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A NEW ERROR ANALYSIS FOR PARABOLIC DIRICHLET BOUNDARY
CONTROL PROBLEMS

DoNGDONG LiaNGg!?, WEI GONG®** AND XIAOPING XIE?

Abstract. This paper investigates the finite element approximation of a parabolic Dirichlet boundary
control problem, presenting a new a priori error estimate. We establish two main convergence results for
both semi-discrete and fully discrete optimal control problems, under suitable assumptions. Specifically,

we demonstrate convergence orders of O(ki) and O(k%_s) (Ve > 0) for the temporal semi-discretization
of control problems on polytopes and smooth domains, respectively. For control problems defined on

polyhedra, we achieve a convergence rate of O(k% +h%) in the fully discrete setting. The contributions of
this work are twofold. First, we provide an improved temporal convergence rate for parabolic Dirichlet
boundary control problems on smooth domains, setting a foundation for further fully discrete error
analysis. Second, we refine the existing fully discrete error estimate for boundary control problems on
polyhedra by removing the artificial mesh size restriction k = O(h2). As an intermediate but essential
result, we establish both the convergence order and stability of the finite element approximation for
parabolic inhomogeneous boundary value problems. Importantly, these results hold under low regularity
boundary conditions without imposing mesh size constraints.
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1. INTRODUCTION

Consider a bounded and convex polytopal, or a bounded smooth domain Q@ C RV (where N = 2,3) with
boundary I' := 0. Let T > 0 be a constant, and denote I := (0,7T"). This article focuses on the investigation of
the following parabolic Dirichlet boundary optimal control problem:

. 1 2 Q2
weUaa, yrenanl(I;m(Q)) J(y,u) = §||Z/ - yd||L2(I;L2(Q)) + §||u||L2(I;L2(F))' (1.1)
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Here, a > 0 represents the regularization parameter, yg € L?(I; L?(f2)) is a given target state, and U,q denotes
the admissible set of controls, which is of the following box type:

Uga = {u € L*(I; L*()) : uq < ult,z) < up, ae., (t,z) € S},

with uge, up € RU {00} satisfying u, < up. The state variable y and the control variable u in problem (1.1) are
constrained by the following parabolic equation:

Oy—Ay=f inQp:=1xQQ,
y=u on Xp:=1xT, (1.2)
y(0) = yo in Q,

where f € L?(I; L*(Q)) and yo € L?(2) are given. The solution pair (%, ) with @ € U,q minimizing the cost
functional J is called the optimal pair of the optimal control problem (1.1).

Although Neumann controls are considered in real life applications most of the time, Dirichlet boundary
control represents a crucial category of control problems with significant applications, particularly in fluid
dynamics. Notably, it plays a pivotal role in practical scenarios such as active boundary control for fluid flows
[19,24, 26]. In this context, an example involves adjusting the velocity of fluid flowing over the surface of a
cylinder by manipulating the angular velocity along its axes. The primary objective of such controls is often to
mitigate vortex shedding or delay the onset of turbulence. It is noteworthy that controls with low regularity
are permissible in these applications. Examples include controls involving the injection of fluids, the blowing,
suction or mixing on a portion of the boundary, taking the form of Dirichlet boundary controls, which may
exhibit discontinuities and adhere to pointwise constraints.

In recent decades, there has been extensive research on Dirichlet boundary control problems. Notable contri-
butions include studies on elliptic Dirichlet boundary controls [2,9,10,15,18], boundary controls for Navier-Stokes
equations [19,26], and parabolic Dirichlet boundary control problems [3,29,30,32,34]. One key aspect that dis-
tinguishes studies in Dirichlet boundary control problems is the choice of the control space. The L?(T")-control
space (referenced in [2,9,15,18]) is widely used due to its simplicity in implementation. However, it often results
in solutions with lower regularity. On the other hand, the energy space method (as discussed in [40]) produces
smoother solutions but involves a more intricate implementation. Regarding the parabolic Dirichlet boundary
control problem (1.1), when formulated with the control space L?(I; L*(T)), the state equation needs to be
interpreted in a very weak sense (as outlined in [5]). However, this choice often leads to less regular optimal
controls [3,29,30,32,34], such as admitting only H %—regularity in space and H i-regularity in time on polytopes.
To address this challenge, a proposed solution involves a Robin penalization approach, as introduced in [4].

When it comes to discretizations and error estimates for the Dirichlet boundary control problem, the finite
element method has been widely employed, with numerous contributions focusing on elliptic control problems
(see, for instance, [2,9,10,15,18,37]). However, limited attention has been given to parabolic Dirichlet boundary
control problems, with only a handful of works available, including [21,23,29]. In [29], a fully discretized optimal
control problem was tackled using the discontinuous Galerkin in time and continuous Galerkin in space (abbrevi-
ated as DG(r)-CG(s) with r and s respectively the polynomial orders of the temporal and spatial discretizations)
method, and a semi-smooth Newton method was applied to solve the optimization problem. Another approach,
presented in [23], utilized the DG(0)-CG(1) method in conjunction with variational discretization to derive the
discrete optimal control problem in two dimensions. The study achieved convergence orders of O(h%) in space
and O(k#) in time, under the condition k = O(h2), where k and h denote the time step and mesh size, respec-
tively. In [21], an enhanced convergence order of O(hlf%fr) was established for spatial semi-discretization. Here,
q > 0 depends on the maximal interior angle of the corners, and r > 0 represents an arbitrarily small constant.

In this paper, we explore the temporal semi-discretization and time-space full discretization of the parabolic
Dirichlet boundary control problem (1.1) and derive corresponding error estimates, which serves as the first
main contribution of this work. For the temporal semi-discretization, we employ the DG(0) method for the
state and variational discretization for the control. Under the conditions f € L?(I; L?(2)), yo € H**~1(Q), and
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ya € LA(I; H>'~2(Q)) N HY 3 (I; L2(Q)), with s € [1,2) and s' € [s — 1,5, in the case of a smooth domain,

274
or s = % and s’ = % for a polytope €2, we establish the error estimate:

@ = @kl p2crr2ay) + 19 = llp2rr20) < C(ks + K ) (1.3)

Here, (@,y) and (ug, §x) € Uqq X Xi represent the optimal pair of the optimal control problem (1.1) and the
semi-discrete optimal control problem (4.7), respectively, under the non-increasing condition on time steps.
For the full discretization, assuming 2 is a polytope, we employ the DG(0)-CG(1) method for the state and
variational discretization for the control. This yields a convergence order of O(h%) for the error between the
semi-discrete and fully discrete solutions. Finally, by combining the two error estimates, we obtain the overall
error estimate:

o _ 1 1
llu— Ukh”L?([;m(r)) + 1y - ykh”L?(I;LQ(Q)) < C(h2 + k“)- (1.4)

Here, (@, ) and (@xn, Yrn) denote the continuous and fully discrete optimal pairs, respectively.

The key strategies employed to establish the error estimates (1.3) and (1.4) are rooted in their conversion into
error estimates for finite element solutions to the state equation and discrete normal derivatives of the adjoint
equation, as outlined in Proposition 6.6 and Theorem 6.9. These achievements rely on the stability estimate for
finite element solutions to the parabolic equation with inhomogeneous Dirichlet data and the stability estimate
for the discrete norm derivative of the adjoint equation. It is important to note that these stability estimates
present heightened challenges when dealing with parabolic equations featuring inhomogeneous Dirichlet data
and limited regularity, representing a departure from the classical stability results found in [38, 39, 43] and
contributing to one of the main novelties of this paper. For the error estimate associated with the adjoint
equation with homogeneous Dirichlet data, a notable innovation lies in the introduction of a new equivalent
definition for discrete normal derivatives (see Def. 4.6), distinct from the standard Definition 4.7 introduced in
[23]. This new definition facilitates the derivation of error estimates for the discrete normal derivatives between
fully discrete and temporal semi-discrete adjoint equations without the imposition of the space-time mesh size
condition k = O(h?). Furthermore, the error estimate for these discrete normal derivatives not only provides
the stability of the fully discrete norm derivative but, when combined with the known stability of the semi-
discrete normal derivative, also implies the stability of the fully discrete solution to the state equation concerning
Dirichlet data with low regularity (refer to Prop. 6.8). This stability of finite element solutions serves as a crucial
element in the error estimates of the state discretization, playing a pivotal role in proving (1.4).

To conduct the error analysis for finite element discretizations of the Dirichlet boundary control problem (1.1),
a crucial and indispensable component is the error estimation for finite element approximations to parabolic
equations with rough Dirichlet boundary conditions, as discussed in works such as [17,23,31]. In [31], convergence
orders of O(h2) (for 1 < p < o0) and O(h? | Inh|) were achieved for spatial semi-discretization under the norm
|-l (1;22(02)) for p = 1 and oo, respectively. These results were obtained assuming Dirichlet data in L?(I; L*(I)).
For fully discrete approximations to parabolic equations, convergence orders of O(k% + h%) and O(k;% + h) were
obtained in [17,23] with Dirichlet data in L2(I; L2(T")) and L2(I; Hz (I')) N H 1 (I; L(T)), respectively. However,
the mesh size condition k = O(h?) in two dimensions, arising from the inverse estimate when the solution has
low regularity, is restrictive. In this paper, we present improved convergence results without the need for the
restrictive condition k = O(h?), which is of independent interest and gives the second main contribution of this
work. Specifically, for given Dirichlet boundary condition u € H*~% (I; L*(T)) N L(I; H**~3(T')) with s € [%,1],
letting y € H*(I; L2(Q))N L23(I; H*$(2)) be the exact solution of equation (1.2), we establish the following error
estimates:

ly — yr(u)ll2(1,2(0)) < C(kS(HyHL?(I;H?s(Q)) Yl msz;20)) + k?||f||L2(1;L2(Q))) (1.5)

and
ly — yrn (W)l L2(1;22(0)) < C((hQS + &)yl 2 ;20 ) + 1Yl ms (102 (0)) + k||fHL2(I;L2(Q))>a (1.6)
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where yi(u) is the DG(0) semi-discretization of parabolic equations on smooth or convex polyhedral domains,
and ygp(u) is the DG(0)-CG(1) discretization of parabolic equations on convex polytopes. Importantly, these
analyses do not require the mesh size condition k& = O(h?) and constitute the second novelty of this work
compared to existing results. To derive these error estimates, we introduce a novel and more involved error
analysis technique, especially suited for the challenges posed by inhomogeneous Dirichlet data and low regularity
solutions. Specifically, we construct discrete error equations by homogenizing the Dirichlet data on the discrete
level, as detailed in Section 5 for a comprehensive understanding.

The remainder of this paper is structured as follows. In Section 2 we provide essential preliminaries, includ-
ing the definition of very weak solutions and the establishment of the well-posedness of parabolic equations.
In Section 3 we derive the first-order optimality condition and explore the regularity of the optimal pair con-
cerning the parabolic Dirichlet boundary control problem. Section 4 is dedicated to presenting the DG(0) semi-
discretization and DG(0)-CG(1) full discretization methods for parabolic boundary control problems. Addition-
ally, we introduce the corresponding discrete first-order optimality conditions. The focus of Section 5 is on the
error analysis of both temporal discretization and spatial discretization for inhomogeneous parabolic boundary
value problems. In the final section, we deduce error estimates for both the semi-discrete and fully discrete
optimal control problems.

2. PRELIMINARIES

Throughout this paper, we adopt standard notations for differential operators, function spaces, and norms, as
commonly found in references such as [7,36,43]. We assume that C' > 0 is a constant that remains independent
of h, k, and the given data.

Recall that in the optimal control problem (1.1), we assume that

fe (L I1A(Q), we L*I;LX 1)), yoe€ L*(9), (2.1)

the solution of the state equation (1.2) must be defined using the method of transposition, as outlined in [5,36].
This type of solution is referred to as a very weak solution, and its definition is provided below.

Definition 2.1. For any given f, u and yg satisfying (2.1), a function y € L?(I; L?(f2)) is called the very weak
solution of (1.2), if y satisfies the identity

/ y(—0iz — Az) dxdt:—/ u@nzdsdt+/ fzd:vdt+/yoz(~70)dx (2.2)
QT ZT QT Q

for any 2z € L2(I; H*(Q) N H(Q)) N HY(I; L*(Q)) with 2(-,T) = 0. Equivalently, for all g € L*(I; L?(2)) and z,
denoting the solution of
—Ozg —Azg =g 1in (0,T) x Q,
24 =0 on (0,7) x T, (2.3)
z2g(T) =0 in Q,

a function y € L?(I; L*(Q)) is called the very weak solution of (1.2) if y satisfies the identity

/ ygdxdt:—/ uOpzg dsdt + fzgdmdt+/yozg(~,0) dx Vg€L2(I;L2(Q)), (2.4)
Qr Zr Qr Q

where 0,24 denotes the outward normal derivative of zg.

Remark 2.2. By the well-posedness of parabolic equations (cf. [16], Chap. 7), we ascertain that z, €
L2(I; H*(Q) N HY(Q)) N HY(I; L3(2)). Consequently, by the trace theorem (cf. [36], Chap. 4 and [9]), it follows
that 9,2, € L*(I; H%(F)). Employing the embedding relation

L*(I; H*(Q) N Hy(Q)) N H' (I; L*(Q)) — C(I; H' (%)),
we have z, € C(I; L*(12)). This establishes the well-defined nature of Definition 2.1.
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The existence and uniqueness of a very weak solution of equation (1.2) is verified in the following lemma; see
also [22,23].

Lemma 2.3. For any given yo, u and f satisfying (2.1), there exists a unique very weak solution y €
L2(I; L*(Q)) of equation (1.2). Moreover, there holds

lyll2(rsz2)) < Cllwoll Lz + llull L2z + 1 lezasrz2@))-

Proof. For any given g € L?(I; L?(f2)) there exists a unique solution z, € L2(I; H*(Q) N H () N H*(I; L*(2))
to the equation (2.3) such that the following estimate holds

l2gllc(r.2 ) + 12gllL2(m2(@)nm1 () + 20l B3 (1:22(0)) < CllgllL2(r:L20))s (2.5)

where C' > 0 is a constant (cf. [16]).
Define the linear functional .Z on L?(I; L?(2)) as follows

Z(g) = —/ u% dsdt + fzgdadt —|—/ Yozg(+,0) dx Vg € L*(I; L*(Q)).
sy On Qr Q
By the trace theorem and (2.5) there holds

0z
H : < Cllgllieirza). (2.6)

L2(I;L2(T))
By using the estimates (2.5), (2.6) and the Schwarz inequality, we know that the functional . is bounded. Then
by the Riesz representation theorem there exists a unique y € L?(I; L?(£2)) such that

/ ygdedt = L(g) Vg € L*(I; L*(Q)). (2.7)
Qr

In other words, the function y satisfies the identity (2.4) in Definition 2.1. Therefore, y is the unique very
weak solution of equation (1.2) while the estimate for y is a direct consequence of (2.5). This completes the
proof. (I

Furthermore, if the data for equation (1.2) exhibit higher regularity, we can anticipate an enhanced regularity
of the solution, which is also influenced by the smoothness of (2.

Lemma 2.4. Suppose that €2 is a bounded smooth domain. For any given

<s <

)

feL*(I; LX), uwe H 1 (I; L*()) N L? (I; HQS—%(F)) and yo € H*~1(Q),

= =
| w

the solution y of equation (1.2) belongs to L*(I; H**(Q)) N H*(I; L*(Q)) and satisfies ([36], Page 78):

+ [l

yll2(rmzs ) + 1Yl (r;20)) < C(Hf||L2(I;L2(Q)) + lyollm2s-1(0) + [[ull Lz(I;stf%(p)))

H*™ 1 (I;L2(I)
Specifically, if s = L there holds y € L*(I; H'(Q)) N H'(I; H*()) — C(I; L*(Q)) such that (cf. [36], Page 84
and [35], Page 19):

Yl ) + Wllo@e2@) + 10l 25— )

< C(||f||L2(I r2@) * lvoll2 (o) + [lull + [|ull

HE (I;12(T) L2(I;H%(F)))'
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The regularity of the solution to (2.3) can be further improved with sufficient smoothness in the data and
the domain Q. In the case where  is a convex polytope, the weak solution of equation (2.3) belongs to
HY(I; L2(Q)) N L2(1; H} () N H2(Q)) for any g € L%(I; L*(Q)). Additionally, when  has a smooth boundary,
the regularity of the solution to (2.3) is presented in the following lemma [16, 36].

Lemma 2.5. Consider a smooth bounded domain 2. For any given 0 < r < % and function g € L*(I; H*"(Q))N
H"(I; L*(Q)), the solution z of equation (2.3) belongs to L?(I; H**2" () N HE(Q)) N HT"(I; L3(2)), and the
following estimate holds:
20l 2 (1 m242r )y + 2] 04 (1522 (0)) < C(”Q”LQ(I;H?T(Q)) + ||g||HT(I;L2(Q)))~
If, in addition, g € L2(I; H*(Q)) N Hz (I; L2()) and
(T —t)"2g € L*(I; L*(Q)), (2.8)

then z € L2(I; H3(Q) N HL(Q)) N H3 (I; L2(Q)) (c¢f. [36], Eq. (5.12)) and 8,z € Hz(I; L2(Q)) N L2(I; HY(Q))
(cf. [36], Page 12). Moreover, there holds the estimate

leleermsion + 12l 45 ey + 19y < C(Isllem@n + 1901 gpaay)- (29

The aforementioned regularity results will be employed to investigate the regularity of solutions to the optimal
control problem (1.1). In particular, Lemma 2.4 will be utilized to deduce the regularity of state variables, while
Lemma 2.5 will be instrumental in enhancing the regularity of control variables.

3. THE OPTIMAL CONTROL PROBLEM

For any u € L?(I; L*(T)), let y(u) denote the unique solution of the state equation (1.2), as defined in
Definition 2.1. We can establish the following affine linear operator

S:L*(I;L*(T)) — L*(I; L*(Q)), Su = y(u), (3.1)

which is bounded and Fréchet differentiable from L?(I; L?(T")) to L?(I; L?(£2)). In fact, the operator S can be
decomposed as Su = Su + § for any u € L3(I; L*(T")), where Su solves the state equation with inhomogeneous
Dirichlet data w and f = 0, yo = 0, § solves the state equation with homogeneous Dirichlet data w = 0 and
inhomogeneous f, yo. Obviously, the operator S is linear and bounded from L?(I; L*(T")) to L?(I; L*()) and §
is independent of u. Consequently, the optimal control problem (1.1) can be equivalently expressed as follows:

urélzlffd J(u) := J(Su,u). (3.2)

It is straightforward to verify that the above optimization problem admits a unique solution @ (cf. [34], Chap. 111
or [27], Chap. 1). Denoting by (@, §) the optimal pair, where § is the associated state.
For any u € L?(I; L*(T')), the Fréchet derivative of the cost functional at u reads

J'(w)v = / oauv ds dt —|—/ (y —ya)y(v)dz dt Vo € L? (I; LQ(F)),
ET QT

where §(v) € L2(I; L?(€)) is the very weak solution of the following equation:

Ay(v) — Ag(v) =0 in (0,T) x Q,
g(v) =wv on (0,7) x T,
g(v)(-,0) =0 in Q.

The first order sufficient and necessary optimality condition is given in the following theorem.
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Theorem 3.1. The pair (i,y) € Uua x L*(I; L*(2)) is the optimal solution of the optimal control problem (1.1)
if and only if § := St = y(a) and

J'(@)(v—u)>0 Yo € Uggq. (3.3)
Furthermore, (3.3) is equivalent to

J'(@)(v—a) = /Z (att — 0pZ)(v—1u)dsdt >0 Vv € Uga, (3.4)

where z € L*(I; H2(Q) N HY(Q)) N HY(I; L?(2)) is the adjoint variable satisfying
—Z—AZ=7—yq in (0,7) x Q,
z=0 on (0,T) x T, (3.5)
AT) =0 in Q.

The optimality condition (3.4) can be expressed equivalently as:

o= Py, (ianz), (3.6)

where Py, represents the orthogonal projection operator from L?(I; L?(T')) onto the admissible set U, that
preserves H°-regularity for s < 1 (cf. [44], Page 114). The above relationship between the optimal control and
adjoint state allows for an enhancement in the regularity of solutions to the optimal control problem.

Theorem 3.2. Assume that Q is a bounded smooth domain and let (u,y,Zz) be the optimal solution of the
optimal control problem (1.1). Then for any given yo € H*71(Q) (3 < s < 3), ya € L*(I; H23,—%(Q)) N
H* =5 (I;L2(Q)) (s — 1 < &' < ) and f € L*(I; L*(Q)), there hold

g€ L2(I; H*(Q)) N H* (I; LX(Q)), € L2 (I; Hmi“{%"l}(r)) N H* (I; LA(T)),
zel? (I; H*'+5(Q) N H&(Q)) N HY (1 12(9)),
0,7 € L2 (I; H2<S’—i>(9)) N HY =% (I, 12(Q)).

If, in addition, there holds the compatibility condition (2.8) with g := 7 —yq in the case s' = 2, then the adjoint

1
state has the following improved regularity:
ze LA(LHY(Q) N HNQ) NHE (ILAQ)), 8z e H? (I;L*(Q)) N L2(I; HY ().
Proof. For u € L*(I; L*(T)), f € L*(I; L*(Q2)) and yo € L*(Q), it follows from Lemma 2.3 that 5§ € L*(I; L*(Q)).
Choosing r = 0 in Lemma 2.5 and combining with y, € L?(I; L*(Q)), we have z € L(I; H*(Q) N HL(Q)) N
H'(I; L2()). Then @ € L*(I; H=(T')) N H7 (I; L2(T")) by applying the identity (3.6) and the trace theorem (cf.
[29]).

Next, choosing s = 1 in Lemma 2.4 and using the fact yo € L*(), L3(I; L*(Q)), we obtain
y € L*(I;H'Y()) N H= (I,LQ(Q)). That is, § € L?(I; H?**71(Q)) N H*™ %(I L2( )) for £ < s < 3

Then, it follows z € L2(I; H**T1(Q) N HF(Q)) N HHI(I L?(Q)) from Lemma 2.5 and the fact ¥ —yq €
L2(I; H*~1 (Q)) N H 2 (I; L2(Q)) for yg € L2(I; H* ~3(Q) N H* 5 (I;L*(Q)) (s — L < ), which implies
that @ € L2(I; H**~2(I')) N H*"%(I; L2(I)) by the identity (3.6) and the trace theorem (cf. [29]). Fur-
ther, observing that yo € H?71(Q) and f € L?(I; L*()), then applying Lemma 2.4 to the state equation
(1.2) implies that § € L2(I; H*()) N H*(I; L2(Q)). Then, one derives z € L2(I; H2'T2(Q) N HL(Q)) N
H¥+3(I; L2(Q)) from Lemma 2.5 and the fact § — yg € L2(I;H?'~2(Q)) N H* ~i(I;L*(Q)) for y4 €
L2(I; H2' 2 (Q)) N H¥ ~5 (I L?( )) (s' < s), which implies that @ € L2(I; H™»(s"“1)(T)) 0 H*'(I; L*(T")) by
(3.6). At last, 9,z € L2(I; H2'~2)(Q)) N H* =3 (I; L*(Q)) can be derived from [36], Page 12. This completes the
proof. O
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The regularity of solutions to the state and adjoint equations is strongly influenced by the smoothness of 2.
As evident from the above theorem, solutions to optimal control problems in smooth domains exhibit higher
regularity when the data is smooth. However, this observation does not hold true for polytopal domains. The
following theorem, extracted from [21,23], elucidates the regularity of the optimal control problem in polytopes.

Theorem 3.3. Let Q be a convex polytope and (u,y,Zz) be the solution of the optimal control problem (1.1).
Then for any given yq, f € L?(I; L*()) and yo € L*(QY) there hold

e L2 H Q) N H? (I, LX(Q)), u€ L? (I; H%(r)) N H (I; LX(T)),

ze L*(I; H*(Q) N Hy(Q)) N H' (I; L*(Q)).
Remark 3.4. The outcome of Theorems 3.2 and 3.3 regarding the regularity of the optimal control problem
(1.1) hold significant implications for the error estimation of discrete optimal control problems. The insight from
Theorem 3.3 suggests that optimal convergence orders can be attained for the discrete control by employing the
DG(0)-CG(1) discretization scheme. Moreover, it follows from Theorems 3.2 and 3.3 that the optimal control

has the regularity L2(I; H2 (I'))NH (I; L*(T")). Thus, the very weak solution to the state equation (1.2), defined
in Definition 2.1, is equivalent to the standard weak solution outlined in Lemma 2.4.

4. FINITE ELEMENT DISCRETIZATION

4.1. Notations for finite element methods

To introduce the DG(0) semi-discretization in time and the DG(0)-CG(1) fully discretization in time-space
of the state and adjoint equations, we begin with some notations.

Firstly, we divide the interval I := [0,7] into a family of subintervals I,,, := (t;_1,%,] With step sizes
km i=tm —tm-1,,m=1,--- M, where 0 =ty < t; < --- < tp =7T. The maximal time step size is denoted by
k= maxi<m<m km.

Throughout this article, we assume the following two conditions for k,, and k:

(1) There exists a constant C' > 0 independent of k and m such that
k/km <C, m=1,-- M. (4.1)

(ii) The time step k,, is non-increasing for m, i.e.,
km/km-1 <1, m=2,--- M. (4.2)
The first condition ensures that the partition for I is quasi-uniform, and the second one implies that the time
step is non-increasing along the direction of 7T'.
We define the temporal semi-discrete DG(0) space consisting of piecewise constants in time as follows:

Xp = {vp € L*(I; Hy(Q)) : vkl1,, € Po(Im; HY(Q)), m=1,--- M},

Xy = {ve € L*(LHY Q) « wklr, € Po(Imi HY(Q)), m=1,--- , M},

X, = {vr € L*(I; L*(Q)) : vilr,, € Po(Im; L*(Q)), m=1,--- , M},
where Py(I,; H(Q)), Po(Ln; HY(Q)) and Py(I,,; L*(Q2)) denote function spaces of constants defined in I,
(m=1,---,M) and valued in spaces Hg (), H'(2) and L?(Q2), respectively.

In addition, we introduce the following two temporal semi-discrete finite element spaces consisting of functions
of piecewise constants in time:

X, (T) := {vk € LQ(I;H%(F)) : 30, € Xk, s.tovklr, = Okl xr, m=1,--- 7M}7
Xi(T) == {op € L2(I; LA(D)) = vkl € Po(Im; L*(T)), m=1,--- ,M}.
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When Q is a polytope, we introduce a family of quasi-uniform and shape regular partitions 7, = {7} in
the sense of Ciarlet [13], where 7 is the N-simplex with diameter h,. We denote the mesh size of 7; by
h := max,c7, h;. Define the P; finite element space

Vi = {UhGC(Q) : ’Uh|-,—€P1(T), VTE’T}L}, (43)
where P;(7) denotes the space of linear functions in 7. We set V! := V}, N H} () and
Vh(F) = {’Uh‘p LU € Vh}

Let 7, : C(Q) — Vj, be the Lagrange interpolation operator (cf. [7]) or the Clément interpolation operator
from LY(Q) to Vi ([14]). Let P, : L?*(2) — V}, be the L?-projection operator defined as follows: For any
y € L?(Q), Pyy satisfies

(Phy,’()h) = (y,vh) Y € Vi,

Assume that Ry, : H}(2) — V)2 is the Ritz projection operator, i.e., for any ¢ € Hg(Q), Ryp € V! satisfies
(VRyp,Vup) = (Ve, Vo) Vo, € V2.

The following lemma gives error estimates for the Ritz projection (cf. [7]), which will be frequently used in
this article.

Lemma 4.1. Let Ry be the Ritz projection operator, then the following estimates hold:

[ = Rpoll ) < ChIIV?] 20 Yo € Hy(Q) N H*(Q),
lv — Rpvllr2(0) < Ch|V(v — Rpv)|p2 () Yo € Hé(Q)

Remark 4.2. Although the operators Ry, Py, and 7, are defined in the spaces of functions independent of time,
it is possible to extend their definitions to the time-dependent case, which have to be understood pointwise in
time. Then, Lemma 4.1 is also valid for the time-dependent case with corresponding estimates under time-space
norms.

In order to define the DG(0)-CG(1) discrete scheme for parabolic equations, we introduce the following
time-space finite element spaces:

X0, = {vkn € X2 vinlr, € Po(I; Vi), m=1,--- M},
Xin = {vrn € Xi 0 vgnlr, € Po(I;m; Vi), m=1,---, M},

where Py(I,,;Vh) denotes the function space of constants defined in I, and valued in V}, the definition of
Py(I,,; V}?) is similar. In addition, we define

Xin(T) == {vkn € Xi(D)  vrnlr,, € Po(L; Va(T')), m=1,--- , M},

where Py(Ip,; Vi (T')) is the function space of constants defined in I, and valued in V3 (T").

For the definition of the temporal DG(0) scheme for parabolic equations, we need the following notations:
for any vy € Xk,
Vkym = Vg 1= 11%1+ Ve(tm — 1), Vkmt1 = v;m = th%lJr Vg (b + ), [Uk)m = v,im Vg m=1 M,
where vk, 1= vg|1,, and [vg], denotes the jump of vy at nodes t,,

Given two piecewise-in-time H!-functions v, w € L?(I; H'(2)), we define the bilinear form B : (v,w) — R

as follows:
M

M
B(v,w) = Z(@tv,w)l + (Vo,Vw); + Z -1, wih 1) + (vg s wg), (4.4)
m=2

m=1
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where (,-)s,, denotes the inner product in space L?(I,,; L?(2)) (cf. [38]). Applying integration by parts to the
above bilinear form B, we obtain the following dual representation:

M M—1
B(v,w) = — (v,@tw)lm + (Vv,Vuw); — Z (U;L, [w]m) + (v&,w&). (4.5)

Note that if v,w € Xy, then the first term in B vanishes. Similarly, if v, w are continuous functions in time,
then the terms of B containing jumps also vanish.

In the subsequent two subsections, we address the discretization of the optimal control problem (1.1). Here,
the state variable is approximated using finite elements, while the control variable undergoes discretization via
variational discretization, as outlined in [25]. In Section 4.2, we employ the DG(0) method for the temporal semi-
discretization of the state variable, focusing on problems formulated in bounded polytopal/smooth domains.
Section 4.3, on the other hand, employs the DG(0)-CG(1) method, utilizing piecewise constant functions in
time and continuous piecewise linear polynomials in space, to discretize the state variable for problems posed
on polytopal domains.

2. Discretization in time

To establish the temporal semi-discrete scheme for the parabolic equation (1.2), we introduce the boundary
L2-projection operator in time, denoted as Py : L?(I; L*(T")) — X(T'). For any w € L?(I; L*(T")), Pyw € X (T)
is defined as follows:

N 1 [fim
Pyw|y,, = k—/ w(s) ds, m=1,---,M. (4.6)

For simplicity, we set P/"w := Pyw|;,, for any w € L?(I; L*(T)).
The semi-discrete parabolic Dirichlet boundary control problem is given by

. 1 a
min - Je(ye(u),u) = 5 llye(u) - yall7 + 5”“”%2(1;1:2(1“))’ (4.7)
u€Uqd, yr(u)EXy

where yg(u) € X, is the semi-discrete state variable satisfying the scheme:
B(yk(u)a @k) = (fa Qﬁk)[ - (u7 an@k)[g(];[g(p)) + (yo, (,0;:70) (48)

for all @), € X N L2(I; H*(Q)), and B : X}, x (Xy N L*(I; H*(Q))) — R is another bilinear form defined as

M
B(yk, o) = —(yr, Apr); + Z ( Yklm—1, <Pkm 1) + (yzo,%@;o)-
m=2

Note that (4.8) is the very weak formulation of the temporal semi-discrete scheme for parabolic equations (2.4)
with rough Dirichlet data u € L2(I; L*(T)). If u has improved regularity in space, such as u € L2(I; H2(T)),
then (4.8) is equivalent to the following scheme: Find yi(u) € Xi such that

Byr(u), o) = (f, ¢x); + (90790:,0) Vor € X, ye(u)|rxr = Pru. (4.9)

Note that in the discrete problem (4.7) the control variable is not explicitly discretized, which is the so-called
variational discretization proposed in [25] for optimal control problems.

Similar to Definition 2.1, one can demonstrate that the semi-discrete scheme (4.8) possesses a unique solution
yr(u) € Xy for any u € Uyq. The control-to-discrete state mapping Sy : L?(I; L*(T')) — X} is defined as
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Spu = yg(u) for any u € L?(I; L?(T")) and is Fréchet differentiable. Subsequently, we formulate the reduced
optimization problem:

min Jy,(u) := J(Spu, u). (4.10)
u€Uqd

Similar to Proposition 3.2 in [38], combining Lemma 6.5 we can obtain that the semi-discrete optimal control
problem (4.10) admits a unique solution uy by using standard arguments (cf. [27], Page 53). Moreover, the
reduced cost functional J; is also Fréchet differentiable and

J(u)v = /Q (yr(u) — ya)Jx(v) dz dt + oz/Z uvdsdt Vv € L*(I; L*(I)), (4.11)

T

where g (v) € X}, is the solution of the following semi-discrete problem:

B(gk(v), ¢r) = =(0,000k) 2(112(ry)  Voow € Xp N L2 (1 H?(9)). (4.12)

In the following theorem, we give the first order optimality condition for the semi-discrete optimal control
problem (4.10).

Theorem 4.3. The pair (g, Jx) € L2(I; H2(T)) N Xi(T) x Xy, is the optimal solution of the semi-discrete

control problem (4.7) if and only if gy := Sktx = yr(tx) and the following first order optimality condition holds:
J(up)(v—ix) >0 Vo€ Udg. (4.13)

Furthermore, there exists a semi-discrete adjoint state variable zy, € X N L*(I; H*(Q)) defined by

B(ek, 2k) = (U —yarox);  Veor € X)), (4.14)
such that (4.13) can be equivalently written as

Jé(ﬁk)(v —a) = / (g — OnZk)(v — tg)dsdt > 0 Yo € Uy, (4.15)
T
where 0,2, € Xi(T') is the outward normal derivative of Z, satisfies

OnZropdsdt = —/ (Uk — Ya)pr(Pr) de dt Vor € Xi(T), (4.16)

ET QT

and pr(Pr) € Xy, is the solution of the following semi-discrete scheme:
B(p(or), ox) = = (01, Onr) p2(rireryy Veor € X3 N L1 H(Q)). (4.17)

Proof. Given that the optimization problem (4.7) is strictly convex, the first-order optimality condition (4.13)
directly follows from the calculus of variations. Thus, we only need to validate (4.15). For any given v € Uyq, by
setting ¢y, 1= Isk(v — @) in (4.17), the superposition principle of linear equations implies that py (ﬁk(v —ug)) =
yr(v) — g satisfies (4.17). Subsequently, it follows from (4.16) that

Ji () (v — ) = /Q Uk — ya) (Y (v) — gr) dz dt + 01/2 u(v —uy)dsdt

:/QT(yk_yd)pk(pk(v_Uk)) dxdt—|—a/ (v — ag) dsdt

T

= — anzkﬁ)k(v—ﬂk) det-‘rOé/ g (v — ) dsdt
ZT ET
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:—/ 8n5k(v—ﬂk)dsdt+a/ ﬂk(v—ﬁk)dsdt
ET ZT

= / (Oé’l_Lk — 3n2k)(v — ’L_Lk) dsdt > 0.
X

The spatial regularity of the semi-discrete adjoint state Z; can be deduced from the standard elliptic regularity
on each time interval. Consequently, we establish that 4y € L?(I; H 3 (")) given that @y is the projection of 9,z
onto U,q. Additionally, g satisfies the scheme (4.9), ensuring that g € Xj. This concludes the proof. (]

Remark 4.4. In fact, one can easily check that the definition of the outward normal derivative in (4.16) is
equivalent to the usual one (cf. [23]).

4.3. Discretization in space

When dealing with a polytope €0, we can extend our analysis to include the time-space discretization of
the optimal control problem (1.1) through the application of the DG(0)-CG(1) method. For this purpose, we
introduce a family of L2-projections.

Definition 4.5. Let P, : L*(I; L*(Q)) — L%*(I;V3) and Py, : L2(1; L?(2)) — Xy, be two orthogonal projection
operators such that for any w € L?(I; L*(Q)), Pyw and Py,w satisfy respectively
(w — Phw,vh)[g(];LZ(Q)) =0 Vvh € Lz(.[; Vh), (w - thw,l]kh)[g(];Lz(Q)) =0 Vvkh € th,

where L?(I;V},) denotes the space of functions defined in I and valued in V. .
Similarly, we can define another two projections P, : L2(I; L*(T)) — L?(I; V,,(T)) and Py, : L*(I; L*(T)) —
Xin(T) with L2(I; Vi, (T')) and X4p,(T) playing the role of L2(I;V},) and Xy, respectively.

The time-space discretization of the optimal control problem (1.1) is given by
1 o
min JEh u),u) = = ||Yrn(u) — 2 —ul?ss , 4.18
I ey koh (Yen (1), w) 9 lysen (w) — yall7 5 | ||L2(I,L2(r)) ( )

where ygn(u) € Xgp is the discrete state variable satisfying the following discrete state equation:

B(ykn(uw), okn) = (fsprn)r + (yo, <th,0) Yoorn € X, yen(W)|ixr = Prnu. (4.19)

Again, the control variable is not explicitly discretized in the above discrete control problem (4.18). However,
the discrete adjoint state will yield an implicit discretization of the control.

For any given u € U,4, we can establish the unique solution ygp, (u) € Xy to the discrete state equation (4.19).
Subsequently, we define a discrete control-to-state linear operator Sgj, : L2(I; L*(T")) — Xk as Sknt = yrn(u)
for any u € L?(I; L*(T')). This leads us to the following reduced optimization problem:

min Jyp (u) == J(Skau, u). (4.20)
u€Uqq
It is easy to check that the above discrete optimization problem has a unique solution, denoted by ug. The
first order Fréchet derivative of Jyp, at u € L?(I; L*(T)) can be calculated as

j,’ch(u)v = / (yen(u) — ya)rn (v) da dt + a/ uv dsdt Yo € Uyq,
Qr o

T

where g (v) € Xgp, is the solution of the following equation:

B(grn(v), orn) =0 Yorn € X0, Gkn(v)|1xr = Prav.

To simplify the Fréchet derivative of jkh, we first define the discrete outward normal derivative for the
DG(0)-CG(1) finite element solution of the backward parabolic equation.
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Definition 4.6. For any g € L(I; L*(Q)), let z be the solution of the backward parabolic equation (2.3). Let
zkn € X3, be the DG(0)-CG(1) finite element solution of (2.3) defined by

B(¢kh, zkn) = (g, k) Vorn € Xph- (4.21)

Then the time-space discrete normal derivative 8szh € Xpn(T) of zgp on T is defined by

O 2k dsdt = —/ gpin(Prn) dxdt Yo, € Xin(D), (4.22)

ET QT

where prn(drn) € Xgp satisfies the following equation for given ¢, € Xgp(T):

B(pn(orn), orn) =0 Vorn € Xpns  Pen(dkn)|1xr = Bkh. (4.23)

Definition 4.7. Let z be the solution of equation (2.3) and zxj, be the corresponding time-space fully discrete
solution. The discrete function 9”2y, € Xy, () is called the discrete normal derivative of zg; on T, if 9z,
satisfies

8,’1’zkh<1>kh dsdt = B((I)kh, Zkh) — / gDy dx dt V®rn € Xin. (4.24)

ET QT

Remark 4.8. Similar to the principles outlined in Definition 2.1, the method of transposition is also employed
in Definition 4.6. Specifically, (2.4) establishes the definition of the weak solution y using the test function g.
In contrast, in (4.22), we provide the definition of 9"z, with ¢, serving as the test function. Meanwhile,
Definition 4.7 adheres to the standard one found in [23]. It is important to note that Definitions 4.6 and 4.7
are equivalent, a fact that will be substantiated in the following proposition. The alternative Definition 4.6
facilitates the examination of error estimates between discrete and continuous normal derivatives of the adjoint
equation using duality tricks, and it allows for the derivation of stability results for fully discrete solutions to
parabolic equations with inhomogeneous Dirichlet data.

Proposition 4.9. Definitions 4.6 and 4.7 are equivalent.

Proof. Firstly, we prove that 9"z, satisfying the equality (4.22) in Definition 4.6 implies (4.24) in Definition 4.7.
For any ®yj € Xyp, we define Uy, € Xgh by

B(Yih, orn) = B(Pih, ©kh) Yorn € Xph- (4.25)

Let Ogp := ®rp, — Yip, then Oy, is the solution of

B(Okn, orn) =0 Vorn € Xpns  Ornlrxr = rnlrxr-

Setting ¢rp, = Pip|rxr in the equality (4.22), there holds the following equality:

8gzkh,(1)kh dsdt = f/

GO dxdt = 7/
Qr

gPrp dodt + / gV dxdt.
Qr

ZT QT

Note that zxp, is the solution of (4.21), it follows from (4.25) that

agzkhq)kh dsdt = B(‘I)kh, Zkh) — / gPrn da dt,

ET QT

which implies that 0"z, satisfies Definition 4.7. Reversely, 0"z, given in Definition 4.7 satisfies the identity
(4.22) in Definition 4.6. This completes the proof. O

Now we are ready to derive the discrete first order optimality system.
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Theorem 4.10. The pair (Ugp, Yrn) € Usa X Xgkn is the optimal solution of the fully discrete optimal control
problem (4.20) if and only if Grp = Skntrr = Yrn(Urn) and

Jin(kn) (0 = k) =0 Yo € Uga. (4.26)
Furthermore, we define the fully discrete adjoint state zgp € Xy, as

B(¢knh; Zkn) = (Jrh — Yds Prn) Vorn € Xins (4.27)

with which the optimality condition (4.26) can be equivalently written as

T (@en) (v = ) = / (aitgn — O zkn) (v — tUgn) dsdt > 0 Vo € Uag, (4.28)
P

where O zyy, € Xy () is the discrete normal derivative of Zgy, € XP, defined in Definition 4.6.

5. ERROR ESTIMATES FOR THE PARABOLIC EQUATION

In order to conduct the error analysis for the discrete optimal control problem, it is essential to establish a
priori error estimates for the finite element discretization of parabolic equations, assuming suitable regularity
conditions on the solution. Since the optimal control has the regularity @ € L(I; H2 (")) N H3 (I; L*(T)) (cf.
Thms. 3.2 and 3.3), in the following we use the standard weak solution to the optimal state.

5.1. Analysis of the temporal discretization error

In this subsection, our primary focus is on the error estimation for temporal semi-discretizations of parabolic
equations. Employing the Aubin—Nitsche technique [7], we transform the finite element error into the projection
or interpolation error.

To this end, we introduce some projection and interpolation operators. Define the L2-projection Pj :
L3(I; L?(Q)) — X}, such that P,z satisfies

1 tm
sz|[m = k‘i
m

2(s) ds, m=1,---, M, Vze& L*(I;L*(Q)). (5.1)

tm—1

For simplicity we write PJ"z := Pyz|;,,. For any 0 < s <1, there holds
Iz = Przllr < CR°||zllms(r2)), V2 € HY(I; L*(Q)). (5.2)

In addition, we need the followir}g two interpolation operators in time. Qeﬁne the interpolation operators
7 C(I; L2(Q)) — Xy, and 7t : C(I; L2(Q)) — X such that for any w € C(I; L%(Q2)), miw and mwlw satisfy

1, = W(tm-1), m=1,---,M. (5.3)

mrwlr, = w(ty), mTLw
Note that the above interpolations are defined by taking the end point values on each subinterval, and the

interpolation error estimate is stated in the following lemma that is similar to (5.2).

Lemma 5.1. For arbitrary s € [3,1], if w € H*(I; L*(Q)) N C(I; L*(1Y)), then

[|w— WéwHI + |lw — mpwl||; < CE*[|w|| gs(1,2(0))- (5.4)

Proof. The above interpolation error estimate for s = % is a direct consequence of Theorem 5.20 in [28], see

also [33,41] for the case s € (3, 1]. O
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The scheme (4.8) constitutes a temporal DG(0) discretization of equation (1.2) (cf. [43]), yielding a unique
solution denoted as yi(u) € Xj. It is noteworthy that while f € L?(I;L*()), yo € L*(Q), and u €
Hi(I; LA(I))NL2(I; H=(T)), the resulting y resides in H2 (I; L2(2)) N L2(I; H*(2)). However, the DG(0) semi-
discretization yi (u) € X adopts a piecewise constant profile in time, falling short of belonging to H 3 (I; L*(Q)),
despite Pyu € Hi(I; L2(T')) N L2(I; Hz(T")). Indeed, it can be verified that yi(u) € Hz—¢(I; L%(R2)) for any
e > 0 (cf. [42], Page 20). Therefore, the DG(0) semi-discretization (4.8) aligns with a nonconforming Galerkin
method (i.e., Xy & H 3 (I; L?(9))). Nevertheless, we still have the Galerkin orthogonality

By —ye(u),o1) =0 Ve, € X}.

Below, we present several lemmas pertaining to the stability and error estimation for the temporal semi-
discretization of parabolic equations with general inhomogeneous Dirichlet boundary condition which may be
of independent interest.

Lemma 5.2. For any given s € [%, 1] and sufficiently smooth u, yo and f, assume that the solution to parabolic
equations (1.2) satisfies y € H*(I; L?>(Q)) N L?(I; H*$(Q2)), then there holds

Z kin_(%_l)||9||%2(1m;L2(Q)) < Cllyllzre (1,22(0))»

where g is a piecewise constant function defined by

Py —ytm) PPy —y(tme)
Iy - — L - 2 s

g mzl?"'aM7 P]?y:y(to):y()

Proof. Note that the solution y € H*(I; L*(Q))NL*(I; H**()) (s € [5, 1]) is continuous by recalling Lemma 2.4,
then the function g is well-defined. Using the condition (4.1) we obtain

v M
O Fir O gl e sniay < CFTETY 3 glieranc0)-
= m=1

Therefore, we only need to estimate the right-hand side of the above inequality:

Z H9HL2(1 iL2(Q)) — Z ko, 1H (P'y —y(tm)) — (Pm ! y(tmfl))Hiz(Q)

M

<C Y RMNPMY =yt 720
m=1

M

—cy kl/ﬂ<];n /ttri y(s) ds—y(tm)>2dm

m=1 m—1

i g ( /:1<y<s> —y(tm»ds)de

<Ck‘22//tm t))? ds da

m=1

= Ck™2|ly — mhyl3
< O yll3re 10200y

where we have used Lemma 5.1. This completes the proof. ([l
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Lemma 5.3. Let y and yi(u) be the solution of (1.2) and (4.8), respectively. For any given s € [%,1] and

27
sufficiently smooth u, yo and f, assume that y € H*(I; L?(Q)) N L3(I; H?3(S2)), then we have

M M
> ko E Iy = (@)l 0) + D0 BNy = ()i [0y < Cllolrrisaayy- (5:5)
m=1 m=1

Proof. The fact y € H*(I; L?(Q))NL*(I; H*(2)) (s € [$,1]) also implies that y € H'(I; H~1(Q))NL*(I; H*(Q))
([29], Page 84), so that the state y also satisfies the standard weak solution. Therefore, for each fixed m =
1,--+, M, from (1.2) it follows

(Vy, Vo), + (0w, 0); =(f9)n, Ve € Po(Im; Hy(Q)),

- (VP V9); + (ltm) — yltm1),0) = (fr0);. Vi € Po(In: H(9)), (5.6)

where Py, is defined in (5.1) and y € C(I;L%*(Q)) by Lemma 2.4 is used. Similarly, the temporal semi-
discretization solution yx(u) of (4.8) on the subinterval I, satisfies

(Vye(u), Vo), + ()], 0) = (f0), Ve € Po(Ims Ho(Q)), (5.7)
for m=1,2,--- , M, where [yg(u)]o := y,io — 9. Subtracting (5.7) from (5.6), we obtain
(V(Pry = yx(w)), Vo) + (y(tm) = y(tm—1) — [yr(w)],,_1, ) =0
for any ¢ € Py(Im; H(2)). Define [Prylo := Ply — yo, [Py — yr(u)]o := Ply — yx,1(u), then we can obtain:

(V(Pry —ye(u), Vo) + ([Pey — ye(w)], 15 9) = ([Petlm—1,9) = (tn) = y(tm-1)), ¢ = (9,9)1,,  (5.8)

for any ¢ € Py(Im; Hi(9)), where g is defined in Lemma 5.2.
By taking ¢|7,, := [Pry — yr(u)]m—1 in equality (5.8), there has

(V(Pry = v (W), VIPey = v (w)]o1) .+ 1Py = 9] 20 = (9 Pry = w (@),

m

1.€.,

%(HV[PI@?/ — @} IV Py — s @) 17, = [V(Pey = i (),

)
, Im (5.9)
+ 1 Pey = i (]t |2 ) = (95 [Pry = w0,

m

where (Pyy — yr(w))m = Py —yr,m(u) (m # 0) and (Pyy —yx(u))o := 0. It remains to estimate the right-hand
side of the above equality.
We use the first identity of (5.9) and the Cauchy—-Schwarz inequality to obtain

ko,

2 (1912 = @)l gy + 1V Py = (@)l = 9Py = 50:0) |72 )
2

Im

| [1Pey =y ()],
e

2 km 2
1Py = v (@ |0y < 57907, +
Multiplying by k’fn(%fl) on both sides of the above estimate and absorbing the second term of the right-hand

side to the left, we obtain

(25— 2
k}n (2e-1) (HV[Pky - yk(u)]TTL*lHLQ(Q) + |V (Pry — yk(u))m||2Lz(Q)
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2 — (25— 2 —(2s5—
- ||V(Pky*yk(u))m—IHLz(Q)) +km(2 1)|Hpky*yk(u)]m—lnm(g) < kvln (2 1)Hg”%m-
By using the step size condition (4.2), the above estimate can be rewritten as

kLY [Py — ye ()], ||i2(ﬂ) + ki PNV (Pry — (), 720
ko C VIV Py = () g0y + R N By = ()]

<k @ gll7,,,

where kg := 1. Summing up the above estimate for m and using Lemma 5.2, we can obtain the result. This
completes the proof of the lemma. O

Based on the previous lemma, we obtain the following result.

Lemma 5.4. Assume that y and yi(u) are the solutions of equations (1.2) and (4.8) respectively. For given
s € [3,1] and sufficiently smooth u, yo and f, assume that y € H*(I; L*(Q)) N L2(I; H**(XY)), then there holds

M
Z k;(%_l)H[yk(U)]m—1Hi2(Q) < C”?/H?{s([;m(sz)) (5.10)
m=1
Proof. Note that
M M
D k)l [y <2 D0 k7 (1Pey = el ) + NP2 )
m=1 m=1

By Lemma 5.3, it suffices to estimate the second term on the right-hand side of the above estimate.
For s € [%, 1], we apply the Cauchy—Schwarz inequality and the interpolation operators in (5.3) to obtain

o 2
Z k;(zs—l)H[Pky]m_lum(ﬁ)

m=1
1 [im 1 /tml
— s)ds — s)ds
ol O el AETO

m—2

+ k2T Pry - yO||2L2(Q)
L£2(9)

M 1 [tm 1 [tm ? 2
=S | (k O e I ds) k720 [ (Ply = o)

m=2 Q m Jitm_1 m—1 Jt,,_o Q

- 2s—1 1 b 1 b1 ’
=Sk [ [ W = st s+ o [ ) ) ds

m=2 o\ Fm tm—1 Km—1 tm—2

2

s) — yo) ds) da

M 1 t'm 2
<2 Z k;l(2871) /Q<k;/ (y(s) — y(tm-1)) ds) dz
m Jty,_1

*/Q<km1 /tm(y“m—ﬂy<5>>ds>2dx i [ (kl /t:l(y(s)yo)ds) da

m—2

+
>
=
no
w
+
—
e
7N
e
S\N
/\H
S
—~
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< Ck~ 28(2// tm—1) dsdz+2// ))stdx>

= ok ([ly = whall; +lly - w;;yuf)
< Cllyllzr (1,22(0))
where we have used Lemma 5.1. This completes the proof. (]

The following theorem employs the previously established lemmas and applies the Aubin—Nitsche trick to
estimate the error in the DG(0) semi-discretization under the norm || - ||z2(7 12 (q))-

Theorem 5.5. Lety and y(u) be the solution of equations (1.2) and (4.8), respectively. For any given s € [%, 1]
and sufficiently smooth u, yo and f, assume that y € H*(I; L?(2)) N L?(I; H?*(Q)), then there holds

Iy = ()l azzq@n < OB (1l g gupayy + Wlleizz@n) + M lagas@y). (511)

Proof. Set ey, := y—yi(u) and let z € L?(I; H2(Q)NHE(Q))NH(I; L?()) be the solution of (2.3) with g := e.
We use the Aubin-Nitsche trick to estimate ||ex||z2(7,22(q))- Note that

”ekHi?(I;LQ(Q)) = (ew, =0z — Az);

= / (=0z — Az)ydxdt + / Yk (u)(Orz + Az) dxdt
Qr

Qr

= / (yr(u) — u)Opzdsdt + / y02(0) dx + / (fz+ yr(u)0ez — Vyi(u) - Vz)de dt
Sr o

Qr

= / (f:’ku — u) Onzdsdt + / Y0z(0) dx + / (fz + yr(w)dez — Vyg(u) - Vz) dz dt,
S Q

Qr

where we have used Definition 2.1 and the equation (2.3). The first term in the above estimate can be bounded
by projection errors, so it remains to consider other terms. Note that

/Q (v ()02 — V() - Vz) dadt = Z (v (1), By2) dt — (T (us), V2),

tn—1

M
Z Yreyn ( = 2(tn—1)) = (Vyr(u), Vz),
i w
=3 1 (@), 2(ta1)) = D (w), 2t 1) = (0w, 2(0)) = (Tyr(w), V2)
M
= = 3 ()], 2(ta)) = (), 2(0)) = (Vyi(w), V2)
"
= = 3 (I (Pe2)i ) = (), V) = (w0 (), (PR2)])
u
3 (@], (P2 = 2(ta1)) + (w0, (Pe2) — 2(0))
n=2

M

= =Bye(). Pez) + Y (@], (Pe2)_y = 2(tam)) + (v, (P2)g = 2(0)).

n=1
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where we have used (4.4), (4.8) and the definition of Pj. Combining the above estimates, we have

M
||ek\|iz(1;Lz(Q)) = / (Isku - u) Onzdsdt + / f(z = Ppz)dzdt + Z ([yk(u)]n_l, (Pe2)t | — z(tn,1)>
ZT QT n=1
=1+ 17+ Is. (5.12)

Now we estimate the terms I;, Io and I3 in the above equality. Using the fact u € Hs_%(l; L?(T")) and the
Cauchy—-Schwarz inequality, we are led to

|| =

/2 (Pku—u)(“)nzdsdt’ < H]sku—u‘
T

L2(I;L2(F))Hanz = PeOnll 212y < Cks”“HHS*%U;L?(F))”ekHl’

where the following two estimates have been used:

< Ok fu]

L5 w-taawy 1902 = Pednzllpaipery) < Ck¥lexlr-

HPku —u‘

The first estimate is the usual projection error estimate (cf. [7]), while the second can be derived as follows.
Since z € H*(I; L%()) N L2(I; H2(Q)), we have 8,z € Hi(I; L2(T')) and

Ha”Z”Hi(I;Lz(r)) < C(||Z||L2(I;H2(Q)) + ||Z||H1(I;L2(Q))) < Cllex]lr,

where we have used the trace theorem [36] and the a priori estimate for parabolic equation [16]. Then we obtain

1
H%(I;LZ(F)) S Ck4 ||ek||1

1
[0nz — PkanZHL2(I;L2(F)) < Cki#|0nz||
Similarly, I5 can be bounded as

o < || fll2(r:2)llz = Pezllr < Ckl fllL22 )l 2l mr (02 @)) < CEll fll2sn2 @) llexll -
The term I3 can be estimated by

M
5] = Z([l/k(u)]nq’ (Pez)if i — Z(tn—1))|
n=1
M , 5 oM 1
< (Z k071 H[yk(u)]nJ!LQ(Q)) (Z k' PRz — z(tnl)lliz(m>

1

M , 2 /M
C (Z k;(%il) || lyk(w)],, 4 ||L2(Q)> <Z kis||3tz|3:2(1n;1;2(9))>
n=1 n=1

1
2

IN

IA

M 3
cw*(Zk;”“”H[yk(U)]n1!@2(9)> [
n=1

1
M 2
< Ck? <Z kn(%1)||[yk(u)]n—1||iz(sz)> lewllr,

n=1
where we have used the Cauchy—Schwarz inequality and the following estimate:
n 2
1Pr 2 = 2(tn-1)120) < ChallOezllp2(r, . 12(0)) n=1,---,M.

Applying Lemma 5.4 in the above inequality, we finish the estimate for I5. Inserting the estimates for I, I3, I3
into (5.12), we finally obtain the desired result of this theorem. (]
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Remark 5.6. By using the trace theorem in [36], we can rewrite the error estimate (5.11) as
ly — yk(u)”Lz(I;L?(Q)) < C(ks(HyHm(I;st(Q)) + ”yHHs(I;L?(Q))) + ka”Lz(I;L?(Q)))v (5.13)

where y € H*(I; L?(Q)) N L*(I; H**(Q)) for s € [$,1]. The last term in above estimate is a higher order term,

which will vanish when f € Xj.

When €2 is a convex polytope, we will consider the error estimate for the fully discrete solution of the optimal
control problem (1.1). Therefore, as the first step to study finite element error estimates of fully discretizations
to parabolic equations, we have to provide the following stability of temporal semi-discretization yy (u).

Proposition 5.7. Let y and yi(u) € Xy be the solution of equations (1.2) and (4.8), respectively. For any
given s € [3,1] and sufficiently smooth u, yo and f, assume that y € H*(I;L*(Q)) N L*(I; H*(Q)), then
yr(u) € L3(I; H?5(2)), and there holds

k@)l L2200y < C(IWllz2zmze ) + 1Yl a2 zi2200))) -

Proof. For each fixed m = 1,---, M, we can rewrite the semi-discrete scheme (4.8) into the following time
stepping scheme:

(vyk,m(u)v VSO) + (}g%yk,m(u)a 4,0) = (kmfm + ykw;ci;bl(ma 30) VSO € H&(Q),

Yro(u) =yo in Q,
Yr,m(u)lr = P{"u on T,

where f,, = iftt"il f(s)ds. Since P/"u € H?*~2(T) and Ky, fm + y'“",;i’nl(u) € L?(2), we obtain yj ,,(u) €

H?$(Q), m =1,---, M by using the regularity of elliptic equations (cf. [16]).
Note that
||yk(u)||L2(1;H2S(Q)) < ||PkyHL2([;H25(Q)) + ([ Pry — yk(u)||L2(I;H25(Q)) (5.14)
< Ol 2(rsm20 ) + 1 Poy — yi(w) || 213120 (2)) ) -

Hence it suffices to estimate the second term of the above inequality. The proof can be divided into u = 0, yg =
0, f#0and u # 0, yo # 0, f = 0. We only provide the proof for the latter case. The remainder of proof is
divided into three steps.

Step 1. First, we consider the case s = % Choosing ¢
identity (5.8) of Lemma 5.3, we have

1, = (Pry — yr(u))|r,, as the test function in the

Fn |V (Pey = v (), |72y + ((Pey = we ()], 15 (Pey — w(w)),,,) = (9, Pry — yi(w)) -

Using the Cauchy—Schwarz inequality we obtain

1 2
km ||V (Pry — yk(u))mHi?(Q) + ) (H[Pky - yk(u)]m—lHL2(Q) + || (Pry — yk(u))m”iﬁ(g)
2
—||(Pry — yk(u))m—1||L2(Q)) < lglly 1Py — yr(w)ll ;-

Summing up the above inequality for m = 1,--- ; M and applying the Cauchy—Schwarz inequality, we derive
from Theorem 5.5 and Lemma 5.2 for the case s = % that

M M
Z km ||V (Pry — yk(u))m”iZ(Q) + Z || [Pry — yk(u)]mfluip(ﬂ)

m=1 m=1
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)y : }
§2<ka||9||§m> <Zk Y Pry — yi(u )||1>

m=1

1
< CRH 3 gy 1Py =l + Ly = e @)ll)
< Clll s oy (1903 ragogeyy + W2

< O3 gy + 19132t )

Step 2. Next, we consider the case s = 1. Note that (Pyy — yx(u))|r,, € H2(2) N H}(Q). Therefore, using the
identity (5.8) of Lemma 5.3 one obtains the following identity:

(—APey — yr(w), @)p, + ([Pey — yr(W)]_159) = (9:9)1,. Y € Po(Im; Hy (). (5.15)

Since there are no spatial derivatives for the test function, the scheme (5.15) holds not only for all ¢ €
Po(I,; HE (), but also, by the density of HZ () in L%(), for all ¢ € Py(I,,; L*(Q)).
Choosing ¢ = —A(Pry — yr(u))|1,, as test functions in (5.15), we have

APy — ye(@)I7,, + (VIPey — vy, V(Pry — ye(w)) = (9, —A(Pry — ye(w)));, -

By using the Cauchy—Schwarz inequality, we obtain
, 1
1Py = g7, + 5 (IV Py = e @)1 1320 + IV (Pry = 9 ()l 30
— IV (Pyy = ()1 1320y )

= (9.~ AP~ u (), < 5 (101, + 18P - w@)IE,),

m

that is,
APy — e ()7, + (IV[Pey = s (@m-1ll72(0) + IV(Pey = ()l 72 ()
~IV(Pey — yi (@) m-1ll72()) < ll9ll7,-
Summing up the above inequality for m = 1,2,--- , M, using (Pry — yx(u))o = 0 and Lemma 5.2 for the
case s = 1, we obtain
M
APy — g (@17 + D IVIPy = e (Wm-1l720) < Cllyllin 20y
m=1
Utilizing
1Pey — (w172 (r.m2 () < CIAPY — ye ()l < CllyllFn .22

and (5.14) finishes the proof of the case s = 1.
Step 3. Now, the case s € (;, 1) follows from interpolations. To do this, let 7 be a linear operator on the

stability of yx(u) in terms of y. The above two cases imply that ||Ty||H2 (L2 (@)L (LH (@) — L2 (1 H () &
I Tyl & (1,02 Q)N L2 (1352 (9))— L2 (1;H2()) are both bounded. Therefore, 7 is also bounded from H*(I; L? (Q))ﬂ
L2(I; H*(Q)) to L?(I; H**(Q2)) by the interpolation estimate in [36], where we need the following two
interpolation spaces:

[L*(I; H*()), L*(I; H' (Q))] = L*(I; H*(Q)),

2(1-s)

(L2 H2(@) 0 B (1 LA(@), L2 (1 HNQ) 0 BN LIAQ)| = (1 H2(@) 0 B (L 12(9)).

2(1-s)

This finishes the proof. O
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Remark 5.8. For any given s € [1,1] and sufficiently smooth u, yo and f, assume that y(u) € H*(I; L*(Q)) N
L3(I; H*$(Q)) holds, then Theorem 5.5 ensures the convergence order O(k?*) for the temporal semi-discretization
of parabolic equations. However, for Dirichlet boundary control problems studied in current paper, according
to Theorem 3.2 the state and the control have only limited regularity, i e. gj € H*(I; L*(Q)) N L*(I; H*(Q))
and @ € H* (I; L2(Q)) N L2(I; H™™251H(T)) with s € [1,3) and s — 1 < s’ < s. Therefore, we only use the

result for the case s € [2, 4) of Theorem 5.5 to derive the error estlmate for optimal control problems.

5.2. Analysis of the spatial discretization error

When Q is a convex polytope, we consider the spatial discretization error estimate for the solution of (4.19)
under the norm || - ||z2¢r z2(q)). For this purpose, we use the Aubin-Nitsche technique to convert the finite
element estimate into projection errors.

We remark that the projection operators Py, and P defined respectively in (5.1) and (4.6) can be extended
such that Py : L2(I; HX(Q)) — X, and Py, : L2(I; H2(T')) — X,(I') are well-defined. The following lemma
establishes the relationships between these projections, which will be used in the error estimate of the spatial
discretization.

Lemma 5.9. The projections Py, ]5,“ P, 15h, Pyy, and Py, in Definition 4.5 satisfy
Py, = PPy, Py, = PPy, 7P: = Py,

where vo @ L2(I; HX()) — L2(I; H2(T)) is the trace operator. Particularly, when w € L2(I;HY(Q)) and
@ € L2(I; H2(I)), there hold i o
thw = Pthw, th(:} = Pth(:)

Proof. We first prove Pyj, = Py Py. For any given w € L?(I; L?(Q)) and vk, € Xgn, there holds

/ / w — PkPhw Ukh dtdx = / / Pkw — PkPhw)vkh dtdz
= / / Py(w — Ppw)vg, dtde

m=1

:Z// (w — Ppw) dtvgy dz
m=172 Inm

= (w = Phw, vkn) L2(1;L2(0))»

where we have used the orthogonality of Py. Note that Xy, C L?(I;V},), if follows from the definition of P,
that the above identity is zero. By the definition of Py;, and the uniqueness of Pypw, we obtain Pypw = Py Prw
for any w € L?(I; L?(w)), i.e., Pyp, = Py Py. Similarly, we can show that Py = PPy

Now, we claim Pypw = P, Pyw for any w € L2(I; H(Q2)). For any vk, € Xgp, there holds

T T
/ / (w — PpPrw)vgp dtde = / / [(w— Prw) + Pp(w — Prw)]vgp dt dz
aJo
= Z / Ph w — Pkw)vkh dtdx

/ / w — Pyw) dzvgy, dt

— Prw, vkn) L2(1;02(9))
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where the orthogonality of P, is used. By the orthogonality of P, and the inclusion X, C Xj, the above
equality is zero. Using the definition of Py, and the uniqueness of Pypw, we obtain Pypw = Pthw for any
w € L*(I; H'(Q)). Similar to the above process, there holds Py = P, Pp& for any w € L2(I; Hz(I')). The
relation 9P, = Pxo is obvious. This completes the proof. (]

For any given w € L?(I; H(Q)), let P,w be the projection of w defined in Definition 4.5. We split P,w into
Pyw = Pf{w +P,?w, P}{w S LQ(I; V}?), P,?w € LZ(I; Vha),

where L%(I;V,0) and L?(I;V},) are function spaces defined in I, and valued in V;? and V}, respectively, while
VY and Vh6 are subspaces of V}, spanned by interior node basis functions and boundary node basis functions,
respectively.

Then we define a modified projection

by L2(I;HY(Q) — LA(I; V), w Pyw
such that Pw = P}{w + P,?w, where P,‘?w satisfies P,?w € L*(I; Vha) and Pf?whxp = ph’yow, i.€e.,
(W‘le" — P}?W|IXF’U}")L2(1;L2(F)) =0 Yoy, € Lz(I; Vh(F))

Note that the above projection is obtained by replacing the boundary components of the usual L?-projection
with the boundary L?-projection. Therefore, the orthogonality is only valid on the boundary. In the follow-
ing proposition, we study the projection error estimation of the temporal DG(0) discretization for parabolic
equations.

Proposition 5.10. Let yi,(u) € Xy, be the solution of (4.8). For given s € [3,1], if yx(u) € L2(I; H**()), then
there holds

Hyk(u)—Phyk(u)HI‘i'hHV<yk( ) = Payi(u )H < OW*[lyk (W)l 12 (1,2 (62))- (5.16)

Proof. By the error estimate of the L?-projection Pj,, we have
o - o]+ 0 - ot
< (lye(w) = Pu()l; + IV @) = Pae()l;) + | Poyie(w) = Page(@)]| + B[ (Payie(w) = Pre() ||
< Ch* |ly(u)ll g2 (7,2 () + HPhyk(u) - Phyk(u)HI + hHV(Ph?Jk(U) - ph!ﬂc(“)) HI

Then we estimate the latter two terms of the above inequality as follows:

2
thyk u) — Pry (U)HI +h2HV(Phyk( — Puyi(u )H

2 2

M A~
> o[ Pir() = By ()|
1

- 2; b [V (P () = Biryw)|

L2(Q) L2(Q)

m

b S (P 0)) = PR ()5)) )

1 j=1

p"qg

3
Il

My,

e Z o S (B 0)e) = B (0)e)) 190

<on Z b 3 (P 0)a) — BP0

j=1
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M
<ChY  km
m=1

= ChHPhyk:(u) - phyk(u))

2

Piye(u) = By (u)|

L2(T)
2

L2(I;L2(T))

where Py (u) :== Puyr(u)|r,, m =1,---, M, and {wi}; Mn is a family of basis functions corresponding to the
boundary nodes {acj} Subsequently,

Ch?

Pay(u) = Py ()|

L2 (L;L2 (1))

< Ch? || Puyy(u) — k(W g2 52 (ry) + Ch? Hyk(u) - phyk(u)’

L2(L;L2(I))

1
< C(Hyk(u) = Payi (Wl 221,220y + PllYe (W) = Poyr (W)l p2 1. 0)) + h2

(1 - ph)pku)\

Pku - Phpku‘

cirien)
. 1
< Ch? 1y (W)l L2120 (0)) + CR2

L2(I;L2(T"))
< Oh2s<||yk(u)||L2(I;st(Q)) + Hﬁ’ku‘

< CR* |ly(w)ll g2 (1.2 2y

L3 (LH™ 2(I‘))>

where we have used Lemma 5.9, the trace theorem, the stability and approximation properties of projection
operators. This completes the proof. (I

The fully discrete scheme (4.19) for parabolic equations is called the DG(0)-CG(1) scheme, which can be
viewed as the spatial discretization of (4.8). Since XP, C X7, there holds the following orthogonality relation:

B(yr(u) — yrn(w), en) = By — yrn(u), prn) =0 Veorn € Xp),.

Theorem 5.11. Let yi(u) € Xy and yip(v) € Xgp be the solution of (4.8) and (4.19), respectively. For given
s € [35,1], if yu(u) € L*(I; H**(R)), then we have

gk (w) — yen (W 21,02 0)) < CR**|lye ()| 2 (1. m2: () -
Proof. Let ey, := yi(u) — yrn(uw) = nn + G, mn := yr(u) — phyk(u)a Ch = phyk(u) — Yrn(u). Then

lenllZe(rsnacay) = (€nsm)rzr2() + (ens ) (2 9)- (5.17)

By using the Cauchy—Schwarz inequality, it suffices to estimate the second term. To this end, we use the
Aubin-Nitsche technique and let z be the solution of (2.3) with g := e,.

Let 2z € X ,8 and zgp € X,?h be the temporal semi-discretization and fully discretization of the equation (2.3).
By Lemma 5.9, there holds ¢, € X2,. Note that X, C X}, then

—(€ns Cn)r2(1:12(0)) = —B(Chy 2kn) = B(1h, 2kn)

M—-1

= (Vn, Van)r — Z <n;,m’ [Zkh]m) + (n};,M7ZI;h,M>

m=1
(nhm’ Zkh )

M:

= (Vnn, Var); — (Von, V(zi — 2kn))

m=1
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M
= (M On2i) L2 12y — (o A2i) ;= (Vs V(26 = 2k0)); — (U{,W [Zkh}m)
m=1
= (u - Phu, 8nzk - Phanzk) L2(1L2 (D)) - (nh, Azk)I
M
— (Vn, V(2 = 2kn)); — (mf,m, [Zkh]m>,
m=1
where [zgp|pm = —2pp.1»> and we have used (M Onzi) L2 (ry2(ryy = (u — Pou, Onzi — ﬁhanzk)Lz(,;Lz(p)). In fact,

it follows from Lemma 5.9 and the orthogonality of the projection P}, that

(M On2k) 21y = (Ve () — Payi(u), 3n2k)

L2(I5L%(D))

rU — Pthu 8n k)
L2(1;L2(T))

=
(7
(B (= Bu).2n2)
(

u — Phu 8 Zk — Phan k)

L2(1;L2(T))

Hence,

(ens Gi) oo | < Il 182kl + Ju = Poo

(7= 7)o
L2(L;L3(1)) L2(5L3(r))

3 /M 3
IVl IV (zr = zen)ll + <ka|nhm||Lz(m> (Zkﬁll[%h]mlisz
m=1

m=1

u— Pual + 1l el

< ¢l + 13

L2(I;L*(T))
Here we have used the following three estimates:

IV (2 = zkn)ll; < Chllenlls,
| (1= P2)onz] < Ch¥flenll,

L2(I;L%(T))
M 3
||AZ/€||I + HZ’C”I + (Z km1||[zkh]7rL||iQ(Q)> < C||eh||[7
m=1

where the third one can be found in Corollaries 4.2 and 4.7 in [38]. Therefore, we only verify the first two
estimates. The first estimate can be derived by using the inverse estimate and the projection error estimate:

IV (zk = zkn)ll; < IV (zk = Pazi)ll; + Ch™ | Puzi — ziall
< Ch||V2z||; + Ch™ (| Puzi — zill; + [z — ziall )
< Chllzkll 215120
< Ch(|lzkll 1+ 1 Azillr)
< Chllenlr,
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where the error estimate and the stability of the temporal semi-discretization (cf. [38], Thm. 5.1 and Cor. 4.2)
have been applied. Again, the stability of the temporal semi-discretization (cf. [38], Cor. 4.2) implies the second
estimate

| (7= Pu)onz < Ch |02 < CR® |2kl par ey < CR2 llealls-

L2(I;L2(T) — L2(L;H3 (1)) =

Finally, combining (5.17), Proposition 5.10, the Cauchy—Schwarz and Young’s inequalities, and the projection
error estimate and trace theorem completes the proof. (Il

Remark 5.12. Combining Theorem 5.5, Proposition 5.7 and Theorem 5.11, we obtain a priori error estimate
O(h?® + k*) for the fully discretization of parabolic equations with inhomogeneous Dirichlet data posed on
convex polytopes for given s € [, 1], if the solution admits the regularity L*(I; H**(Q)) N H*(I; L*(2)). These
estimates improve the result in [17] and remove the mesh size condition k = O(h?).

6. ERROR ESTIMATES FOR THE OPTIMAL CONTROL PROBLEM

In this section, we present the primary findings of this article, centering on the error estimates between the
solutions of the continuous optimal control problem and their discrete counterparts. The first subsection delivers
the optimal order of convergence for the temporal semi-discrete optimal control problem (4.7), considering both
smooth and polytopal domains for 2. The subsequent subsection is devoted to the error estimation between the
continuous problem (1.1) and the fully discrete optimal control problem (4.18), particularly when dealing with
a polytopal domain.

6.1. Estimates for the semi-discrete adjoint state

Lemma 6.1. Let z € L?>(I; H*(2) N HE () N HY(I; L2(Q)) be the adjoint state of the optimal control problem
(1.1) and 2i be its semi-discrete finite element solution, i.e., 2 € X,S satisfies

B(ek, 2) = (J —ya,06);  Ver € X (6.1)
Let .z € X, be the pointwise in time interpolation of z defined by (5.3). Then we have
IV(Z = 2)ll; < CIV(Z = mp2) ;- (6.2)

Proof. Observing that
IVE =20l < IVE=m2)ll; + IV(rez = 20l (6.3)

we only need to estimate the second term on the right-hand side of the above inequality.
Adding the expression (4.4) and the dual expression (4.5) of the bilinear form B for v = w = 7}z — 2, € X},
we obtain

— A 2
V(72 = 20l <

(V(mpz — 2), V(7z — 2)),
IV(Z = m2) IV Er =7 2) s

where we have used Z(t,,) = 72|, = Z(tm). Then, combining the above estimate with (6.3) gives the desired
estimate (6.2). This completes the proof. O
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Lemma 6.2. Assuming that Q is a bounded smooth domain and the compatibility condition (2.8) holds for the
adjoint equation (3.5) with g := § — ya, where § is the optimal state and yq € L2(1; HY(Q))NHz (I; L(Q)). Let
2k € Xy be the finite element approzimation of Z defined by (6.1), then we have 2, € L*(I; H3(Q) N HL(Q)),
and the following estimate holds:

M
_ ~ 2 _
S b 1926l e gy < CUEEs (o ey (6.4
m=1
where [i’k]]yj = —ék,M—l = —2k|1M.
Proof. For each fixed m = 1,--- ,M, we denote by Zk -1 = 2|1, and rewrite the equation (6.1) as the

following time-stepping scheme: For any ¢y € Po(Im, H}(2)) there holds

—(Fm—Fhmo Vi m_1,V = (Pu(y —
{ (Pemrm=tion) |+ (Va1 Veu),, = (Peld — va)s o0 65)

S = 0.

Since Zl’j—m’" + P(§ — ya) € HY(Q), there holds Zx.,—1 € H3(Q) N H(Q) by the regularity result of elliptic
equations (cf. [20], Thm. 1.8, Chap. I).

On the other hand, the adjoint equation (3.5) satisfies the following weak form on I,,: for any ¢y €
Po(I,,, HE(2)) there holds

*(7[73'23'" ; <Pk)1 +(Vz, Vi), = (Pu(y —va), or)r,,» (6.6)
Z(tM) =0,

where [ z],, = Z(tm) — Z(tm—1). Subtracting (6.6) from (6.5), we obtain

[ka — 2k]m L 1
i U + (V(Z = Ze,m-1), Veor); =0 Vor € Po(In, Hy (),
m I

m

i.€.,

bz %
_<Mv@k> + (V(Wii - 2k,m,1)7V<pk),m = (V(”ﬁ_ 2)’%0’“)%'
I

m

Taking ¢y, = [7Z — 2], in the above equality, we obtain
l —

2 2
(V(m}2 = Zkm—1), V[7hZ — gk]m)lm _ || [}.2 kzk}mHIm _

Note that
(V(mhz = 2em-1), V[mez = 2],) = =5 |IV[mz = 2], |
2 2
ot -2, otse- 02 )

where (7Lz — 2;)7, := 0. Therefore, the equality (6.7) is equivalent to

Ik —kjk}m e _;(||v[7r;€z—2k]m||fm —Hv(ﬁz-zk);HQ +Hv(7r25—zk);H2 )

I I
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= (V(mz = 2),V[mz — %],), - (6.8)
Thus, we obtain the following estimate:
|z = 2], 1 . .
gl VI = A~ 19 (k) ) ),
V(D )~ B [, < IS (e = 2) 69

Using the condition (4.1) we are led to

|7z = 2.l

1
+5VImkz = 2,5, < CIV@Ez =), + V() ) = 20m) [,

_ 2 km .
solvmz =2, + o Ivma =2,

~ 12 ~ 12 _ 4
<o(|v(z -2}, +IVEz= 2, +IVE-215,.,)-
Summing up for m = 1,2,--- ;M on both sides of the above estimate, we obtain
M 2
- 5 _ N
ZH[WLZ_%] ||L2(Q —|—kaV[7Tkz k] ||L2(Q <C<HV( Z)||1+|\V(Z—Zk)\|1)
m=1 (610)
112
< K120 g1 (1.8 (52
where Lemma 6.1 has been used. Besides, the term E'n]\le ||v[7r]l€2]m||%2(g) can be estimated as
M ) M
_ _ - - - 2
> kR VIR ey = D ko IV2(Em) = V(-1 720
m=1
M tim 2
— Z kot V/ 0,z dt
m=1 tm—1 L2() (6.11)
M et
<30 [ VOl e
m=1"tm-1
< Cllzll g1 (10 02y
Finally, using (6.10), (6.11) and (4.1) we get the desired result (6.4). O

Lemma 6.3. Let Q be a bounded smooth domain, and Z, € X, be the solution of (6.1). For a given s € [4, 4] if
§—yq € L2(I; H*=2(Q)) N H*"4(I; L2(Q)) and the compatibility condition (2.8) holds for the adjoint equation
(3.5) with g := § — ya, where § is the optimal state, then z € L2(I; H>T2(Q) N HL(Q)) N H¥T% (I; L2()) with
0,z € LA(I; H26=9)(Q)) N H~1(I; L2()), and the following estimate holds:

12 = 2l e gy < CR (18 = 9l gy 18 = Yl et o)

1260 ooy < C (15 = all oo gy + 17 = Yl et 112 )-

Proof. First, the regularity result z € L2(I; H23 (Q)NHL(Q))NHT1 (I; L2(Q)) with 9,z € L2(I; H2~31)(Q))N
Hs=3(I; L2(€)) is a direct consequence of Lemma 2.5.
Second, we estimate the finite element error between z and Z;. The proof is divided into three steps.
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Step 1. We consider the case s = i, i.e.,

12 = Zll L2 r,r2 ) < CRIZN i r20)) (6.12)

which is a direct consequence of Theorem 5.1 in [38].
Step 2. We consider the case s = %. By Poincaré’s inequality and Lemma 6.1, we obtain

12 = 2kl L2 (1,10 0y < CIV(E = m2) | < ClIZ| 11,00 0))- (6.13)

Step 3. The case % < s < % follows from interpolations. To do this, denote by G a linear operator
from z to the error zZ — 2;. The above two estimates imply that |G| g1 (r;02(0)—r2(1;20) < Ck and
G|l e (1,5 (@) — 2 (1 (@) < Ck, so that the desired error estimate follows from Proposition 14.1.5 and

Theorem 14.2.3 in [7].

Next, we prove the stability estimate. Similar to the above analysis, the estimate is proved by interpolation
estimates and the main procedure includes three steps. Setting 24 1 := k|1, € H2(Q) N HE(Q), the equation
(6.1) can be rewritten as the time-stepping scheme:

_EZem—Zkm-1 _ AZpmy = P.(y—yq) in Q m=1--- M,

km
Zom =0 on I'' m=1,--- , M,
2]@’]\/[:0 in Q,

which is a family of elliptic equations on the interval I,,.
We first consider the case s = %. By the regularity of elliptic equations, there holds 2y ,,—1 € H3(Q) N Hg ().
Moreover, we can obtain that

k-1 W35y < C (1P = 30) 30 ) + kBT ) < C (1P = v0) 3 @) + R IV ]l 2 )

where [2k]am = —Zk am—1. Integration in I, on both sides of the above inequality and summing up for m, we
can obtain

M
A 12 — 2 — A 2
12kl 21513 0)) < C<|y —vallfaraay + D klml'v[zk}mHL?(Q))

m=1
_ 2 —112
< (117 = yal 2 a1 ey + 12z e )

_ 2 — 2
S C(”y - yd||L2(I;H1(Q)) + Hy - deH%(I;L2(Q)))’

where we have used Lemmas 6.2 and 2.5.
The cases s = % can be shown by a similar argument. In fact, we can derive the following stability estimate
(cf. [38], Cor. 4.2):
) _ 2
||ZkHL2(1;H2(Q)) <Clly - yd||L2(I;L2(Q))' (6.14)

The case % <s< % now follows from interpolations, where the following interpolation spaces will be used in
this process:

[L2(1; 7 @), L2 (1 HAQ) )4y, = L2 (1 B2 E (@),

3 =
5—2s

[LZ (I HY(Q)) N H? (I; LA(Q)), L2(I; LQ(Q))} =12 ([; % (Q)) N H % (I, L2(Q)),

3 _2s
2
which are classical and can be found in many literatures, e.g., [36]. This completes the proof. (I

Remark 6.4. Utilizing the regularity results from Theorems 3.2 and 3.3, we observe that Lemma 6.3 holds for
s € [%, %] when Q is a smooth domain, and there holds the compatibility condition (2.8) with g := § — y4 for
s’ = 4, and for s = i when € is a polytope. Building upon this lemma, we are able to establish optimal orders
of convergence for the solution of temporal semi-discrete control problems in the next subsection.
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6.2. Error estimates for the temporal semi-discretization

In order to estimate the error for the temporal semi-discrete solution of (4.7), we establish the stability of
the semi-discrete solution of the parabolic inhomogeneous boundary value problem with respect to the Dirichlet
data in the following lemma.

Lemma 6.5. For any given uy € Xi(T'), let yi, € Xj be the solution of the following equation:
B(ye, k) =0 Vr € X7, yrlixr = w (6.15)

Then there holds
lyellr < Cllukl|z2(r;2(ry)-

Proof. Let zj, € X satisfy the equation
B(ek, 21) = (yrok)1 - Vor € XJ.

For each fixed m = 1,---, M, setting zxm—1 := zk|r,, € H*(Q) N H(Q), then the above equation can be
rewritten as the following time-stepping scheme:

zZ —Zk — .
_ Pkym km—1 _ Azk’mfl — yk;’m in Q’

Em
Zk,M = 0 in Q,
Zk,m =0 on TI.

Multiplying yx », on both sides of the above equation, integration by parts in I, x Q yields

2
—([2k] s Yre,m) + (VzkaVyk)LQ(Im;LQ(Q)) - (anzkvuk)L2(Im;L2(F)) = Hyk||L2(Im;L2(Q))'

Summing up the above identity for m and observing z; as = 2(T) = 0, we have

Z ([2k] > Yr,m) + (vzkaVyk)L2(I;L2(Q)) - (3nzkauk)L2(1;L2(r)) = ||yk||?'

M-1
m=1

(Z];Mayk,M> -

That is,
2
B(yk, zk) = (On2k, uk) 21,02 (ry) = lUkll7-

By using the equation (6.15), we derive

lyell7 = = Onzi, k) 121020
< M0nzell L2y el L2 g2y
< Cllzll 21 m2 0 1wkl 2520y
< Clllzwlly + 1Azl llukll L2 (1,2 )
< Cllyellllwnll e (r,2ry)»

where we have used the stability of the temporal semi-discrete solution of parabolic equations (cf. [38], Cor. 4.2).
This completes the proof. O

Now we are ready to state the result on the error estimation for the solution of the temporal semi-discrete
optimal control problem (4.7).
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Proposition 6.6. Assume that Q is a bounded, smooth domain or convez polytope. Let (u,y) and (uy,Jx) €
Uaa X X} be the optimal solution of the control problem (1.1) and the semi-discrete problem (4.7), respectively.

Assume that z € L2(I; H2(Q) N HY(Q)) is the adjoint state, yx (1) is the solution of (4.8) with u replaced by 4,
and 2, € X? satisfies (6.1). Then

ik = @l rizaqry + 15 = Tl ez < C10n(2 = ) gz + 17 = 9@ ey ) (6:16)

Proof. Since Jy is a quadratic functional, j,’c’(u) is independent of u for all u € U,q. Note that j,;’(u)(v,v) >
O‘”””%Z(I;H(F))’ Vv € L3(I; L*(T')). Define the auxiliary variable Z; € X such that

B(or, Zx) = (yr () — ya, ) Yor € Xp.

Then
aoflu— ﬂkHsz(z;L?(r)) < Ji () (0 — U, 0 — 1)
= Ji.(@) (@ — uy) — Jj (w) (@ — )
< Ji(w)(a — ay) — J' (@) (@ — ay)
< / (OnZ — B (@ — )
T
<100z = OnZill L2 (g2 oy 18 = Ukl L2 1,020y (6.17)

where we have used —J/ (@) (@ — @) < 0 < —J'(@)(@ — @) which can be easily checked by taking v = @ in
(4.15) and v = 4y, in (3.4). From the inequality (6.17), we can obtain

ollu = tnllpzirr2mry) < 1002 = OnZillrziraay) < 1002 — Onillperremy) + 1902k — OnZill p2r,2(ry),  (6.18)

where 2, € X} satisfies (6.1). It follows from the stability estimate of the temporal semi-discrete solution of
adjoint equations (cf. [38], Cor. 4.2) that

1002k = OnZill L2 (122 (ry) < CllEk = 2kl L2 (1120
< Oz = Zllaqaizaen + 18CGE = 20l arizaay ) (6.19)
< Cllg — ye(@)]l;-
Now, we consider the error estimate for the semi-discrete optimal state:
19 = orll; < 19— ye(@)l; + lye(@) = gell;
<1l = @l + C||Pu — Pru

L2(L;L2(1)) (6.20)

<9 —w(@ll; + Clla — @kl g2, p2(ry)

where we have used Lemma 6.5 and the stability of L2-projection Pj. Combining the estimates (6.18)(6.20),
we finally obtain the estimate (6.16). This completes the proof. O

From Proposition 6.6, it remains to estimate the right-hand terms of (6.16), which depends heavily on the
smoothness of .

Theorem 6.7. Assume f € L2(I; L2()), yo € H2~1(Q) and yq € L2(I; H*' ~=(Q))NH* =5 (I; L2(Q)), where

s€(3,3), s €[s—1,s] in case that Q is smooth with the compatibility condition (2.8) for the adjoint equation
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(3.5) for g .=y —ya, and s = %, s = i in case that Q is a convex polytope. Let (u,y) and (tg,yx) € Usa X Xi
be the optimal solution of the optimal control problem (1.1) and the semi-discrete optimal control problem (4.7),
respectively. Then

= ll sy + 196 = 8l aqrzeay < C (K +5). (6.21)

Proof. By Proposition 6.6, we only need to consider the two terms on the right-hand side of (6.16). In viewing
of the regularity result of the optimal pair (@, %) in Theorems 3.2 and 3.3, we first use Theorem 5.5 to deduce
the following estimate:

g —yr(u )||L2 (I;L2(9)) < Ck®, (6.22)

where s = % for a convex polytopal domain  and 1 5 <8< % for a smooth domain.

Based on the regularity of the adjoint state Z in Theorems 3.2 and 3.3, we estimate the first term on the
right-hand side of (6.16) by taking s’ = § for a polytopal , and s — 7 < s’ < s for a smooth domain. By the
trace theorem, we have

1 T
[0z — anékHL2(1;L2(F <C|z- 21@”22(1.1{2 Q))”Z - Zk”z?(];[—[l(ﬂ))

< C”Z - Zk||L2(I 2! +3 (Q))H - ZA’kHSLg(I;Hms 77)(9)) (623)
< Ok,
where we have used Lemma 6.3 and the following interpolation result (see, e.g., [36]):
2 (@) (b @)] | - ),
s’—%
[L2 (I; H2S'+%(Q)) L2 (I; H2<S’*%>(Q))} = LA HY(Q)).
s'+4
Combining the estimates (6.22) and (6.23), we finish the proof. O

6.3. Error estimates for the spatial discretization

In this subsection, we aim to estimate the error between the fully discrete solution of the optimal control
problem (4.18) and the temporal semi-discrete solution of the optimal control problem (4.7). To achieve this,
we first establish the stability of the fully discrete solution to the parabolic equation concerning inhomogeneous
Dirichlet data.

Proposition 6.8. For any given g € L?(I; L*(Q)), let z € L*(I; H*(Q)NHE(Q))NH(I; L?(2)) be the solution
of equation (2.3) and z be the corresponding temporal semi-discretization. By the identity (4.16), the normal
derivative O, zy, satisfies

Dnzrdp dsdt = — / () dedt Yy, € Xi(T), (6.24)
Qr

T

where pi(¢r) € Xy, is the solution of (4.17). Denote by zxy, the fully discrete solution of (2.3) and by 0"z, the
fully discrete normal derivative of zgp. Let yrn, € Xk be the solution of

B(ykn, oxn) =0 Yorn € Xiny  Yknlrxr = ugn € Xpn(T).
Then there holds

[ ZthLZ(I 2y < Cllgllr,

lykrll; < Clluknllzz(z;c2ry), (6.25)

021, — < Ch?|g|;.

87};Zkh||L2(I;L2(F))
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Proof. We first prove the third estimate of (6.25). For any given wy;, € Xin ('), setting ¢p = wyp, in (6.24) and
Orh = wgh in (4.22), then there holds

Onzipwin dsdt = —/ gpk(wip) da dt
Xr Qr

= —/ 9Pk (win) do dt +/ 9(prn(wWin) — pr(wer)) dedt (6.26)
Qr ar

= Ol zpwrn ds dt + / 9(Prn(Wrn) — pr(win)) do dt.
ET QT

Define the Ritz projection Ry, : Xgp — X,gh such that R} prnn := Rrprn

1, € V)0 satisfies
(VRZpkh,m Vvh) = (Vpkh,m Vvh) Yoy € Vho, n = 1, s 7]\4'. (6.27)

Using the fact prp(win) — pr(win) € Xp and B(pr(win), 2k) = B(pkn(wWkn)s 2z6n) = B(Rpprn (W), 2k — 2kn) = 0,
we have

/ (anzk — 8ﬁzkh)wkh ds dt' =
S

/Q 9(prn(win) — pr(win)) dz dt‘

= | B(prn(win) — pe(win), 21)|
B(prn(win) — Raprn(Wih)s 26 — 2kn)|

Ms

( Pkh(Wik) — Ruprn(@Wkn))m» (26 — Zkh]m)

1
i 12k = zenlon 720\ °
km

m=1

m=1

|
|

= ‘(V(pkh(wkh) — Rupin(win)), V(2k — 2kn))
\

IV (Prn(win) — Buaprn(@in) 711V (21 — 250) I

Nl

M
+ (Z ke | Prhm (Win) — R?pkh,m(wkh)lliz(9)>

m=1

= [V (pen(win) — Ruprn(@ren)) IV (2 = zi0) |7

M ek~ 2l liagey
+th(wkh)—thkh(wkh)z<Z A L
=1 m
l m
< Ch2|gllzllwenll 2,2 ry)s (6.28)

where we have used the following estimates:

M|z ZkhmHLZ(Q
m=1
)
)
)

||V 2k — zkn)|lr < Ch||9||1,
[prn(wrn) — Ruprn(wrn) || < Ch? ”thHL?(I L2(1))>
IV (ke (win) — Ruprn(win))|[r < Ch™3 lwrn |2 (r;22 ()
in which the first two inequalities can be found in [38]. The last two estimates can be derived similar to the
proof of Lemma 3 in [23]. That is,
lpkn (Wkn) — Buprn(wen)|lr = [|(1 — Rp)prn(wen) |l

= |(I = Rp)((I — Qn)prn(wrn) + Qnprn(Win))ll 1

= [|(I = Rp)(I — Qn)prn(wrn) 1

< Ch|IV(I = Qn)prn(wkn)| 1

< C(I = Qn)prn(wrn) 1,
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where we have used the error estimate and stability of R;, as well as the inverse estimate, while Qy, : Xpp — X,Sh
is the L2-projection. By setting y% = (I — Qp)prn(win) in the proof of Lemma 3 from [23], we have the following
estimate

(I — Qn)prn(wrn)llr < Ch%Hwkh”LQ(I;LQ(F)),

then we can obtain the desired estimate. The last one can be obtained by using the inverse estimate combining
with the penultimate one. }

Particularly, setting wy, = PnOnzix — 02k in (6.28), we obtain
2

5 h
Hpkhanzk - anzkh‘

5 A
PppOnzi — 5n2kh‘

pecrpy 191

e / (Onzi — O 21 )wien ds dt‘ < Ch?
5 X

Using the triangle inequality yields

On2i — Phanzk’

+ thanzk — (9ZZk-h’

||an2k - 8gzkh||L2([;L2(F)) < ‘ L2(1L2())

+Ch%|g|s

L2(I;L2(T))
< Ch>2 ||anzk||L2([’H%(F))
< Ch2|g]s.

This verifies the third estimate in (6.25).
Next, we prove the first estimate in (6.25). It follows from the triangle inequality that

1
10820 a1 ey < 1002kl 2 (rizzcry + 1002k = Ozinll o paqeyy < € (lglls + R lglls) < Clglr.

Finally, we verify the second estimate in (6.25). Taking g = ygp, on the right-hand side of (2.3) and denoting
the fully discrete solution of (2.3) by zn, then the solution pgp(drr) of (4.23) satisfies pgn(drn) = yrn by taking
@kh = ugp, in (4.22). Therefore, there holds

/ Yep dzdt = — O zpnupn dsdt < HO”’ZZMHLQ(,;LQ(F))||Ukh|\L2(1;L2(r)) < Cllyrnllrllugnll 22122 (ry),
QT ET

where we used the first and third estimates in (6.25). This completes the proof. O

Theorem 6.9. Let (g, §x) € Usa X Xk and (gn, Gen) € Uaa X Xgn be the optimal pair of the temporal semi-
discrete control problem (4.7) and the fully discrete optimal control problem (4.18), respectively. Then

_ _ _ _ 1
||Uk - Uk',hHLZ(I;LQ(F)) + ||yk - yk,’hHL2(1;L2(Q)) S Ch2

Proof. Since Jyp,(u) is a quadratic functional with respect to u, j]’C’h(u) is a constant operator and satisfies
Ji (u) > . Taking v = @ and v = Gy, in (4.28) and (4.15), respectively, there holds

— T (gen) (W — i) < 0 < — I} (10) (1 — ).
Hence
alluy — l_‘kh||2L2(1;L2(1“)) < Ji (Tn) (T — Tgn, T — Tgen)
= jllch( )
< Jp (k) (@ — gn) — Jp, (k) (@ — agn) (6.29)

<)
X7

_ h _ _
< Hanzk - anzthLQ(I;Lz(F))”uk = Uknll L2 1,220y

k) (U — Ugp) — j]/gh<akh)<ak — Ukh)

S

—~

OnZi — aﬁzkh)(ak - ’fbkh) dsdt
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where zp;, € Xgh satisfies

B(kh, 2kh) = (@rn, Yun(Ur) — Yd) Yoorn € X

Let 2y, € X,gh be the solution of the equation

B(@kh, Zkn) = (Pkhs Uk — Yd) f Vorn € Xy

By using the estimate (6.29) and the triangle inequality, there holds

ol — ﬂkh”L2(I;L2(F)) = ||an2k - aszh||LZ(1;L2(F))
< Hangk - 6ﬁékh||L2(1;L2(r)) + Haﬁékh - 8T}lbzthL2(I;L2(F))
< Ch2 |G — yall; + Cllge — yen (el
1 _ _
< Ch3 g = yall; + Ch (gl o + 1l 3 )
< Chs,
where we have used Lemma 2.5, Theorem 5.11, Propositions 6.8 and 5.7.
Finally, the error between the semi-discrete and the fully discrete states reads
19 — rnll; < Uk — yen (@)l + lyen(dr) — Grnll;
<Ch+ OHIBkh(ﬂk - ﬂkh)HI
<Ch+ CH’I];C — ﬂkh”[
< Chs,
where we used Proposition 6.8. This completes the proof. (I

Combining Theorems 6.7 and 6.9, we can obtain the error estimate for the optimal pairs between the con-
tinuous and fully discrete control problems.

Theorem 6.10. Let (i, ) € Uyg x L2(I; HY(Q)) N Hz (I; L2(Q)) and (tgn, Grn) € Uaa X Xin be the solution of
the continuous control problem (1.1) and the fully discrete control problem (6.9), respectively. Then we have

_ _ _ _ 1 1
= @l iz + 18 = Binllaraney < C(hF + &), (6.30)

Remark 6.11. There is an alternative error estimate for (ugp, Jxn) presented in [23], specifically in the two-
dimensional case. In that work, the condition & = O(h?) is imposed to ensure a convergence order similar to
(6.30). More precisely, the estimate for (@i, k) in [23] is given as follows:

= @l arzaqry + 19 = Genllpagriay < C(hF + kE + h3078 4 n7dkd 4+ nBp7Y).

Here, it is important to note that the time step k£ and mesh size h are coupled in the previous analysis.
Consequently, the condition k = O(h?) is deemed necessary to achieve the optimal convergence order. However,
we emphasize that this condition is unnecessary both in theory and numerical computations. In this paper, we
eliminate this mesh size condition by developing a new a priori error analysis, resulting in an improved error
estimate compared to [23].
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TABLE 1. Convergence orders of the control and state with respect to spatial discretizations

for Example 7.1 with fixed time step size k = %

Dof |9 — Grnlle2 L2y  Rate l@ — @knllL2(,2ry) Rate
16 1.85708e—2 — 6.96347e—2 -

51 5.81066e—3 1.67626 4.65893e—2 0.57981
181 1.59735e—3 1.86303 2.51189e—2 0.89123
681 4.36846e—4 1.87048 1.22724e—2 1.03335
2641 1.24153e—4 1.81501 5.38633e—3 1.18805
10401 3.97606e—5 1.64270 1.82002e—3 1.56535

Remark 6.12. Since the regularity of the optimal control @ is determined by that of the adjoint state z, so
the convergence order h2 + k7 is sharp with respect to the regularity 0,z € L2(I; H=(I')) N H# (I; L2(T")), cf.
Proposition 6.6. However, this regularity for 0,z is not sharp for convex polytopal domains because we can
expect LI(I; LP(Q)) regularity for parabolic equations with homogeneous Dirichlet data. Therefore, we should
work with this Banach space setting other than the Hilbert space setting in current paper. However, to the
best of our knowledge, it is an open question to obtain optimal a priori error estimate for the fully discrete
approximation to parabolic Dirichlet boundary control problems in convex polytopal domains, we refer to [2,9]
for the elliptic case and [21] for a spatial semi-discrete approximation.

Remark 6.13. For the full discretization of parabolic Dirichlet boundary control problems in smooth domains,
traditional polygonal approximation introduces geometric errors, complicating the error estimate. The error
analysis is deferred to future work, with reference to [15] for the elliptic case.

7. NUMERICAL EXPERIMENTS

In this section we carry out some numerical experiments to support our theoretical findings. We consider
an example with pointwise control constraints where the exact solutions are unknown, and take the numerical
solutions with time step size k = 5% and degrees of freedom Dof = 41281 as reference solutions to compute
the convergence order. We set « =1 and 7' = 1.

Example 7.1. We consider the parabolic Dirichlet boundary control problem posed on the polygonal domain
Q=(0,1) x (0.1) U{(z1,22) €R% a1 @ <1, -1 <m <1}

with the maximum interior angle w = %’r, and the control constraint

Uda := {u € L*((0,1), L*(I")) : —1 < u(t,z) <1, a.e. (t,x) € (0,1) x T'}.

The data is chosen as f = 1 and

o t2(xl(171;1)+z2(17$2)) O§t<057
yalt, @) = {t?(z1(1 a4 aa(l—a) 05<t<1.

The convergence orders of the control and state variables with respect to spatial and temporal discretizations
are listed in Tables 1 and 2, respectively. We can observe first order convergence rates for both the spatial and
temporal discretizations of the control variable that are higher than our theoretical results. This indicates that
the a priori error estimates obtained in this paper are not optimal. To obtain optimal a priori error estimates for
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TABLE 2. Convergence orders of the control and state with respect to temporal discretizations
for Example 7.1 with fixed spatial degrees of freedom 41 281.

N ¥ — Grnlle2,2)y  Rate |t — @knllL2,2ry)  Rate

4 1.01315e—2 — 1.59023e—2 —

8 7.38646e—3 0.45590 1.28935e—2 0.30259
16 4.74827e—3 0.63748 8.33539e—3 0.62932
32 2.75298e—3 0.78641 4.73513e—3 0.81585
64 1.47759e—3 0.89774  2.45471e—3 0.94785
128 7.30976e—4 1.01536 1.16730e—3 1.07238
256  3.09579e—4 1.23952 4.73034e—4 1.30316

Dirichlet boundary control problems posed on polygonal domains we need to derive L4(I; L?(Q2)) regularity for
parabolic equations, we refer to Remark 6.12 for an explanation and to [2,9] for the elliptic case. On the other
hand, the convergence rates for the state variable are higher than that of the control variable, which is very
common in numerical analysis for PDE-constrained optimal control problems. Optimal a priori error estimate
for the state variable is also a delicate and difficult task, we refer to [37] for an attempt for elliptic Dirichlet
boundary control problems without control constraints.
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