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Abstract

We revisit and adapt the extended sequential quadratic method (ESQM) in Auslender
(J Optim Theory Appl 156:183-212, 2013) for solving a class of difference-of-convex
optimization problems whose constraints are defined as the intersection of level sets
of Lipschitz differentiable functions and a simple compact convex set. Particularly, for
this class of problems, we develop a variant of ESQM, called ESQM with extrapolation
(ESQM,), which incorporates Nesterov’s extrapolation techniques for empirical accel-
eration. Under standard constraint qualifications, we show that the sequence generated
by ESQM, clusters at a critical point if the extrapolation parameters are uniformly
bounded above by a certain threshold. Convergence of the whole sequence and the
convergence rate are established by assuming Kurdyka-Eojasiewicz (KL) property of
a suitable potential function and imposing additional differentiability assumptions on
the objective and constraint functions. In addition, when the objective and constraint
functions are all convex, we show that linear convergence can be established if a certain
exact penalty function is known to be a KL function with exponent %; we also discuss
how the KL exponent of such an exact penalty function can be deduced from that of
the original extended objective (i.e., sum of the objective and the indicator function
of the constraint set). Finally, we perform numerical experiments to demonstrate the
empirical acceleration of ESQM, over a basic version of ESQM, and illustrate its
effectiveness by comparing with the natural competing algorithm SCPjs from Yu et
al. (STAM J Optim 31:2024-2054, 2021).
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1 Introduction

Extrapolation techniques, due to their simplicity and easy adaptability, have been
widely studied in recent years to empirically accelerate first-order methods; see, for
example, [14, 21, 28, 32, 36] and references therein. Among them, Nesterov’s extrap-
olation techniques [28-31] have been successfully applied to accelerate the proximal
gradient algorithm [25] for minimizing f 44, with f being a convex loss function with
Lipschitz continuous gradient, and 4 being a proper closed convex and possibly non-
smooth regularizer with easy-to-compute proximal operator. These studies led to the
developments of various algorithms and softwares including the well-known algorithm
FISTA [7] for linear inverse problems and the software TFOCS [8] for solving a large
class of convex cone problems. Nesterov’s extrapolation techniques have also been
suitably adapted in subsequent works such as [37, 38] in some nonconvex settings,
and most of these works also require the proximal operator of (part of) the regularizer
to be easy to compute: in the case when £ is the indicator function of some closed set
D, this requirement amounts to saying that the projection onto D can be computed
efficiently. In this paper, we consider a class of constrained optimization problems
whose constraint sets do not admit easy projections, and investigate the adaptation of
extrapolation techniques on empirically accelerating a classical algorithm for these
problems.

Specifically, we consider the following difference-of-convex (DC) optimization
problem with smooth inequality and simple geometric constraints:

min  P(x) := Pi(x) — Pa(x)
xeR?

st. gix) <0, i=1,...,m, (1.1)
xeC,

where P; : R” — R and P, : R" — R are convex, each g; : R” — R is smooth
and Vg; is Lipschitz continuous, C € R” is a nonempty compact convex set, and
the feasible set C N % is nonempty, where .% = {x € R" : g;(x) <0, i =
1, ..., m}. This class of problems arises naturally in many applications. For example, in
compressed sensing, the P can be a sparsity inducing regularizer such as the difference
of £1 and £ norms [39],the g;,i = 1, ..., m, can be loss functions based on the noise
models in the ith transmission channel, and the set C can be used to model some priors
such as nonnegativity or boundedness.

Since projections onto the feasible set of (1.1) are not easy to compute, existing
algorithms for (1.1) usually leverage the Lipschitz continuity of Vg; to build approx-
imations for the feasible sets, leading to relatively easier subproblems. One natural
approach for building approximations is to replace g; by its quadratic majorants at the
current iterate. Specific algorithms based on quadratically approximating g; in (1.1)
include the moving balls approximation algorithm [5] and its variants (see, e.g., [12,
40]). Another natural approach for building approximations is to make use of affine
approximations to g; at the current iterate, leading to subproblems with even simpler
structures. This approach has its roots in the literature of sequential quadratic program-
ming (SQP) method, and we refer the readers to [20] and references therein for more
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discussions of SQP. Here, we are interested in the framework described in [4], which
focused on solving (1.1) when P and each g; are twice continuously differentiable.
We adapt the algorithmic framework described there to solve (1.1), and incorporate
extrapolation techniques to empirically accelerate the algorithm. We call the resulting
algorithm extended sequential quadratic method with extrapolation (ESQM,), follow-
ing the use of the name ESQM in [4]. The algorithmic details will be presented in
Sect. 3 below; in particular, in each iteration of ESQM,, the g; in (1.1) is replaced by
its affine approximation at a point extrapolated from the current iterate.

In this paper, we study the convergence properties of ESQM,, and perform numeri-
cal experiments to examine its computational efficiency. In particular, we show that the
sequence generated by ESQM,, clusters at a critical point if the extrapolation param-
eters are uniformly bounded above by a certain threshold, under a set of constraint
qualifications similarly used in [4]. We also construct a suitable potential function and
establish the convergence of the whole sequence and its convergence rate by assuming
Kurdyka-ELojasiewicz (KL) property of the potential function and additional differen-
tiability conditions on P, and each g; in (1.1). Furthermore, when P, = 0 and each
gi is convex, we show that linear convergence can also be established if a certain
exact penalty function of (1.1) is known to be a KL function with exponent % We
also discuss how the KL exponent of such an exact penalty function can be derived
from that of the function P + §¢cn# from (1.1) (see Sect.2 for notation). Finally, we
perform numerical experiments on compressed sensing models with different types of
measurement noises taking the form of (1.1). Our experiments on random instances
illustrate the empirical acceleration of ESQM,, over a basic version of ESQM, and also
suggest that ESQM,, outperforms the natural competing algorithm SCPys from [40].

The remainder of the paper is organized as follows. We present notation and pre-
liminary materials in Sect.2. Our algorithm, ESQM, is presented in Sect.3, and its
subsequential and sequential convergences are established in Sect.4.1. We discuss the
convergence behavior in the convex setting (i.e., P» = 0 and each g; is convex in (1.1))
in Sect. 4.2, and the relationship between the KL exponent of the function P + §¢cn 2
from (1.1) and that of the exact penalty function used in the analysis in Sect.4.2 is
studied in Sect.5. Numerical experiments are presented in Sect. 6.

2 Notation and preliminaries

In this paper, we let R and R denote the sets of real numbers and nonnegative real
numbers respectively, and N is the set of positive integers. We also let R" and R’}
denote the n-dimensional Euclidean space and its nonnegative orthant respectively.
For an x € R, we let (x)+ denote max{x, 0}. For an x € R", we let ||x| denote its
Euclidean norm; moreover, for x and y € R", we let (x, y) denote their inner product.

For an extended-real-valued function f : R" — (—o0, +0o0], we say that f is
proper if dom f := {x : f(x) < oo} # . A proper function f is said to be closed if

it is lower semicontinuous. We use x¥ l) x to denote x¥ — x and f(xk) — f(x).

For a proper closed function f, the regular subdifferential of f at w € dom f is given
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by

Af(w) = {5 e R": liminf S = fw) =€ v—w) > 0} _

V=W, vFEW lv —w]|

The (limiting) subdifferential of f at w € dom f is given by
o n.q k) k ek B ok
df(w):= {SER DAwt > w, &8 — £ with & eaf(w)foreachk},

and we set 9 f(x) = 5f(x) = () when x ¢ dom f. We also define domad f := {x €
R"” : 9f(x) # ¢}. The above subdifferential of f is consistent with the classical
subdifferential of f when f is in addition convex; indeed, in this case, we have

Afw)y={ eR": (E,v—w) < f(v) — f(w) Yv e R"};

see, for example, [35, proposition 8.12]. For a nonempty closed set D < R”", the
indicator function §p is defined by

0 xeD,

=0 150
The normal cone of D at x € D is defined by Np(x) := 38p(x). Finally, the distance
from a point x to D is denoted by dist(x, D), and the convex hull of D is denoted by
conv D.

We next recall some important definitions that will be used in the sequel. We start
by recalling the following constraint qualification for (1.1) (which was also used in
[4]), and the (associated) first-order optimality conditions for (1.1).

Definition 2.1 (RCQ) We say that the Robinson constraint qualification holds at an
x € R” for (1.1) if the following statement holds:

RCQ(x): dy € C suchthat g;(x) + (Vgi(x),y —x) <0 Vi=1,...m.

Definition 2.2 (Critical point) For (1.1), we say that x is a critical point of (1.1) if
x € C and there exists A = (A1, A2,...,A;) € R such that (x, A) satisfies the
following conditions:

1) gix)<0Vi=1,...,m,
(i) Ajgix)=0Vi=1,...,m,
(iii) 0 € AP (x) — P2 (x) + D i AiVgi(x) + Ne(x).

One can show using similar arguments as in [40, Section 2] that if RC Q(x) holds
atevery x € C N .Z, then any local minimizer of (1.1) is a critical point of (1.1).
Next, we recall the definitions of Kurdyka-t.ojasiewicz (KL) property and exponent.

Definition 2.3 (Kurdyka-f.ojasiewicz (KL) property and exponent) A proper
closed function f is said to satisfy the KL property at x € domadf if there
exist r € (0, 00], a neighborhood U of X, and a continuous concave function
¢ : [0, r) — Ry satisfying ¢ (0) = O such that:
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(i) ¢ is continuously differentiable on (0, r) with ¢’ > 0;
(i) forall x € U with f(x) < f(x) < f(x) + r, it holds that

¢'(f(x) — f(¥)dist(0, f(x)) = 1. 2.1

If f satisfies the KL property at x € domd f and the ¢ in (2.1) can be chosen as
¢(c) = pc'™* for some p > 0 and « € [0, 1), then we say that f satisfies the KL
property with exponent o at x.

A proper closed function f satisfying the KL property at every point in dom d f
is called a KL function. A proper closed function f satisfying the KL property with
exponent @ € [0, 1) at every point in dom 9 f is called a KL function with exponent
a.

Many functions are known to satisfy the KL property. For instance, proper closed
semi-algebraic functions satisfy the KL property with some exponent « € [0, 1); see
[10]. The KL property plays an important role in the global convergence analysis of
first order methods and the exponent is important in establishing convergence rates;
see, for example, [2, 3, 13, 23].

Finally, before ending this section, we recall two technical lemmas. The first lemma
concerns the uniformized KL property (see [13, Section 3.5]) and is taken from [40,
Lemma 3.10]. The second lemma is a special case of Robinson [33] concerning error
bounds for convex functions, which will be used in Sect. 5 for studying the KL property
of a penalty function associated with (1.1).

Lemma2.1 Let f : R" — (—o0, +00] be a level-bounded proper closed convex
Sfunction with A := Argmin f # (. Let f := inf f. Suppose that f satisfies the KL
property at each point in A with exponent a € [0, 1). Then there exist € > 0, rg > 0
and co > 0 such that

dist(x, A) < co(f(x) — /)™

for any x € domd f satisfying dist(x, A) < € and f < f(x) < f +ro.

Lemma2.2 Let h : R" — R™ with each component function h; being convex. Let
Q:={x e R": 0 € h(x)+ RY} and suppose there exist x* € Q and 8y > 0 such
that {y € R™ : |||l <80} € h(x*) + R} Then

.S
dist(x, Q) < ”xa—x”dist(o, h(x) +R™) Vx e R".
0

3 Algorithmic framework

In this section, we present our algorithm for solving (1.1). To describe our algorithm,
following the discussion in [37, Section 3], for each i, notice that we can rewrite g;
(whose gradient is Lipschitz continuous) as g; = gl.1 — giz, where gl.1 and gi2 are two
convex functions with Lipschitz continuous gradients. The next remark concerns the
Lipschitz continuity moduli of Vg;, V gil and V giz.
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1190 Y. Zhang et al.

Remark 3.1 (Lipschitz continuity moduli) Here and throughout, we denote a Lipschitz
continuity modulus of Vgl.l by Ly, > 0and a Lipschitz continuity modulus of Vgl.2 by
Lg; > 0. In addition, by taking a larger Ly, if necessary, we will assume without loss
of generality that Lg, > £,,. Then one can show that V g; is Lipschitz continuous with
amodulus Lg,. We also define Lg := max{L,, :i =1,...,m} and £, = max{{g, :
i=1,...,m}.

The algorithm we study in this paper is presented as Algorithm 1 below; here and
throughout, for notational simplicity, for each u#, w € R", we define

ling, (u, w) := gi(w) +(Vgi(w), u —w) Vi=1,...,m, and ling, (u, w) :=0.
3.1

We identify our algorithm as an extended sequential quadratic method with extrapola-
tion (ESQM, ), where “extrapolation” refers to (3.3). This is because when 8; = 0, our
algorithm reduces to an instance of the ESQM proposed in [4], whose convergence
was studied for solving (1.1) when the P and each g; in (1.1) are in addition twice
continuously differentiable.! Notice that (x¥*1, sk*1) solves the subproblem in (3.4)

if and only if s**! = max;_1 ... m[ling, (x*1, y©)]1 and
k+1 : k : k Ok Lg k)2
X € Argmin Pi(x) — (§",x) + 6 max [ling (x, y")]4+ + lx — y*|~.
xeC i=1,---,m 2

3.2)

Since problem (3.2) has a unique solution as an optimization problem with a nonempty
closed convex feasible set and a (real-valued) strongly convex objective, we conclude
that the subproblem in (3.4) has a unique solution. While this subproblem requires an
iterative solver in general, we refer the readers to [41, Appendix A] for an efficient
routine for solving the subproblem in (3.4) with some specific P; when m = 1.

The convergence properties of our algorithm will be studied in Sect.4, and we end
this section by presenting some useful facts concerning the subproblem (3.4). The first
two items are simple observations already established in the preceding discussions,
and they are stated here for easy reference later.

Lemma 3.1 Suppose that x* € C is generated at the beginning of the k-th iteration of
Algorithm [ for some k > 0. Then the following statements hold:
(i) s*1 = maxj=q,... wling (F1, yO)14.
(i) Problem (3.4) has a unique solution.
(iii) Let go := 0. Then x**1 is a component of the minimizer of the subproblem in (3.4)
if and only if there exist )»i.‘ > O0foralli € I(x*T") such that Zielk(XkJr]) A{.‘ =1
and

0edP*h =& + 6 D AVEH) + 0L =y + Ne(Hh,

iel (xk+1)y

I More precisely, when the P in (1.1) is smooth with Lipschitz gradient (say, with modulus L p) and
Br = 0, our algorithm applied to (1.1) with Py (x) := LTPHXHZ and P (x) 1= LTPHXHZ — P(x) becomes
an instance of the ESQM in [4].
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Algorithm 1 ESQM, for solving (1.1)

Step 0. Choose x~! =x0 € C,0) > 0,d > 0, and {Bi} [o, /L;Tgeg ) with B := supy fx <

L;Tgeg’ where Lg = maX{Lgi ci=1,..., m} and £g = max{ég,. ci=1,..., m} as in
Remark 3.1. Set k = 0.
Step 1. Set
v =k gk — Xk, (3.3)

Step 2. Take any & ked Py (xk) and compute

. 0L
WLt e Argmin P = R F o+ S0k (B4
(x,s)eRn+1
st ling (v, ) <5, i=1,..., m,
(x,5) € C xRy,

where ling; is defined in (3.1).
Step 3. If ling, (xk+L yk) < Oforall i, then 04| = 6); otherwise 0| = O +d. Update k <— k+ 1
and go to step 1.

where
I (x) = {L €{0,1,---,m}: ling (x, yk) = gr}ax ling, (x, yk)} . (3.3)
i=0,1,---,m

Proof Items (i) and (ii) were established in the discussions preceding this lemma.

We now prove (iii). Recall that x**! is a component of the minimizer of the sub-
problem in (3.4) if and only if it is a minimizer of the convex problem (3.2). Using
go = 0 and [34, Theorem 23.8], this is further equivalent to

OeaPl(xk“)—s"wka(_ [nax {ling,-(-,y")})(xk“)kag(x"“ — YN R
1=u,1,---.m
@b Py k1) — 65+ grcony (Vgi (7%) 1 € L FH)) + 0L (K — y%) + Nk,

where (a) follows from [35, Exercise 8.31] with I (-) defined in (3.3). O

4 Convergence properties
4.1 Convergence analysis for ESQM,

We first show that the successive changes of the {x} generated by ESQM,, vanish.

Theorem 4.1 (Vanishing successive changes) Consider (1.1) and let {(x*, y¥, 6;)} be
generated by Algorithm 1. Then the following statements hold:

(i) The sequence {x*} belongs to C and is bounded.
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1192 Y. Zhang et al.

(i) Letm :=inf{P(x) : x € C}. Then m € R and for any k > 1,

_ _ Lg+¢ L _
QK K By < @Gk Ty ‘ﬁp—(l——gL gﬂ,%)fﬂx"—x" ",
8

where

P(x)—m , Lg , Ly 5
—_— ling, (x, =8 x — =8 — 7|2
g, max [ling (x. 9]+ e =y 4+ Sl — 2]

Ox,y,z,0) :==

Lo—(Lg+0)B7
(iii) Itholds that "2 | Mnxk—xk’l IR

< 00, and limy_, o || x* —xk=1|| =

0 and limg_, o [|x* — y*| = 0.

Proof (i): Note that {x*} C C according to (3.4). Since C is compact, {x¥} is bounded.
(ii): Notice that the objective in (3.2) is strongly convex with x**! being its unique

minimizer over C. Using this, and noting that s**! = max,_;__, [ling, (Kt yk)]+

(see Lemma 3.1(i)), we have for any k > O that

Ok L
Pl(xk+1)_<$k’xk+l _ xk> +9ksk+l + k2 8 ”xk+1 _ yk”2

.....

. Or L
= P D= (R =) max [ling (o0 | 42T k2
1 m

A
s
~—~
=
L
p—a
+
>
I
8
o
>
3
| p—|
=
=
o
~
-
. =
<~
-
N
| I

Ok L Ok L
+Tg||x" — R P = 2 R k2,

..... + 2

“.1)

Meanwhile, from Remark 3.1 and the definition of ling, in (3.1), we see that whenever
k>1,

max [lingi (xk, yk)]
i=1,-,m +

1

= max [g]0%) + (Ve oM 5 =34 — 0N - (Ve oM+t -3

(a) L. L.

< max | gl (F)—g? )+ Sk K2 | = max | g () + =5k -y
i=1,-,m 2 4 i=lem 2 +

(b) . _ Ly - L

< max | ling (xF, y¥7h) 4 Bk — TP k= F?
i=1,-,m 2 2 +

(c) . _ L _ b4

< max [hngi (xk, yk 1)] + 2k — Y2 4 xR = yE2, 4.2)
i=1,-,m + 2 2

where (a) holds because of the convexity of gl.l and the Lipschitz continuity of V gl.z, (b)
follows from the Lipschitz continuity of Vg;, and (c) holds because Ly = max{Lg, :

i=1,...,m}and £, = max{€y : i =1,..., m}. Then, we obtain that when k > 1,
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(a)
POATY) = Pkt — PRty < Pyt — gk KD Ky - Py (i)
Ok L Ok L
= PRy — gk ik 4 T"i’nx"+1 — A7 - Tgnx"+1 — 512 = Py

(b) Or L .
< P (xk) + %lek — ykII2 — kak'H + 6k Ilnax [hngi (xk, yk)]
i=1,--,m

Ok L Ok L
2 2
9 5ok ok k-1 Lok k—12 ey k k2
= Peby o (_max fling (6, ¥ H] o SRk -y T2 4 gk -k
i=l,,m + 2 2

Ox L Ok L Ok L

where (a) holds because P» is convex and €K € 8 P> (x¥), (b) holds thanks to (4.1), and
(c) holds because of (4.2).

Rearranging terms in the above display and noting that y* — x* = g (x* — x¥~1)
for k > 0 (thanks to the definition of yk in (3.3)), we have that for k > 1

Ok L Ok L
PAY) Ot ZE ok g S

_ k2
2 ¥
Ok L
< P(x") + 6, max [lingi (xk, yk—l)] + M”xk — k12
i=L,,m + 2

Gk(L +4,) _
+—gﬁk|| ko xk=t)

. _ Ok L _
= PN + 6 _max [hngi(xk, YO+ %ka _ k12
i=1,-,m

Ok L _ L, +€ Or L _
+Tg||xk—y" 1||2—(1 ﬂk) Lk — X120 @3)

2

Since P is continuous and C is a nonempty compact set, we see thatm = inf{ P (x)
x € C} € R. Then we can deduce from the definition of Q and the observation s¥*!
max;—i,....m [ling, (xk‘H, yk)]+ (thanks to Lemma 3.1(i)) that whenever £ > 1,

QM XKy i)

Py —m L L
— + sk+1 + _g||xk+1 _xk”Z + _g||xk+1

R T
Ok+1 2 ) vl
@ P —m L L
< L + sk+1 + _g||xk+1 _xk”Z + _g||xk+1 _ yk”2
Ok 2 2
(b) 1 oL
=9 [P(xk)_m+9k I}laX [llngl(x yk 1)] + kL g” k k71”2
k
OkLg . & k-1,2 Lo+24y 5\ OLe, & i-102
+ > lx* =y —({1- I, B 5 lxF — x5
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_ _ L,+¢ L _
= @k, X1y o) — (1 - %ﬂi) 7g||x" —xkhy2, (4.4)
8

where (a) holds because of the definition of m and the facts that xk*t1 e C and {0, 1}

is nonincreasing, and (b) follows from (4.3) and the fact that % > 0.
(iii): Observe that, for any k > 0,

QUK+ XK vk 61 )

Pkl — ) L L
=+ max [ling ("1 Ry 4 ZE AT k2 28k k2> 0,
Ok +1 i=l,-,m 2 2

Combining the above display with item (ii), we have

o]

Lg+¢ L _
8

k=1
< 0(x', %%, y% 6)) - lim inf OGr T X% ¥ 6 < 0!, 10,50, 6)) < .

Finally, since sup; Br < ,/ ﬁ, we can deduce from the above display that
Jim ¥ — x¥1 = 0.
— 00

Combining this with the definition of yk in (3.3), we can obtain further that
limg s o0 ¢ = x5l = Timg s o0 Br X — x*~1) = 0. O

Next, we recall the following assumption involving the RCQ in Definition 2.1. This
assumption was first introduced in [4, Assumption (A1)] for studying ESQM.

Assumption 4.1 For (1.1), the RC Q(x) holds at every x € C N .%, and for every
x € C\.%, there cannot exist u;, i € I(x), such that

ui >0 Vi e Ix), Z ui =1, < Z u,-Vgi(x),z—x> >0 VzeC, (4.5)

iel(x) iel(x)

Remark 4.1 (i) Using [4, Remark 2.1], one can deduce that if Assumption 4.1 holds,
then for any x € C, there cannot exist u;, i € I(x), such that (4.5) holds.

(i) From [4, Remark 2.2], we know that if the RC Q(x) holds at every x € C, then
Assumption 4.1 holds.

2 We would like to point out that while our definition of /(x) seems to look slightly different from the
corresponding definition, namely 7 (x), in [4] (see the discussions before [4, Eq. (6)]), one can check that
the two definitions are equivalent.
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Using Assumption 4.1 and Theorem 4.1, we will prove in the next theorem that the
sequence {0} in Algorithm 1 is bounded. The same conclusion was established for
ESQM in [4, Theorem 3.1(b)].

Theorem 4.2 (Boundedness of {6}) Consider (1.1) and suppose that Assumption 4.1
holds. Let {(s*, 6y)} be generated by Algorithm 1, A = {k € N : Ok+1 > 6k}, and let
|| denote the cardinality of A. Then |2l| is finite, i.e., there exists Ny € N such that
Ok = 0N, whenever k > Ny. Moreover, skl = 0 whenever k > Ny.

Proof Suppose to the contrary that |2(| = co. Then by the definition of ;. in Step 3 of
Algorithm 1, we have limy_, o 6 = 00 and limy_ 6, ' = 0.
We first claim that for each i, there exists n; € N such that for all k > n;,

& (5 + (Vg (5, X — 3k <o,

where {(x¥, y¥)} is generated by Algorithm 1.
Suppose not. Then there exists ip € {1, ..., m} and (infinite) subsequences {xkiy
and {y*/} such that

8io M) + (Vi (K), xRt —yhiy > 0 vj.
Using this and recalling the definition of I (-) in (3.3), we have that
ling, M+ YKy > 0 Vi e I, (KT, v

In particular, 0 ¢ Iy, (xki+1) (see (3.1)). Now, in view of the finiteness of {ij (xkf+1)}
(since ij (xkj“) C {1,...,m} for all j), by passing to a further subsequence if
necessary, we deduce that there exists a nonempty subset Io C {1, ..., m} such that
Iy, (x*i 1) = I for all j. Thatis, forall i € I,

ling (1, 39 = max {nng, (xkitT, ykf)} ~0 V. (4.6)

In addition, from Lemma 3.1(iii), we have that for each k;, there exist )\fi > ( for
eachi € I, (xkit1y = [y, such that el )Lf.(j =1and

_ ) ) . , ki ) ,
0€6, ' @P M) — M) + LeM T — 343707 Ve ")+ Ne (Nt

iely

4.7)

. ki . .
Now, since the sequences {x*} C C and {1 '} (foreachi € Ip) are bounded, by passing
to a further subsequence if necessary, we assume that lim; ., oo xki = x* for some x*
and that foreachi € Iy, lim; )ij = 2; forsome A;. Thenx* € C, A; > 0 (for each

i€10), ) icy, Li=1land Iy C {tef0,1, - m}: g (x*) = maxj—o,1,....m & (x*)}

@ Springer



1196 Y. Zhang et al.

(thanks to (4.6), (3.1) and Theorem 4.1(iii), and recall that g9 = O from
Lemma 3.1(iii)). Since 0 ¢ Iy, we see that

Ip S I(x") = {t e{l,---,m}:g(x") = i:rpﬁzm[gi(x*)h},

where I (x) was defined in Assumption 4.1. Passing to the limit in (4.7), and noting
that 1imj%oe,;]_1 = 0, limg_ oo XK — YK = limgo o0 |1 — x¥|| = 0 (thanks
to Theorem 4.1(iii)) and the fact that {3 P; (xKi+1)} and {£%i} are uniformly bounded
(thanks to the real-valuedness and convexity of Pj, P, the compactness of C and [34,
Theorem 24.7]), we have upon invoking the closedness of x — N¢ (x) that

0e AiVgi(™) +New"),

iely

which implies that

<Z5»1Vgi(x*),x —x*> >0 VxeC.

iely

Since Iy € I(x™), this contradicts Assumption 4.1 in view of Remark 4.1(i).
Therefore, if || = o0, then it must hold that for each i, there exists n; € N, such
that for any k > n;,

& (5 + (Ve 5, X —yky <o

Let N, := max;=1 ., n;. Thenforalli € {1, ..., m} and for any k > N,, we have

.....

& (5 + (Vg 5, 1 — k) <.

In view of this and the definition of 6 in Step 3 of Algorithm 1, we must have 6y = Oy,
for all k > N,, which contradicts 6y — o0. Thus, it must hold that || < oo.

Since |2l] is finite, there exists Ny € N, such that 6, = 6y, whenever k > Ny. From
Step 3 of Algorithm 1, we know that for each i, g; (y*) + (Vig; (%), xFt1 — y¥) <0,
for all k > Np. Then Lemma 3.1(i) asserts that skl = 0 for any kK > Np. O

We are now ready to prove that any cluster point of the {x*} generated by Algorithm 1
is a critical point of (1.1).

Theorem 4.3 (Subsequential convergence) Consider (1.1) and suppose that Assump-
tion 4.1 holds. Let {x¥} be generated by Algorithm 1. Then for any accumulation point

% of {xK}, there exists A; > 0 for each i € I(¥) such that 3_ X =1and

iel(x)

0€dPI(X) — IP2(¥) + 0Ny » AiVei(E) +Ne(@), (4.8)
iel(x)
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where 1(¥) := {t € {0, 1,- -+ ,m} : g,(X) = maxj=o,1,.. m{gi (©)}}, g0 = 0, and O,
is defined in Theorem 4.2; moreover, X is a critical point of (1.1).

Proof Suppose that ¥ is an accumulation point of {x*} with lim 00 xKi = X for some
convergent subsequence {xKi}. Let {£F} be generated in Algorithm 1 and {)\f} with
i € I(x*t1) be as in Lemma 3.1(iii). Then, in view of the finiteness of {1k, (xkitly)
(since Ik; @kithy < {0, 1,...,m)} for all j), by passing to a further subsequence
if necessary, we see that there exists a nonempty subset Ip € {0, 1, ..., m} such

that I, (x*i ™) = Iy. Moreover, {Afj } for each i € It;(x*1) = Iy is bounded
as sequences of nonnegative numbers at most 1, and {€%} is bounded thanks to the
real-valuedness and convexity of P, and [34, Theorem 24.7]. Passing to a further

subsequence if necessary, we assume without loss of generality that lim;_, oo )»fj =
- . . ) = kj .

Aj > Oforeachi € Ip and lim;_, gki = E; moreover, the property of {1, } with
i € I;(x*T) = Iy guaranteed by Lemma 3.1(iii) asserts that for all j, it holds that

0€dP (MH) =88 40, L (M — 940> "4 Ve M) +Ne (M)

i€l

0 o @9)
and Y 2 =1, & =0 Viel, =1
iely
In addition, in view of (3.4), we obtain that for each j,
g (VM) + (Vg (R, xkith — ykiy <Kt i =1, m. (4.10)
Now, note that limg_ o0 [|x* — x*~1|| = limj_ o0 [[x*T! — y¥|| = 0 (thanks to The-

orem 4.1(iii)), s¥T! = 0 and ij = 0, whenever k; > Ny (thanks to Theorem 4.2).
Passing to the limit in (4.10) and (4.9), we see that

g(X)<0Vi=1,...,m, ZI\,:L i >0 Viel, @4.11)
iely
and
0 € dP(X) — DPy(¥) + Oy Y _ AiVgi(¥) + Ne(X). (4.12)
i€l

where we also invoked the closedness of dP;, 3P, and N¢ to deduce (4.12).
Furthermore, we have from the definition of /g, (xki*t1) in (3.3) (and recall that

It (x*i*1) = I) and Theorem 4.1(iii) that
I CIX) = {t €f{0,1,---,m}:g(x)= max {gi(f)}}- (4.13)
i=0,1,---,m

Then the inclusion (4,8) follows fro~m (4.12) and (4.11) upon noting Iy C f(i) (see
(4.13)) and defining A; = 0 fori € I(x)\Ip.
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Finally, let A; := Oy,A; = O foralli € IpN{l,---,m}, and &; = 0 for all
iefl,---,m}\ Ip. Then by (4.11) and Iy C [ (%) (see (4.13)), we have that

rigi () =0Vi=1... ,m (4.14)

indeed, for each i € I, we have g;(x) = 0, and for each i ¢ I, we havg )ALZ- =0.
Notice that Vgo(x) = 0 (thanks to gop = 0). Using the definition of X; and (4.12),
we have

0€dPI(F) —dPy () + D A Vgi(X) + N (). (4.15)
i=1

Combining (4.11), (4.14), (4.15) and the above definition of X, we conclude that ¥ is
a critical point of (1.1). O

We next derive the global convergence property of the {x¥} generated by Algo-
rithm 1. We will need to make use of the following function,

P(x)—m

. Lg 2, Lg 2
H(x,y,2):= +i_IilaXm[1lngi (x, D) ]++ 7||X —ylI©+ 7||X —z|I” + 8¢ (x),

(4.16)

where m is defined in Theorem 4.1(ii), and 0 = On, with Ng defined in Theo-
rem 4.2. Our analysis follows the nowadays standard convergence arguments based on
Kurdyka-Lojasiewicz property; see, for example, [2, 3, 13]. In essence, under Assump-
tion4.1, we will show that H has sufficient descent along the sequence (KL Xk ykyy
for all sufficiently large k, and H is constant on the set of accumulation points of
{(x*F1, x*, y%)}. We will also show that dist(0, 3 H (x**1, x¥, y¥)) is suitably bounded
by successive changes of the iterates by imposing additional differentiability assump-
tions on each g; and P,. These together with an additional assumption that H satisfies
the KL property will be used to establish global convergence of the {x¥} generated by
Algorithm 1.
We start with a remark concerning the sufficient descent property.

Remark 4.2 (Sufficient descent) Consider (1.1) and suppose that Assumption 4.1
holds. Notice from the definition of Q in Theorem 4.1(ii) and that of H in (4.16) that
H(x,y,z) = Qx,y,z, é) + 6¢(x). Now, according to Theorem 4.2, we have 0, =
O, = 0 for all k > No. Thus, we have H(x*, x*=1, yk=1) = Q(xk, xk=1, y¥=1,9)
for all k > Np, where {(x¥, y©)} is generated by Algorithm 1. Then one can see that
the sequence {H (xkHL Xk, yk)}kz N, 1s nonincreasing thanks to Theorem 4.1(ii), and
it holds that

Lg — (Lg + £g)B?

5 =X 712 vk = N,

HOL ) < Bk AT 0 -
where B = supy ., and notice that L, > (Lg + £,)B? thanks to the choice of {8}
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Lemma 4.1 Consider (1.1) and suppose that Assumption 4.1 holds. Let {(x*, y*)}
be generated by Algorithm 1, H be defined in (4.16), and Q2 be the set of accu-
mulation points of {(x**1, x* y*)}. Then Q is a nonempty compact set, w :=
limy 0 H(xk'H, xk, yk) exists, and H = w on .

Proof From Theorem 4.1(i), we have that the set of accumulation points of
{x¥}, denoted by A, is a nonempty compact set. Since limy_, oo [xk — x5 =
limg_, oo |x¥ — y¥|| = 0 thanks to Theorem 4.1(iii), one can see that Q = {(, ¥, ¥) :
X € A}, which is a nonempty compact set.

Next, according to Remark 4.2, the sequence { H (x**1, x¥, y%)};> v, is nonincreas-
ing. Moreover, one can see from the definition of H (see (4.16)) that { H (kL Xk yky)
is bounded from below (by zero). Thus, w := limg_, H(xk‘H, xk, yk) exists.

Forany (x, x, x) € Q,let {xkj } be a convergent subsequence with lim ; _, xki = x.
Since P and each g; are continuous, and limy_, o0 [|x* —x*1|| = limg_ oo |xX—y¥|| =
0 (see Theorem 4.1(iii)), we obtain that

H, %, %) = PO=Zm | hax [ling, (%, %)]
s X, é P gi X, +
P k_,'+1 - ) )
— lim u_,_ ax [lingi (xk/"‘l,yk./)]
j—00 0 i=1,,m +

L , . L ) .
+73||xk,+1_xkj||2+78“xkj+1_yk,”2

= lim H(xk-/+1,xk-/,yk-f) = lim H(xk+1,xk, yk) =w.
j—o0 k—o00

Since (x, x, x) € Q is arbitrary, we conclude that H = w on Q. |

Next, we introduce an assumption for deriving a bound on dist (0, 0 H (xRt Xk YRy,

This assumption was also used in [38, 40] and is satisfied in many applications; see
[38].

Assumption 4.2 Each g; in (1.1) is twice continuously differentiable. The function
P, is continuously differentiable on an open set Uy containing X', and V P; is locally
Lipschitz continuous on Uy, where X’ is the set of critical points of (1.1).

Now, we present the following bound on dist(0, d H (xk+1, xk, yk)).

Lemma4.2 Consider (1.1) and suppose that Assumptions 4.1 and 4.2 hold. Let
{(x*, %)} be generated by Algorithm 1 and H be defined in (4.16). Then there exist
T > 0 and N1 € N such that for all k > N1, we have

dist(0, 9 H (x**1, Xk, y5)) < (kT — K|+ ok — X571,
Proof Let A be the set of accumulation points of {x*}. Then A is nonempty and
compact in view of Theorem 4.1(i), and A € X thanks to Theorem 4.3, where X’

is defined in Assumption 4.2. Moreover, we have limg_ oo dist(x¥, A) = 0. Since
A C X C Uy (where Uy is defined in Assumption 4.2) and A is compact, there exist a
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bounded open set U; and an N> € N such that x¥ e Uj forall k > N, and the closure
of U is contained in Up.3

Next, let Ny be defined as in Theorem 4.2. Since P, is continuously differentiable
on Uy and Xk e U C Uy for any k > N; := max{Ny, N2}, we obtain from [35,
Theorem 8.6] that for any £ > Ny,

8H(xk+1, xk7 yk) o) 3H(xk+1, xk7 yk)

[ FOPORHD NG + L 6 —b) 4 L (T =) ]
2 — Lok Hl — 5k +EKTT XK, b
i —Lg(xk+1 _ yk)

_%3P(xk+l) +Nc(xk+l) 4 Lg(xk+1 _xk) + Lg(karl _ yk)
= —Ly (k1 — k) +osE Ak
—Lg(xk+1 _ yk)

FIPCTDE 3 Vg () AN+ L R )+ Lo (M —yF)
(:c)) i€l (xk+1)

—Lg()ck""l —xk) ’
Yien ekt M V2 (R kT — yky — L (KT — 3y
4.17)

where E(x, y,z) := max;=1, _m[ling (x, )]+, and It (x**1) and A¥ are defined as
in Lemma 3.1(iii); here, (a) holds because of the subdifferential calculus rules in
[35, Proposition 10.5, Corollary 10.9] and the regularity of the normal cone of C in
[35, Theorem 6.9], (b) holds because dE = Flo (thanks to [35, Example 7.28]) and
P (xFt1y = JP(x**1) (thanks to the regularity of P; as asserted in [35, Proposi-
tion 8.12], the assumption that P, is continuously differentiable at x¥t1 e Uy and the
subdifferential calculus rule [35, Exercise 8.8(c)]), and (c) follows from [35, Propo-
sition 10.5, Exercise 8.31] and the fact that Zielk(karl) A{? = 1 and k{? > 0 for all
i € I(xFth.

On the other hand, according to Theorem 4.2 and the definition of 0 in (4.16), we
have that 6, = Oy, = 6 for any k > Ny. Using this together with the property of )\f‘
from Lemma 3.1(iii) and the differentiability assumption on P,, we obtain that for all
k> Ny,

0€dP (T = VP +0 D MVg(h) +OL,(H =y + Ne(F .

i€l (xk+1)y

Rearranging terms in the above display, we see that

VP () =0 D AVei() =L M = yh) e 9P (F ) + Ne(FT).
i€l (xk+1)

(4.18)

3 The existence of such a U; can be argued as follows: since A is compact, there exists € > 0 such that
{x € R" : dist(x, A) < €} C Up. Then set U := {x € R" : dist(x, A) < €/2}.
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Since P, is continuously differentiable in Uy (and hence at x* and x**t! when
k > Np), we obtain for any k > N that

L (L~ 4 + VP - VR RH)

>

| —

(éLg(xk'H—xk)—VPz(xk+1)+é > Aﬁ-‘Vgi(y"))

i€l (xk+1y

+ 5{ (VPz(xk) -9 Z )‘{‘Cvé’i (yk) _ éLg(xk+1 _ yk))

i€l (xk+1)

@1 A A 1
gé(GLg(x"“—xk)—VPz(x"*‘)+9 > Angi(y"))+é3P1(x"+‘>+Nc<xk+‘)
iel; (xk+1)

1
:58P(xk+1)+ D MV + NG 4 Lo (F T — X (4.19)

il (xk+1)
where (a) follows from (4.18), and the last equality holds thanks to [35, Exercise 8.8(c)]

and the fact that P = P; — P».
Combining (4.17) and (4.19), for any kK > Nj, we have

L(=0Lg(k = ) + VPs k) = VP2 R 4 Lo (eFH = 0y
— Lo (kL — xky caH (M Xk vk
ek M V2 ()R — k) — Lo (R — 3y

Since V P, is locally Lipschitz continuous on Uy (and hence Lipschitz continuous on
the bounded open set Uy, say, with modulus L p,), we see for any k > N that

2
dist (0, OH (kT ik, yk))

=

| RN 2

A (0LH =4V PA ) — VP L (! —yk)H+||Lg(x"+‘ — 2
2

+ YD MV MR = k) — LR -y
i€l (xk+1)

3
<3z — P+ é—zL%Z R a1 4 P ey 4 P o
2
+2| Y0 V0N

il (xk+1y

kT k2 4 2n2 ekt k2,

The desired conclusion now follows immediately from the above display, the definition
and the boundedness of {yk} (thanks to Theorem 4.1(i) and (3.3)) and the continuity
of V2 gi (thanks to Assumption 4.2). O
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Now, we present the convergence rate of the {x¥} generated by Algorithm 1 under
suitable assumptions. The proof is routine and we refer the readers to, for example,
the proofs of Theorems 4.2 and 4.3 of [38].

Theorem 4.4 (Global convergence and convergence rate of Algorithm 1 in nonconvex
setting) Consider (1.1). Suppose that Assumptions 4.1 and 4.2 hold, and the H in
(4.16) is a KL function. Let {(x*, y*)} be generated by Algorithm I and Q2 be the set
of accumulation points of{(karl , xk, yk)}. Then {x*} converges to a critical point x
of (1.1). Moreover, if H satisfies the KL property with exponent o € [0, 1) at every
point in 2, then there exists N € N such that the following statements hold.

() Ifa =0, then {x*} converges finitely, i.e., x* = X for all k > N.
(i) Ifax € (0, %], then there exist ay € (0, 1) and a1 > 0 such that

Ix* — X|| < ajal Vk > N.

(i) Ifa € (%, 1), then there exists ay > 0 such that
1—a
|xk — X|| < ask” 2T Vk > N.

4.2 Convergence analysis in convex setting

We study the convergence properties of Algorithm 1 under the following convex
settings.

Assumption 4.3 Suppose thatin (1.1), P, =0 and gy, ..., g, are convex.*
Assumption 4.4 The Slater condition holds for C N.% in (1.1), i.e., there exists x € C
with g;(X) < Ofori =1,...,m.

Remark 4.3 If each g; is convex and Assumption 4.4 holds, then RC Q(x) holds at
every x € C, which implies that Assumption 4.1 holds thanks to Remark 4.1(ii).

Now, we present the convergence properties of Algorithm 1 under Assumptions 4.3
and 4.4. Unlike our convergence rate result in Theorem 4.4 which was based on the
KL property of the function H in (4.16), our analysis in this section is based on the
KL property of the following function:

1
Fp() = L (PI00) = ) +3c(0) + max [ (0l (4.20)

where n > 0 and m := inf{P;(x) : x € C} € R. Compared with H, the explicit KL
exponent of F;, is generically readily obtainable (from that of P; 4+ 8¢n.#), as we will
discuss in Sect. 5.

4 Under this assumption, we also set £g; = 0 for all i in Algorithm 1.
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Theorem 4.5 [Convergence rate of Algorithm 1 in convex setting ] Consider (1.1) and
suppose that Assumptions 4.3 and 4.4 hold. Let {(x*, 6;)} be generated by Algorithm
1. Then the following statements hold.

(i) Foranyk > 1,

e+l k ko k=1 k_ k=12
EG x5 6 < EGS X1 60) — 2 = X",

(1-BPLg
2
where E(x, y.0) = &(P1(x) =it +8¢(x) +0 maxi=1 .. m[g; (014 + 5 x
y||2) with m defined as in (4.20).

(ii) Let 2 be the set of accumulation points of{ (KL XK o) } Then Q2 is a nonempty
compact set, @ 1= limy_ o E(x*k*1 xk o) exists, and E = & on Q.

(iii) If the function® Fj is a KL function with exponent %, then {x*} converges to a
minimizer x* of (1.1), and there exist co > 0, s € (0, 1) and ko € N such that

X% = x*|| < cos® Vk > ko.

Proof Using the strong convexity of the objective in (3.2) (note that £ = 0 as P, = 0)
and the fact that x**! minimizes this objective over C, we obtain that for any x € C,

O L
P 46 max ling (44, 39| Sk - k2
i=1,--,m + 2
. OrL OrL
< Pr@) + 0 max [ling (x, v)] 4+ Z0E = yF2 = SE e — R,
i=1,--.m + 2 2
4.21)

Now we are ready to prove the three items one by one.
(i): For any k > 1, we see that

- @ 1 R
@<P1 (xk+1)fm>+i21111§}{<’m [gi (Xk+l)]+ =< @<P1 (xk+1)7m) +i=1}}?‘)-(,m [81‘ (xk+]):|+

) Py(xktly —m . Ly,
QAT mm Cmax [ ling, (KL yRy o S8R k2
Or i=1,.,m 2

© Py — i okl ok Lg k1 k2

< — 4 ax [lln (x R ] + —=|x -
o ;max gi( AP Lt I Yl

@ Py(xk) — i - kok Le ok k2 Lgy kgl k2

< —+ ax [hn‘x, } + —=|x" = — —|x —X
g [ling (5.4 S kR I

© P (k) —m k Leg ok k2 Ley k1 k2

< ————— 4+  max [x] + = ||x" = — =X —x
Gt [aeh] |+ A - ||

Lok —i+a [ ( ")] +—ﬁ’3Lg S R WSS R e
= X —m max i (X X —X — X — X
Ok ! ki=1,~~,m 8 + 2 2

3 ie., the Fy in (4.20) with = 6, where 8 is given in (4.16).
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_ (1—BHL, _ L
= B, 1 gy — Kk kT2 I —

k”2
5 )

X
where (a) holds thanks to 6y < 641 andm = inf{P(x) : x € C}, (b) holds because of
the Lipschitz continuity of Vg;, (c) follows from Ly = max{Lg, : i =1,...,m},(d)
holds upon invoking (4.21) with x = x¥ (as x¥ € ©), (e) follows from the convexity
of g;, and the last equality follows from the definition of E (x*, xk=1 6,). The desired
inequality now follows immediately from the above display and the definition of
E@M xk o).

(i1): Using similar arguments as Lemma 4.1 (but using item (i) in place of
Remark 4.2, and noting that Assumption 4.1 holds according to Remark 4.3), one
can show that (ii) holds. We omit its proof for brevity.

(iii): Let A be the set of accumulation points of {xX} for notational simplic-
ity. From Remark 4.3, Theorem 4.3 and the formula for the subdifferential of
max;=1,. . mlgi(-)]+ (see [35, Exercise 8.31]), we deduce that

@ # A C Argmin Fy =: S. (4.22)

Now, write Eg(x, y) := E(x, y, 0) for notational simplicity. By the definitions of F;
in (4.20) and E(x, y, ¢) in item (i), we see that E;(x, y) = Fy(x) + %Hx —y|13,
where 6 is as in (4.16). From Rgmark 4.3, Theorem 4.2 and item (i), we have that for
any k > Ny, it holds that 6y = 0 and

L,(1—- 5%

5 lx* — Xk, (4.23)

Ey(*1, x%) < Ej(xk, 21 —

where ﬁ: = supy Br < 1 (recall that £, = 0 under Assumption 4.3).

Let S = {(x*,x*) : x* € S} and A = {(x*, x*) : x* € A}. In view of (4.22),
we have Fj;(x) = inf Fj for any x € §. Using this together with item (ii) and the
definition of E 4> one can show readily that whenever x € S

o = E;(x, x) = Fz(x) = inf Fy(x) = inf E4(x, y). (4.24)
x X,y

Moreover, in view of (4.22) and the definition of Ej;, we have

PEANCS= Argmin Ej(x, y). (4.25)
X,y

Furthermore, since Fy is a KL function with exponent % we conclude from [23,
Theorem 3.6] that Ej; is a KL function with exponent % Using this together with

(4.24), (4.25) and Lemma 2.1, we deduce that there exist €9 > 0, r9p > 0, and ¢y > 0
such that

dist((x, y), $)* < co(Ej(x, y) — &), (4.26)
forany (x, y) € dom d E; satisfying dist((x, y), §) <eandw < Ej(x,y) < @+ro.
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Next, notice that {(xk, xk’l)} C C x C C dom 8Eé = C x R", and we have from
Theorem 4.1(iii) that A is the set of accumulation points of the bounded sequence
{(xk, xk_l)}. Using this and (4.25), we deduce that there exists k; € N such that

dist((x¥, x¥71), §) < dist((x*, x¥ 1), A) < g Vk > k. (4.27)

On the other hand, from Remark 4.3, Theorem 4.2 and item (ii), we deduce the exis-
tence of k» € N such that

& < EjF x Y <@+ Yk = ko (4.28)
Combining (4.26), (4.27) and (4.28), we conclude that for any k > k3 := max{ky, k2},
dist(x*, $)? < dist((x*, X571, $)% < co(B; (5, 21 — ). (4.29)

Next, let x¥ € § satisfy ||x¥ — xX|| = dist(x¥, S). Then for any k > Ny (note that

Ny is defined in Theorem 4.2) and y € (cho

Toco 1), we have

K1y _ L K1y _ kL
Fy(k 9<P1(x ) =i +6 max [g(x L)

IA
I

(@ 1 " A ) Lg
(Pl(x”l)—mw_ max [hng,-(x“‘,y")+—2g [k —y"nz} )
+

i=1,--,m

A

) 1 " oA . 6L
< = (Pl(xk"'])—m—l—b" max [hngi(xk"'],yk)] + 5 |kt —yk||2)
0 i=1,,m + 2
© 1 ke ok ok Lok _ k2 Lok k12
e T R
_9( 1@ =)+ max ling (700 |+ SIS =82 = SRS
(d) _ Lg _
< Fy@& by Le S =y % = SR -,

2
© 2 Lg,
2 R+ 2 (1 xk||+||x"—yk||) - k2,
)

< Fp) + —ux =P g I P = SRR

() L L L

< o+ =Ldist(k, )2 + ——5F—|xk — YR 2 = ZEdistxk T, 5)2, (4.30)
2y 2(L—vy) 2

where (a) holds because of the Lipschitz continuity of Vg;, (b) holds because L, =
max;—1,.. m{Lg}, (c) follows from (4.21) with x = x* (thanks to ¥* € § € C
and the fact that 9, = 9 for k > Np), (d) follows from the convexity of g; so that
ling, (X, y¥) < gi(¥%) for all i, (e) follows from the triangle inequality, (f) follows
from the fact that (@ + b)? = (y% + 1 - )/)(lf—y))2 < ‘172 + (lhTZy) asy € (0, 1), and
(g) holds thanks to (4.24) and the definition of k.

Then, we have for any k > k4 := max{k3, Ny} that

L
Ep(eftlxh) — o = Ryt — o+ E kT -k
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(a) L L L
< ZEdist(xk, §)2 + ——E—|Ixk — 42 — ZEdistxF T, 5)2
2y 2y

2(1=vy)
Ly (1 L
L Le (7 B l) dist(h 1 )2 1 L8k k2
2 \y 2
® (L L L L
< (S2distr*, §)7 — =2k — A2 ) — ( EdisteF T, $)2 — ZE kT k)2
2y 2 2y 2

LeB* v k-1, Loy k k-1p2, Lo (1 k+1 ky _ -
2(1—y)||x x0 +7||X x| +7 " L) eo(Eg(x™ 7, x%) — @),
where (a) holds because of (4.30), and (b) follows from (4.29), Vv = xF 4 B (xk—xk=1
and B = supy Pk.

Now, notice that y € (

L . . L :
e 1) implies G — Deo < . Letting 9 = 1 -

%(% — 1)cop, then we known that §J > % Rearranging terms in the above display
inequality, we have that for any k > kg4,
9 (Eé(xk""] by — a))
L 1 L 1
<8 (—dist(xk, §)2 — ||k — k-1 ||2) -2 <7dist(xk+1, $)2 — K+ = xk||2>
2 \y 2 \y
Lo(1—y +B%) _

2(1 —vy)
@ Lo (1 L, (1
28 <7dist(xk, )2 — ||k — xk-1 ||2> 4 <7dist(xk+l, §)2 — |k — K ||2)
2 \y 2 \y
22
Le(—y+p7) 2 _ (EA(xk 1) - Bkt xk))
2(1—y) Le(1—pH V7077 0 ’ ’

where (a) follows from (4.23).

2
Denote ¢ := (11?)3(—1122) > 1and Ay = L—z”’(%dist(xk, §)2 — [xk — xk=1)2).
Rearranging terms in the above inequality, we obtain that for any k > k4,

@ +¢) (Eé(xk+l,xk) — &) < Ak — A +¢ (Eé(x", k1) - a)) :

Dividing ¢ + ¢ on both sides in the above inequality, we see that for any k > k4,

1 1
(Eé(x", X1y - J)) n Ax

Ej(F 2k — o < — A
O +¢ O +¢

k+1-

4.31)

¢
v +¢

Since ¥ > % and ¢ > 1, we have that for any k > k4,

A L 1
‘ Ll<ial <=2 (—dist(x", $)? + [lx* — x"‘1||2)
9+ 2 \y
(a) L,c _ L _
< 20 (Bpk, A4 — @) + ZE ek —
2y 2
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®) L,c B 1 _

= T (Bt T —0) + g (Bt o) = By )

()

= o (Bt A h = 8), 432)

where (a) holds thanks to (4.29), (b) holds because of (4.23), and (c) follows from
E; (1 x%) > @ (see (4.24)) with ¢ := 20 4 1

2y (1-p%)"
C1+,3{T{
Leto = EER s (0, 1). Then one can see that
¢
P, (I—-o0)c1 =0 (4.33)

Then, from (4.31), we obtain that for any k > k4,

1
B 6+ oA z?i—g‘ (Eé(xk,xk_l)—c?)) t o
@ ¢ ok k=1 - Y
§ﬁ+§<E9(x’x ) w)+ﬂ+§ 1‘}+§
®( ¢ N S N
<§—H+(1—Q)Cl)(E9(x,x ) w>+l9+§Ak

© kok—1y _ - !
=o| E;(x", x -+ Ar |,
Q( 9( ) 9 t¢ k)

where (a) holds as o € (0, 1), (b) follows from (4.32), and (c) holds because of (4.33).
Inductively, since ¢ > 0, we see that for any k > k4,

Ej(* T xby — o+

1
A < k—kq+1 E- k4, ka—1y _ =~ A ,
'[9+§‘ k+1 =0 0()6 X ) w+ﬁ+§. ka

which means, there exists M > 0 such that, for any k > k4,

OSEé(xk,xk_l)—d)ﬁMQk—ﬁ+§Ak
@ Lg ko k=12 k k=12
= 2@4_{)( dlst(x S) — Ix* —x ||>§MQ +2(17+C)”x X I
bk k k=1 k1 k
M — (E;(x", —E; , , 4.34
= e +(z§‘+§)(l—ﬁ2)( et x7h — Byt @39

where (a) follows from the deﬁnition of Ay, and (b) holds because of (4.23).

Taking u > max{m, - Q} From g € (0, 1), we see that

w>1landl—pu !> o, (4.35)
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1208 Y. Zhang et al.

and from (4.34) (and (4.23), which asserts the nonnegativity of the difference
E(j(xk, K=y — Eé(le,xk)), we have that

Ej(cF, 271 — & < Mo* + w(Ey(x*, x*71) — Ey(e* 1 b)),
which implies

(B x5 — @) = (= 1) (B, x5 = ) + Mo,
Dividing © > 0 on the both sides in the above display, we see that for any k > k4,

M
Eé(ka,xk) —e< (1 _ Mfl) (Eé(xk’xkfl) _ @> n ;Qk

_ _ _ M l—y,_l
=(1—M 1) (Eg(xk,xk 1)—w)+—< — - éil )Qk
p\l=—p="—0 1-p="-0o

M
—(1- lfl) <EA(xk’xk1) a4 —Qk) _ of !
( ¢ p(l —p=t—o) p(l —p=t—o)

’

where the division by 1 — 1! — o is valid thanks to (4.35). Rearranging terms in the
above display inequality, we have that for any k > k4,

M k+1
Eé(xk‘H, -+ —Q_l
pu(l —pn="—o0)
_ - Mo*
< (1 - 1)<EA(xk,xk h—a+ —)
’ pd—p' =0

Inductively, since 1 — u_l > ( thanks to (4.35), we see that for any k > k4,

! . MQk+l
Ej* T ) — o < Bt M o+ ———
ul—pu=" —o0)
_\Kkkat o Mok Nk
= <1—/L 1) (Eé(xk“,xk“ 1)—a)+1_—_1_> @CQ (1—,bL l) s
u(l — 0)

(4.36)

where (a) holds with c; = (1 — =)™ (Eé(xk4, xk=ly _ 4 mw) >
0.

Finally, we obtain that for any k > k4,

Ik k)2 (%) oz (Eé(xk+l7xk) _ Eé(xk+2’xk+l))
Lg(1— %)
b k+1
. (Eé(xkﬂ,xk) —cb) 922 (1 — u_1> :
Le(1—p%) Le(1—p%)
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where (a) holds because of (4.23), (b) follows from Ej; KL XKy > @ (see (4.24)),
and (c) holds because of (4.36). Consequently, for any j > k > k4,

J 00 ,
. . 2 i+1 k+1
P w2 Y [ (Vim ) = (Ve )
i=k it VL= 57
(4.37)
. L 2cs ) 1 Ly . kv :
withcz 1= /Lg(l—,f}Z) i > 0, which implies that {x"} is a Cauchy sequence.

Combining this with Remark 4.3 and Theorem 4.3, we see that {x¥} converges to a
minimizer x* of (1.1). The claimed linear rate of convergence also follows immediately
from (4.37). O

5 KL exponent and exact penalty

In Sect. 4.2, the KL exponent of the Fj; in Theorem 4.5(iii) was used for establishing
the convergence rate of the {x*} generated by Algorithm 1 in the convex setting. In
this section, we examine how the KL exponent of functions of the form (4.20) can be
deduced from the corresponding problem (1.1).

Specifically, we consider the following optimization problem:

min F(x) := Py (x) + 8¢ (x) + 87 (x). (5.1)

xeRn

where P; : R — R is convex, C is compact and convex, F = {x € R" :

gi(x) <0,i =1,...,m} with each g; : R — R being convex, and C N {x €

R™ : max;=1, . m{gi(x)} < 0} # @; we also consider the associated penalty function
Fy(x) i= Pi(x) +8c(x) +1 i_ﬂlflaxm[gi ()14, (5.2)

where n > 0. Notice that for (1.1), the KL property of the corresponding F 5 was the

key for establishing the convergence rate of the {x¥} generated by Algorithm 1; see
Theorem 4.5(iii).
We next recall the definition of exact penalty parameter.

Definition 5.1 [Exact penalty parameter] Consider (5.1) and (5.2). If there exists 7 > 0
such that for all n > 7,

Argmin I:",, (x) = Argmin F x),

xeRn? xeR?

then 7 is called an exact penalty parameter of (5.1).

We will argue that the set of exact penalty parameters of (5.1) is nonvoid. We start
by recalling the following well-known result, whose short proof is included for the
convenience of the readers.
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1210 Y. Zhang et al.

Lemma 5.1 Let C and F be as in (5.1). Then there exist k > 0 and Tt > 0 such that

dist(x, C N F) < kdist(x, F) < r max [g, )]+ VxeC. (5.3)

.....

Proof First, since C N {x € R" : max;—; . _n{gi(x)} < 0} # @ (say, it contains %),
we deduce from [6, Corollary 3] that there exists « > 0 such that

dist(x, C N F) < kdist(x, F) Vx e C. (5.4)

We then apply Lemma 2.2 with Q := F, h(x) = (g1(x), g2(x), ..., gu(x)), x* = x
and §p = |maxi:1 migi ()?)}| to obtain

,,,,,

[lx — X
|max;—1,_.m{gi(®)}]

dist(x, F) < dist(0, g(x) + RY}) Vx e R".

Since C is compact, we deduce further that there exists M| > 0 such that

dist(x, F) < My I%laX [gi(x)]+ Vx e C. (5.5)

The desired conclusion now follows upon combining (5.4) and (5.5). O

Remark 5.1 [Nonemptiness of the set of exact penalty parameters] Consider (5.1) and
(5.2). Since C N F is compact and P; is continuous, we see that Argmin F # . Using
this together with (5.3), we can now deduce from [17, Lemma 3.1] that any n > L T
is an exact penalty parameter of (5.1), where L p, 1s a Lipschitz continuity modulus
for P on the compact convex set C.

Now, we show thAat if the F in (5.1)is a KL function with exponent & € (0, 1), then
for any > 7, the F;, in (5.2) is a KL function with the same exponent, where 7 is an
exact penalty parameter of (5.1).

Theorem 5.1 [KL exponent of I:",7 from that of F] Let F be as in (5.1), x € Argmin F

and 1 be an exact penalty parameter of (5.1). Ifﬁ satisfies the KL property with
exponent a € (0, 1) at X, then for any n > 0, the I defined in (5.2) satisfies the KL
property with exponent « at Xx.

Proof Fix any n > 7). Since 7 is an exact penalty parameter of (5.1), we see that
Argmin F = Argmin Fn’ also, note that dom 8F = CanddomdF = C N F.

Since F satisfies the KL property with exponent « at x, in view of [11, Theorem 5],
there exist ¢ > 0 and a, € € (0, 1) such that

dist(x, Argmin F) < c(F(x) — F(x)' ™, (5.6)
whenever x € dom dF = C N F satisfies |x —%|| < e and F(¥) < F(x) < F(X)+a.

Since F is continuous on its domain, by shrinking € further if necessary, we assume
that (5.6) holds whenever x € dom dF = C N F satisfies |x — x| < e.
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Next, since P; : R" — Risconvex, we know that P; is locally Lipschitz continuous
at x. Hence, there exist € > 0 and L p; > 0 such that

|PLx) = PO)| < Lpllx =yl Vx,y efu e R" : lu—%| <é).  (5.7)

Now, take €g := min{e, €}. Thenforanyx € C = dom 8}:",7 satisfying | x—x|| < €,

we have upon letting [T~ 7(x) denote the orthogonal projection of x onto C N F that

dist(x, Argmin ) < dist(T¢cnz(x), Argmin Fy) + dist(x, C N F)

@ dist(Menr (), Argmin £) + dist(x, C N F)

C F Meng () — BN dist(x, F) =e(Py (Tenz (0)— Py (0) 2 xdist(x, )

(%) c(Pi(x) — P1(x) + ﬁpl dist(x, C N ]-'))170‘ + wdist(x, F)

(%) c(Py(x) — P (x) + i,plxdist(x, .7:))1_“ + wdist(x, .7-")1_“

© e[(Pr(x) = PL®) + L pyiedist(x, P 4 [V =D dise(x, 7)1 9]

) o ® _ I—a
< (P (x)— P1(X)+kdist(x, F))' ~* < ¢(Py(x)— Py (X)+K2i:r{1?} m[gi ]4) 7. (5.8)

where (a) holds because Argmin F = Argmin l:"n, (b) holds because of (5.3), (5.6)
and the fact that ||[[Icnr(x) — X|| < |lx — X|| < €9 < € (thanks to x € C N F and
the projection mapping being nonexpansive), (c) follows from (5.7) and the fact that
€o < €, (d) follows from (5.3) and the facts that dist(x, ) < [[x —X|| <€ <€ < 1
and o € (O 1), (e) holds with ¢ = max{c, 1}, (f) holds with ¢ = 2%¢ and x| =
Lpllc + /cl o thanks to the fact that a' =% 4+ b'~% < 2%(a + b)!=* forany a, b > 0
and o € (0, 1), and (g) holds with k> = k7 /« thanks to (5.3).
Now, if n > k3, then, from (5.8), we have that

l—a

diSt(XvArgminﬁn)EC_'(Pl(x)—Pl(f)'f'ﬂ,_llnax [8i(x)]+> = &(Fy(x) — Fy(0)!' ™.

On the other hand, if k<, > n > 7, then, from (5.8), we obtain that

l—«a
dist(x, Argmin Fy) <¢ (P1 ()= Pr(0)+7,_max [g;()]4+(e =) max [g; (X)]+>

@ _(kp—7 )\ o ) -
=c ( n—7 ) (Pl () = Pr(X) +7_max [gi()l +(n—7) max g (X)]+)
-\ l—«
_(Kk2—1 N A \l-«a
= F _ F ,
C(n—ﬁ) ( () ”(x))
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where (a) holds because a + b < %(a +eb)foranya > 0,6 >0and 0 < € < 1.6
The desired conclusion now follows immediately upon invoking [11, Theorem 5].
O

We next comment on how Theorem 5.1 can be applied to find the KL exponent
of Fy in Theorem 4.5(iii); specifically, we will comment on the condition > 7 in
Theorem 5.1. We first recall the following well-known result concerning exact penalty
parameters.

Lemma 5.2 Consider (5.1) and (5.2). If ] > 0 is such that Argmin ﬁﬁﬂArgminxecm]_-
Pi(x) # 0, then Argmin ﬁ,, = Argmin, ccnz P1(x) whenever n > 7.

Proof Fix any n > 7] and let X € Argmin ﬁﬁ N Argmin, .oz P1(x). We first argue
that Argmin,.cn 7 P1(x) = Argmin I:",, N F. Indeed, if X € Argmin, cnr P1(x),
then x € C N F C F and hence max;—1, .. »,[gi(X)]+ = 0. Moreover, it holds that

- -\ (@) o Ao (B) A (©) A
Fp(x) = Pi1(x) = Pi1(¥) = F(X) < Fy(x) < F(x)

for any x € C, where (a) holds because both X and ¥ minimize P; over C N F, (b)
holds because X also minimizes Fj, and (c) holds because n > 7. As for the converse

inclusion, let X € Argmin ﬁn N F. Then for any x € C N F, we have
Pi(X) = Fy (%) < Fy(x) = Py (),

where the equalities hold because u € F implies max;=i, . n[gi(#)]+ = 0. The above
arguments establish Argmin .-~ 7 P (x) = Argmin F, n NF.

To complete the proof, it now suffices to show that Argmin ﬁn C F. To this end,
let X € Argmin ﬁn- Then we have

PIE) 0 max [g(D)ly = FyE) = () = P®) +nmax [gi(@)]+

L~ . O o~ 8
QPG + n max [gi(N)]y = Fj(x) = F(x) = Pi(&) +7 max [gi(X)]+.,

,,,,,

because X minimizes Fj. Rearranging terms in the above inequality, we obtain (1 —
n)max;—1, . m[gi(¥)]+ = 0, which means x € F. O

Remark 5.2 [On the condition > 7 in Theorem 5.1] We comment on the applicability
of Theorem 5.1, which only infers the KL exponent of I:",7 when n > 5 for some exact
penalty parameter 7.

Particularly, we consider (1.1). Suppose that Assumptions 4.3 and 4.4 hold and let
{(xk, 0x)} be generated by Algorithm 1. Using Theorem 4.3 (see also Remark 4.3) and

6 We apply this relation to € := (7 — 7)/(k2 — i) € (0, 1), b 1= (k2 — ) max;—1 ... ,lgi (V)14 = O,
and a := Pj(x) — P1(X) + nmax;—1,... ;g (x)]4, which is nonnegative because 7 is an exact penalty
parameter, X € Argmin F= Argmin I:",-] andx € C.
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the formula for the subdifferential of max;=1, . ,[gi(-)]+ (see [35, Exercise 8.31]),
we deduce from the definition of F;, in (4.20) that

@ # A C Argmin F; N Argmin Py (x). (5.9)
xeCNgF

where C N .7 is the feasible set of (1.1) and A is the set of accumulation points of {xky.
Combining (5.9) with Lemma 5.2, we deduce that the set of exact penalty parameters
is nonempty; indeed, it contains the interval (é, 00). Hence, if we let  denote the
infimum of the set of exact penalty parameters, then 6 Azﬁ .

Now, note that we have 6; = 6 whenever k > Ny (where Ny is defined in The-
orem 4.2) and 6 is nondecreasing. Intuitively, it is likely that the update rule of 6%
will result in 6 > 7. In this case, Theorem 5.1 asserts that the KL property required
in Theorem 4.5(iii) can be inferred from that of P; + §¢ + 8. in (1.1). On the other
hand, in the case § = 1, Theorem 5.1 is not applicable for connecting the KL property
of Fjto that of P1 + 8¢ +d6.#.

Example 5.1 Suppose thatin (5.1), P; = || - |1, C is a polytope containing the origin,
m = 1,and g; = g1 o A} for some matrix A; € R*"*" and ¢; : R®" — R taking
one of the following forms with b € R*! and ¢ > 0 chosen so that the origin is not
feasible and that inf,cc g1(x) < O:

(i) (Basis pursuit denoising [15]) ¢1(z) = %”Z —b|* 0.
(i1) (Logisticloss [22]) g1 (z) = Zf'zl log(1+exp(b;z;)) —o forsome b € {—1, 1}°!.

Let 77 be the exact penalty parameter of (5.1). We deduce from [41, Section 5.1] and
Theorem 5.1 that, for any n > 7, the KL exponent of the corresponding F; in (5.2)
(and hence the corresponding F}, in (4.20)) is %

6 Numerical experiments

In this section, we perform numerical experiments to illustrate the performance of
Algorithm 1. Particularly, motivated by the use of the difference of ¢; and ¢, norms
(€1—2), which was first introduced in [19] and further studied in [26, 39] for sparse
signal recovery, we consider the following model for compressed sensing:

min - [|x[|; — flx]]
xeR 6.1)
s.t. h(Ax —b) <o,

where u € [0,1), A € R?*" has full row rank, » € RY, h : R? — R, is an
analytic function whose gradient is Lipschitz continuous with modulus Lj and satisfies
h(0) = 0,and o € (0, h(—b)).”

7 On passing, we would like to point out that projecting onto the constraint set of (6.1) is in general not easy,
even though it only involves a single constraint function. For example, when i(-) = % - 112, the projection
problem becomes a generalized trust region subproblem, for which state-of-the-art solvers would require
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Although the feasible region of (6.1) is unbounded and Algorithm 1 cannot be
directly applied to solving (6.1), one can argue as in the discussion following [41,
Eq. (6.2)] that (6.1) is equivalent to the following model:

min lx|l; — pllx]]
xeRn

st. h(Ax —b) <o, (6.2)
xlloo < M,

where M = (1 — )~} <||A7Lb||1 — ;L||AJfb||).8 Notice that the equivalent problem
(6.2) is a special case of (1.1) with Py(x) = [|x]l1, P2(x) = pllx]l,m =1, g1(x) =
h(Ax—b)—o andC = {x : ||x|lco < M};since A hasfullrow rankand2(0) =0 < o,
we see that ATh € C N {x : g1 (x) < 0} # 2.

Next, we will focus on (6.2) and consider two specific choices of &. All numerical
experiments are performed in MATLAB R2022a on a 64-bit PC with an Intel(R)
Core(TM) 17-10710U CPU (@1.10GHz, 1.61GHz) and 16GB of RAM.

6.1 h(-) =3Il - I?
In this subsection, we take h(-) = %H - |12, then (6.2) becomes

min ||x|; — w|lx
min lell — x|l

s.t. 0.5-|Ax —b|? <o, (6.3)
lxlloo < M.

Notice that & is convex, the Slater condition holds for the feasible region of (6.3), and
the origin is not feasible as o € (0, % |5]|%). These together with Remark 4.3 imply that
Assumptions 4.1 and 4.2 hold. Since the H in (4.16) corresponding to (6.3) is clearly
semi-algebraic and hence a KL function, one can then apply Theorem 4.4 with £, = 0
to deduce the convergence of the (whole) sequence {x¥} generated by Algorithm 1
with sup, B < 1 for solving (6.3).°

We compare SCPjs in [40], ESQM, (Algorithm 1 with {8} specified below) and
ESQM,;, (this is a basic version of ESQM obtained by setting 8 = 0 in Algorithm 1).
We use the same parameter settings for SCPys in [40], and the initial point of SCPjg is

computing the matrix vector products ATy and Av (possibly multiple times); see [1, 24, 27]. As another
example, when £ is the Lorentzian norm [16], the constraint set in (6.1) is nonconvex and it is unclear how

the projection onto this set can be computed efficiently.
8 We also recall from [41, Section 6.1] that ||ATb\|oo < M by the construction of M.

9 Though we are not considering 1 = 0 in our experiments below, we also point out that when u = 0
in (6.3), thanks to o € (0, %llbllz) and the fact that ATh € C N {x : g1(x) < 0}, we can deduce from

Example 5.1 that x — ||x]1 + 8¢ (x) + nlg1(x)]+ is a KL function with exponent % whenever 1 exceeds

some exact penaltyAparameter. Therefore, according to Remark 5.2, for the sequence {(xk, 0k)} generated
by Algorithm 1, if 6 exceeds some exact penalty parameter, then {xk} converges locally linearly thanks to
Theorem 4.5(iii).
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chosen as x* = ATb. For ESQM, and ESQM,, we take L, = A2, le =0,d =1
and 0y = 1, and their initial points are chosen as x* = 0. We terminate all algorithms
when

I+ — b < € max1, <) 6

for some € > 0 specified below. The subproblems in these algorithms are solved
according to the procedures described in the appendices of [40] and [41].

We use the same strategy of choosing Sy as in the FISTA with fixed and adaptive
restart described in [18]. In more detail, we set the initial values 9_; = 99 = 1 and
define, for k > 0,

_ V1 — 1

1+ /14497 ©5)

’

Bk

—— with ¥, =
o k+1 >

and we reset 91 = U = 1 every K = 200 iterations or when (yk_1 — xk Xk —

x*=1y > 0. One can show that {8} generated this way satisfies {8¢} < [0, 1) and
sup; Bk < 1.

We perform tests on random instances of (6.3). Specifically, we generate an A €
R?*" with independent and identically distributed (i.i.d.) standard Gaussian entries,
and then normalize this matrix so that each column of it has unit norm. Then we choose
asubset 7' of size k uniformly atrandom from {1, 2, - - - , n} and a k-sparse vector Xorig
having i.i.d. standard Gaussian entries on T is generated. We let b = Axqrig +0.01 -7
with 72 being a random vector having i.i.d. standard Gaussian entries, and 0 = 0.5012
with o1 = 1.1-1]/0.01 - 72].

In our numerical tests, we let © = 0.95in (6.3) and (q, n, k) = (7201, 2560i, 160i)
with i € {2,4,6, 8, 10}. For each i, we generate 20 random instances as described
above. We present the computational results when € in (6.4) equals 10™* and 107 in
Tables 1 and 2, respectively, averaged over the 20 random instances. Here, we present
the time for computing the QR decomposition of A7 (denoted by 1QrR), the time for
computing ||A||? (denoted by 1 A”),lo the time for computing x* = A™b given the
QR factorization of AT (denoted by 74+ b),” the CPU times of the algorithms,!? the

”)C**xnrig I

(T Trorgl] 21

number of iterations (denoted by Iter), the recovery errors RecErr :=

. . Ax*—b||>—o? . . .
the residuals Residual := ”xa#, where x* is the approximate solution returned
1
by the respective algorithm.
From Tables 1 and 2, one can see that ESQM, is the fastest algorithm, and the

recovery errors of all three methods are comparable.

10 The ||A)2 is computed via the Matlab code norm(A*A’) when p < 2000, and is computed using
eigs(A*A’,1,/LM’) otherwise.

1 Note that ATb is used by SCPyg as the initial point and for computing the M in (6.2) for ESQMy, and
ESQM, while ||A|| is only used by ESQM}, and ESQM,.

12 The CPU times do not include IQR, T A|| and 7 44,
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6.2 When h is the Lorentzian norm

In this subsection, we consider / being the Lorentzian norm [16], which is defined as
follows for any given y > 0:

IvllLe,,y = Zlog <1 + y_’2> )

i=1

Then, problem (6.2) becomes the following problem:

min ||x]||1 — wllx
min il — wlix|l

st. |Ax —bllLr,, <o, (6.6)

[xlloc = M.

We first argue that Assumption 4.1 holds for (6.6) under our assumptions on A and o
in (6.2). To this end, let fz(y) :=|lyllLL,,y — o for notational simplicity. Then (6.6) is
an instance of (1.1) with g1 (x) = fz(Ax —b)—ocand C ;= {x : ||x]looc < M}. Next,
recall that ATh € C by the construction of M. Moreover, observe that for any x € C,
we have

(Vgi(x), ATb — x) = (ATVh(Ax — b), ATb — x) = (Vh(Ax — b), b — Ax)
i al-Tx — b 1 (al-TX —b;)?

=2 (b —al x) = =2 :
§y2+(aiTx—bi)2 oo ;y2+(afx—bi)2

6.7)

where al.T is the i-th row of A. Now we consider two cases:

e x € C\ .. In this case, suppose that there exist u;, i € I(x), such that (4.5)
holds. Then, in particular, we must have I (x) (defined in Assumption 4.1) being
nonempty, which in turn means /(x) = {1}. In addition, (4.5) together with (6.7)
implies that aiTx = b; for all i. But then g1 (x) = ﬁ(O) — o0 = —o < 0, contra-
dicting the fact that 7 (x) = {1}.

e x € CN.Z.Inthis case, we claim that g1 (x) + (Vg1 (x), ATb —x) < 0. Suppose to
the contrary that g1 (x) + (Vg1 (x), ATh —x) = 0. Then using x € % and (6.7), we
deduce that g;(x) = (Vg (x), AT — x) = 0. The second equality together with
(6.7) implies that al.T x = b; for all i. But then we deduce from this and g;(x) =0
that

O:gl(x):fl(O)—G:—a<O,

which is a contradiction. Thus, we have shown that RC Q(x) holds and one can
actually choose y = Ab there.

Consequently, Assumption 4.1 holds.
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Next, observe that the / has Lipschitz continuous gradient with modulus . The

following proposition shows that h can be represented as the difference of two convex
functions 41 and hy with Lipschitz continuous gradients, and the Lipschitz continuity
modulus of VA is % while that of Vi, is #.

Proposition 6.1 Let ft(y) ‘= |[¥llLL,,y — 0. Then there exist two convex functions fll

and fzg with Lipschitz continuous gradlentv such that fz(y) = le (y) — fzz(y) and the
Lipschitz continuity modulus of Vh lS whlle that of Vhs IS 73

Proof First, notice that

e 21— _[20-A]  [20-1)
- —— log(1 +1 %) = (+22 |:(1+t2)2}+ - [m]

where s := max{s, 0} > 0 and s_ := —min{s, 0} > O for any s € R. Now, define,
foreacht € R,

2(1 — 52) ! 2(1 — 52)
ri(t) —/ (t— )|:(1 n 2)2] ds and r (1) —/0 (t—y) [m}_d&

2 2
Then r{ (1) = [%]Jr and r}/ (1) = [%]7, showing that r| and r; are convex.

Moreover, one can observe that 1 (0) = r(0) = r{ ) = ré (0) = 0, and a direct
computation shows that log(1+¢2) = r(t) —r2(t), sup, |r{ ()| = 2andsup, |ry (1) =
%. Taking

hi(y) = riGi/y) —o. and ha(y) =Y ra(i/y).

i=1

one can see that 7; and /1, are two convex functions with Lipschitz continuous gra-
dients and fl(y) = le ) — ﬁg(y). Furthermore, the Lipschitz continuity modulus of
Vi and Vh; are V2 and ™ —5, respectively. O
Recall that the origin is not feasible for (6.6) under our assumptions on A and o in
(6.2). In view of this, the above discussions, and the observation that the H in (4.16)
corresponding to (6.3) is a subanalytic function that is continuous on its closed domain
(and hence a KL function in view of [9, Theorem 3.1]), one can apply Theorem 4.4

with L = 2|\)/LG2 and £, = % to deduce the convergence of the {x¥} generated by

Algorithm 1 with sup, fx < ./ ﬁ = \/g for solving (6.6).
As in the previous subsection, we compare SCPs, ESQM,, and ESQM_,. For SCPyg,

we use the same parameter settings in [40], and initialize it at x0 = ATh. For ESQM,,

_ 201412 VY _
and ESQM,, we take L, = s Ly = piveat d = 150HAH2 and 6p = 1.1y, and

they are initialized at x9 = 0. We terminate all algorithms when (6.4) holds for some
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€ > 0 specified below. Furthermore, the subproblems in these algorithms are solved
according to the procedures described in the appendices of [40] and [41].
We also choose {fi} as described in (6.5) but we set the fixed restart frequency

as K = 48. This parameter will ensure that {8} satisfies {fr} [0, / ﬁ) and

supg B < ,/L:—fgg.

We perform tests on random instances of (6.3). As in the previous section, we
generate an A € R7*" with i.i.d. standard Gaussian entries, and then normalize its
columns. We then choose a subset 7" of size k uniformly at random from {1, 2, - - - , n}
and generate a k-sparse vector Xorig With i.i.d. standard Gaussian entries on 7. We
let b = Axorig + 0.01 - n with n; ~ Cauchy(0, 1), specifically, we generate 7; as
tan(r (n; — %)) with 71 being a random vector with i.i.d. entries uniformly chosen in
[0, 1]. We then set o = 1.05 - [|0.01 - i1l 1,,, With y = 0.08.

In our numerical tests, we let u = 0.95 in (6.6) and (g, n, k) = (720i, 2560i, 80i)
with i € {2,4,6, 8, 10}. For each i, we generate 20 random instances as described
above. The computational results for € in (6.4) being 10~* and 10~ are respectively
presented in Tables 3 and 4, averaged over the 20 random instances. As before, we
present the time for computing the QR decomposition of A7 (denoted by IQRr), the
time for computing || A||? (denoted by fja|), the time for computing x0 = A%b given
the QR factorization of A7 (denoted by ¢ 41p), the CPU times of the algorithms,13 the

HX*_xorig”

number of iterations (denoted by Iter), the recovery errors RecErr := ax (T Txorigl]

. . Ax*—b —0
and the residuals Residual := 1Ax"bliryy =0

returned by the respective algorithm.

From Tables 3 and 4, we observe a similar pattern as shown in Tables 1 and 2,
i.e., ESQM_ is the fastest algorithm, and the recovery errors of all three methods are
comparable.

, where x* is the approximate solution

7 Concluding remarks

In this paper, we developed a variant of the extended sequential quadratic method
(ESQM) in [4] for (1.1), which we call ESQM with extrapolation (ESQM,), that
incorporates Nesterov’s extrapolation techniques for empirical acceleration. We estab-
lished subsequential convergence and global convergence of the whole sequence under
suitable assumptions. Our numerical experiments indicated that the extrapolation tech-
niques are empirically effective in accelerating the convergence.

We conclude with several interesting future research directions. First of all, through-
out the paper, we assumed that the set C in (1.1) is compact. While such an assumption
is convenient for guaranteeing the boundedness of the sequence {x¥} generated by our
algorithm, it is conceivable that one may replace it with weaker assumptions such as
the coercivity of P + éc. In addition, it is also interesting to consider the case when
C =R"in(1.1)and Pj is a proper closed convex function with dom Pj being a proper

13 The CPU times do not include IQR, T A|| and 7 44,
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subset of R": this will necessitate the development of a variant of Assumption 4.1.
These are several avenues for future research.
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