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Abstract
We revisit and adapt the extended sequential quadratic method (ESQM) in Auslender
(J Optim Theory Appl 156:183–212, 2013) for solving a class of difference-of-convex
optimization problems whose constraints are defined as the intersection of level sets
of Lipschitz differentiable functions and a simple compact convex set. Particularly, for
this class of problems,we develop a variant of ESQM, called ESQMwith extrapolation
(ESQMe),which incorporatesNesterov’s extrapolation techniques for empirical accel-
eration. Under standard constraint qualifications, we show that the sequence generated
by ESQMe clusters at a critical point if the extrapolation parameters are uniformly
bounded above by a certain threshold. Convergence of the whole sequence and the
convergence rate are established by assuming Kurdyka-Łojasiewicz (KL) property of
a suitable potential function and imposing additional differentiability assumptions on
the objective and constraint functions. In addition, when the objective and constraint
functions are all convex, we show that linear convergence can be established if a certain
exact penalty function is known to be a KL function with exponent 1

2 ; we also discuss
how the KL exponent of such an exact penalty function can be deduced from that of
the original extended objective (i.e., sum of the objective and the indicator function
of the constraint set). Finally, we perform numerical experiments to demonstrate the
empirical acceleration of ESQMe over a basic version of ESQM, and illustrate its
effectiveness by comparing with the natural competing algorithm SCPls from Yu et
al. (SIAM J Optim 31:2024–2054, 2021).
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1 Introduction

Extrapolation techniques, due to their simplicity and easy adaptability, have been
widely studied in recent years to empirically accelerate first-order methods; see, for
example, [14, 21, 28, 32, 36] and references therein. Among them, Nesterov’s extrap-
olation techniques [28–31] have been successfully applied to accelerate the proximal
gradient algorithm [25] forminimizing f +h, with f being a convex loss functionwith
Lipschitz continuous gradient, and h being a proper closed convex and possibly non-
smooth regularizer with easy-to-compute proximal operator. These studies led to the
developments of various algorithms and softwares including thewell-known algorithm
FISTA [7] for linear inverse problems and the software TFOCS [8] for solving a large
class of convex cone problems. Nesterov’s extrapolation techniques have also been
suitably adapted in subsequent works such as [37, 38] in some nonconvex settings,
and most of these works also require the proximal operator of (part of) the regularizer
to be easy to compute: in the case when h is the indicator function of some closed set
D, this requirement amounts to saying that the projection onto D can be computed
efficiently. In this paper, we consider a class of constrained optimization problems
whose constraint sets do not admit easy projections, and investigate the adaptation of
extrapolation techniques on empirically accelerating a classical algorithm for these
problems.

Specifically, we consider the following difference-of-convex (DC) optimization
problem with smooth inequality and simple geometric constraints:

min
x∈Rn

P(x) := P1(x) − P2(x)

s.t. gi (x) ≤ 0, i = 1, . . . ,m, (1.1)

x ∈ C,

where P1 : Rn → R and P2 : Rn → R are convex, each gi : Rn → R is smooth
and ∇gi is Lipschitz continuous, C ⊆ R

n is a nonempty compact convex set, and
the feasible set C ∩ F is nonempty, where F := {x ∈ R

n : gi (x) ≤ 0, i =
1, . . . ,m}. This class of problems arises naturally inmanyapplications. For example, in
compressed sensing, the P can be a sparsity inducing regularizer such as the difference
of �1 and �2 norms [39], the gi , i = 1, . . . ,m, can be loss functions based on the noise
models in the i th transmission channel, and the setC can be used to model some priors
such as nonnegativity or boundedness.

Since projections onto the feasible set of (1.1) are not easy to compute, existing
algorithms for (1.1) usually leverage the Lipschitz continuity of ∇gi to build approx-
imations for the feasible sets, leading to relatively easier subproblems. One natural
approach for building approximations is to replace gi by its quadratic majorants at the
current iterate. Specific algorithms based on quadratically approximating gi in (1.1)
include the moving balls approximation algorithm [5] and its variants (see, e.g., [12,
40]). Another natural approach for building approximations is to make use of affine
approximations to gi at the current iterate, leading to subproblems with even simpler
structures. This approach has its roots in the literature of sequential quadratic program-
ming (SQP) method, and we refer the readers to [20] and references therein for more
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discussions of SQP. Here, we are interested in the framework described in [4], which
focused on solving (1.1) when P and each gi are twice continuously differentiable.
We adapt the algorithmic framework described there to solve (1.1), and incorporate
extrapolation techniques to empirically accelerate the algorithm. We call the resulting
algorithm extended sequential quadratic method with extrapolation (ESQMe), follow-
ing the use of the name ESQM in [4]. The algorithmic details will be presented in
Sect. 3 below; in particular, in each iteration of ESQMe, the gi in (1.1) is replaced by
its affine approximation at a point extrapolated from the current iterate.

In this paper, we study the convergence properties of ESQMe and perform numeri-
cal experiments to examine its computational efficiency. In particular, we show that the
sequence generated by ESQMe clusters at a critical point if the extrapolation param-
eters are uniformly bounded above by a certain threshold, under a set of constraint
qualifications similarly used in [4]. We also construct a suitable potential function and
establish the convergence of the whole sequence and its convergence rate by assuming
Kurdyka-Łojasiewicz (KL) property of the potential function and additional differen-
tiability conditions on P2 and each gi in (1.1). Furthermore, when P2 ≡ 0 and each
gi is convex, we show that linear convergence can also be established if a certain
exact penalty function of (1.1) is known to be a KL function with exponent 1

2 . We
also discuss how the KL exponent of such an exact penalty function can be derived
from that of the function P + δC∩F from (1.1) (see Sect. 2 for notation). Finally, we
perform numerical experiments on compressed sensing models with different types of
measurement noises taking the form of (1.1). Our experiments on random instances
illustrate the empirical acceleration of ESQMe over a basic version of ESQM, and also
suggest that ESQMe outperforms the natural competing algorithm SCPls from [40].

The remainder of the paper is organized as follows. We present notation and pre-
liminary materials in Sect. 2. Our algorithm, ESQMe is presented in Sect. 3, and its
subsequential and sequential convergences are established in Sect. 4.1. We discuss the
convergence behavior in the convex setting (i.e., P2 ≡ 0 and each gi is convex in (1.1))
in Sect. 4.2, and the relationship between the KL exponent of the function P + δC∩F
from (1.1) and that of the exact penalty function used in the analysis in Sect. 4.2 is
studied in Sect. 5. Numerical experiments are presented in Sect. 6.

2 Notation and preliminaries

In this paper, we let R and R+ denote the sets of real numbers and nonnegative real
numbers respectively, and N is the set of positive integers. We also let Rn and R

n+
denote the n-dimensional Euclidean space and its nonnegative orthant respectively.
For an x ∈ R, we let (x)+ denote max{x, 0}. For an x ∈ R

n , we let ‖x‖ denote its
Euclidean norm; moreover, for x and y ∈ R

n , we let 〈x, y〉 denote their inner product.
For an extended-real-valued function f : R

n → (−∞,+∞], we say that f is
proper if dom f := {x : f (x) < ∞} 
= ∅. A proper function f is said to be closed if

it is lower semicontinuous. We use xk
f→ x to denote xk → x and f (xk) → f (x).

For a proper closed function f , the regular subdifferential of f at w ∈ dom f is given
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by

̂∂ f (w) :=
{

ξ ∈ R
n : lim inf

v→w,v 
=w

f (v) − f (w) − 〈ξ, v − w〉
‖v − w‖ ≥ 0

}

.

The (limiting) subdifferential of f at w ∈ dom f is given by

∂ f (w) :=
{

ξ ∈ R
n : ∃wk f→ w, ξ k → ξ with ξ k ∈̂∂ f (wk) for each k

}

,

and we set ∂ f (x) = ̂∂ f (x) = ∅ when x /∈ dom f . We also define dom ∂ f := {x ∈
R
n : ∂ f (x) 
= ∅}. The above subdifferential of f is consistent with the classical

subdifferential of f when f is in addition convex; indeed, in this case, we have

∂ f (w) = {ξ ∈ R
n : 〈ξ, v − w〉 ≤ f (v) − f (w) ∀v ∈ R

n} ;

see, for example, [35, proposition 8.12]. For a nonempty closed set D ⊆ R
n , the

indicator function δD is defined by

δD(x) =
{

0 x ∈ D,

∞ x /∈ D.

The normal cone of D at x ∈ D is defined byND(x) := ∂δD(x). Finally, the distance
from a point x to D is denoted by dist(x, D), and the convex hull of D is denoted by
conv D.

We next recall some important definitions that will be used in the sequel. We start
by recalling the following constraint qualification for (1.1) (which was also used in
[4]), and the (associated) first-order optimality conditions for (1.1).

Definition 2.1 (RCQ) We say that the Robinson constraint qualification holds at an
x ∈ R

n for (1.1) if the following statement holds:

RCQ(x) : ∃y ∈ C such that gi (x) + 〈∇gi (x), y − x〉 < 0 ∀i = 1, . . .m.

Definition 2.2 (Critical point) For (1.1), we say that x is a critical point of (1.1) if
x ∈ C and there exists λ = (λ1, λ2, . . . , λm) ∈ R

m+ such that (x, λ) satisfies the
following conditions:

(i) gi (x) ≤ 0 ∀i = 1, . . . ,m,

(ii) λi gi (x) = 0 ∀i = 1, . . . ,m,

(iii) 0 ∈ ∂P1(x) − ∂P2(x) +∑m
i=1 λi∇gi (x) + NC (x).

One can show using similar arguments as in [40, Section 2] that if RCQ(x) holds
at every x ∈ C ∩ F , then any local minimizer of (1.1) is a critical point of (1.1).

Next,we recall the definitions ofKurdyka-Łojasiewicz (KL) property and exponent.

Definition 2.3 (Kurdyka-Łojasiewicz (KL) property and exponent) A proper
closed function f is said to satisfy the KL property at x̄ ∈ dom ∂ f if there
exist r ∈ (0,∞], a neighborhood U of x̄ , and a continuous concave function
φ : [0, r) → R+ satisfying φ(0) = 0 such that:
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(i) φ is continuously differentiable on (0, r) with φ′ > 0;
(ii) for all x ∈ U with f (x̄) < f (x) < f (x̄) + r , it holds that

φ′( f (x) − f (x̄))dist(0, ∂ f (x)) ≥ 1. (2.1)

If f satisfies the KL property at x̄ ∈ dom ∂ f and the φ in (2.1) can be chosen as
φ(ς) = ρς1−α for some ρ > 0 and α ∈ [0, 1), then we say that f satisfies the KL
property with exponent α at x̄ .

A proper closed function f satisfying the KL property at every point in dom ∂ f
is called a KL function. A proper closed function f satisfying the KL property with
exponent α ∈ [0, 1) at every point in dom ∂ f is called a KL function with exponent
α.

Many functions are known to satisfy the KL property. For instance, proper closed
semi-algebraic functions satisfy the KL property with some exponent α ∈ [0, 1); see
[10]. The KL property plays an important role in the global convergence analysis of
first order methods and the exponent is important in establishing convergence rates;
see, for example, [2, 3, 13, 23].

Finally, before ending this section, we recall two technical lemmas. The first lemma
concerns the uniformized KL property (see [13, Section 3.5]) and is taken from [40,
Lemma 3.10]. The second lemma is a special case of Robinson [33] concerning error
bounds for convex functions, whichwill be used in Sect. 5 for studying theKLproperty
of a penalty function associated with (1.1).

Lemma 2.1 Let f : R
n → (−∞,+∞] be a level-bounded proper closed convex

function with � := Argmin f 
= ∅. Let f := inf f . Suppose that f satisfies the KL
property at each point in � with exponent α ∈ [0, 1). Then there exist ε > 0, r0 > 0
and c0 > 0 such that

dist(x,�) ≤ c0( f (x) − f )1−α

for any x ∈ dom ∂ f satisfying dist(x,�) ≤ ε and f ≤ f (x) < f + r0.

Lemma 2.2 Let h : Rn → R
m with each component function hi being convex. Let


 := {x ∈ R
n : 0 ∈ h(x) + R

m+} and suppose there exist xs ∈ 
 and δ0 > 0 such
that {y ∈ R

m : ‖y‖ ≤ δ0} ⊆ h(xs) + R
m+. Then

dist(x,
) ≤ ‖x − xs‖
δ0

dist(0, h(x) + R
m+) ∀x ∈ R

n .

3 Algorithmic framework

In this section, we present our algorithm for solving (1.1). To describe our algorithm,
following the discussion in [37, Section 3], for each i , notice that we can rewrite gi
(whose gradient is Lipschitz continuous) as gi = g1i − g2i , where g

1
i and g2i are two

convex functions with Lipschitz continuous gradients. The next remark concerns the
Lipschitz continuity moduli of ∇gi , ∇g1i and ∇g2i .
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Remark 3.1 (Lipschitz continuity moduli) Here and throughout, we denote a Lipschitz
continuity modulus of ∇g1i by Lgi > 0 and a Lipschitz continuity modulus of ∇g2i by
�gi ≥ 0. In addition, by taking a larger Lgi if necessary, we will assume without loss
of generality that Lgi ≥ �gi . Then one can show that ∇gi is Lipschitz continuous with
a modulus Lgi . We also define Lg := max{Lgi : i = 1, . . . ,m} and �g = max{�gi :
i = 1, . . . ,m}.

The algorithm we study in this paper is presented as Algorithm 1 below; here and
throughout, for notational simplicity, for each u, w ∈ R

n , we define

lingi (u, w) := gi (w) + 〈∇gi (w), u − w〉 ∀i = 1, . . . ,m, and ling0(u, w) := 0.

(3.1)

We identify our algorithm as an extended sequential quadratic method with extrapola-
tion (ESQMe), where “extrapolation" refers to (3.3). This is because when βk ≡ 0, our
algorithm reduces to an instance of the ESQM proposed in [4], whose convergence
was studied for solving (1.1) when the P and each gi in (1.1) are in addition twice
continuously differentiable.1 Notice that (xk+1, sk+1) solves the subproblem in (3.4)
if and only if sk+1 = maxi=1,··· ,m[lingi (xk+1, yk)]+ and

xk+1 ∈ Argmin
x∈C

P1(x) − 〈ξ k, x〉 + θk max
i=1,··· ,m[lingi (x, yk)]+ + θk Lg

2
‖x − yk‖2.

(3.2)

Since problem (3.2) has a unique solution as an optimization problemwith a nonempty
closed convex feasible set and a (real-valued) strongly convex objective, we conclude
that the subproblem in (3.4) has a unique solution. While this subproblem requires an
iterative solver in general, we refer the readers to [41, Appendix A] for an efficient
routine for solving the subproblem in (3.4) with some specific P1 when m = 1.

The convergence properties of our algorithm will be studied in Sect. 4, and we end
this section by presenting some useful facts concerning the subproblem (3.4). The first
two items are simple observations already established in the preceding discussions,
and they are stated here for easy reference later.

Lemma 3.1 Suppose that xk ∈ C is generated at the beginning of the k-th iteration of
Algorithm 1 for some k ≥ 0. Then the following statements hold:

(i) sk+1 = maxi=1,··· ,m[lingi (xk+1, yk)]+.
(ii) Problem (3.4) has a unique solution.
(iii) Let g0 := 0. Then xk+1 is a component of theminimizer of the subproblem in (3.4)

if and only if there exist λki ≥ 0 for all i ∈ Ik(xk+1) such that
∑

i∈Ik (xk+1) λki = 1
and

0 ∈ ∂P1(x
k+1) − ξ k + θk

∑

i∈Ik (xk+1)

λki ∇gi (y
k) + θk Lg(x

k+1 − yk) + NC (xk+1),

1 More precisely, when the P in (1.1) is smooth with Lipschitz gradient (say, with modulus LP ) and

βk ≡ 0, our algorithm applied to (1.1) with P1(x) := LP
2 ‖x‖2 and P2(x) := LP

2 ‖x‖2 − P(x) becomes
an instance of the ESQM in [4].
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Algorithm 1 ESQMe for solving (1.1)

Step 0. Choose x−1 = x0 ∈ C , θ0 > 0, d > 0, and {βk } ⊆
[

0,

√

Lg
Lg+�g

)

with β̄ := supk βk <

√

Lg
Lg+�g

, where Lg = max{Lgi : i = 1, . . . ,m} and �g = max{�gi : i = 1, . . . ,m} as in
Remark 3.1. Set k = 0.

Step 1. Set

yk = xk + βk (x
k − xk−1). (3.3)

Step 2. Take any ξk ∈ ∂P2(x
k ) and compute

(xk+1, sk+1) ∈ Argmin
(x,s)∈Rn+1

P1(x) − 〈ξk , x〉 + θks + θk Lg
2

‖x − yk‖2 (3.4)

s.t. lingi (x, y
k ) ≤ s, i = 1, . . . ,m,

(x, s) ∈ C × R+,

where lingi is defined in (3.1).

Step 3. If lingi (x
k+1, yk ) ≤ 0 for all i , then θk+1 = θk ; otherwise θk+1 = θk + d. Update k ← k + 1

and go to step 1.

where

Ik(x) :=
{

ι ∈ {0, 1, · · · ,m} : lingι (x, y
k) = max

i=0,1,··· ,m lingi (x, y
k)

}

. (3.3)

Proof Items (i) and (ii) were established in the discussions preceding this lemma.
We now prove (iii). Recall that xk+1 is a component of the minimizer of the sub-

problem in (3.4) if and only if it is a minimizer of the convex problem (3.2). Using
g0 ≡ 0 and [34, Theorem 23.8], this is further equivalent to

0∈∂P1(x
k+1)−ξk+θk∂

(

max
i=0,1,··· ,m{lingi (·, yk)}

)

(xk+1)+θk Lg(x
k+1 − yk)+NC (xk+1)

(a)= ∂P1(x
k+1) − ξk + θkconv {∇gi (y

k) : i ∈ Ik(x
k+1)} + θk Lg(x

k+1 − yk) + NC (xk+1),

where (a) follows from [35, Exercise 8.31] with Ik(·) defined in (3.3). ��

4 Convergence properties

4.1 Convergence analysis for ESQMe

We first show that the successive changes of the {xk} generated by ESQMe vanish.

Theorem 4.1 (Vanishing successive changes) Consider (1.1) and let {(xk, yk, θk)} be
generated by Algorithm 1. Then the following statements hold:

(i) The sequence {xk} belongs to C and is bounded.
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(ii) Let m̄ := inf{P(x) : x ∈ C}. Then m̄ ∈ R and for any k ≥ 1,

Q(xk+1, xk , yk , θk+1) ≤ Q(xk , xk−1, yk−1, θk)−
(

1 − Lg + �g

Lg
β2
k

)

Lg
2

‖xk−xk−1‖2,

where

Q(x, y, z, θ) := P(x) − m̄

θ
+ max

i=1,··· ,m
[

lingi (x, z)
]

+ + Lg
2

‖x − y‖2 + Lg
2

‖x − z‖2.

(iii) It holds that
∑∞

k=1
Lg−(Lg+�g)β

2
k

2 ‖xk−xk−1‖2 < ∞, and limk→∞ ‖xk−xk−1‖ =
0 and limk→∞ ‖xk − yk‖ = 0.

Proof (i): Note that {xk} ⊆ C according to (3.4). SinceC is compact, {xk} is bounded.
(ii): Notice that the objective in (3.2) is strongly convex with xk+1 being its unique

minimizer over C . Using this, and noting that sk+1 = maxi=1,...,m
[

lingi (x
k+1, yk)

]

+
(see Lemma 3.1(i)), we have for any k ≥ 0 that

P1(x
k+1)−〈ξ k, xk+1 − xk〉 + θks

k+1 + θk Lg

2
‖xk+1 − yk‖2

= P1(x
k+1)−〈ξ k, xk+1− xk〉+θk max

i=1,...,m

[

lingi (x
k+1, yk)

]

++
θk Lg

2
‖xk+1− yk‖2

≤ P1(x
k)+θk max

i=1,...,m

[

lingi (x
k, yk)

]

++ θk Lg

2
‖xk − yk‖2− θk Lg

2
‖xk+1 − xk‖2.

(4.1)

Meanwhile, from Remark 3.1 and the definition of lingi in (3.1), we see that whenever
k ≥ 1,

max
i=1,··· ,m

[

lingi (x
k, yk)

]

+

= max
i=1,··· ,m

[

g1i (y
k) + 〈∇g1i (y

k), xk − yk〉 − g2i (y
k) − 〈∇g2i (y

k), xk − yk〉
]

+
(a)≤ max

i=1,··· ,m

[

g1i (x
k)−g2i (x

k)+ �gi

2
‖xk−yk‖2

]

+
= max
i=1,··· ,m

[

gi (x
k)+ �gi

2
‖xk−yk‖2

]

+
(b)≤ max

i=1,··· ,m

[

lingi (x
k, yk−1) + Lgi

2
‖xk − yk−1‖2 + �gi

2
‖xk − yk‖2

]

+
(c)≤ max

i=1,··· ,m

[

lingi (x
k, yk−1)

]

+ + Lg

2
‖xk − yk−1‖2 + �g

2
‖xk − yk‖2, (4.2)

where (a) holds because of the convexity of g1i and the Lipschitz continuity of∇g2i , (b)
follows from the Lipschitz continuity of ∇gi , and (c) holds because Lg = max{Lgi :
i = 1, . . . ,m} and �g = max{�gi : i = 1, . . . ,m}. Then, we obtain that when k ≥ 1,
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P(xk+1) = P1(x
k+1) − P2(x

k+1)
(a)≤ P1(x

k+1) − 〈ξk , xk+1 − xk〉 − P2(x
k)

= P1(x
k+1) − 〈ξk , xk+1 − xk〉 + θk Lg

2
‖xk+1 − yk‖2 − θk Lg

2
‖xk+1 − yk‖2 − P2(x

k)

(b)≤ P1(x
k) + θk Lg

2
‖xk − yk‖2 − θks

k+1 + θk max
i=1,··· ,m

[

lingi (x
k , yk)

]

+

− θk Lg
2

‖xk+1 − xk‖2 − θk Lg
2

‖xk+1 − yk‖2 − P2(x
k)

(c)≤ P(xk) + θk

(

max
i=1,··· ,m

[

lingi (x
k , yk−1)

]

+ + Lg
2

‖xk − yk−1‖2 + �g

2
‖xk − yk‖2

)

+ θk Lg
2

‖xk − yk‖2 − θks
k+1 − θk Lg

2
‖xk+1 − xk‖2 − θk Lg

2
‖xk+1 − yk‖2,

where (a) holds because P2 is convex and ξ k ∈ ∂P2(xk), (b) holds thanks to (4.1), and
(c) holds because of (4.2).

Rearranging terms in the above display and noting that yk − xk = βk(xk − xk−1)

for k ≥ 0 (thanks to the definition of yk in (3.3)), we have that for k ≥ 1,

P(xk+1) + θks
k+1 + θk Lg

2
‖xk+1 − xk‖2 + θk Lg

2
‖xk+1 − yk‖2

≤ P(xk) + θk max
i=1,··· ,m

[

lingi (x
k, yk−1)

]

+ + θk Lg

2
‖xk − yk−1‖2

+ θk(Lg + �g)

2
β2
k ‖xk − xk−1‖2

= P(xk) + θk max
i=1,··· ,m[lingi (xk, yk−1)]+ + θk Lg

2
‖xk − xk−1‖2

+ θk Lg

2
‖xk − yk−1‖2 −

(

1 − Lg + �g

Lg
β2
k

)

θk Lg

2
‖xk − xk−1‖2. (4.3)

Since P is continuous andC is a nonempty compact set, we see that m̄ = inf{P(x) :
x ∈ C} ∈ R. Then we can deduce from the definition of Q and the observation sk+1 =
maxi=1,··· ,m

[

lingi (x
k+1, yk)

]

+ (thanks to Lemma 3.1(i)) that whenever k ≥ 1,

Q(xk+1, xk, yk, θk+1)

= P(xk+1) − m̄

θk+1
+ sk+1 + Lg

2
‖xk+1 − xk‖2 + Lg

2
‖xk+1 − yk‖2

(a)≤ P(xk+1) − m̄

θk
+ sk+1 + Lg

2
‖xk+1 − xk‖2 + Lg

2
‖xk+1 − yk‖2

(b)≤ 1

θk

[

P(xk) − m̄ + θk max
i=1,··· ,m[lingi (xk, yk−1)]+ + θk Lg

2
‖xk − xk−1‖2

+ θk Lg

2
‖xk − yk−1‖2 −

(

1 − Lg + �g

Lg
β2
k

)

θk Lg

2
‖xk − xk−1‖2

]
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= Q(xk, xk−1, yk−1, θk) −
(

1 − Lg + �g

Lg
β2
k

)

Lg

2
‖xk − xk−1‖2, (4.4)

where (a) holds because of the definition of m̄ and the facts that xk+1 ∈ C and {θ−1
k }

is nonincreasing, and (b) follows from (4.3) and the fact that 1
θk

> 0.
(iii): Observe that, for any k ≥ 0,

Q(xk+1, xk , yk , θk+1)

= P(xk+1) − m̄

θk+1
+ max
i=1,··· ,m[lingi (xk+1, yk)]++ Lg

2
‖xk+1 − xk‖2+ Lg

2
‖xk+1 − yk‖2≥0.

Combining the above display with item (ii), we have

∞
∑

k=1

(

1 − Lg + �g

Lg
β2
k

)

Lg

2
‖xk − xk−1‖2

≤ Q(x1, x0, y0, θ1) − lim inf
k→∞ Q(xk+1, xk, yk, θk+1) ≤ Q(x1, x0, y0, θ1) < ∞.

Finally, since supk βk <

√

Lg
Lg+�g

, we can deduce from the above display that

lim
k→∞ ‖xk − xk−1‖ = 0.

Combining this with the definition of yk in (3.3), we can obtain further that
limk→∞ ‖yk − xk‖ = limk→∞ βk‖xk − xk−1‖ = 0. ��

Next, we recall the following assumption involving the RCQ in Definition 2.1. This
assumption was first introduced in [4, Assumption (A1)] for studying ESQM.

Assumption 4.1 For (1.1), the RCQ(x) holds at every x ∈ C ∩ F , and for every
x ∈ C\F , there cannot exist ui , i ∈ I (x), such that

ui ≥ 0 ∀i ∈ I (x),
∑

i∈I (x)
ui = 1,

〈

∑

i∈I (x)
ui∇gi (x), z − x

〉

≥ 0 ∀z ∈ C, (4.5)

where I (x) :=
{

ι ∈ {1, . . . ,m} : gι(x) = maxi=1,...,m[gi (x)]+
}

.2

Remark 4.1 (i) Using [4, Remark 2.1], one can deduce that if Assumption 4.1 holds,
then for any x ∈ C , there cannot exist ui , i ∈ I (x), such that (4.5) holds.

(ii) From [4, Remark 2.2], we know that if the RCQ(x) holds at every x ∈ C , then
Assumption 4.1 holds.

2 We would like to point out that while our definition of I (x) seems to look slightly different from the
corresponding definition, namely T (x), in [4] (see the discussions before [4, Eq. (6)]), one can check that
the two definitions are equivalent.
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Using Assumption 4.1 and Theorem 4.1, we will prove in the next theorem that the
sequence {θk} in Algorithm 1 is bounded. The same conclusion was established for
ESQM in [4, Theorem 3.1(b)].

Theorem 4.2 (Boundedness of {θk}) Consider (1.1) and suppose that Assumption 4.1
holds. Let {(sk, θk)} be generated by Algorithm 1, A := {k ∈ N : θk+1 > θk}, and let
|A| denote the cardinality of A. Then |A| is finite, i.e., there exists N0 ∈ N such that
θk ≡ θN0 whenever k ≥ N0. Moreover, sk+1 = 0 whenever k ≥ N0.

Proof Suppose to the contrary that |A| = ∞. Then by the definition of θk in Step 3 of
Algorithm 1, we have limk→∞ θk = ∞ and limk→∞ θ−1

k = 0.
We first claim that for each i , there exists ni ∈ N such that for all k ≥ ni ,

gi (y
k) + 〈∇gi (y

k), xk+1 − yk〉 ≤ 0,

where {(xk, yk)} is generated by Algorithm 1.
Suppose not. Then there exists i0 ∈ {1, . . . ,m} and (infinite) subsequences {xk j }

and {yk j } such that

gi0(y
k j ) + 〈∇gi0(y

k j ), xk j+1 − yk j 〉 > 0 ∀ j .

Using this and recalling the definition of Ik(·) in (3.3), we have that

lingi (x
k j+1, yk j ) > 0 ∀i ∈ Ik j (x

k j+1), ∀ j .

In particular, 0 /∈ Ik j (x
k j+1) (see (3.1)). Now, in view of the finiteness of

{

Ik j (x
k j+1)

}

(since Ik j (x
k j+1) ⊆ {1, . . . ,m} for all j), by passing to a further subsequence if

necessary, we deduce that there exists a nonempty subset I0 ⊆ {1, . . . ,m} such that
Ik j (x

k j+1) ≡ I0 for all j . That is, for all i ∈ I0,

lingi (x
k j+1, yk j ) = max

l=0,1,...,m

{

lingl (x
k j+1, yk j )

}

> 0 ∀ j . (4.6)

In addition, from Lemma 3.1(iii), we have that for each k j , there exist λ
k j
i ≥ 0 for

each i ∈ Ik j (x
k j+1) ≡ I0, such that

∑

i∈I0 λ
k j
i = 1 and

0 ∈ θ−1
k j

(∂P1(x
k j+1) − ξ k j ) + Lg(x

k j+1 − yk j )+
∑

i∈I0
λ
k j
i ∇gi (y

k j )+NC (xk j+1).

(4.7)

Now, since the sequences {xk} ⊆ C and {λk ji } (for each i ∈ I0) are bounded, by passing
to a further subsequence if necessary, we assume that lim j→∞ xk j = x∗ for some x∗

and that for each i ∈ I0, lim j→∞ λ
k j
i = λ̄i for some λ̄i . Then x∗ ∈ C , λ̄i ≥ 0 (for each

i ∈ I0),
∑

i∈I0 λ̄i = 1 and I0 ⊆ {ι ∈ {0, 1, · · · ,m} : gι(x∗) = maxi=0,1,··· ,m gi (x∗)
}
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(thanks to (4.6), (3.1) and Theorem 4.1(iii), and recall that g0 ≡ 0 from
Lemma 3.1(iii)). Since 0 /∈ I0, we see that

I0 ⊆ I (x∗) =
{

ι ∈ {1, · · · ,m} : gι(x
∗) = max

i=1,··· ,m[gi (x∗)]+
}

,

where I (x) was defined in Assumption 4.1. Passing to the limit in (4.7), and noting
that lim j→∞ θ−1

k j
= 0, limk→∞ ‖xk+1 − yk‖ = limk→∞ ‖xk+1 − xk‖ = 0 (thanks

to Theorem 4.1(iii)) and the fact that {∂P1(xk j+1)} and {ξ k j } are uniformly bounded
(thanks to the real-valuedness and convexity of P1, P2, the compactness of C and [34,
Theorem 24.7]), we have upon invoking the closedness of x �→ NC (x) that

0 ∈
∑

i∈I0
λ̄i∇gi (x

∗) + NC (x∗),

which implies that

〈

∑

i∈I0
λ̄i∇gi (x

∗), x − x∗
〉

≥ 0 ∀x ∈ C .

Since I0 ⊆ I (x∗), this contradicts Assumption 4.1 in view of Remark 4.1(i).
Therefore, if |A| = ∞, then it must hold that for each i , there exists ni ∈ N, such

that for any k ≥ ni ,

gi (y
k) + 〈∇gi (y

k), xk+1 − yk〉 ≤ 0.

Let N∗ := maxi=1,...,m ni . Then for all i ∈ {1, . . . ,m} and for any k ≥ N∗, we have

gi (y
k) + 〈∇gi (y

k), xk+1 − yk〉 ≤ 0.

In view of this and the definition of θk in Step 3 of Algorithm 1, wemust have θk ≡ θN∗
for all k ≥ N∗, which contradicts θk → ∞. Thus, it must hold that |A| < ∞.

Since |A| is finite, there exists N0 ∈ N, such that θk ≡ θN0 whenever k ≥ N0. From
Step 3 of Algorithm 1, we know that for each i , gi (yk) + 〈∇gi (yk), xk+1 − yk〉 ≤ 0,
for all k ≥ N0. Then Lemma 3.1(i) asserts that sk+1 = 0 for any k ≥ N0. ��

Wearenow ready toprove that any cluster point of the {xk}generatedbyAlgorithm1
is a critical point of (1.1).

Theorem 4.3 (Subsequential convergence) Consider (1.1) and suppose that Assump-
tion 4.1 holds. Let {xk} be generated by Algorithm 1. Then for any accumulation point
x̄ of {xk}, there exists λ̄i ≥ 0 for each i ∈ Ĩ (x̄) such that

∑

i∈ Ĩ (x̄) λ̄i = 1 and

0 ∈ ∂P1(x̄) − ∂P2(x̄) + θN0

∑

i∈ Ĩ (x̄)
λ̄i∇gi (x̄) + NC (x̄), (4.8)
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where Ĩ (x̄) := {

ι ∈ {0, 1, · · · ,m} : gι(x̄) = maxi=0,1,··· ,m{gi (x̄)}
}

, g0 = 0, and θN0

is defined in Theorem 4.2; moreover, x̄ is a critical point of (1.1).

Proof Suppose that x̄ is an accumulation point of {xk}with lim j→∞ xk j = x̄ for some
convergent subsequence {xk j }. Let {ξ k} be generated in Algorithm 1 and {λki } with
i ∈ Ik(xk+1) be as in Lemma 3.1(iii). Then, in view of the finiteness of {Ik j (xk j+1)}
(since Ik j (x

k j+1) ⊆ {0, 1, . . . ,m} for all j), by passing to a further subsequence
if necessary, we see that there exists a nonempty subset I0 ⊆ {0, 1, . . . ,m} such

that Ik j (x
k j+1) ≡ I0. Moreover, {λk ji } for each i ∈ Ik j (x

k j+1) ≡ I0 is bounded
as sequences of nonnegative numbers at most 1, and {ξ k} is bounded thanks to the
real-valuedness and convexity of P2 and [34, Theorem 24.7]. Passing to a further

subsequence if necessary, we assume without loss of generality that lim j→∞ λ
k j
i =

λ̄i ≥ 0 for each i ∈ I0 and lim j→∞ ξ k j = ξ̄ ; moreover, the property of {λk ji } with
i ∈ Ik j (x

k j+1) ≡ I0 guaranteed by Lemma 3.1(iii) asserts that for all j , it holds that

0 ∈ ∂P1(x
k j+1)−ξ k j +θk j Lg(x

k j+1 − yk j )+θk j

∑

i∈I0
λ
k j
i ∇gi (y

k j )+NC (xk j+1)

and
∑

i∈I0
λ
k j
i = 1, λ

k j
i ≥ 0 ∀i ∈ Ik j (x

k j+1) ≡ I0.
(4.9)

In addition, in view of (3.4), we obtain that for each j ,

gi (y
k j ) + 〈∇gi (y

k j ), xk j+1 − yk j 〉 ≤ sk j+1 ∀i = 1, . . . ,m. (4.10)

Now, note that limk→∞ ‖xk − xk−1‖ = limk→∞ ‖xk+1 − yk‖ = 0 (thanks to The-
orem 4.1(iii)), sk j+1 = 0 and θk j ≡ θN0 whenever k j ≥ N0 (thanks to Theorem 4.2).
Passing to the limit in (4.10) and (4.9), we see that

gi (x̄) ≤ 0 ∀i = 1, . . . ,m,
∑

i∈I0
λ̄i = 1, λ̄i ≥ 0 ∀i ∈ I0, (4.11)

and

0 ∈ ∂P1(x̄) − ∂P2(x̄) + θN0

∑

i∈I0
λ̄i∇gi (x̄) + NC (x̄). (4.12)

where we also invoked the closedness of ∂P1, ∂P2 and NC to deduce (4.12).
Furthermore, we have from the definition of Ik j (x

k j+1) in (3.3) (and recall that
Ik j (x

k j+1) ≡ I0) and Theorem 4.1(iii) that

I0 ⊆ Ĩ (x̄) :=
{

ι ∈ {0, 1, · · · ,m} : gι(x̄) = max
i=0,1,··· ,m{gi (x̄)}

}

. (4.13)

Then the inclusion (4.8) follows from (4.12) and (4.11) upon noting I0 ⊆ Ĩ (x̄) (see
(4.13)) and defining λ̄i = 0 for i ∈ Ĩ (x̄)\I0.
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Finally, let λ̂i := θN0 λ̄i ≥ 0 for all i ∈ I0 ∩ {1, · · · ,m}, and λ̂i = 0 for all
i ∈ {1, · · · ,m} \ I0. Then by (4.11) and I0 ⊆ Ĩ (x̄) (see (4.13)), we have that

λ̂i gi (x̄) = 0 ∀i = 1, . . . ,m; (4.14)

indeed, for each i ∈ I0, we have gi (x̄) = 0, and for each i /∈ I0, we have λ̂i = 0.
Notice that ∇g0(x̄) = 0 (thanks to g0 ≡ 0). Using the definition of λ̂i and (4.12),

we have

0 ∈ ∂P1(x̄) − ∂P2(x̄) +
m
∑

i=1

λ̂i∇gi (x̄) + NC (x̄). (4.15)

Combining (4.11), (4.14), (4.15) and the above definition of λ̂, we conclude that x̄ is
a critical point of (1.1). ��

We next derive the global convergence property of the {xk} generated by Algo-
rithm 1. We will need to make use of the following function,

H(x, y, z) := P(x) − m̄

θ̂
+ max
i=1,...,m

[lingi (x, z)]++ Lg
2

‖x − y‖2 + Lg
2

‖x − z‖2 + δC (x),

(4.16)

where m̄ is defined in Theorem 4.1(ii), and θ̂ := θN0 with N0 defined in Theo-
rem 4.2. Our analysis follows the nowadays standard convergence arguments based on
Kurdyka-Łojasiewicz property; see, for example, [2, 3, 13]. In essence, underAssump-
tion 4.1,wewill show that H has sufficient descent along the sequence {(xk+1, xk, yk)}
for all sufficiently large k, and H is constant on the set of accumulation points of
{(xk+1, xk, yk)}.Wewill also show that dist(0, ∂H(xk+1, xk, yk)) is suitably bounded
by successive changes of the iterates by imposing additional differentiability assump-
tions on each gi and P2. These together with an additional assumption that H satisfies
the KL property will be used to establish global convergence of the {xk} generated by
Algorithm 1.

We start with a remark concerning the sufficient descent property.

Remark 4.2 (Sufficient descent) Consider (1.1) and suppose that Assumption 4.1
holds. Notice from the definition of Q in Theorem 4.1(ii) and that of H in (4.16) that
H(x, y, z) = Q(x, y, z, θ̂ ) + δC (x). Now, according to Theorem 4.2, we have θk ≡
θN0 = θ̂ for all k ≥ N0. Thus, we have H(xk, xk−1, yk−1) = Q(xk, xk−1, yk−1, θ̂ )

for all k ≥ N0, where {(xk, yk)} is generated by Algorithm 1. Then one can see that
the sequence {H(xk+1, xk, yk)}k≥N0 is nonincreasing thanks to Theorem 4.1(ii), and
it holds that

H(xk+1, xk , yk) ≤ H(xk , xk−1, yk−1) − Lg − (Lg + �g)β̄
2

2
‖xk − xk−1‖2 ∀k ≥ N0,

where β̄ = supk βk , and notice that Lg > (Lg + �g)β̄
2 thanks to the choice of {βk}.
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Lemma 4.1 Consider (1.1) and suppose that Assumption 4.1 holds. Let {(xk, yk)}
be generated by Algorithm 1, H be defined in (4.16), and 
 be the set of accu-
mulation points of {(xk+1, xk, yk)}. Then 
 is a nonempty compact set, ω :=
limk→∞ H(xk+1, xk, yk) exists, and H ≡ ω on 
.

Proof From Theorem 4.1(i), we have that the set of accumulation points of
{xk}, denoted by Λ, is a nonempty compact set. Since limk→∞ ‖xk − xk−1‖ =
limk→∞ ‖xk − yk‖ = 0 thanks to Theorem 4.1(iii), one can see that 
 = {(x̄, x̄, x̄) :
x̄ ∈ Λ}, which is a nonempty compact set.

Next, according to Remark 4.2, the sequence {H(xk+1, xk, yk)}k≥N0 is nonincreas-
ing.Moreover, one can see from the definition of H (see (4.16)) that {H(xk+1, xk, yk)}
is bounded from below (by zero). Thus, ω := limk→∞ H(xk+1, xk, yk) exists.

For any (x̄, x̄, x̄) ∈ 
, let {xk j } be a convergent subsequencewith lim j→∞ xk j = x̄ .
Since P and each gi are continuous, and limk→∞ ‖xk−xk−1‖ = limk→∞ ‖xk−yk‖ =
0 (see Theorem 4.1(iii)), we obtain that

H(x̄, x̄, x̄) = P(x̄) − m̄

θ̂
+ max

i=1,··· ,m
[

lingi (x̄, x̄)
]

+

= lim
j→∞

P(xk j+1)−m̄

θ̂
+ max
i=1,··· ,m

[

lingi (x
k j+1, yk j )

]

+

+ Lg
2

‖xk j+1−xk j ‖2+ Lg
2

‖xk j+1−yk j ‖2

= lim
j→∞ H(xk j+1, xk j , yk j ) = lim

k→∞ H(xk+1, xk , yk) = ω.

Since (x̄, x̄, x̄) ∈ 
 is arbitrary, we conclude that H ≡ ω on 
. ��
Next,we introduce an assumption for deriving aboundondist(0, ∂H(xk+1, xk, yk)).

This assumption was also used in [38, 40] and is satisfied in many applications; see
[38].

Assumption 4.2 Each gi in (1.1) is twice continuously differentiable. The function
P2 is continuously differentiable on an open set U0 containing X , and ∇P2 is locally
Lipschitz continuous on U0, where X is the set of critical points of (1.1).

Now, we present the following bound on dist(0, ∂H(xk+1, xk, yk)).

Lemma 4.2 Consider (1.1) and suppose that Assumptions 4.1 and 4.2 hold. Let
{(xk, yk)} be generated by Algorithm 1 and H be defined in (4.16). Then there exist
τ > 0 and N1 ∈ N such that for all k ≥ N1, we have

dist(0, ∂H(xk+1, xk, yk)) ≤ τ(‖xk+1 − xk‖ + ‖xk − xk−1‖).

Proof Let Λ be the set of accumulation points of {xk}. Then Λ is nonempty and
compact in view of Theorem 4.1(i), and Λ ⊆ X thanks to Theorem 4.3, where X
is defined in Assumption 4.2. Moreover, we have limk→∞ dist(xk,Λ) = 0. Since
� ⊆ X ⊂ U0 (whereU0 is defined in Assumption 4.2) and� is compact, there exist a
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bounded open setU1 and an N2 ∈ N such that xk ∈ U1 for all k ≥ N2 and the closure
of U1 is contained in U0.3

Next, let N0 be defined as in Theorem 4.2. Since P2 is continuously differentiable
on U0 and xk ∈ U1 ⊂ U0 for any k ≥ N1 := max{N0, N2}, we obtain from [35,
Theorem 8.6] that for any k ≥ N1,

∂H(xk+1, xk , yk) ⊇̂∂H(xk+1, xk , yk)

(a)⊇
⎡

⎢

⎣

1
θ̂
̂∂P(xk+1) + NC (xk+1) + Lg(xk+1 − xk) + Lg(xk+1 − yk)

−Lg(xk+1 − xk)
−Lg(xk+1 − yk)

⎤

⎥

⎦+̂∂�(xk+1, xk , yk)

(b)=
⎡

⎢

⎣

1
θ̂
∂P(xk+1) + NC (xk+1) + Lg(xk+1 − xk) + Lg(xk+1 − yk)

−Lg(xk+1 − xk)
−Lg(xk+1 − yk)

⎤

⎥

⎦+ ∂�(xk+1, xk , yk)

(c)⊇

⎡

⎢

⎢

⎣

1
θ̂
∂P(xk+1)+ ∑

i∈Ik (xk+1)

λki ∇gi (y
k)+NC (xk+1)+Lg(xk+1−xk)+Lg(xk+1−yk)

−Lg(xk+1 − xk)
∑

i∈Ik (xk+1) λki ∇2gi (y
k)(xk+1 − yk) − Lg(xk+1 − yk)

⎤

⎥

⎥

⎦

,

(4.17)

where �(x, y, z) := maxi=1,...,m[lingi (x, z)]+, and Ik(xk+1) and λki are defined as
in Lemma 3.1(iii); here, (a) holds because of the subdifferential calculus rules in
[35, Proposition 10.5, Corollary 10.9] and the regularity of the normal cone of C in
[35, Theorem 6.9], (b) holds because ∂� = ̂∂� (thanks to [35, Example 7.28]) and
∂P(xk+1) = ̂∂P(xk+1) (thanks to the regularity of P1 as asserted in [35, Proposi-
tion 8.12], the assumption that P2 is continuously differentiable at xk+1 ∈ U0 and the
subdifferential calculus rule [35, Exercise 8.8(c)]), and (c) follows from [35, Propo-
sition 10.5, Exercise 8.31] and the fact that

∑

i∈Ik (xk+1) λki = 1 and λki ≥ 0 for all
i ∈ Ik(xk+1).

On the other hand, according to Theorem 4.2 and the definition of θ̂ in (4.16), we
have that θk ≡ θN0 = θ̂ for any k ≥ N0. Using this together with the property of λki
from Lemma 3.1(iii) and the differentiability assumption on P2, we obtain that for all
k ≥ N1,

0 ∈ ∂P1(x
k+1) − ∇P2(x

k) + θ̂
∑

i∈Ik (xk+1)

λki ∇gi (y
k) + θ̂Lg(x

k+1 − yk) + NC (xk+1).

Rearranging terms in the above display, we see that

∇P2(x
k)−θ̂

∑

i∈Ik (xk+1)

λki ∇gi (y
k) − θ̂Lg(x

k+1 − yk) ∈ ∂P1(x
k+1) + NC (xk+1).

(4.18)

3 The existence of such a U1 can be argued as follows: since � is compact, there exists ε > 0 such that
{x ∈ R

n : dist(x, �) < ε} ⊆ U0. Then set U1 := {x ∈ R
n : dist(x, �) < ε/2}.
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Since P2 is continuously differentiable in U0 (and hence at xk and xk+1 when
k ≥ N1), we obtain for any k ≥ N1 that

1

θ̂

(

−θ̂Lg(x
k − yk) + ∇P2(x

k) − ∇P2(x
k+1)

)

= 1

θ̂

⎛

⎝θ̂Lg(x
k+1 − xk) − ∇P2(x

k+1) + θ̂
∑

i∈Ik (xk+1)

λki ∇gi (y
k)

⎞

⎠

+ 1

θ̂

⎛

⎝∇P2(x
k) − θ̂

∑

i∈Ik (xk+1)

λki ∇gi (y
k) − θ̂Lg(x

k+1 − yk)

⎞

⎠

(a)∈ 1

θ̂

⎛

⎝θ̂Lg(x
k+1−xk)−∇P2(x

k+1) + θ̂
∑

i∈Ik (xk+1)

λki ∇gi (y
k)

⎞

⎠+ 1

θ̂
∂P1(x

k+1)+NC (xk+1)

= 1

θ̂
∂P(xk+1) +

∑

i∈Ik (xk+1)

λki ∇gi (y
k) + NC (xk+1) + Lg(x

k+1 − xk) (4.19)

where (a) follows from (4.18), and the last equality holds thanks to [35, Exercise 8.8(c)]
and the fact that P = P1 − P2.

Combining (4.17) and (4.19), for any k ≥ N1, we have

⎡

⎢

⎣

1
θ̂

(

−θ̂Lg(xk − yk) + ∇P2(x
k) − ∇P2(x

k+1)
)

+ Lg(xk+1 − yk)

−Lg(xk+1 − xk)
∑

i∈Ik (xk+1) λki ∇2gi (y
k)(xk+1 − yk) − Lg(xk+1 − yk)

⎤

⎥

⎦∈∂H(xk+1, xk , yk).

Since ∇P2 is locally Lipschitz continuous on U0 (and hence Lipschitz continuous on
the bounded open set U1, say, with modulus LP2 ), we see for any k ≥ N1 that

dist
(

0, ∂H(xk+1, xk , yk)
)2

≤
∥

∥

∥

∥

1

θ̂

(

−θ̂Lg(x
k − yk)+∇P2(x

k) − ∇P2(x
k+1)

)

+Lg(x
k+1−yk)

∥

∥

∥

∥

2
+‖Lg(xk+1 − xk)‖2

+
∥

∥

∥

∥

∥

∥

∑

i∈Ik (xk+1)

λki ∇2gi (y
k)(xk+1 − yk) − Lg(x

k+1 − yk)

∥

∥

∥

∥

∥

∥

2

≤ 3L2g‖xk − yk‖2 + 3

θ̂2
L2P2‖xk+1 − xk‖2 + 3L2g‖xk+1 − yk‖2 + L2g‖xk+1 − xk‖2

+ 2

∥

∥

∥

∥

∥

∥

∑

i∈Ik (xk+1)

λki ∇2gi (y
k)

∥

∥

∥

∥

∥

∥

2

‖xk+1 − yk‖2 + 2L2g‖xk+1 − yk‖2.

The desired conclusion now follows immediately from the above display, the definition
and the boundedness of {yk} (thanks to Theorem 4.1(i) and (3.3)) and the continuity
of ∇2gi (thanks to Assumption 4.2). ��
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Now, we present the convergence rate of the {xk} generated by Algorithm 1 under
suitable assumptions. The proof is routine and we refer the readers to, for example,
the proofs of Theorems 4.2 and 4.3 of [38].

Theorem 4.4 (Global convergence and convergence rate of Algorithm 1 in nonconvex
setting) Consider (1.1). Suppose that Assumptions 4.1 and 4.2 hold, and the H in
(4.16) is a KL function. Let {(xk, yk)} be generated by Algorithm 1 and 
 be the set
of accumulation points of

{

(xk+1, xk, yk)
}

. Then {xk} converges to a critical point x̄
of (1.1). Moreover, if H satisfies the KL property with exponent α ∈ [0, 1) at every
point in 
, then there exists N ∈ N such that the following statements hold.

(i) If α = 0, then {xk} converges finitely, i.e., xk ≡ x̄ for all k > N.
(ii) If α ∈ (0, 1

2 ], then there exist a0 ∈ (0, 1) and a1 > 0 such that

‖xk − x̄‖ ≤ a1a
k
0 ∀k > N .

(iii) If α ∈ ( 12 , 1), then there exists a2 > 0 such that

‖xk − x̄‖ ≤ a2k
− 1−α

2α−1 ∀k > N .

4.2 Convergence analysis in convex setting

We study the convergence properties of Algorithm 1 under the following convex
settings.

Assumption 4.3 Suppose that in (1.1), P2 = 0 and g1, . . . , gm are convex.4

Assumption 4.4 The Slater condition holds for C ∩F in (1.1), i.e., there exists x̂ ∈ C
with gi (x̂) < 0 for i = 1, . . . ,m.

Remark 4.3 If each gi is convex and Assumption 4.4 holds, then RCQ(x) holds at
every x ∈ C , which implies that Assumption 4.1 holds thanks to Remark 4.1(ii).

Now, we present the convergence properties of Algorithm 1 under Assumptions 4.3
and 4.4. Unlike our convergence rate result in Theorem 4.4 which was based on the
KL property of the function H in (4.16), our analysis in this section is based on the
KL property of the following function:

Fη(x) := 1

η
(P1(x) − m̂) + δC (x) + max

i=1,··· ,m [gi (x)]+ , (4.20)

where η > 0 and m̂ := inf{P1(x) : x ∈ C} ∈ R. Compared with H , the explicit KL
exponent of Fη is generically readily obtainable (from that of P1 + δC∩F ), as we will
discuss in Sect. 5.

4 Under this assumption, we also set �gi = 0 for all i in Algorithm 1.
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Theorem 4.5 [Convergence rate of Algorithm 1 in convex setting] Consider (1.1) and
suppose that Assumptions 4.3 and 4.4 hold. Let {(xk, θk)} be generated by Algorithm
1. Then the following statements hold.

(i) For any k ≥ 1,

E(xk+1, xk, θk+1) ≤ E(xk, xk−1, θk) − (1 − β2
k )Lg

2
‖xk − xk−1‖2,

where E(x, y, θ) := 1
θ

(

P1(x)− m̂+ δC (x)+ θ maxi=1,··· ,m[gi (x)]+ + θLg
2 ‖x −

y‖2) with m̂ defined as in (4.20).
(ii) Let
 be the set of accumulation points of

{

(xk+1, xk, θk)
}

. Then
 is a nonempty
compact set, ω̄ := limk→∞ E(xk+1, xk, θk) exists, and E ≡ ω̄ on 
.

(iii) If the function5 F
θ̂
is a KL function with exponent 1

2 , then {xk} converges to a
minimizer x∗ of (1.1), and there exist c0 > 0, s ∈ (0, 1) and k0 ∈ N such that

‖xk − x∗‖ ≤ c0s
k ∀k > k0.

Proof Using the strong convexity of the objective in (3.2) (note that ξ k = 0 as P2 = 0)
and the fact that xk+1 minimizes this objective over C , we obtain that for any x ∈ C ,

P1(x
k+1) + θk max

i=1,··· ,m

[

lingi (x
k+1, yk)

]

+ + θk Lg

2
‖xk+1 − yk‖2

≤ P1(x) + θk max
i=1,··· ,m

[

lingi (x, y
k)
]

+ + θk Lg

2
‖x − yk‖2 − θk Lg

2
‖x − xk+1‖2.

(4.21)

Now we are ready to prove the three items one by one.
(i): For any k ≥ 1, we see that

1

θk+1

(

P1(x
k+1)−m̂

)

+ max
i=1,··· ,m

[

gi (x
k+1)

]

+
(a)≤ 1

θk

(

P1(x
k+1)−m̂

)

+ max
i=1,··· ,m

[

gi (x
k+1)

]

+
(b)≤ P1(x

k+1) − m̂

θk
+ max

i=1,··· ,m

[

lingi (x
k+1, yk) + Lgi

2
‖xk+1 − yk‖2

]

+
(c)≤ P1(x

k+1) − m̂

θk
+ max

i=1,··· ,m
[

lingi (x
k+1, yk)

]

+ + Lg
2

‖xk+1 − yk‖2

(d)≤ P1(x
k) − m̂

θk
+ max

i=1,··· ,m
[

lingi (x
k , yk)

]

+ + Lg
2

‖xk − yk‖2 − Lg
2

‖xk+1 − xk‖2

(e)≤ P1(x
k) − m̂

θk
+ max

i=1,··· ,m
[

gi (x
k)
]

+ + Lg
2

‖xk − yk‖2 − Lg
2

‖xk+1 − xk‖2

= 1

θk

(

P1(x
k) − m̂ + θk max

i=1,··· ,m
[

gi (x
k)
]

+

)

+ β2
k Lg
2

‖xk − xk−1‖2 − Lg
2

‖xk+1 − xk‖2

5 i.e., the Fη in (4.20) with η = θ̂ , where θ̂ is given in (4.16).
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= E(xk , xk−1, θk) − (1 − β2
k )Lg

2
‖xk − xk−1‖2 − Lg

2
‖xk+1 − xk‖2,

where (a) holds thanks to θk ≤ θk+1 and m̂ = inf{P1(x) : x ∈ C}, (b) holds because of
the Lipschitz continuity of ∇gi , (c) follows from Lg = max{Lgi : i = 1, . . . ,m}, (d)
holds upon invoking (4.21) with x = xk (as xk ∈ C), (e) follows from the convexity
of gi , and the last equality follows from the definition of E(xk, xk−1, θk). The desired
inequality now follows immediately from the above display and the definition of
E(xk+1, xk, θk+1).

(ii): Using similar arguments as Lemma 4.1 (but using item (i) in place of
Remark 4.2, and noting that Assumption 4.1 holds according to Remark 4.3), one
can show that (ii) holds. We omit its proof for brevity.

(iii): Let � be the set of accumulation points of {xk} for notational simplic-
ity. From Remark 4.3, Theorem 4.3 and the formula for the subdifferential of
maxi=1,...,m[gi (·)]+ (see [35, Exercise 8.31]), we deduce that

∅ 
= � ⊆ Argmin F
θ̂

=: S. (4.22)

Now, write Eθ (x, y) := E(x, y, θ) for notational simplicity. By the definitions of Fη

in (4.20) and E(x, y, θ) in item (i), we see that E
θ̂
(x, y) = F

θ̂
(x) + Lg

2 ‖x − y‖2,
where θ̂ is as in (4.16). From Remark 4.3, Theorem 4.2 and item (i), we have that for
any k ≥ N0, it holds that θk = θ̂ and

E
θ̂
(xk+1, xk) ≤ E

θ̂
(xk, xk−1) − Lg(1 − β̄2)

2
‖xk − xk−1‖2, (4.23)

where β̄ = supk βk < 1 (recall that �g = 0 under Assumption 4.3).
Let ˜S = {(x∗, x∗) : x∗ ∈ S} and ˜� = {(x∗, x∗) : x∗ ∈ �}. In view of (4.22),

we have F
θ̂
(x̄) = inf F

θ̂
for any x̄ ∈ S. Using this together with item (ii) and the

definition of E
θ̂
, one can show readily that whenever x̄ ∈ S

ω̄ = E
θ̂
(x̄, x̄) = F

θ̂
(x̄) = inf

x
F

θ̂
(x) = inf

x,y
E

θ̂
(x, y). (4.24)

Moreover, in view of (4.22) and the definition of E
θ̂
, we have

∅ 
= ˜� ⊆ ˜S = Argmin
x,y

E
θ̂
(x, y). (4.25)

Furthermore, since F
θ̂
is a KL function with exponent 1

2 , we conclude from [23,
Theorem 3.6] that E

θ̂
is a KL function with exponent 1

2 . Using this together with
(4.24), (4.25) and Lemma 2.1, we deduce that there exist ε0 > 0, r0 > 0, and c0 > 0
such that

dist((x, y),˜S)2 ≤ c0(Eθ̂
(x, y) − ω̄), (4.26)

for any (x, y) ∈ dom ∂E
θ̂
satisfying dist((x, y),˜S) ≤ ε0 and ω̄ ≤ E

θ̂
(x, y) < ω̄+r0.
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Next, notice that {(xk, xk−1)} ⊆ C ×C ⊂ dom ∂E
θ̂

= C ×R
n , and we have from

Theorem 4.1(iii) that ˜� is the set of accumulation points of the bounded sequence
{(xk, xk−1)}. Using this and (4.25), we deduce that there exists k1 ∈ N such that

dist((xk, xk−1),˜S) ≤ dist((xk, xk−1),˜�) ≤ ε0 ∀k ≥ k1. (4.27)

On the other hand, from Remark 4.3, Theorem 4.2 and item (ii), we deduce the exis-
tence of k2 ∈ N such that

ω̄ ≤ E
θ̂
(xk, xk−1) < ω̄ + r0 ∀k ≥ k2. (4.28)

Combining (4.26), (4.27) and (4.28), we conclude that for any k ≥ k3 := max{k1, k2},

dist(xk, S)2 ≤ dist((xk, xk−1),˜S)2 ≤ c0(Eθ̂
(xk, xk−1) − ω̄). (4.29)

Next, let x̄ k ∈ S satisfy ‖xk − x̄ k‖ = dist(xk, S). Then for any k ≥ N0 (note that
N0 is defined in Theorem 4.2) and γ ∈ (

Lgc0
1+Lgc0

, 1), we have

F
θ̂
(xk+1) = 1

θ̂

(

P1(x
k+1) − m̂ + θ̂ max

i=1,··· ,m
[

gi (x
k+1)

]

+

)

(a)≤ 1

θ̂

(

P1(x
k+1) − m̂ + θ̂ max

i=1,··· ,m

[

lingi (x
k+1, yk) + Lgi

2
‖xk+1 − yk‖2

]

+

)

(b)≤ 1

θ̂

(

P1(x
k+1) − m̂ + θ̂ max

i=1,··· ,m
[

lingi (x
k+1, yk)

]

+ + θ̂Lg
2

‖xk+1 − yk‖2
)

(c)≤ 1

θ̂

(

P1(x̄
k) − m̂

)

+ max
i=1,··· ,m

[

lingi (x̄
k , yk)

]

+ + Lg
2

‖x̄k − yk‖2 − Lg
2

‖x̄k − xk+1‖2

(d)≤ F
θ̂
(x̄k) + Lg

2
‖x̄k − yk‖2 − Lg

2
‖x̄k − xk+1‖2,

(e)≤ F
θ̂
(x̄k) + Lg

2

(

‖x̄k − xk‖ + ‖xk − yk‖
)2 − Lg

2
‖x̄k − xk+1‖2,

(f)≤ F
θ̂
(x̄k) + Lg

2γ
‖x̄k − xk‖2 + Lg

2(1 − γ )
‖xk − yk‖2 − Lg

2
‖x̄k − xk+1‖2

(g)≤ ω̄ + Lg
2γ

dist(xk , S)2 + Lg
2(1 − γ )

‖xk − yk‖2 − Lg
2
dist(xk+1, S)2, (4.30)

where (a) holds because of the Lipschitz continuity of ∇gi , (b) holds because Lg =
maxi=1,··· ,m{Lgi }, (c) follows from (4.21) with x = x̄ k (thanks to x̄ k ∈ S ⊆ C
and the fact that θk = θ̂ for k ≥ N0), (d) follows from the convexity of gi so that
lingi (x̄

k, yk) ≤ gi (x̄ k) for all i , (e) follows from the triangle inequality, (f) follows

from the fact that (a + b)2 = (γ a
γ

+ (1− γ ) b
(1−γ )

)2 ≤ a2
γ

+ b2
(1−γ )

as γ ∈ (0, 1), and

(g) holds thanks to (4.24) and the definition of x̄ k .
Then, we have for any k ≥ k4 := max{k3, N0} that

E
θ̂
(xk+1, xk) − ω̄ = F

θ̂
(xk+1) − ω̄ + Lg

2
‖xk+1 − xk‖2
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(a)≤ Lg
2γ

dist(xk , S)2 + Lg
2(1 − γ )

‖xk − yk‖2 − Lg
2γ

dist(xk+1, S)2

+ Lg
2

(

1

γ
− 1

)

dist(xk+1, S)2 + Lg
2

‖xk+1 − xk‖2

(b)≤
(

Lg
2γ

dist(xk , S)2 − Lg
2

‖xk − xk−1‖2
)

−
(

Lg
2γ

dist(xk+1, S)2 − Lg
2

‖xk+1 − xk‖2
)

+ Lg β̄2

2(1 − γ )
‖xk − xk−1‖2 + Lg

2
‖xk − xk−1‖2 + Lg

2

(

1

γ
− 1

)

c0(Eθ̂
(xk+1, xk) − ω̄),

where (a) holds because of (4.30), and (b) follows from (4.29), yk = xk+βk(xk−xk−1)

and β̄ = supk βk .

Now, notice that γ ∈ (
Lgc0

1+Lgc0
, 1) implies Lg

2 ( 1
γ

− 1)c0 < 1
2 . Letting ϑ := 1 −

Lg
2 ( 1

γ
− 1)c0, then we known that ϑ > 1

2 . Rearranging terms in the above display
inequality, we have that for any k ≥ k4,

ϑ
(

E
θ̂
(xk+1, xk) − ω̄

)

≤ Lg
2

(

1

γ
dist(xk , S)2 − ‖xk − xk−1‖2

)

− Lg
2

(

1

γ
dist(xk+1, S)2 − ‖xk+1 − xk‖2

)

+ Lg(1 − γ + β̄2)

2(1 − γ )
‖xk − xk−1‖2

(a)≤ Lg
2

(

1

γ
dist(xk , S)2 − ‖xk − xk−1‖2

)

− Lg
2

(

1

γ
dist(xk+1, S)2 − ‖xk+1 − xk‖2

)

+ Lg(1 − γ + β̄2)

2(1 − γ )
· 2

Lg(1 − β̄2)

(

E
θ̂
(xk , xk−1) − E

θ̂
(xk+1, xk)

)

,

where (a) follows from (4.23).

Denote ζ := 1+β̄2−γ

(1−γ )(1−β̄2)
> 1 and Ak := Lg

2 ( 1
γ
dist(xk, S)2 − ‖xk − xk−1‖2).

Rearranging terms in the above inequality, we obtain that for any k ≥ k4,

(ϑ + ζ )
(

E
θ̂
(xk+1, xk) − ω̄

)

≤ Ak − Ak+1 + ζ
(

E
θ̂
(xk, xk−1) − ω̄

)

.

Dividing ϑ + ζ on both sides in the above inequality, we see that for any k ≥ k4,

E
θ̂
(xk+1, xk) − ω̄ ≤ ζ

ϑ + ζ

(

E
θ̂
(xk, xk−1) − ω̄

)

+ 1

ϑ + ζ
Ak − 1

ϑ + ζ
Ak+1.

(4.31)

Since ϑ > 1
2 and ζ > 1, we have that for any k ≥ k4,

∣

∣

∣

∣

Ak

ϑ + ζ

∣

∣

∣

∣

≤ |Ak | ≤ Lg

2

(

1

γ
dist(xk, S)2 + ‖xk − xk−1‖2

)

(a)≤ Lgc0
2γ

(

E
θ̂
(xk, xk−1) − ω̄

)

+ Lg

2
‖xk − xk−1‖2
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(b)≤ Lgc0
2γ

(

E
θ̂
(xk, xk−1) − ω̄

)

+ 1

(1 − β̄2)

(

E
θ̂
(xk, xk−1) − E

θ̂
(xk+1, xk)

)

(c)≤ c1
(

E
θ̂
(xk, xk−1) − ω̄

)

, (4.32)

where (a) holds thanks to (4.29), (b) holds because of (4.23), and (c) follows from
E

θ̂
(xk+1, xk) ≥ ω̄ (see (4.24)) with c1 := Lgc0

2γ + 1
(1−β̄2)

.

Let � = c1+ ζ
ϑ+ζ

c1+1 ∈ (0, 1). Then one can see that

ζ

ϑ + ζ
+ (1 − �)c1 = �. (4.33)

Then, from (4.31), we obtain that for any k ≥ k4,

E
θ̂
(xk+1, xk) − ω̄ + 1

ϑ + ζ
Ak+1 ≤ ζ

ϑ + ζ

(

E
θ̂
(xk, xk−1) − ω̄

)

+ 1

ϑ + ζ
Ak

(a)≤ ζ

ϑ + ζ

(

E
θ̂
(xk, xk−1) − ω̄

)

+ �

ϑ + ζ
Ak + (1 − �)

∣

∣

∣

∣

Ak

ϑ + ζ

∣

∣

∣

∣

(b)≤
(

ζ

ϑ + ζ
+ (1 − �)c1

)

(

E
θ̂
(xk, xk−1) − ω̄

)

+ �

ϑ + ζ
Ak

(c)= �

(

E
θ̂
(xk, xk−1) − ω̄ + 1

ϑ + ζ
Ak

)

,

where (a) holds as � ∈ (0, 1), (b) follows from (4.32), and (c) holds because of (4.33).
Inductively, since � > 0, we see that for any k ≥ k4,

E
θ̂
(xk+1, xk) − ω̄ + 1

ϑ + ζ
Ak+1 ≤ �k−k4+1

(

E
θ̂
(xk4 , xk4−1) − ω̄ + 1

ϑ + ζ
Ak4

)

,

which means, there exists M > 0 such that, for any k ≥ k4,

0 ≤ E
θ̂
(xk , xk−1) − ω̄ ≤ M�k − 1

ϑ + ζ
Ak

(a)= M�k− Lg
2(ϑ + ζ )

(

1

γ
dist(xk , S)2 − ‖xk − xk−1‖2

)

≤M�k+ Lg
2(ϑ + ζ )

‖xk − xk−1‖2

(b)≤ M�k + 1

(ϑ + ζ )(1 − β̄2)

(

E
θ̂
(xk , xk−1) − E

θ̂
(xk+1, xk)

)

, (4.34)

where (a) follows from the definition of Ak , and (b) holds because of (4.23).
Taking μ > max{ 1

(ϑ+ζ )(1−β̄2)
, 1
1−�

}. From � ∈ (0, 1), we see that

μ > 1 and 1 − μ−1 > �, (4.35)
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and from (4.34) (and (4.23), which asserts the nonnegativity of the difference
E

θ̂
(xk, xk−1) − E

θ̂
(xk+1, xk)), we have that

E
θ̂
(xk, xk−1) − ω̄ ≤ M�k + μ(E

θ̂
(xk, xk−1) − E

θ̂
(xk+1, xk)),

which implies

μ(E
θ̂
(xk+1, xk) − ω̄) ≤ (μ − 1)

(

E
θ̂
(xk, xk−1) − ω̄

)

+ M�k .

Dividing μ > 0 on the both sides in the above display, we see that for any k ≥ k4,

E
θ̂
(xk+1, xk) − ω̄ ≤

(

1 − μ−1
) (

E
θ̂
(xk, xk−1) − ω̄

)

+ M

μ
�k

=
(

1 − μ−1
) (

E
θ̂
(xk, xk−1) − ω̄

)

+ M

μ

(

1 − μ−1

1 − μ−1 − �
− �

1 − μ−1 − �

)

�k

=
(

1 − μ−1
)

(

E
θ̂
(xk, xk−1) − ω̄ + M

μ(1 − μ−1 − �)
�k
)

− M

μ(1 − μ−1 − �)
�k+1,

where the division by 1− μ−1 − � is valid thanks to (4.35). Rearranging terms in the
above display inequality, we have that for any k ≥ k4,

E
θ̂
(xk+1, xk) − ω̄ + M�k+1

μ(1 − μ−1 − �)

≤
(

1 − μ−1
)

(

E
θ̂
(xk, xk−1) − ω̄ + M�k

μ(1 − μ−1 − �)

)

.

Inductively, since 1 − μ−1 > 0 thanks to (4.35), we see that for any k ≥ k4,

E
θ̂
(xk+1, xk) − ω̄ ≤ E

θ̂
(xk+1, xk) − ω̄ + M�k+1

μ(1 − μ−1 − �)

≤
(

1 − μ−1
)k−k4+1

(

E
θ̂
(xk4 , xk4−1)−ω̄+ M�k4

μ(1 − μ−1 − �)

)

(a)= c2
(

1 − μ−1
)k+1

,

(4.36)

where (a) holds with c2 := (1 − μ−1
)−k4

(

E
θ̂
(xk4 , xk4−1) − ω̄ + M

μ(1−μ−1−�)
�k4
)

>

0.
Finally, we obtain that for any k ≥ k4,

‖xk+1 − xk‖2 (a)≤ 2

Lg(1 − β̄2)

(

E
θ̂
(xk+1, xk) − E

θ̂
(xk+2, xk+1)

)

(b)≤ 2

Lg(1 − β̄2)

(

E
θ̂
(xk+1, xk) − ω̄

) (c)≤ 2c2
Lg(1 − β̄2)

(

1 − μ−1
)k+1

,
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where (a) holds because of (4.23), (b) follows from E
θ̂
(xk+1, xk) ≥ ω̄ (see (4.24)),

and (c) holds because of (4.36). Consequently, for any j ≥ k ≥ k4,

j
∑

i=k

‖xi+1 − xi‖ ≤
∞
∑

i=k

√

2c2
Lg(1 − β̄2)

(
√

1 − μ−1
)i+1 = c3

(
√

1 − μ−1
)k+1

,

(4.37)

with c3 :=
√

2c2
Lg(1−β̄2)

· 1
1−

√
1−μ−1

> 0, which implies that {xk} is a Cauchy sequence.
Combining this with Remark 4.3 and Theorem 4.3, we see that {xk} converges to a
minimizer x∗ of (1.1). The claimed linear rate of convergence also follows immediately
from (4.37). ��

5 KL exponent and exact penalty

In Sect. 4.2, the KL exponent of the F
θ̂
in Theorem 4.5(iii) was used for establishing

the convergence rate of the {xk} generated by Algorithm 1 in the convex setting. In
this section, we examine how the KL exponent of functions of the form (4.20) can be
deduced from the corresponding problem (1.1).

Specifically, we consider the following optimization problem:

min
x∈Rn

F̂(x) := P1(x) + δC (x) + δF (x), (5.1)

where P1 : R
n → R is convex, C is compact and convex, F := {x ∈ R

n :
gi (x) ≤ 0, i = 1, . . . ,m} with each gi : R

n → R being convex, and C ∩ {x ∈
R
n : maxi=1,...,m{gi (x)} < 0} 
= ∅; we also consider the associated penalty function

F̂η(x) := P1(x) + δC (x) + η max
i=1,...,m

[gi (x)]+, (5.2)

where η > 0. Notice that for (1.1), the KL property of the corresponding F̂
θ̂
was the

key for establishing the convergence rate of the {xk} generated by Algorithm 1; see
Theorem 4.5(iii).

We next recall the definition of exact penalty parameter.

Definition 5.1 [Exact penalty parameter] Consider (5.1) and (5.2). If there exists η̄ > 0
such that for all η ≥ η̄,

Argmin
x∈Rn

F̂η(x) = Argmin
x∈Rn

F̂(x),

then η̄ is called an exact penalty parameter of (5.1).

We will argue that the set of exact penalty parameters of (5.1) is nonvoid. We start
by recalling the following well-known result, whose short proof is included for the
convenience of the readers.
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1210 Y. Zhang et al.

Lemma 5.1 Let C and F be as in (5.1). Then there exist κ > 0 and τ > 0 such that

dist(x,C ∩ F) ≤ κdist(x,F) ≤ τ max
i=1,...,m

[gi (x)]+ ∀x ∈ C . (5.3)

Proof First, since C ∩ {x ∈ R
n : maxi=1,...,m{gi (x)} < 0} 
= ∅ (say, it contains x̂),

we deduce from [6, Corollary 3] that there exists κ > 0 such that

dist(x,C ∩ F) ≤ κdist(x,F) ∀x ∈ C . (5.4)

We then apply Lemma 2.2 with 
 := F , h(x) = (g1(x), g2(x), . . . , gm(x)), xs = x̂
and δ0 = ∣∣maxi=1,...,m{gi (x̂)}

∣

∣ to obtain

dist(x,F) ≤ ‖x − x̂‖
∣

∣maxi=1,...,m{gi (x̂)}
∣

∣

dist(0, g(x) + R
m+) ∀x ∈ R

n .

Since C is compact, we deduce further that there exists M1 > 0 such that

dist(x,F) ≤ M1 max
i=1,··· ,m[gi (x)]+ ∀x ∈ C . (5.5)

The desired conclusion now follows upon combining (5.4) and (5.5). ��
Remark 5.1 [Nonemptiness of the set of exact penalty parameters] Consider (5.1) and
(5.2). SinceC ∩F is compact and P1 is continuous, we see that Argmin F̂ 
= ∅. Using
this together with (5.3), we can now deduce from [17, Lemma 3.1] that any η > L̄ P1τ

is an exact penalty parameter of (5.1), where L̄ P1 is a Lipschitz continuity modulus
for P1 on the compact convex set C .

Now, we show that if the F̂ in (5.1) is a KL function with exponent α ∈ (0, 1), then
for any η > η̄, the F̂η in (5.2) is a KL function with the same exponent, where η̄ is an
exact penalty parameter of (5.1).

Theorem 5.1 [KL exponent of F̂η from that of F̂] Let F̂ be as in (5.1), x̄ ∈ Argmin F̂
and η̄ be an exact penalty parameter of (5.1). If F̂ satisfies the KL property with
exponent α ∈ (0, 1) at x̄ , then for any η > η̄, the F̂η defined in (5.2) satisfies the KL
property with exponent α at x̄ .

Proof Fix any η > η̄. Since η̄ is an exact penalty parameter of (5.1), we see that
Argmin F̂ = Argmin F̂η; also, note that dom ∂ F̂η = C and dom ∂ F̂ = C ∩ F .

Since F̂ satisfies the KL property with exponent α at x̄ , in view of [11, Theorem 5],
there exist c > 0 and a, ε ∈ (0, 1) such that

dist(x,Argmin F̂) ≤ c(F̂(x) − F̂(x̄))1−α, (5.6)

whenever x ∈ dom ∂ F̂ = C ∩F satisfies ‖x− x̄‖ ≤ ε and F̂(x̄) ≤ F̂(x) ≤ F̂(x̄)+a.
Since F̂ is continuous on its domain, by shrinking ε further if necessary, we assume
that (5.6) holds whenever x ∈ dom ∂ F̂ = C ∩ F satisfies ‖x − x̄‖ ≤ ε.
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An extended sequential quadratic method... 1211

Next, since P1 : Rn → R is convex,we know that P1 is locally Lipschitz continuous
at x̄ . Hence, there exist ε̄ > 0 and L̂ P1 > 0 such that

|P1(x) − P1(y)| ≤ L̂ P1‖x − y‖ ∀x, y ∈ {u ∈ R
n : ‖u − x̄‖ ≤ ε̄}. (5.7)

Now, take ε0 := min{ε, ε̄}. Then for any x ∈ C = dom ∂ F̂η satisfying‖x−x̄‖ ≤ ε0,
we have upon letting �C∩F (x) denote the orthogonal projection of x onto C ∩F that

dist(x,Argmin F̂η) ≤ dist(�C∩F (x),Argmin F̂η) + dist(x,C ∩ F)

(a)= dist(�C∩F (x),Argmin F̂) + dist(x,C ∩ F)

(b)≤ c(F̂(�C∩F (x))− F̂(x̄))1−α+κdist(x,F)=c(P1(�C∩F (x))−P1(x̄))
1−α+κdist(x,F)

(c)≤ c(P1(x) − P1(x̄) + L̂ P1dist(x,C ∩ F))1−α + κdist(x,F)

(d)≤ c(P1(x) − P1(x̄) + L̂ P1κdist(x,F))1−α + κdist(x,F)1−α

(e)≤ ĉ
[

(P1(x) − P1(x̄) + L̂ P1κdist(x,F))1−α + [κ1/(1−α)dist(x,F)]1−α
]

(f)≤ c̄(P1(x)−P1(x̄)+κ1dist(x,F))1−α
(g)≤ c̄

(

P1(x)−P1(x̄)+κ2 max
i=1,··· ,m[gi (x)]+

)1−α
, (5.8)

where (a) holds because Argmin F̂ = Argmin F̂η, (b) holds because of (5.3), (5.6)
and the fact that ‖�C∩F (x) − x̄‖ ≤ ‖x − x̄‖ ≤ ε0 ≤ ε (thanks to x̄ ∈ C ∩ F and
the projection mapping being nonexpansive), (c) follows from (5.7) and the fact that
ε0 ≤ ε̄, (d) follows from (5.3) and the facts that dist(x,F) ≤ ‖x − x̄‖ ≤ ε0 ≤ ε < 1
and α ∈ (0, 1), (e) holds with ĉ = max{c, 1}, (f) holds with c̄ = 2α ĉ and κ1 =
L̂ P1κ + κ

1
1−α thanks to the fact that a1−α + b1−α ≤ 2α(a + b)1−α for any a, b ≥ 0

and α ∈ (0, 1), and (g) holds with κ2 = κ1τ/κ thanks to (5.3).
Now, if η ≥ κ2, then, from (5.8), we have that

dist(x,Argmin F̂η)≤ c̄

(

P1(x) − P1(x̄) + η max
i=1,··· ,m[gi (x)]+

)1−α

= c̄(F̂η(x) − F̂η(x̄))1−α.

On the other hand, if κ2 > η > η̄, then, from (5.8), we obtain that

dist(x,Argmin F̂η)≤ c̄

(

P1(x)−P1(x̄)+η̄ max
i=1,··· ,m[gi (x)]++(κ2 − η̄) max

i=1,··· ,m[gi (x)]+
)1−α

(a)≤ c̄

(

κ2 − η̄

η − η̄

)1−α(

P1(x) − P1(x̄) + η̄ max
i=1,··· ,m[gi (x)]+ + (η − η̄) max

i=1,··· ,m[gi (x)]+
)1−α

= c̄

(

κ2 − η̄

η − η̄

)1−α(

F̂η(x) − F̂η(x̄)
)1−α

,
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1212 Y. Zhang et al.

where (a) holds because a + b ≤ 1
ε
(a + εb) for any a ≥ 0, b ≥ 0 and 0 < ε ≤ 1.6

The desired conclusion now follows immediately upon invoking [11, Theorem 5].
��

We next comment on how Theorem 5.1 can be applied to find the KL exponent
of F

θ̂
in Theorem 4.5(iii); specifically, we will comment on the condition η > η̄ in

Theorem 5.1.We first recall the following well-known result concerning exact penalty
parameters.

Lemma 5.2 Consider (5.1) and (5.2). If η̃ > 0 is such thatArgmin F̂̃η ∩Argminx∈C∩F
P1(x) 
= ∅, then Argmin F̂η = Argminx∈C∩F P1(x) whenever η > η̃.

Proof Fix any η > η̃ and let x̂ ∈ Argmin F̂̃η ∩ Argminx∈C∩F P1(x). We first argue
that Argminx∈C∩F P1(x) = Argmin F̂η ∩ F . Indeed, if x̃ ∈ Argminx∈C∩F P1(x),
then x̃ ∈ C ∩ F ⊆ F and hence maxi=1,...,m[gi (x̃)]+ = 0. Moreover, it holds that

F̂η(x̃) = P1(x̃)
(a)= P1(x̂) = F̂̃η(x̂)

(b)≤ F̂̃η(x)
(c)≤ F̂η(x)

for any x ∈ C , where (a) holds because both x̂ and x̃ minimize P1 over C ∩ F , (b)
holds because x̂ also minimizes F̂̃η, and (c) holds because η > η̃. As for the converse
inclusion, let x̃ ∈ Argmin F̂η ∩ F . Then for any x ∈ C ∩ F , we have

P1(x̃) = F̂η(x̃) ≤ F̂η(x) = P1(x),

where the equalities hold because u ∈ F implies maxi=1,...,m[gi (u)]+ = 0. The above
arguments establish Argminx∈C∩F P1(x) = Argmin F̂η ∩ F .

To complete the proof, it now suffices to show that Argmin F̂η ⊆ F . To this end,
let x̃ ∈ Argmin F̂η. Then we have

P1(x̃) + η max
i=1,...,m

[gi (x̃)]+ = F̂η(x̃) ≤ F̂η(x̂) = P1(x̂) + η max
i=1,...,m

[gi (x̂)]+
(a)= P1(x̂) + η̃ max

i=1,...,m
[gi (x̂)]+ = F̂̃η(x̂)

(b)≤ F̂̃η(x̃) = P1(x̃) + η̃ max
i=1,...,m

[gi (x̃)]+,

where (a) holds because x̂ ∈ C ∩ F (hence maxi=1,...,m[gi (x̂)]+ = 0) and (b) holds
because x̂ minimizes F̂̃η. Rearranging terms in the above inequality, we obtain (η −
η̃)maxi=1,...,m[gi (x̃)]+ = 0, which means x̃ ∈ F . ��
Remark 5.2 [On the condition η > η̄ in Theorem5.1]We comment on the applicability
of Theorem 5.1, which only infers the KL exponent of F̂η when η > η̄ for some exact
penalty parameter η̄.

Particularly, we consider (1.1). Suppose that Assumptions 4.3 and 4.4 hold and let
{(xk, θk)} be generated by Algorithm 1. Using Theorem 4.3 (see also Remark 4.3) and

6 We apply this relation to ε := (η − η̄)/(κ2 − η̄) ∈ (0, 1), b := (κ2 − η̄)maxi=1,··· ,m [gi (x)]+ ≥ 0,
and a := P1(x) − P1(x̄) + η̄maxi=1,··· ,m [gi (x)]+, which is nonnegative because η̄ is an exact penalty

parameter, x̄ ∈ Argmin F̂ = Argmin F̂η̄ and x ∈ C .
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the formula for the subdifferential of maxi=1,...,m[gi (·)]+ (see [35, Exercise 8.31]),
we deduce from the definition of Fη in (4.20) that

∅ 
= � ⊆ Argmin F
θ̂

∩ Argmin
x∈C∩F

P1(x). (5.9)

whereC ∩ F is the feasible set of (1.1) and� is the set of accumulation points of {xk}.
Combining (5.9) with Lemma 5.2, we deduce that the set of exact penalty parameters
is nonempty; indeed, it contains the interval (θ̂ ,∞). Hence, if we let η̃ denote the
infimum of the set of exact penalty parameters, then ˆθ ≥η̃.

Now, note that we have θk ≡ θ̂ whenever k ≥ N0 (where N0 is defined in The-
orem 4.2) and θk is nondecreasing. Intuitively, it is likely that the update rule of θk
will result in θ̂ > η̃. In this case, Theorem 5.1 asserts that the KL property required
in Theorem 4.5(iii) can be inferred from that of P1 + δC + δF in (1.1). On the other
hand, in the case θ̂ = η̃, Theorem 5.1 is not applicable for connecting the KL property
of F

θ̂
to that of P1 + δC + δF .

Example 5.1 Suppose that in (5.1), P1 = ‖ · ‖1, C is a polytope containing the origin,
m = 1, and g1 = q1 ◦ A1 for some matrix A1 ∈ R

s1×n and q1 : Rs1 → R taking
one of the following forms with b ∈ R

s1 and σ > 0 chosen so that the origin is not
feasible and that infx∈C g1(x) < 0:

(i) (Basis pursuit denoising [15]) q1(z) = 1
2‖z − b‖2 − σ .

(ii) (Logistic loss [22]) q1(z) =∑s1
i=1 log(1+exp(bi zi ))−σ for some b ∈ {−1, 1}s1 .

Let η̄ be the exact penalty parameter of (5.1). We deduce from [41, Section 5.1] and
Theorem 5.1 that, for any η > η̄, the KL exponent of the corresponding F̂η in (5.2)
(and hence the corresponding Fη in (4.20)) is 1

2 .

6 Numerical experiments

In this section, we perform numerical experiments to illustrate the performance of
Algorithm 1. Particularly, motivated by the use of the difference of �1 and �2 norms
(�1−2), which was first introduced in [19] and further studied in [26, 39] for sparse
signal recovery, we consider the following model for compressed sensing:

min
x∈Rn

‖x‖1 − μ‖x‖
s.t. h(Ax − b) ≤ σ,

(6.1)

where μ ∈ [0, 1), A ∈ R
q×n has full row rank, b ∈ R

q , h : R
q → R+ is an

analytic functionwhose gradient is Lipschitz continuouswithmodulus Lh and satisfies
h(0) = 0, and σ ∈ (0, h(−b)).7

7 On passing, we would like to point out that projecting onto the constraint set of (6.1) is in general not easy,
even though it only involves a single constraint function. For example, when h(·) = 1

2 ‖ · ‖2, the projection
problem becomes a generalized trust region subproblem, for which state-of-the-art solvers would require
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1214 Y. Zhang et al.

Although the feasible region of (6.1) is unbounded and Algorithm 1 cannot be
directly applied to solving (6.1), one can argue as in the discussion following [41,
Eq. (6.2)] that (6.1) is equivalent to the following model:

min
x∈Rn

‖x‖1 − μ‖x‖
s.t. h(Ax − b) ≤ σ,

‖x‖∞ ≤ M,

(6.2)

where M := (1 − μ)−1
(

‖A†b‖1 − μ‖A†b‖
)

.8 Notice that the equivalent problem

(6.2) is a special case of (1.1) with P1(x) = ‖x‖1, P2(x) = μ‖x‖, m = 1, g1(x) =
h(Ax−b)−σ andC = {x : ‖x‖∞ ≤ M}; since A has full row rank and h(0) = 0 < σ ,
we see that A†b ∈ C ∩ {x : g1(x) < 0} 
= ∅.

Next, we will focus on (6.2) and consider two specific choices of h. All numerical
experiments are performed in MATLAB R2022a on a 64-bit PC with an Intel(R)
Core(TM) i7-10710U CPU (@1.10GHz, 1.61GHz) and 16GB of RAM.

6.1 h(·) = 1
2‖ · ‖2

In this subsection, we take h(·) = 1
2‖ · ‖2, then (6.2) becomes

min
x∈Rn

‖x‖1 − μ‖x‖
s.t. 0.5 · ‖Ax − b‖2 ≤ σ,

‖x‖∞ ≤ M .

(6.3)

Notice that h is convex, the Slater condition holds for the feasible region of (6.3), and
the origin is not feasible as σ ∈ (0, 1

2‖b‖2). These together with Remark 4.3 imply that
Assumptions 4.1 and 4.2 hold. Since the H in (4.16) corresponding to (6.3) is clearly
semi-algebraic and hence a KL function, one can then apply Theorem 4.4 with �g = 0
to deduce the convergence of the (whole) sequence {xk} generated by Algorithm 1
with supk βk < 1 for solving (6.3).9

We compare SCPls in [40], ESQMe (Algorithm 1 with {βk} specified below) and
ESQMb (this is a basic version of ESQM obtained by setting βk ≡ 0 in Algorithm 1).
We use the same parameter settings for SCPls in [40], and the initial point of SCPls is

computing the matrix vector products AT u and Av (possibly multiple times); see [1, 24, 27]. As another
example, when h is the Lorentzian norm [16], the constraint set in (6.1) is nonconvex and it is unclear how
the projection onto this set can be computed efficiently.
8 We also recall from [41, Section 6.1] that ‖A†b‖∞ ≤ M by the construction of M .
9 Though we are not considering μ = 0 in our experiments below, we also point out that when μ = 0
in (6.3), thanks to σ ∈ (0, 1

2 ‖b‖2) and the fact that A†b ∈ C ∩ {x : g1(x) < 0}, we can deduce from

Example 5.1 that x → ‖x‖1 + δC (x) + η[g1(x)]+ is a KL function with exponent 1
2 whenever η exceeds

some exact penalty parameter. Therefore, according to Remark 5.2, for the sequence {(xk , θk )} generated
by Algorithm 1, if θ̂ exceeds some exact penalty parameter, then {xk } converges locally linearly thanks to
Theorem 4.5(iii).
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chosen as x0 = A†b. For ESQMb and ESQMe, we take Lg = ‖A‖2, �g = 0, d = 1
and θ0 = 1, and their initial points are chosen as x0 = 0. We terminate all algorithms
when

‖xk+1 − xk‖ < ε · max{1, ‖xk+1‖} (6.4)

for some ε > 0 specified below. The subproblems in these algorithms are solved
according to the procedures described in the appendices of [40] and [41].

We use the same strategy of choosing βk as in the FISTA with fixed and adaptive
restart described in [18]. In more detail, we set the initial values ϑ−1 = ϑ0 = 1 and
define, for k ≥ 0,

βk = ϑk−1 − 1

ϑk
with ϑk+1 =

1 +
√

1 + 4ϑ2
k

2
, (6.5)

and we reset ϑk−1 = ϑk = 1 every K = 200 iterations or when 〈yk−1 − xk, xk −
xk−1〉 > 0. One can show that {βk} generated this way satisfies {βk} ⊆ [0, 1) and
supk βk < 1.

We perform tests on random instances of (6.3). Specifically, we generate an A ∈
R
q×n with independent and identically distributed (i.i.d.) standard Gaussian entries,

and then normalize this matrix so that each column of it has unit norm. Thenwe choose
a subset T of size k uniformly at random from {1, 2, · · · , n} and a k-sparse vector xorig
having i.i.d. standard Gaussian entries on T is generated. We let b = Axorig + 0.01 · n̂
with n̂ being a random vector having i.i.d. standard Gaussian entries, and σ = 0.5σ 2

1
with σ1 = 1.1 · ‖0.01 · n̂‖.

In our numerical tests, we letμ = 0.95 in (6.3) and (q, n, k) = (720i, 2560i, 160i)
with i ∈ {2, 4, 6, 8, 10}. For each i , we generate 20 random instances as described
above. We present the computational results when ε in (6.4) equals 10−4 and 10−6 in
Tables 1 and 2, respectively, averaged over the 20 random instances. Here, we present
the time for computing the QR decomposition of AT (denoted by tQR), the time for
computing ‖A‖2 (denoted by t‖A‖),10 the time for computing x0 = A†b given the
QR factorization of AT (denoted by tA†b),

11 the CPU times of the algorithms,12 the

number of iterations (denoted by Iter), the recovery errors RecErr := ‖x∗−xorig‖
max{1,‖xorig‖} and

the residuals Residual := ‖Ax∗−b‖2−σ 2
1

σ 2
1

, where x∗ is the approximate solution returned

by the respective algorithm.
From Tables 1 and 2, one can see that ESQMe is the fastest algorithm, and the

recovery errors of all three methods are comparable.

10 The ‖A‖2 is computed via the Matlab code norm(A*A’) when p ≤ 2000, and is computed using
eigs(A*A’,1,’LM’) otherwise.
11 Note that A†b is used by SCPls as the initial point and for computing the M in (6.2) for ESQMb and
ESQMe, while ‖A‖ is only used by ESQMb and ESQMe.
12 The CPU times do not include tQR, t‖A‖ and tA†b .
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6.2 When h is the Lorentzian norm

In this subsection, we consider h being the Lorentzian norm [16], which is defined as
follows for any given γ > 0:

‖y‖LL2,γ :=
q
∑

i=1

log

(

1 + y2i
γ 2

)

.

Then, problem (6.2) becomes the following problem:

min
x∈Rn

‖x‖1 − μ‖x‖
s.t. ‖Ax − b‖LL2,γ ≤ σ,

‖x‖∞ ≤ M .

(6.6)

We first argue that Assumption 4.1 holds for (6.6) under our assumptions on A and σ

in (6.2). To this end, let ĥ(y) := ‖y‖LL2,γ − σ for notational simplicity. Then (6.6) is
an instance of (1.1) with g1(x) = ĥ(Ax − b) − σ and C := {x : ‖x‖∞ ≤ M}. Next,
recall that A†b ∈ C by the construction of M . Moreover, observe that for any x ∈ C ,
we have

〈∇g1(x), A
†b − x〉 = 〈AT∇ ĥ(Ax − b), A†b − x〉 = 〈∇ĥ(Ax − b), b − Ax〉

= 2
q
∑

i=1

aTi x − bi

γ 2 + (aTi x − bi )2
· (bi − aTi x) = −2

q
∑

i=1

(aTi x − bi )2

γ 2 + (aTi x − bi )2
, (6.7)

where aTi is the i-th row of A. Now we consider two cases:

• x ∈ C \ F . In this case, suppose that there exist ui , i ∈ I (x), such that (4.5)
holds. Then, in particular, we must have I (x) (defined in Assumption 4.1) being
nonempty, which in turn means I (x) = {1}. In addition, (4.5) together with (6.7)
implies that aTi x = bi for all i . But then g1(x) = ĥ(0) − σ = −σ < 0, contra-
dicting the fact that I (x) = {1}.

• x ∈ C∩F . In this case, we claim that g1(x)+〈∇g1(x), A†b−x〉 < 0. Suppose to
the contrary that g1(x)+〈∇g1(x), A†b−x〉 = 0. Then using x ∈ F and (6.7), we
deduce that g1(x) = 〈∇g1(x), A†b − x〉 = 0. The second equality together with
(6.7) implies that aTi x = bi for all i . But then we deduce from this and g1(x) = 0
that

0 = g1(x) = ĥ(0) − σ = −σ < 0,

which is a contradiction. Thus, we have shown that RCQ(x) holds and one can
actually choose y = A†b there.

Consequently, Assumption 4.1 holds.

123



An extended sequential quadratic method... 1219

Next, observe that the ĥ has Lipschitz continuous gradient with modulus 2
γ 2 . The

following proposition shows that ĥ can be represented as the difference of two convex
functions ĥ1 and ĥ2 with Lipschitz continuous gradients, and the Lipschitz continuity
modulus of ∇ĥ1 is 2

γ 2 while that of ∇ ĥ2 is 1
4γ 2 .

Proposition 6.1 Let ĥ(y) := ‖y‖LL2,γ − σ . Then there exist two convex functions ĥ1
and ĥ2 with Lipschitz continuous gradients such that ĥ(y) = ĥ1(y) − ĥ2(y) and the
Lipschitz continuity modulus of ∇ĥ1 is

2
γ 2 while that of ∇ĥ2 is

1
4γ 2 .

Proof First, notice that

d2

dt2
log(1 + t2) = 2(1 − t2)

(1 + t2)2
=
[

2(1 − t2)

(1 + t2)2

]

+
−
[

2(1 − t2)

(1 + t2)2

]

−
,

where s+ := max{s, 0} ≥ 0 and s− := −min{s, 0} ≥ 0 for any s ∈ R. Now, define,
for each t ∈ R,

r1(t) =
∫ t

0
(t − s)

[

2(1 − s2)

(1 + s2)2

]

+
ds and r2(t) =

∫ t

0
(t − s)

[

2(1 − s2)

(1 + s2)2

]

−
ds.

Then r ′′
1 (t) =

[

2(1−t2)
(1+t2)2

]

+ and r ′′
2 (t) =

[

2(1−t2)
(1+t2)2

]

−, showing that r1 and r2 are convex.
Moreover, one can observe that r1(0) = r2(0) = r ′

1(0) = r ′
2(0) = 0, and a direct

computation shows that log(1+t2) = r1(t)−r2(t), supt |r ′′
1 (t)| = 2 and supt |r ′′

2 (t)| =
1
4 . Taking

ĥ1(y) =
m
∑

i=1

r1(yi/γ ) − σ, and ĥ2(y) =
m
∑

i=1

r2(yi/γ ),

one can see that ĥ1 and ĥ2 are two convex functions with Lipschitz continuous gra-
dients, and ĥ(y) = ĥ1(y) − ĥ2(y). Furthermore, the Lipschitz continuity modulus of
∇ĥ1 and ∇ĥ2 are 2

γ 2 and 1
4γ 2 , respectively. ��

Recall that the origin is not feasible for (6.6) under our assumptions on A and σ in
(6.2). In view of this, the above discussions, and the observation that the H in (4.16)
corresponding to (6.3) is a subanalytic function that is continuous on its closed domain
(and hence a KL function in view of [9, Theorem 3.1]), one can apply Theorem 4.4

with Lg = 2‖A‖2
γ 2 and �g = ‖A‖2

4γ 2 to deduce the convergence of the {xk} generated by

Algorithm 1 with supk βk <

√

Lg
Lg+�g

=
√

8
9 for solving (6.6).

As in the previous subsection, we compare SCPls, ESQMb and ESQMe. For SCPls,
we use the same parameter settings in [40], and initialize it at x0 = A†b. For ESQMb

and ESQMe, we take Lg = 2‖A‖2
γ 2 , �g = ‖A‖2

4γ 2 , d = γ 2

150‖A‖2 and θ0 = 1.1γ , and

they are initialized at x0 = 0. We terminate all algorithms when (6.4) holds for some
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ε > 0 specified below. Furthermore, the subproblems in these algorithms are solved
according to the procedures described in the appendices of [40] and [41].

We also choose {βk} as described in (6.5) but we set the fixed restart frequency

as K = 48. This parameter will ensure that {βk} satisfies {βk} ⊆
[

0,
√

Lg
Lg+�g

)

and

supk βk <

√

Lg
Lg+�g

.
We perform tests on random instances of (6.3). As in the previous section, we

generate an A ∈ R
q×n with i.i.d. standard Gaussian entries, and then normalize its

columns. We then choose a subset T of size k uniformly at random from {1, 2, · · · , n}
and generate a k-sparse vector xorig with i.i.d. standard Gaussian entries on T . We
let b = Axorig + 0.01 · n̄ with n̄i ∼ Cauchy(0, 1), specifically, we generate n̄i as
tan(π(ñi − 1

2 )) with ñ being a random vector with i.i.d. entries uniformly chosen in
[0, 1]. We then set σ = 1.05 · ‖0.01 · n̄‖LL2,γ with γ = 0.08.

In our numerical tests, we let μ = 0.95 in (6.6) and (q, n, k) = (720i, 2560i, 80i)
with i ∈ {2, 4, 6, 8, 10}. For each i , we generate 20 random instances as described
above. The computational results for ε in (6.4) being 10−4 and 10−6 are respectively
presented in Tables 3 and 4, averaged over the 20 random instances. As before, we
present the time for computing the QR decomposition of AT (denoted by tQR), the
time for computing ‖A‖2 (denoted by t‖A‖), the time for computing x0 = A†b given
the QR factorization of AT (denoted by tA†b), the CPU times of the algorithms,13 the

number of iterations (denoted by Iter), the recovery errors RecErr := ‖x∗−xorig‖
max{1,‖xorig‖}

and the residuals Residual := ‖Ax∗−b‖LL2,γ −σ

σ
, where x∗ is the approximate solution

returned by the respective algorithm.
From Tables 3 and 4, we observe a similar pattern as shown in Tables 1 and 2,

i.e., ESQMe is the fastest algorithm, and the recovery errors of all three methods are
comparable.

7 Concluding remarks

In this paper, we developed a variant of the extended sequential quadratic method
(ESQM) in [4] for (1.1), which we call ESQM with extrapolation (ESQMe), that
incorporates Nesterov’s extrapolation techniques for empirical acceleration.We estab-
lished subsequential convergence and global convergence of thewhole sequence under
suitable assumptions. Our numerical experiments indicated that the extrapolation tech-
niques are empirically effective in accelerating the convergence.

We concludewith several interesting future research directions. First of all, through-
out the paper, we assumed that the setC in (1.1) is compact.While such an assumption
is convenient for guaranteeing the boundedness of the sequence {xk} generated by our
algorithm, it is conceivable that one may replace it with weaker assumptions such as
the coercivity of P + δC . In addition, it is also interesting to consider the case when
C = R

n in (1.1) and P1 is a proper closed convex function with dom P1 being a proper

13 The CPU times do not include tQR, t‖A‖ and tA†b .
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subset of Rn : this will necessitate the development of a variant of Assumption 4.1.
These are several avenues for future research.
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