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Abstract
Modal damping is a crucial parameter for structural condition and damage assessment. The modal identification using 
incomplete measurements can be realized by techniques based on Compressive Sensing (CS), which can reduce the amount 
of data for transmission and improve computational efficiency. However, techniques, such as sparse decomposition with 
prior information (SDPI), may hardly realize modal damping identification with satisfied precision under ambient vibration. 
To improve both the efficiency and precision, a novel CS-based modal damping identification method is presented, called 
Damping Identification by Sparse Decomposition (DISD). A random compression sampling scheme, random sampling with 
subsamples, is proposed to realize DISD. To enhance the damping identification accuracy, a new formula is proposed. Studies 
on numerical examples and real monitoring data from the Tsing Ma bridge were conducted for verification. The effectiveness 
of the presented DISD method is compared with that of the CS-based and traditional methods. Both the numerical and the 
real-monitoring cases show that DISD has improved modal damping results. Therefore, the proposed method is an efficient 
operational modal analysis tool and has the potential to be adopted in civil engineering practice.

Keywords  Structural health monitoring · Modal damping identification · Compressed measurements · Compressive sensing

1  Introduction

Infrastructures include bridges [1, 2], dams [3], and build-
ings [4], need continuous structural health monitoring 
(SHM) to evaluate their structural conditions [5, 6]. Modal 
parameters, e.g., modal frequency, modal damping, and 
mode shape, are fundamental dynamic characteristics for 
vibration-based SHM systems. Operational Modal Analysis 
(OMA) is able to estimate modal parameters only from the 
responses of structures. Unlike the traditional experimen-
tal modal analysis, OMA does not require measurements 

of excitations. Therefore, it has been widely used for SHM 
systems [7–9].

A critical problem for continuous SHM is that a vast 
amount of data is generated, which leads to challenges for 
data transmission, storage, and analysis. Since enormous 
data may cause degraded battery life and frequent main-
tenance of sensors, the problem is becoming increasingly 
serious for wireless sensor networks [10, 11]. On the prem-
ise of ensuring the accuracy of parameter identification, 
sampling less data is necessary for long-term SHM. While 
conventional techniques, such as automated frequency 
domain decomposition (AFDD) [12], need to comply with 
the sampling rate (more than two times the highest identi-
fied frequency) for sampling measurements. Therefore, these 
methods can hardly be applied to compressed measurements. 
To overcome this restriction, the powerful mathematical 
theory compressive sensing (CS) was proposed to collect 
measurements at a sub-Nyquist sampling rate [13, 14]. Since 
CS can construct useful information from compressed meas-
urements, it can resolve the problem of collecting data with 
minimal power consumption [13]. As a result, numerous 
CS-based monitoring techniques have been established for 
long-term SHM systems [15–17].
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CS-based modal parameter identification typically 
requires the reconstruction of original measurements 
[18–21], which results in information leakage and addi-
tional computational burdens. In attempting to mitigate 
these problems, Park et al. [22] first presented the proper 
orthogonal decomposition technique to identify mode shapes 
via incomplete measurements. They demonstrated that this 
method can also be applied to damped cases [23]. Kang and 
Duan [24] introduced the sparse decomposition method by 
searching for a dictionary to identify all modal parameters. 
The results showed that the proposed method performs well 
with compressed measurements of damped systems under 
free vibration. To realize CS-based OMA, Zhou et al. [25] 
presented the sparse decomposition with prior information 
(SDPI) to identify natural frequencies and mode shapes from 
compressed measurements of damped cases under ambient 
vibration. The method uses the last identified modal param-
eter results as prior information to make current modal 
identification more accurate. The initial prior information is 
acquired from a traditional OMA method which is applied to 
uncompressed measurements. Despite the existing CS-based 
modal identification methods have been thoroughly verified 
in terms of the accuracy and efficiency for the modal fre-
quency and mode shape identification, they cannot be used 
to identify modal damping from compressed measurements 
under ambient vibration. The lack of modal damping iden-
tification leads to a lower quality OMA.

Modal damping is a fundamental parameter for OMA and 
one of the most important indices for SHM. It can be used 
for condition monitoring [26], damage identification [27], 
and vibration control [28]. Therefore, modal damping iden-
tification has been investigated extensively [29, 30]. Prior 
to determining modal damping, the free vibration responses 
need to be derived from the responses under ambient vibra-
tion by signal processing techniques. James et al. [31] intro-
duced the natural excitation technique (NExT) to derive 
free vibration responses by calculating the cross-correlation 
function. The traditional modal analysis methods can be 
applied to identify modal damping under ambient vibration 
after applying NExT. Differing from the traditional modal 
analysis methods, the CS-based methods are executed with 
compressed measurements. For NExT, the time intervals 
between adjacent sampled time points must be consistent, 
while that of the compressed measurements collected by the 
existing random sampling scheme are normally not. Specifi-
cally, the traditional random sampling scheme, namely the 
non-uniform low-rate random sampling scheme, is to pick 
L random samples for sampling measurements. Since the 
requirement of NExT cannot be satisfied straightforwardly, 
the CS-based methods can hardly identify modal damping 
from random vibration responses. Therefore, designing a 
new random compression sampling scheme to realize CS-
based modal damping identification is worthwhile.

This study presents a method called Damping Identifi-
cation by Sparse Decomposition (DISD) to identify modal 
damping using the CS technique from random responses. 
The innovations/contributions of this paper are: (i) A new 
random compression sampling scheme, random sampling 
with subsamples, is designed to meet the requirement of 
NExT, thus CS-based modal damping identification under 
ambient vibration is realized; (ii) A new formula is pro-
posed for a CS-based algorithm to improve the accuracy. 
Both the response data from a numerical damped system and 
the monitoring data from Tsing Ma bridge under ambient 
vibration are adopted to verify the accuracy of DISD. The 
proposed DISD is compared to the CS-based OMA method 
SDPI and the traditional methods AFDD and COVariance-
driven Stochastic Subspace Identification (SSI-COV) [32].

2 � Methodology

In this section, we first briefly introduce AFDD and SSI-
COV. Second, we propose a random sampling scheme for the 
execution of NExT. Third, we decompose the signals of the 
linear system under ambient vibration to explain the theory 
of CS-based modal damping identification. Next, we pro-
pose a new identification formula to enhance the accuracy of 
identified modal damping results. Finally, we introduce the 
process of modal damping identification based on the sparse 
representation produced by the CS algorithm.

2.1 � The introduction of AFDD and SSI‑COV

AFDD is a widely adopted frequency domain modal analysis 
method, it identifies modal parameters using power spectral 
density. First, responses are used to calculate power spectral 
density. Next, singular value decomposition is applied to 
calculate singular values and singular vectors of the power 
spectral density. Finally, the modal parameters are extracted 
by the singular values and singular vectors.

As a powerful time domain modal analysis method, SSI-
COV uses state space model to realize modal identification. 
The covariance matrix is calculated using responses. Then, 
the covariance matrix is used to compose block Toeplitz 
matrix. The singular values and singular vectors are cal-
culated using singular value decomposition from the block 
Toeplitz matrix. Finally, the modal parameters are identified 
from the singular values and singular vectors.

2.2 � Random sampling with subsamples

The existing sampling schemes can hardly be directly uti-
lized for modal damping identification under ambient excita-
tion. In this study, we propose a new random compression 
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sampling scheme to address this problem, namely random 
sampling with subsamples.

The principle of the proposed scheme is to replace single 
samples with subsamples. The length of subsamples can be 
set by users. The number of subsamples is the compressed 
signal length divided by the length of subsamples. The 
interval between samples within each subsample is fixed. 
However, the time interval between adjacent subsamples is 
still random. To avoid excessive time intervals between sub-
samples, we divide same-sized ranges for each subsample. 
The size of each range is equal to the original sample length 
divided by the number of subsamples. Figure 1 shows the 
illustration of the proposed random sampling with subsam-
ples compression sampling scheme.

From Fig. 1, we can find that the sample length of the 
original signal is 18 and the time interval between adjacent 
sampled time points is consistent. For both the two random 
compression sampling schemes, the compression ratio of 
the compressed signal is 66.7% and the sample length is 12. 
In this illustrated example, the sample length of each sub-
sample is set to 4, and the number of subsamples is 3. Each 
subsample collected by the proposed scheme can satisfy the 
requirement for the calculation of the cross-correlation func-
tion, which makes NExT workable. We can use NExT to 
derive the free vibration responses from the ambient vibra-
tion responses. Since the existing CS-based methods can 
identify modal damping from free vibration responses, we 

can identify modal damping results from each subsample. 
For all subsamples of the compressed signal, the results of 
modal damping are determined individually. The overall 
modal damping is obtained by taking the average of the 
results from all subsamples. By following the abovemen-
tioned procedure, the modal damping can be extracted from 
compressed random responses. The advantage of the pro-
posed scheme is that it is effective and easy to implement.

2.3 � Signal decomposition

The vibration equation of a simple system with N degree of 
freedom under ambient excitation is:

where � , � , and � are the N × N matrices of mass, damp-
ing, and stiffness, respectively; x(t) is the vector of displace-
ment, respectively; �(t) is the excitation vector.

The incomplete measurements � with discretized time t 
( t1 , …, tM , M ≫ N) can be expressed as:

where � is the original uncompressed measurement matrix; 
� is a random matrix which is used for compressing � . L 
is the compressed measurement length (M ≫ L). Since the 
compressed measurements are collected by the proposed 
compression sampling scheme, they can be divided into 
subsamples.

The signal processing technique NExT is utilized to 
derive the free vibration responses from the ambient vibra-
tion responses for all subsamples one by one. According 
to James et al. [31], NExT assumes that the measurements 
are collected from time-invariant linear systems and the 
excitation is independent of the collected measurements. 
The fundamental theory of NExT is to calculate the cross-
correlation function of responses of the ambient vibration 
responses. Since the cross-correlation function � can be 
regarded as the free vibration responses of the identified 
system [31], � of each subsample can be expressed as:

where �j is the jth mode shape vector; Aj is the coefficient of 
the jth mode; �n,j and �d,j are the jth undamped and damped 
modal frequency, respectively; �j is the jth modal damping 
ratio; T ( T = 0,Δt, 2Δt,… , TMax , TMax is the maximum time 
separation) is the time separation, and the length of T  is 

(1)�ẍ(t) + �ẋ(t) +�x(t) = �(t)

(2)�N×L = �N×M�M×L

(3)�(T) =

N∑
j=1

�jAjexp
(
−�j�n,jT

)
sin

(
�d,jT + �j

)

Fig. 1   Schematic diagram of the random sampling scheme and ran-
dom sampling with subsamples scheme
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Q =

(
TMax

Δt

)
+ 1 ; �j is the phase of the jth mode. The param-

eters of NExT, such as T  and reference channel ( � is calcu-
lated between the reference channel and all channels) need 
to be set by users. Detailed discussions about these settings 
can be found in [31]. Note that the number of rows in � is 
P , which is equal to the number of reference channels mul-
tiplied by N. The length of � is equal to the length of T  . 
Following [24, 25], � is determined by the time separation 
T  for each reference channel and it can also be expressed as:

where � is the mode shape matrix; � =
[
�����

]
 is the coef-

ficient matrix, �′ and �′′ are N × N diagonal matrices with 
elements Aj� = Aj cos

(
�j
)
 and A��

j
= Aj sin

(
�j
)
 , respectively; 

� =
[
�����

]T is the modal coordinate matrix, �′ and �′′ are 
N × Q  m a t r i c e s  w i t h  e l e m e n t s : 
sj�(T) = exp

(
−�j�n,jT

)
sin

(
�d,jT

)
 and s′′j (T) = exp

(

−�j�n,jT
)

cos
(

�d,jT
)

.
According to [24, 25], the dictionary � is designed to 

include � , and the coefficient � is designed to include �� . 
Therefore, � can be re-expressed as:

Since � follows the CS formula of Eq. (5), CS-based tech-
niques are able to identify modal damping.

2.4 � Damping dictionary design

After processing signals by NExT, the damping dictionary � 
is formed to identify modal damping for the cross-correlation 
function of each subsample. General bases of � include the 
free vibration function, the discrete sine transform, the discrete 
cosine transform, and the Hilbert transform. In this study, � is 
created based on the free vibration function. The same base in 
SDPI is used for DISD for comparison. It should be noted that 
alternative bases can also be employed for CS-based modal 
damping identification. According to [24, 25], � contains each 
modal damping ratio �m ( m ∈ 1,… , q ) from the possible mini-
mum value to the maximum one 

[
�min, �max

]
 . Since the length 

of D is equal to the length of T , D is a 2q × Q matrix for each 
subsample. � can be expressed as:

One atom represents a possible modal damping ratio. Each 
atom in D includes two parts: d′ (the atom of �′ ) and d′′ (the 

(4)�N×Q = �N×N�N×2N�2N×Q

(5)� = ��

(6)� =
�
�����

�T
=

⎡⎢⎢⎢⎢⎢⎢⎣

d1,1� ⋯ d1,Q�

⋮ ⋱ ⋮

dq,1� ⋯ dq,Q�

d
��

1,1
⋯ d

��

1,Q

⋮ ⋱ ⋮

d
��

q,1
⋯ d

��

q,Q

⎤⎥⎥⎥⎥⎥⎥⎦

atom of �′′ ). The element of atoms d′ and d′′ can be expressed 
as:

2.5 � Modal damping identification

When the dictionary is created, sparse representation can be 
carried out by the powerful CS algorithm orthogonal match-
ing pursuit (OMP) [33]. In this study, the same CS algorithm 
for SDPI is used for DISD. However, other CS algorithms 
can also be used for CS-based modal damping identifica-
tion. Then, OMP is used to solve the optimization function 
of modal damping identification under ambient vibration. 
Figure 2 visualizes the flowchart of DISD from sampling 
compressed measurements to modal damping identification.

The number of atoms of � needs to be redundant (q ≫ N). 
Ideally, the coefficient matrix � contains N elements with 
large values and many elements with small values. There-
fore, the cross-correlation function � is sparse. In this study, 
the OMP algorithm is adopted to find the optimal solutions 
( �̂ and �̂ ). The optimization function is:

where �̂ contains N optimal atoms extracted from � and �̂ 
(with large value elements) is the coefficient matrix of �̂ . 
Larger value for elements of �̂ means that the correspond-
ing atom contributes more to � . Therefore, we can identify 
modal damping from �̂ since �̂ is the optimal approxima-
tion of �.

The identification order of the existing CS techniques, 
e.g., SDPI, is modal frequency to modal damping to mode 
shape. The modal frequencies are considered as the basic 
information used to identify modal damping results. The 
CS-based OMA techniques can accurately identify both 
modal frequency and mode shape using compressed 
measurements. Since the identification of modal damping 
is more easily affected than that of modal frequency and 
mode shape, we consider a new identification order, namely 
modal frequency to mode shape to modal damping. In the 
proposed order, the identification of modal frequency and 
mode shape is conducted before identifying modal damping. 
Both the identified modal frequencies and mode shapes by 
the existing CS techniques, such as SDPI, are considered 

(7)

d� = exp

⎛
⎜⎜⎜⎝
−

�m�dT�
1 − �2

m

⎞
⎟⎟⎟⎠
sin

�
�dT

�
and

d�� = exp

⎛
⎜⎜⎜⎝
−

�m�dT�
1 − �2

m

⎞
⎟⎟⎟⎠
cos

�
�dT

�

(8)min ‖𝐑 − 𝚼̂𝐃̂𝚽‖2 s.t.𝐃̂ ∈ 𝐃
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as the basic information for modal damping identification. 
When the identified mode shapes are also considered as the 
basic information, the known information about the modes 
of interest rises. Therefore, the solutions of Eq. (5) can be 
more accurate based on the proposed identification order. 
Compared to the existing identification order, the proposed 
order can effectively enhance the performance of CS-based 
modal damping identification.

The existing formula of SDPI for modal damping iden-
tification [25] is:

Here, we propose a new formula to realize CS-based 
modal damping identification as below:

Compared to the existing formula of SDPI in Eq. (9), 
Eq.  (10) adds the mode shapes as the known informa-
tion and replaces the compressed measurements � by the 
cross-correlation function � . As a consequence, the inner 
product results between the atoms in dictionary � and the 

(9)
Arg max

�
‖
�
�
�
d��

�T
;�
�
d���

�T�‖2
�
s.t.

�� ∈ ��={1,…,q}� , �
�� ∈ ���

�={1,…,q}

(10)
Arg max

�
‖
�
�
�
�d��

�T
,�

�
�d���

�T�‖F
�
s.t.

d� ∈ ��={1,…,q}� , d
�� ∈ ���

�={1,…,q}

cross-correlation function � become a N × 2 Q matrix rather 
than a vector for SDPI. As the number of elements of inner 
product results increases, more data is used to calculate the 
norm by OMP. Therefore, the proposed formula of DISD 
can achieve higher performance. For comparison, we replace 
the proposed formula Eq. (10) in DISD with the existing 
formula Eq. (9) used in SDPI to form another approach, 
namely Damping Identification by Sparse Decomposition 
with Existing Formula (DISDEF).

For each subsample, the modal damping results are esti-
mated by solving Eq. (10). To avoid the influence of outliers, 
the identified value would be deleted if the dictionary bound-
ary is reached during the searching process. Furthermore, 
the final modal damping results are the average values iden-
tified by all subsamples. The performance of the extracted 
modal damping results is evaluated by the similarity (
1 −

|𝜉j−𝜉j|
𝜉j

× 100%
)
 between the identified result 𝜉j and ref-

erence value �j.

3 � Numerical verification

DISD, DISDEF, and the traditional methods AFDD and 
SSI-COV are compared using numerical examples. For 
comparison, the free vibration responses of all subsamples 

Fig. 2   Flowchart of the DISD method
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generated by using NExT are used as the inputs of all 
methods to identify modal damping results. Different 
fringe scenarios and environmental impact factors are 
considered in this section.

The numerical 4-DOF damped system is shown in 
Fig. 3, where external forces f1,… , f4 are applied to mass 
m1,… ,m4 , respectively, and the acceleration responses 
ẍ1,… , ẍ4 , are obtained from mass m1,… ,m4 , respectively.

For this numerical example, � is an identity matrix. 
� is: The proportional damping matrix is � = �� + �� , 

where � is set to a fixed constant of 0.1, and � is set to 
0.0005 and 0.001. For � = 0.0005 , the modal frequen-
cies are �d,1 = 2.95  Hz, �d,2 = 5.87  Hz, �d,3 = 7.70  Hz, 
�d,4 = 9.75  Hz. For � = 0.001 , the modal frequencies 
are �d,1 = 2.95  Hz, �d,2 = 5.86  Hz, �d,3 = 7.70  Hz, 
�d,4 = 9.75 Hz.

Stationary force ( � ) is the Gaussian noise (mean value 
is 0 and variance is 1), and non-stationary excitation is the 
stationary random excitation multiplied by an exponential 
function with a fixed decay rate ( exp(−0.0001t) ). The 4 × 
100,000 acceleration matrix 𝐗̈ is created via superposing 
modal responses [31]. The sampling frequency is 30 Hz. The 
sampled time is 3333.3 s, t = 0, 0.033, …, 3333.3 s. Figure 4 
illustrates the frequency-domain responses of the original 
uncompressed responses at � = 0.0005.

The time lag parameter for both AFDD and SSI-COV is 
set to 1 for consistency. For SSI-COV, the range of model 
order is 2–30. The setting of time lag is related to �d,1 , and 
the impact of model order range on the damping identifi-
cation results is insignificant. Detailed information on the 
parameter setting of AFDD and SSI-COV can be referred 
to [12]. For consistency, both DISD and DISDEF adopt the 
same compressed measurements by the proposed random 
sampling with subsamples scheme in each analysis. Fol-
lowing [24, 25], the compression ratio (CR) is M/L (M is 
the uncompressed response length and L is the incomplete 
response length). CRs of 3.33 and 5 are considered, and the 

(11)

� =

⎡⎢⎢⎢⎣

k1 + k2
−k2
0

0

−k2
k2 + k3
−k3
0

0

−k3
k3 + k4
−k4

0

0

−k4
k4 + k5

⎤⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎣

20

−10

0

0

−10

22

−12

0

0

−12

20

−8

0

0

−8

16

⎤
⎥⎥⎥⎦
× 100 N m−1

Fig. 3   The numerical 4-DOF 
damped system

Fig. 4   The frequency spectrum 
of the original uncompressed 
acceleration under ambient 
vibration: a stationary excitation 
and b non-stationary excitation
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incomplete response length is 30,000 and 20,000, respec-
tively. The subsample length is set to 5000. The number 
of subsamples is 6 and 4 for CR = 3.33 and 5, respectively. 
For NExT, the reference channel is set to ẍ1 , and the length 
of T  is set to 2000. The cross-correlation function is a 4 × 
2000 matrix. To keep consistency, the settings of NExT for 
both DISD and DISDEF are the same. The damping search 
ranges for both DISD and DISDEF are set to [0–10%] with 
a 0.005% interval. The number of atoms in dictionary � is 
2001.

3.1 � The explanations of parameter settings

Since the length of T  in the NExT and the subsample length 
may have an influence on the accuracy of the results, the dif-
ferent settings of the two parameters are investigated.

First, the results using different lengths of T  in the NExT 
are compared. The damping ratios identified by DISD and 
DISDEF are given in Table 1. As can be seen in Table 1, 
the accuracy of the identified mode 1 at T  = 1000 and 3000 
is lower than that at T  = 2000 irrespective of method. The 
results of DISD are insensitive to different settings of the 
length of T  . Overall, T  = 2000 is appropriate for the numeri-
cal example.

Then, we study the results using different subsample 
lengths. Table 2 provides the damping ratios identified by 
DISD and DISDEF. We can find that the accuracy at sub-
sample length = 3000, 4000, and 6000 is lower than that at 
subsample length = 5000 irrespective of method. The results 
of DISD and DISDEF are rather consistent with the refer-
ence at subsample length = 5000 and 6000. When the sub-
sample length exceeds 5000, the results of DISD are insensi-
tive to different settings of the subsample length. Therefore, 

subsample length = 5000 is suitable for the numerical 
example.

3.2 � The stationary ambient vibration case

The accuracy of DISD is compared with that of DISDEF 
under different CRs and damping levels to demonstrate 
the performance of the proposed method. Here, we study 
the accuracy of different CS-based methods under a sin-
gle environmental impact factor: ambient excitation. For 
consistency, we use identical compressed measurements 
� irrespective of method. The damping ratios identified by 
DISD and DISDEF are shown in Table 3. It can be found 
that the damping ratios of the numerical system identified 
by both methods are close to true values irrespective of CR 
and damping level. Thus, the compressed measurements 
collected by the proposed random compression sampling 
scheme can successfully satisfy the requirement of NExT. 
The accuracy of both DISD and DISDEF is 98% at the lower 
damping level of � = 0.0005 . The accuracy of DISD is 
mostly higher than that of DISDEF when the damping level 
of the numerical system increased to � = 0.001 . The results 
of DISD are much better than that of the traditional meth-
ods AFDD and SSI-COV. The CS techniques need shorter 
measurement lengths, while AFDD and SSI-COV need 
longer measurement lengths to obtain accurate results [25]. 
Although DISD needs shorter subsample lengths, the length 
of the subsamples should be more than 5000, otherwise the 
error of the results of DISD may increase significantly. The 
results show that the proposed random compression scheme 
is more suitable for CS-based technique DISD than the tradi-
tional techniques AFDD and SSI-COV. The accuracy of the 
results of CS-based methods is much higher than that of the 

Table 1   The modal damping 
ratios identified by DISD and 
DISDEF using different lengths 
of T  at � = 0.0005 and CR = 5

a “Reference” represents the theoretical values of the original responses
b The value is the mean value of the results from all subsamples

Length of T Mode Damping ratio (%) Accuracy (%)

Referencesa DISD DISDEF DISD DISDEF

1000 1 0.733 0.776b 0.776 94.08 94.08
2 1.057 0.976 0.993 92.35 93.89
3 1.313 1.323 1.334 99.30 98.45
4 1.614 1.573 1.574 97.44 97.52

2000 1 0.733 0.735 0.735 99.71 99.71
2 1.057 0.991 1.008 93.77 95.31
3 1.313 1.323 1.334 99.30 98.45
4 1.614 1.573 1.574 97.44 97.52

3000 1 0.733 0.598 0.598 81.53 81.53
2 1.057 0.993 1.008 93.89 95.31
3 1.313 1.323 1.334 99.30 98.45
4 1.614 1.574 1.575 97.52 97.60
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traditional methods. DISD is slightly better than DISDEF 
under stationary ambient vibration.

We further investigate the impact of noise. Since AFDD 
and SSI-COV show worse accuracy, they are not compared. 
20% and 30% Gaussian white noise is added to the complete 
responses. As noise is added, the number of environmental 
impact factors is two: noise and ambient excitation. Fig-
ure 5 illustrates the frequency-domain responses of the noisy 
responses. The estimated modal damping ratios at � = 0.001 
and CR = 5 are shown in Table 4. According to Table 4, we 

find that DISD can identify all modal damping ratios accu-
rately even at a high noise level of 30% under stationary 
ambient excitation. The accuracy of DISD is still higher 
than that of DISDEF. Compared to the single environmen-
tal impact factor cases, the proposed DISD under the two 
environmental impact factors realizes a higher performance. 
Overall, the anti-noise-interference performance of DISD is 
higher than DISDEF under stationary ambient excitation.

Table 2   The modal damping 
ratios identified by DISD 
and DISDEF using different 
subsample lengths at � = 0.001 
and subsample number = 4

Subsample 
length

Mode Damping ratio (%) Accuracy (%)

Reference DISD DISDEF DISD DISDEF

3000 1 1.196 1.018 1.028 85.10 85.94
2 1.979 2.061 2.173 95.82 90.20
3 2.523 1.658 1.690 65.69 66.97
4 3.146 3.318 3.430 94.55 90.97

4000 1 1.196 1.153 1.160 96.46 97.02
2 1.979 2.246 2.390 86.47 79.20
3 2.523 2.260 2.345 89.56 92.93
4 3.146 2.979 2.965 94.68 94.25

5000 1 1.196 1.219 1.228 98.07 97.34
2 1.979 1.990 2.090 99.42 94.37
3 2.523 2.530 2.569 99.74 98.20
4 3.146 3.035 3.034 96.47 96.43

6000 1 1.196 1.255 1.259 95.04 94.72
2 1.979 1.971 2.051 99.63 96.32
3 2.523 2.618 2.688 96.27 93.50
4 3.146 2.945 2.941 93.61 93.49

Table 3   The modal damping ratios identified by DISD and DISDEF under stationary ambient vibration

β CR Mode Damping ratio (%) Accuracy (%)

Reference DISD DISDEF AFDD SSI-COV DISD DISDEF AFDD SSI-COV

0.0005 3.33 1 0.733 0.708 0.709 0.502 0.492 96.65 96.76 67.16 67.16
2 1.057 1.089 1.105 0.351 0.710 96.97 95.47 67.14 67.14
3 1.313 1.296 1.312 0.514 0.851 98.67 99.87 64.77 64.77
4 1.614 1.627 1.628 0.760 1.053 99.20 99.15 65.25 65.25

5 1 0.733 0.735 0.735 0.493 0.447 99.71 99.71 61.03 61.03
2 1.057 0.991 1.008 0.264 0.603 93.77 95.31 57.03 57.03
3 1.313 1.323 1.334 0.508 0.724 99.30 98.45 55.14 55.14
4 1.614 1.573 1.574 0.644 0.851 97.44 97.52 52.75 52.75

0.001 3.33 1 1.196 1.140 1.144 0.514 0.502 95.35 95.69 42.00 42.00
2 1.979 1.942 2.021 0.683 1.421 98.14 97.86 71.80 71.80
3 2.523 2.528 2.593 1.120 1.560 99.80 97.23 61.81 61.81
4 3.146 3.138 3.132 1.631 2.015 99.76 99.55 64.06 64.06

5 1 1.196 1.219 1.228 0.615 0.854 98.07 97.34 71.47 71.47
2 1.979 1.990 2.090 0.777 1.300 99.42 94.37 65.70 65.70
3 2.523 2.530 2.569 1.207 1.706 99.74 98.20 67.63 67.63
4 3.146 3.035 3.034 1.630 2.399 96.47 96.43 76.26 76.26
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3.3 � The non‑stationary ambient vibration case

In this subsection, we further verify the effect of non-station-
ary ambient vibration on the modal damping ratios identified 
by different CS-based methods (DISD and DISDEF). Since 
the non-stationary factor is added, the number of environ-
mental impact factors is two: nonstationarity and ambient 
excitation. As the excitation is polluted by the exponential 
function, the variation of excitation can reach roughly 30%. 
In such case, the excitation no longer follows the Gaussian 
distribution, therefore, the modal damping identification 
becomes rather challenging. The results for the case with 
� = 0.0005 are shown in Table 5. We discover that DISD can 

achieve accurate modal damping identification even for the 
case of the maximum decay of excitation up to 30%. Spe-
cifically, DISD is more accurate than DISDEF irrespective 
of CR for most cases. Compared to the results in Sect. 3.2, 
DISD can keep the advantage of accuracy when the non-
stationary factor is added. Therefore, we draw the conclusion 
that DISD shows a higher performance than DISDEF under 
non-stationary ambient excitation.

Next, we compare the noise impact under non-stationary 
ambient excitation. The noise levels are 20% and 30%. As 
noise is introduced, the number of environmental impact fac-
tors is three: noise, nonstationarity, and ambient excitation. 
Figure 6 visualizes the frequency-domain responses of the 

Fig. 5   The frequency spectrum 
of the responses with noise 
under stationary ambient vibra-
tion: a 20% noise and b 30% 
noise

Table 4   The modal damping 
ratios identified by DISD and 
DISDEF under stationary 
ambient vibration ( � = 0.001 
and CR = 5)

Noise percentage 
(%)

Mode Damping ratio (%) Accuracy (%)

Reference DISD DISDEF DISD DISDEF

20 1 1.196 1.195 1.203 99.95 99.43
2 1.979 2.020 2.131 97.90 92.28
3 2.523 2.530 2.616 99.74 96.32
4 3.146 3.080 3.056 97.90 97.15

30 1 1.196 1.179 1.185 98.59 99.11
2 1.979 2.151 2.246 91.27 86.47
3 2.523 2.508 2.575 99.37 97.95
4 3.146 3.129 3.109 99.45 98.82

Table 5   The modal damping 
ratio results of DISD and 
DISDEF under non-stationary 
ambient vibration ( � = 0.0005)

CR Mode Damping ratio (%) Accuracy (%)

Reference DISD DISDEF DISD DISDEF

3.33 1 0.733 0.686 0.688 93.58 93.81
2 1.057 1.058 1.071 99.88 98.70
3 1.313 1.323 1.333 99.24 98.48
4 1.614 1.512 1.511 93.67 93.62

5 1 0.733 0.778 0.780 93.91 93.57
2 1.057 1.073 1.098 98.54 96.18
3 1.313 1.356 1.368 96.73 95.88
4 1.614 1.614 1.616 100.00 99.85
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noisy responses. For consistency, the same noisy measure-
ments are adopted for DISD and DISDEF. The estimated 
modal damping ratios at � = 0.0005 and CR = 5 are shown 
in Table 6. From Table 6, we discover that DISD can identify 
all modal damping ratios accurately even at the high noise 
level of 30% under non-stationary ambient excitation. Still, 
DISD is more accurate than DISDEF irrespective of noise 
level. Even for the fringe scenario under three environmental 
impact factors, DISD can keep the advantage of accuracy. 
In summary, we concede that the anti-noise-interference 
performance of DISD is better than DISDEF under non-
stationary ambient excitation.

4 � Real monitoring data verification

In this section, we evaluate the performance of the proposed 
DISD using real monitoring data where multiple environ-
mental impact factors exist simultaneously. The acceleration 
samples from an in-service long-span suspension bridge, the 
Tsing Ma bridge, under ambient vibration are used in this 
section. The schematic diagram of the bridge is shown in 
Fig. 7. The bridge has two decks, the upper and lower decks 
are used for expressway and railway, respectively. As the 
environmental conditions in the real world are extremely 
complex, the bridge was subjected to multiple environmen-
tal impact factors, such as ambient excitation, heavy noise, 

Fig. 6   The frequency spectrum 
of the responses with noise 
under non-stationary ambient 
vibration: a 20% noise and b 
30% noise

Table 6   The modal damping 
ratios identified by DISD and 
DISDEF under non-stationary 
ambient vibration ( � = 0.0005 
and CR = 5)

Noise percentage 
(%)

Mode Damping ratio (%) Accuracy (%)

Reference DISD DISDEF DISD DISDEF

20 1 0.733 0.698 0.699 95.17 95.34
2 1.057 1.124 1.149 93.69 91.33
3 1.313 1.276 1.283 97.18 97.65
4 1.614 1.620 1.621 99.61 99.54

30 1 0.733 0.825 0.835 87.43 86.07
2 1.057 1.040 1.065 98.38 99.25
3 1.313 1.341 1.364 97.88 96.16
4 1.614 1.574 1.570 97.52 97.29

Fig. 7   Schematic diagram of Tsing Ma bridge
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and nonstationarity [34–38]. Under such situation, modal 
identification becomes much more challenging.

A long-term SHM system, namely wind and structural 
health monitoring system, was installed on the Bridge in 
1997. The system includes 276 sensors in seven types, which 
are used to measure wind speed, acceleration, temperature, 
strain, displacement, and liquid level. The original vertical 
acceleration samples are collected by four accelerometers 
(Acc1, Acc2, Acc3, and Acc4) installed on the deck of the 
bridge as shown in Fig. 7. It should be noted that only half 
of the bridge is equipped with accelerometers because the 
bridge is symmetric. The original sampled frequency is 
51.2 Hz. To reduce high-frequency noise, the adopted data-
sets are down-sampled to 5.12 Hz. The response length is 
50,000 for each analysis. The sampling length is enough for 
modal damping identification.

Figure 8 shows the time history and frequency-domain 
response of the uncompressed measurements. The modal 
frequency range of interest is [0–1 Hz]. The acceleration 
responses of the bridge are polluted by high-frequency 
noise. Therefore, we eliminate the signal components whose 
frequency exceeds 1 Hz through a lowpass filter. Figure 9 
shows the time history and frequency-domain response of 
the filtered measurements. The filtered measurements are 
used for the uncompressed responses for modal damping 
identification.

The time lag of AFDD and SSI-COV is set to 50. For 
SSI-COV, the model order range is 2–60. For the CS-
based methods, the considered CRs are 1.25, 1.67, 2.5, and 
5 (the corresponding subsample numbers are 4, 3, 2, and 
1, respectively). Each subsample length is set to 10,000. 
The reference channels of NExT are set to [Acc1, Acc2, 
Acc3, Acc4]. The length of T  is set to 3000, therefore, the 

Fig. 8   The measurements of the bridge: a time history and b frequency spectrum

Fig. 9   The filtered measurements of the bridge: a time history and b frequency spectrum
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cross-correlation function is a 16 × 3000 matrix. The set-
tings of NExT for DISD and DISDEF are the same. The 
damping search ranges for both DISD and DISDEF are set 
to [0–10%] with a 0.005% interval. The number of atoms in 
dictionary � is 2001.

Modal damping ratios of the 4 dominated modes identi-
fied by AFDD and SSI-COV applied to the uncompressed 
measurements are studied. The identified modal frequen-
cies of the four modes are 0.114 Hz, 0.137 Hz, 0.280 Hz, 
and 0.461 Hz (corresponding to the modes 1–4 in Figs. 8, 
9). The frequencies of the modes 1–4 are close to those in 
Zhou et al. [35]. Note that there might be modes excited 
with modal frequencies higher than 1 Hz as shown in Fig. 8. 
However, these potential high-frequency modes are not con-
vincing, and they contain a large level of noise. To reduce 
error, the mean value of the damping results of five original 
uncompressed measurements is used. The mode shapes are 
displayed in Fig. 10. The modal damping results are listed 
in Table 7. The identified damping results of the mode 1 of 
the two methods are close, while the damping results of the 
modes 2–4 of the two methods are rather different. There-
fore, the mode 1 is considered for the following comparison 
between DISD and DISDEF. Note that SSI-COV may fail 

to capture some modes of interest, therefore, the results by 
AFDD are considered as the approximated reference.

To explain the setting of parameters, we study the impact 
of different parameter settings of the length of T  in the 
NExT and the subsample length on the accuracy of DISD 
and DISDEF. The results using different lengths of T  in the 
NExT are compared. The modal damping ratios identified 
by DISD and DISDEF using different lengths of T are shown 
in Table 8, where the results of the approximated reference 
(copied from Table 7) use five original uncompressed meas-
urements, while DISD and DISDEF use one compressed 
measurement (CR = 2.5). From Table 8, the accuracy of 
DISD and DISDEF at T  = 1000, 2000, and 4000 is lower 
than that at T  = 3000. In conclusion, T  = 3000 is suitable for 

Fig. 10   The mode shapes iden-
tified by AFDD: a the mode 1, 
b the mode 2, c the mode 3, and 
d the mode 4

Table 7   The modal damping 
ratios identified by AFDD and 
SSI-COV using five original 
uncompressed measurements

Mode AFDD SSI-COV

1 0.866 0.832
2 1.224 0.787
3 2.540 0.394
4 4.518 5.453
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the damping identification of the bridge using DISD and 
DISDEF.

Next, we compare the results using different subsample 
lengths. The damping ratios identified by DISD and DISDEF 
use compressed measurements are listed in Table 9. We can 
find that the accuracy at subsample length = 8000, 9000, 
and 11,000 is lower than that at subsample length = 10,000 
irrespective of method. The results of DISD and DISDEF 
are consistent with the approximated reference at subsam-
ple length = 10,000. Therefore, subsample length = 10,000 
is appropriate for the damping identification of the bridge 
by DISD and DISDEF.

We also study the accuracy of different CS-based meth-
ods considering different environmental impact factors, such 
as traffic loads and temperatures. The performance of DISD 
and DISDEF at various hours is compared. The datasets in 
0:00–3:00, 3:00–6:00, 6:00–9:00, 9:00–12:00, 12:00–15:00, 
15:00–18:00, 18:00–21:00, and 21:00–24:00 are adopted for 
investigations. Table 10 provides the results at various time 

at CR = 2.5. Table 10 shows that DISD (around 95%) has 
higher accurate results than DISDEF (around 72%). The 
results of DISDEF are more robust than those of DISDEF 
since DISDEF may lose the mode of interest. In summary, 
DISD has higher performance than DISDEF using the 
responses of the bridge at various time.

Table 11 lists the estimated modal damping ratios at dif-
ferent CRs. DISD (91%) can obtain much more accurate 
modal damping results than DISDEF (56%) even for the 
compressed measurements. The accuracy of DISD is close 
at CR = 1.25, 1.67, and 2.5, while that of DISD is lower at 
CR = 5. The accuracy of DISDEF is more unstable as DIS-
DEF may lose the mode of interest at CR = 5. The results of 
DISD and DISDEF at CR = 1.67 have the highest accuracy. 
Therefore, the recommended CR value is 1.67. In conclu-
sion, DISD performs better than DISDEF using the real 
monitoring data of the bridge at different CRs.

Table 8   The modal damping 
ratios identified by DISD and 
DISDEF using different lengths 
of T  at CR = 2.5

a “Approximated reference” represents the modal damping results of AFDD calculated previously as listed 
in Table 7

Length of T Mode Damping ratio (%) Accuracy (%)

Approximated 
referencea

DISD DISDEF DISD DISDEF

1000 1 0.866 0.655 0.668 75.67 77.11
2000 1 0.866 0.693 0.703 80.00 81.15
3000 1 0.866 0.875 0.878 98.92 98.63
4000 1 0.866 0.778 0.785 89.82 90.68

Table 9   The modal damping 
ratios identified by DISD 
and DISDEF using different 
subsample lengths at subsample 
number = 2

Subsample length Mode Damping ratio (%) Accuracy (%)

Approximated 
reference

DISD DISDEF DISD DISDEF

8000 1 0.866 0.655 0.660 75.67 76.24
9000 1 0.866 0.795 0.790 91.84 91.26
10,000 1 0.866 0.875 0.878 98.92 98.63
11,000 1 0.866 0.943 1.068 91.12 76.68

Table 10   The modal damping ratios identified by DISD and DISDEF at various time at CR = 2.5

a “Approximated reference” represents the modal damping results of AFDD using one original uncompressed measurement

Mode 1 Damping ratio (%)

0:00–3:00 3:00–6:00 6:00–9:00 9:00–12:00 12:00–15:00 15:00–18:00 18:00–21:00 21:00–24:00

Approximated referencea 0.828 0.841 1.370 0.842 0.952 1.095 1.076 0.751
DISD 0.855 0.790 1.300 0.815 1.010 1.040 0.980 0.773
DISDEF 0.868 0.305 – 0.765 1.023 1.040 1.400 0.778
Accuracy of DISD 96.72 93.96 94.90 96.75 93.94 94.99 91.06 97.15
Accuracy of DISDEF 95.21 36.27 – 90.81 92.63 94.99 69.91 96.49
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5 � Conclusions

This study proposes a modal damping identification 
method named DISD with a new random compression 
sampling scheme and a new identification formula. To 
verify the effectiveness of the proposed method, cases of 
a simple numerical system and the Tsing Ma bridge are 
studied. We also compare the performance of the proposed 
formula with that of DISDEF, AFDD, and SSI-COV under 
different fringe scenarios and environmental impact fac-
tors. Based on the study, two conclusions can be drawn:

•	 The proposed random compression sampling scheme 
can be adopted for CS-based OMA methods to satisfy 
the requirement of NExT. Thus, modal damping can 
be easily identified via CS techniques under ambient 
vibration. The scheme is more suitable for CS-based 
methods, e.g., DISD, than the conventional techniques, 
such as AFDD and SSI-COV.

•	 DISD displays a high performance in complex cases, 
e.g., ambient excitation, heavy noise, and nonstationar-
ity. The method can achieve the same accuracy under 
more environmental impact factors as under less envi-
ronmental impact factors. Compared to DISDEF, DISD 
realizes a higher accuracy (up to 35% improvement). 
Therefore, we concede that DISD has the potential to 
be an efficient online SHM tool for engineering struc-
tures.

The following directions for future research can be con-
centrated on: (i) the correlations between damping results 
and environmental factors; (ii) the robustness of the pro-
posed framework against nonstationarity.
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