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Abstract

This article provides a scaling limit for a family of skew interacting Brownian motions in the

context of mesoscopic interface models. Let M,d € N, yi,...,yy € R, f € Cp,(R).

For N € N we consider a ky-dimensional, skew reflecting distorted Brownian motion
(X[N”),-zl ,,,,, ky> t = 0, and investigate its scaling limit for N — oo. The drift includes
skew reflections at height levels y; := Nl’%yj with intensities ﬂj/Nd forj=1,..., M.
The corresponding SDE is given by

dx\" = —(AyxM), dr — %N‘Z_l FINE XN dr

—Bj/N Niﬁ- i

l—e LYj N,i

Z B INT dl; +dB .
I4+e "/

where (Btlv”)t>0, i = 1,...,ky, are independent Brownian motions, Ay € Rknxky ig

. .. . N,i,y; . i ~
symmetric positive definite and [, Y7 denotes the local time of (X ,N ”)t>0 at y;. We prove
the weak convergence of the equilibrium laws of

udM =AyoxV,, >0,

N2t

for N — o0, choosing suitable injective, linear maps Ay : RV — {h|h: RY> D — R},
where D is an open domain. The scaling limit is a distorted Ornstein—Uhlenbeck process
whose state space is the Hilbert space H = L*(D, dz). We characterize a class of height
maps, such that the scaling limit of the dynamic is not influenced by the particular choice of
(AN)pNen Within that class.
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1 Introduction

The reaction-diffusion stochastic partial differential equation of the form

W = Ltgw e, =0 (1.1)
— =—-Au—-g'(u , t>0, .
o1 28

over the spatial domain D = (0, 1) with Dirichlet boundary conditions has been analysed in
[4]. There, the equation is suggested as a model for the random fluctuations of an effective
physical interface at a mesoscopic level. Above, W(t, z), t > 0, z € D, denotes space-time

white-noise and — A is the second-order differential operator % 38—22 .Equation 1.1 is an informal
equation, since g : R — R is merely a function of bounded variation and not necessarily
differentiable or continuous. However, g’(1) can be made sense of as a continuous additive
functional of the solution u.

This article covers some relevant topics for scaling limits related to Eq. 1.1. In a more
general fashion, we consider a spatial domain D which is a bounded, open domain of R¥
with d € N and A denotes any self-adjoint operator on H := L*(D, dz) such that %A’l
is the covariance operator of a Gaussian measure on H. For such g, A and domain D
we consider Eq. 1.1 as an informal equation modelling a mesoscopic dynamic interface.
As a standard example in this text, we take D = (0, 1)2 and set A = —A + A? with
operator domain H +2(D)n Hg ’2(D), resulting in the Gaussian measure for a semiflexible
polymer model, such as considered in Cipriani et al. [6]. For N € N we construct a system
of ky interacting skew Brownian motions. Their equilibrium laws converge weakly to the
stationary solution of the reaction-diffusion Eq. 1.1 under a scaling limit for N — oo. The
identification of a diffusion process on R¥¥ with a process on H is done via suitable height
maps Ay : R® — H, N e N. Different choices for the sequence (Ay)yecy, such as
piecewise constant interpolation or piecewise linear, continuous interpolation might serve
for that purpose. We show the invariance of the scaling limit for a general class of height
maps which includes the two mentioned types of interpolations.

The approximation of an infinite dimensional random variable or an infinite dimensional
diffusion process by the corresponding discretized objects is an essential aspect of an interface
model in statistical mechanics. It captures the transition from a microscopic perspective to a
macro- or mesoscopic point of view. In this article, a discretization of D is considered. We
denote by D the topological closure of D. For each N € N a finite set of grid points G y is
selected as a subset of the lattice with Gy € ND N 74 and a bijection Iy : {1, ..., kn} —
Gn, ky = |Gy, is fixed. By interpolating between the nodes %GN :={zeD|Nze Gy}
we can identify a finite family of real random variables X Noi“or a family of real-valued
diffusion processes (X ,N ”)t>0, over the index seti € {1, ...ky} with an H-valued random
variable, or a diffusion on H. Like this, a stochastic model for the phenomenons of a (d 4+ 1)-
dimensional physical interface can be defined. The interface’s height at a node z such that
Nz = Iy(i) forsome i € {1, ..., ky} is given by XV-/, respectively (X,N")t>0. For each
N e N the interface at this scale is thoroughly determined by its height values on the set of
nodes z € %G N-

In this frame, the main interests of this survey are:

o Can we approximate a diffusion, informally given by Eq. 1.1, with a sequence of process
{XtN” eR|i=1,...,ky,t > 0}, which we identify with a sequence of diffusion
processes on H via the height maps (A )y, if we let N — 00?

e Does a change of the interpolation method affect the asymptotic behaviour for N — oo
of this stochastic interface model?
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Mosco convergence of gradient forms. ..

The relevant asymptotic statement, to which both questions refer, is the weak measure con-
vergence of equilibrium fluctuations. In the article, for technical reasons, the second problem
has to be covered first. In the first part of this survey, we address the imminent question,
to what extent the height map influences the scaling limit. We give an answer under the
assumption that

k
v . = . ky
Anx(z):=N2""Y "x E(Nz— Ix(i)), xeR%, zeD, (1.2)
i=1
where E : RY — [0, 1]is independentof N and Iy : {1, ..., ky} — NDNz4 is a bijection

identifying the index of a microscopic component with a lattice point within N D. As it
turns out, the choice of the function E is irrelevant to the scaling limit, as long as it meets
some basic and plausible assumptions. This result is obtained for a static random interface
at first and then generalized to the dynamic case. The second part of the article is dedicated
to characterize the asymptotic distribution of (u ;V )i=0 for N — oo. The main result proves
the weak convergence of equilibrium laws. It is based on the recent progress in Grothaus and
Wittmann [15] on the topic of Mosco—Kuwae—Shioya convergence of gradient forms with
non-convex potentials.

The two most common interpolation methods to encounter in this context are either a
piecewise constant interpolation from RV into H or a piecewise linear interpolation from
RN into the continuous functions C (D) C H. Usually in concrete examples (e.g. in [4, 6,
8, 9, 28]), one of those two methods is fixed. However, it would be desirable to be able to
transfer a convergence result, which is proven for one method, to the other without doing
extra calculations. In this article, we give the abstract arguments why this is possible. The
interpolation methods taken into account are of the following general type. Let N € N.
Considering a static model at first, the starting point is a random vector with values in R¥V .
So, we want to define the height map A as a continuous linear operator from R¥¥ into H.
To this end, each indexi = 1, ..., ky is spatially associated with the node %IN (i) € D. We
want to assume spatial homogeneity, i.e. the image set of the unit vectors {e; | i =1, ...ky}
under A y is a set of shifted versions of one and the same archetype function E : RY — [0, 1],
rescaled by a factor ¢ . This motivates the definition

kn
Anx(z):=cy Y x B(Nz—In(@), z€D, x e R, (1.3)

i=1

The factor cy rescales the interface’s amplitude, or height. In this text, the choice is always

cy =N §-1 . This is merely a convention. However, the choice seems natural. As an example,
we consider the one-dimensional Vg interface model with D = (0, 1) and Gy = {1, ..., N}.
Ifweset X0 := 0 and define a family of real random variables { X N.iy overtheindexi € G y
such that the law of

(XN,i _ XN,i—]) c RV+!

i=l,....,N+1

is the (N + 1)-dimensional standard normal distribution, then the scaling limit under A y is
the standard Brownian motion on [0, 1]. More precisely, let

YV = xNlep ... 4 XN Ney,
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and

N
in 1-1,00(Nz — i)

i=1

1
ANX(Z)::ﬁ
1 N
=— ) xlii i), z€(0,1), xR,
7 ol

Then, the law of (Ay o Y'V) Nen converges towards the law of a Brownian motion on [0, 1],
in the sense of weak measure convergence on H = L2((0, 1), dz). The particular choice
of E in Eq. 1.3 is irrelevant to the question of existence of a scaling limit in the sense of
weak measure convergence on H. This invariance principle is proven in Theorem 2.8 for the
general setting in which D is a bounded open domain of R? and E : R — [0, 1] meets the
properties specified in Condition 2.1. A similar statement holds for the dynamic case and is
stated in Theorem 3.5.

To motivate the first question posed above, we recall the stochastic partial differential
equation, discussed in [4]. Let g : R — R be a function of bounded variation and BB
denote the law of a Brownian bridge between 0 and O on the interval [0, 1]. In [4], the reader
finds a definition of the weak solution for

u 1% 1 [ 9, .
= > | =2l g(da) + W,

ot 2022 2 Jgoz
u(@,0)=u(,1)=0,
u(0,z) = uo(z), ze€l[0,1], (1.4)

a
where (lst)tz(),ze[O,l

process (u(t,7));>0,re0.1] and W(t, 2),t > 0, z € [0, 1], denotes space-time white-noise.
Then, the authors construct a weak solution via Dirichlet form techniques. The invariant
measure m of Eq. 1.4 is the probability on H whose Radon-Nikodym derivative w.r.t. 1B is
proportional to the density exp(— f(o,l) g ohdz), h € H. The Dirichlet form of the Markov
process from [4] solving Eq. 1.4 is given by

! is the family of local times at @ € R accumulated over [0, z] by the

1
E(u,v) = 5/ (Vu, Vo) dm, u,v e D),
H

on L2(H ,m). Here, V denotes the weak gradient in the Gaussian Sobolev space
W12(H, uBB), which coincides with the domain D(), as the density dm/ duB® is bounded
from below and above by positive constants. The stationary law of the diffusion process asso-
ciated to £ can be identified with the scaling limit of a system of interacting skew Brownian
motions. As usual, we use the index N to indicate the level of scaling. For each N € N we
define a probability measure on RY by

N
dma, (x) == Z—lNexp ( —xTAyx — %Zg(N’fxi)) dx, (1.5)

i=1

1
ZyN = /RN exp ( —xTANx - N Zg(N_%xi)) dx,

i=1
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Mosco convergence of gradient forms. ..

which has the symmetric, positive operator Ay : RN — R as a parameter. The Gaussian
measure on R" with density proportional to exp(—xT Ay x) is denoted by 14 , . The stationary
law of the Markov process on RY associated to the Dirichlet form

N
1 du v
gN , J— d s (S D £N . 16
(u, v) zgfmax,ax may (), u,veDEY) (1.6)
on L2(RN  my ) 18 the natural candidate to yield a finite-dimensional approximation for the
solution of Eq. 1.4. The Domain D(£V) of Eq. 1.6 coincides with the Gaussian Sobolev space
WE2(RN, 1a,). We denote the components of that process by (X,N”)lzo, i=1,...,N.
Given a decomposition

M
g0 =20 + Y Bilooy (). yEeER,
j=1

forsome M € N, B;,y; e Rforj=1,...,M and g9 € Cbl(]R), the processes (XtN")tzo
satisfy the system of stochastic differential equations

dx = —(Ayx]"), dr - %N_% go(xV1/V/N)dt

1 —e Pi/N Ntyj N.i .
+Zl+e g d +dBM, 1>0,i=1,....N, (17

. i . . . N,i,j; .
in the weak sense, where (B,N ! );~0» denote independent Brownian motions and /, "~ s the

local time of (X,N'i)tzo aty; 1= \/ﬁyj.
A result related to the mesoscopic scaling limit of Eq. 1.7 is provided in [4]. It refers to
the subsequence N = 2! 1 eN,and a particular choice for Ay. Let

N

Ty : Hahr—>NZ<[

Jh) Tricq g
DU RIS

S

%,
be the orthogonal projection and
LN
Ay:RV3x> N2 inl[g )
i=1 N

the piecewise constant interpolating height map. If Ay : RN — R" in Eq. 1.5 is the positive,
symmetric operator such that

1B o (Ay! o Ty) ™" ocexp(—xTAyx) dx, (1.8)
then the laws of
LN
N ._ N, _ — N,i
uy = ANXNZI =N"2 E XNZtl[ ; ,ﬁ), t>0,

i=1

converges weakly for N = 2! —l> 00, as a sequence of measures on C ([0, 00), H~ 120, 1)).
Its limit is a diffusion process with state space C ([0, 1]) and a stationary solution of Eq. 1.4.
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This statement corresponds to [4, Lem. 5.8]. The authors argue via Mosco convergence of
Dirichlet forms ([4, Thm. 5.6]) in the framework of Kuwae—Shioya (see [18, 20]).

The portrayed example of a scaling limit is significantly extended in this article. The
spatial dimension of the mesoscopic interface model is now given by d € N, replacing (0, 1)
with a general open, bounded domain D C R¢. We derive the scaling limit for N — oo of a
kn-sized family of interacting skew Brownian motions (X y=0-i =1,..., N. Analogous

as in the example above, we consider the stationary process (X ,N " )t>0 associated to the
gradient-type Dirichlet form on L2(R*¥ | m ), where now

kn
1 1
dma, (x) == Zn exp ( —xTAnx — i Zg(N%’lx,-)) dx,

d
ZN = ex (—xTA X — — N2 1y ) s 1.9
N /R p N Z (1.9)

with a symmetric positive operator Ay : R*¥ — R¥ and a function of bounded variation
g :R — R.Eachindex i € {1, ..., ky} corresponds to a grid point p; € ND N Z%. From
now on, we write m y instead of m - For a height map of the type Eq. 1.3, the weak measure
convergence of the law of the H-valued process

= ANXN2t

d
N%™ IZXJAV’! BN - —pi). 120,

for N — oo is shown. This holds indifferently from the choice of E. Moreover, in our model,
the sequence (An)yen is not pre-defined through the limiting Gaussian, as it is in Eq. 1.8.
The only assumption is the existence of a Gaussian measure p such that p 4, o A;,] = U
in the sense of weak measure convergence on H, where as above py denotes the Gaussian
on RY such that iy o exp(—xTAyx)dx. A suitable state space for the convergence of the
equilibrium laws of (ufv );>0 for N — o0 is the dual Hj of a densely included separable
Hilbert space Hp in the Gelfand triple Hy C H C H{, assuming the inclusion is a Hilbert—
Schmidt operator. For the limiting process an infinite-dimensional version of the Fukushima
decomposition is available due to [23].

The outline of this article is as follows. Section 2 deals with a static interface model over a
bounded, open domain D C R?, d € N. We fix Borel probability measures, my on RV for
N e N,andm on H = L%(D, dz). The measure m y represents the law of a |k |-sized family
of real random variables. The asymptotic element m represents the law of a static random
interface over D in the (d + 1)-dimensional space, which takes values in H. Theorem 2.8
provides a perturbation result for the height map Eq. 1.3 regarding the asymptotic behaviour
of the sequence (my)ycn. The validity of my o A;l => m (in the sense of weak measure
convergence on H) is not affected by a swap of E in Eq. 1.3, as long as the function E meets
certain criteria, specified in Condition 2.1. Lemma 2.4, Proposition 2.7 and Theorem 2.8 are
taken from [26]. Their proofs have been slightly revised for better readability. The examples
in Section 2 treat the wetting model of [9] and the polymer model in [6]. In each of those
two cases the asymptotic equivalence of piecewise linear, continuously interpolating height
maps and piecewise constant interpolating height maps is established.

Section 3 starts in the setting of the preceding section. A dynamic analogue of Theo-
rem 2.8 is derived, together with a tightness result in the context of Dirichlet forms. Then,
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Mosco convergence of gradient forms. ..

the Fukushima decomposition for the diffusion processes which are relevant to the topic of
microscopic interface models is stated. For the mesoscopic scaling limit of such processes
an infinite-dimensional version of the Fukushima decomposition by Réckner-Zhu-Zhu is
provided. At first, we assume that a symmetric, regular, local and conservative Dirichlet
form N on L>(R*V  my) with Carré-du-Champs operator 'y is given. For the tightness
result, we require each linear functional / : R¥¥ — R to be a member of D(£) and uniform
bounds for I'y(/, /) in terms of the Lipschitz constant of / (see Eq. 3.1), independent from
N. We consider a separable Hilbert space Hy, densely included in H, such that the inclusion
Ho — H has a finite Hilbert—Schmidt norm. Via the Gelfand triple

HyC H=H'C H}

we obtain a suitable state space H| for the tightness result. We look at the image measure
Py of the equilibrium law of the diffusion process (X tN );>0 associated to &N under the
time-scaled, H-valued process
ul ==AyoXpy,. t=0.

Proposition 3.4 states the tightness of (P ) y iy as a family of probabilities on C ([0, 00), Hy),
provided the tightness of the invariant measures. We consider another height map A y, which
is equivalent to Ay in the sense that it is also built on Condition 2.1, and define Py as the
equilibrium law under

N ._ X N
U, ':ANOXNzt’ t > 0.

Then, the weak measure convergence of (1@7\/) ~en and that of (Py) yen on C ([0, 00), Hy) are
two equivalent statements. This is shown in Corollary 3.5, a dynamic version of Theorem 2.8.
The Fukushima decomposition for (X ,N )= 18 stated for the case, where my = m 4, is of the
type Eq. 1.9 and £V is the standard gradient form with that reference measure. The process
is a system of skew interacting Brownian motions. The infinite-dimensional analogue is a
Rockner—Zhu—Zhu decomposition for the diffusion associated to the gradient from on H
with a perturbed Gaussian as a reference measure. The perturbing density is proportional to
exp(— [ p&ohdz), h € H.ltis the potential of the non-linear drift term in the reaction-
diffusion Eq. 1.1. Section 3 closes with an observation preparing the subsequent and final
Section 4. The weak convergence of the equilibrium laws (Py)ycn is equivalent to the
Mosco—Kuwae—Shioya convergence of the image forms of N2V under the map Ay. By
virtue of the above mentioned Corollary 3.5, we may w.l.o.g. assume E = 1;_; o)a. In this
case, the image form of N2£N under A y is again a standard gradient form. Its state space is
Im(Ay) C H and the reference measure is my o A&l.

Section 4 deals with Mosco—Kuwae—Shioya convergence of gradient forms on H. To
provide the desired result for the perturbed Gaussian models considered above, we apply
the more abstract criterion for Mosco convergence, developed in [15]. The main results are
stated in Theorem 4.10 and Corollary 4.11.

The most important results of this article are:

o Letmy on R N e N, and m on H = L%(D, dz) be Borel probability measures. We
give a family A of functions RY — [0, 1] from which to choose E in Eq. 1.3. Then,
either the asymptotic statement of

N—oo

lim / f(ANx)mN(dx):/ fdm forall f € Cp(H) (1.10)
R¢N H

holds true for every choice E € A, orthereisno E € Aatall to choose in Eq. 1.3 in order
to obtain Eq. 1.10. The family A is general enough to accommodate the most relevant

@ Springer



M. Grothaus, S. Wittmann

choices for E. So, as a consequence of this result (see Theorem 2.8), it is irrelevant to the
validity of Eq. 1.10, whether one chooses piecewise linear, continuously interpolating
height maps, or piecewise constant interpolating height maps (see Examples 2.2,2.5, 2.6
and 2.9). The family A comprises all functions specified in Condition 2.1.

e Let 1« be a non-degenerate centered Gaussian measure on H and p y be a non-degenerate
centered Gaussian measure on R¥V such that py o A;,l converges to u for N — oo,
in the sense of weak measure convergence on H. Further, given functions of bounded
variation g, gy : R — R, N € N, we set

1
p:Hahne—exp(/gohdz), Z::fexp(/gohdz)du(h)
z D H D

kn
1 1 d_
on R 5 x> Z—Nexp(m ZgN(Ni lx,-))a

i=1

and

kn
1 d_q
Zy = /]szv exp (W ;gN(NZ Xi)) dpp (x).

We assume that (gn)yen 1S an approximation for g in a generalized sense of local
uniform convergence (as defined in Section 4). Now, we consider the distorted Ornstein—
Uhlenbeck process (X;),>o on H whose Dirichlet form is the standard gradient form
with reference measure pu (as defined in Remark 3.8) on the one hand. On the other
hand, we look at the skew reflecting distorted Brownian motion (X ,N )zzo on RN whose
Dirichlet form is the Euclidean standard gradient form with reference measure py @y
(as defined in 3.9). Then, the equilibrium laws of the latter process under the scaling
AyoXN,. t>0,

weakly converge towards the equilibrium law of (X;);>9 as N — oo (see Corollary
4.11).

2 The Static Model and the Height Map Ay

Let d € N and D be a bounded, open domain of R? with topological closure D. 5, (D)
denotes the bounded, measurable functions from D to R. We assume that for N € N we
are given a set of grid points Gy C ND N Z¢ and an injective linear map Ay from RIO¥!
to By (D). Intuitively, Ay, which is called the height map, associates a microscopic state
x € RIGNI with a physical interface in the (d + 1)-dimensional space, the graph of A yx.
It is defined over the domain D. In this text, a microscopic state is usually denoted with
the variable x, while the variable z is usually used to represent a point in the domain of the
interface, i.e. a point in D. We denote the Lebesgue measures in the corresponding dimension
by dx, respectively dz. Moreover, we set H := L?(D, dz) with its inner product (-, -). Cp(H)
denotes the space of bounded, continuous functions from H to R.

In this section, we fix Borel probability measures, my on RIS~ for N € N, and m on
H. Then we discuss an asymptotic stability property for the sequence (my)ycn. We ask
whether the weak measure convergence,

lim / f(Anx)my(dx) =/ fdm for f € Cp(H), (2.1)
N—oo JRIGNI H
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is preserved under a slight modification of the height map Ay, while (my)ycy and m are
fixed. This question is tackled under the additional assumption that the height map Ay is of

a particular type. We assume that a bijection {1, ..., |Gxy|} = Gy, i — p;, is given such
that
.l
Ayx()=N?""> x5 B(Nz—p;), xeRY, zeD, (2.2)

i=1

for some measurable function E : RY — [0, 1], which is independent of the parameter N.

The scaling factor of N -1 is merely a convention, as any re-scaling of the height maps Eq.
2.2 could simply be absorbed by considering the accordingly re-defined measures (7 ) yen
in Eq. 2.1.

As an answer to the stability question raised above, we can explicitly give a set A of
functions R? — [0, 1] such that, either Eq. 2.1 holds for every choice E € A in Eq. 2.2, or
there is no E € A at all to choose in Eq. 2.2 in order to obtain Eq. 2.1. As an consequence of
this section’s main result, Theorem 2.8, it is irrelevant to the validity of Eq. 2.1 whether one
chooses linearly interpolating height maps, or piecewise constant interpolating height maps
(see Examples 2.2, 2.5, 2.6 and 2.9). A is the set of all functions specified by the following
condition.

Condition 2.1 E : R? — [0, 1] is measurable with the following properties:

(i) E vanishes outside the centered d-cube with side-length 2, i.e. supp[E] € [—1, 114.
(ii) The integral [, E(z) dz equals 1.
(iii) The family {E(- — k) | k € 74y, containing all shifts of E by lattice points, form a
partition of unity, i.e.

Y Ez-k=1 zeR%
keZd

1
(iv) The strict inequality / E(z)2 dz > 5 holds true.
R4

One obvious choice for E to meet the criteria of Condition 2.1 is the indicator function
1._ 11y of a semi-open cube with side-length 1. Alternatively, the tent function can provide

a legitimate choice for E. We discuss it for the cases d = 1 and d = 2 in the proceeding
examples. For an arbitrary index set / and functions f; : R — R, i € I, let

(fi A f)(2) :=min{f;(2), fj(2)},
(A f)@:=inflfi@li e

iel

for z € RY. The positive part z — max({0, f(z)}) of a function f : R? — R is denoted
by f*. Moreover, 7; : RY — R denotes the projection onto the i-th coordinate for i €
{1,....d}.

Example 2.2 THE TENT FUNCTION

(1) Letd =1 and ‘id’ be the identity on R. The continuous, piecewise linear function

E:= ((1+id) A (1 —id)" 2.3)
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meets the criteria of Condition 2.1, as easily verified. To check the fourth criterion, for
example, we calculate

— 2 0 2 ! 2 1 1 2
E(z)*dz= | (I1+2)°dz+ | I—-2)dz==+=-== >
R ~1 0 3 3 3

(i1)) Now we consider the case d = 2. The continuous function

0| —

ol
I

:—[ A\ ((+m _”j)/\(1+77i)/\(1—7Ti))]+ 2.4)

ijell,2)

meets the criteria of Condition 2.1. E is the function which results from taking the
minimum over a family of six affine linear functions,

[ 14w —m, 14w, 1—m,
l4+m—m, 14+m, 1-m },

and then take its positive part. Simply comparing the values of those six affine linear
functions, we get

1—2z; if0<z<z1 <1,

1—2 if0<z1 <z22<1,

I+z1—22 if =1 <z2—-1<2z1 <0,
E(z)=131+2z if —1<z1<2 <0, (2.5)

1+2 if —1<z<2z1<0,

I+z—21 if =1 <z1-1=<2 <0,

0 else.

The fourth criterion of Condition 2.1 can be checked with elementary calculations. It
holds

L rzi 1 1
/ (1 _ﬂl)z(Z)dZZ/ / a _Zl)deZdZIZ/ a(l—z1)*dz =—
{0<my<m <1} 0o Jo 0 12

and

1 0
/ (1+7T2—7T1)2(Z)dZ=/ / (14 22 — z1)? dza dz;
{—1<m—1<m <0} 0 z1—1

1
3, 3, 3 5 5

= —_— — —_— 7d = —.
/(; 221+2z1 211—1—6 a=z

For reasons of symmetry it holds

1
— =/ (1 —m1)?(z) dz =/ (1 —m)%(z) dz
12 (0<my <7 <1} {(0<m <ma<1}

= f (1 +m)%(z)dz = / (A +71)%(z) dz
{—1<m<m <0} {—1<m <m<0}

and also
S PR _ I

= (I4+m—m)*(z)dz = (I+7m —m2)7(2) dz.
24 (—1<m|—1<m <0} (—1<m—1<m <0}
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Mosco convergence of gradient forms. ..

Hence, from Eq. 2.5 it follows

1 5 3 1
— 2
Bz dz=4- —+2- > =>> -
/Rd (2)" dz nt uT173

as desired. A more extensive analysis of the tent function can be found in [15] and [26].
In both of these references, a general dimension d € N is considered, complementing
the definitions of Egs. 2.4 and 2.3 with

+
= [ N (+m—aprd+mad —ni))]
ijell,...d}
for a case d > 2. For the d-dimensional tent function, where d € N, items (i) to (iii) of

Condition 2.1 are proven in [15, Sect. 2.1], respectively [26, Sect. 3.1.1].

Before turning back to the general case, another remark about the interpolating property
of the tent function is inserted, which is exploited later on, in Examples 2.5 & 2.6. For the
abstract results of this section, Remark 2.3 does not play any role. The reader who is just
interested in the main results of Section 2, Proposition 2.7 and Theorem 2.8, may skip it.

Remark 2.3 (i) We consider the one-dimensional tent function of Example 2.2 (i). For any
given sequence of values (Ag)rcz € RZ, the function

RBZHZAkE(z—k) (2.6)
keZ

is the unique element of the space of piecewise linear, continuous functions
{ f e C(R) ‘ for each k € Z there is an affine linear function
ar : R — Rwithay(z) = f(z) forz € [k, k + 1)}

which interpolates the sample {(k, Ax) | K € Z}. So, Eq. 2.6 has the alternative repre-
sentation

DS MEC—0 =Y @+ @Bl = 20). @)

keZ keZ

(ii) For the two-dimensional case, an analogous representation as in Eq. 2.7 can be derived,
which displays the connection between the tent function and piecewise linear interpo-
lation. The semi-open unit square [0, 1)2 is the disjoint union of two triangles T1,0 and
T>.0, where

Ti o ::{ZER2|O§Z2<Z1 <1} and Thpo ::{ZER2|OSZ1 <z <1}
Shifting those triangles results in a partition of R? through the family of disjoint sets
Tix={k+zlz€Tio), i=12 keZ”

The representation of the two-dimensional tent function from Eq. 2.5 shows that the
function E considered in Example 2.2 (ii) is a member of the linear space

0= { feC®? ‘for each i € (1,2} and k € Z? there is an affine linear function

aix : R? - Rwitha; x(z) = f(z) forz € Ti,k}~
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The same applies to all shifted functions E(- — k), k € Z?, of course. Let (Ak)gcz2 €
RZ . Since E(1— k) = 8,k for I, k € Z2, the function

R?> 7> Zxk E(z — k) (2.8)
keZ?

is an element in Q which interpolates the sample {(k, k) | k € Z2}. 1t is the unique
element of Q with that property, as every affine linear function is uniquely determined
by its values on the corner points of a triangle in the two-dimensional plane. Denoting
the unit vectors of R2 by e, ey, the corner points of 77 x are k, k + e, k + e; + e,
while the corner points of 7> x are k, k + e, k 4 e; + e, for every k € Z2. This
argumentation shows that the map of Eq. 2.8 has the following representation, which
reflects its interpolating property:

> EG-K

keZ?
= 3 1, @) (e 71 = K)oy — 1) + 722 — K) Gukcter s — ke
keZ?
173, (2 (b + 122 = ) Grcrer = 10+ 712 = ) ey e — )

(2.9)

This implies the interpolating property of the map Eq. 2.2 if d = 2 and E is chosen as
the tent function Eq. 2.4.

On the Hilbert space 12(Z4) of all square-summable, multi-indexed sequences (Ak)yczd
€ ]RZd the infinite (multi-indexed) matrix

Ak,.:zf Ez—K E(—Ddz, kl1ez’
]Rd

corresponds to a symmetric linear operator A. The lower estimate in Proposition 2.7 below is
based on the existence of an upper bound for the operator norm of A~!. Item (iv) of Condition
2.1 is a sufficient criterion for A~! to be a bounded linear operator on / 2(Z%), as the next
lemma shows.

Lemma 2.4 Let (Ak)gezd € RZ’ such that {k € Z¢ | ax # O} is a finite set and E as in
Condition 2.1. It holds

DO Ak =c Y A, where c = 2/ l E(z)*dz — 1.
R(

keZd 1ez4 keZd

Proof Since Ak = 3! fork e Z,

DD Ak =) Akihi+ Y Aihh

keZd 1eZd keZd k. lez¢
1k
1 c
=3 Do+ Y Ak + 3 > (2.10)
kezd Kk lezd kezd
1£k
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Mosco convergence of gradient forms. ..

Moreover, since [pq E(z)dz = land ) ).z E(z —1) =1forz € R4,

1=2 E(z—k)dz—-1=2 Ak —1
/Rd (z—-k)dz > Ak

lezd
=2Akk—1+2) Axi=c+2) A keZ’ (2.11)
174 174
17k 17k

Multiplying Eq. 2.11 by ki /2 for each k € Z? and then summing up over k € Z¢ leads to

% Yi=5 YR Y Ak (2.12)

keZd kezd k,lezd
1k

Rewriting the right-hand side of Eq. 2.10 under use of Eq. 2.12, one obtains

Z Z AkAK 1AM = Z Ak,l(kﬁ + AkA) + € Z klz(

keZd 174 k,lezd kezd
1k
1 2
=§ Z Ak,l()\k+)\l) —l—CZ)LiZCZAi
k,1ezd kezd kezd
as desired. m]

We make a further assumption on the height maps Ay, N € N, concerning the sets of
Grid points G . We assume there is a sequence of increasing sets D1 € D, C ... contained

in D such that -
dz(D\ U oy)=0
NeN
and for N € N we have

Dy is open w.r.t. the trace topology of D,
Gy =NDyNZ. (2.13)
To shorten notation, let ky := |G x| and

£0(z):=EWNz—p), zeRY peGy.

Then, according to Eq. 2.2 there is a bijection {1, ..., ky} = Gy, i — p;, such that, setting
Ev,;=EN foriel, ... ky,
d by
Anx@ =N"""Y "xiEni(2), xeRW, zeD. (2.14)

i=1

Example 2.5 PINING MODEL

In the one-dimensional case with D = (0, 1), we can select Dy = (0, 1] for N € N, and
E asin Example 2.2 (i). So, Gy = {1, ..., N} and the natural ordering leads to the definition
pi '=1i,i =1,..., N.Choosing this particular set-up in Eq. 2.14 yields

N

Anx(z) = \/%inmax ({0, min ({1 —i + Nz, 1 +i —Nz})}),

i=1
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z€ 0,1, x eRY. Asa consequence of Remark 2.3 (i), A yx(-) restricts to an affine linear
function on each interval (%, ﬁ), i =1,..., N, and interpolates the values %, LA

VN

over the grid points %, Z .., 1.Setting xo := 0, a different way to represent this particular

N
height map is

N>

N—-1
1
Anx@ == 37 (5 + (Ve = D =30 )l 1)@, 2€ 0.1, x €BY,
i=0

as follows from Eq. 2.7 after re-scaling. We cite a result from [9]. Let V : R — R U {oo}
such that exp(—V (-)) is continuous, V(0) < oo and

1
/ e V®ds =1k e R aswellas 7/ s2e VW ds = 0% eR.
R IR

Forx e RMN, N e N, setting xo := 0, xy41 := 0, let

N

Hy(x) := Z V(oxit1 —oxi).
i=0

Now, for 8 € [0, co) we define a probability measure on RN (with support on [0, 0o)V) as

N

exp(—Hy () [ | (110.00) (1) dx; + Bo(dxy))
i=1
N

with Zg y = /[0 " exp(—Hy (1)) [ | (110,00 (xi) dxi + BSo(dx;))

i=1

b (dx) = —
m X) .=
N Zﬂ,N

and let

K
Boim —
T YN Zow

Due to [9, Thm. 1] the sequence (mfi, 0 AN) vy has a limit mP regarding weak measure
convergence on C ([0, 1]) (equipped with the supremum-norm) for every € [0, 0o). Hence,
in particular, this is true regarding weak measure convergence on H = L2((0, 1), dz). The
model undergoes a phase transition as the limit m# depends on the pinning strength 8 as
follows:

e If0 < B < B, then mP is the law of the three-dimensional Bessel bridge between 0 and
0 on the time interval [0, 1].

e In the critical case m is the law of the one-dimensional Bessel bridge between 0 and 0
on the time interval [0, 1].

o If 8. < B, then m? assigns the value 1 to the singleton of the constant zero-function. on
[0, 1].

Example 2.6 SEMIFLEXIBLE POLYMERS AND Ag- MODEL
In the two-dimensional case with D = (0, 1)2, we can choose

2 N-2 2 N-2

o=y v G w)
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Mosco convergence of gradient forms. ..

w.l.o.g. assuming N > 6. As usual, let Gy := NDy N Z>. We cite a result on weak
measure convergence from Cipriani et al. [6]. The method, used there, interpolates a state
(AkkeGy € ROV by identifying it with the interface S((AkkeGy»> ) : D = R,

S((MkeGy - 2)
_ JAva (N2 = INZD Civaler = Ave) + 2 (Nz = INZD (MNzl+ei+e; — Avzler)
ANzl + T2 (Nz — [NzZD)(AMNzl+e; — Anz)) + T (NZ — [NZD(A[(Nz]+e +e, — ANzl+er)
if m(Nz—[Nz]) < m1(Nz — [Nz]) in the first case,

71 (Nz — [Nz]) < m(Nz — [Nz]) in the second case
(2.15)

(cf. [6, Eq. (2.6)]), where [Nz] denotes the element in Z? with Nz — [Nz] € [0, 1)? for
z € Z*. This is just a differently scaled version of Eq. 2.9, as we show now. For T i, T2 k as
in Remark 2.3 (ii), k € Z2 and z € R? it holds

1 if k=[N A m(Nz—K) <m(Nz—Kk
15, (N2) = [Nz] 2(Nz — k) 1(Nz — k)
0 else,
while
1 if k=[N A m(Nz—K) <m(Nz-—k
17, (N2) = [Nz] 1(Nz —K) <m(Nz—K)
0 else.

By Remark 2.3 (ii), with E as in Example 2.2 (ii), it holds
S(akecy - 2)

= 2 1 VD) (e 71 (V2 = ) Gucrey = 2 + 2Nz = K) Gt e — e
kELN

+ D2 1 (V) (A + 12 (N2 = K) Gk = 10 + 71 (V2 = K) G+ — Mkt
keGy

= Z Ak E(Nz —K).

kEGN

Consequently, if we fix an arbitrary bijection Iy : {1, ..., ky} — G, where ky := |G y|,
and initialize the height map from Eq. 2.14 by choosing E from Example 2.2 (ii), then Ay
and the interpolation Eq. 2.15 from [6] are related as follows:

Anx(2) = S(Gi)kery-2), z €D,

where Xk =X ke Gy, x € R,
N

(k)

For x € R¥ we extend (¥x) to an element of RZ by setting Xx = 0 fork € Z2\ Gy. For
ascaling @ : N — (0, co) we define

H{j (x) :=Z[% 3 (fk—?c‘.>2+a<zv)(% Y G-w) ]
L T

for N € Nand x € R®V., Let m$; be the Gaussian measure on R*V with density

1
R 5 x > — exp(—4Hy(x)), where Zy = / exp(—4Hy (x)) dx.
ZN RKN
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By virtue of [6, Thm. 2.1 (1) & (2)], the sequence (m%; o AN) yoy has a limit m* regarding
weak measure convergence on C (D) (equipped with the supremum-norm) in the following
cases, depending on the asymptotic behaviour of (& (N)) ycn-

o If «(N) > N2, then the limit m® is the law of the continuous Gaussian process on D
whose covariance operator on H is the inverse of the operator

A?  with domain H*?(D) N HS’Q(D)~

o If o(N) ~ 2NZ, then the limit m® is the law of the continuous Gaussian process on D
whose covariance operator on H is the inverse of the operator
—A + A? with domain H*2(D) N Hy"*(D).

In particular, this is true regarding weak measure convergence on H = L2(D, dz).

Proposition 2.7 It holds

-2 2 d -2
CN |x|euc =< |AN-X|H S 3 |x|euc

forx € R where 0 < ¢ < 1 is a constant, independent of N.

Proof The claimed inequality holds for all x € R¥¥ and some constant c, if and only if
G
Nd Zyp_’ Zy,,g,v‘ Nd Zyp forall y € R (2.16)
peGy PeGy pPeGn

We choose ¢ := 2f]Rd E(z)2 dz — 1 and prove Eq. 2.16. Note that 0 < ¢ < 1, since &

meets Condition 2.1. Let y € RO and A € RZ such that Ak = yp, if K = p for some
p € Gy, and Ax = 0 else. Due to Lemma 2.4, it holds

CZyP_CZ)‘z / (ZAkE(z—k))zdz

peGN kezd keZd
2 2
_ nd R _ ad Ponre
—N /Rd(Zxku(Nz k)) dz=N /Rd( 3 v ER(Nz p)) dz
kezd peGn
2

AL

Z Yp SN "

peGy

this proves the first inequality of Eq. 2.16. On the other hand,

yi+ya
2Nd

ya+ya
2

o &R va &R | < 2.17)

/ E(Nz—p)EB(Nz —¢q)dz =
R4
fory € RYY and p q € Gp. On top of that, max;—1,._ 4 |pi — qi| < 1 is a necessary
condition for (£7 N & N) # 0, due to Condition 2.1 (i). Now, the missing upper bound of Eq.
2.16 is evident from
r|? b Vi
| wEl, s X st X YR
H 2N 2N N
peGN P.q€GN: P.q€GN: peGN
max; | pj —qi|<1 max; | pj—qi|<1

where we first used Eq. 2.17 and then #{g € Gy | max;=1,__q|pi — qil < 1} = 34 for
peGy. O
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‘We now compare the validity of Eq. 2.1 for two different choices, E and E, assuming that
each of them meets Condition 2.1. So, for p € Gy (as in Eq. 2.13) we have

£0(z) = B(Nz— p), zeR’,

on the one hand, and _ _
EN():==EWNz—p), zeR’

on the other. This leads to two different height maps,

kn
d
Anx(2) =N2""Y "xitni(), xeR™, zeD,
i=1

with &y ; == &1, as well as

kn

~ d ~

Anx(2) =N?""Y xEyi(). xeR™, zeD,
i=1

with EN, i = E}\’,". It turns out, these two resulting height maps are asymptotically equivalent
in the sense specified by the subsequent theorem.

Theorem 2.8 Let my be a Borel probability measure on R for N € N and m be a Borel
probability measure on H. Regarding the weak convergence of measures on H it holds

my o A;,l = m isequivalentto my o 7\;,1 = m.

Proof At first, we prove the convergence

2
Jim / | Z T)ER@ —o@| dz =0 2.18)

N—oo
for ¢ € C(D). To verify Eq. 2.18, consider that

1
supplE(N - —K)] C —([kl — LK+ 1] (kg = 1k o+ 1])

E{ZER(]“Z_NLM— \K]E}
fork € Z4. So, with Eq. 2.13 and Condition 2.1 (iii), we have
2
lim sup/ ‘ E(Nz— k)‘ dz < lim supdz(D N Bj"jN(D \ DN)) =0
N—oo keZd\G N—o0 da/

where Beuc (D \ Dy) :={ € R? | |z — z]ewe < ~/d/N for some z € D\ Dy}. Then,
the esumate

/‘ Z %'N(z) ¢>(z)’ dz)
/ ‘ > ol EN(Z) 0@ Y u(Nz—k)‘ dz>

PeGn keZd

/\ Z P) @) 0| az) +sup ool ([| ¥ sk &)’

zeD kEZd\GN

1

@ Springer



M. Grothaus, S. Wittmann

leads to the desired equality in Eq. 2.18, because

(/] payC 2y —p@)eha o)’

1
< oI [ ¥ )

’
z,7’eD peGy
|Z_Z/‘euc§\/g/N

=vdzD)  sup () — @@

z,7/€D
|Z—Z/|euc§\/3/N
In the last inequality, & (z)* < &y(z) and Y, &% (2) < 1 is used. Now, since Eq. 2.18
is proven,

Nlinoof ‘ 2« EN(Z) w(z)‘ dz=0 (2.19)

EGN

holds likewise, of course.
The rest of this proof is dedicated to show

my oA;,1 = m implies my oA&1 =m

regarding weak measure convergence on H. If so, then the other direction holds automatically.
So, we assume m y oAX,1 = m from here on. First, the tightness of (my o 7\;,1 )NEN is shown.
For this purpose, our first claim is that for each compact set K1 C H there exists a compact
set Kp C H such that

U Av oAy (k) € Ko (2.20)

NeN
To prove Eq. 2.20, we show that the set on the left-hand side is totally bounded. It follows
from Proposition 2.7 that Ano A;,l is a continuous linear operator from Im(A y) to Im([N\ N)
for N € N with _ .

|An o Ay'h|, <3%¢72 |k, heIm(Ay), (2221

wherec :=2 fRd E(z)?dz—1 € (0, 00) is the constant from that proposition. In the following,
the open 8-ball (k' € H | |h — h'|g < 8} with centre h € H is denoted by B(h, §) for
8 € (0, 00).
Let ¢ > 0 be fixed. Since K is totally bounded and C(D) is dense in H, there exist
M eNand ¢y, ..., oy € C(D) such that
M
K< B35 cke). (2.22)
=1
Due to Egs. 2.18 and 2.19, there exists Ny € Nand xy; € R forli=1,...,M,N > Ng,
such that

Avxyi € B(ge/3) and Ayxyye Blg,3 2 'cze), I=1,....M, N> N,.

For each N € N the set Ay o 1\1:,1 (K1) is a compact and therefore there exists k € N and
M. .., Mk € C(D) such that

Ne k
U Ao ay k) < B, o).

N=1 =1
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Next, we show

oo M
U Axoay k< B e, (2.23)
N=N.+1 =1

which would prove the total boundedness of (< A N © AX,I(K 1), as the choice of ¢ is
arbitrary. To prove Eq. 2.23, we assume & € Ay o A;,l (K1) for some N > N,. Using Eq.

2.22, thereexists/ € {1,...,M}and y € A;,l(B((pl, 3_%_16‘%8)) with T\Ny = h. Now, Eq.
2.21 and the choices of xy ; yield
ANy —@iln = |An o Ay (Any — Anxn,) + Anxn, — ol
<3%¢72 |ANy — Anxna|y + |[Ayxn, — ol
< 3%z <|ANy - §01|H + o — ANXN,1|H) + }/N\NXNJ 2

1o _d_ 11 —d_q 1
<32c¢ 2(3 27 c2g 4372 C28)+£/3:£.

d 1
2

This proves Eq. 2.23. The proof for the existence of a compact set K» C H satisfying Eq.
2.20 for a fixed compact set K is complete.
Now, the tightness of (my o A;,l) » 1s an immediate consequence of the tightness of

(my o AX,I)N. Indeed, for 0 < § < 1 and a compact set Ks C H such that
inf AV (Ks) > 1-38,
AIIIéNmN( N (Ks)) =

we can choose a compact set Ké C H with A;,l(K(;) C 7\;,1([(&) for all N € N due to Eq.
2.20. In particular,

inf AV (K}) > inf AVI(Ks) > 1—6.

NeNmNO N( 8)_NENmNO N( 8) =

Identifying the accumulation points of (my o K;l) v 18 the only thing left to do in this
proof. We make use of [11, Theorem 4.5 of Chapter 3]. It is sufficient to show

lim F(Ayx)dmy(x) = / F(h)dm(h) (2.24)
H

N—oo Jrky

forany F : H — Roftheform F(h) = g((fi,h)H, ..., {fy, h)n),whereg e N, g : R" —

R is a bounded, Lipschitz continuous function and fi, ..., f; : D — R are continuous with
compact support contained in D. The reason is that the family of all functions F : H — R
of this form separates the points of H. Let F, g and fi, ..., f;, ¢ € N, be chosen in this

manner. We have

limsup’/RkN F(XNx)dmN(x)—/HF(h)dm(h)’

N—o0
Slimsup’/ F(KNx)dmN(x)—/ F(ANx)dmN(x)‘
REN RN

N—o0

N—o00

+limsup’/ F(Ayx) dmy(x) —/ F(h)dm(h)’.
RkN H
Due to the weak measure convergence my o A;,l = m, the second term of the right-hand
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side vanishes. Now, we address the first summand. Let ¢ > 0. There exists a compact set

K. C H with
e

AN K) s 1—— &
my o Ay (Ke) 2 dsupy, [F(h)|

for N € N. Let L denote the Lipschitz constant of g. We have
| / F(R yx) dmpy (x) —/ F(Ayx) dmy (3)]
]RkN RkN

5/ |F(KNX)—F(ANX)|dmN(x)+2||F”oo/ dmpy
N (Ke) RANAAY (Ke)

i ~ 1/2 P
2
< L/AN'(Kg) (Z |(fi» Anx — Anx)n| ) dmy (x) + 5.

So, Eq. 2.24 follows, if there exists M. € N such that

~ & 1
|(fe. Anx — Anx)u| < TG forx € Ay (Ke), k=1,...,gand N > M,.
We define
wy(z) == max sup i) = fi@)|. ze€D.
k=1,..., q 1/65
‘Z*Z/|euc§ﬁ/N
By virtue of Eq. 2.20 there exists a compact set K, such that
U An oAy (ko) € K.
NeN
Then, we choose M (1) (2) € N such that
1
—1 -2
<e(dL max |k ( d ) . zeD
@, (2) <& heKﬁKé' 1) Q/D z z
and
q
U {z e R4 ‘ |2 — 2 Jenc < Vd/MP for some 7' € supp[fk]] c D.
k=1

We set M, := max({M{", MP}). Letk € {1,..., g}, x € Ay (K:) and N > M.

|(fi, Avx — Ayx)p|

< |t Ry — N8 ka |+ |vE ka — (fe, An¥)

Next, since [ ENJ dz = N~ and

suppléy.i] S [Z GRd“z— lewe = f/Ms}
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fori € {1,...,ky} with p;/N € suppl fi], it holds

kn .
‘(fk, Anx)g —N"27 ka(%)xi
i=1

ky 4 ~
= ‘(fk, Anx)g — N%™! ka(%)xi/DEN,i(Z) dZ‘
i=1

=)N%f‘;/D(fk<z)—fk(%))xl-sN,xz)dz\s/ on@|Anx(2)] dz

8(4Lherlr(ljixl( A1)~ ( f dz / |ANX(Z)|dZ < 4Lf
In the second to last inequality, we used Eq. 2.27, while the last inequality follows from Eq.
2.26,x € AXII(KS) and Holder’s inequality [, ‘ANx(z)‘ dz < |Anx(2)|g|1(-)|g. With the
analogous argumentation

1

Pt 2
s A - ! ’ (/ d ) hlg <
(f. Anx)E E Ji(=)xi DwN(Z) z ;rféz}él g < 4Lf
Hence Eq. 2.25 holds and thereby Eq. 2.24. This concludes the proof. O

Example2.9 (i) We consider the case of Example 2.5. and choose E = 1]_1 () instead of
the one-dimensional tent function and re-define A y according to Eq. 2.14 for N € N,
ie.

2

N
Anx(z) = Z L 1), xeRY, €0, 1).

Still, regarding weak measure convergence on H, it holds

mhy o AR = m?,

with mﬁ,, mP exactly as in Example 2.5, because of Theorem 2.8.
(i) In Example 2.6, we can pick the alternative choice & = 1[7 1y instead of the two-

dimensional tent function and re-define Ay according to Eq. 214 for N eN,N >0,
i.e.

kn
Anx@ =) w1 1Nz = In(@). x € R%, 2 (0,1
i=1
where Gy =: 2, N —2)2N7Z?% ky:= (N —5)2,
for some bijection Iy : {1, ..., ky} — Gy. By Theorem 2.8, it holds

o4 —1 o
myoAy = m

regarding weak measure convergence on H, where m%,, m® are exactly as in Exam-
ple 2.6.
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3 The Dynamic Model
3.1 Tightness of Equilibrium Laws

We continue to work in the setting of Section 2, with (H, (-, -)) = L*(D, dz), Ay, E,
Dy, Gy, ky and p1, ..., pry € Gy as in the previous section. In this section, a dynamic
version of Theorem 2.8 is derived. By default, when referring to C ([0, o0), Y) as a topological
space for a metric space Y, we address the topology corresponding to the locally uniform
convergence of continuous functions [0, co) — Y.

We make use of the theory of Dirichlet forms for symmetric Markov processes. The basic
terminology and notions of the standard textbooks [3, 12, 19] are used. From here on, we
have the following additional assumptions.

Condition3.1 (i) Let Hy be a separable Hilbert space, densely included in H, such that
the inclusion i : Hy < H has a finite Hilbert Schmidt norm | ||gs. Identifying H with
its dual H' we can interpret H as a subset of the dual H via

Hy C H=H' C H.

(ii) For each N € N let my be a Borel probability measure on Rk~ and (EN, DENY) be
a symmetric, regular, local and conservative Dirichlet form on LZ(R"N ,mpy), which
admits a Carré-du-Champs operator

Ty :DEN) x DEN) - L'RW  my).

Moreover, each linear functional R*¥ 5 x > ¢Tx € R,a € RV isa representative
of an element [, € D(EN) with

TN, la)() Sy a'a my-ae., 3.1)
where the constant y € (0, co) does not depend on N.

Foreach N € N let
My = (Qn, F¥, (FY) 1200 Xiz0. (P cpinuay)

denote a special standard process with state space RV and life time £, which is properly
associated with (€N, D(EN)). Such a process exists, because EN, DENY) is regular. Then,
My is unique up to equivalence. It holds

PN ({w e Qn |10, ¢y (@) 3t — XN (w) is continuous}) = 1 for x € RV,

due to the local property of V. The strongly continuous symmetric contraction semigroup
on LZ(RM  my) corresponding to (N, D(EN)) is denoted by (TtN)rzo~

Remark 3.2 Let N € N. By conservativeness, it holds T,N 1piy = iy forz > 0. This means
there exists a set V' C RV of zero capacity (referring to the 1-capacity associated with £V)
such that PN ({¢y = o0}) = 1 for x € R \ A”. W.Lo.g. R¥ \ A/ may be assumed to be
My -invariant, as argued in [19, Chap. IV, Cor. 6.5]. Considering the restriction My |ky W
(as defined in [19, Chap. IV, Rem. 6.2(1)]) and then applying the procedure described in [19,
Chapt.IV, Sect.3, pp. 117f.], re-defining M in such way that each element from N is a trap,
we may assume PXN ({ty = o0o}) = 1 for all x € R*¥. Furthermore, after the procedure
of weeding (restricting the sample space to a subset of Qy as explained in [10, Chap. III,
Paragraph 2, pp. 86f.]), we may w.l.o.g. assume that My is non-terminating and continuous,
i.e. {ny(w) =ocoand [0,00) ot > XlN(a)) € R*V is continuous for every w € Q.
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As a conclusion of Remark 3.2, the following corollary holds.

Corollary 3.3 There exists a diffusion process, i.e. a non-terminating, continuous special
standard process

My = (. FN (F)1mgr X)) iz0, (P cpin)

on R which is properly associated with N So, for every Borel measurable u €
L®R  my), the function

R 5 x uoXtNdP)gv
Qn
is a (quasi-continuous) version of TtN u fort > 0. In particular, the measure my is an
invariant measure and My is m y-symmetric.

We analyse the distribution of (u{v)tzo : Qn — C([0, 00), H) defined by

u = ANXY,,. t=0, (3.2)

for N € N. We are interested in the weak measure convergence of the equilibrium law under
(u,N)IZO as N — oo. A suitable path space to tackle this problem is C ([0, 00), H(’)). Denoting

the i-th coordinate process of (XtN)l>0 with (X,N'i)tzo fori =1,..., ky, we have
d L ;
u =N XN BN - —p), =0 (3.3)
i=1
Let

Py(A) = /wa PN(A)ydmy(x), AeFN,

The equilibrium law of (u,N)IZO on C([0, 00), Hé) is denoted by Py, i.e.

Py(B) := Py({w € Qn | () (), € B}) (3.4)

for a Borel measurable set B € C([0, o0), H(/)).

Proposition 3.4 If (my o AQI)NEN is a tight family of probability measures on H, then
(Pn) yen is tight on C([0, 00), HY).

Proof This proof follows a well-known idea for the derivation of a tightness result in the
context of symmetric Markov processes, which has been used in [13, Theorem 6.1], [14,
Theorem 5.1] or [7, Lemma 5.2] among others. As argued in each of the three cited references,
the desired tightness property can be concluded from the tightness of the invariant measures
(my o A;] )y together with the estimate

1
sup (f g — usl?, dIPN(u))” <clt—9)?, O0<s<t<oo, (3.5
NeN NJC([0,00), Hy) 0
for some constants ¢ € (0, 0o) and p € (1, 00).

The rest of the proof is dedicated to the verification of Eq. 3.5. The strategy is analogous
as in [13, Theorem 6.1], [14, Theorem 5.1] or [7, Lemma 5.2]. At first we fix N € N and
¢ € Hy.
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Let rr be the time-reversal operator Qy — Quy w.rt. time 0 < T < oo. There is a
Py-martingale (M,),>( with quadratic variation given by

t
<M>; = 2/ Ty (@, Ay ). (@, Ay -))(Xs)ds Py-as., t>0, (3.6)
0
such that
1 1
(0, ANX;) — (@, ANnXo) = 5 z+§(MT71 orr—Mrorr) Py-as., 0<t=<T. (3.7

The formula of 3.7 is called Lyons—Zheng decomposition and stated in [12, Thm. 5.7.1]. The
identification of the quadratic variation in Eq. 3.6 follows from [12, Thm. 5.1.3. & 5.2.3].
From Egs. 3.6, 2.14 and Condition 3.1 (ii) we obtain the estimate

kn
<M> —<M>; <(t—2N""?y) (p.én)* Py-as. 0<s=<t. (3.8)

i=1

Now, we derive an estimate, first using Eq. 3.7 and the Minkowski inequality, then the
Burkholder—Davis—Gundy inequality and Eq. 3.6. It holds

1
( / (. 1) (@) = ul @)* dPy (@)
Qy

1

IA

1 Pl
7(\/\ (MNZI _MN23)4dPN)4 +7</\ (MT—NZ.Y _MT—N21)4dPN>
2 Qn 2 Qn

C 1
5—(/ (<M>N2t_<M>N2S)2dPN)4
2 \Jay

C 1
+5(/ (<M>T_st—<M>T_N2,)2dPN>4, 0<s<t<T/N>. (39)
QN

with a constant C € (0, co) independent of N. We continue the estimate of Eq. 3.9 applying
Eq. 3.8, then the Cauchy—Schwarz inequality together the estimates (§y ;, En.i) < N —d for

i=1,... kyand X5 Tgppiey 1 () < 3¢ Itholds

1
( f fo. 1 @) = ul @) dPy (@)
QN

kN kN
< C2t—NY D (@ En i) < (0 = )C?Y Y (Luppléy 19- 9)

i=1 i=1

< (t—9)Q2-3)C%y(p, ). (3.10)

Now, we fix an orthonormal basis {¢;| i € N} of Hp. Using the Minkowski inequality and
then Eq. 3.10 we obtain

(=
Qy

1

o) = ([ (Sl —P)ar)’

N jeN

4 2 .
<) (/ (@i u) —ul) dPN)2 < (-2 3)Cyilfs
QN
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or analogously
1 1 |
(/ g — sl By @) < CQ- 3 st — ).
C([0,00), H)) 0

This concludes the proof. O

As done in Theorem 2.8 we now compare two different choices, & and E, assuming that
each of them meets Condition 2.1. So, for p € Gy we have

En(2):=E((Nz—p), z€ RY,

on the one hand, and ~ _
EN(@)=EWNz—p), zeR’

on the other. This leads to two different height maps,

kn
d
Anx@) =N>""Y " xikn i), x eRW™, zeD,

i=1

with &y ; == &1, as well as

kn

~ d ~

Anx(2)=N?""Y "xEyi(), xeR™, zeD,
i=1

with EN, i= '5};". We define Py, respectively Py, for these two height maps according to in
Eqgs. 3.2,3.3 and 3.4.

Corollary 3.5 Assume that (my o A;,l ) yen IS atight family of probability measures on H. Let
P be a Borel probability measure on C([0, 00), H()). Regarding weak measure convergence
on C([0, o), Hy) it holds

(Pn)yen = P ifand only if (Py)yen = P.

Proof This corollary is a consequence of Theorem 2.8, Proposition 3.4 and the Markov
property. The assumption that (my o AXII)NEN is tight on H (and so is (mpy o K&I)NeN
by Theorem 2.8) yields the tightness of (Py)yeny and of (Iﬁ;) NeN on H6 due to Propo-
sition 3.4. Therefore, it suffices to show the equivalence of weak convergence w.r.t. the
finite-dimensional distributions. The statement is easily obtained as a consequence of the
Markov property and multiple applications of Theorem 2.8. We demonstrate the strategy in
the case of a two-dimensional distribution. We want to show that for any Borel probability
measure pwon H X H,

lim SANDTN(f o Ay)(x)dmy (x) = / g(h) f(hy) du(hy, ho)
N—oo JRkN HxH
forall f,g e Cp(H), (3.11)

is equivalent to

lim | AN TN (f o Ay)(x) dmy (x) = /

g(hy) f (hy) dp(hy, h2)
N—oo JRR HxH

forall f,g € Cp(H). (3.12)
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We remark that naturally Theorem 2.8 applies regarding the weak measure convergence of
finite measures (instead of probabilities), as well. Now, applying Theorem 2.8 onto Eq. 3.11
for a fixed but arbitrary choice of f € C;(H), we see that Eq. 3.11 is equivalent to

im [ R0 TV (f o Ax)(x) dmy (x) = f g i) £ (1) duin, o)
N—o00 RN HxH

forall g, f € Cp,(H). (3.13)

Next, using the symmetry of 7,V for N € N and applying Theorem 2.8 onto Eq. 3.13 for a
fixed but arbitrary choice of g € C,(H), it follows that Eq. 3.13 is equivalent to

fim | TN g(Anx)(f o An)(x) dmy(x) = /

g(hy) f(hy)du(hy, hy)
N—o0 JRk HxH

forall g, f € Cp(H).

Hence, the equivalence of Eqs. 3.11 and 3.12 is proven. This strategy can be generalized
to show the equivalence of weak convergence for any finite-dimensional distributions of
(Py)nen and (Py) yen in a straight forward way by induction. O

3.2 Gradient Forms and Dynamics

From here on, we make an assumption on the height map A y regarding the property of the
set Gy = NDy NZ?, complementing the condition of Eq. 2.13. We assume that there exists
M € N such that for N > M: Dy is a bounded open set, whose closure Dy is a strict subset
of D with distance from R? \ D being larger or equal v/d /N, i.e.

|z — 20lewc = Vd/N if zo € Dy, z € R4\ D.

We note that this amendment on the definition of A y is inline with the height map considered
inExample 2.6. Then, for N € Nlarge enough, the support of the function&y ; = E(N - —p;)
is contained in D fori = 1, ..., ky. In particular, for all asymptotic statements, we may
assume that

/ Evi()dz=N"% i=1,... ky.
D

Remark 3.6 (i) Let’s assume the weak measure convergence of (my o A;l) NeN towards a
Borel probability measure m on H is given. Then, Mosco convergence of Dirichlet forms
in the framework of Kuwae—Shioya provides a method to identify the accumulation
points granted by Proposition 3.4 and thus prove the weak convergence of equilibrium
laws. This concept is well-known and exploited in many surveys, e.g. [14, 16, 17, 25,
28]. The Mosco convergence of those gradient-type Dirichlet forms, which are relevant
to the scaling limit of skew interacting Brownian motions in the context of mesoscopic
interface models, is the topic of the subsequent Section 4.

(i) While the question of Mosco convergence is more involved, the pointwise convergence
of gradient forms on the space

C::{H3h|—>g((-,f1),...,(~,fm)) meN, g e CLR™), fl,...,f,,,ec(ﬁ)}

is easily shown, as the next Lemma 3.7 demonstrates. It is included at this point, because
the appearing scaling factor of N reflects the choice of time scale in Eq. 3.2, and also
to further motivate the discussion of Section 4.
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The elements in C are Fréchet differentiable with gradient
V(o fi)ees (o f)) () = Zalg( (ho 1) oo (B fu) S

atapointh € H, wherem € N, g € Cé(]Rm), flooos fm € C(D).

Lemma 3.7 We assume the weak measure convergence of (my o AX,I )y fowards a Borel
probability measure m on H.
For F, G € C it holds

lim sz/ B(FOAN)a(GOAN) mN(X)=/ (VF,VG)dm
H

N—o00 3)61

Proof We first show that

Jim Y0 NUED. f)ER. 8) = ([ ) (3.14)

PEGN

for f, g € C(D). The statementis equivalenttolimy_. [}, fn(2)g(z)dz = [, f(2)g(2) dz
with
In@ =Y NUEL, IERGR), z€D.

peGn

Itholds | fy (2)| < sup,p |f ()| for z € D. So, Lebesgue’s dominated convergence can be
applied. Since the increasing sets (Dy) ycy €xhaust D up to a set of Lebesgue measure zero
(see the assumptions in Eq. 2.13), it suffices to fix an arbitrary choice for Ny € N and prove
that fy converges to f pointwisely on Dy, as N — oo. Let No € N and K be a compact
set contained in Dy, . Since Dy, N 74 c Dy N 74 = Gy for N > Ny, the support of a
function E(Nz — k), k € Z¢ \ Gy, does not intersect with K, if N is chosen large enough.
So, for zp € K and N large enough, we have

D &G =) EWNz-p) =) ENznm-k=1
peGy peGy kezd

In particular, for N large enough and zo € K, using |}, S/{’, (z)dz = N~ for p € Gy, it
holds

| v / E7(f () dz & ) = £ (o)

peGN
—] > N / V(@) f(2)dz &Y (20) — FONT Y R (z0) / sN(z)dz
peGy peGy
<N Y / EVQIF@ — fGoldzgi ) = max 1f() = fGo)l
peGy z€e i
|z0— |euL<T

This proves Eq. 3.14.
From Eq. 3.14, in turn, it follows that

N—o0

lim N¢ ) fR o &N VAND) (. 8) dmy (x) = /H (V(h), g)dm(h) — (3.15)
p
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if
ViH3h — Gi(Wfi+-+Gnh)fn€H, (3.16)

forsome Gy, ..., G, € Cp(H)and fi, ..., fu € Cp(D). By linearity, Eq. 3.15 generalizes
to

Jim N /R o BN VAN0)ER W (Ayx) dmiy (x) = fH (V,Wydm  (3.17)
peGn

if W(h) is of the same type as V (h), specified in Eq. 3.16. This proves the claim of the
lemma, because

d(F oA
3o Av) a° N)(x):N%*I(EN,i,VF(ANx))H, xeRN, i=1,...  kn,
X
and VF is a vector field of the type specified in Eq. 3.16 for F € C. O

Remark 3.8 (i) Let u be a non-degenerate, centered Gaussian measure on H with covari-
ance operator Q and let (A, D(A)) = (2Q‘1, Im(Q)) be defined as a positive,
self-adjoint, operator on H. We consider a reference measure m = pu with a den-
sity p : H — [c1, c2], where 0 < ¢ < ¢ < 0o and fH p du = 1. In this case,

1
E(F,G) :=5[(VF,VG)pd/L, F,Gec,
H

can be extended (in the sense of a minimal closed extension) to a local, quasi-regular
and conservative Dirichlet form (£, D(£)) on L*(H, pu), for which C is a form core
(see [1, 21-23]). The domain D(E) coincides with the Gaussian (1, 2)-Sobolev space
on H w.r.t. u. We assume that

p(h) = exp ( - /Dg(h(z))dz), heH, (3.18)

for some bounded function g : R — R with bounded total variation. There exists a
densely and continuously included Hilbert space H; C H, such that p is a function of
bounded variation in the Gelfand triple

H C H=H' C Hj.

Indeed, this is true if H; can be continuously embedded into the space of continuous
functions on D. So, we may for example choose H; as the Sobolev space of square-
integrable functions on D with an order which is strictly greater than d /2.

Let (V, D(V)) be the gradient operator L*(H, ) — L*(H, u; H), whose domain is
the Gaussian (1, 2)-Sobolev space w.r.t. 1. We denote the adjoint operator, a closed
operator L>(H, u; H) — L*(H, ), by (V*, D(V*)). Then,

{H Shis Y fillyg € H|n €N, fi e CL(H), ¢ eD(A)ﬂHl}
=1

=: (C))paynm C D(VF).

Due to [23, Thm. 3.1], there exists a a finite positive measure || dp|| on H and a Borel
measurable map o, : H — Hl’ such that |0p(h)|H]r = 1for || dp|-a.e. h € H and

/HV*G(h)p(h)dM(h) Z/HHI (G, op(M) Il dpliCh), G € (CHDANH, -
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(i)

Let
M = (Qa -7:7 (ff)tz()a (Xl)tZOa (Ph)hEH)

be the diffusion process on H, properly associated with £. By virtue of [23, Thm. 3.2]
for quasi almost every h € H we have

t

h L d
(@1 X; = Xo) =/ <<p,dws>+5/0 9> 0 (X)) gy AL

0

t
—/ (Ap, Xs)ds, >0, Pp-as. (3.19)
0

for ¢ € D(A) N Hj, where (Wth)tzo is an (F;),-cylindrical Wiener process and

(LJ| do ”),>0 is the positive continuous additive functional of the process (X;);>¢ in
Revuz correspondence with || dp]|.

Example 3.9 In this example, we fix N € N, a symmetric, positive, linear operator Ay :

RN — RV a function gNoO € C;(R) and real numbers y;, 8; € Rfor j =1,..., M.
(i) With
M
en () = gno0) + ) Bil ooy (). yER,
j=1

(i)

we define the Borel probability measure

ky
1 1 d_
dma, (x) == Zn &P ( —xTAyx — i ZgN(NZ lxi)) dx,
i=1

kn

1 d
o T _ d_q
Zy = /R’w exp( X Anx ~a iE_l gN(N2 x,)) dx,

on RN The factor
1 ky d
exp ( -~ ZgN(folxiD, x € RMv,
i=1

should be interpreted as a discrete version of the perturbing density considered in
Eq. 3.18. In the situation of Example 2.6, i.e. d = 2 with N > 6, D = (0, D2,
Gy =2,N—2)2%andky :=|Gy|, we might choose Ay such that

xTAyx = 4HS(x), x e R, (3.20)

with the Hamiltonian function Hy; defined in that example. The scaling sequence o :
N — (0, co) determines the limiting distribution of the height map Ay for N — oo, if
there is no perturbing density (gy = 0). Now, we state the Fukushima decomposition
for the dynamic height variables from the microscopic perspective, if a perturbing
density of the type above is present.

As gy is a bounded function, we define the domain of the gradient-type Dirichlet form
EN, DEN)) on LE2(Rk, my, ) as the set of all elements in the (1, 2)-Sobolev space
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of the Gaussian measure with density proportional to x — exp(—xTAyx) on R¥V So,
let

u 9
&N, v) == Z/ Y dma,. u.veDEY).

ky Bx, Bx,

The domain D(EN) comprises all weakly differentiable elements of LE(RM  my N)
whose derivatives in any direction are again square-integrable w.r.t. m4, . The form
(&N, D(EN)Y) obviously meets Condition 3.1 (ii). Let

My = (2n. FN (F),0. X)) iz0. (PN cpin)

be the associated Markov process as in the beginning of this section. Again, (X IN ) >0

fori =1, ..., ky denotes the i-th coordinate process. By Lemma A1 of the Appendix
it holds
N.i N 1o—dy 41N
dx;"' = —(AnX}"), dr — FN72 gN,O(NZ X;") dr
1—e Pi/N N i.3j N.i
Z g d +dBN >0, 321

+e

PXN-a.s. foreach x € R*V where (va’i)tzo,i =1, ..., ky, are independent Brownian

motions and l,N’i'yj is the local time of (X,N”A),ZO aty; 1= Nl—%yj. The linear term of
the drift in Eq. 3.21 for the situation of Example 2.6 with Eq. 3.20 equals

—(AnXY), = =29 HE(X]).

We continue in the setting of Example 3.9 and explain the main motivation for the upcom-
ing Section 4 on Mosco convergence. The following Remark 3.10 shows how the results of
Section 4 (in particular, see Theorem 4.10 and Corollary 4.11) apply to this case. Let (TtN )i=0
denote the semigroup on L2(RAY  my ) corresponding to (€ N D(EN)). We are interested in
the weak measure convergence of the equilibrium laws (Px) y ¢y for the scaled, interpolated
process

—ANX t>0,

N2t
(asin Eqgs. 3.4, 3.3 and 3.2). The finite-dimensional distributions of Py are given in terms of
the semigroup (T,N )0 foreach N € N. Letn € Nand fi, ..., f, be bounded measurable

functions H — R. Setting f; = fjo Ay forl =1, ..., n the Markov property of the process
My and the definition of Py imply

/ fl(utl) : f2(u71+t2) """ fn(ut1+-~-+tN)dPN(“)
C([0,00),H)

- /R TN (T (T (it T ) ) dmay. B22)

Further, let p, 1 and (€, D(E)) be as in Remark 3.8. The expected limit of (Py)ycn is the
equilibrium law associated to &, if (g )y is chosen in a suitable way. Arguing as in Remark
3.6 (i) we observe the following.

Remark 3.10 By virtue of Proposition 3.4 and Eq. 3.22, it suffices prove:
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® My, O A1_vl = pu weakly on H.
e The image form of (N2EN , D(E)) under the height map Ay converges to (£, D(£)) in
the sense of Mosco—Kuwae—Shioya.

Thanks to Theorem 2.8 and Corollary 3.5, if these two statements are true for a particular
choice for & : RY — [0, 1] in the definition of Eq. 2.2 for Ay, then they automatically hold
for any choice according to Condition 2.1. This is very useful, because for E := 1;_; )«
the functions éy; = 8(N - —p;),i = 1, ..., kn, which are the images of the unit-vectors

d .
under N2 A N, are again orthogonal to each other. Moreover,
éni:=N2&n,;, i=1,... ky,

is normed in H, which means that N Ay is an isometry from RKN into H. Hence, in case
8 :=1_ g)a, the image form of (N2&N, D(E)) under the height map Ay simply equals

N2ENwo Ay, voAy) =ENWoNAN, vo NAy)
kn
1 / du Jdv .
= - —~——=—d(may, 0oAyN)" ", u,vecC,
2; H 9N 08N, "

where §N7 T ’gN,kN is an orthonormal basis for the ky-dimensional subspace (A y (RkN ),
(-, -)) of H. This reduces the task of the final Section 4 to the analysis of Mosco-Kuwae—
Shioya convergence of gradient forms in the framework of varying L2-spaces over the state
space H. Moreover, we hint at the fact, that for & := 1;_; )¢« we have Jpén.idz = N
fori =1, ..., ky and therefore

kn

exp (/DgN ° (ANx)dZ) = exp (% ;é’N(N%_lxi)), x e RMW,

This means,
dmay o Ay) "\ (h) = exp (f g 0 hdz) iy 0 A3,
D

where 14, is the Gaussian measure on R¥¥ with covariance operator %A;,l.

4 An Application of Mosco Convergence

4.1 Preliminaries and Notation

As in previous sections, (H, (-, -)) = L*(D, dz). Let (UuN)yen be a sequence of Borel
probabilities on H and p be their limit in the sense of weak measure convergence on H. We
assume that all these elements are centered Gaussian and on top of that, the limit p has full
topological support on H. Their covariances are denoted by

Cov,u (1, ha) :=/ (. k) (o k) dueR), Ty, by € H,
H

and
Covyy (h1, h2) ;:/ (h1,k){ho, kY dun k), hi,hy € H,
H

for N e N.

@ Springer



M. Grothaus, S. Wittmann

Throughout Section 4.1 we fix a sequence (¢n ) yen and an element ¢ in H, such that:

e (¢, ¢) = 1 and there exists A € (0, o0) with A Cov, (¢, h) = (¢, h) forh € H.

e (pn,on) = 1 and there exists Ay € (0, 00) with Ay Cov,, (¢n,h) = {(pn,h) for
heH.

o | —onlyg = Oaswellas Ay — A for N — oo.

Now we cite some preliminaries on the disintegration of these Gaussian measures. Under
the above conditions u is ¢-quasi-invariant, i.e. the image measure of ;¢ under the shift H > h
— h 4+ re € H is absolutely continuous w.r.t. u for every r € R (see [1, Prop. 5.5]). By [1,
Prop. 4.2], i and the measure

0y(B) := /R,LL(B —re)dr, B e B(H),

are absolutely continuous w.r.t. each other and setting wyh := h — (h, ¢)p for h € H we
have

/udu:/ /u(h—l—r(p)d—'u(h+r<p)drd(uorr¢_1)(h) 4.1
H 7w, (H) JR doy

for any measurable functionu : H — [0, 00). [1, Prop. 5.5] provides d‘% in an explicit form,
which in our case yields

d A Mo, h)?
—M(h): —exp(— . h)

, heH. 4.2
doy 21 2 ) € (4.2)

From Egs. 4.1 and 4.2 we obtain

/ udp = ,/L/ / u(h +ro) exp(—%)drd(uon(;l)(h) 4.3)
H 27 Jr i) JR

for any measurable function u : H — [0, 00).

Let N € N. We now define a rotation Jy : H — H which maps ¢y onto ¢ and then
disintegrate the image of uy under Jy in the same way as we did with u. If oy = ¢, we
set Jy := id. Otherwise, let Jy : H — H be the isometric isomorphism which leaves
the orthogonal complement of span({¢, ¢y }) invariant, while on span({¢, ¢y }) its action is
defined via the basis transformation

oN > @
o —{oN, ©)oN (0, oN)P — ON
—_— >

1— (g, on)? V1= (g, on)?

With fiy =y o J5 ' it holds

AN / (@, k) (h, k) djin (k) = Ay Covyy (T o, Iy h) = (o, Iy h) = (@, h)
H

for h € H. So, in analogy to the disintegration for x, an application of [1, Prop. 4.2 &
Prop. 5.5] yields that jiy is ¢-quasi-invariant and

/udﬂN;/LN/ /u(h+r<p)exp(—%)drd(ﬂon;1)(m (4.4)
H 27 Jr, ) IR

for any measurable function u : H — [0, 00).
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Remark 4.1 For N € N we set

o —A{oNn, ©)oN e, on)p — 9N
vy = —— = and wy =

V1= (g, on)? V1= (@, on)2
For u € H with |u|g = 1 it holds
lyvu —ully = ({9, Invu) — (@, w)* + ((w, Ivue) — (wy, )’ < lon — o3 + oy — wyly
el = (o, o) +on (1 = (on. o)
1 — (g, on)?
2(1 4 (@, pa D (1 — (@, N ))?
1— (¢, pn)?
= lo —onl3 + 20 — (pn, @)

=lp —onlf +

=lp—onl% +

The right-hand side of this inequality converges to zero for N — oo and is independent from
u. Hence, the identity is the limit of (Jx)yen W.I.t. the operator norm on H.

We want to tackle the question of Mosco convergence under the existence of perturbing
densities for the Gaussian reference measure wy, N € N, and u. For a bounded function
f R — R the total variation is defined as

m—1

V()= sup Y |f(is) = fx)l €0, 00].

meN 5
XIS =Xy T

For a function f : R — R with TV(f) < oo the Jordan decomposition, as derived in [24,
Chapter 5.2], states the existence of fi, f> : R — R such that

f=h=1r2 lfilleo +I1f2llco = 1flloo + 1 £ lITVS

f1, f> are monotone increasing. 4.5)

Until the end of Section 4 we fix bounded functions gx for N € N and g from R to R
with finite total variation. Then we define

z:=/ exp(/ g(h(2)d2) du, o(h) = exp(/ g(h(2)dz)/Z, heH,
H D D

and

Zvi= [ en( [ axt@az)ann. oxthi=exn( [ enthyaz)izv. ne .
We need the following condition to be satisfied.
Condition 4.2 We assume that

g=g"—g@ en=gy —gy.

are the Jordan decompositions for g , respectively for g for each N € N, in the sense of
Eq. 4.5, and that the following conditions hold:

() sup lignllec + lIgnliTV < 00.
N

(i) sup iIrlf |g(i)(x) - g;\i,)(x + )| ngo 0 foreveryd € (0,00)andi =1, 2.
xeR
Irl<s
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Let
FC© :={H9h»—>g((~,f1),...,<-,fm)) meN, g e CP[RM), fl,...,fmeH}.

As stated in [1, Prop. 5.5], ¢y is admissible for p in the sense of [22, Def. 1.1]. Hence, the
partial derivative u > du/d¢y withdomain {u € L>(H, oy n) | u has arepresentative from
FCp°(H)} is a well-defined, closable linear operator on L?(H, on ). We are interested
in the asymptotic behaviour for N — oo of the symmetric Dirichlet form (Egv, D(Sé,\]’v)) on

L?(H, on ) which is the closure of the pre-Dirichlet form
du dv
N w,v)=| ——onduy
oN H 99N doN
with domain {u € L>(H, onyuy) | u has a representative from FC°(H)}.

It is asymptotically irrelevant if we consider the image form of (Eg\,, D(é’g/’v)) under Jy
instead (see Lemma 4.5 (ii) and Proposition 4.6 below). This trick allows us to disintegrate
the involved reference measures, which vary with N, along the same direction ¢ over the
base 7, (H). Using a disintegration of the measures analogue to Eq. 4.4, where instead of
Ay =punoJy ! we consider the disturbed image measures

(onpn) o Jy' = (on o Iy Dit,
N ——
=:0N

we can apply a result form [15]. The necessary preliminaries are summarized in the next
remark. Let

2
Ny(dr) =,/ %"r’ exp(—)‘NTr) dr
be the normal distribution on R with mean zero and variance 1/Ay. Further, let
vy = (Bfin) omy .

The Radon—Nikodym density dvy /(jin o 7, ') coincides for (jiy o 7, ') -a.e. h € m,(H)
with [ on (h + t) dNy (1), as follows from Eq. 4.4. We set

oy (1) = on(h +ro)
T [gon(h + 1) dNN (1)

forh € my(H) and r € R.

Remark 4.3 (i) Using Eq. 4.4 we obtain
/ ugn ity = f f u(h + rg)an (h + ro) dN () d(i o 7))
H 7y (H) JR
=/ / u(th +re)pn(h, r)dNy (r) dvy (h).
o (H) JR

Hence,

In: L*(H, onfin) —> L?(my(H) x R, py(vy x Ny))
Iyu(h,r) ==u(h+re) (vy x Ny) -a.e.
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(i)

(iii)

is an isometric isomorphism. In analogy to [22, Propo. 1.2] we define
D((‘j(f,v) = {u e L*(H, oniin) ‘ forvy-a.e. h € my(H)

Inu(h, -) has an absolutely continuous version fj

and/ /|f,;(r>|2pN(h,r)dNN<r>va<h)<o<>}
7o (H) JR

and in this sense

5év(u, V) = /

TT

(H)/Ru(h + @) (V' (h+ - @) ()pn(h, r) ANy (r) dvy (h)

for u, v € D(EY). By [22, Thm. 5.1], the space {u € L*(H,gnjin) | u has a repre-
sentative from FC°(H)} is a form core for (&N, D(f(ﬁ,v)).

Analogously, we obtain via Eq. 4.3 the according disintegration formula for the dis-
turbed measure ou. Let

N@r) = /2 exp(= 22 dr

be the normal distribution on R with mean zero and variance 1/A. We set v := (ou) o
7, ! and
o(h +ro)
p(h,r) =
Jg o(h + 1) dN (1)

for h € my(H), r € R. It holds
/ ugdi = / f u(h + ro)p(h, ) AN () dv(h)
H my(H) JR

and the map

I:L*(H,op) —> L}(ny(H) x R, p(v x \))
Tu(h,r) :=uh+rp) (vxN)-ae.

is an isometric isomorphism.
In analogy to [22, Propo. 1.2] let

D(&y) = [u € L2(H, oM) ‘for vy-ae. h € my(H)

Tu(h, -) has an absolutely continuous version f,

and/ /|fé(r)|2p(h,r)d./\/(r)dv(h)<oo}
7y (H) JR
and in this sense

£y, v) = / " /R uh+ - 9) (V' (h + - @) ()p(h, r) AN dv(h)

foru, v € D(&y). By [22, Thm. 5.1], the space {u € L?(H, om) | u has arepresentative
from fCIfO(H)} is a form core for (£,, D(Ey)).
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4.2 Convergence of Component Forms
Here we show the Mosco—Kuwae—Shioya convergence of the component forms defined
above, with the help of [15]. The following Lemma 4.4 refers to the case without perturbing
density, i.e. gn(-) = g(-) = 0. Together with the subsequent Lemma 4.5, these form the
preliminaries for the main result of Section 4.2, Proposition 4.6 below.
Lemma 4.4 On the Borel o-algebra of my(H) x R we consider the product measures
~ -1

(MN o 7'[</J ) X NN

for N € N and their weak limit (/,L ) n(ﬂ_l) x N. The criteria of [15, Cond. 3.8] are satisfied.

Proof Let f € Cp(my(H) x R). To verify item (i) of [15, Cond. 3.8] it suffices to argue that

/ Fry Ny )| ™

/ Flhr) dN(r)

uniformly w.r.t. h € my,(H). This simply follows from the estimate

| AN
2

/Rf(h,r)exp(—%)dr /f(h ryexp(—2£2) dr

< ||f||oo/R|\/§exp(_wTr) o= ar

and an application of Lebesgue’s dominated convergence, since Ay — A for N — oo.
A dominating integrable function for the integrand of the right-hand side is given by r
2\/>exp(— )if N € Nis large enough such that A/2 < Ay < 2A.

We now address (ii) of [15, Cond. 3.8]. Let x : R — [0, 1] be continuous with compact
support. Further, let R;p/’l” (f)and I f/’," (f),asdefinedin[15, Sect.2.2], be the ¢, n-residual and
the ¢, n-perturbation of a measurable, non-negative function f : R — R for the parameters
I € Nand ¢,n : R — [0, 1], which are primal functions as defined in the beginning of
[15, Sect. 2.1]. In analogy to [15] we set ga‘l"/,(r) =o(r —la) foraa € 1/D)Z,r € R. The
Radon-Nikodym density of Ay and N w.r.t. the Lebesgue measure on R is denoted by
respectively dd—/)/. For dr-a.e. r € R it holds

dr’

RET (e By = /3 3 / e (1) exp(— 247 ) — ie(r) exp(—257) [0, (1) de sl ()

an

=B s [ e ) o)

|t— r|<4/[
< ’;ﬁz sup  (x(r) +I((t))‘exp(— )_exp(_xm )‘
|t tr|§4/l
2 2
+ %’ sup |« (r) —K(l)|<exp(_ANTr)+exp(_xNTt)) “46)
IRAL
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and also

2
e 5800 = 3 3 1 [ o expt= 2420 oy )
aclz

< %’;’ exp(——’\"’zrz) sup <K(t) exp (— 7’\1"(’2{’2))). 4.7)
R
\tftr€\§4/l

Due to Eq. 4.6, for any bounded, measurable function f : R — R it holds

Jg F(ORY)] (x r)(r)dr
= [ e ) e

)_ldr

2_.2
sup (1) + K (1)1 = exp(— 25|
t,reR

[t—r|<4/l

+osup k() — ()14 exp(— 2= |
t,reR
[t—s|<4/1

IA

The right-hand side is independent of the choices for 1, ¢ and f and converges to zero
for I — oo uniformly w.r.t. N € N, because (Ay)yey is bounded and « continuous
with compact support. This means, for & /I(NN) defined as in [15, Sec. 2.2], it holds
1im;_, o0 SUP y ey 51/1(NN) =0.

Due to Eq. 4.7, for any bounded, measurable function f : R — R it holds

Jof (’)11/1 (" a)(r)dr

, dNy \ [ dNN H
fR|f|dNN = Hll/l (K dr )( dr ) L®(R,my)
< sup (K(t)exp(—w)).
t,reR
lt—r|<4

The value of the right-hand side is independent of 77, ¢, f and/ € N and bounded overall N €
N. This means, for C’f/l (W) defined asin [15, Sec. 2.2], it holds sup; oy SUP y e C’f/l (WMy) <
oo. This concludes the proof. O

Lemma 4.5 Under Condition 4.2, it holds:

(i) oNnuUN = o for N — o0 in the sense of weak measure convergence on H.
(ii) ONAN = o for N — o0 in the sense of weak measure convergence on H.
(iii) Let f € Cp(mwy(H) x R).

/Rf(-,mpN(-,r)dJ\fN(r) Nlﬁo/Rf(-,r)p(-,r)d/\/(r) (4.8)

strongly in the sense of Kuwae—Shioya ([18]), within the framework of the converging
Hilbert spaces L*(rt,(H), vy) — L2 (7, (H), v).

Proof (i) We first show the claim for the case gN)( ) = g(z)( ) =0,ie gy = g ) and g =

gV, The idea is to apply [15, Lemma 3.5] proving that o is the strong limit of (ON) yen in the
sense of Kuwae—Shioya within the framework of the converging Hilbert spaces L(H , jy)
— L%(H, (). In the following we use Lemma A2 for the sequence (gy) y and g adopting
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its notation. To check the assumptions of [15, Lemma 3.5] in this case, for N,m € N we
choose

G (h) = exp (/ gun ohdz), heH,
D
as a minorante and

Grl\r}flin(h) = exp(/ gx?fnohdz), heH,
D

as a majorante for the function Gy (h) := Zyon = exp (fD gnoh dz), heH.
The set of discontinuities of g is a countable subset of R, which we denote by U,. It holds

dz({z € D|h(z) € Uy}) < Z dz({ze D|h(z) =a}) =0 du(h)-ae.on H, (4.9)

aeU,

since p is a non-degenerate, centered Gaussian measure (see Lemma A3). In view of Eq.
4.9, we have

lim exp (/ g,‘}:i“ oh dz> = exp (/ goh dz) du(h)-a.e. on H,
and likewise
lim exp (/ g,,n;aj oh dz) = exp (/ goh dz) du(h)-a.e.on H,
m—0Q D D

by Lebesgue’s dominated convergence. Another use of Lebesgue’s dominated convergence
yields

. 2
lim / ’exp (/ glin o 1 dz) —exp (/ goh dz)‘ du(h) = 0, (4.10)
respectively
. maj 2
lim ’exp( P ohdz)—exp( gohdz)’ dp(h) = 0. @.11)
m—00 H D D
Moreover, Lemma A2 provides
sup |G (1) — exp ( f gl o dz)‘ N=90, (4.12)
heH ’ D
as well as
sup |G, () — exp ( / g™ o h dz)‘ =20 (4.13)
heH ’ D

for fixed m € N. The convergence of Eqs. 4.12 and 4.13 is stronger than the (strong) con-
vergence w.r.t. the Kuwae—Shioya topology within the framework of converging Hilbert
spaces L2(H, uy) — L%(H, ). Therefore, Eqs. 4.12, 4.13, 4.10 and 4.11 together with

[15, Lemma 3.5] imply that exp (fD goh dz), h € H, is the strong limit of (Gy)yen In
sense of Kuwae—Shioya. This in particular implies Zy — Z and therefore also oy — @ in
sense of Kuwae—Shioya.

The general case, in which

) (1 (2

D _g@ oy =gy — gV,

§=8
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can be handled analogously. The assumptions of [15, Lemma 3.5] are verified via Lemma
A2 through the same arguments as above. In this case, for N, m € N we choose

G%{%(h) ‘= exp (/;) gl(\}?’zlin oh dz) exp ( — /Dgl(\i);:ax oh dz), heH,
as a minorante and

SRt = e ([ s onds)ewn (= [ g onas). nem.
D D

as a majorante for the function Gy (h) := Zyon = exp (fD gN dz), h € H.The arguments
are analogous. This concludes the proof of (i).
(i) As onfiny = (onmN) o Ty U'for N € N, the statement of (ii) is an immediate conse-

quence of
N—oo

sup |Jyh —hlgp — 0,
heH
[h|p=1
which is shown in Remark 4.1.
(iii) The proof of (iii) is very similar to that in part (i). Again, we apply [15, Lemma
3.5]. Here, we additionally assume that f is non-negative in the first step. We adopt the

terminology from part (i) of this proof. As a suitable minorante to prove the convergence of
Eq. 4.8 we choose the functions

. h Gmin o,]_l h dN;
wo () > s FIn iy 1 2T +’<i)a§ i o Iy )h + ) N ()
Jr (GNS, 0 Iy ) (h +19) AN (1)

for N, m € N. A majorante is provided by

. h Gmaj J—l h
ng(H)3h +—> Fyo(h):= Jr /(€ +r<p)‘ N’”ilo N )+ re) dNy (r)
’ Jr (G, 0 Iy ) (h + 1) AN (1)

for N, m € N. Indeed, we have

S Fi+79)(Gy o Iy ) (h + r) ANy (1)

Fain (h) <
N Jo (Gn o Iy 1) (h + 19) AN (1)

= /Rf(h,r)pzv(h, r)dNy (r)

and also

Jo Fi+79)(Gy o Jy") (h + r) ANy (1)
Jo (Gn o Iy )(h + t9) dNy (1)

Fs () = - /R £ o (h, 1) AN ()

forh € my(H), N.m € N. The other assumptions of [15, Lemma 3.5] are also easily checked
with similar arguments as in the proof for (i). For m € N we have the uniform convergence

min :
of (F Nom) yen towards the function

» S £+ rgyexp ([ gmnh +r¢)) AN()
Ty(H)>h > FM(h) := —
Jrexp (f p&m (h+ tgo)) AN (1)

@ Springer



M. Grothaus, S. Wittmann

as well as the uniform convergence of (F towards the function

Lﬂ?fj;l)NeN
S £+ r@yexp ([ gmh+rg)) AN ()
Jeex (fpehinth+19)) V@)

my(H) 3 h +—> FEM0(h) .=

With Lebesgue’s dominated converges we conclude that

S Fh+rgyexp ([ 8(h+r9)) N ()
Jzexp ([ 8+ 1)) V()

ny(H)>h —> /f(h,r)p(h,r)d/\f(r)=
R

is the strong limit of (F,;rlin men and also the strong limit of (F,Taj)meN in L2(n¢ (H), dv)
as m — oo. By linearity of the claimed statement in (iii), the assumption f(-) > 0 can de
dropped. This concludes the proof. O

Proposition 4.6 (£,, D(E,)) is the limitof (€]}, D(E))) NN

Shioya within the framework of the converging Hilbert spaces L*(H, oy un) — L*(H, o).

in the sense of Mosco—Kuwae—

Proof The claim of the proposition is equivalent to the statement that (£,, D(&,)) is the
limit of (Y, D((‘fé)" )) NeN in the sense of Mosco—Kuwae—Shioya within the framework of
the converging Hilbert spaces L>(H, oy jin) — L*(H, o).

The argument for this equivalence is the following. The map f > f o Jy lisa bijection
from C} (H) onto itself with

—1
oD gumy= 2Ly, hen.
dg don

So, on the one hand, under the isometric isomorphism
L*(H.opy) — L*(H.2nfn), ur>uoJy',
we have
ueDEY)ifandonlyuo Jy' e DEN), &N wouy=EY oty uoiyh.

On the other hand, (Jy)yen converges to the identity w.r.t. the operator norm on H. For
uy € L*(H, onun) for N e Nand u € L%(H, o), the strong convergence of (uy)y
towards u in the framework of L2(H, ONUN) — L*(H, op) is equivalent to the strong
convergence of (uy o Jy '), towards u in the framework of L2(H, oy fin) — L*(H, o).
The same holds regarding weak convergence.

To prove Mosco convergence of (&N, D(E‘f)\/))NeN towards (Ey, D(&y)), we apply [15,
Thm. 3.11]. The only thing left to do is the verification of [15, Cond. 3.8]. The case without
disturbing density, i.e. on(-) = o(-) = 1, is settled in Lemma 4.4. In the general case, [15,
Cond. 3.8 (i)] is a direct consequence of Lemma 4.5 (iii), because the strong convergence in
the sense of Kuwae—Shioya implies the convergence of respective L2-norms. [15, Cond. 3.8
(ii)] follows from the perturbation result stated in [15, Lemma 3.12]. This concludes the
proof. O
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4.3 Convergence of Gradient Forms

In the final part of this article, we define analyse the Mosco—Kuwae—Shioya convergence of
gradient forms on H. We use the results of Sections 4.1 & 4.2.

The covariance Cov,, (h1, h1), h1, ho € H, defines an inner product on H which makes
(H,Covy(-,-)) a pre-Hilbert space. Taking the abstract completion of H w.r.t. the norm
induced by Cov, we construct a new Hilbert space (H,, (-, -),), in which (H, (-, -}) is
densely and continuously included. The self-adjoint generator (A, D(A)) of the symmetric
closed form (-, -) with domain H on (H,, (-, -),,) is characterized by

H =D(A?), (Au,v), = (u,v) foru e D(A), ve H.

The spectrum of A is a pure point spectrum which consists of real, positive eigenvalues. We
refer to the inverse A~!, which in fact can be shown to be a trace class operator from H into
H,,, as the covariance operator of 1.

Analogous structures exist regarding the Gaussian measure puy for N € N, for which we
do not assume the full topological support on H. The topological support Vy := supp[uy]
is a linear subspace of H. It shall be noted at this point, that all of the three cases are possible
in this setting:

e Vy may be finite-dimensional subspace.
e Vx may be a infinite-dimensional, strict subspace of H
o Vy =H.

In any of these cases the weak convergence of (1 y) v towards p implies

lim |pyh—hly =0, heH, (4.14)
N—o0

where py denotes the orthogonal projection onto V. The covariance of j1y defines an inner
product on Vyy which makes (Vy, Cov,, (-, -)) a pre-Hilbert space. With the same completion
procedure as above we obtain a Hilbert space (V. , (-, -) uy ), in which (Viy, (-, -)) is densely
and continuously included. The self-adjoint generator (A, D(Ay)) of the symmetric closed
form (-, -) with domain Vi on (H,, (-, -)x,) is characterized by

1
VN =D(A), (ANu,v)uy = (u,v) foru e D(Ay), v € Vy.

Of course, if Vy is finite-dimensional, then Viy = H,,, and Ay is a continuous symmetric
operator on H. The spectrum of Ay is a pure point spectrum which consists of real, positive
eigenvalues. Until the end of this section, we use the following notation:

0 <M <21® < .. denote the eigenvalues of A. Moreover, let {Ag\i,) | i € Iy} (ordered
analogously, i.e. AX,) < AE\J,) if i < j), where either Iy = {1, ..., ky}, for some ky € N, or
Iy = N, denote the family of eigenvalues of Ay for N € N. We fix an orthonormal basis
%) i € Iy} of (Hyy, (-, -)uy) such that n) € D(AN), Ayn\) = 20 fori e Iy.

In the next lemma, we reformulate a well-known consequence of the weak measure con-
vergence of (1 )y towards u, the convergence of the spectral structures of their covariance
operators. The reader should be aware though, that the exact condition to characterize the
weak convergence of Gaussian measures in terms of their covariance operators in a frame as
ours, is a stronger notion of convergence: the one induced by the nuclear norm. For further
reading on that topic, we refer to [S] and [2]. However, the statement of the next lemma is
enough for our purpose and essential to the proof of the subsequent theorem. We set A;f,) 1= 00
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and <p1(\'}) :=0fori € N\ Iy and remark that Eq. 4.14 implies sup(I/y) — oo for N — oo.
Hence, foreachi € Ntheset {N € N |i ¢ Iy} is finite.

Lemma4.7 (i) lim A% =219 forieN.
N—o0

(ii) There exists a subsequence (un))jcn Of (UN)nen and an orthonormal basis
M, 0@, Y of (Hy, (-, -) ) such that nD € D(A), An©D = 1Dn®, and

lim nlN’ = n; strongly in H fori € N.
=00

Proof The statement is exactly the content of [18, Corollary 2.5], if we understand
(Hyuy, (-, )uy)» N € Nas a sequence of converging Hilbert spaces with asymptotic space
(Hy, (-, -)). There is a canonical way to do this, considering the convergence of the second
moments

lim (pnh, puh)uy = lim [ (b k)* duy (k) = [ (h, k)* dp(k) = (h, h),
N—o00 N—oo Jyg H

for h € H. Moreover, by Eq. 4.14 states

(h.h) = (pnh, pNh) (4.15)

lim
N—o00
forh € H.So, the second criterion of [18, Def. 2.8] is fulfilled considering the quadratic form
| - I%_, with domain Vy on the Hilbert space (Hy,, (-, -)y) for N € N and the asymptotic
form | - |§1 with domain H on the limiting Hilbert space (H,, (-, -),.). The assumptions of
[18, Corollary 2.5] require the compact convergence of the spectral structure of Ay towards
the one of A as N — oo. We claim the following: Given uy € Vy for N € Nandu € H,
then the weak convergence of (1), towards u as a sequence in (H, (-, -)) implies the strong
convergence of () y towards u in the topology of Kuwae—Shioya, [18, Def. 2.4]. This claim
would imply the first condition for Mosco convergence, as specified in [18, Def. 2.11], and
also verify asymptotic compactness as defined in [18, Def. 2.12]. So, letuy € Vy for N € N
and u € H with uy—u weakly in H. We want to prove the strong convergence of (uy)y
towards u in the strong topology of Kuwae—Shioya within the framework of converging
Hilbert spaces (H, (-, )uy) = (Hy, (-, )p). In view of [18, Lem. 2.3] it is enough to
show

lim (uN,k)zduN(k):/ (u, k)* dp(k) (4.16)
H

N—oo Jyg
(convergence of norms) and

lim (un, k){h, k) d,uN(k):/ (u, k)(h, kydu(k) (4.17)
H

N—oo Jg

for h € H, as Eq. 4.17 implies convergence w.r.t. the weak topology of Kuwae—Shioya (see
[18, Def. 2.5] in combination with [18, Lem. 2.3]). By [5, Theorem 1] there exists a € (0, co)
such that

sup/ exp(a|k|%1)d,uN(k) < 00 (4.18)
NeNJH

Lete > 0 and h € H be fixed. Because of Eq. 4.18 and the boundedness of (uy)y in H,
there exists R € (0, co) with

&
su k|2, duy (k) < )
NeN~/{k6H\|k\H>R} " supyen(lun |3, + lun|mlhlm)
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Mosco convergence of gradient forms. ..

In particular,

sup / (un, k> duy (k) < e
NeNJ{keH ||k|g>R)

as well as

sup f [, k) (. k)| i (k) < .
NeNJ{keH | |k|g>R}

Now, due to the weak measure convergence 1y — w and a ¢ /3-argument (see [27, Theorem
2.2]), the integrals in Eqgs. 4.16 and 4.17 converge as desired if the integrands converge
uniformly on compact sets. This, however, is immediate from the weak convergence of (#x) v
towards u in H. Indeed, for an arbitrary compact set K C H, the family {K > k — (uy, k)
| N € N} is equicontinuous and converges pointwisely to K > k +— (u, k). Hence, the
Theorem of Arzela—Ascoli shows

sup [(un, k) — (u, k)] =52 0.
keK

This concludes the proof. O

Remark 4.8 (i) The only assumption of Lemma 4.7 is the weak measure convergence of
Gaussian measures on H. So, Item (ii) of that Lemma can also be read in the sense
that for every subsequence of (uy)ycn there exists a sub-subsequence with the stated
properties.

(i) Leti € N. We define

for all N € N large enough such that i € Iy. Those elements are normalized in
(H, (), Igol(\l,) — Wy — as N — oo by Lemma 4.7 and moreover

20 Covy (9, by = (A9 1) = (0 1)
for h € H. Similarly, for N € N large enough such that i € I, we have

2 Covyy (@0, ) = 1Y) Covyy (0, pyh) = (Ao, pyi)

= {gn.v) = (o, v+ w) = (93 pah) = (o)) h)

for h € H. Hence, Proposition 4.6 can be applied and
(€M) D(EN,)) — (€00, D))
% 2%
in the sense of Mosco—Kuwae—Shioya.

The infinite sum

o0
Eu,v) = Z S(p(i) (u,v) foru, v from the domain,
i=1

D) = {w € ﬂD(E(ﬂ(f))’ ig(p(i)(w, w) < OO}
=1

ieN i

defines a symmetric Dirichlet form on L*(H, o).
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Lemma4.9 For u € D(E) there exists a weak gradient Vu € L*(H, H, jv) which is char-
acterized by
(n, Vu(h)) = lig;z“(u(h +11) — u(h))
t

for p-a.e. h € H and n € D(A). The limit on the right-hand side exists in [i-a.e. sense. It
holds

E(u,v) = / (Vu, Vv)odu
H
Moreover, FCy°(H) is dense in (D(E), &1).

Proof The statement is a consequence of [22, Thm. 1.9] together with [3, Chap. II,
Thm. 4.3.2.] an the fact that ¢ is bounded from below and above by positive constants.
]

For N € Nlet (N, D(EVN)) denote the symmetric Dirichlet form on L*(H, on ) which
is the closure of

SN(u, V) = / (pn Vu, py Vv)dupy for u, v from the pre-domain }'C,;’O(H).
H

Theorem 4.10 If Condition 4.2 holds, then (€, D(E)) is the limit of (EN, D(EN))yey in
the sense of Mosco—Kuwae—Shioya within the framework of the converging Hilbert spaces
L*(H,onun) — L*(H, op).

Proof Letu € L*(H, on)anduy € L*(H, onun) for N € N such that u is the weak limit
of u in the sense of Kuwae—Shioya. We have to show

E@u, u) < liminf EN (uy, uy),
N—o0

where £ and £V are extended as quadratic forms, assigning the value 0o outside the domain
of the respective Dirichlet form. It holds

ENun,un) =) EN (,)(MN, u)
lEIN

extending the quadratic form associated with (8 A{,) ,D(E (1))) in the same way, since (p}f,),

i € Iy, is an orthonormal basis of Vy. We formally set 8 (,)( -) := oo on L2(H, ONMUN)

if i € N\ Iy and remark that for every i € N the set {N e N |i € N\ Iy} is finite. As a
consequence of Proposition 4.6, respectively Remark 4.8 (ii), we have

E(u,u) = hrn E iy(u,u) < hmlnf 11m1nf8 HUN, uy)
() o0

Z€IN/ iel N’

< hmlnfhmlnf( Z & (,)(MN, MN))

N'—o00
< tliminf (Y &N, v, un)) = liminf € (. un)
N—0o \ PN N—oo
lEIN
as desired.
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In view of [18, Lem. 2.1(7)], the claim of this theorem follows if (D(EV), SIN), N e N,
form a sequence of converging Hilbert spaces with asymptotic element (D(£), £1). Since

E(u,u) :Nlim / (Vu, Vu)duy > 11msup5 (u, u)

—0 N—oo

for u € FC;°(H), we must have
E,u) = lim &N (u,u).
N—o0
This concludes the proof. O

Corollary 4.11 Let gn, g be functions of bounded variation, as in Condition 4.2. For N € N
let (X ,N )= be the finite-dimensional system of skew interacting Brownian motions Eq. 3.21,
defined in Example 3.9, and (X;),>( be the diffusion process of Remark 3.8 with Rockner—
Zhu—Zhu decomposition Eq. 3.19. Through the argument of Remark 3.10, we have shown the
weak measure convergence of the equilibrium law of

= ANX t>0,

N2t

towards the equilibrium law of (X;);>¢ as N — 00. The topological space to which the term
of weak measure convergence refers in this context is C ([0, 00), Hé) (see Condition 3.1).
The statement holds for any height map Ay as in Eq. 2.2, if & meets Condition 2.1.

Appendix

LemmaAl Let N € N. We fix a symmetric, positive, linear operator Ay : RFV — RV ¢
function gn o € Cé (R) and real numbers y;, Bj € R for j =1, ..., m. With

gn(y) :==gno(y) + Zﬁjl(—oo,yj](y)s yeR,
=1

we define the Borel probability measure

1 d
dm ., (x) _—exp(—x ANx—NngN 1xl-))dx,
i=1

kn

1 d
o T d_p
Zn = /R’W exp(—x Ayx — ~a ;_1 gn (N2 xl)> dx,

on R¥N | Then, the Process (X ,N ).~ q defined in Example 3.9 satisfies

t>0

i 1 _d_ BN NLF .

N, _ N 1 / d_1yN,i 1 Bj WLy N,i
dX,"' = —(AnX; )l.dt—EN 2 oNITIX M) dr + E Wdl, ' +dB,

P)fv-a.s. for each x € R*N | where (BtN'i)tzo, i = 1,...,ky, are independent Brownian

. N",“v. . . . - _i
motions and I, " s the local time of(XtN"),>0 aty; = N! Zyj.
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Proof The proof is analogous to [4, Thm. 5.2]. Our situation only is different from the cited
theorem concerning scaling constants, the dimensions ky, d € N, and the choice of Ay,
which in both situations represents a positive, symmetric operator. These amendments do not
touch the validity of the arguments from the proof of [4, Thm. 5.2]. Therefore, the statement
of the Lemma follows directly. For the reader’s convenience, we sketch the major steps of
the proof.

Step (1): Fory e Randi € {1, ..., ky} we define a finite Borel measure

8.(B) := lim %mAN(B N{x eR™ ||x; —y| <¢}), BeB®R™).

Then, analogously to [4, Equation (5.6)], we obtain the following integration by parts formula
forma,.Fori =1,...,kyand f € CL(R*NY with finite Lipschitz constant, it holds

/R O gy =—2 f FEO AN dmay ()

ky 0x;
+N‘7_1/ f(x)g}vyo(Nf_lxi)dmAN(x)

1 — e_ﬂj/N ~
+22 / £(x)d3! (x) (4.19)
1+ e PN Jpin NEy '

Step (2): Analogously as in the proof of [4, Thm. 5.2], the positive, continuous additive
functional of (X ,N );>0- Which satisfies the Revuz correspondence w.r.t. 8;, for given i =

1,...,ky and y € R coincides with the local time (l,N ’i’y)t>0 of the component process

X,z at y.
Step (3): Let (¥ D(EV)) be the Dirichlet form of Example 3.9 and u; : R¥¥ — R denote
the i-th coordinate projection fori € {1, ..., ky}. Then,

eV f) =5 [ afdma,
2 Jrkn
for f asin step (1). Using Eq. 4.19 and (2), the Fukushima decomposition yields
XV XY =M NS >0, i=1,... ky, (4.20)
PN-as. for quasi-every x € R¥¥, where

8N NLiLF

d
N = —(AyxD), dt—%N 2 g o(VET XM derZl < d, ",

—5./nd
1+e PilN

yj =N -9 yj,and (M} );>0 1s the martingale additive functional with
t
<M"i M"Y >, :2/ Unuiuj)(Xs)ds =185, t>0, i,je{l,....ky}. (421
0

Step (4): Via compactness of the embedding D(E) — L2(R*N  m s ) the absolute con-
tinuity criterion for the corresponding semigroup can be shown. Therefore, we have the
stronger statement that Eq. 4.20 indeed holds PXN -a.s. for every x € RfV O
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Lemma A2 Let (gn) yen €ither be a sequence of bounded, monotone decreasing functions, or
a sequence of bounded, monotone increasing functions on R such that there exists a bounded
function g : R — R with

sup 1nf lg(x) — gn(x +71)| N:(;o 0 forevery$ € (0, 00).

xeR |r|<8

Let m € N. There exists a minorante gl”\}”rln € Cp(R) and a majorante g%afn e Cp(R) for
N € Nwith

—lgnlloe < R (x) < gn(x) < g, < llgnlloos ¥ €R,

which meet the following properties:

There are asymptotic functions g™, g,’ﬁa’ € Cp(R) such that

. ma, maj
Jim lgh, — ghllo = 0. lim gy, — g lloo = 0.

Moreover,

lim g,’Zi"(x) =g(x), llm gmaj(x) = g(x), if g is continuous at the point x € R.
m— 00

Proof We will construct the desired minorante and majorante for gy via a mollifying tech-
nique with uses a partition of unity. W.L.o.g. let’s assume we are in the monotone increasing
case. Letm € N. Let 7, ;, i e Z, be a partition of union, subordinate to (=— “ly ez

m’m

Choose —% <r(N,m,i) < ﬁ such that

. 1 . .
!g(i>—gN( Frm )| = o4 inf [g(=)—en(4r)| i N eN. (@422)

m N m m

\rl<l/m

We define

g;‘,m,lnl ZgN +r(N,m, l))TmlJrZa gNm' ZgN +r(N,m, l))‘tm, 2

i€eZ i€Z
for N € N and
emm = g e = Y g()tmica.
i€Z mn i€eZ n

We remark that 7, ; (x) # O necessitates i € {|mx], [mx]| + 1} fori € Z, x € R, and in
particular, Ty, |y (X) + T, mxj+1(x) = 1. The functions defined above have the desired
properties indeed. It holds

min lmx] —2
ghn () = g (S PV om, Imx] = 2) )t s ()

lmx] —1
(mxm

+an +r(N,m, mx] — 1))fm,mej+l(x)

< gN(%)Tm,mej (x) + gN( Lmx]

=< gN(x)(Tm,\_me x) + Tm,\_mxj+1(x)) =gnv(x), xeR/ NeN,

)Tm,meH»l (x)
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and also
lmx]| +2
S () = (577 ) )ty )
lmx] +3
+ gN(T +r(N,m, mx] + 3))fnmme+1(x)
[mx] + 1 Lmx] +2
> gy (T)Tm,mej () +gn (T)fm,LmXJH(x)

> gN(x)(Tm,\_me x) + Tm,|_me+1(x)) =gvx), xeR,NeN

Let ¢ > 0. We choose Ny is large enough such that inf .|| <1/m [g(x) — gn(x +71)| < % for
every x € Rand N > Ny. For N > max{Np, é}, using Eq. 4.22, it holds

88,0 — gl = [ev (P22 v, g~ 2)) g (P22 g 0
+ )gN(% + V(N, m, meJ - 1)) - g(%))fm,l_mxj+l(x)
1 3
= (ﬁ + 2)Tm mx] (x) + (2N Z)Tm,Ln1XJ+l(x)

< T, |mx| (x) + ETm, lmx |41 (x) =e.

Analogously, we get ngiifn (x) — g;:;aj x)| < eforx € Rand N > max{Ny, %}.
Moreover, let g be continuous atx € Rand m € N be large enough such that |g(x) —
g <egifyeR, |y —x| < % then
Lmx]

lgh™(x) — g(x)] < M%) - g(x)’fm,mej () + MT_I

= €T, |mx| (x) + S'L'm.\_mxj+1(x) =é&

) = )|t tmag 10

and also

N () — gl < g (M) — 80|t s () + M%) = 80 s ()

= €T, |mx] (x) + STm,meJ+l(x) = ¢&.

In the case, where gy, N € N, are monotone decreasing, we define

N = Zgzv PN m, D)) T2, gy = ZgN 4P (N, . D)) T 42
ieZ i€Z

for N € N and
i i
"= g( i g =Yg ()i,
i€Z i€Z
instead. The values of r (N, m, i) for N, m, i € N are chosen exactly as in the first case. From

here, the argumentation is analogous. This concludes the proof. O

LemmaA3 Let i be a non-degenerate centered Gaussian measure on H := L*(D, dz) for
a domain D C R%. For each value a € R the level set {z € D | h(z) = a} has Lebesgue
measure zero for ju-a.e. h € H.

Proof The claim is that the dz-class defined by the composition 1(,) o & vanishes in dz-
a.e. sense for p-a.e. h € H. This is shown as follows.
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Let ¢ € H such that the image measure of x under any shift 7yph == h +sp, h € H,

s € R, is absolutely continuous w.r.t. p itself, i.e. o 7—';/;1 <« . In that case, we immediately

have u <« o ‘L’l;pl, hence the equivalence (mutual absolute continuity) u ~ w o 1, for

sQ
s € R. Moreover, defining the measure
0y(B) == / Lo rS?pl(B) ds, B C H Borel measurable,
R

it holds o, ~ w. Moreover,

/ud,u:/ /u(h—l—sga)d—u(h—i—ﬂp)dsdu(h)
H HJR doy,

for any Borel measurable functionu : H — [0, 00). Now, let ¢ : D — R be a representative
forp and A € D be a Borel measurable set such that ¢(z) # 0 for z € A. Since any singleton
is negligible w.r.t. the Lebesgue measure, Fubini’s theorem yields

[ [reo@azanm= [ [ [ 1060+ 56@) de 3+ s ds
HJA HJRJA doy,

du
= 1 —(h+sg)dsdzdu(h) =0. (4.23
/H/A/R #(2) '<afh<z))(S)d%( +s¢)dsdzdu(h) (4.23)

Due to the Cameron—Martin formula, the space V :={p € H | o rs;,l K pfors € R}is
dense in H, as is shown in [3, Theorems 3.1.2 & 3.1.3 of Chapter II]. Hence, we can find
an orthonormal basis ¢1, ¢2, ... of elements from V and define Borel measurable subsets
Ap, As, ... of Das A; :={z € D|;(z) # 0} for some dz-version §; of ¢;. The right-hand-
side of Eq. 4.23 is independent of ¢ and in this case yields

// 1,(h(z))dzdu(h) =0, ieN.
HJa;

Let QO := D\ (UieN Ai). Since (1g, ¢;) = 0 for every i € N, the set Q has Lebesgue
measure zero. Therefore,

//la(h(z))dzdu(h)sz 1,(h(z)) dz du(h)
HJD H UieNAf

< Z/H/A 1,(h(2)) dz du(h) = 0.

i=1

This concludes the proof. O
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