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Adaptive distributed-feedback semiconductor laser

Chaoze Zhang ,1,* Tianyu Guan,1,* Ligang Huang,1,† Yujia Li,1 Laiyang Dang,2 Yuqin Mao ,1

Lei Gao ,1 Leilei Shi,1 Guolu Yin,1 Chaoyang Gong,1 and Tao Zhu1,‡

1Key Laboratory of Optoelectronic Technology and Systems (Ministry of Education), Chongqing University, Chongqing 400044, China
2Photonics Research Institute, Department of Electrical and Electronic Engineering,

The Hong Kong Polytechnic University, Hong Kong, China

(Received 10 May 2024; revised 21 March 2025; accepted 27 March 2025; published 9 April 2025)

To solve the difficulty in wavelength adaptability of external-cavity semiconductor lasers, external-cavity dis-
tributed feedback has been proven to be an effective method to achieve adaptive narrow-linewidth semiconductor
lasers. For the structural design and precise manufacturing of adaptive semiconductor lasers, the principle of
laser linewidth compression based on distributed feedback needs to be explored. In this article, we propose a
theoretical model for analyzing the operational mechanism of the adaptive distributed-feedback semiconductor
laser. Theoretical and experimental results show that achieving adaptive linewidth compression requires tens of
or more feedback points. On the basis of sufficient feedback points, increasing the feedback length and ratio
can achieve an ultranarrow laser linewidth and high side-mode suppression ratio. This work provides a model
analysis tool for exploring the ideal configuration of adaptive narrow-linewidth semiconductor lasers, which
paves the way for the design and manufacturing of high-performance semiconductor lasers.
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I. INTRODUCTION

In recent years, there has been a growing demand for high-
performance narrow-linewidth semiconductor lasers, driven
by their crucial applications in cold-atomic physics [1–5],
gravitational wave detection [6–10], cavity electrodynamics
[11–14], coherent optical communication [15,16], ultrapre-
cision measurement [17–19] and so on. The external-cavity
feedback laser is a promising platform for achieving a high-
performance semiconductor laser with a narrow linewidth and
high side-mode suppression ratio (SMSR). In order to meet
the precision tuning requirement of the narrow-linewidth laser
in its applications, the external-cavity semiconductor laser
needs to gain wavelength-adaptive ability to output narrow-
linewidth laser at any wavelength.

In the field of narrow-linewidth semiconductor lasers, sin-
gle (few) external-cavity feedback configurations can achieve
narrow linewidths [20–23]. However, such typical external
feedback will cause laser phase mutation and induce the
laser to oscillate with multiple new longitudinal modes under
certain conditions, which cannot achieve the wavelength-
adaptive output of the external-cavity feedback laser. To
suppress the side-longitudinal modes introduced by the ex-
ternal cavity, frequency-selective resonant external cavities
are utilized to compress the linewidth of semiconductor
laser [23–35], such as fiber (waveguide) Bragg gratings,
whispering-gallery mode microcavities, Fabry-Pérot cavities,
and so on. Resonant feedback with high Q can deeply com-
press the laser linewidth and maintain a high SMSR. However,
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it is necessary to lock the laser wavelength of the main cavity
at the resonant wavelength of the feedback cavity, and it is dif-
ficult to obtain wavelength-adaptive laser output just through
tuning the main cavity. Moreover, when the resonant wave-
length of the external cavity fluctuates due to thermal noise
or acoustic vibration caused by the surrounding environment,
the external-cavity laser is prone to lost locking, making it
difficult to maintain narrow-linewidth operation for a long
time, especially under industrial conditions.

To overcome the constraints of the single (few) and
resonant external-cavity feedback, in 2010 we proposed
a narrow-linewidth laser model assisted by the external-
cavity distributed feedback that utilizes Rayleigh scattering
[36–39]. In 2014, the distributed-feedback structure was uti-
lized to compress the linewidth of a fiber laser to 130 Hz
[40]. The distributed-feedback mechanism was further ap-
plied to tunable lasers and accomplished the simultaneous
linewidth compression of different wavelength [41–44]. In-
tegrated distributed-feedback lasers have also been shown to
narrow the linewidth to 10 Hz with distributed feedback, and
can also achieve adaptive linewidth compression after wave-
length switching, which is attributed to the wide and uniform
spectral characteristics of the scattering spectrum after mul-
tiple points [45]. Experimentally, a linewidth as narrow as
435 Hz has been achieved in a vertical-cavity surface-emitting
laser (VCSEL) with distributed feedback [46]. Distributed
feedback has also been demonstrated to be used for linewidth
compression of a multiwavelength laser array with an ar-
bitrary wavelength spacing [47]. This further demonstrates
the wavelength-adaptive characteristics of Rayleigh scatter-
ing under multiwavelength conditions. In addition, distributed
feedback can also be utilized in random lasers to achieve
narrow-linewidth lasers on the kilohertz level [48–57].
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FIG. 1. Schematic diagram of adaptive distributed-feedback laser.

Although external-cavity distributed feedback has demon-
strated excellent adaptive linewidth compression character-
istics, long fibers are not beneficial for on-chip integration
of external-cavity semiconductor lasers. To precisely design
the distributed-feedback structure, the quantity of feedback
points, the length of the feedback cavity, and the feedback
ratio are critical parameters. In previous studies, the qualita-
tive exploration of feedback quantity, feedback cavity length,
and feedback ratio has not been addressed. These uncertain-
ties in parameters increase the difficulty of finely designing
distributed-feedback structures, necessitating further discus-
sion on the linewidth-compression principles of distributed
feedback.

In this article, we propose a mathematical model to de-
scribe adaptive distributed-feedback semiconductor lasers.
Based on the proposed theoretical model, we analyze the
effects of the quantity of feedback points, the length of the
feedback cavity, and the feedback ratio on the laser linewidth
and SMSR. As the quantity of feedback points, the length
of the feedback cavity, and the feedback ratio increase, the
laser linewidth becomes narrower, and the SMSR becomes
higher. It is worth noting that achieving adaptive linewidth
compression only requires tens of, or more, feedback points.
Additionally, the stability of external-cavity distributed feed-
back is theoretically investigated. We further construct a laser
system with 10 distributed feedback points. Experimental re-
sults demonstrate that the external-cavity distributed feedback
can achieve narrow-linewidth compression of around 400 Hz
while maintaining high SMSR, confirming good consistency
between theoretical predictions and experimental observa-
tions. This work provides a model analysis tool for exploring
the ideal configuration of adaptive narrow-linewidth semicon-
ductor lasers, paving the way for the design and manufacture
of high-performance semiconductor lasers.

II. THEORY AND NUMERICAL SIMULATION

We propose a theoretical model of calculating adaptive
distributed-feedback semiconductor lasers, as shown in Fig. 1.
The structure consists of a single longitudinal model main-
cavity laser and a set of randomly distributed feedback points,
each with the same feedback ratio. The distance between each
feedback and the output mirror of the main-cavity laser is
Lext(i). On the basis of the single-cavity feedback laser model
at medium-feedback level by Schunk et al. [58,59], we can
further derive the laser rate equation of external-cavity semi-
conductor lasers with multicavity feedback points as

dS

dt
=

(
g(n, S) − 1

τp

)
S + Q + 2kc

√
Sτ (t )S(t )

× cos [ϕ(t ) − ϕτ (t )] + Fs(t ), (1)

dϕ

dt
= 1

2
αG(n − nth ) − kc

√
Sτ (t )

S(t )

× sin [ϕ(t ) − ϕτ (t )] + Fϕ (t ), (2)

dn

dt
= I

e
− n

τs
− g(n, S)S + Fn(t ), (3)

where S, ϕ, and n are the photon number, photon detuned
phase, and carrier number in the main laser cavity, respec-
tively. τp is the photon lifetime, τs is the carrier lifetime, α is
the linewidth-enhancement factor, nth is the number of carriers
without feedback and the spontaneous emission, I is the pump
current, and e is the electron charge.

√
Sτ (t ) is the modulus

of the total feedback complex electric field, and Sτ (t ) is the
total feedback intensity. ϕτ (t ) is the detuned phase of the total
feedback complex electric field. The slowly varying envelope
of the total feedback complex electric field, which is denoted
by Ã(t ), i.e., Ã(t) =√

Sτ (t ) exp[−jϕτ (t )], can be expressed as

Ã(t ) =
N∑

i=1

√
S(t − τi )

N
exp [− jϕ(t − τi ) − jω0τi], (4)

where N is the quantity of feedback points, S(t − τi ) is the
light intensity from each feedback point with the ordinal num-
ber of i and the round-trip delay time of τi, ω0 is the center
frequency of the semiconductor main-cavity laser without
feedback, and ϕ(t − τi ) is the light-detuned phase from each
feedback point. Fs, Fϕ , and Fn are the Langevin noise with
Gaussian distribution simulated by random number [59]. kc

is the reflection coefficient of the semiconductor laser, which
can be expressed as

kc = 1

τd

1 − R2√
R2

√
fext, (5)

where R2 is the reflection coefficient of the right output mir-
ror of the semiconductor laser main cavity, fext is the total
feedback power fraction of light returned to the main cavity,
τd = 2ηLd /c is the round-trip time of the main cavity of the
laser, η is the refractive index of the laser main cavity, Ld is
the length of the main cavity, and c is the speed of light in
vacuum. The spontaneous emissivity Q can be expressed as

Q = nsp

τp

(
(
√

R1 + √
R2)

(
1 − √

R1R2
)

√
R1R2 ln

(
1

R1R2

)
)2

, (6)

where nsp is the inversion coefficient of semiconductor laser;
R1 and R2 are the reflection coefficients of the left mirror and
the right output mirror of the semiconductor laser main cavity,
respectively; and g(n, S) denotes the gain coefficient, which
can be expressed as

g(n, S) = G(n − n0)(
1 + S

S0

) , (7)

where S0 corresponds to the photon number with saturation
gain, G(n − n0) is the differential gain, and n0 is the number
of carriers corresponding to zero amplification. The above pa-
rameters describe the classical external-cavity semiconductor
laser and simulation values are listed in Table I.
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TABLE I. Laser parameters.

Symbol Quantity Value

Ld Semiconductor cavity length 1000 µm
I Pump current 100 mA
η Semiconductor cavity refractive index 3.6
R1, R2 Semiconductor laser mirror reflection 0.32
τs Carrier lifetime 2 ns
τp Photon lifetime 20 ps
n0 Carrier number to reach zero again 2 × 108

G (= vgdg/dn) 8 × 10−2 s−1

nsp Inversion factor 3
A Linewidth-enhancement factor 3
nth Carrier number without feedback 5 × 108

S0 Photon number with saturation gain 5 × 104

We utilize the fourth-order Runge-Kutta method to conduct
numerical simulations of the rate equation for the adaptive
distributed-feedback semiconductor laser. The Fourier trans-
form is employed to reconstruct the laser spectrum based on
the obtained photon number, phase, and carrier number.

Figures 2(b) and 2(e) show the calculated SMSR and
intrinsic linewidth of adaptive distributed-feedback semi-
conductor lasers with different quantity of external-cavity
feedback points, each averaged over 10 times. The feedback
length of the farthest feedback point is fixed to be 10 m,
while the feedback lengths of the other feedback points are
randomly distributed within the range from 0 to 10 m. With

the total feedback ratio remaining constant to be fext, the
feedback strength of each feedback point is set to be fext/N
when the quantity of feedback points is increased. It can be
seen that with increment of the quantity of external-cavity
feedback points, the SMSR can be significantly increased
by tens of decibels, and the intrinsic linewidth can be nar-
rowed by several times. When the quantity of feedback points
reaches around 10, both the SMSR and intrinsic linewidth are
gradually stabilized within a certain range. It is worth noting
that similar improvement of laser performance on SMSR and
linewidth can be obtained under different feedback ratios of
1 × 10−2, 1 × 10−3 and 1 × 10−4, respectively, when increas-
ing the quantity of feedback points. The reconstructed spectra
of single external-cavity feedback and distributed feedback
are shown in Figs. 2(a) and 2(c). With a feedback ratio of
1 × 10−2 and feedback quantity of 200, the SMSR can be
significantly enhanced from 15 to 72 dB, compared with
the single external-cavity feedback. Similarly, with feedback
ratios of 1 × 10−3 and 1 × 10−4, the SMSR enhancements
reaches 37 dB and 27 dB, respectively. The frequency noises
of single external-cavity feedback and distributed feedback
are shown in Figs. 2(d) and 2(f), respectively. Under dis-
tributed feedback, the frequency-noise background below 107

Hz band can be reduced by several times, which compresses
the intrinsic linewidth. Meanwhile, the frequency-noise peaks
in the frequency band beyond 107 Hz can be significantly
suppressed, which ensures that the external-cavity semicon-
ductor laser can operate from multilongitudinal mode state to
the single-longitudinal mode state.

FIG. 2. (a) The reconstructed laser spectra with a single feedback point. (b) The SMSR evolution of external-cavity distributed feedback
with different feedback-point quantities. (c) The reconstructed laser spectra with 200 feedback points. (d) Typical frequency noise with a single
feedback point. (e) The intrinsic linewidth evolution of external-cavity distributed feedback with different feedback-point quantities. (f) Typical
frequency noise with 200 feedback points.
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FIG. 3. (a) The SMSR and intrinsic linewidth under different
feedback ratios. (b) The SMSR and intrinsic linewidth with different
feedback lengths.

On the basis of single-longitudinal mode operation with
laser compression by external-cavity distributed feedback, the
impact of the feedback ratio and the external-cavity length
are further explored to obtain the ultimate SMSR and in-
trinsic linewidth compression. Figure 3(a) shows the SMSR
and intrinsic linewidth under different feedback ratios, with
a constant feedback point quantity of 100 and the external-
cavity length of 10 m. With the feedback ratio increased
from 1 × 10−4 to 1 × 10−2, the SMSR can be increased from
52 to 70 dB, and the intrinsic linewidth can be compressed
from 100-Hz level to 1-Hz level. Similarly, Fig. 3(b) shows
the influence of external-cavity length, with a fixed feedback
ratio of 1 × 10−3 and the feedback-point quantity of 100. By
increasing the external-cavity length, there is a moderate rise
in SMSR and a significant compression of intrinsic linewidth.
It is worth noting that when the external-cavity length exceeds
10 m and the feedback ratio surpasses 4 × 10−3, the SMSR
approaches a limit while the linewidth can be continuously
compressed.

The influence of feedback-point position on the laser
linewidth compression is further explored, as shown in Fig. 4.
In the simulation, we change the feedback length of a specific
feedback point in the distributed-feedback structure while
keeping the positions and feedback ratios of other feedback
points fixed. Figure 4(a) shows the variation of SMSR when
the feedback length of the specific feedback point changes

FIG. 4. (a) The SMSR and (b) intrinsic linewidth variations,
when changing the feedback length of a specific feedback point and
maintaining the feedback length and ratio fixed of other feedback
points. (c) The SMSR and (d) intrinsic linewidth variations, by fine
changing the specific feedback length from 4.49 to 4.51 m.

from 0.2 to 10 m. It can be seen that under the condition of
single-cavity feedback, the SMSR gradually decreases when
increasing the feedback length, as denoted by the red curve.
This is due to the longer feedback length bringing more side-
longitudinal modes in the single external cavity. Under the
condition of dual-feedback points, variation of the feedback
length of a specific feedback point can cause severe oscilla-
tions of the SMSR, as denoted by the blue curve. When the
quantity of the feedback points is increased to 10, there still
exists a significant oscillation of the SMSR, as denoted by
the green curve. When the quantity of the feedback points
is further increased to 50, oscillation of the SMSR tends to
weaken. When the quantity of the feedback points is increased
to 100, the SMSR is no longer sensitive to the length of a
specific feedback point. Due to limitations in simulation com-
puting capabilities, the quantity of different feedback lengths
in Fig. 4 is set up to the order of 100, and the adjacent length
interval in the x axis of Fig. 4(a) is set to be 0.2 m. In order
to improve the accuracy of length calculation, we refine the
feedback length variation between 4.49 and 4.51 m with a
length accuracy of 0.1 mm around the feedback length of
4.5 m, as shown in Fig. 4(c). The above results indicate that
when the quantity of feedback points is increased to dozens,
the SMSR can maintain a relatively stable state and is not
significantly affected by the specific position fluctuations of
specific feedback points. At the same time, we also calculate
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FIG. 5. Experimental setup of the distributed feedback scheme
of DFB laser.

the variation in laser intrinsic linewidth when the length of
a specific feedback point changes, as shown in Figs. 4(b)
and 4(d). Similarly, after the total quantity of feedback points
reaches dozens, the laser linewidth can also remain stable
and is no longer significantly affected by fluctuations in the
position of a specific feedback point. Therefore, by increasing
the total quantity of feedback points, the SMSR and linewidth
stability of the external-cavity feedback laser can be greatly
improved, which will not be affected by the specific position
fluctuations of the feedback points. This stable state is applica-
ble to the main-cavity laser working at any wavelength, which
achieves the capability of adaptive linewidth compression.

III. EXPERIMENTAL SETUP

To demonstrate the adaptive feature of the proposed
external-cavity distributed-feedback laser, we construct an ex-
perimental system which utilizes the feedback from the end
face of a fiber-optic connector, as shown in Fig. 5. The output
of the distributed-feedback (DFB) semiconductor main-cavity

laser transmits through a circulator (C1) and an optical coupler
(OC1), where 80% of the output laser enters the external-
cavity distributed-feedback structure that comprises reflective
end faces of multiple fiber-optic connectors, and the feedback
light is collected by the other circulator (C2). Before entering
the external-cavity distributed-feedback structure, the initial
round-trip length between the laser main cavity and port 2 of
the circulator C2 is 12 m. The 20% output port of the coupler
OC1 is connected to the delayed self-heterodyne interferome-
try (DSHI) linewidth-measurement system, which consists of
two 3-dB couplers (OC2 and OC3), an acousto-optic modu-
lator with a frequency shift of 100 MHz, a fiber delay line, a
photodetector, and an electrical spectrum analyzer.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

Figure 6(a) shows intrinsic linewidth variation of the
external-cavity semiconductor laser when increasing the
distributed-feedback points by connecting multiple fiber-optic
connectors. In the experiment, we sequentially increase the
quantity of the fiber-optic connectors at port 2 of the circulator
C2, which will simultaneously increase the total feedback
length and feedback ratio. The box in Fig. 6(a) shows the
distance between each feedback point and port 2 of the cir-
culator C2, as well as the accumulated total feedback ratio up
to each feedback point. The intrinsic linewidth is compressed
from near-105-Hz level to 102-Hz level with increment of the
quantity of the distributed-feedback points. Typical frequency
noises in the compression process are shown in Fig. 6(b).
The white frequency noise floor is 2.53 × 104 Hz2/Hz and the
integrated linewidth is 260.27 kHz, before compression by the
distributed-feedback structure, as denoted by the red curve,

FIG. 6. Experimental demonstration of the external-cavity adaptive distributed-feedback semiconductor laser. (a) Intrinsic linewidth,
(b) frequency noise, (c) SMSR, and (d) DSHI spectrum evolution with different feedback-point quantity.
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FIG. 7. Adaptability demonstration of the external-cavity dis-
tributed feedback by the stability of SMSR and intrinsic linewidth
when tuning the feedback length.

which corresponds to an intrinsic linewidth of π×2.53 × 104

Hz2/Hz = 79.4 kHz. With the single-cavity feedback from
the first feedback point, the white frequency noise floor
is compressed to be 1.24 × 103 Hz2/Hz, with an intrinsic
linewidth of π×1.24 × 103 Hz2/Hz = 3.89 kHz and an inte-
grated linewidth of 16.98 kHz, as denoted by the green curve.
Further increasing the feedback quantity to 10, the white fre-
quency noise floor is compressed to be 145 Hz2/Hz, with an
intrinsic linewidth of π×145 Hz2/Hz = 455 Hz and an inte-
grated linewidth of 20.12 kHz, as denoted by the blue curve.
Considering that each fiber-optic connector introduces an in-
sertion loss of 0.5–1 dB, further increasing feedback-point
quantity gradually leads to saturated linewidth compression
in the experiment. This is due to the accumulated insertion
loss of multiple connectors, and the linewidth compression
ability of subsequent feedback points gradually decreases. In
the meantime, by increasing the quantity of feedback points,
the SMSR will be significantly increased from 34.25 to 52.85
dB, as shown in Fig. 6(c). The corresponding DSHI spec-
trum is shown in Fig. 6(d), where the delayed fiber length
in the experiment is 50 km. It can be seen that the single-
point feedback introduces strong side-longitudinal modes
when compressing the laser linewidth, which is not conducive
to single-longitudinal mode operation of the external-cavity
feedback laser, as denoted by the green curve. When the
quantity of feedback points is increased to 10, all the side-
longitudinal modes from the feedback cavity are deeply
suppressed, achieving an ultranarrow-linewidth laser in an
ideal high-SMSR single-longitudinal mode operation state.

The fiber length between the feedback point and the laser
main cavity is further tuned to explore the adaptability of
laser linewidth compression with distributed feedback from
the external cavity. In the experiment, by gradually reducing
the fiber length before the first fiber-optic connector, the dis-
tance between all feedback points and the main cavity can
be changed simultaneously. When the selected fiber length
gradually decreases from 2 to 0.5 m, the SMSR of the adaptive
distributed-feedback laser can be maintained at around 50 dB,
and the intrinsic linewidth remains in a deep compression
state below 1 kHz, as shown in Fig. 7. The experimental
results demonstrate that the SMSR and linewidth stability
of the external-cavity laser with distributed feedback can be

greatly improved, which achieves the capability of adaptive
linewidth compression. The adaptability of the external-cavity
distributed-feedback laser is not dependent on the specific po-
sition of the feedback points, which should also be applicable
to different laser wavelengths, due to the wide spectrum char-
acteristics of distributed feedback. The experimental results
show that just 10 feedback points have already been enough
for adaptive linewidth compression, which is much fewer than
the required feedback-point quantity by theoretical prediction
that needs more than 50.

V. CONCLUSION

In summary, we propose a theoretical model for analyz-
ing the operation mechanism of adaptive distributed-feedback
semiconductor lasers. The influences of the feedback ratio,
feedback length, and feedback-point quantity on the perfor-
mance of adaptive distributed-feedback semiconductor lasers
are theoretically and experimentally explored. The results
show that increasing the quantity of distributed-feedback
points is beneficial for linewidth compression and SMSR
promotion, which can largely enhance the stability of single-
longitudinal mode operation. Tens of distributed feedback
points can implement adaptive linewidth compression, and
more feedback points will further enhance the stability of
the laser. This work provides a model analysis tool for ex-
ploring the ideal configuration of adaptive narrow-linewidth
semiconductor lasers, which paves the way for designing and
manufacturing of high-performance semiconductor lasers.

The data that support the findings of this study are available
from the corresponding author upon reasonable request.
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APPENDIX: DERIVATION OF LASER RATE EQUATIONS
FOR MULTICAVITY FEEDBACK POINTS

In a typical laser structure, as shown in Fig. 8, assuming
the cavity length is Ld , and reflectivities of the front and back
facets R1 and R2, the fields E f and Eb propagating forward-
and backward directions are written by

E f (z) = E0 f exp
{
ikz + 1

2 (g − a)z
}
, (A1)

Eb(z) = E0b exp
{
ik(Ld − z) + 1

2 (g − a)(Ld − z)
}
, (A2)

where g is the gain coefficient in the laser medium, and a is
the total loss in the medium. All the parameters are defined for
the laser intensity, so that a factor of 1/2 is introduced in the
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FIG. 8. The Fabry-Pérot resonator with an external feedback
cavity, confined between two mirrors by a dielectric medium of
length Ld .

above equations. From the boundary conditions at the facets,
E f (0) = R1Eb(0) and Eb(Ld ) = R2E f (Ld ), the steady-state
condition for the laser oscillation is given by

R1R2 exp {2ikl + (g − a)Ld} = 1. (A3)

It is convenient to refer to the left-hand side of this condi-
tion as the round-trip gain �. From threshold onwards � = 1
and all losses are compensated for, while k = ηω

c (where
η is the refractive index) must be an integer multiple of
π /Ld , which determines the mode frequency. The losses a are
considered to be frequency independent, at least for frequen-
cies close to the single-longitudinal mode frequency under
consideration [60].

The wavenumber k depends on the refractive index of
the laser medium and is a function of the optical frequency
ν (or the angular frequency ω = 2πν) and also the carrier
number n. We define the effective refractive index as ηe =
η + ν

∂η

∂ν
. The refractive index of the active layer is a function

of the carrier number nth and the optical frequency νth at
the laser threshold and is written by η = η0 + ∂η

∂ν
(ν − νth) +

∂η

∂n (n − nth) (where η0 is the refractive index at the thresh-
old). From the relations of νm = m c

2ηLd
and νth = m c

2η0Ld
, we

assume ν
νth

≈ νm
νth

= η0

η
≈ 1; then, we can obtain (ν − νth) =

− νth
ηe

∂η

∂n (n − nth). Therefore, the wavenumber can be expanded
by the threshold values of those parameters as

k = η
ω

c
= ωth

c

{
η0 + ∂η

∂n
(n − nth) + ηe

ωth
(ω − ωth)

}
. (A4)

Using (A4), the round-trip gain � can be written by the
product of the frequency nondependent and dependent terms,
�1 and �2, as

� ≡ �1�2, (A5)

�1 = R1R2 exp {(g − a)Ld + iφ0}, (A6)

�2 = exp

{
i
2ωthLd

c

[
η0 + ηe

ωth
(ω − ωth)

]}
, (A7)

The phase φ0 of the above equation is given by

φ0 = 2ωthLd

c

∂η

∂n
(n − nth) = −τd (ω − ωth), (A8)

where the cavity round-trip time τd = 2Ld ηe

c = 2Ld
νg

(where νg =
c
ηe

is the group velocity of light in the laser medium).
In (A7), we have used the condition for the laser oscillation

that the phase 2ωthη0Ld/c must be equal to integer multiples
of 2π , and therefore irrelevant in the expression for �. Then,
since the electric field is a sine function, the quantity −iω can

be replaced with the equivalent to the operator d/dt, and (A7)
reads as

�2 = exp {iτd (ω − ωth)} = exp {−iωthτd} exp

{
−τd

d

dt

}
.

(A9)

To attain the laser oscillations, the complex field after the
roundtrip within the laser cavity must coincide exactly with
the previous field. Assuming the round-trip gain in between
(A5), (A6), and (A8) as a kind of operator, we can obtain the
following relation:

E f (t ) = �E f (t ) = �1 exp {−iωthτd} exp

{
−τd

d

dt

}
E f (t ).

(A10)

Since the laser field will predominantly oscillate at ω ≈
ωth, it is useful to introduce a slowly varying complex ampli-
tude Ẽ (t ) according to Refs. [61,62]:

E f (t ) = Ẽ (t ) exp {−iωtht}. (A11)

With this expression and the fact that the operator exp(−τd

d/dt) is equivalent to the time-delay effect of τd , (A10) yields

Ẽ (t ) exp {−iωtht} = �1 exp {−iωthτd}Ẽ (t − τd )

× exp {−iωth(t − τd )}. (A12)

Therefore, we can write the field Ẽ (t ) as

Ẽ (t ) = �1Ẽ (t − τd ). (A13)

When variations in Ẽ (t ) during one round-trip time are
small, this difference equation can be approximated by a first-
order differential equation:

Ẽ (t − τd ) � Ẽ (t ) − τd
dẼ (t )

dt
. (A14)

Then, we obtain the differential form for the field as
follows:

dẼ (t )

dt
= 1

τd

(
1 − 1

�1

)
Ẽ (t ). (A15)

Since the gain �1 is very close to unity for laser oscillation,
we approximate the gain from (A6) as

1

�1
= exp {− ln (R1R2) − (g − a)Ld − iφ0}

≈ 1 + ln
1

R1R2
− gLd + aLd − iφ0. (A16)

Substituting the above equation into (A15) and using the
relation of (A8), we finally obtain the rate equation for the
field as

dẼ (t )

dt
=

{
−i(ω0 − ωth) + 1

2

(
gνg − 1

τp

)}
Ẽ (t ), (A17)

where τp is the photon lifetime and the laser is assumed to
operate at the angular optical frequency of ω = ω0.

With the definition of linewidth enhancement factor α =
−2 ω

c

∂η

∂n
∂g
∂n

together with (ν − νth) = − νth
ηe

∂η

∂n (n − nth), we have

(ω − ωth) = −1

2
ανg

∂g

∂n
(n − nth). (A18)
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Then, the field equation is a function of the time-dependent
carrier number and it is rewritten as

dẼ (t )

dt
= 1

2
(1 − iα)G[n(t ) − nth]Ẽ (t ), (A19)

where G = vg∂g/∂n is the linear gain. Finally, considering
the effect of spontaneous emissions of light and statistical
Langevin noises in laser oscillations, we obtain the field equa-
tion as

dẼ (t )

dt
= 1

2
(1 − iα)G[n(t ) − nth]Ẽ (t ) + Ẽsp(t ) + F̃E (t ),

(A20)

where FE (t) is a Langevin force describing a (Gaussian) white-
noise process. We assume that the noise is like a shot noise, the
correlation time is short enough, and Langevin forces satisfy
the general relations [63]

〈Fi(t )〉 = 0, (A21)

〈Fi(t )Fj
(
t ′)〉 = 2Di jδ(t − t ′), (A22)

where Di j is the diffusion coefficient for the differential diffu-
sion equation in the presence of the Langevin force.

The case of external optical feedback from an total external
power reflectivity fext can be treated in a similar way. The am-
plitude Eb of the wave traveling in the negative-z direction at
z = 0 is the result of both the reflection of E f and the entering
of the amplitude of the wave inside the external cavity. Due to
the weak distributed feedback with extremely low reflectivity
at each point, the feedback can be approximated by taking into

account just one external roundtrip:

Eb(t ) = √
R2E f (t ) + (1 − R2)Eτ1 (t − τ1) exp {−iωthτ1}

+ (1 − R2)Eτ2 (t − τ2) exp {−iωthτ2} + (1 − R2)

× Eτ3 (t − τ3) exp {−iωthτ3} + ...

= √
R2[E f (t ) + Eext (t )]. (A23)

The external signal Eext can thus be written as

Eext (t ) = 1 − R2√
R2

N∑
m=1

Eτm (t − τm) exp {−iωthτm}. (A24)

Similar to (A13)–(A15), we can obtain

Ẽ (t + τd ) = �1[Ẽ (t ) + Ẽext (t )], (A25)

dẼ (t )

dt
= 1

τd
(�1 − 1)Ẽ (t ) + 1

τd
�1Ẽext (t ). (A26)

By introducing (A16) and considering �1 ≈ 1 during laser
oscillation, we can obtain a similar result:

dẼ (t )

dt
= 1

2
(1 + iα)G[n(t ) − nth]Ẽ (t ) + Ẽext + Ẽsp(t ) + F̃E (t )

= 1

2
(1 + iα)G[n(t ) − nth]Ẽ (t ) + 1

τd

1 − R2√
R2

×
N∑

m=1

Ẽτm (t − τm) exp {−iωthτm} + Ẽsp(t ) + F̃E (t ).

(A27)

Since the feedback from multiple points in the external cavity ultimately enters into the main cavity, in this model
we represent the feedback photon flux in the external cavity as a single beam, where the feedback energy entering the
main cavity is determined by the coefficient fext. Using the notation of the complex field Ẽ (t ) = √

S(t ) exp{−iϕ(t )},
the total electric field of the external cavity can be written as

1 − R2√
R2

∞∑
m=1

Ẽτm (t − τm) exp {−iωthτm} = 1 − R2√
R2

√
fext

N∑
m=1

√
S(t − τm)

N
exp [−iϕ(t − τm)] exp {−iωthτm}

= 1 − R2√
R2

√
fext

√
Sτ (t ) exp [−iϕτ (t )]. (A28)

Then, the photon number S(t ) = |Ẽ (t )|2 and the phase ϕ(t) of the field equation are separately given by

dS

dt
= Ẽ (t )

dẼ∗(t )

dt
+ Ẽ∗(t )

dẼ (t )

dt
= 2Re

[
Ẽ∗(t )

dẼ (t )

dt

]

= G[n(t ) − nth]S + 2Re

[
Ẽ∗(t )

1

τd

1 − R2√
R2

√
fext

√
Sτ (t ) exp [−iϕτ (t )]

]
+ 2Re[Ẽ∗(t )Ẽsp(t )] + FS (t )

=
(

g(n) − 1

τp

)
S + 2kc

√
Sτ (t )S(t ) cos[ϕ(t ) − ϕτ (t )] + 2Re

[
Ẽ∗(t )Ẽsp(t )

] + FS (t ), (A29)

dϕ

dt
= 1

S(t )
Im

[
Ẽ∗(t )

dẼ (t )

dt

]

= 1

2
αG(n − nth) − kc

√
Sτ (t )

S(t )
sin [ϕ(t ) − ϕτ (t )] + Fϕ (t ), (A30)
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where kc = 1
τd

1−R2√
R2

√
fext is defined as the reflection co-

efficient; g(n) is the linear gain in medium and defined
as g(n) = ∂g

∂n (nth − n0) + ∂g
∂n (n − nth) = gth(n) + G(n − nth).

The gth(n) is the gain of the medium at the threshold; there-
fore, we know that gth(n) = 1

τp
.

Equations (A29) and (A30) represent the time evolution
of the photon number and the phase of the slave laser.
For the numerical simulation, two extensions have been
made:

1. An eventual multimode emission of the master and
slave laser is taken into account.

2. Nonlinear gain is considered.
Nonlinear gain may be introduced either by intrinsic non-

linearities of the laser medium or by an effective nonlinearity
due to diffusion effects. In this model, we will assume
equal nonlinear gain suppression for all modes, which cor-
responds to the diffusion model in Ref. [64]. The gain is then
expressed as

g(n, S) = G(n − n0)(
1 + S

S0

) , (A31)

where S0 corresponds to the photon number with saturation
gain.

Thus, the rate equations can be rewritten as

dS

dt
=

(
g(n, S) − 1

τp

)
S + 2kc

√
Sτ (t )S(t )

cos[ϕ(t ) − ϕτ (t )] + 2Re[Ẽ∗(t )Ẽsp(t )] + FS (t ), (A32)

dϕ

dt
= 1

2
αG(n − nth) − kc

√
Sτ (t )

S(t )

sin[ϕ(t ) − ϕτ (t )] + Fϕ (t ). (A33)

We define the spontaneous emission term as Q and con-
sider the laser cavity as a Fabry-Pérot cavity [65]. We can
obtain

2Re[Ẽ∗(t )Ẽsp(t )] = Q = nsp

τp

(
(
√

R1 + √
R2)(1 − √

R1R2)√
R1R2 ln

(
1

R1R2

) )2

,

(A34)

where nsp is the inversion factor.
As we know, the carrier number n is mainly composed of

carrier production term I
e , spontaneous recombination − n

τs
,

the stimulated recombination rate −g(n, S)S, and Langevin
noises Fn(t ). Therefore, the rate equation for the number of
charge carriers can be obtained:

dn

dt
= I

e
− n

τs
− g(n, S)S + Fn(t ), (A35)

where I is the pump current, e is the electron charge, and τs is
the carrier lifetime.

Thus, we can get the laser rate equation of multicavity
feedback-point semiconductor lasers:

dS

dt
=

(
g(n, S) − 1

τp

)
S + Q + 2kc

√
Sτ (t )S(t )

cos [ϕ(t ) − ϕτ (t )] + FS (t ), (A36)

dϕ

dt
= 1

2
αG(n − nth) − kc

√
Sτ (t )

S(t )
sin [ϕ(t ) − ϕτ (t )] + Fϕ (t ),

(A37)
dn

dt
= I

e
− n

τs
− g(n, S)S + Fn(t ). (A38)
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