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Abstract As civil infrastructures often exhibit non-
linearities, the identification of nonlinear behaviors is
crucial to assess the structural safety state. However,
existing physics-driven methods can only estimate the
nonlinear parameters given a known nonlinear behav-
ior pattern. By contrast, the data-driven methods can
merely map the load-response relationship at the
structural level, rather than identify an accurate
nonlinear mapping relationship at the component
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level. To address these issues, a hybrid physics-data-
driven strategy is developed in this study to identify
the blind nonlinearity. The nonlinear structural com-
ponents are surrogated by a data-driven multilayer
perceptron, and the linear ones are simulated by using
the finite element method. Subsequently, the global
stiffness matrix and restoring force vector are assem-
bled according to the elemental topology relationship
to obtain the hybrid model. The discrepancy between
the measured and hybrid model-predicted responses is
formulated as the loss function, by minimizing which
of the MLPs are indirectly trained and the nonlinear-
ities can be identified without knowing the nonlinear-
ity type. Three numerical cases are used to verify the
proposed method in identifying the elastic, hysteretic,
and multiple nonlinear boundary conditions. Results
show that the proposed method is robust given
different noise levels, sensor placements, and nonlin-
ear types. Moreover, the trained hybrid model pos-
sesses a strong generalization ability to accurately
predict full-field structural responses.

Keywords Nonlinear boundary condition - Blind
nonlinearity identification - Finite element method -
Physics-informed neural network - Stabilized central
difference method
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1 Introduction

Nonlinear phenomena are unambiguously observed in
engineering structures during their operation, and
nonlinearity modeling and analysis are thus important
for structural response prediction, damage identifica-
tion, and conditions assessment [1, 2]. The structural
nonlinear behavior can be categorized into material
[3], boundary [4], and geometric [5] nonlinearities. In
civil engineering, nonlinear boundary conditions are
common and related to the safety and stability of
infrastructures. The bridge bearings can be disrupted
due to material deterioration [6] and obstruction [7],
leading to nonlinear contact and frictional forces. The
seismic and wind-resistant bearings [8] are designed
with hysteretic nonlinearity for vibration mitigation.
They dissipate energy from seismic and wind loads,
thus reducing the risk of structural damage. In the
realm of vibration control, the rubber dampers at the
ends of stay cables [9] and dampers between the
building floors [10] also exhibit nonlinear behaviors.
Additionally, the nonlinear constitutive behavior of
soil and the nonlinear interaction between piles and
soil make nonlinear boundary conditions particularly
common in foundation and geotechnical engineering
[11]. The boundary region is also usually enclosed and
confined in spaces, resulting in the direct evaluation of
the boundaries being challenging [12]. The indirectly
nonlinear boundary identification therefore becomes
an effective approach to address these issues.

The nonlinear systems identification methods can
be categorized into physics- and data-driven
approaches [2]. In structural engineering, the struc-
tural parameters are identified based on unbiased
filters and finite element model (FEM) updating. In the
filter-based methods, the system identification prob-
lem is transformed as a state estimation problem,
where the unknown structural parameters are regarded
as state variables, such as the extended Kalman filter
(EKF) [13], unscented Kalman filter (UKF) [14], and
cubature Kalman filter (CKF) [15]. The analytical
linearization in EKF could lead to divergence [16]. Lei
et al. developed extended Kalman filters with
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unknown input (EKF-UI) [17] and unscented Kalman
filters with unknown input (UKF-UI) [18, 19] to
jointly identify the input and state of systems with
nonlinear linking components (e.g., springs, dampers).
In FEMU-based approaches, the under-determined
parameters are identified via optimization techniques.
Tian et al. [20, 21] employed the substructuring
method to calculate the response sensitivity and
identify systems with nonlinear linking components.
Song et al. proposed a nonlinear normal modes-based
model updating method to handle the geometric
nonlinearity in a numerical cantilever beam [22] and
boundary nonlinearity in a wing-engine structure [23].
The physics-driven methods require comprehensive
prior knowledge of the nonlinear behaviors [2] by
assuming the constitutive model as a given nonlinear
model, which is impractical. Some researchers have
therefore endeavored to approximate nonlinear con-
stitutive models using polynomial functions [24] but
with limited accuracy [25].

Deep learning technology can well address the
prior-dependent issue of conventional physics-driven
methods. Due to their strong nonlinear fitting capa-
bility, neural networks (NNs) are able to learn
structural nonlinear behaviors from abundant training
data, thus eliminating the need for prior physical
knowledge [26]. The convolutional neural network
(CNN) [27] and long short-term memory (LSTM)
network [28] were used to predict the dynamic
response of nonlinear structures in a purely data-
driven manner. However, purely data-driven methods
are black-box models lacking physical interpretability,
where the behaviors of the trained NNs cannot be well
understood and controlled [29].

In recent years, physics-informed neural networks
(PINNs) have been developed to address the men-
tioned issues of pure data-driven methods by integrat-
ing physics knowledge into the neural network
models. PINN can reduce training data requirements
and enhance the robustness, interpretability, and
generalization of the trained NN models [29-31].
PINNSs are adopted for nonlinear system identification,
and they can be broadly categorized as weak and
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strong constraint methods. In weak constraint PINN,
the physical laws are formulated as the loss function as
a weak regularization term. Zhang et al. integrated
physical laws, including the equation of motion, state
dependency, and hysteretic constitutive relationships,
into CNN [32] and LSTM networks [33] for meta-
modeling structural systems with nonlinear dampers.
Liu et al. [34] proposed a PINN combining data loss
and physics loss based on state dependency and rate-
dependent behavior for multi-physics nonlinear struc-
tural system identification. Zhai et al. [35] proposed a
PINN adopting the framework of the fourth-order
Runge—Kutta method and incorporating the physics
loss based on automatic differentiation function for
dynamical system parameter estimation and modeling.
Yamaguchi et al. [36] incorporated the data loss and
physics loss derived from the Newmark-beta method
into a PINN for the nonlinear boundary and damage
identification of a reinforced concrete bridge pier. It
should be noted that the physical loss weight is an
essential hyperparameter in these methods and should
be carefully selected to avoid misdirecting the training
process. In the second kind of PINN, the physics
knowledge is embedded as strong constraints to form
the architecture of the entire model, where the physics
relationships are strictly obeyed. Eshkevari et al.
developed a recursive neural network based on the
Newmark-beta and Newton—Raphson methods frame-
work to metamodel the nonlinear system and estimate
the full-field structural dynamic response [37]. Bacsa
et al. proposed a variational autoencoder that incor-
porates Hamiltonian NNs to enforce symplectic con-
straints on the inferred posterior distribution for
learning dynamics of systems with nonlinear springs
[38]. Liu et al. introduced a probabilistic physics-
guided framework that connects state-space models
with deep Markov models, allowing for the unsuper-
vised learning and identification of nonlinear dynam-
ical systems [39]. Liu et al. recently utilized neural
networks to parameterize the modeling of process
dynamics and sensory observations in EKF, enabling
form-free learning and prediction of nonlinear

structural dynamics [40]. However, these data-driven
studies solely focus on the mapping relationship at the
structure level, such as global load-response pairs, and
they overlooked the mechanical behavior at the
component level, such as elemental response-internal
force pairs of the boundary. Therefore, they cannot
identify the nonlinear boundary conditions.

In material nonlinearity identification, the NNs
have been employed to replace material constitutive
functions in FEMs [41-43], providing a novel per-
spective for nonlinear model identification. Ghaboussi
et al. first adopted NN to learn the material nonlinear
constitutive models with paired strain—stress datasets
collected from static experiments [44]. They further
developed autoprogressive models [45] and self-
learning FE models [46] to expand the data type
available by converting static load—deflection exper-
imental data into strain—stress data through a two-step
FE simulation. Huang et al. integrated the NN into a
nonlinear Poisson equation and utilized the residual of
the governing function as the loss function to
indirectly train the NN model, eliminating the labo-
rious collection of the paired strain—stress data [47].
However, this method requires full-field displacement
measurements. To facilitate the learning from limited
observation data, Liu et al. [48] and Xu et al. [49]
further employed the discrepancy between incomplete
measurements and predictions as the training loss. In
these studies, the nonlinear capabilities of NNs were
well integrated with the physical knowledge from FE
models, enabling the identification of material consti-
tutive models from the measured responses. However,
these studies are confined to static structural analysis,
and they are impractical because the static response
data are challenging to collect for the operational
infrastructures.

To address these issues, an FEM-NN hybrid
approach combined with a stabilized central differ-
ence (SCD) solver is developed in this study to
identify the nonlinear boundary conditions from
dynamic measurements. The complex nonlinear
boundary behaviors are modeled by NNs, while the
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linear structural components are simulated with FE
methods. They are then assembled to form the hybrid
model according to the elemental topology. Finally,
the discrepancy between measured and hybrid model-
predicted responses is formulated as the loss function
to indirectly train the NNs. The highlights of the
proposed method include the following aspects:

(1) A physics-data co-driven hybrid approach is
developed for blind nonlinearity identification with
unknown nonlinearity type and parameters.

(2) The hybrid model is trained in a novel unsuper-
vised manner, where the structural response data
instead of a nonlinear behavior dataset are needed to
identify the nonlinearity.

(3) The developed method possesses high applica-
bility and generalization in identifying the elastic,
hysteretic, and multiple nonlinear boundaries for
multiple degree-of-freedom systems.

The remaining paper is organized as follows: the
basic techniques used in the hybrid modeling are
introduced in Sect. 2, followed by the nonlinear
boundary condition identification strategy in Sect. 3.
Three cases are investigated in Sects. 4, 5 and 6 to
verify the accuracy and robustness of the proposed
method in identifying elastic, hysteretic, and multiple
nonlinear boundary conditions. The associated con-
clusions are drawn in Sect. 7.

2 Preliminaries
2.1 Stabilized central difference method

The governing equation for a nonlinear dynamic
system is expressed as follows to describe the
relationships between the structural property, states,
and external forces:

Ma+Cv+F'(u,v)=P (1)

where M and C represent the global mass, and
damping matrixes, respectively; u, v, and a denote
nodal displacement, velocity, and acceleration vec-
tors, respectively. The restoring force F'(u,v) is
associated with the structural state variables. For
elastic linear systems, F"(u,v) = Ku, where K is the
stiffness matrix. P represents the load vector.

The time domain methods are commonly used in
nonlinear analysis to solve Eq. (1), and they can be
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classified into explicit and implicit methods. The
implicit methods, such as Newmark-beta [50] and
Runge—Kutta [51] methods, employ iterations in each
time step to approximate the structural state of the
subsequent time step, where the Newton—Raphson
algorithm is often adopted. In addition, they face the
problems of excessive computational burden and
potential divergence. By contrast, explicit methods,
such as the central difference method [52], use the
state variables at the current step to derive those at the
next time step without iterations. However, the
explicit methods are conditionally stable, and the time
step should thus be carefully selected according to the
natural frequency of the analyzed structure.

To balance the computational cost and stability, the
SCD method [53] is adopted to calculate the structural
responses with nonlinear boundaries. SCD is an
explicit method as detailed in Algorithm 1. The
selective mass scaling technique is adopted to add
artificial masses to the origin structure, thereby
reducing high-frequency responses that constitute a
minor portion of the overall response but are prone to
divergence. Meanwhile, it does not affect low-fre-
quency accuracy significantly [54].

In the algorithm, M, C, and K denote the mass,
damping, and stiffness matrixes of the known linear
part of the structure, respectively. KT represents the

structural tangent stiffness matrix, and M represents
the revised mass matrix. K*, F* represent the stiffness
matrix and restoring force vector due to the nonlinear
boundaries. Specifically, K* is a diagonal matrix
defined by K*(r,r) =k, where r denotes the DOF
numbers of the nonlinear boundaries. k{ represents the
stiffness of the nonlinear component associated with
the rth DOF. F*(r) = f}, with all other elements being
zero. Here, f denotes the restoring force of the
nonlinear component at the rth DOF. In this study, the
restoring force is nonlinear and dependent on dis-
placement time history. For the nonlinear component
at the rth DOF, K, at the ith time step is defined as the

partial derivative of f;. to the displacement u;,, i.e.,

ki, = gi Z’ . dt is the time step length, and w}" represents
the maximal structural frequency at the ith step. The
structure is assumed to be initially in the equilibrium
position, that is, the initial structural state vector

composed of displacement and velocity is zero.
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Algorithm 1. SCD method for nonlinear dynamic response calculation.

(1) Calculation for the initial time step

I: Fi = Kug + F*(xo),K{ = K + K*(xo)
2: M, = (M + dtC + aoK"d*), ug = Ltanh (L wopidr)
3: =1 r
ag = MO (P() —CV() _FO)
4 u_; =uy—vodt + @ao

(2) Calculation for each time step
1: for i=0 to N;-1, do

Lay,_1)

2 F = Ku; + F*(x;), KT = K + K*(x;)
3 M, = (M +1diC + ot,-KTaltz)7 o; = Ltanh(} wfdr)

. — —1
4 Wiy = 2u; — iy + (M, +1diC) " [di? (P; — F}) — dtCl(u; — i )]
5 7= "4+12;l;4:—1
6 L Ui —2u+u;

a; @y

7: end for
8: u,v,a= (u07 .. '7uN,-—I)7 (V(), .. '7VN,—1)7 (a07 .-
9 Return: u,v,a

2.2 Multilayer perceptron

The multilayer perceptron (MLP) is the foundation for
numerous modern artificial intelligence applications,
and it is still widely used nowadays [55]. In structural
engineering, MLPs are adopted for bridge influence
surface identification [56], damage detection [57, 58],
structural condition assessment [59], nonlinear func-
tion fitting [60, 61], etc. MLP is a feedforward NN
comprised of multiple layers (Fig. 1a). Each layer in
an MLP includes multiple neurons connected to the
adjacent layers through weights, bias, and activation
functions, as detailed in Fig. 1b [62]. The nonlinear
activation functions enable the MLP to effectively
learn and model nonlinear behaviors, while the high-

Fig. 1 Schematic diagram
of the multilayer perceptron

Input layer

Hidden layers

(a) MLP architecture

dimensional weights and biases allow the MLP to
accurately fit complex models and datasets. Therefore,
MLP is used to identify the boundary nonlinearities in
this study. Each training epoch of an MLP starts from
calculating the loss function by measuring the dis-
crepancy between the real and predicted structural
responses. Next, the partial derivatives of the loss
function to each weight and bias parameters are
computed. These derivatives inform the necessary
adjustments for these parameters, which are then
propagated and updated using the backpropagation
algorithm to minimize the loss function iteratively.
The details of MLP can also be referred to [63].
Given that the boundary condition is highly non-
linear in practice, representing the restoring force of

Output layer

w: weight
f: activation function

(b) Neuron structure
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Repeat Nz times
M =
N i Loss
K > SCD | R function
Stepper

P _
P;

F‘f —] SgD Uiyq
S =
T EMEES { Ks solver Yi

L ai

S Finite element

SCD Stepper method

Known variables

Simulating process

(a) Framework of the proposed method

Simulated variables

(c) MLP for hysteretic models

Fig. 2 Framework of the FEM-NN hybrid model with MLPs for nonlinear boundary condition identification

the nonlinear component using an MLP is appropriate.
The displacement vector is the MLP input, and the
restoring force of the nonlinear component is the
output. The stiffness of the nonlinear component is
calculated using the partial derivatives of the MLP
output to the input through automatic differentiation.
The MLP can be implemented on the PyTorch
platform [64], which facilitates the symbolic definition
of partial derivatives. The gradient in the MLP is
calculated by using the automatic differentiation
method [65].

3 Physics-data-driven nonlinearity identification
3.1 General framework

The proposed physics-data-co-driven nonlinearity
identification method is summarized in Fig. 2a. The
mass M, damping C, and stiffness K matrices of the
linear structural components are calculated based on
the FEM. The SCD stepper refers to steps 2 to 6 in the
time iteration of Algorithm 1. In the SCD stepper, the
unknown nonlinear boundary is simulated by an MLP.
The input of the MLP is the state variable x, and the
output is the restoring force f*. The stiffness matrix
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associated with the nonlinear boundary, k*, is modeled
using the partial derivatives of the MLP output to the
boundary displacement at the current step u; through
automatic  differentiation, i.e., f*(x) = MLP(x),
k(x) = %[(x)_ Subsequently, the FE model-gener-
ated K and MLP-generated K* (x) are assembled as the
global stiffness matrices K”. The full-field responses R

of this hybrid system are calculated by using the SCD
method. In each epoch, the predicted responses R and

measured responses R are used to establish the loss
function, by minimizing which the MLPs in the
framework are indirectly trained. In such a way, the
MLP is embedded in the calculation of the nonlinear
structural responses, and it can be indirectly trained by
minimizing the response loss. The MLPs can therefore
approach the real nonlinear boundary condition by
minimizing the loss function.

3.2 Nonlinearity surrogate model

The MLPs are adopted to approximate the nonlinear
boundary conditions, where the stiffness and restoring
force of the nonlinear components are estimated from
the observed structural responses. The MLP architec-
tures for the elastic and hysteretic boundary conditions
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are depicted in Figs. 2b and c, respectively. The inputs
of these two MLPs are different because the restoring
force of an elastic component depends only on the
current displacement, while that of a hysteretic
component relates to the displacement history. There-
fore, the displacement at the previous k time steps is
considered in the hysteretic model in Fig. 2c. Since the
time-dependent property of the nonlinear hysteretic
model is unknown in advance, it is essential to choose
a proper k to ensure both calculation efficiency and
identification accuracy. A relatively small initial value
of k, such as 2, can be first employed, and k is
increased one by one in subsequent training until the
loss function is reduced to a satisfactory level. The
stiffness of the nonlinear component is calculated as
the partial derivative of the outputted restoring force to
the current displacement, for which the automatic
differentiation tool in PyTorch is used.

3.3 Loss function

The variance-normalized mean square error (NMSE)
loss function is used to train the data-driven model in
the hybrid framework. The loss function L in this study
is defined as the averaged NMSE between the
reconstructed and measured responses:

N = \2
1 Y D0 (Rm,i - Rm,i)

L= —
N m=1 Var(R,,,)

(2)

where N, represents the total number of measure-
ments, and m denotes the measurement index. N;
represents the total number of time steps, and i denotes
the time step, and. Var is the variance of a vector. R

and R € R¥*Ni are reconstructed and measured
response matrixes.

Fig. 3 Three-DOF spring-
mass system with a

nonlinear spring

4 Case I: A three-DOF spring-mass system
with an elastic nonlinear spring

In this section, a nonlinear spring-mass system with
three DOFs, as depicted in Fig. 3, is used to verify the
proposed method. The three masses are m; = my =
m3 = 1 x 10° kg, and they are connected by two
linear springs. m; and the ground are connected by a
linear spring and an elastic nonlinear spring. The
stiffness parameters of the three linear springs are k; =
ky =k3; =4 x 10° kKN/m. The natural frequencies of
the spring-mass system are 1.417, 3.969, and 5.736
Hz. The restoring force-response curves of the three
types of elastic nonlinear springs, namely, softening,
hardening, and anisotropic, are presented in Figs. 4a—
¢, respectively. The primary case utilizes the softening
spring for illustration, while the hardening and
anisotropic springs will be employed for comparative
analysis. The restoring force-response curve of the
elastic softening nonlinear spring is shown in Fig. 4a.
The elastic softening boundary condition is frequently
observed in vibration isolators. The overall softening
characteristic with quasi-zero stiffness behavior far
from the static equilibrium point can enhance the low-
frequency vibration isolation performance [66]. Ray-
leigh damping is assumed for the whole structure, and
the first two damping ratios are both 2%. The white
noise load is applied to mj3 to excite the dynamic
responses. In this case, three accelerometers are
installed at a sampling frequency of 100 Hz, corre-
sponding to 0.01 s time step in FE analysis. The
acceleration and input force measurements are used to
identify the nonlinear model.

The Pearson correlation coefficient (R) and the
mean relative error (MRE) are used to measure the
shape correlation and deviation of predictions and
measurements:

A~ Nonlinear spring

Accelerometer

@ Springer
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<
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# (m) u* (m) #’ (m)

(a) Softening spring

(b) Hardening spring (c) Anisotropic spring

Fig. 4 Three elastic nonlinear springs utilized in Case I

Table 1 Architecture of the MLP

Layer Layer Size Activation
number type function
1 Input n (input -
number)
2 Linear 500 Tanh
3 Linear 500 Tanh
4 Linear 500 Tanh
5 Linear 500 Tanh
6 Output 1 -
107
Training
Validation

200

400 600
Epoch

Fig. 5 Training and validation losses

Cov(r,r)

\/Var(r) e Var(r)

Avg(lr — 7))
Max([7])

MRE =
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800

1000

1000 T —=
I At
| |
500 - | 1
’i | I
> 0 ! |
~ : Ground truth
-500 | — — — - Predicted
L 1 — — — - Training data range
-1000 L : L
-0.05 0 0.05

u’ (m)

Fig. 6 Learned nonlinear boundary conditions using measure-
ment without noise

where r and 7 are prediction and ground truth vectors,
respectively. They can represent the structural
responses or boundary conditions. Cov(e) represents
the covariance of two vectors, Avg(e) represents the
mean value, and Max(e) represents the maximum. In
practice, the two vectors are regarded as highly
correlated when R > 0.8, and the prediction accuracy
is considered acceptable when MRE < 5%.

4.1 Network training

An MLP with four hidden layers is used to simulate the
nonlinear spring (Table 1). In Case I, the spring is
elastic and the input number 7 is thereby set as 1. The
hybrid model and algorithm are implemented on the
PyTorch platform. A total of 1,024 numerical samples
are collected in the training dataset. Each sample
segment is 512 long, namely, its duration is 5.12 s
(512 x 0.01 s). The training—validation ratio is 8:2.
The hybrid model is trained using the Adam optimizer
with a batch size of 128 and a learning rate of
1 x 107>, The computer configuration includes an
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Table 2 R and MRE

Scenarios R MRE (%)
between learned and true
boundary conditions in all Case Noise level (%) NO 0 0.999 1.449
cases N1 5 0.999 1518
N2 10 0.999 1.846
N3 20 0.999 1.963
N4 30 0.999 2.085
Sensor placement P1 Al 0.999 2417
P2 A2 0.999 2.800
P3 A3 0.999 4.847
P4 Al, A2 0.999 1.671
P5 Al, A3 0.999 2.599
P6 A2, A3 0.999 1.813
Spring type T1 Hardening 0.999 0.656
T2 Anisotropic 0.999 0.369
Case 111 Vertical spring 0.999 0.152
Rotational spring 0.999 1.066
Fig. 7 MRE histogram of 100 150 200 40
different responses in NO
2 100
2 50 100 20
@]
0 . — 0 . 0 . :
0.1 0.2 0.02 0.06 0.1 0 0.050.10.15 1.18 1.2 1.22
MRE (%) MRE (%) MRE (%) MRE (%)
(a) Displacement (b) Velocity (c) Acceleration @fs

Intel Core i7-13,700 CPU, 64 GB RAM, and an
NVIDIA 4070 12 GB graphics card. The training time
is 7.4 s for each epoch in this case.

The entire training process consisted of 1,000
epochs is illustrated in Fig. 5. Initially, the training
and validation losses decrease sharply. After around
400 epochs, they exhibit significant oscillations. The
training and validation loss curves closely align,
suggesting no overfitting or underfitting phenomena
during the training process.

The trained MLP with the smallest validation loss is
selected as the final surrogate model. The learned and
real boundary conditions are presented in Fig. 6.
When the real displacement is in the range of the
training displacement, the predicted nonlinearity is
close to the ground truth. Table 2 presents R and MRE
between the predicted and ground truth boundary
conditions, with the displacement range for the
indicator calculation defined as —0.1 m to 0.1 m.

Table 3 R and MRE values of different responses in all cases

Scenario Response R MRE (%)
NO Displacement 0.999 0.0946
Velocity 0.999 0.0306
Acceleration 0.999 0.0366
Restoring force 0.999 1.204
Case II Displacement 0.998 1.034
Velocity 0.999 0.690
Acceleration 0.999 0.772
Restoring force 0.997 3.233
Case 111 Displacement 0.999 0.0732
Velocity 0.999 0.0585
Acceleration 0.999 0.257
Restoring force 0.999 0.848

@ Springer
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Fig. 8 Predicted and ~ 0.04 T
ground truth displacements g Ground truth
of a new testing sample in = 0.02f — — — - Predicted 1
NO 2
E o I AN
Q
5
"2 -0.02 - J
2
B 0.04 t ‘ ‘
0 2 4 6 8 10 7 7.5 8
Time (s) Time (s)
(a) m
0.04 . : .

0.02

-0.02

Displacement (m)
S

AVl

-0.04 '

0.04

7 7.5 8
Time (s)

0.02

-0.02

Displacement (m)
(e}

AN

-0.04 '

The result indicates R is very close to 1, and the MRE
is 1.449%, indicating a high accuracy of the identified
nonlinear boundary condition. However, when the
measured displacement exceeds the training ranges,
the MLP-predicted restoring force become less accu-
rate. This phenomenon can be attributed to the
inherent limitations of data-driven models, which are
designed to learn only the behaviors represented
within the training datasets. As a result, when test
data exceeds this training range, the MLP’s predic-
tions may lack accuracy and reliability.

To verify the performance of the trained MLP in
predicting structural dynamic responses, the his-
tograms of MREs between predicted and measured
structural responses in the validation sets, including
the displacement, velocity, and acceleration of all
masses and the restoring force of the nonlinear spring,
are shown in Fig. 7. All the MREs are smaller than
5%. Moreover, the averaged R and MRE listed in
Table 3 are close to 1 and smaller than 5%,
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4 6 8 10 7 7.5 8

Time (s) Time (s)

(c) my

respectively. These results indicate that the recon-
structed responses are very accurate because the
nonlinear boundary condition is well learned by the
MLP.

The trained MLP model is also used to generate the
full-field structural responses of a new testing sample
that was not included in training. The testing sample
lasts for 10s. The predicted and ground truth
displacements of all three masses are illustrated in
Fig. 8, where they closely align with each other in
overall shape and peak values. The results indicate a
high generalization ability of the trained MLP.

4.2 Applicability discussion

4.2.1 Influence of measurement noise

Measurement noise is inevitable in practice, and it can
lead to the overfitting effect. Therefore, the robustness
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of the proposed method is further studied by using
noisy measurements for training. The measured data
are contaminated by the zero-mean Gaussian noise.
The noised measurement is simulated as follows:

S s=1

N
* ( "N,

! Zvar(ﬁs>> (5)

where R represents the noised measurements,lv{ is the
ground truth responses without noise, NR is the noise
ratio, s denotes the sensor index, and N; represents the
total number of measurements of the same type. Four
noise levels of 5%, 10%, 20%, and 30% are studied.
The training settings are consistent with those in
Sect. 4.1.

The calculated R and MRE at different noise levels
are presented in Table 2. All R are close to 1, and
MRE:s are less than 5%, indicating that the predicted
boundary conditions are accurate in shape and time

history. With the increase of noise, the MRE also
increases but remains within 5%, and the highest MRE
is 2.085%, suggesting that the influence of Gaussian
noise is acceptable. These results all indicate that the
proposed method exhibits strong robustness to noise.
The nonlinear boundary condition identified from
the 30% noise-contaminated dataset is used to predict
responses in a new testing set. Figure 9 shows the
predicted, measured, and real displacements. The
predicted response time history aligns with the ground
truth, although the noise of the measurements is
significant. This suggests that the nonlinear boundary
condition identified with noised measurements is
sufficiently accurate to predict the real responses.

4.2.2 Influence of sensor placement
In this subsection, different accelerator arrangements

are used to investigate the influence of sensor place-
ments. All possible sensor placement schemes for the
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(a) Hardening spring

three-DOF  spring-mass system are considered
(Table 2). In this part, the noise ratio NR is set as 5%.

The comparison of indicators R and MRE is
presented in Table 2. For all sensor placement
schemes, R are close to 1, and the MRE is consistently
less than 5%, indicating a high accuracy of the learned
nonlinear models. Notably, the nonlinear boundary
condition can be accurately identified even using Al
or A2. The calculated MRE decreases with the
increase in sensor number. This suggests that the
MLP can better learn the boundary condition with
more optimization targets (sensor-measured data)
being satisfied. Additionally, given only one
accelerometer, the estimation MRE is the lowest when
the sensor is installed at m;. This is because the
nonlinear spring is installed between the ground and
my, and the response measured from Al can provide
more information about the nonlinearity model. The
sensors should therefore be placed near the nonlinear
component of the structure when arranging the sensor
configuration.

4.2.3 Influence of boundary condition type

Two more types of nonlinear springs are investigated
in this section: the hardening and anisotropic springs.
Their restoring force-response curves are shown in
Figs. 4b and c. The elastic hardening boundary is
simulated by using a duffing spring that can describe
the force—displacement relationships of disc springs
[67] and the elastic suspension spring pair [68] in
vibration isolation systems. The elastic orthotropic
boundary condition is used to model tension-only
(cable connections in cable-restrained high-damping
rubber bearings [69]) and compression-only (elastic
foundations [11]) boundary conditions.
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Fig. 11 Hysteretic curve of the bilinear model

The identified boundary conditions are presented in
Fig. 10a and b. The identified models are consistent
with their ground truth. The assessment indicators are
reported in Table 2. R are all close to 1, and MREs are
all smaller than 5%. The MRE of the anisotropic
model is the smallest because the left part of the
boundary condition is zero, similar to the initial state
of the MLP where the weight and bias are all set as
zeros, which will be seen again in Case III. Conse-
quently, the training difficulty would decrease sharply
in the anisotropic spring case, leading to a more
accurate identified result.

5 Case II: A three-DOF spring-mass system
with a hysteretic spring

The hysteretic boundary condition is further investi-
gated in this section. The same three-DOF mass-spring
system in Case I is used again. Here, the elastic spring
connecting m; and the ground is replaced by a bilinear
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hysteretic spring. The hysteretic curve is depicted in
Fig. 11. The bilinear hysteretic model [70, 71] is
defined by three parameters: initial stiffness ko,
yielding displacement u,, and stiffness reduction
factor f. In this case, ky is 4 X 10° kN/m, u, is
5 mm, and f is 0.1. The initial stiffness is adopted
when unloading. The bilinear boundary condition is
commonly used to describe the hysteretic behaviors of
lead rubber bearings, and laminated rubber bearings in
earthquake engineering [4].

The MLP architecture exhibited in Fig. 2¢ is
utilized to identify the hysteretic boundary condition.
The MLP input should include the historical restoring
force and displacement because the hysteretic model is
path-dependent. The restoring force of a bilinear
model theoretically relates merely to the restoring
force, velocity, and displacement at the previous time
step, and the hyperparameter k should therefore be 1.
However, such prior knowledge is unknown when
learning the nonlinear model, and k should therefore
be set as a relatively large number. In Case II, k is

Ground truth
— — — - Predicted

3000

2000 1

u® (m)

Fig. 12 Predicted and ground truth hysteretic curve of a new
testing sample in Case II

taken as 2 and n is taken as 4, which includes the
restoring force from the previous step and the
displacements from the last three steps, to yield
satisfactory results. The remaining hyperparameters
for training are identical to those in Case I, as listed in
Table 1.

The predicted and real hysteretic curves are
displayed in Fig. 12 for a new testing set. The
predicted hysteretic curve exhibits the same varia-
tional pattern, including loading, yielding, and unload-
ing behaviors, as the ground truth. This indicates that
the MLP has well learned the relationship between the
loading history and the restoring force through its
powerful nonlinear modeling capability. The observed
discrepancy at sharp corners in the hysteretic curve
OMLP(x)

Ou;
through the backpropagation algorithm, as introduced
in Sect. 2.2, which yields only finite derivatives.
However, the derivative of the restoring force to
displacement in the bilinear model at sharp corners is
theoretically infinite. Consequently, it is challenging
for the MLP to accurately fit the sharp turning points.
The applicability of the MLP to the non-smooth
nonlinearities can be improved by adding the training
dataset, reducing the training noise level, increasing
the network depth, and adjusting the activation
functions, which may cause a higher computational
burden.

The MREs of different types of response time
history in the validation set are displayed in Fig. 13.
Nearly all MREs are smaller than 5%, indicating the
errors of reconstructed responses and restoring forces
are acceptable. The means of R and MRE in the
validation set are also reported in Table 3, suggesting
that the predicted responses are accurate.

The trained MLP, representing the hysteretic
boundary condition, is then used to predict structural
responses. The predicted displacement time histories

arise because the MLP simulates the derivative

Fig. 13 MRE histogram of 150 H 150 200
& h 60
ifferent responses in Case
I
= 100 100 40
3 100
o ( i ; —h‘ﬂ
0 (e 0 : 0
1 2 3 05 1 15 0 1 2 2 4
MRE (%) MRE (%) MRE (%) MRE (%)
(a) Displacement (b) Velocity (c) Acceleration (dfs
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Fig. 15 Schematic of the beam model in Case III

of the testing set are displayed in Fig. 14, which fit
well with the measured ones. This indicates that the
hybrid model, combining the FE model and the well-
trained MLP, can accurately simulate the responses of
the considered hysteretic system.
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A Nonlinear vertical spring
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6 Case III: A beam model with multiple elastic

nonlinear springs

A beam model is used to verify the proposed method
with nonlinearity at multiple positions, as shown in
Fig. 15. The beam is divided into eight elements with
only the in-plane deformation being considered,
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Fig. 16 Evolution process of the MLP representing the rotational nonlinear spring in Case III

resulting in 16 DOFs. The bending stiffness is
1.477 x 10* kKN m?, and the mass per unit length is
1.178 x 107 kg/m. The first two natural frequencies
of the beam model are 2.748 and 10.997 Hz, and the
associated damping ratios are both 2%. Subsequently,
the linear damping matrix can be established. An
elastic rotational softening nonlinear spring is con-
nected to the left beam end, and a vertical hardening
nonlinear spring is placed at the beam center. The
maximum frequency w?" with zero displacement is
5621.415 rad/s, and it is reduced by 24.252% when the
selective mass scaling technique is applied. The white
noise loads are applied to the nodes on the two spans.
The accelerometers, tilters, and displacement trans-
ducers are used to measure structural responses at a
sampling frequency of 1000 Hz.

The FEM-NN hybrid model is constructed using
the mass, damping, and linear stiffness matrices and
two MLPs associated with the two nonlinear springs.
The model was trained by 5,000 epochs, and the other
training settings are consistent with those in Case I.
The loss curve and the corresponding evolution

process of the MLP representing the rotational non-
linear spring are displayed in Fig. 16. Initially, the
learned nonlinear model is a straight line with a
constant value of zero, because the initial weights and
biases of the MLP are set as 0. Then, the training and
validating losses sharply drop, and after about 500
epochs, they oscillate below 3 x 10~*. At around the
1,000th epoch, the learned boundary condition curve
exhibits a similar shape to the ground truth but still has
deviations. After 1,000 training epochs, the reduction
of the training and validation losses is insignificant,
whereas the predicted boundary condition curve
continues to converge towards its ground truth. At
this stage, the loss function, which represents the
disparity between the reconstructed and measured
responses, is primarily related with measurement
noise and thus cannot be further reduced. However,
the MLP is still making efforts to identify the true
boundary condition with the noised data. Finally, after
5,000 epochs, the learned boundary conditions
approach the true boundary conditions, as shown in
the right-bottom subfigure in Fig. 16.
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In the training process, the MLP learns the middle
section (close to the origin of the horizontal coordi-
nate) of the boundary condition more rapidly than
other sections. This is because the structural responses
to white noise excitation are normally distributed. As a
result, the middle section in a boundary condition
curve, which is close to zero, is more easily trained,
benefiting from the concentration of training data.
Correspondingly, the remaining sections of the bound-
ary condition model are learned more slowly. Com-
pared with Cases I and II, Case III requires more
training iterations, indicating that with more DOFs and
nonlinear models involved, the nonlinearity identifi-
cation process would become challenging and time-
consuming.

The learned boundary condition models are dis-
played in Fig. 17, and the evaluation indicators are
reported in Table 2, where R is close to 1 and MREs
are smaller than 1.5%. The results demonstrate that the
accuracy of the identified nonlinear springs is satis-
factory, and this approach can identify multiple
nonlinear models simultaneously.

The MREs of the estimated response time histories
in the validation dataset are exhibited in Fig. 18, and
they are smaller than 1% in most cases. The mean

@ Springer

values of the R and MRE are also presented in Table 3.
These results collectively affirm the effectiveness of
the hybrid model, incorporating the two well-trained
MLPs, in accurately identifying the nonlinear struc-
ture and predicting its full-field responses.

7 Conclusions

An FEM-NN hybrid technique is developed to identify
boundary conditions of the nonlinear system. The
SCD solver is adopted and embedded to calculate
structural nonlinear dynamic responses. The unknown
nonlinear boundaries are surrogated by the MLPs, and
the structural linear components are modeled by the
FE method. The two components are assembled to
formulate the global model. The proposed method is
used to identify elastic, hysteretic, and multiple
nonlinear boundaries of a three-DOF spring-mass
system and a two-span continuous beam. The follow-
ing conclusions can be drawn:

1) The developed hybrid model can accurately
identify the elastic nonlinear boundary condi-
tion. The model is applicable to different noise
conditions, sensor layouts, and nonlinear
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boundary condition models. The hybrid model,
incorporating the well-trained MLP, can also
accurately  predict  full-field  structural
responses.

2) The bilinear hysteretic boundary condition
model is correctly identified. In addition, the
loading, yielding, and unloading behaviors are
well modeled via the trained MLP model. By
contrast, the sharply changing/turning points in
a boundary condition model cannot be accu-
rately identified by an MLP due to its nature as a
continuous and differentiable function.

3)  Multiple nonlinearities are correctly identified
in the two-span continuous beam Case III.
However, more iterations are required to
achieve satisfactory results compared with
Cases I and II because more nonlinear bound-
aries are included in Case III.
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