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Abstract
Multifilament MgB2 wires can be used in electrical machines, in which the wires experience a
time-varying transverse external magnetic field that is rotating (thus consists of two orthogonal
components). Analytical formulae are available in the literature to calculate the instantaneous
coupling loss, eddy current loss and hysteresis loss of a multifilament superconducting wire
under the action of a time-varying external magnetic field in one direction. This paper extends
those formulae to the situation when the wire is subject to a time-varying external magnetic field
in two orthogonal directions transverse to the wire’s longitudinal axis, by deriving from first
principles the instantaneous loss formulae. The coupling loss in the filament-matrix zone is
derived using the anisotropic continuum model, which treats the filament-matrix zone as a
continuum with anisotropic resistivity, and this removes the need to model filaments
individually. The loss formulae derived are verified by numerical simulations done in the
finite-element software COMSOL Multiphysics using an external magnetic field that is realistic
in an electrical machine environment. Reasonable agreement can be seen between analytical
and numerical calculations. In the numerical calculations, the anisotropic continuum model is
implemented in 2D and 3D in COMSOL via the H-formulation, with almost identical results,
but the 2D simulations are significantly faster than the 3D simulations.
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1. Introduction

Multifilament superconductingwires have a variety of applica-
tions. In particular, MgB2 wires can be used in the armature of
superconducting machines [1, 2], because MgB2 wires can be
woundmore easily than flat wires like high-temperature super-
conducting coated conductors, and the multifilament struc-
ture with twisting of the filaments can help reduce ac loss.
Superconducting machines have high power densities, which
make them attractive for use on electric aircraft or wind tur-
bine generators [3, 4].When superconductors are placed under
a time-varying magnetic field or transport ac current, they dis-
sipate losses collectively known as ac loss. In machines and
in many other applications, it is important to estimate the ac
loss in order to calculate cooling requirements and efficiency.
This article focuses on the magnetisation loss of a multifil-
ament wire, i.e. losses in the wire caused by a time-varying
external magnetic field, which is likely to be the dominant
form of loss [5]. In particular, it focuses on the case when
the external magnetic field has two orthogonal directions, both
transverse to the wire’s longitudinal axis. This is experienced,
for example, in a machine when the armature superconductors
experience a rotating magnetic field, which changes in direc-
tion andmagnitude, andmay contain harmonics, and the direc-
tion has two orthogonal components. Expressions for instant-
aneous power dissipation are derived, and these can be integ-
rated over time to find the energy loss over one cycle of field
variation. Appendix A comments on the prevalent approach
for calculating the total loss as the sum of magnetisation loss
(loss due to magnetic field in the absence of transport ac cur-
rent) and transport ac loss (loss due to transport ac current in
the absence of magnetic field).

A multifilament wire typically consists of filaments (with
a sheath) embedded in a normally conducting metal matrix,
which in turn is enclosed by a normally conductingmetal outer
sheath. Modelling such a composite material is difficult due
to the many fine filaments present (approximately 10–25 µm
for MgB2 filaments reported in [6] and 3 µm for NbTi and
Nb3Sn filaments [7]), often twisted. Magnetisation loss in a
multifilament wire can be classified into different components
related to this particular wire architecture: hysteresis loss in
superconducting filaments, coupling loss due to current paths
that include both superconducting filaments and normal mat-
rix, and eddy current loss in the outer sheath. Some wires may
also have magnetic materials (e.g. nickel and monel) and thus
a ferromagnetic hysteresis loss contribution to the total loss,
but due to the complexity of howmagnetic materials affect the
current distribution, we only consider wires without magnetic
materials in this paper.

To model coupling loss in the filament-matrix zone, the
anisotropic continuum model has been proposed in the literat-
ure, which removes the need to model filaments individually.
Carr [8, chapter 9.2] derived an expression for the coupling
loss due to an external magnetic field when the magnetic field
is in one direction. This paper derives from first principles,
similar to that in [8, chapter 9.2], the expression for the coup-
ling loss when the field is in two directions.

To model the eddy current loss in the outer sheath, Turck
[9] derived an expression for the eddy current loss due to an
external magnetic field when the magnetic field is in one direc-
tion. This paper derives from first principles, similar to that in
[9], the expression for eddy current loss when the field is in two
directions.

The hysteresis loss of superconducting filaments in a mul-
tifilament wire can be calculated from the expression for a
superconducting cylinder in isolation under the samemagnetic
field multiplied by the fill factor [8, p.127]. Thus, this paper
derives an expression for the hysteresis loss of a circular super-
conducting wire under an external magnetic field in two direc-
tions. Our derivation is based on the one given in [8, chapter
7.3] for a field in one direction. However, the resulting expres-
sion is more complex than that for a field in one direction given
in [8, chapter 7.3] and cannot be obtained by any obvious sub-
stitution of the |Ḃa| term in the expression for loss due to the
field in one direction. Instead, derivation from first principles,
like [8, chapter 7], is needed as provided in this paper.

To verify the derived formulae, numerical simulations are
carried out using two models built in the finite-element soft-
ware COMSOL Multiphysics. (1) In one model, we simu-
late the filament-matrix zone and the outer sheath, and apply
the anisotropic continuum model to the filament-matrix zone.
This model is used to verify the analytical coupling loss and
eddy current loss expressions derived in this paper. Zhao et al
[10] implemented the anisotropic continuum model in 3D via
the H-formulation in COMSOL, but we find that the aniso-
tropic continuum model can actually be implemented numer-
ically in 2D as there is no z dependence. Klimenko et al [11]
also developed a computer program to calculate electrodynam-
ics of multifilament conductors based on a 2D anisotropic
continuum model. (2) In another COMSOL model, only a
superconducting wire in air is simulated (via the quasi critical
state model (QCSM)), and this is used to verify the hyster-
esis loss formula derived (using the critical state model) in this
paper.

There have also been other numerical methods proposed
in the literature to model multifilament superconductor wires.
The 3D geometry due to twisted filaments makes simulations
quite complicated and time-consuming. Escamez et al [12]
modelled in 3D 36 filaments using several software packages.
Arsenault et al [13] used the H-ϕ formulation to model twis-
ted filaments in 3D in COMSOL. Qiao et al [5] used the
H-formulation to model MgB2 wires with 2 and 54 twisted
filaments in COMSOL in 3D and systematically investigated
the effect of factors such as twist pitch andmatrix resistivity on
the magnetisation loss of the wire. Kameni et al [14] used the
Frenet frame to transform 3D twisted filaments into straight
filaments in 3D space to calculate magnetisation loss. Lyly
et al [15] used a homogenised technique to model filament
bundles in a NbTi wire, where the resistivity in the homogen-
ised bundle area was a weighted sum (weighted by the volume
of materials) of the resistivities of the superconducting fila-
ments and the metal matrix. The authors in [15] assumed the
filaments were untwisted and so 2D models were used and
there was good agreement (difference 1%–28%) between the
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homogenised model and the model in which individual fila-
ments were modelled. Dular et al [16] modelled individual fil-
aments in a matrix in the helicoidal coordinate system, which
reduced the geometry from 3D to 2D. The approach was valid
for ‘helicoidally symmetric boundary conditions (e.g. an axial
external magnetic field, with or without transport current)’,
and for such conditions, the hysteresis loss in the supercon-
ductor (with non-linear power-law resistivity) and coupling
loss in the matrix could be modelled in one model. In the
case of a transversemagnetic field, the boundary conditionwas
no longer helicoidally symmetric, and valid results were only
available for linear materials. Thus, the filaments’ resistivity
was set to a very low value compared to matrix’s resistivity,
and the resulting model could model the coupling loss in the
matrix, but not the hysteresis loss in the filaments.

Regarding analytical modelling of ac loss in multifilament
wires under a transverse field in two directions, Balachandran
et al [17, 18] provided expressions for instantaneous hysteresis
loss, coupling loss and eddy current loss by adapting formu-
lae in the literature. Numerical simulations assuming isotropic
resistivities in the matrix and sheath were carried out [17], and
experimental results were provided for validation [18]. This
paper derives loss formulae from first principles and arrives
at loss expressions that are different. We use the anisotropic
continuum model for coupling loss and calculate eddy current
loss in the sheath considering the effect of the filament-matrix
zone.

In summary, this paper contributes in the following ways.
For an external magnetic field in two orthogonal directions
transverse to the wire axis, this paper

• derives expressions for instantaneous coupling loss and eddy
current loss of an MgB2 multifilament wire assuming the
anisotropic continuum model in the filament-matrix zone,
and provides COMSOL simulations to verify the formu-
lae (the COMSOL simulations also use the anisotropic con-
tinuum model for the filament-matrix zone);

• compares 3D and 2D implementations of the anisotropic
continuum model via the H-formulation in COMSOL for
simulating MgB2 multifilament wire, to verify that a 2D
model can be used instead of 3D;

• derives an expression for instantaneous hysteresis loss of
an MgB2 filament in air in isolation based on the critical
state model, and verify the formula by COMSOL simula-
tion based on the QCSM.

The rest of the paper is organised as follows. Section 2 derives
expressions for the coupling loss of the filament-matrix zone,
eddy current loss in the outer metal sheath, and hysteresis loss
of a circular superconducting wire under an external mag-
netic field in two directions. Section 3 details the numerical
COMSOL models used in this paper to verify the analytical
formulae. Section 4 compares the analytical calculations with
numerical calculations. Section 5 provides discussions and we
conclude in section 6.

2. Analytical modelling

Consider a multifilament MgB2 wire with a cross-section in
the x–y plane and the conductor’s length along in the ẑ dir-
ection, as shown in figure 1. The wire consists of (1) MgB2

filaments in a normal-metal matrix, forming a filament-matrix
zone, which is of radius Rf; and (2) a normal-metal sheath with
inner radius Rf and outer radius R0. The twist pitch of the fil-
aments is L. Appendix B describes some features of practical
MgB2 wires and their relations to themodels used in this paper.

Suppose the wire is subject to a time-varying mag-
netic field Ba = µ0Ha = µ0(Ha,x(t)x̂+Ha,y(t)ŷ) = Ba,x(t)x̂+
Ba,y(t)ŷ with two orthogonal components whilst carrying no
transport current. There are three loss components: the hyster-
esis loss in superconducting filaments, the coupling loss due
to coupling current that flows in the matrix and through the
superconducting filaments, and eddy current loss in the nor-
mal metal sheath.

2.1. Coupling loss

2.1.1. Anisotropic continuum model. The anisotropic con-
tinuum model is used in this section 2.1 to model the filament-
matrix zone. The theory of the model from [8, chapter 8] is
reproduced as follows.

First, the three orthogonal axes in a new coordinate sys-
tem (helical coordinate system) for the continuum are defined
as follows and illustrated in figure 2. The continuum has hel-
ical symmetry due to the twisted filaments. A small displace-
ment along a filament is described in cylindrical coordinates
(r,θ,z) by

ds= dz âz + rdθ âθ

= dz

(
âz + r

dθ
dz

âθ

)
= dz

(
âz + r

2π
L

âθ

)
. (1)

Define a unit vector along the filament axis,

â∥ :=
ds
ds

=
âz + 2π r

L âθ√
1+

(
2π r
L

)2 . (2)

Since the first orthogonal vector does not have a component
in âr, the second orthogonal unit vector is

â2 = âr. (3)

Finally, the third orthogonal vector is

â3 = â∥ × â2 =
âθ − 2π r

L âz√
1+

(
2π r
L

)2 . (4)

We treat the filament-matrix zone as a material with rel-
ative permeability µr = 1 when calculating eddy current loss
[8, p.126]. The properties in the â2 and â3 directions are
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Figure 1. (a) 2D model of the multifilament wire simulated in
COMSOL; the air region is the grey area surrounding the wire,
which consists of the filament-matrix zone and the outer sheath.
(b) 3D model simulated in COMSOL, but the air region is not
shown.

assumed to be the same for simplicity [8, p.114]. Let ρ⊥ be the
transverse resistivity, which is the resistivity in the direction
transverse to the filament axis. In the filament-matrix zone, [8,
p.115]

E⊥ = ρ⊥J⊥, (5)

whereE⊥ and J⊥ are sum of the electric field and current dens-
ity components, respectively, in the directions â2 and â3 trans-
verse to the filament axis.

2.1.2. Coupling loss due to an external field with two ortho-
gonal directions. To calculate the coupling loss in the mat-
rix, we adapt the method in [8, chapter 9.2], which calculates

Figure 2. Illustration of a twisted filament and the coordinate
system used for anisotropic continuum model (which is shown in
red). The cylindrical coordinate system is shown in green. The
Cartesian coordinate system is shown in black. Adapted with
permission from [8], which is © [2001] Taylor & Francis Group.

themagnetisation loss of an infinitely long, twisted (twist pitch
L), circular multifilament conductor with a filament-matrix
zone of radius Rf subject to an external magnetic field that is:
transverse to the wire; in one direction; and changes slowly
enough such that it is not shielded but fully penetrates the con-
ductor, thus Ḃ= µ0Ḣa in the continuum. Note that shielding
does not occur at zero frequency due to resistance along the ẑ
direction but can occur at a high frequency when the induced
current cannot relax [8, p. 126]. The frequency at which the
induced current cannot relax is [8, pp. 132–133]

f1 =
4πρ⊥
µ0L2

, (6)

which is approximately 20 kHz using the wire parameters in
table 2, and this is well above the frequencies in a typical
machine. Whilst no sheath is considered in [8, chapter 9.2],
here we also assume that the current induced in the sheath still
does not shield the filament-matrix zone. A relative permeab-
ility µr = 1 is also assumed, which is valid for fine filaments
or a small fill factor λ [8, p.126]. Here, we extend the approach
to the case when the external field is in two directions.

From Faraday’s Law∇ × E=−Ḃ, in the continuum,

∇ × E=−µ0Ḣa (7)

E=

ExEy
Ez

=

 cx (x)
cy (y)

−µ0Ḣa,xy+µ0Ḣa,yx+ cz (z)

 , (8)

where cx(x),cy(y) and cz(z) are functions in x,y and z,
respectively.

The expressions cx(x),cy(y) and cz(z) can be determined by
forcing E · â∥ = 0 (E∥ neglected for calculating the coupling
loss for unsaturated transport current in a filament [8, p.115]),
as follows.

Substituting âθ =
−yx̂+xŷ√
x2+y2

= −yx̂+xŷ
r into (2), â∥ can be

expressed in Cartesian coordinates as

â∥ =
1√

1+
(
2π r
L

)2
(
−2π y

L
x̂+

2π x
L

ŷ+ ẑ
)
. (9)

Taking the dot product of (8) and (9) to enforce E · â∥ = 0,

−2π y
L

cx (x)+
2π x
L

cy (y)−µ0Ḣa,xy+µ0Ḣa,yx+ cz (z) = 0.

(10)
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Rearranging,

y

(
−2π cx (x)

Lµ0
− Ḣa,x

)
+ x

(
2π cy (y)
Lµ0

+ Ḣa,y

)
+
cz (z)
µ0

= 0.

(11)

Setting the brackets that multiply x and y respectively to zero,
we can find cx(x) and cy(y), and we can also set cz(z) = 0.
Thus,

E= µ0

(
−Ḣa,x

L
2π

x̂− Ḣa,y
L
2π

ŷ+
(
Ḣa,yx− Ḣa,xy

)
ẑ
)
. (12)

Note J⊥ = E⊥
ρ⊥

= E
ρ⊥

because E has no component in â∥.
The instantaneous power loss per unit volume (i.e. in

Wm−3) of the filament-matrix zone due to the coupling cur-
rent is

Pc
V

=
1

πR2
f

¨

a

ρ⊥J
2
⊥ da=

1
πR2

f ρ⊥

¨

a

E2 da

=
µ2
0

πR2
f ρ⊥

¨

a

(
Ḣ2
a,x+ Ḣ2

a,y

)( L
2π

)2

+
(
Ḣa,yx− Ḣa,xy

)2
da

=
µ2
0

πR2
f ρ⊥

(
|Ḣa|2

(
L
2π

)2

(πRf)
2

+

Rfˆ

0

2πˆ

0

(
Ḣa,yrcosθ− Ḣa,xrsinθ

)2
rdθdr


=

µ2
0

πR2
f ρ⊥

(
|Ḣa|2

(
L
2π

)2

(πRf)
2
+
R4
f

4
π |Ḣa|2

)

=
|Ḃa|2

ρ⊥

(
R2
f

4
+

(
L
2π

)2
)
, (13)

where a is the area of the filament-matrix zone, |Ḣa|2 =
|Ḣa,xx̂+ Ḣa,yŷ|2 = (Ḣa,x)

2 +(Ḣa,y)
2, Ḃa = µ0Ḣa, |Ḃa|2 =

(Ḃa,x)2 +(Ḃa,y)2 = µ2
0|Ḣa|2.

The above expression agrees with [8, equation (9.4)] for
the case when the external field is only in the x direction, i.e.
Ha,y = 0, and in such case, |Ḃa|2 = (µ0Ḣa,x)

2.

2.2. Eddy current loss

In this subsection, we calculate the eddy current loss in the nor-
mal metal sheath surrounding the filament-matrix zone when a
transverse field with components in both the x and y directions
acts upon the wire. The method in [9] calculates the loss in the
outer sheath when the wire is subject to a transverse field in
one direction. Here, we adapt the method for a transverse field
in two directions.

The local electric field in the sheath is [9]

E=−∇V− ∂A
∂t

, (14)

where V is the electric scalar potential, A is the magnetic vec-
tor potential.

Taking the divergence of (14), ∇·∇V=−∇ ·E
− ∂

∂t (∇·A). Gauss’s law gives ∇·E= ρ
ϵ0
= 0 where there

is no charge density (ρ is the charge density and ϵ0 is the per-
mittivity of free space). Under Coulomb’s gauge, ∇·A= 0.
Thus, we have the Laplacian of the electric scalar potential
∇·∇V= 0. In 2D cylindrical coordinates (r,θ),

∂2V
∂r2

+
1
r
∂V
∂r

+
1
r2

∂2V
∂θ2

= 0. (15)

To solve this Laplace’s equation, we need two boundary
conditions, at r= Rf and r= R0.

In the filament-matrix zone, E is given in (12). As we
assume full penetration of the external field4, B= µ0(Ha,xx̂+
Ha,yŷ). With B=∇ × A, A= µ0(Ha,xy−Ha,yx)ẑ. Thus, (14)
becomes

µ0

(
−Ḣa,x

L
2π

x̂− Ḣa,y
L
2π

ŷ+
(
Ḣa,yx− Ḣa,xy

)
ẑ
)

=−∇V−µ0
(
Ḣa,xy− Ḣa,yx

)
ẑ. (16)

The ẑ components cancel out5. Thus,

V= Ḃa,x
L
2π

x+ Ḃa,y
L
2π

y

= Ḃa,x
L
2π

rcosθ+ Ḃa,y
L
2π

rsinθ. (17)

We can obtain the first boundary condition: in cylindrical
coordinates and at r= Rf

V=
L
2π

Rf
(
Ḃa,x cosθ+ Ḃa,y sinθ

)
. (18)

The second boundary condition is that at r= R0, Er =
−∂V

∂r = 0 [9].
The general solution to (15) is [20, chapter 34]

V(r,θ) = a0 + b0 lnr+
∞∑
n=1

[(
anr

n+ bnr
−n
)
cos(nθ)

+
(
cnr

n+ dnr
−n)sin(nθ)] , (19)

where a0,b0,an,bn,cn,dn are coefficients to be found based on
boundary conditions.

4 According to [9], the axial component of current density running through the
filaments induced by an external magnetic field creates an additional homo-
geneous field in the opposite direction of the external field, giving a homogen-
eous internal total field. The internal field is assumed to be uniform and in the
x direction [19]. Shielding due to the induced current is effective at 2π fτ ⪆ 1
where f is the frequency of the applied field, τ is the ‘time constant govern-
ing the exponential decay of [the field generated by induced current]’ [19].
However, we assume low external field frequency and thus assume full pen-
etration, as used in [8, chapter 9.2] for a multifilament conductor without a
sheath.
5 In [9], it is assumed that 2π r

L
<< 1, thus we can ignore Ez [9] (seen in (12))

and Az.
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Applying the first boundary condition (18), we obtain a0 =
b0 = 0, an = bn = cn = dn = 0 ∀n ̸= 1,

a1Rf +
b1
Rf

=
L
2π

Ḃa,xRf (20)

c1Rf +
d1
Rf

=
L
2π

Ḃa,yRf. (21)

For the second boundary condition on r= R0, we obtain

0=
∂V
∂r

=

(
a1 −

b1
r2

)
cosθ+

(
c1 −

d1
r2

)
sinθ. (22)

Thus,

a1 −
b1
R2
0

= 0 (23)

c1 −
d1
R2
0

= 0. (24)

Solving for a1,b1,c1,d1, we get

V(r,θ) =
L
2π

R2
f

R2
f +R2

0

(
r+

R2
0

r

)(
Ḃa,x cosθ+ Ḃa,y sinθ

)
.

(25)
With this expression ofV, the components of E in the sheath

are

Er =−∂V
∂r

=− L
2π

R2
f

R2
f +R2

0

(
1− R2

0

r2

)(
Ḃa,x cosθ+ Ḃa,y sinθ

)
(26)

Eθ =−1
r
∂V
∂θ

=− L
2π

R2
f

R2
f +R2

0

(
1+

R2
0

r2

)(
−Ḃa,x sinθ+ Ḃa,y cosθ

)
.

(27)

Then,

E2 = E2
r +E2

θ

=

(
L
2π

R2
f

R2
f +R2

0

)2(
Ḃ2
a,x

[(
1+

R4
0

r2

)
− 2R2

0

r2
cos(2θ)

]
+ Ḃ2

a,y

[(
1+

R4
0

r2

)
+

2R2
0

r2
cos(2θ)

]
−4Ḃa,xḂa,y sin(2θ)

R2
0

r2

)
. (28)

where Ḃ2
a,x =

(
Ḃa,x
)2
and Ḃ2

a,y =
(
Ḃa,y
)2
for clarity. The

power loss per unit of wire volume (i.e. in Wm−3)
is [9]

Pec =
1

πR2
0

2πˆ

0

R0ˆ

Rf

E2

ρms
rdrdθ, (29)

which gives

Pec =

(
Rf

R0

)2 1
4π2ρms

(
Ḃ2
a,x+ Ḃ2

a,y

)
L2
(
R2
0 −R2

f

R2
f +R2

0

)
, (30)

where ρms is the resistivity of the metal sheath. This agrees
with [9, equation (13)] in the special case when the internal
field has one direction only and is equal to the externally
applied field B(t) = Ba,x(t)x̂.

2.3. Hysteresis loss

The hysteresis loss (per unit volume of a multifilament wire)
of the superconducting filaments in a multifilament wire due to
an external transverse magnetic field Ha can be calculated by
λ times the expression of the hysteresis loss of a circular wire
under the same transverse magnetic field of the same radius
as the MgB2 filament. This assumes that the field fully penet-
rates each filament and that the field acting on each filament is
Ha; that the filaments are circular; and that the external field is
almost transverse to the filaments [8, p.127].

We now consider a circular MgB2 filament (appendix C
describes the loss of a hollow or composite MgB2 filament)
subject to the transverse external fieldHa. The transverse field
required to fully penetrate a filament when there is no transport
current is [8, equation (7.83)]

Hp =
2
π
RfilJc, (31)

where Rfil = dfil/2 is the filament radius, dfil is the filament
diameter, and Jc is the critical current density of the filament.
Suppose dfil = 20 × 10−6 mand Jc = 2.81 × 109 Am−2, then
Hp = 1.8 × 104 Am−1, corresponding to the magnetic flux
density ofHpµ0 = 0.022 T, which we assume will be exceeded
in an electrical machine environment.

In the following, we modify [8, chapter 7.3], which cal-
culates the hysteresis loss in a circular superconductor due
to a transverse magnetising field in one direction that fully
penetrates the superconductor when there is no transport cur-
rent. Again, we consider a transverse field in two directions,
Ha = Ha,x(t)x̂+Ha,y(t)ŷ.

Considering Faraday’s law ∇ × E=−Ḃ, a general solu-
tion has already been given in (8). Suppose the solution to be

E=
(
−µ0Ḣa,xy+µ0Ḣa,yx

)
ẑ. (32)

To check whether this is indeed the solution, inspired by [8,
chapter 7.7, 7.11], we can observe that in this solution, E= 0

on the line y= Ḣa,y

Ḣa,x
x, which passes through the origin (the

centre of the wire), thus dividing the wire’s cross section into
two equal-area regions. Note, if Ha is a rotating field, the line
with E= 0 rotates as well. As we adopt the critical state model
when modelling the ac loss analytically, this means that both
halves carry current densities Jc and −Jc, respectively (E= 0
is where the current density changes sign [8, p.90]), which
matches the zero-transport current condition. Thus, (32) is an
appropriate solution.
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The instantaneous power loss per unit volume (in Wm−3)
of the circular superconductor with radius Rfil in a uniform
magnetic field is [8, equation (7.1)]

Phys

V
=

1
πR2

fil

2πˆ

0

Rfilˆ

0

E · Jrdrdθ. (33)

Under the Bean critical state model assumptions, in areas
of non-vanishing E, the current density is in the direction of E
and of magnitude Jc. Thus, assuming Jc is constant (independ-
ent of magnetic field), the hysteresis loss per unit of MgB2 fil-
ament volume (in Wm−3) is

Phys

V
=

Jc
πR2

fil

2πˆ

0

Rfilˆ

0

Erdrdθ (34)

=
Jcµ0

πR2
fil

2πˆ

0

Rfilˆ

0

|Ḣa,yx− Ḣa,xy|rdrdθ

=
Jcµ0

πR2
fil

2πˆ

0

Rfilˆ

0

|Ḣa,y cosθ− Ḣa,x sinθ|r2 drdθ

=
JcRfil

3π
K (35)

where

K= µ0

2πˆ

0

|Ḣa,y cosθ− Ḣa,x sinθ|dθ (36)

=

{
4
(
Ḃa,y sinθ1 + Ḃa,x cosθ1

)
, if Ḃa,x ⩾ 0

−4
(
Ḃa,y sinθ1 + Ḃa,x cosθ1

)
, if Ḃa,x < 0

(37)

θ1 =


tan−1

(
Ḃa,y
Ḃa,x

)
, if Ḃa,x ̸= 0

π/2, if Ḃa,x = 0, Ḃa,y ⩾ 0

−π/2, if Ḃa,x = 0, Ḃa,y < 0

(38)

Ḃa,x = µ0Ḣa,x (39)

Ḃa,y = µ0Ḣa,y, (40)

where K,θ1, Ḃa,x and Ḃa,y are all functions of time.
The above expression (35) agrees with [8, equation (7.26)]

for the case when the transverse field is only in the x direction,
i.e. Ha,y = 0, giving Phys

V = µ0
4Jc
3π Rfil|Ḣa,x|.

The hysteresis power loss per unit volume of the multifila-
ment wire is (35) multiplied by the fill factor λ.

3. Numerical modelling

3.1. 3D model of homogenised filament-matrix zone plus
outer sheath

This section follows [10] in implementing a 3DH-formulation
anisotropic continuummodel of amultifilament superconduct-
ing wire.

From Faraday’s law,

∇ × E=−∂B
∂t

=−µ0µr
∂H
∂t

, (41)

where E is the electric field intensity, B is the magnetic flux
density,H is the magnetic field strength, µ0 is the permeability
of vacuum, andµr is the relative permeability taken to be unity.

SubstitutingE= ρJ and J=∇ × H, where J is the current
density and ρ is a resistivity matrix,

∇ × (ρ∇ × H) =−µ0µr
∂H
∂t

. (42)

The condition∇·B= 0 will hold for all time instants if the
initial conditions satisfy [21]

∇· (µ0µrH)|t=0 = 0. (43)

The outer sheath has an isotropic resistivity. The filament-
matrix zone is homogenised according to the anisotropic con-
tinuum model, and the zone has an anisotropic resistivity,
which is derived as follows (based on [10]).

To convert from cylindrical coordinates to Cartesian
coordinates,

âθ =−sinθx̂+ cosθŷ=−y
r
x̂+

x
r
ŷ (44)

âr = cosθx̂+ sinθŷ=
x
r
x̂+

y
r
ŷ. (45)

Substituting the above into (2)–(4), the basis vectors in the
helical coordinate system used in the anisotropic continuum
model can be expressed in Cartesian coordinates:

â1 = â∥ =−2π y/L
k

x̂+
2π x/L
k

ŷ+
1
k
ẑ (46)

â2 =
x
r
x̂+

y
r
ŷ (47)

â3 =−y/r
k

x̂+
x/r
k

ŷ− 2π r/L
k

ẑ, (48)

where k=
√
1+

(
2π r
L

)2
,r=

√
x2 + y2.

J and E can be expressed in Cartesian coordinates and hel-
ical coordinates:

J= Jxx̂+ Jyŷ+ Jzẑ= J1â1 + J2â2 + J3â3 (49)

E= Exx̂+Eyŷ+Ezẑ= E1â1 +E2â2 +E3â3. (50)

Substituting (46)–(48) for â1, â2 and â3, we obtain

JxJy
Jz

=


− 2π y/L

k
x
r − y/r

k

2π x/L
k

y
r

x/r
k

1
k 0 − 2π r/L

k


J1J2
J3

= R⊺

J1J2
J3

 , (51)

ExEy
Ez

= R⊺

E1

E2

E3

 , (52)
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where we have defined

R=


− 2π y/L

k
2π x/L

k
1
k

x
r

y
r 0

− y/r
k

x/r
k − 2π r/L

k

 . (53)

Note R⊺ = R−1 because R is made of orthonormal vectors.
In the helical coordinate system (â1, â2, â3),E1

E2

E3

=

ρf 0 0
0 ρ⊥ 0
0 0 ρ⊥

J1J2
J3

 , (54)

where the resistivity ρf along the filament direction follows the
E–J power law:

ρf =
E0

Jc

(
|Jf|
Jc

)n−1

, (55)

where Jc is the critical current density of a filament and
Jf = J1 is current density along the filament direction. The
non-zero resistivity is in contrast to the analytical method in
section 2.1, in which the electric field along the filament dir-
ection is assumed to be zero (i.e. ρf = 0). A power-law res-
istivity is used in the 3D model in [10], and we do the same
because of convergence difficulties in the 3DCOMSOLmodel
if ρf = 0 is used. Nonetheless, ρf = 0 is used for the 2D model
described in section 3.2. However, as shown in section 4.1,
there is little difference in the results between the 2D and 3D
models under these assumptions.

Let us define

ρ ′ =

ρf 0 0
0 ρ⊥ 0
0 0 ρ⊥

 . (56)

Substituting (54) and (51) into (52),ExEy
Ez

= R⊺ρ ′

J1J2
J3

= R⊺ρ ′R

JxJy
Jz

 . (57)

Thus, the anisotropic resistivity ρ is

ρ= R⊺ρ ′R. (58)

Note that this is similar to [10, 11] except that resistivity is
used here, rather than conductivity.

In the COMSOL model, the H-formulation is implemen-
ted in the ‘magnetic field formulation (mfh)’ interface, which
solves for the three Cartesian components of H. Quadratic-
order elements are used for better accuracy. J is calculated by
implementing J=∇ × H,

Jx =
∂Hz

∂y
−

∂Hy

∂z
(59)

Jy =
∂Hx

∂z
− ∂Hz

∂x
(60)

Jz =
∂Hy

∂x
− ∂Hx

∂y
. (61)

The resistivity tensor ρ is input as a user-defined resistivity
in the E–J constitutive relation in the ‘Faraday’s Law’ node of
the mfh interface. The simulated geometry consists of a cylin-
der representing the filament-matrix zone enclosed by an outer
cylinder representing the outer sheath, surrounded by a cylin-
der representing air (see figure 1(b)). One twist pitch is simu-
lated. Periodic conditions are imposed at the two end faces of
the 3D geometry6.

The instantaneous coupling loss (in W) is calculated by
integrating E2J2 +E3J3 over the filament-matrix zone volume.
Note that there is J1 in the filament direction, and since E1 =
ρfJ1 is not zero, E1J1 is not zero but is very small, as described
in section 4.1. The instantaneous eddy current loss (in W) is
calculated by integrating ExJx+EyJy+EzJz over the sheath
volume.

Compared to other numerical models for multifilament
superconductors in which filaments are explicitly modelled
and meshed, the anisotropic continuum model does not have
individual filaments. The fill factor (proportion of supercon-
ductor filaments in the wire) probably affects the anisotropic
continuummodel via the transverse resistivity. Carr [8, chapter
8.5] suggests that the transverse conductivity depends on the
conductivity of matrix σm, fill factor λ and filament-matrix
interface resistance:

σ⊥ =

{
σm

1+λ
1−λ , for no interface resistance

σm
1−λ
1+λ , for large interface resistance

. (62)

In the future, comparisons can be made between the aniso-
tropic continuum model and models that model filaments
explicitly.

3.2. 2D model of homogenised filament-matrix zone plus
outer sheath

The analytical calculation in (13) of the coupling loss of
the filament-matrix zone given by the anisotropic continuum
model has no dependence on z. The anisotropic resistivity
in (58) also has no dependence on z, despite the fact that in a
real wire, the cross-section changes with z as the filaments are
twisted. Thus, the anisotropic continuum model is also imple-
mented in a 2D geometry in COMSOL assuming electromag-
netic quantities do not change with z.

The 2D geometry in COMSOL representing the cross-
section of the wire is shown in figure 1(b). The geometry
consists of three concentric circles, representing the filament-
matrix zone, the outer sheath, and air, respectively. Under the

6 (In COMSOL 6.2) Periodic conditions imposed by first adding a ‘Linear
Extrusion’ node (suppose the operator name is ‘linext1’) under ‘Definitions’
to select the source nodes on the source face and corresponding destination
nodes on the destination face, and then adding a ‘Magnetic Field’ node in the
mfhmodule with the destination face selected and imposing the magnetic field
as ‘linext1(Hx)’ for the x component of H0 and so on.
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mfh node, the ‘field components solved for’ is set to be the
‘three-component magnetic field’ option, so that all three com-
ponents of H are solved. The three components of J=∇ × H
are calculated as

Jx =
∂Hz

∂y
(63)

Jy =−∂Hz

∂x
(64)

Jz =
∂Hy

∂x
− ∂Hx

∂y
, (65)

since ∂Hx
∂z and ∂Hy

∂z are assumed to be zero as the 2D model
assumes electromagnetic quantities have no z dependence. The
3-by-3 resistivity tensor ρ is input as the user-defined resistiv-
ity in the E–J constitutive relation in the ‘Faraday’s Law’ node
of the mfh interface. Note that we implement ρf = 0 for (56)
in the 2D model.

The instantaneous coupling loss (in Wm−1) is calculated
by integrating E2J2 +E3J3 over the filament-matrix zone area.
Note that E1J1 = 0 because ρf = 0. The instantaneous eddy
current loss (in Wm−1) is calculated by integrating ExJx+
EyJy+EzJz over the sheath area.

3.3. 2D model of single circular superconductor

To model an untwisted superconducting circular filament in
isolation in air in 2D, the QCSM in [22] is used, where

Jz = Jc erf

(
Ez
E0

)
(66)

where erf(x) is the error function [23], which transitions
smoothly from−1 to 1 as the argument x changes from negat-
ive to positive (the transition is almost complete over an inter-
val of approximately −2< x< 2), thus Jz as a function of
Ez resembles a smoothed version of the critical state model.
This is implemented in the ‘magnetic fields (mf)’ interface in
COMSOL (which solves the magnetic vector potential) by set-
ting the isotropic electrical conductivity in the superconductor
region to be

σ =
Jc erf(Ez/E0)

|Ez+ ϵ|
, (67)

where ϵ is a small constant (‘eps’ in COMSOL) to avoid a
singularity.

Only the out-of-plane vector potential is solved for in themf
interface, and thus Jx = Jy = 0. The instantaneous hysteresis
per unit length (in Wm−1) is calculated by integrating EzJz
over the filament area.

4. Results

In this section, let us consider the magnetic field experienced
by a wire in the armature of a superconducting machine. A
general synchronous machine is shown in figure 3 with two
pole pairs. We consider a dc synchronous machine with four
pole pairs of ratings 3 MW, 4500 rpm, which correspond
to ratings for NASA’s N3-X concept plane [24]. For such a

Figure 3. The synchronous machine that generates the magnetic
field considered in section 4. Adapted with permission from [44],
which is © [2025] IEEE.

machine, the magnetic flux density in two directions, Br and
Bθ, experienced at a point in the armature coil area is evalu-
ated at discrete time instants and is given in figures 4(a) and
(b), respectively. The evaluation is carried out in Python and is
based on a 2D analytical model [25] to model magnetic field
in the machine. Using a fast Fourier transform, the frequency
components of Br and Bθ are identified, and time-continuous
signals based on the four harmonics with the largest amp-
litudes are constructed for each of Br and Bθ, shown as solid
lines in figure 4(b). For the simulations in this section, the
external field experienced by an MgB2 wire is based on these
time-continuous signals:

Br =
∑

n=1,3,5,7

an cos(2π (300)nt+αn) (68)

Bθ =
∑

n=1,3,5,7

bn cos(2π (300)nt+βn) , (69)

where the coefficients are detailed in table 1.

4.1. Instantaneous power dissipation due to coupling and
eddy current losses

Consider a wire of length L specified in table 2 subject to a
transverse magnetic field in the x and y directions like (68)
and (69), respectively, but multiplied by a ramp function
r(x) = 1/(1+ exp(−5(10x− 1.8))) to allow zero initial con-
ditions for ease of simulation,

Bx = r(300t)
∑

n=1,3,5,7

an cos(2π (300)nt+αn) (70)

By = r(300t)
∑

n=1,3,5,7

bn cos(2π (300)nt+βn) . (71)
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Figure 4. The magnetic flux density in radial and tangential directions at a point in the armature of a synchronous machine, evaluated at
different time instants, presented as (a) a scatter plot for one electrical period, with each dot separated by a fixed time interval, (b) time
series for two electrical periods. In (b), the original time-discretised Br and Bθ signals are analysed by a fast Fourier transform and
time-continuous signals are reconstructed based on the four harmonics with the largest amplitudes for each signal.

Table 1. Amplitude and phase of harmonics in Br and Bθ .

Amplitude Value [T] Phase Value [rad]

a1 1.1524 α1 1.0086
a3 0.1810 α3 1.3996
a5 0.0429 α5 −1.8562
a7 0.0326 α7 −1.9703

b1 0.9448 β1 −3.0817
b3 0.1810 β3 2.9704
b5 0.0429 β5 −0.2854
b7 0.0326 β7 −0.3995

The wire is simulated for two periods (2/f), where f =
300 Hz, in 2D and 3D in COMSOL according to sections 3.2
and 3.1, respectively. The simulated 2D and 3D geometries

are shown in figures 1(a) and (b), respectively. The 2D and
3D models have the same mesh settings (maximum size and
so on) for the cross-section (the 3D model has a swept mesh

10
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Table 2. MgB2 wire parameters

Description Symbol Unit Value

Radius of filament-matrix zone Rf m 240×10−6

Outer radius of outer sheath R0 m 305×10−6

Twist pitch L m 5×10−3

Transverse resistivity of filament-matrix zone ρ⊥ Ωm 5×10−8

Resistivity of outer sheath ρms Ωm 365×10−9

MgB2 filament diameter (for hysteresis loss
formula and simulation involving one filament)

dfil m 20 ×10−6

For COMSOL simulation (for (55) and (67))

n value in E–J power law n — 42
Filament critical current density Jc Am−2 2.81 × 109

Critical electric fielda E0 Vm−1 10−5

Rf,R0,L,ρms, and λ are taken from [26, tables 2.1, 2.2]; the value for ρ⊥ is within the range
given in [6, table 5]. n and E0 are taken from table 1 in [10], which are for LTS, but we use
them here nevertheless. Jc for MgB2 filament is reasonable from figure 6 of [27].
a A comparison between COMSOL simulations with E0 = 10−5 Vm−1 and
E0 = 10−4 Vm−1 is provided in appendix D.

and thus the mesh on one of the 2D faces is specified), but the
resulting meshes are not exactly the same.

The instantaneous loss results calculated by the COMSOL
simulations and analytical method (in section 2.1 for coup-
ling loss and section 2.2 for eddy current loss) are given in
figures 5(a) and (b). As with all loss simulations in this paper,
two periods are simulated and results at 401 evenly distributed
time steps are stored. Analytical instantaneous loss formulae
are also evaluated at the same 401 time steps. In 3D, one twist
pitch is simulated; and in 2D, the instantaneous loss result (in
Wm−1) is multiplied by the twist pitch to give the unit of watt.
The average loss values and time taken for the simulations are
given in table 3. Very good agreement can be seen between 2D
and 3D simulations. Furthermore, the difference between the
average loss values from the analytical calculations are within
4% of the simulated value (2D) for coupling loss and 7.5% of
the simulated value (2D) for eddy current loss.

Although non-zero resistivity (power-law resistivity) is
used in the 3Dmodel along the filament direction â1, the loss in
that direction is very small: integrating E1J1 over the filament-
matrix zone volume and averaging over the second period sim-
ulated gives only 11.4 µW, which is very small compared to
the mW level of coupling and eddy current losses in table 3.

4.2. Instantaneous power dissipation due to hysteresis loss

Consider a straight and untwisted circular MgB2 filament in
air in isolation with Jc and diameter in table 2. It is subject
to a transverse magnetic field (with harmonics) in the x and y
directions, with Bx and By given by (70) and (71), respectively.

The hysteresis loss of the wire is calculated by the analyt-
ical method in section 2.3, and by the 2D model in COMSOL
described in section 3.3 using the parameters in table 2. Two
periods (2/f), where f = 300 Hz, are simulated. The results are
shown in figure 6, and there is very good agreement between
the two methods. The average loss over the second period

calculated by the analytical method and by the COMSOL sim-
ulation are 8.2339 mW and 8.2308 mW, respectively, showing
a difference of less than 0.04%. The time taken by COMSOL
simulation is 1881 s. The time taken by the analytical method
is very fast (less than 1 s inMatlab, but the analytical formula is
also implemented in COMSOL, fromwhich analytical instant-
aneous loss values are obtained).

4.3. Average losses as magnetic field amplitude varies

Consider a wire of length L specified in table 2 subject to a
transverse magnetic field in the x and y directions,

Bx = kr(300t)
∑

n=1,3,5,7

an cos(2π (300)nt+αn) (72)

By = kr(300t)
∑

n=1,3,5,7

bn cos(2π (300)nt+βn) , (73)

where k is an amplitude factor that is varied from 0.002 to
20. When k= 1, the amplitude of the external magnetic field
is approximately 1.5 T. The wire is simulated for two peri-
ods (2/f), where f = 300 Hz, in 2D. The average coupling
loss and eddy current loss over the second period calculated
in COMSOL are compared to the analytical calculations from
the formulae in section 2.1 for coupling loss and section 2.2
for eddy current loss. The results are shown in figure 7. It can
be seen that the analytical formulae agree with the 2D numer-
ical simulations for the wide range of amplitudes simulated
(difference within 4.6% for the coupling loss and 7.5% for the
eddy current loss).

Next, for hysteresis loss, we simulate in COMSOL an
MgB2 filament subject to the same transverse magnetic field
in the x and y directions in (72) and (73), respectively, except
that k varies from 0.001 to 10. The filament is simulated for
two periods (2/f), f = 300 Hz. The average power dissipa-
tion per meter over the second period calculated in COMSOL
is compared to the analytical calculation from the formulae

11
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Figure 5. Instantaneous (a) coupling loss and (b) eddy current loss calculated by the analytical method, and 2D and 3D COMSOL
simulations, over two periods.

Table 3. Coupling loss and eddy current loss simulation results.

COMSOL

Description Analytical 2D 3D

Averagea coupling loss in filament-matrix
zone [mW]

62.598 60.286 60.185

Averagea eddy current loss in sheath [mW] 1.9719 2.1305 2.1251
Time taken for simulationb [s] <1 146 16 952
a Averaged over the second period simulated.
b Time for analytical calculation is based on implementation in Matlab, but analytical
calculations are also performed in COMSOL, from which we take the analytical average loss
values and instantaneous loss values for plotting in figures.

in section 2.3. The results are shown in figure 7. It can be
seen that for k< 0.1, there starts to be significant differences
between numerical and analytical methods. This is reasonable

because, as stated in (31), the hysteresis loss formula is only
valid if the external magnetic field fully penetrates the filament
(the penetration field is calculated to be 0.022 T) and it is

12
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Figure 6. Instantaneous hysteresis loss of a circular MgB2 filament
in air in isolation, calculated by analytical means and a 2D
COMSOL simulation.

Figure 7. Average power dissipation of a multifilament wire due to
coupling and eddy current losses (left axes) and average power
dissipation per meter of an MgB2 filament due to hysteresis loss
(right axes) as the amplitude of the external magnetic field is
varied.

assumed in the derivation of the hysteresis loss formula that
the external field is equal to the field in the filament. Thus, at
k= 0.1, the external field has amplitude 0.15 T, which ensures
that the external field fully penetrates the filament and that the
induced current in filaments does not alter the magnetic field
inside the filament much (such that the magnetic field inside
the filament is more or less the same as the external mag-
netic field). The analytical hysteresis loss results are within
3% of the numerical results for k⩾ 0.1, and within 0.04%
for k⩾ 1.

Figure 8. Energy loss per cycle of a multifilament wire of length L
due to coupling and eddy current losses (left axes) and energy loss
per cycle per meter of an MgB2 filament due to hysteresis loss (right
axes) as the frequency of the external magnetic field is varied.

4.4. Average losses as frequency of magnetic field varies

Consider a wire of length L specified in table 2 subject to a
transverse magnetic field in the x and y directions,

Bx = r(300qt)
∑

n=1,3,5,7

an cos(2π (300)qnt+αn) (74)

By = r(300qt)
∑

n=1,3,5,7

bn cos(2π (300)qnt+βn) , (75)

where q is a frequency factor that is varied from 0.002 to
20. When q= 1, the fundamental frequency of the magnetic
field variation is 300 Hz. The wire is simulated for two peri-
ods (2/f), where f = 300q Hz, in 2D. The average coupling
loss and eddy current loss over the second period calculated
in COMSOL are compared to the analytical calculations. The
results are shown in figure 8. It can be seen that the numerical
and analytical results agree reasonably below q= 10 (differ-
ence within 15% for the coupling loss and 8% for the eddy
current loss if q⩽ 10). However, the numerical and analytical
results begin to deviate significantly for q> 10. The reason
for this is that, as indicated by (6), the coupling loss formula is
only valid when the external field is below a certain frequency
such that it varies slowly enough not to cause the interior to
be shielded, and we calculated that such shielding occurs at
around f 1 = 20 kHz. At q= 10, the fundamental frequency
of the external magnetic field is 3 kHz, but there are also
higher harmonics in the external magnetic field. To learn more
about the difference between analytical and numerical meth-
ods as the frequency approaches f 1, we calculate the coupling
and eddy current losses of the wire when the external field
is without harmonics: Bx = r( ft)a1 cos(2π f t+α1) and By =
r( ft)b1 cos(2π f t+β1), and we vary the frequency f. The res-
ults are shown in figure 9. We see that the deviation becomes
significant at f 1 = 20 kHz.
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Figure 9. Coupling and eddy current losses per cycle of a
multifilament wire of length L due to a single-tone external field in
two directions as the frequency of the external magnetic field is
varied.

Next, for hysteresis loss, we simulate in COMSOL an
MgB2 filament subject to the same transverse magnetic field
in the x and y directions as (74) and (75), respectively. The fil-
ament is simulated for two periods (2/f), where f = 300q Hz.
The energy loss per meter over the second period calculated in
COMSOL is compared to the analytical calculation. The res-
ults are shown in figure 8. It can be seen that numerical and
analytical results generally agree well with each other, which
is expected as hysteresis loss should not depend on frequency.
The analytical hysteresis loss results are within 0.25% of the
numerical results for q⩾ 0.01.

5. Discussion

This section discusses reasons for the discrepancy between the
analytical and numerical calculations of the coupling and eddy
current losses when we expect the analytical formulae to be
valid.

One reason could be that in the analytical calculations for
the coupling and eddy current losses, the magnetic field inside
the filament-matrix zone and sheath is assumed to be the
same as the external field (full penetration assumed). However,
the magnetic field generated by the induced current is not
considered.

For the eddy current loss, the boundary conditions of the
sheath in COMSOL are not exactly the same as in the theory.
From section 2.2, Er at the outer radius of the sheath is sup-
posed to be 0. Er at the inner sheath radius is supposed to be
Er =−∂V

∂r with V in (17), i.e.

Er =− L
2π

(
Ḃa,x cosθ+ Ḃa,y sinθ

)
. (76)

For Bx and By in (70) and (71), respectively, at the end of the
second period at t= 2/f, where f = 300 Hz, the theoretical Er
at the inner radius according to (76) is shown in figure 10(a),

Figure 10. The value of Er at the (a) inner and (b) outer radii of the
sheath in the COMSOL simulation at the end of the second period.

with amplitude of approximately 0.4 Vm−1. However, the
value of Er at the inner and outer radii of the sheath in the
COMSOL simulation at the end of the second period is shown
in figures 10(a) and (b), respectively. The values are differ-
ent from what is predicted in the analytical calculation. At the
inner radius, the amplitude of Er is only 0.2 Vm−1, which is
lower than the 0.4 Vm−1 predicted. At the outer radius, the
amplitude is not 0 Vm−1 as expected. To get a better under-
standing, we also plot Er of the conductor and surrounding air
region at the end of the second period in figure 11. Er at the
outer radius of the sheath is also not zero and this could be
due to the presence of air (which is modelled as a non-zero
resistivity in the H-formulation in COMSOL).

We tried to improve the model by increasing the mesh dens-
ity of the filament-matrix zone and sheath area and removing
the air region and setting the magnetic field at the outer radius
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Figure 11. Er of the multifilament wire under an external magnetic
field of (70) and (71) at t= 2/f, f = 300 Hz., simulated in a 2D
COMSOL model.

of the sheath to be the applied field. This makes Er at the outer
radius of the sheath much closer to 0, but Er at the inner radius
still has an amplitude of approximately 0.2Vm−1. In that case,
the average coupling loss (at 61.456 W) moves closer to the
analytically calculated value in table 3, but the eddy current
loss (at 2.2095 W) moves further away from the analytically
calculated value.

6. Conclusion

This paper has made two main contributions. First, we show
that the anisotropic continuum model can be implemented
in both 2D and 3D in COMSOL, whereas the literature has
implemented the anisotropic continuum model in COMSOL
in 3D only (a 2Dmodel has been implemented in another com-
puter program [11]). The 2D model is much faster than the 3D
model, but the results are very similar.

Second, we derive analytical magnetisation formulae for a
multifilament (MgB2 or low-temperature superconductors like
NbTi or Nb3Sn) superconducting wire under a time-varying
external magnetic field with two orthogonal components trans-
verse to the wire axis. The instantaneous coupling loss, eddy
current loss, and hysteresis loss are calculated. The analytical
formulae are much faster than numerical simulations, and they
are verified by comparing analytical results with numerical
ones for external field conditions that are realistic in an elec-
trical machine. In the results section, we highlight the import-
ance of using these formulaewithin their valid range: the coup-
ling and eddy current loss formulae are valid when the fre-
quency of the external field is low enough not to cause shield-
ing; the hysteresis formula is valid when the amplitude of the
external field is high enough for full penetration of the fila-
ment. Although there are some differences between numerical
and analytical results, the errors may be acceptable at the ini-
tial machine design stage, and precise estimations can bemade
with numerical models.

In the future, a comparison can be made between the aniso-
tropic continuum model and other models to calculate ac loss
of MgB2 wires, and with experimental methods. In addition,
this study does not consider the effect of transport current,
which MgB2 wires would carry in an electrical machine. The
effect of transport current is an important topic for future study.
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Appendix A. Comment on calculating total ac loss
of MgB2 wires in a machine

It is typical in the literature to calculate the magnetisation
losses and transport losses separately if the losses are to
be calculated analytically, for example, as done in [1, 28–
30]. Nonetheless, Terao et al [31] used this simple summa-
tion method and compared the results obtained with experi-
mental results for an MgB2 coil subject to an external mag-
netic field (due to rotating magnets) whilst simultaneously car-
rying transport ac current (induced by the rotating field due
to the rotating magnets as the coil operated under generator
mode). Good agreement between analytical predictions and
experimental results was found. Coupling loss was found to be
the dominant loss, and transport ac loss was calculated to be
small. Furthermore, a very recent paper [45] shows in numer-
ical simulations that the total loss for a multifilament MgB2

wire under simutaneous application of transport ac current and
time-varying external magnetic field is the sum of transport
losses and magnetisation losses.

Theoretical formulae are available in the literature for loss
in a superconducting filament for the simple case of sinusoidal
transport ac current in phase with sinusoidal external mag-
netic field [26, section 2.3.1][8, section 7.9] [32, section 4.3.4].
Modifications to calculate loss under non-sinusoidal magnetic
field with two orthogonal components plus transport ac cur-
rent can be a topic of future research but is beyond the scope
of this paper.

Appendix B. Note on practical MgB2 wires

MgB2 wires are widely made via one of the two pro-
cesses: powder-in-tube (PIT) and internal Mg diffusion
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(IMD). PIT is the more popular option and PIT wires are
available commercially, whereas IMD wires are not available
commercially [26].

B.1. Powder-in-tube (PIT) wires

The PIT method can further be divided into in situ or ex situ
methods. In the in situ method, unreacted Mg and B powders
are packed into a metal tube, which (combined with other sim-
ilar tubes if a multifilament MgB2 wire is desired) is rolled and
deformed into a wire, and then goes through heat treatment to
react the powders. In the ex situmethod, reactedMgB2 powder
is packed into metal tube(s), which is then drawn into a wire
and undergoes heat treatment. During the production of in situ
wires, reaction between Mg and B leads to volume shrinkage
(since MgB2 has a higher density than Mg and B), leading to
voids forming and a porous MgB2 layer, resulting in low crit-
ical current density [33]. On the other hand, ex situ PIT also
has low critical current density, because MgB2 has low con-
nectivity as MgB2 is a hard ceramic [33].

MgB2 filaments made from the in situ method have a
fibrous structure, due to elongation of Mg powder during
wire drawing before heat treatment [34, 35]. The relationship
between microstructure (or ‘macrostructure’ as used in [35]
to describe the structure of filaments, which are much larger
than MgB2 grains) and critical current density, and factors
affecting the microstructure, have been explored in the liter-
ature. For example, the effect of heat treatment on the mor-
phology and critical current density of MgB2 wires with addi-
tion of Sm2O3 dopant was investigated in [36]; the forma-
tion of uniform and homogeneous structure without any voids
when reacting MgB2 under pressure was reported in [37]; and
production of wires suitable for ITER applications that used
MgB2 made from isotope 11B was reported in [38].

In this paper, microstructure has not been considered expli-
citly but is taken into account by the critical current density
of the filament, which is used to calculate the hysteresis loss.
Although the fibrous structure leads to anisotropic critical cur-
rent density [35], the critical current density used in this paper
is the critical current density in the longitudinal direction of
the filament rather than that in the transverse direction, since
the transverse magnetic field applied leads to current in the
longitudinal direction.

B.2. Internal magnesium diffusion (IMD) wires

In the IMD method [39–41], a pure Mg rod is inserted into a
metal tube (Fe or Nb or Ti, with a possible outer Cu or Monel
layer), and B powder fills the space between the Mg tube and

the outer metal tube. The composite wire is cold drawn into
the desired shape, and then goes through heat treatment, dur-
ing which Mg diffuses and reacts with B to produce a dense
MgB2 layer, leaving behind an empty cylinder where the Mg
rod was, thus the MgB2 layer is more like an annulus rather
than a cylinder. The annulus geometry of a filament may affect
the calculation for hysteresis loss, which in the main text is
presented for a cylindrical filament. However, [42] substituted
the central Mg rod with Mg powder, and Mg/B pellets with
excess Mg, respectively; thus instead of leaving a central void
as in traditional IMD, a central porous MgB2 structure was
left at the centre surrounded by the dense MgB2 layer seen in
typical IMD wires.

Coupling loss formulae developed should be valid for mul-
tifilament IMDwires regardless of the detailed geometry of the
filaments because a homogenisedmodel is used, and the loss is
due to current in thematrix (current in the filaments assumed to
be lossless). Since the majority of the loss is coupling loss (in
our analysis with cylindrical filaments), our analysis can still
be useful for multifilament MgB2 wires made from the IMD
process, as the coupling loss formulae should still be valid.

Our hysteresis loss formulae may be affected because the
each filament is no longer a cylinder but more like an annulus.
Thus, hysteresis loss formulae for such geometry are provided
in appendix C.

Appendix C. Hysteresis loss of filament made of
two concentric cylinders of different
superconductors

The hysteresis loss of a composite superconductor consisting
of an inner cylinder of one type of superconductor (of crit-
ical current Jc2) inside an outer cylinder of another type of
superconductor (of critical current Jc1) is now considered. The
instantaneous hysteresis loss due to an external transverse field
in one direction for such a conductor has been calculated in [8],
and here we extend the method to an external transverse field
in two directions based on [8]. The procedure is very similar
to section 2.3.

Suppose the external field is much larger than the field
needed to fully penetrate the composite filament, which is [8,
equation (7.79)]

Hp =
2
π
((Rfil −Ri)Jc1 +Ri Jc2) , (C1)

where Rfil is radius of the outer cylinder, and Ri is radius of the
inner cylinder.
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Table C1. Composite filament parameters for appendix C.

Parameter Sym. Unit Case 1 Case 2

Radius of inner cylindera Ri µm 40 40
Radius of outer cylindera Rfil µm 50 50
Critical current density of inner cylinder Jc2 Am−2 0 3 × 109

Critical current density of outer cylinderb Jc1 Am−2 9 × 109 9 × 109

Critical electric field E0 Vm−1 10−5 10−5

Averagec hysteresis loss calculated by analytical means — W 8.0459 10.860
Averagec hysteresis loss calculated by COMSOL — W 8.0393 10.846
a Based on the rough geometry of a filament in the multifilament MgB2 wire B1 fabricated by the IMD
technique in [43, section 3.2].
b Based on layer Jc of IMD MgB2 at 2 T, 4.2 K reported in [43, figure 5].
c Averaged over the second period simulated.

Figure C1. Geometry of a composite filament made of two concentric circles of different superconductors.

Figure C2. Instantaneous hysteresis loss of a hollow filament (Case 1) and a composite filament (Case 2) in isolation in air due to an
external magnetic field, calculated by analytical means and 2D COMSOL simulations.
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The electric field in the composite filament is still given
by (32).

The instantaneous power loss per unit volume (in Wm−3)
of the composite filament is

Pc
V

=
1

πR2
fil

 2πˆ

0

Riˆ

0

E · Jrdrdθ+
2πˆ

0

Rfilˆ

Ri

E · Jrdrdθ


=

1
πR2

fil

Jc2µ0

2πˆ

0

Riˆ

0

|Ḣa,y cosθ− Ḣa,x sinθ|r2 drdθ

+Jc1µ0

2πˆ

0

Rfilˆ

Ri

|Ḣa,y cosθ− Ḣa,x sinθ|r2 drdθ


=

1
πR2

fil

Jc2K Riˆ

0

r2 dr+ Jc1K

Rfilˆ

Ri

r2 dr


=
Rfil

3π
K

(
Jc1

(
1−

(
Ri
Rfil

)3
)
+ Jc2

(
Ri
Rfil

)3
)
, (C2)

where K is the same as defined in (36).
If the inner cylinder is instead an empty space, for example,

the hollow space left behind in IMD, Jc2 can be set as 0
[8].

To verify the above analytical method, we compare the res-
ults with 2DCOMSOL simulations as we calculate the instant-
aneous hysteresis loss of the two composite wires, labelled
‘Case 1’ and ‘Case 2’, respectively, and described in table C1.
These wires are subject to the external magnetic field Bx and
By given in (72) and (73), respectively, with the amplitude
factor k= 5. We choose k= 5 to ensure full penetration of the
external field. The geometry of the wires is shown in figure C1.
The instantaneous hysteresis losses are shown in figure C2,
exhibiting very good agreement between the analytical and
numerical methods.

Appendix D. Results with E0 = 10−4 Vm−1

The critical electric field used in COMSOL simulations for
hysteresis loss in the main text is E0 = 10−5 Vm−1, as stated
in table 2. If E0 = 10−4 Vm−1 is used instead, the hysteresis
loss as the amplitude and frequency of the external magnetic
field vary are given in figures D1(a) and (b), respectively.

From figure D1(a), the numerical results for hysteresis loss
move slightly closer to the analytical ones at low amplitudes
when E0 = 10−4 Vm−1, but are still very far from the analyt-
ical results.

From figure D1(b), the numerical results for hysteresis loss
at low frequencies are lower and further away from the ana-
lytical results for the case E0 = 10−4 Vm−1 compared to
E0 = 10−5 Vm−1. This is because, although the electric field
strength Ez in the filament induced by a given external mag-
netic field is the same for the two E0, the magnitude of the

Figure D1. Average power dissipation per meter of an MgB2

filament due to hysteresis loss as the (a) amplitude and (b)
frequency of the external magnetic field are varied, according to the
analytical calculation and COMSOL simulations with different E0.

current density is larger for the case when E0 = 10−5 Vm−1.
This is because with the J–E relationship in (66) in the QCSM
model, a smaller E0 leads to a larger |Jz| for a given Ez. Since
power dissipation is proportional to JzEz, larger Jz with the
same Ez leads to a larger loss.

It is only at low frequency of the external magnetic field
that the numerically simulated hysteresis losses are below the
analytical results. This is because when the frequency is low,
Ez induced is low, and |Jz|may not reach Jc according to (66),
especially for a larger E0; but at high frequency, Ez induced is
higher, and |Jz| would reach Jc in the QCSM in the numerical
models. In the critical state model, |Jz|= Jc whenever there is
nonzero Ez.
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