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Abstract—Most of existing direction of arrival (DOA) based
vehicle positioning techniques are established on array sample
covariance matrix and multiple measurement data, which suffer
from severe performance degradation in case of a single snapshot.
In this paper, a challenging vehicle positioning scheme based
on single-snapshot DOA and impinging signal magnitude-phase
estimation is proposed. In detail, DOA is initially estimated
by applying the generalized approximate message passing com-
bined with belief propagation (GAMP-BP) algorithm under the
assumption of complex discrete random variable with distinct
phase information. Depending on the initial DOA estimates, two
efficient approaches are respectively investigated for final DOA
and signal magnitude-phase estimation, where the refine-grid
GAMP combined with the least squares algorithm (GAMP-LS)
and the special reweighted sparse total least-squares (SRE-STLS)
are respectively adopted. With available DOA and magnitude-
phase estimates, a principle for selecting reliable DOA sets is
further designed, finally enabling improved vehicle positioning
without ambiguity under multiple collaborative road side units
(RSUs). Simulations are performed to show the effectiveness of
the proposed solution.

Index Terms—Vehicle positioning, DOA estimation, magnitude-
phase estimation, GAMP, least squares, reweighted STLS.

I. INTRODUCTION

W ITH rapid development of the automotive industry,
high-precision positioning technology is becoming

more and more important, which not only facilitates the
tracking and path planning of autonomous vehicles, but also
holds significance for realizing various location sharing based
network connections [1], [2], [3]. Although the global position-
ing system (GPS) enabled positioning technology can provide
good support in most application scenarios, it is not always
available anywhere, due to occlusion issues caused by tunnels
and clouds. Moreover, in urban areas with dense building, GPS
signals can be easily affected by interference and blocking. As
a result, its positioning accuracy can be reduced to only 10
or 20 m [4]. Under such circumstances, developing wireless
positioning solutions based on cooperative base stations (BSs)
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and road side units (RSUs) will have significant value and
enormous potential commercial prospects [5], [6].

There are mainly four different types of wireless cooperative
positioning approaches, which are respectively built on the
received signal strength (RSS) [7], time of arrival (TOA)
[8], time difference of arrival (TDOA) [9] and direction of
arrival (DOA) [10], [11]. Accurate estimation by the RSS
based approach relies on prior knowledge of the channel
state information (CSI) and/or channel fading characteristics,
which is normally difficult to obtain accurately. The TOA and
TDOA based approaches require perfect synchronization of
clocks between all nodes, which is still difficult to achieve in
practice. In contrast, the DOA based solution can make full
use of array aperture, requires neither prior CSI, nor accurate
clock synchronization, making it one of the most competitive
solutions [12].

Till now, several DOA based vehicle positioning methods
have been investigated. In [12], a vehicle positioning scheme
depending on vehicular ad hoc networks (VANETs) and robust
DOA estimation was proposed, where the perturbed multi-
ple signal classification (MUSIC) algorithm was adopted to
achieve DOA estimation in the presence of mutual coupling. In
[13], a vibrio foraging optimization (VFO) based vehicle po-
sitioning strategy aided by multiple reconfigurable intelligent
surfaces (RISs) was introduced. Different from [12], closed-
form DOA estimation was achieved via matrix reconstruct-
ed estimation of signal parameters by rotational invariance
technique (MR-ESPRIT), yielding a low-complexity solution.
These two methods are good attempts for vehicle positioning
from a statistical information processing perspective. However,
this type of methods not only requires a sufficient number of
snapshots to obtain robust covariance matrix and eigenvector
estimates, but also suffers from the serious signal-to-noise ratio
(SNR) threshold effect. In other words, they are very sensitive
to the number of snapshots and the SNR [14], [15], limiting
their applications in certain scenarios. To tackle these prob-
lems, the sparse signal reconstruction (SSR) enabled solutions
were introduced in recent years. In [16] and [17], two collabo-
rative vehicle positioning approaches utilizing sparse Bayesian
learning (SBL) and block SBL based DOA estimation were p-
resented. With their robustness to noise and direct applications
of the time-domain array output data, they maintain superior
performance in both DOA estimation and vehicle positioning
under a low SNR and/or with a small number of snapshots.
Nevertheless, the SBL-based algorithms normally require the
inverse operation of high-dimensional matrices, so their real-
time responsiveness needs further improvement. As another
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alternative, the deep learning (DL) based scheme was proposed
to cope with the problem of DOA based vehicle positioning. In
[18], the SBLNet under the conformal array configuration was
adopted for super-resolution DOA estimation of autonomous
vehicles, and in [19], vehicle positioning with the dual one-
dimensional convolutional neural network (D1D-CNN) based
DOA estimation was proposed, which shows improved perfor-
mance under multipath transmission and array uncertainties.
The main problem of DL based solutions lie in the need for a
large amount of data for network training, which may not be
easily available in practice.

In this paper, we introduce a new vehicle positioning method
with only one single snapshot from the SSR perspective in a
cooperative manner, where a two-stage multiple parameters
estimation based strategy from each RSU is exploited. At
the first stage, DOA estimation is obtained by applying the
general approximate message passing (GAMP) [20] algorithm,
which has been demonstrated to better balance estimation ac-
curacy and computational complexity than the SBL algorithm
[21]. With available initial DOA estimates, improved DOA
estimation result, as well as subsequent magnitude and phase
information of impinging source signals are obtained by the
designed two efficient strategies at the second stage. Accord-
ing to the estimated multi-parameters, a proper principle for
selecting reliable DOA sets, as well as achieving robust vehicle
positioning without ambiguity is finally developed. The main
contributions of this work are as follows:

• The GAMP combined with belief propagation (GAMP-
BP) is used for initial DOA estimation under the assump-
tion of complex discrete random variable with distinct
phase information, which provides a solid foundation for
subsequent real-time vehicle positioning, as well as a
potential way to avoid ambiguity in vehicle positioning.

• Two enhanced DOA and magnitude-phase estimation
approaches, respectively relying on the refine-grid GAMP
combined with least squares (GAMP-LS) and the special
reweighted sparse total least-squares (SRE-STLS) algo-
rithms, are developed with a single snapshot, which pro-
vide satisfactory multi-parameter estimation results, with
trade-off between estimation accuracy and complexity;
such a feature is of great significance for subsequent high-
performance vehicle positioning.

• A novel vehicle positioning mechanism established on
the DOA and magnitude-phase estimation results is de-
signed, which provides a simple and feasible way for
reliable positioning without requiring identity labels. To
the best of our knowledge, it is the first time to explore
multi-parameter estimation result to enhance the vehicle
positioning performance. Extensive simulations in various
array configurations are performed, which demonstrates
that the proposed solutions can not only yield satisfactory
and computationally efficient multi-parameter estimation
results, but also lead to a significantly improved po-
sitioning performance by further utilizing the designed
positioning mechanism.

Notations: Upper-case (lower-case) boldface letters denote
matrices (vectors). The superscripts (·)T , (·)H and (·)−1 repre-

Fig. 1. Schematic diagram for the considered vehicle positioning system.

sent the transpose, conjugate transpose and inverse operations,
respectively. diag {·} denotes the diagonalization operation
and tr (·) the trace of a matrix. ∥·∥F , ∥·∥2 and ∥·∥1 stand
for the Frobenius norm, ℓ2 norm and ℓ1 norm, respectively.
x ∼ CN (µ,Σ) means that x follows a complex Gaussian
distribution with mean µ and covariance Σ. |·| and ∠[·]
denote the absolute value and phase of a complex number,
respectively. IM is the M×M identity matrix, 0M the M×M
all-zero matrix and δ (·) the Dirac delta function.

The paper is organized as follows. The positioning system
and data model are introduced in Section II. The proposed
DOA and magnitude-phase estimation algorithm is detailed in
Section III. The vehicle positioning scheme utilizing DOA and
magnitude-phase estimation result is presented in Section IV.
Simulation results are provided in Section V, and conclusions
are drawn in Section VI.

II. POSITIONING SYSTEM AND DATA MODEL

The considered vehicle positioning system is shown in Fig.
1, which consists of three key modules: 1) vehicle terminals,
each equipped with a single antenna to transmit positioning
signal with different phase information; 2) multiple RSUs,
each equipped with an M -element uniform linear array (ULA)
with inter-sensor element spacing d = λ/2, responsible for
receiving positioning signals from vehicle terminals, where
λ is the carrier wavelength; 3) cloud platform and/or com-
putation center, which are mainly used to perform DOA
and incident signal magnitude-phase estimation by suitable
signal processing algorithms, and further provide unambiguous
positions of vehicles with available DOA and magnitude-phase
information.

The key for the considered vehicle positioning architecture
is how to achieve satisfactory and computationally efficient
DOA and magnitude-phase estimation of the positioning sig-
nals. Although there have been many high-precision DOA
estimation algorithms, efficient algorithms capable of simul-
taneously estimating both DOA and magnitude-phase infor-
mation are still scarce. Under such circumstances, we first
develop a suitable single-snapshot DOA and signal magnitude-
phase estimation algorithm from the SSR perspective, and then
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achieve vehicle positioning in a collaborative way through
multiple RSUs.

The signal model of DOA and magnitude-phase estimation
at a certain RSU under the assumption of K incident signals
can be formulated as

y = Aβ + n =
K∑

k=1

a (θk)βk + n (1)

where the array output y ∈ CM×1, received signal vector β ∈
CK×1, independent and identically distributed additive white
noise vector n ∈ CM×1 with variance σ2

nI, array steering
matrix A ∈ CM×K and its k-th column a (θk) ∈ CM×1 are
respectively given by

y = [y1, y2, . . . , yM ]
T

β = [β1, β2, . . . , βK ]
T

n = [n1, n2, . . . , nM ]
T

A = [a (θ1) ,a (θ2) , . . . ,a (θK)]

a (θk) =
[
1, e−jπ sin θk , . . . , e−jπ(M−1) sin θk

]T
where βk = ρke

jϕk with ρk and ϕk representing the magnitude
and phase of the k-th incident signal.

Let Φ ∈ CM×N denote the overcomplete basis matrix
(OBM) of A, which corresponds to the N -sample grid of all
potential DOAs {θ̄1, θ̄2, . . . , θ̄N} in the spatial domain with
N ≫ K. Consequently, y can be rewritten as

y = Φx+ n (2)

where x is a K-sparse vector, whose g-th element is non-zero
and equals βk if the signal emitted from the k-th vehicle comes
from θ̄g and zeros otherwise.

Note that the signals β in our considered scenario need
to contain different phase information, which will be used to
distinguish different vehicles at the RUS sides. Therefore, it is
further assumed here that xj is controlled by a binary variable
sj ∈ {0, 1}, where sj = 1 implies that xj is a nonzero discrete
random variable that follows a uniform distribution, with a
sample space of {u1, ...uE} (E stands for the cardinality of the
sample space), sj = 0 indicates that xj = 0, and p (sj = 1) =
λj , p (sj = 0) = 1−λj . Consequently, the probability density
function (PDF) of the j-th element xj of x (t) can be expressed
as

p(xj) = (1− λj)δ (xj) + λj

E∑
e=1

peδ (xj − ue) (3)

where pe = 1/E. In the following, we first demonstrate how
to exploit y, Φ and its refined value to achieve accurate
DOA and signal magnitude-phase estimation, and then propose
the robust collaborative vehicle positioning scheme by jointly
utilizing the estimated information.

III. PROPOSED METHOD

In this section, we first present the method for accurate
and computationally efficient DOA and signal magnitude-
phase estimation, and then combine them to achieve robust
collaborative vehicle positioning without ambiguity.

TABLE I
DISTRIBUTION AND FUNCTIONAL FORM OF EACH FACTOR

Factor Distribution Functional Form
gi(x) p (yi|x) CN

(
yi;a

T
i x, σ2

0

)
fj(xj , sj) p (xj |sj)

E∑
e=1

peδ (xj − sjue)

hj(sj) p (sj) (1− λj)
1−sjλj

sj

Fig. 2. Framework of the proposed method, where the left part is adopted
for initial DOA estimation, and the right part for improved DOA and incident
signal magnitude-phase estimation.

A. Initial DOA Estimation with GAMP-BP

Considering the real-time response requirement of vehicle
positioning in practice, the computationally efficient GAMP
algorithm is adopted for initial DOA estimation, which is
derived from the loopy belief propagation algorithm (LBPA)
designed for the bipartite graph model [20]. The LBPA is able
to produce the posterior distribution within a few iterations and
consequently the minimum mean-squared error (MMSE) esti-
mates of x. Meanwhile, we also apply the belief propagation
(BP) [22] algorithm to reconstruct s. The joint posterior PDF
of x and s for a given y can be expressed as

p (x, s|y) ∝
M∏
i=1

p (yi|x)
N∏
j=1

p (xj |sj)
N∏
j=1

p (sj) (4)

whose factor graph is illustrated in the left part of Fig. 2, and
the functional form of each factor is given in Table I, where
ai is an abbreviation of a (θi), representing the steering vector
corresponding to the DOA θi, i = 1, . . . , N .

For the considered model, the message passing process can
be divided into three steps. The first step is to calculate the
following three messages between factor nodes and variable
nodes, respectively expressed at the l-th iteration as

∆l
sj→fj (sj) = ∆l

hj→sj (sj) =
(
1− λl−1

j

)1−sj(
λl−1
j

)sj (5)

∆l
fj→xj

(xj) =
1∑

sj=0

∆l
sj→fj (sj)f (xj , sj)

=
(
1− λl−1

j

)
δ (xj) + λl−1

j

E∑
e=1

peδ (xj − ue) (6)

with initialized parameters λl−1
j = λ0

j = 0.1.
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The second step is to estimate the posterior PDF of x,
which can be solved by the GAMP algorithm. By utilizing
the message ∆l

fj→xj
(xj) obtained from the first step as the

prior information for xj , and according to the sum product
algorithm (SPA) in [22], [23], the transmission of messages in
factor graphs at the c-th iteration can be mainly divided into
the following two categories:

∆c
gi→xj

(xj) = const ·
∫
{xf}f ̸=j

gi (x)
∏
f ̸=j

∆c
gi←xf

(xf ) (7)

∆c+1
gi←xj

(xj) = const ·∆l
fj→xj

(xj)
∏
f ̸=i

∆c
gf→xj

(xj) (8)

where const is a constant greater than 0, and ∆1
gi←xj

(xj) =

∆l
fj→xj

(xj).
Note that SPA estimates the posterior PDF of a given

variable by calculating the product of messages entering that
variable node (after appropriate scaling), which directly yields

∆c
xj
(xj) = const ·

M∑
i=1

∆c
gi→xj

(xj)∆
l
fj→xj

(xj). (9)

Through approximation according to the central limit theo-
rem (CMT) and Taylor expansion, it can be derived that the
MMSE estimate of xj , as well as the variance of ∆c

xj
(xj),

can be given by

x̂j (c+ 1) = E
{
∆c

xj
(xj)

}
= gin

(
c, r̂j (c) , τ

r
j (c)

)
(10)

τxj (c+ 1) = Var
{
∆c

xj
(xj)

}
= τ rj

∂gin
(
c, r̂j (c) , τ

r
j (c)

)
∂r̂j

(11)
where τ rj (c) and r̂j(c) are the updated parameters related to
x̂j(c), y and elements of OBM Φ [19].

By initializing the parameters

x̂j (c) = x̂j (1) =

∫
xj

xj∆
l
fj→xj

(xj) (12)

τxj (c) = τxj (1) =

∫
xj

|xj − x̂j (1)|2∆l
fj→xj

(xj) (13)

at this step, gin and gout can be respectively given by

gin
(
c, r̂j (c) , τ

r
j (c)

)
=

E∑
e=1

uepeCN
(
ue; r̂j (c) , τ

r
j (c)

)
(1 + γ)

E∑
e=1

peCN
(
ue; r̂j (c) , τ rj (c)

)
(14)

gout (c, p̂i (c) , yi, τ
p
i (c)) =

yi − p̂i (c)

τ0 + τpi (c)
(15)

whose corresponding first-order derivative can be written as

τ rj
∂gin

(
c, r̂j (c) , τ

r
j (c)

)
∂r̂j

=

E∑
e
|ue|2peCN

(
ue; r̂j (c) , τ

r
j (c)

)
(1 + γ)

E∑
e
peCN

(
ue; r̂j (c) , τ rj (c)

) − |gin|2 (16)

∂

∂p̂i
gout (c, p̂i (c) , yi, τ

p
i (c)) = − 1

τ0 + τpi (c)
(17)

with

γ =

(
1− λl−1

j

)
CN

(
0; r̂j (c) , τ

r
j (c)

)
λl−1
j

E∑
e=1

peCN
(
ue; r̂j (c) , τ rj (c)

) . (18)

With available parameters at the second step, and the PDF
estimation of x obtained from GAMP, the passing messages
from xj to fj and fj to sj can be calculated as

∆l
xj→fj (xj) = CN

(
xj ; r̂j (l) , τ

r
j (l)

)
(19)

and

∆l
fj→sj (sj) ∝

∫
xj

fj (xj , sj) ·∆l
xj→fj (xj)

=
E∑

e=1

peCN
(
sjue; r̂j (l) , τ

r
j (l)

)
(20)

respectively, where r̂j (l) = r̂j (C), τ rj (l) = r̂j (C), and C is
the number of GAMP inner iterations.

After the normalization of ∆l
fj→sj

(sj), λl
j is subsequently

updated to

λl
j = ∆l

fj→sj (sj = 1) =

E∑
e=1

peCN
(
sjue; r̂ (l) , τ

r
j (l)

)
E∑

e=1
peCN

(
sjue; r̂ (l) , τ rj (l)

)
+

E∑
e=1

peCN
(
0; r̂ (l) , τ rj (l)

) .
(21)

By updating λ, x and s alternately, we can finally obtain
the estimate x̂ of x, and then by finding its indexes of
K largest values, the DOAs related to a certain RSU are
obtained as {θ̃1, . . . , θ̃K}. The initial DOA estimation process
utilizing GAMP-BP is summarized in Algorithm 1, where Φi,j

represents the (i, j)-th element of OBM Φ.

B. DOA and Magnitude-Phase Estimation with GAMP-LS

As GAMP is an approximation of LPBA, its final estimate
cannot be guaranteed to be consistent [24]. On the other
hand, the adopted GAMP combined with BP (i.e., GAMP-
BP) algorithm is most closely related to the AMP algorithm
[20], which can be regarded as an efficient implementation of
the least-absolute selection and shrinkage selection operator
(LASSO) [25]. However, as demonstrated in literature [26],
[27], the LASSO estimator has an undemocratic penalization
issue for larger coefficients, resulting in the degradation of
recovery performance, especially for the signal magnitude
recovery performance.

To tackle this problem, the simple and effective least-
squares (LS) algorithm combined with the refine-grid GAMP
(termed here as GAMP-LS) is developed in an iterative way. In
detail, with DOA estimates {θ̃p1 , . . . , θ̃

p
K} at the p-th iteration, a

small-scale OBM Φ̄ ∈ CM×N̄ around {θ̃p1 , . . . , θ̃
p
K} with grid

interval ď is constructed with N̄ ≪ N . Then, by performing
the GAMP-BP algorithm again with OBM Φ̄ at the (p+1)-th
iteration, an improved DOA estimate is obtained.
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Algorithm 1: Initial DOA Estimation Utilizing GAMP-BP

Input: OBM Φ , λ0
j and array output signal y

Output: Initial DOA estimates {θ̃1, . . . , θ̃K}
1. Initialization: for each j = 1, 2..., N ,

x̂j (1) =
∫
xj

xjp(xj),

τxj (1) =
∫
xj

(xj − x̂j (1))
2p(xj),

σ2
j =

∥y∥22−mσ2
e

tr(ΦHΦ)
.

2. Output linear step of GAMP: for each i = 1, 2...,M ,
τpi (c) =

∑
j |Φij | τxj (c)

2,
p̂i (c) =

∑
j Φij x̂i (c)− τpi (c) ŝi (c− 1),

where ŝi (c− 1) = 0.
3. Output nonlinear step of GAMP: for each i = 1, 2...,M ,
ŝi (c) = gout

(
c, p̂i (c) , yi, τ

p
i (c)

)
,

τsi (c) = − ∂
∂p̂

gout
(
c, p̂i (c) , yi, τ

p
i (c)

)
.

4. Input linear step of GAMP: for each j = 1, 2..., N ,
τrj (c) =

[∑
i |Φij |2τsi (c)

]−1,
r̂j(c) = x̂j(c) + τri (c)

∑
i
Φij ŝi(c).

5. Input nonlinear step of GAMP: for each j = 1, 2..., N ,
x̂j(c+ 1) = gin

(
c, r̂j(c), τ

r
j (c)

)
τxj (c+ 1) = τrj (c)

∂
∂r̂

gin

(
c, r̂j (c) , τ

r
j (c)

)
Update c = c+ 1 and return to step 2 until a sufficient number
of iterations have been performed.

6. Determine λl
j according to (19)∼(21).

Update l = l+ 1 and return to step 1 until a sufficient number
of iterations have been performed.

7. Find the indexes of K largest values of estimated x̂ to determine
{θ̃1, . . . , θ̃K}.

Subsequently, with the final refined OBM Φ̄, the incident
signal magnitude and phase information can be obtained by
solving the following LS problem

x̂r = min
x

∥∥y − Φ̄x
∥∥2
2

(22)

whose solution is x̂r =
(
Φ̄HΦ̄

)−1
Φ̄Hy.

With available x̂r, the magnitude and phase estimates of
incident source signals are obtained via

ρ̃k =
∣∣∣x̂(r)

k

∣∣∣ , ϕ̃k = ∠[x̂(r)
k ], k = 1, . . . ,K. (23)

The proposed GAMP-LS based DOA and magnitude-phase
estimation method is tabulated in Algorithm 2. By initializing
Φ̄ around initial DOA estimates {θ̃1, . . . , θ̃K} and updating
Φ̄ with grid interval ď ← ď/2, a good and efficient multi-
parameter estimation result is obtained, as shown later by
simulations.

C. DOA and Magnitude-Phase Estimation with SRE-STLS

It is noted that the above LS algorithm is sensitive to noise,
and may even suffer from numerical instability. Meanwhile,
it does not consider the influence of angle grid bias when
constructing refined OBM Φ̄ at each iteration. To promote
the robustness of multi-parameter estimation against noise,
instability and grid bias, a special reweighted sparse total least-
squares (termed here as SRE-STLS) algorithm is proposed
for improved multi-parameter estimation, with the following
formulation

min
x,Ψ,n

∥Ψ,n∥2F + α∥Wx∥1 s. t. y =
(
Φ̄+Ψ

)
x+ n (24)

Algorithm 2: GAMP-LS Based DOA and Magnitude-Phase Estimation

Input: Initial DOA estimates {θ̃1, . . . , θ̃K}, received signal y, Nmax

Output: Refined DOA estimates {θ̃r1 , . . . , θ̃rK}, signal magnitude estimates
{ρ̃1, . . . , ρ̃K} and signal phase estimates {ϕ̃1, . . . , ϕ̃K}

1. Construct a small-scale OBM Φ̄ around {θ̃1, . . . , θ̃K} with interval ď.
2. for i = 1 : Nmax

Perform Algorithm 1 with Φ̄ to obtain improved DOAs,
ď← ď/2, and refine Φ̄ around improved DOAs with interval ď.
end

3. Output the final refined DOA estimates {θ̃r1 , . . . , θ̃rK}.
4. Update x̂ by solving the LS problem: x̂r = min

x

∥∥y − Φ̄x
∥∥2
2

i.e., x̂r =
(
Φ̄HΦ̄

)−1
Φ̄Hy.

5. Calculate the signal magnitude and phase estimates by
ρk =

∣∣∣x̂(r)
k

∣∣∣ , k = 1, . . . ,K,

ϕk = ∠[x̂(r)
k ], k = 1, . . . ,K.

where N̄ ≪ N , Ψ represents the perturbed matrix caused by
the grid bias, x̄ a new K-sparse vector of β, W the diagonal
weight matrix, and α is a trade-off parameter between sparsity
and reconstruction accuracy, which can be selected properly
via the L-curve method [28] or cross validation [29], [30].

By replacing n with y−
(
Φ̄+Ψ

)
x, the constrained SRE-

STLS formulation in (24) can be equivalently transformed to
the following unconstrained optimization problem:

{x̂, Ψ̂} = argmin
x,Ψ

[∥∥y − (
Φ̄+Ψ

)
x
∥∥2
2
+ ∥Ψ∥2F + α∥Wx∥1

]
.

(25)
The alternating descent algorithm is employed to obtain the

refined multi-parameter estimation result. With available x̂p at
the p-th iteration, Ψ can be estimated at the (p+1)-th iteration
by solving the following convex problem

Ψ̂(p+1) = argmin
Ψ

[∥∥∥y − (
Φ̄+Ψ

)
x̂(p)

∥∥∥2
2
+ ∥Ψ∥2F

]
(26)

whose closed form solution is

Ψ̂(p+1) = (1− ∥x̂(p)∥22)−1[y − Φ̄x̂(p)](x̂(p))T . (27)

With obtained Ψ̂(p+1) and x̂(p), the (b, b)-th element of
weight matrix W(p) is first constructed as

W
(p+1)
b,b =

1

|x̂(p)
b |+ ε

(28)

where the tuning parameter ε > 0 is used to provide stability
and to ensure that a zero-valued component in x̂(p) does not
strictly prohibit a nonzero estimate at the next step [31]. The
essence of applying the weight matrix W(p) is that large
weights could be used to banish the entries whose indices
are more likely to be outside of the signal support, which
promotes sparsity at the right positions, finally reducing the
penalization for larger coefficients and improving the recovery
accuracy [32].

Next, x̂(p+1) is successively updated by solving the weight-
ed LASSO-like optimization problem

x̂(p+1) = argmin
x

[∥∥∥y − (Φ̄+ Ψ̂(p+1))x
∥∥∥2
2
+ α

∥∥∥W(p+1)x
∥∥∥
1

]
(29)

and by finding indexes of the K largest peaks, DOA estimates
and their corresponding refined small-scale OBM are further
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Algorithm 3: SRE-STLS Based DOA and Magnitude-Phase Estimation

Input: Initial DOA estimates {θ̃1, . . . , θ̃K}, array output y, Nmax,
ε, τ , Ψ(1) = 0M

Output: Refined DOA estimates {θ̃r1 , . . . , θ̃rK}, magnitude estimates
{ρ̃1, . . . , ρ̃K} and phase estimates {ϕ̃1, . . . , ϕ̃K}

1. Construct a small-scale OBM Φ̄ around {θ̃1, . . . , θ̃K} with interval ď.
2. for p = 1 : Nmax

Solve the general LASSO-like problem to yield the estimate of x̂:

x̂(p) = argmin
x

[∥∥∥y − (Φ̄+ Ψ̂(p))x
∥∥∥2
2
+ α∥x∥1

]
Update the estimation of perturbed matrix Ψ̂(p+1) through
Ψ̂(p+1) = (1− ∥x̂(p)∥22)−1[y − Φ̄x̂(p)](x̂(p))T .

Construct the diagonal weight matrix W
(p+1)
b,b with its (b, b) element

given by W
(p+1)
b,b = 1

|x̂(p)
b

|+ε
.

Solve the weighted LASSO-like problem again with updated W
(p+1)
b,b

x̂(p+1) = argmin
x

[∥∥∥y − (Φ̄+ Ψ̂(p))x
∥∥∥2
2
+ α

∥∥W(p+1)x
∥∥
1

]
to further obtain refined DOA estimates.

ď← ď/2, and refine Φ̄ around improved DOAs with interval ď.
end

3. Output the final refined DOA estimates {θ̃r1 , . . . , θ̃rK}.
4. Construct another diagonal weight matrix W(f) as

W(f) = diag{I(x̂f, τ)} with I (x, v) =

{
0, x > v
1, x ≤ v.

5. Perform (27) and (29) after replacing Φ̄ with Φ̄(f) and
W(f) with W(p+1) to obtain the final estimate x̂r

6. Calculate the signal magnitude and phase estimates by
ρk =

∣∣∣x̂(r)
k

∣∣∣ , k = 1, . . . ,K,

ϕk = ∠[x̂(r)
k ], k = 1, . . . ,K.

updated. Consequently, by performing steps (26)-(29) alter-
nately, the final reconstruction result x̂(f) and its corresponding
DOA estimates and OBM Φ̄(f) at this stage are obtained.

Nevertheless, it is necessary to point out that the weight
for nonzero coefficients in x is always nonzero, which im-
plies that nonzero coefficients are still penalized, and such a
property is indeed not beneficial for accurate magnitude-phase
estimation. To avoid this issue, a further weighted LASSO-like
optimization problem is constructed at the last step, whose
weight matrix is constructed as

W(f) = diag
{
I
(
x̂(f), τ

)}
(30)

where τ is a user defined threshold and set to be the absolute
value of the K-th largest non-zero element here, and I (x, v)
the indicator function, defined by

I (x, v) =

{
0, x > v
1, x ≤ v.

(31)

Performing (27) and (29) after replacing Φ̄ with Φ̄(f) and
W(f) with W(p+1), the unbiased reconstruction result x̂r and
magnitude-phase estimation result of its nonzero elements are
then achieved.

Proposition 1: For high SNRs or ∥n∥2 → 0, the adopted
SRE-STLS formulation will yield the following results:

∥ρ− |β|∥ 2 → 0, ∥ϕ− ∠[β]∥ 2 → 0 (32)

where ρ = [ρ̃1, . . . , ρ̃K ]T and ϕ = [ϕ̃1, . . . , ϕ̃K ]T .
Proof: See the Appendix.

Remark 1: Proposition 1 indicates that the proposed solu-
tion can achieve improved and satisfactory magnitude-phase

Fig. 3. Diagram for DOA based collaborative vehicle positioning.

estimation, which will provide a fundamental condition for
subsequent robust vehicle positioning. In detail, due to signal
attenuation associated with the mobility characteristics of the
vehicle, magnitude information cannot provide reliable and
separable label features. However, it reflects the received SNR
to some extent, which provides an important parameter for
subsequent reliable DOA set selection. In contrast, phase
information remains markedly more stable and thus offers a
reliable feature for distinguishing different vehicles, which will
be verified by subsequent simulations.

Remark 2: In comparison with the general weight matrix in
(28), the designed weight matrix in (30) will not penalize the
K largest nonzero elements any more, guaranteeing effective
incident signal magnitude-phase estimation, as shown later by
simulations.

The proposed SRE-STLS based DOA and magnitude-phase
estimation method is tabulated in Algorithm 3.

D. Collaborative Vehicle Positioning

As shown in Fig. 3, L RSUs are deployed at the positions
of #~ (λ̄~,x, λ̄~,y), ~ = 1, . . . ,L, and the coordinates of the
k-th vehicle are assumed to be (xk, yk), whose corresponding
DOAs with respect to RSUs are θ~,k. In practice, once the
DOAs of a certain vehicle are obtained, its corresponding co-
ordinates can be derived via the cross-location principle easily.
Taking two of the RSUs as an example, whose coordinates are
assumed to be #1 (0, 0) and #2 (λ̄2,x, 0) for simplicity. Then,
we have

xk =
λ̄2,x tan θ2,k

tan θ1,k + tan θ2,k
, yk =

λ̄2,x tan θ1,k tan θ2,k
tan θ1,k + tan θ2,k

. (33)

Nevertheless, there are normally multiple vehicles and more
than two RSUs within the observed region in practice. Under
such circumstances, two key issues need to be addressed. The
first one is how to avoid the ambiguity problem among differ-
ent vehicles, as the RSU cannot effectively distinguish which
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Fig. 4. Intuitive multi-parameter estimation result obtained by the proposed two algorithms with M = 60 and SNR=6 dB: (a)-(c) are the simulation results
obtained by the proposed GAMP-LS algorithm, (d)-(f) are those by the proposed SRE-STLS algorithm.

DOA corresponds to which vehicle. The existing methods
generally assume that they can be distinguished by default,
but there is indeed no specific way, restricting their practical
applications. Fortunately, the proposed solution can achieve
phase estimation of impinging vehicle signals, which provides
a possible simple solution to tackle this issue, as shown later
by simulations.

Another key issue is how to select the best DOA sets for
vehicle positioning in scenarios of more than two RSUs. The
general operation is to take the average operation on the
available coordinates [8], [12], [13]. However, as different
RSUs provide different levels of DOA estimation accuracy,
the simple averaging operation is not the optimal choice [5],
[19]. In view of this, a weighted three-point cross-positioning
method is introduced in [33], which first relies on the infor-
mation of DOA estimates to construct the weights, and then
exploit them to obtain enhanced vehicle positioning result.
Such a method is a good attempt for robust vehicle positioning
from DOA estimation perspective, but the main problem is that
it relies solely on DOA information, which implies that there
is still room for performance improvement.

The Cramér-Rao Bound (CRB) provides a theoretical lower
bound for the unbiased DOA estimator, which is derived
by considering all array configuration parameters. Its value
reflects the overall DOA estimation performance from a global
perspective. Compared to directly using a single array config-
uration parameter (such as received signal magnitude, incident
DOA information, etc.) for reliable DOA selection, the CRB
based criterion is more reasonable and universally applicable.
Suppose that the noise level for all RSUs are the same. Inspired
by the closed-form expression of CRB [34], [35], a principle to
select the two most reliable DOA estimates for the k-th vehicle

under a large-scale sensor array is developed as follows:

{θ#1,k, θ#2,k} = argmin
~

{
1

M3
~ cos θ2~,kρ~,k

}
(34)

where argmin {·} returns two DOAs that result in the smallest
values within the curly brackets. In detail, the number of
sensors M~ for each RSU is known a priori, and the impinging
DOA θ~,k and signal magnitude ρ~,k have also been estimated
via the proposed methods in Sections III-A and III-B. Hence,
θ#1,k and θ#2,k can be easily obtained. Different from existing
state-of-the-art solutions, the adopted DOA set selection crite-
rion fully considers the impact of various array configuration
factors, which implies that θ#1,k and θ#2,k would be more
reliable and reasonable than those obtained by other methods.
As a result, an improved vehicle positioning result can be
guaranteed, as verified later by simulations.

Remark 3: It is necessary to clarify that our solution is
an alternative to GPS positioning, designed to provide the
vehicle’s absolute position information. Computer simulations
show that the response time (single positioning time) of the
GAMP-based locator is at the millisecond level, allowing
the position update frequency (PUF) to reach from tens to
hundreds of Hertz. With this frequency as the upper limit, the
PUF can be flexibly adjusted based on the specific vehicle
positioning scenario. For example, in lane-level accuracy-
based V2I (Vehicle-to-Infrastructure) and V2V (Vehicle-to-
Vehicle) safety applications, the PUF can be reduced to the
required 10 Hz to balance accuracy requirements and computa-
tional load [36]. In coarse positioning applications with lower
accuracy requirements, the PUF can be further reduced to 1
Hz [37], thereby achieving more efficient resource utilization.
After obtaining the position information of vehicles, their
velocity can be further estimated using the principle of time-
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Fig. 5. Performance of multi-parameter estimation results under various array configurations: (a)-(c) are the RMSE of DOA estimation and AE of magnitude-
phase estimation versus SNR with M = 60, respectively, (e)-(f) are those versus M with SNR=6 dB, respectively.

series data association [38],[39],[40]. With available velocity
information, the PUF can be effectively reduced, leading to
significant reduction in required computational resources. Sup-
pose the vehicle positioning accuracy requirement in a certain
application scenario is dstandard, and the maximum single
positioning absolute error of the locator is ∆D with original
PUF=1/H. Then, the maximum velocity estimation deviation
can be simply calculated by ∆v = 2∆D/H; as a result, the
corresponding cumulative positioning error generated by ∆v
in the subsequent mc response cycles becomes 2mc∆D. In
this case, to meet the positioning accuracy requirements, it
is necessary to satisfy 2mc∆D ≤ dstandard. In other words,
to guarantee the vehicle positioning accuracy of dstandard,
mc ≤ dstandard/2∆D, and the re-positioning frequency can
be reduced to 1/(mc + 1) of the original PUF1.

E. Computational Complexity

Computational complexity is a key metric for vehicle po-
sitioning in practical applications. For the proposed methods,
the major computational complexity comes from the first-stage
GAMP-BP based initial DOA estimation and second-stage
refined DOA and magnitude-phase estimation. The first-stage
estimation only needs to calculate the product of the matrix
and vector, whose corresponding complex multiplications are
in the order of O(MN). For the proposed GAMP-LS algorith-
m, the required complexity at the second stage mainly comes
from performing the inverse operation of M×N̄ OBM Nmax

1As shown in the subsequent simulation, with 60 sensors and 6 dB SNR,
the positioning accuracy of the proposed algorithm is below 0.1 m. In the
lane-level positioning scenario, dstandard = 1 m [36], [37], implying that
the re-positioning frequency can be reduced to at least 1/6 of the original
PUF.

times, which requires O(MN̄2Nmax); for the proposed SRE-
STLS algorithm, the required complexity at the second stage
mainly lies in the calculation of Ψ̂ and x̂(r) according to (27)
and (29), which requires O{(MN̄+N̄3)(Nmax+1)} in total.
Since N̄ ≪ N and Nmax = 2 or 3 is enough as verified
by numerical simulations, the final overall complexity of the
proposed two solutions are roughly in the order of O(MN),
which indicates that both methods are computationally effi-
cient. Considering the estimation performance analysis above,
the proposed solutions will be good candidates for practical
vehicle positioning.

IV. SIMULATIONS

In this section, the performance of the proposed solutions is
examined via numerical simulations. The SBL combined with
the designed LS (named as SBL-LS) algorithm in Section III-B
and the CRB are included for comparison. In the simulations,
the initial DOA estimates are obtained with a grid interval
⌣

d = 0.1◦. For performance evaluation, the root mean square
error (RMSE) for DOA estimation, the absolute error (AE) for
magnitude-phase estimation and vehicle positioning, obtained
from an average of 300 independent Monte-Carlo trials are
employed, which are respectively defined as

RMSEθ =

√
1

300K

∑300

i=1

∑K

k=1

(
θ̂i,k − θk

)2

(35)

AEρ =
1

300K

∑300

i=1

∑K

k=1
|ρ̂i,k − ρk| (36)

AEϕ =
1

300K

∑300

i=1

∑K

k=1

∣∣∣ϕ̂i,k − ϕk

∣∣∣ (37)

AEp =
1

300K

300∑
i=1

K∑
k=1

√
(x̂i,k − xk)

2
+ (ŷi,k − yk)

2 (38)



IEEE TRANSACTIONS ON INTELLIGENT TRANSPORTATION SYSTEMS, VOL. XX, NO. XX, XXXX 2024 9

−6 −4 −2 0 2 4 6
10

−2

10
−1

10
0

SNR (dB)

P
os

iti
on

in
g 

er
ro

r 
(m

)

 

 

GAMP−LS−Average
GAMP−LS−Select
SRE−STLS−Average
SRE−STLS−Select

Fig. 6. Collaborative vehicle positioning performance for two vehicles versus
the reference SNR under the deployment of three RSUs, each equipped with
M = 60 sensors.

where χ̂i,k denotes the estimate of χk in the ith trial.
In the first simulation, the multi-parameter estimation re-

sult obtained by the proposed GAMP-LS and SRE-STLS is
provided in Fig. 4, where two incident signals are modeled
as β1 = 1 · ejπ/4 and β1 = 2 · e−jπ/4 with their corre-
sponding DOAs {θ1 = −10.625◦, θ2 = 10.225◦}; the number
of sensors M and the received SNR are set to 60 and 6 dB,
respectively. Figs. 4(a)-4(c) are the results provided by the
GAMP-LS algorithm, while Figs. 4(d)-4(f) are those by the
SRE-STLS algorithm. It can be observed that both proposed
solutions can yield satisfactory and distinguished DOA and
magnitude-phase estimation results, which not only validates
the effectiveness of the proposed methods, but also provides
a solid preliminary foundation for reliable vehicle positioning
in subsequent stages.

In the second simulation, we further assess their perfor-
mance with different SNRs and different number of sensors.
The simulation result is shown in Fig. 5, where two source sig-
nals with magnitude one and phases ϕ1 = π/4 and ϕ2 = −π/4
are considered. In Figs. 5(a)-5(c), the number of sensors is
fixed at 60, and SNR varies from -4 dB to 10 dB with a step
of 2 dB. It can be seen that the performance of all algorithms
improves with the increase of SNR, and both of the proposed
algorithms outperforms the SBL-LS algorithm. In addition,
the proposed SRE-STLS algorithm in DOA estimation even
follows CRB very closely, showing its great superiority and
robustness against noise. For signal phase estimation, although
the proposed GAMP-LS underperforms the SBL-LS algorithm
when SNR≤ 0 dB, it performs better than the SBL-LS
algorithm in relatively larger SNRs. In addition, the proposed
SRE-STLS algorithm significantly performs better than the
other algorithms in terms of phase estimation. In Figs. 5(d)-
5(f), SNR is set to 6 dB, while the number of sensors M varies
from 20 to 80 with a step of 10. From the simulation result,
we can see that the two proposed solutions perform better than
the SBL-LS algorithm again in the whole observed region, and
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Fig. 7. Collaborative vehicle positioning performance for two vehicles versus
the number of sensors M under the deployment of three RSUs, and the
reference SNR is set to 0 dB.

the performance of the proposed SRE-STLS algorithm even
surpasses all other algorithms.

In the last simulation, we further test the vehicle positioning
performance of the proposed two algorithms. Three RSUs
are deployed, and each RSU is equipped with an ULA
composed of 60 sensors. The coordinates of three RSUs
are #1 (0m, 0m), #2 (50m, 0m) and #3 (0m, 50m), and the
locations of two vehicles are (25m, 20m) and (30m, 40m),
respectively. The received SNR (designated as SNR1) at the
RSU #1 is taken as the reference, and those at other RSUs
are defined as SNR~ = 10 lg d1

d~
+ SNR1, where d~ denotes

the distance between a certain vehicle and RSU #~, and the
additive noise level at all RSUs are assumed to be the same.
With all available DOAs, both the traditional average operation
(with label ‘Average’) and the designed selection principle
(with label ‘Select’) are employed for final vehicle positioning.
The results are shown in Figs. 6 and 7, where M is set to 60,
and SNR varies from -6 dB to 6 dB in Fig. 6; the reference
SNR is set to 0 dB, and M varies from 30 to 80 in Fig. 7. It can
be seen that the performance of the proposed SRE-STLS based
vehicle positioning solution is better than that of GAMP-LS,
which is similar with the conclusion in the second simulation.
Moreover, it can be further observed that the proposed reliable
DOA set selection principle can yield significantly improved
positioning result, in comparison with the commonly adopted
average operation, finally verifying the superiority of our
proposed strategy. Particularly, by employing the reliable DOA
set selection principle, the proposed SRE-STLS based solution
can reach centimeter-level positioning accuracy in scenarios
of SNR>-4 dB and M ≥ 50, which provides a possible
alternative tool for advanced levels of autonomous driving.

V. CONCLUSION

A novel vehicle positioning scheme jointly utilizing single-
snapshot DOA and impinging signal magnitude-phase estima-
tion is proposed in this paper. Different from existing state-
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of-the-art pure DOA estimation methods, a two-stage strategy
for estimating DOA and impinging signal magnitude-phase
parameters is adopted, where the first stage is to obtain initial
DOA estimation with the GAMP-BP algorithm, under the
assumption of complex discrete random variable with distinct
phase information, and the second step is to achieve improved
DOA and magnitude-phase estimation with the GAMP-LS
and SRE-STLS algorithms, respectively. Meanwhile, a more
robust principle than the commonly used averaging operation
for selecting reliable DOA sets is designed under multiple
collaborative RSUs. Theoretical analysis and simulation results
show that the proposed methods can not only yield satisfac-
tory and computationally efficient multi-parameter estimation
results, but also lead to an unambiguous and significantly
improved positioning performance. In our future research, we
will focus on how to achieve better DOA and signal feature
estimation in multi-snapshot scenarios, as well as improved
vehicle positioning results without ambiguity.

APPENDIX
PROOF OF PROPOSITION 1

Let ξ = maxp̄,q̄ |Re{G(p̄, q̄)}| denote the mutual coherence
of Φ̄ with G = Φ̃HΦ̃ and Φ̃ = Φ̄ + Ψ. Further assume
that the number of vehicles/sources K < 1/ξ + 1 and
∥n∥2 ≤ ε ≤ ς → 0. Then, according to the stable sparse
recovery theory [41] and the analysis in [42], [43], [44],
the LASSO and/or weighted LASSO estimators can lead to
accurate estimation of DOA or indexes of nonzero elements
even with perturbations present in both OBM Φ̄ and y. With
such good DOA estimates, the perturbed matrix Ψ will be
restricted to a small value, which can be further well estimated
through formulation (26) due to its convexity.

With well estimated Ψ (represented by Ψ̂(f)), formulation
(29) with Φ

(f)
and W(f) can be equivalently transformed into

the following constrained optimization problem

x̂(r) = min ∥W(f)x∥1 s. t. y − (Φ
(f)

+ Ψ̂(f))x2
2 ≤ ς (39)

where ς is a new penalized parameter related to α.
If x̂(r) is the minimizer of ∥Wx∥1, it can be derived that

∥W(f)x̂(r)∥1 ≤ ∥W(f)x∥1. (40)

Subsequently, if DOA or nonzero indexes of x are estimated
accurately and threshold parameter τ is selected properly, it
will yield that ∥∥∥W(f)x

∥∥∥
1
= 0,

∑
l∈ζ
|xl| = 0 (41)

where ζ denotes the support of zeros in x and ζc its corre-
sponding complement.

As a result, the reconstruction error will be bounded by{ ∑
l∈ζ |νl| = 0,#ζc ≤ K

(1 + ξ) ∥ν∥22 − ξ ∥ν∥21 ≤ (ε+ ς)2

}
(42)

where ν = x− x̂(r) and νl represents its l-th element.
Notice that

∑
l∈ζ |xl| = 0, and we then have ∥ν∥21 ≤

K ∥ν∥22, which directly yields

(1 + ξ) ∥ν∥22 − ξK ∥ν∥22 ≤ (ε+ ς)2. (43)

Finally, it can be obtained that

∥ν∥22 ≤
(ε+ ς)

2

1 + ξ(1−K)
→ 0 (44)

which further implies

∥ρ− |β|∥ 2 → 0, ∥ϕ− ∠[β]∥ 2 → 0. (45)

This concludes the proof of proposition 1.
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