let V(1) be the total variation of d,w(b, 1).A(b, 1)6,,(b), then there exists an absolute constant
C > 0 that

V(1) < CV(AmP (1) — £l 20y

where V(A) is the total variation of A:
n—1

V(A) =a}) + D la}() — ay (O] + a2 (o). (C.1)

i=1

Proof. The result comes from the fact ng(b, t) = h(b,t)—f(b), |9,/,; (b)| = O(m?), and bounded variation
functions form a Banach algebra. d

Lemma C2. Suppose sup;;, |a;(t)|? is uniformly bounded by M, the total variation of A is bounded
by M’, and the initial biases are equispaced distributed, then there exists a constant C > 0 such that

2
< ClIhC.0) = Ol 20y (1 n (; ; Kt) mz) |

The constant K = v2M || h(x,0) — f () [l 2p)-

‘ / dyw(b', Dy (b, 16, (b') db’
D

Proof. Let L = ||6,,llc(py = O(1), we apply integration by parts and there exists a constant C’ > 0such
that

‘ / d,w(b, 1).Ab, 06, (b) db‘
D

=<

/ 0,,(b)3, (3,w(b. ) A(b. 1) db‘ n ‘9,,, (b3, w(b, )A(b, 1) ’aD‘
D

) (C.2)
<L [/D [0y w(b, 1) A(b,1)| db —I—/D [0,w (b, 1)]19,A(D,1)| db + M||3,w(-, t)||C(D)]

<L I:”a}%w(', t)”LZ(D)”A(',t)”LZ(D) + 10,w(-, t)”c(D)V(A) + M”abW(',l)”c(D)]

S C/”h(,[) _f()||L2(D)(M+M/)
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Therefore we have a new estimate:

/ w(b, )1, (b, 1)6,,(b) db
D

= C/“h("t) _f(’)||L2(D)(M+M/)

+

/ disc(b, )0y, [3,w(b, NAb,1)6;,(b)] db‘ .
D

Notice that this bound will be better than the constant bound in Theorem 3.8 if the second term on the
right-hand side is relatively small. Next, we characterize the discrepancy function disc(b, ).

1 “ 1 n
n ; Ly bi(1) — b — (; ; 1y 4 (B;(0) — b)

|disc(b,t) — disc(b,0)| =

1 n
= Z (L ) (Bi(0) — ]l[l’b)(bi(O)))’.
i=1
Because
d
—b;()] < Ia,-(t)l/ |h(x, 1) — f (0119, (x, b;(1))] dx
dt D (C.3)
< K = C"VM|h(x,0) = f&) 2
and within time #, the maximum distance of propagation is Kt for each bias. Therefore,
1< u
; Z (Li_1y Bi(®) = Ly 4y (B;(OD)| = = Z (L1 kep—k i (0) — ﬂ[—l,b)(bi(o)))‘
i=1 i=1
1 < 1
=5 Z Ly —14knup—kep) (0i(0)) = Kr + -
i=1
Therefore, using |disc(b,0)] < }l for equispaced biases,
2
' / 8w (b. 1)1t (b, 06}, (b) db| < C'llh(x, 1) — FO) 20y (M + M) + (; + Kz) V()
D
/ / 2 /.2
< A, 0) = fllp2pyM + M) C + - +Kt)C'm").
O

Remark C3. If the bound of V(A) can be as large as O(nM) at the worst case, then we may return to the
Theorem 3.8. In fact, if V(A) becomes O(m), we may also have to return to the Theorem 3.8.

C2 Partll
In this part, we try to optimize the bound for 7, (t) — 7,,(0):

s—1

T (8) = T, (0) = 6,(=Dh(=1,1) = 6,(=1) D_ a; () x (by()(—1 = b;(1)).

i=1

The main result is the following estimate.
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Treorem C4. Assume that sup; _;_; -, |a;(7) |? is uniformly bounded by M > 0 and the biases b, (0},
are initially equispaced on D, then there exists a constant C > 0 that

| T (D — T,,(0)] < Cmv/MK?nt*.

Proof. The biases are propagating with finite speed that |%bi(t)| < K := C"/M|h(-,0) —fOll2mp)
(see (C.3)). If the initial biases are equispaced distributed on D, then s(f) — 1 < % Foreachl <i <
s(t) — 1, the bias b,(¢) satisfies

|b;(t) — b;(0)] < Kt, and [b;(0) — (—1)| <Kt

Therefore
s(t)—1 s(tH)—1
D xG = 1=b(l < D | =1 - b;0) — Ki)
i=1 i=1
s()—1
< D 1= 1=b;0)] +Ki(s(t) — 1)
i=1
< K’nf*.
Therefore |7, — 7, (0)] < |0/ (=1)|MK*ni*> < Cmv/MK?nt?. O
C3 Partlll

Now we can prove the following theorem with the improved bounds. In the following, we assume n > m.
In other words, it only makes sense to study the learning dynamics for those frequency modes which can
be resolved by the grid resolution corresponding to the network width.

Treorem C5. Suppose sup;;, |al-(t)|2 is uniformly bounded by M, the total variation of A (C.1) is

bounded by M’, and the initial biases are equally spaced. Let n > m* be sufficiently large, then it takes
4y~

at least O(M) to reduce the initial error in generalized Fourier mode [w(m,1)| < %W(m, 0)].

Especially when [w(m,0)| > ¢'m™2, the half-reduction time is at least O(mflc, ).

Proof. Using Lemma C2, there exists a constant C” > 0 that

() )
<C'{1+|-+4+t)m°).
n

We only consider the case that n > m, otherwise we return to Theorem 38. Recall that in Theorem 3.8
that | Wz, (m, )| is uniformly bounded (see (3.16)) and | H,,,(f) — H,,,(0)| < % 16,,(—1) |v/MKnt (see (3.17)
and (3.18)). Combine the estimate in Theorem C4 and follow the same process as (3.19), we can find a
constant C"” > 0 that

'/ pw', (b, 06,,(b") db’
D

n m2
[W(m, )| — [w(m,0)] < —C" — ((1 + —) t+ (m+ mz)tz) . (C.4)
1% n

m
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We solve an upper bound for the half-reduction time t from the quadratic equation

2
Lm0y = o ((1 + m—) T+ (m+ mz)Tz) . (C.5)
2 p n

m
The solution satisfies
P [W(m,0)]

T > . (C.6)
2C"n /(1 + m2/n)? + 2(m + m2)p,,|Ww(m, 0)| /(C"'n)

Let’s use the notations A < B and A > B to represent the relation A = O(B) and B = O(A), respective.
We find the following regimes:

1. n>m?and [w(m,0)| > %, thent = O (m,/@).

2. n > m? and [W(m,0)| < 2%, thent = O (’"74|W(m, 0)|).
n

3. m < n~<m?and [W(m,0)| > n#,thenr:@(m M).

4. m<n=<m*and [Wm,0)| < —, then T = O(m?[W(m,0)]).

In the second case, when n > m* is sufficiently large and [w(m, 0)| > ¢’ m~2, the half-reduction time

becomes (O(C/n’”2 ), which is a better bound than the one in Theorem 3.8. O

Remark C6. If the biases b; are equally spaced and fixed, the learning dynamics become the gradient
flow for the least square problem. Using a standard Fourier basis one gets a simpler version of (3.14)
without the boundary terms and the last term involving 9,/”. Since w(b, 1) is H?, one gets ;fo\w(m, N <
C(mi2 + mdisc({b;(0)}’_,)), for n > m> and equispaced {b;}_, that disc({b;(0)}7_ ) = O(%), it takes
O(m*) steps to reduce the initial error in mode m by half. Hence the full learning dynamics, i.e. involving
the bias, while requiring more computation cost in each step, may speed up the convergence. See Fig.

C7 for an example.

C.4 Numerical experiments

In the following, we perform numerical experiments to demonstrate the scaling laws with a different
total variation of |ai(t)|2. The objective function is

f(x) = sin(kmx)

with k chosen from selected high frequencies. We set the number of neurons n = k, B € {2,3,4}
for a selected frequency k. The learning rate is selected as n~!. This set up is regime 1 above, where
w(k,0) = k=2, and hence the number of iterations should be of order O (nt) = O(/n).

The initialization of biases {;(0)}}_, are equispaced and ordered ascendingly. The weights {a;(0)}_,
are initialized in the following ways.

(A) ;(0) = 3(=1)\.
(B) a,(0) = %cos(z’).
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TaBLE C1  Theoretical lower bounds

TV(A) B=2 B=3 B=4
Init A o) O(k) O®*k") Ok
Init B On) O(k) O(k) O(k)

TaBLE C2  Experimental fitted results

TV(A) B=2 B=3 B=4
Init A o) Ok o1 O(k'-82) Ok 87y
Init B O(n) O (k') Ok 73) O(k'99)

¥

[ 2000 4000 6000 8000 10000 12000 [ 2000 4000 6000 8000 10000 12000 ] 2000 4000 6000 8000 10000 12000
num of epachs num of epochs num of epochs

Fic. C1. Experiment for initialization (A) and 8 = 4. Left: the graphs of Ej(¢). Middle: the graphs of k187 In(Eg(1)). Right: the
total variations of A.

We record the dynamics of the network (denoted by 7, ) at exactly frequency k through the projection

E (1) = '/D(hk(x, 1 —f))f (x) dx| .

As we will see in the experiments, the total variation in A is slowly varying in time, so we can
summarize the a priori theoretical lower bounds and the experimental results of the number of epochs in
the following tables C1 and C2. The initialization (A) has a relatively small total variation, and the
experiments agree with the theoretical bounds quite well. However, similar results are observed for
initialization (B), which has a relatively large total variation during the training, see Fig. C1, C2, C3 for
initialization (A) and Fig. C4, C5, C6 for initialization (B). One possible explanation is the overestimate
using the total variation in (C2) which might be unnecessary. As we mentioned in Remark C6, we record
the training dynamics with fixed biases, initialization (A), and choose n = k4, see Fig. C7. The result
matches the argument in Remark C6. For comparison purposes, we additionally demonstrate an example
with Adam optimizer, which shows a similar scaling relation as the GD optimizer at the initial training
stage, see Fig. C7.

All these tests show a consistent phenomenon, the higher the frequency, the slower the learning
dynamics.
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100 0
=25
9x107}
~50
-
8x10° =75
-100
7x107
125
— k=16
— k=24 _150
6x107! | — k=32
— k=40
175
o 2000 4000 6000 8000 10000 12000 o 2000 4000 6000 8000 10000 12000 o 2000 4000 6000 8000 10000 12000
num of epochs. num of epachs num of epochs

Fic. C2. Experiment for initialization (A) and B = 3. Left: the graphs of E(r). Middle: the graphs of k182 In(Ex(1)). Right: the
total variations of A.

100 0 2x10°
9.9x10°! =5
-10
98107
10°
-15
97x 107
-20 "
9.6x10°! e
-25
95x10°! ax107
-30
0 2000 4000 6000 8000 10000 12000 ° 2000 4000 6000 8000 10000 12000 0 2000 4000 6000 8000 10000 12000
num of epochs num of epochs num of epochs

Fic. C3. Experiment for initialization (A) and g = 2. Left: the graphs of Ej(¢). Middle: the graphs of k161 In(Ex (7)) (fitting first
2000 epochs only). Right: the total variations of .A.

100 0
-10
10¢
-20
6x107
-30
-40
4x1071{ — k=8 -50 3
— k=12 10
— k=16
— ta2n -60
3x107
0 2000 4000 6000 8000 10000 12000 ° 2000 4000 6000 8000 10000 12000 o 2000 4000 6000 8000 10000 12000
num of epochs num of epochs num of epochs.

FiG. C4. Experiment for initialization (B) and 8 = 4. Left: the graphs of Ej (¢). Middle: the graphs of k!-90 In(Ey. (1)) (fitting first
2000 epochs only). Right: the total variations of A.

100
9x107!
8x107! 10
0 2000 4000 6000 8000 10000 12000 o 2000 4000 6000 8000 10000 12000 o 2000 4000 6000 8000 10000 12000
num of epochs num of epochs num of epochs

Fic. C5. Experiment for initialization (B) and § = 3. Left: the graphs of Ej(¢). Middle: the graphs of K75 In(Ex(1)). Right: the
total variations of A.
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2x10? | — k=32

k=40
— k=48
— k=56
— k=64

0 2000 4000 6000 8000 10000 12000 [J 2000 4000 6000 8000 10000 12000 ) 2000 4000 6000 8000 10000 12000
num of epochs num of epochs num of epochs

Fic. C6. Experiment for initialization (B) and 8 = 2. Left: the graphs of Ej (). Middle: the graphs of K159 In(Ex (1)) (fitting first
2000 epochs only). Right: the total variations of A.

C.5 Further remarks

C.5.1 Initial distribution of biases. If the initial biases are uniformly distributed instead of equis-
paced, the previous estimates need to be modified. In particular, the upper bound of s(¢) — 1 will become
I% + Op (v Knt) using the Chebyshev inequality. The discrepancy of {b;(0)}!_; will be also updated to

(’)p (n~Y%). Then we have the following modified estimates:

M, (1) — H,,(0)] < %|9m<—1)|m(nm + 0, (VnKi),

1T (®) = T, (0)] < 16),(—=DIVMKt(Knt + O, (VKn1)),

(o))

2
t
[, ) — [Wm,0)] = —¢" - (1+—’” )r+(m+m2>t2+(1+mr>,/—

p m \/ﬁ n

‘ / dyw(b', Dy (b, 16, (b') db’
D

and (C.4) becomes

In particular, whenn > m®* and |[w(m, 0)| > ¢/m~2, the half-reduction time is still the same Op (m*c’ /n) as
Theorem C5. A similar probabilistic estimate can be derived for initial biases sampled from a continuous
probability density function which is bounded from below and above by positive constants.

C.5.2 Activation function. The regularity of the activation function plays a crucial role in the
analysis. In general, using a smoother activation function, which leads to a faster spectrum decay of the
corresponding Gram matrix, will take an even longer time to eliminate higher frequencies. For instance,
if the activation function is chosen as pl!op (x), p = 1, where o is the ReLU activation function, then

a similar analysis will show that if n > mP3. then under the assumption of Theorem C5, the half-

reduction time of ‘frequency’ m is at least O(@ [w(m, 0)|) in the Theorem C5. This also implies that
using a shallow neuron network with smooth activation functions will be even worse for learning and
approximating high-frequency information by minimizing the L? error or mean-squared error (MSE).
In the following, we perform a simple numerical experiment to validate our conclusion. We set the
objective function as the Fourier mode f(x) = sin(mmrx) on D, m € N and use the activation functions
ReLU”(x) := I%!a” (x), p = 1,2 to train the shallow neuron network hm’p (x, 1) to approximate f(x),
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— m=s 100
— m=7
— m=9

N 107
2 \
10
0 2000 4000 6000 8000 10000 0 25 500 750 1000 1250 1500 1750 2000 0 25 500 750 1000 1250 1500 1750 2000
num of epochs num of epochs num of epochs

Fic. C7. Additional experiment for initialization (A) and 8 = 4. Left: Graphs of K35 In(Ex (1)) for k = 5,7,9 with fixed equispaced
biases, trained by GD. Middle: Graphs of Ey (¢) for k = 5,7, 9, trained by Adam. Right: Graphs of K2 In Ey(t) fork =5,7,9, trained
by Adam.

O 2000 4000 6000 68000 10000 12000 0 2000 4000 6000 8000 10000 12000 0 2000 40000 60000 80000 100000 120000 O 20000 40000 60000 80000 100000 120000
um of epochs num of epochs num of epochs. num of epochs

Fic. C8. The comparison of ReLU, ReLU? for the approximation to f (x) = sin(mzmx). From left to right, the figures are E,, 1 (1),
m! 93 I(Ey, 1 (1), Ep2 (1), m*2 In(Ep 2 (1)

respectively. The number of neurons n = 10*. We record the error of the Fourier mode

Epp0) 1= ‘ [t — e an
D

at each iteration. The errors are shown in Fig. C8 for m = 5,7,9. We can observe that the decay rates of
ReLU and ReLU? are O(m~2) and O(m~>) roughly.

C.5.3 Boundedness of weights. One may notice that the requirement of weights sup,. ; |a;(?) <M
for all # > O can be relaxed to 0 < ¢ < t, where T denotes the lower bound of half-reduction time in
Theorem 3.8 or Theorem C5. When 7 > m in Theorem 38 or n > m? in Theorem C35, such requirement
can be relaxed to only the initial condition sup;..; |a;(0) 12 <M.

D. Rashomon set for bounded activation function

In this section, we characterize the Rashomon set for a general bounded activation function instead of
ReLU. We consider a more general setting of the parameter space: a; are mean-zero i.i.d sub-Gaussian
random variables that

Plla)| > 1] < 2¢™, i€ [n]

for some m > 0. Then we have the following estimate for the Rashomon set by following a similar idea
for the proof of Theorem 41.
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THEOREM D1. Assuming the same network structure as Theorem 41 and o as a bounded activation
function that

—1<o@® <1, o@® >0 VieR, (D.1)

then the Rashomon set’s measure

Cn(1 — e)zufan(D))

PG — F® 2y < lfll 2] < 2€Xp( g

where 6 = lla;lly, is the Orlicz norm, £ = diam(D), and « denotes

K= sup
(w,H)eS4—1 xR

/ f)dH,;_ x|.
{x-w=txeD}

Proof. We denote r; := |w;| and £ = diam(D), then let

Lri

X; —a/f(x)a(w X — b)dx——/ o(s—b)) fx)dH,;_,(x)ds.

Lri {x-wi=s}

Then (h,f) = 1 > | X, and

1
P[nh—fniz(msszwizw)]SP[ — 2, = ;Z]

Since the random variable a; is sub-Gaussian, then X; is also sub-Gaussian by |X;| < 2a;fx. One can
apply the Hoeffding’s inequality (see Theorem 2.6.2 [62]) that

Cn(1 = &)*IIf1I},
D)
P |: =I5 = in| = 2eXp( 420202 .

for certain absolute constant C. O

The constant « stands for the largest possible average of f on every hyperplane {x - w = 1}, ¢t € R.
When f(x) is oscillatory in all directions, the constant ¥ becomes small. More intuitively speaking, an
activation function of the form (D.1) can not feel oscillations in f, i.e. (f, ') is small due to cancellation.
According to the heuristic argument in [50], it also implies that it is relatively difficult to find a shallow
neural network with activation function (D.1) that can approximate highly oscillatory functions well. In
other words, the optimal set of parameters only occupies an extremely small measure of the parameter
space for highly oscillatory functions.
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E. Further discussions

E.1 General case of Gram matrix of two-layer ReLU networks in one dimension
When the two-layer ReLU network in one dimension is
n
f@=c+ D aowx—b), xeD:=[-11],
i=1

where w; € {+1, —1} obeys the Bernoulli distribution with p = % Then the corresponding Gram matrix
has the following block structure of continuous kernels

G = (G**(x,y) Q*(x,y))
T\GTT ) G ()

where the sub-kernels are

1

Gy = @—x—y- b —yD2Q2 —x —y+2[x — ),
1

Gy = @t xty - = yD2Q2 +x+y+2/x -y,
1

G (xy) = g == -7,

1
Gy = gl =yl + =
Note the kernels G (x,y) = G~ (—x,—y) and Gt (x,y) = G~ (—x, —), suppose (gz',gk_) is an
eigenfunction of G for eigenvalue A,, we can obtain:

o If ¢ (x) = g (x) + g; (—x) # 0, then it is an eigenfunction of Gy = Gt (x,y) + Gt (x, —y) for
eigenvalue A;.

o Ify,(x) = g (1) — g; (—x) # 0, then it is an eigenfunction of Gy =Gy =Gt (x, —y) for
eigenvalue A;.

The kernel g¢ € C3(D x D) is

1
Gp(6y) = 5 (=317 o w3 o+ 4 4 1229 = 60+ ) = 6xy(x + ).

Based on the above observation, it is straightforward to derive the following theorem.

Tuaeorem El. If the two kernels g¢ and gv, do not allow common eigenvalues, then (g,j', gk_) is an
eigenfuntion of G, then they satisfy either g,‘: (x) = g, (x) or g,:r (x) = g (—x).

Remark E2. The kernel K, = |x — y|* has been studied in [6] for « = 1, where the eigenvalues have

a leading positive term and all of the rest eigenvalues are negative and decay as OchT)Z Consider the

eigenvalue for [x — y|3, we need to find

X 1
Ah(x) = / = Y3h(y) dy + / (v — x)°h(y) dy
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by differentiating the above equation 4 times, we get f* = l)\—zh(x), let 0* = %, then the solution
consists of the basis

3
ZAk exp(we#x).
k=0

Thus solving the eigensystem is equivalent to solving a 4 x 4 matrix det(M) = O for . Similar arguments
hold for the Hankel kernel |x + y|3, they share the same basis. The exact values are quite expensive to
compute.

Now we apply the same idea for G, by the same differentiation technique used in deriving (2.6), we
arrive at the same form:

3

o (x) = Z C exp(weﬁx),

=0

4 — %, here A > 0, thus we choose w € R and the basis are more explicit:

where @
@ (x) = ¢ cosh(wx) + ¢ sinh(wx) + ¢, cos(wx) + ¢ sin(wx).

The eigenvalues A, can be computed in a similar way as in Theorem B4 and there are constants ¢;, ¢, > 0

that ¢, k=% < A, < k%

E.2 Leaky ReLU activation function

For the leaky ReLU activation function with parameter o € (0, 1), o, (x) = o(x) — ao(—x), we can
derive the Gram matrix G, :

1
Gy ij= / 1 o,(x —b;)o,(x —b;)dx

1
=/ (c(x—b;) —oto(—x—i—bi))(a(x—bj) —ao(—x+bj))dx
-1

o

= G(b;,b) + &*G(~b;, —b;) — < 1bi = b,

Then we can derive the following estimate for the eigenvalue for G,,. Let the kernel G, (x,y) := G(x,y) +
@’G(=x,=y) = §lx =y
. 2(i—1 1
TueoreM E3. Suppose b; are quasi-evenly spaced on [—1,1], b, = —1 + % +o0 (71) Letd; > A, >
- > A, > 0 be the eigenvalues of the Gram matrix G, then [A; — 51, ,| < C for some constant

C = O(1), where 1, ; = (9((“;41)2) is the kth eigenvalue of G,,.

Proof. Letthe kernel G, (x,y) := G(x,y) +a?G(—x, —y) — glr— y|3, then using the same differentiation
technique in deriving (2.6), if ¥, ; is an eigenfunction of G, for the eigenvalue 1 ,, we have

@  (a—1)?

Ip(;\t,k - m wa,k'
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Letw, , = /|1 —«f, uk_% , then equivalently we obtain the following equation for w, ;:
(PoaWa i) + P1o (W 1) COS(2W4 1) + Pa o (W 1) SIN(2W, 1))
+ tanh(wg, 1) (Qo. War k) + Q1o (Wa ) COSQ2W, 1) + Qs 4 (W ) SN2, )
+ tanh® (W, 1) (R Wo k) + Ry o W) COS(2W, 1) + Ry o, (W, 1) sin(w, 1)) = 0,
where Pm, Ql-,a,Ri’a, i =0, 1,2 are polynomials of Wy k of degree < 4. Set A, (x) = (—360(4 + 4205 —
12a%)x? and B, (x) = (8a* — 8a’ + 2a5)x*, then
Py () = % + 60 — 60> + %a“ +A,(x) + B, (%),
P1,a(x) = P(),a(x) -3,

Py, (x) = —3a*(a® — 3o + 3)x + 2% (o — 2)(2 — 9a® + 6a°)x”,

Qo (¥) = 202x(—18 + 150 — 420 — 570 + 18a* + (127 — 14a® + 4a*)x?),
0o (x) = 20*x(9 — 6 + 450% — 18a* + (8 + 4o + 24a” — 28a” + 8ar*)x?),

0,4 (x) = —126°x*(—4 + 32 — 10a” + 130* + 4a*),

1
Roa() = 3 [3 — 240% + 120° + 111a* — 14405 + 48a6] — A, (%) + B, (x),

1
Ria() =3 [—3 + 4802 — 360% — 1050* + 1440’ — 48a6] — A, () + B, (x),

Ry, (x) = a?(27 — 2la — 87a” + 114a® — 36a*)x + (8 — 4o — 120% + 140” — da*)x.
We can rewrite the equation as
Zo oWy i) +Zy oWy i) cO0SQwy 1) + Zy Wy ) sin(2w,, i) = 0,

where Z, , = Py, +tanh(w, ) Qg +tanh2(wa’k)R0’a, Z) o = P4 +tanh(w, )0, + tanh? We R o
and Z, , = P, + tanh(w, ;)0,, + tanhz(wa,k)Rzga. It is not hard to show that as w, , > 0, we have
0<1-— tanh(wa’k) < 2¢~2Wak and there exists a constant ¢ > 0 that Vx > c,

2y +Z,(x) >0, and Z;,(x)—Z ,x) <0

by computing the sign of leading power in x, which implies that there exist roots on the intervals [nm, (n+
%)n] and [(n + %)71, (n + 1)mr], respectively for sufficiently large 7. [l

The following corollary can be derived by using the Corollary 2.5. It shows that the kth eigenvalue
grows as O((« — 1)2k~%) when  is sufficiently large.

CoroLLARY E4. When {b;}?_, are i.i.d uniformly distributed on [—1, 1], then with probability 1 — p that

" n | @ (n%i_3 /log g) , I< n%,
— —I,L =
kooplek o (n_2 /log [ﬂj) . nf<i<n,
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2
for certain constant C > 0, where p,, , = O( (“;41) ) is the kth eigenvalue of G,,.

The leading eigenvalue w, | can be estimated from above using the Hilbert-Schmidt norm of G,
and also using the Perron-Frobenious theorem [18] (or Krein-Rutman theorem for positive compact
operators), one can estimate both i, ; from below.

CoroLLARY E5. For any o € (0, 1), the leading eigenvalue My € [0.941,2.754].

Proof. First, we compute that

1
b0 = / Guwdy

= DX+ 6x+17) — 20(1 4 622 +x¥) + o2 (x + D?(x? — 6x 4 17)
B 24 ’
then the leading eigenvalue satisfies

- VIl 211 - 2\/ (728 — 323 + 45002 — 3233 + 728a%)

al="",p = 2835

Minimize the right-hand side, we find that o1 = 0.941, Ya € [0, 1], the minimum is achieved around
a = 0.351. For the upper bound, we compute the Hilbert—Schmidt norm

1 1
\//_1 /_1 G, e P drdy = /BT - (Lasa?, - ,a) < % ~2754, ael0,1],
2

where g = 212253;7625 and
T = (1370738, —172283,394834, —98757, 164086, —98757, 394834, —172283, 1370738) < Rg,
and the maximum is achieved at ¢ = 1. O

We should observe that the leading eigenvalue 1, ; actually is uniformly bounded from below if & €
(0, 1). Therefore the decay of eigenvalues is even worse for « close to 1. This somewhat is straightforward
since @ ~ 1 means the loss of nonlinearity and the eigenvalues collapse to zeros except the leading one.

E.3 Analytic activation functions

For analytic activation functions such as Tanh or Sigmoid, the Gram matrix is formed by
Gl»J- = /Da(wi -X — bi)a(wj -X = bj)dx.
Particularly, if the weights [w,| < A < oo, then the kernel function can be viewed as
Gx,y) = / ox-2)o(y-zdw, x,yel[-AA]x[-1,1],
D

where z := (w, —1) € R?*!. Since the kernel is analytic in both x and y, the eigenvalues of the kernel
are decaying faster than any polynomial rate [44, 45]. Two examples in one dimension are provided in
Fig. E1.
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wi=1,1i€ [n]
—— w; =10, i € [n]
— w; ~U(1,10)

— w;=1,1i€[n]
—— w; =10, i € [n]
w; ~U(1,10)

000 025 050 075 100 125 150 L75 200 000 025 050 075 100 125 150 175 200
(a) Tanh: o(z) = (e —e %) /(e +e™ 7). (b) Sigmoid: o(z) =1/(1+e™%).

Fic. E1. Illustrations of the spectrum of Gram matrices in the one-dimensional case with n = 100 for Tanh and Sigmoid
activation functions. The x-axis and y-axis correspond to log o k and log) A, respectively, for k € [n]. Here, (b;)}_, is evenly
spaced in the interval [—1, 1] and (w,-)l"’:1 is chosen from one of three cases: w; = 1 for all i, w; = 10 for all i, or w; randomly

sampled from a uniform distribution Z/(1, 10).
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